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Summary

In this thesis, we investigate the feasibility of implementing algorithms for track
reconstruction – the process of computing the continuous trajectories of charged
particles in high-energy physics experiments according to the discrete measure-
ments of those particles – on massively parallel architectures. Track reconstruction
software commonly employs a task graph consisting of a variety of algorithms,
including but not limited to algorithms inspired by computer vision, combinatorial
algorithms, and numerical methods. Besides consisting of vastly different al-
gorithms, track reconstruction software is also run in very different environments;
on the one hand, so-called offline environments – in which the reconstruction
of tracks takes place after they have been recorded to disk – require very high
throughput. On the other hand, online environments – in which a decision is made
whether to store or discard data immediately after it is gathered – present soft
real-time constraints with latency requirements. The thesis includes a brief outline
of high-energy physics in order to motivate our work in Chapter 2.

Although track reconstruction problems are currently solved using homogen-
eous CPU-based systems, such approaches will not be feasible for future exper-
iments such as the Future Circular Collider (FCC), or even upgrades of existing
experiments such the High-Luminosity Large Hadron Collider (HL-LHC); the
amount of data to process would simply be too large. The field of high-energy
physics is therefore looking towards massively parallel computing architectures –
primarily General-Purpose Graphics Processing Units (GPGPUs) – and heterogen-
eous systems, which have been shown to provide higher performance, as well as
higher energy efficiency, in a variety of scientific applications. Writing software
for massively parallel architectures and for systems containing them is not easy,
however: programming models vary between CPUs and GPUs, and optimisa-
tion strategies can differ strongly. As such, it is an open question to which extent
massively parallel architectures can be applied to track reconstruction. We seek not
only to understand if certain approaches work but also why, leading us to develop
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Summary

novel models to better understand which factors promote and inhibit parallelism,
not only in high-energy physics but in scientific computing in general. Further-
more, we aim to develop future-proof solutions: we expect our contributions to be
relevant for the High-Luminosity Large Hadron Collider (HL-LHC) era, i.e. the
next 17 years – and possibly beyond that. Therefore, we aim to develop methodolo-
gies and software that will be reusable and reproducible for the foreseeable future.
The thesis includes an overview of high-performance computing Chapter 3.

Wepresent an analysis of state-of-the-art track reconstruction software inChapter 4,
from which we identify two primary factors which inhibit the performance of
track reconstruction software on massively parallel architectures. The first of
these factors is the storage of large, multi-dimensional arrays. We address this
topic in Chapter 5 of the thesis, based on the paper ‘Systematically Exploring
High-Performance Representations of Vector Fields Through Compile-Time Com-
position’. Such arrays are used principally to store magnetic fields, containing
vector-valued data. Track reconstruction applications access such data very fre-
quently and, as such, they can be critical performance bottlenecks. To complicate
matters further, themost optimalway to store and access such data can change from
device to device. For example, different CPUs may have different cache hierarchies,
and the landscape of GPUs equipped with, e.g. texture units is even more complex.
In this thesis, we present a novel method to allow for the systematic exploration
of the design space of large multi-dimensional array storage. By decomposing
the aforementioned design space into components, including but not limited to
storage orders, interpolation methods, and boundary checking methods, we can
find high-performance storage solutions for a broad range of devices automatically.

Extending our work on array storage, we find that there exists a family of multi-
dimensional array layouts inspired by the so-called Morton layout. We discuss this
family of layouts in Chapter 6 of the thesis, based on the paper ‘Using Evolutionary
Algorithms to Find Cache-Friendly Generalized Morton Layouts for Arrays’. This
family of array layouts is so large that it cannot be explored exhaustively. We show
that this design space is not only worth exploring because it can yield significant
performance benefits in real-world applications, but also that it can be efficiently
explored using evolutionary algorithms. We develop a general method that can
be applied to any algorithm or program using multi-dimensional arrays, and our
method can increase performance in such applications without requiring any
invasive modifications to the algorithm as compared to, e.g. matrix tiling.

The second performance factor we identify is thread imbalance, which we tackle
in Chapter 7 of the thesis, based on the paper ‘Modelling Performance Loss due
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to Thread Imbalance in Stochastic Variable-Length SIMT Workloads’. Although
devices such as GPUs can achieve very high performance on regular applications,
track reconstruction algorithms are often irregular, i.e. work cannot be evenly
distributed across threads. Thread imbalance can be resolved or improved using
techniques such as thread coarsening or thread refinement, but such strategies are
hard to implement and their effects on performance can be hard to predict. In
order to facilitate the use of coarsening and refinement methods, we develop a
novel statistical model that can predict the performance impact of such approaches
using information about the distribution of workloads only: the fact that our model
is agnostic even to, e.g. the performance of existing implementations allows it to
be used very early in the development cycle of parallel software, potentially saving
significant amounts of time in the development of track reconstruction software
and GPGPU programs more broadly.

To conclude the thesis, we present an implementation of track reconstruction
for GPUs based on the lessons learned in the aforementioned chapters; this forms
Chapter 8 of the thesis. Our work consists of novel implementations of all the
components of the track reconstruction pipeline, and outperforms state-of-the-art
algorithms on CPUs. We use specific techniques, based on our research on imbal-
anced execution to refine and coarsen the workload of threads in order to increase
performance, and we employ specifically tuned array storage methods in order to
improve access latency and throughput to largemagnetic fields. Our work presents
an important step not only in showing that massively parallel architectures are
indeed feasible for solving the track reconstruction problem, but also in providing
a sustainable and future-proof code base that can be used by high-energy physics
experiments around the world.
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Samenvatting

In dit proefschrift onderzoeken we implementaties van algoritmen voor spoorre-
constructie – een proces in de hoge-energiefysica waar de continue trajecten van
geladen deeltjes die een experiment doorkruisen worden gereconstrueerd aan de
hand van discrete metingen – in massaal parallelle computerarchitecturen. De
meeste spoorreconstructiesoftware bestaat uit een graaf van rekenkundige algo-
ritmes, waaronder numerieke en combinatorische methoden. Naast het feit dat
spoorreconstructie gebruik maakt van een aantal zeer verschillende algoritmen, is
het ook belangrijk dat spoorreconstructiesoftware in een breed scala aan omgevin-
gen ingezet kanworden; aan de ene kant bestaan er zogenaamde offline omgevingen
waar data wordt verwerkt nadat deze zijn opgeslagen op een permanent opslagme-
dium.Offline omgevingen vragen om een zeer hoge verwerkingscapaciteit. Aan de
andere kant bestaan er online omgevingen, waarin razendsnel tot beslissingen moet
worden gekomen om data dan wel te bewaren, dan wel te verwerpen. Dergelijke
online omgevingen vereisen juist zeer lage wachttijden. In Hoofdstuk 2 van dit
proefschrift geven we een korte samenvatting van enkele basisprincipes uit de
hoge-energiefysica.

Heden ten dage worden spoorreconstructieproblemen opgelost met behulp
van homogene computersystemen gebaseerd op Central Processing Units (CPUs),
maar deze aanpak zal hoogstwaarschijnlijk onvoldoende zijn om in de eisen van
toekomstige experimenten te voorzien, zoals die van de Future Circular Collider
(FCC), maar ook die van de geupgradete experimenten op de High-Luminosity
Large Hadron Collider (HL-LHC). De hoeveelheden te verwerken data zullen
voor huidige technieken simpelweg te groot zijn. Om deze uitdaging het hoofd te
bieden zoeken fysici oplossingen in de vorm van massaal parallelle processorarchi-
tecturen zoals zogenaamde General-Purpose Graphics Processing Units (GPGPUs)
en heterogene systemen, waarvan is aangetoond dat ze een hoog prestatievermo-
gen alsook een hoge efficiëntie kunnen behalen in bepaalde wetenschappelijke
applicaties. Het schrijven van software voor zulke systemen is niet makkelijk: er
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Samenvatting

bestaan verscheidene programmeermodellen voor zowel CPUs als GPGPUs, en
optimalisatiestrategieën kunnen sterk verschillen. Het is dan ook een open vraag
of en in hoeverre het mogelijk is om spoorreconstructiesoftware te ontwikkelen
voor massaal parallelle architecturen. In dit proefschrift pogen we aan te tonen
dat dit inderdaad mogelijk is, alsook om nieuwe modellen te ontwikkelen om
te begrijpen welke factoren parallellisme in dergelijke applicaties bevorderen of
juist tegenwerken. Ons doel is om deze modellen en methoden toe te passen in
de hoge-energiefysica maar ook om deze te generaliseren naar een breder scala
aan applicaties. Daarnaast beogen wij in dit proefschrift toekomst-bestendinge
oplossingen te ontwikkelen: het HL-LHC tijdperk zal de komende 17 jaar beslaan,
en het is dan ook van belang om herbruikbare software te ontwikkelen en repro-
duceerbare resultaten te verzamelen. In Hoofdstuk 3 van dit proefschrift geven we
een kort overzicht van massaal parallelle processorarchitecturen.

In Hoofdstuk 4 presenteren we een overzicht van het huidige spoorreconstructie-
landschap, vanwaaruit we twee belangrijke effecten identificeren die de prestaties
van massaal parallelle spoorreconstructiesoftware belemmeren. De eerste van die
factoren is de opslag van grote, multi-dimensionale datareeksen. We behandelen
dit onderwerp in Hoofdstuk 5 van dit proefschrift, gebaseerd op het artikel ‘Syste-
matically Exploring High-Performance Representations of Vector Fields Through
Compile-Time Composition’ (‘Het Systematisch Verkennen van Representaties van
Vectorvelden met Hoge Prestaties door middel van Compositie ten tijde van Com-
pilatie’). Dergelijke multi-dimensionale reeksen worden in de hoge-energiefysica
veelal gebruikt om magneetvelden op te slaan. Spoorreconstructiesoftware be-
nodigt met een zeer hoge frequentie data uit deze reeksen en deze reeksen zijn
daarmee belangrijke knelpunten voor de prestaties van de software als geheel.
Verder kan de optimale opslagstrategie van processor tot processor verschillen.
Verschillende CPUs hebben bijvoorbeeld verschillende cache-hierarchieën, en het
GPU-landschap – gewapend met bijvoorbeeld texture processoren – is zelfs nog
complexer. In dit proefschrift presenteren we een nieuwe methode die toestaat
de ontwerpruimte van multi-dimensionale reeksen systematisch te verkennen.
Door deze ontwerpruimte te deconstrueren tot verschillende opslagvolgorden,
interpolatiemethoden, enz., kunnen we automatisch opslagstrategieën vinden die
hoge prestaties bieden.

We breiden ons onderzoek naar de opslag van multi-dimensionale reeksen uit
in Hoofdstuk 6, waar we een nieuwe ontwerpruimte voor opslagvolgorden voor
dergelijke reeksen ontdekken. Deze volgorden zijn geinspireerd door de zoge-
naamde Morton-volgorde. Het eerdergenoemde hoofdstuk is gebaseerd op het
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artikel ‘Using Evolutionary Algorithms to Find Cache-Friendly Generalized Mor-
ton Layouts for Arrays’ (‘Het Vinden van Cache-Vriendelijke Gegeneraliseerde
Morton-Opslagmethoden voor Multi-Dimensionale Reeksen met behulp van Evo-
lutionaire Algoritmen’). Hoewel we aantonen dat het de moeite waard is om deze
ontwerpruimte te verkennen omdat dit prestatiewinsten kan geven in verschil-
lende applicaties, is de ontdekte ontwerpruimte dusdanig groot dat het uitputtend
verkennen ervan onhaalbaar is. We tonen aan dat dit probleem verholpen kan
worden door middel van evolutionaire algoritmen. We ontwikkelen een algemene
methode die kan worden toegepast in een breed scala aan algoritmen waarin
multi-dimensionale reeksen worden gebruikt, zonder dat het algoritme invasief
aangepast hoeft te worden, zoals nodig is voor het toepassen van bekende optima-
lisatiestrategieën zoals het zogenaamde tegelen van matrices (matrix tiling).

Naast het opslaan vanmulti-dimensionale reeksenwendenwe ons tot het concept
van onbalans in massaal parallelle algoritmen in Hoofdstuk 7 van dit proefschrift,
gebaseerd op het artikel ‘Modelling Performance Loss due to Thread Imbalance in
Stochastic Variable-Length SIMT Workloads’ (‘Het Modelleren van Prestatieverlies
Wegens Onbalans tussen Threads in Stochastische SIMT Operaties van Variabele
Lengte’). Hoewel massaal parallelle apparaten als GPUs hoge prestaties kun-
nen waarmaken in reguliere applicaties waar de hoeveelheid werk tussen threads
ongeveer gelijk is, hebben algoritmen in de spoorreconstructie juist vaak sterk
uiteenlopende hoeveelheden werk, wat het moeilijk maakt om dit werk gelijk te
verdelen over threads. Dergelijke onbalans tussen threads kan vaak (deels) worden
verholpen met behulp van technieken zoals het verkleinen of juist vergroten van de
hoeveelheid werk per thread – wat respectievelijk bekend staat als thread refinement
en thread coarsening – maar dergelijke strategieën zijn vaak lastig te implementeren
en de effecten ervan zijn lastig a priori in te schatten. Om het gebruik van derge-
lijke methoden te faciliteren, ontwikkelen we een nieuw, statistisch model dat de
eerdergenoemde effecten op de prestaties van een programma kan voorspellen
aan de hand van enkel informatie over de statistische distributie van de hoeveelhe-
den werk. Ons model is agnostisch met betrekking tot bijvoorbeeld de bestaande
prestaties van een algoritme en kan daarom zeer vroeg in het ontwikkelingsproces
van parallelle software worden toegepast, wat mogelijk kan leiden tot significante
tijdsbesparing.

Ter afsluiting van dit proefschrift presenteren we in Hoofdstuk 8 een imple-
mentatie van spoorreconstructie voor GPUs gebaseerd op de lessen die uit de
eerdere hoofdstukken van het proefschrift zijn getrokken. Ons werk bestaat uit
nieuwe implementaties van alle componenten van het spoorreconstructieproces

xiii



Samenvatting

en presteert beter dan algoritmen ontwikkeld voor CPUs. We maken gebruik van
specifieke technieken gebaseerd op het vergroten of verkleinen van de hoeveel-
heid werk per thread om prestaties te winnen, en we maken gebruik van specifiek
ontwikkelde opslagmethoden voor multi-dimensionale reeksen om de toegangs-
snelheid van het geheugen te verbeteren voor grote magneetvelden. Ons werk is
een belangrijke step in het aantonen dat massaal parallelle processorarchitecturen
bruikbaar zijn voor het spoorreconstructieprobleem, alsook een belangrijke stap
in het ontwikkelen van software die van belang kan zijn voor experimenten in de
hoge-enegiefysica over de hele wereld, vandaag en in de toekomst.
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1
Introduction

I know it’s true;
it’s all because of you.
And if I make it through;
it’s all because of you.

— John Lennon
(Musician)

As human beings, it is in our nature to be curious about the world around us. For
thousands of years our ancestors have looked up at the night sky and wondered
about some of the largest structures in our universe. Over time, we have come to
understand that the planet on which we live is part of the Solar System, which in
turn is part of the Milky Way Galaxy. The Milky Way itself is but one part of the
so-called Local Group, contained within the Virgo Supercluster, one of approximately
ten million superclusters in the observable universe [4]. The scale of the universe
in which we live is so massive that it is almost incomprehensible, yet humanity’s
insatiable thirst for knowledge has driven centuries of research into outer space.

Similarly, our inquisitive nature extends to inner space. Philosophers of ancient
times – Greek, Indian, and Tibetan alike – considered the constituents of matter
in an attempt to understand the world not on the scale of the unfathomably large,
but rather on a scale of the infinitesimally small. Although the Empedoclean
elements of fire, air, water, and earth are considered obsolete in modern science [5],
Leucippus’ contemporary idea of atomism gave rise to more than two thousand
years of research into the fundamental constituents of matter [6], a field which
we now refer to as particle physics. Over time, humanity discovered that life was
composed of cells. Cells – as well as most other matter – were subsequently found
to be made up of molecules. In an act of hubris, the building blocks of molecules
became known as atoms, from the Greek word for indivisible, only to be found
to contain even smaller particles no more than a hundred years later. Today, we
know that even the nucleons that make up atoms are divisible into even smaller
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Chapter 1 Introduction

particles known as quarks [7].
The development of the sciences of the infinitely large and the infinitesimally

small were both driven by the development of new tools and methods. Astronomy
advanced greatly with the invention of the optical telescope, and advanced radio
telescopes drive research today. Microbiology was made possible by the invention
of the microscope, and modern particle physics relies on highly advanced methods
of particle detection. Undoubtedly the largest drivers of innovation across all sci-
ences, however, have been the advancement of mathematics and the development
of the computer: developments in all fields of mathematics have given rise to
new scientific methodologies and modern computers have turned many of these
developments from abstract ideas to concrete tools for research [8]. The ability of
mechanical and electrical minds to perform rote calculations dwarfs human ability
to the same degree that the Milky Way dwarfs a human in size1, and they have
enabled the development of scientific simulations, experiments, and analyses on
scales never before seen.

Despite the tremendous advances in the fields of particle physics and computing,
the human desire for knowledge seems insatiable. As David Hilbert famously said:
‘We must know. We shall know.’ We must know more about the structure of our
universe and about the nature of matter, and to know more, we must compute
more. This thesis is our contribution, however small, to humanity’s ability to more
effectively and efficiently use computers to understand the world around us.

1.1 Observing the Infinitesimally Small

In the late seventeenth century, Antoni van Leeuwenhoek studied the cells that
made up living tissue using a microscope of his own design [10]. Van Leeuwen-
hoek’s microscope provided him with magnification of up to 270 times, allowing
him to observe a variety of microscopic processes with his own eyes. The idea
observing a phenomenon directly, i.e. to be an eye witness of it, is certainly a ro-
mantic one, but it is ultimately infeasible whenwe enter the world of the very small.
Optical instruments, no matter how precisely manufactured, will eventually fail to
resolve sufficiently small objects due to the effects of diffraction [11]. Thankfully,
human ingenuity has allowed us to use indirect observation to make sense of things

1Frontier, the faster supercomputer in the world at the time of writing, is capable of performing
1.102 quintillion floating point operations per second [9]; if we generously assume that a human
can perform one such operation per minute, Frontier beats the human brain by twenty orders of
magnitude. Similarly, the diameter of the Milky Way is approximately twenty orders of magnitude
larger than the height of the average human.
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which we cannot observe directly.
A prime example of indirect observation is the so-called Rutherford experiment.

In the early twentieth century, scientists were divided on the structure of the
atom. Two prevailing theories were the Thomson model, which stated that the
atom consisted of a positively charged ‘plum pudding’ with negatively charged
raising strewn throughout, while the Rutherford model claimed that the atom
consisted of a dense positively charged nucleus with negative charged orbiting
around it. In order to test these hypotheses, Hans Geiger and Ernest Marsden –
under the supervision of Ernest Rutherford – shot alpha particles at a thin golden
foil. They posited that the way the particles would interact with the gold atoms
would reveal the structure of the atom; if the Thomson model were correct, the
particles would fly straight through the atom, and if the Rutherford model were
correct, the particles would bounce off the nucleus. The results they collected
confirmed the Rutherford model [12], but more pertinently, virtually nothing in
this experiment could be directly observed: the structure of the gold atoms was
obviously too small to observe optically, but even the alpha particles with which
they bombarded the gold were so tiny that they needed to observed indirectly2.

The indirect observation of charged particles – including alpha particles – is
an important topic in particle physics. Indeed, it is what allowed Geiger and
Marsden to conduct the Rutherford experiment, and it also allows us to observe
neutral particles – through their decays or interactions with matter – which would
otherwise be almost impossible to detect at all. Thankfully, the fact that charged
particles are, as their name suggests, electrically charged makes them eager to
interact with other kinds of matter. In the Rutherford experiments, alpha particles
were detected using a fluorescent screen which would produce a small flash of
light when a charged particle passed through it [12]. Other common methods for
detecting charged particles and their trajectories are the use of so-called nuclear
emulsion – particles of silver suspended in a medium, usually gelatin – which
would act somewhat like a photographic plate [15] and the use of bubble chambers –
chambers filled with barely sub-critical gas which forms bubbles upon interaction
with a charged particle – which could be photographed [16]. Recordings of charged
particles using nuclear emulsion and a bubble chamber are shown in Figures 1.1a

2It is noteworthy that the art of indirect observation comes quite naturally to humans. At Nikhef,
the Dutch national institute for particle physics, a popular attraction for the general public is an
experiment which emulates the Rutherford experiment. In the middle of an inclined wooden
surface, we place an object of arbitrary shape, e.g. a triangle or a circle. The shape of the object is
hidden from the audience, which is invited to roll ball bearings down the board. The vast majority
of people, including children, is able to correctly identify the shape of the concealed object simply
by observing how the ball bearings are deflected by the hidden object.
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(a) Microphotograph a plate of nuclear emul-
sion capturing the disintegration of an
atomic nucleus [13].

(b) Photograph of a bubble chamber captur-
ing a high-energy interaction produced
by a neutrino [14].

Figure 1.1: Two examples of analogue particle detection methods. Note that the
trajectories of the particles can be traced (nearly) continuously. Both
images provided by CERN.

and 1.1b, respectively.

Figure 1.1 shows how beautifully and clearly analogue particle detection meth-
ods mark the trajectories of particles. The unfortunate downside of these methods
is that they allow relatively low rates of data collection; nuclear emulsions need to
be developed, and bubble chambers require time for the bubbles to dissipate. Like
many fields of modern science, particle physics relies on large volumes of data to
make statistically significant claims, and – as we will see in Chapter 2 – taking data
at the requisite rates using analogue methods is no longer feasible. Many modern
particle physics rely on silicon-based particle detectors, not dissimilar to the pho-
tographic sensors in modern digital cameras [17]. Silicon-based detectors allow
for tremendously high rates of data collection, but they are unable to record the
trajectories of particles in the (nearly) continuous way that nuclear emulsions and
bubble chambers can; instead, they allow for measurements only in predetermined,
discrete locations.

We have now arrived at the track reconstruction problem: given a set of discrete
measurements of one or more charged particles, what was the true trajectory of
each of those particles. The track reconstruction problem – an advanced form
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of connecting-the-dots – is a crucial part of modern particle physics, and it re-
quires a significant amount of computational effort to solve. The computational
requirements for track reconstruction are so great, in fact, that current solutions
are unlikely to scale to future particle physics experiments [18, 19]. Therefore,
particle physicists are now looking to massively parallel processor architectures
such as General-Purpose Graphics Processing Units (GPGPUs) in order to meet
the computing challenges of the future. GPGPUs have been applied to many
other problems in particle physics, e.g. statistical computations [20], but massively
parallel track reconstruction remains an open challenge.

1.2 Research Questions

In this thesis, we work towards the development of track reconstruction software
that canmeet the challenges posed by the increased data volumes of future colliders
and experiments in high energy physics. In particular, we aim to evaluate the
feasibility of implementing such software on massively parallel systems such
as general-purpose graphics processing units. Furthermore, we aim to develop
novel algorithms and methods to enable further developments in the field of high-
performance track reconstruction. The overarching research question for this thesis,
therefore, is the following:

‘Can track reconstruction be implemented efficiently on massively
parallel systems?’

(MRQ)

In order to answer the Main Research Question, it is fundamental to understand
the state of the art in the field of track reconstruction and to understand the
shortcomings of existing work when it comes to high-throughput computing as
well as execution in massively parallel environments. We aim to develop a deep
understanding the so-called extra-functional properties of existing algorithms and
implementation through empirical methods such as profiling as well as through
descriptive and predictive models. Our second research question, therefore, is the
following:

‘What are the challenges in porting state-of-the-art reconstruction
algorithms to massively parallel architectures?’

(RQ1)

Answering Research Question 1, we find that data structures representing mag-
netic fields, i.e. vector fields, are an important consideration in track reconstruction.
More generally, such structured grid data is an important element in many kinds of
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computation. Indeed, it is considered one of thirteen dwarves of parallel computing:
basic patterns of computation from which most if not all modern parallel kernels
are composed [21]. The implementation design space for structured grid data –
e.g. data layouts, interpolation methods, boundary handling methods, etc. – is
very large. We therefore aim to automatically explore this design space in order to
maximise the efficiency of hardware caches and, consequentially, the performance
of software. This leads us to our third research question:

‘How can structured grid data be represented in order to maximally
exploit the access locality of arbitrary computations, including those

in track reconstruction?’
(RQ2)

We also find that kernels in track reconstruction are highly irregular in terms of
workload. This is not a problem for traditional CPU architectures, but threatens the
performance of massively parallel GPGPU architectures through the introduction
of thread imbalance. Although the effects of imbalance are perhaps higher in track
reconstruction kernels than they are in most other high-performance computing
applications, thread imbalance is an issue encountered across many fields of com-
putational science. It is, therefore, useful to be understand, model, and mitigate
the effects of thread imbalance. Our fourth research question, thus, is as follows:

‘How can the effects of thread imbalance in SIMT workloads be
modelled and how can they be mitigated?’

(RQ3)

Research Questions 2 and 3 tackle some of the primary obstacles in developing
massively parallel track reconstruction software. Using our novel models and
methods, we can implement a massively parallel track reconstruction software
package. In order to assess the efficacy of this software package, we posit our fifth
and final research question:

‘How do the extra-functional properties of novel track reconstruction
algorithms, designed to exploit massive parallelism, compare to

state-of-the-art solutions?’
(RQ4)

An overarching theme for the work presented in this thesis is reproducibility
and reusability. The field of high-energy physics operates on long timescales; the
Large Hadron Collider – an important experiment in the field – is expected to
operate until at least the end of 2041, i.e. for the coming seventeen years. As such,
we believe it is important for the models and methods presented in this thesis
to stand the test of time, and for them to be reused, reproduced, and improved
upon in future research. For this reason, we have endeavoured – to the best of our
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ability – to provide permanently archived software artifacts to go along with our
research and we have, wherever possible, submitted these artifacts for review by
the scientific community. Wherever relevant, we will highlight these artifacts and
their availability.

1.3 Thesis Outline

A schematic overview of the chapters in this thesis, as well as the ways in which
they connect, is shown in Figure 1.2. In Chapters 2 and 3 we cover the relevant
background information in high-energy physics and high-performance computing,
respectively. We provide an overview of the algorithms used in state-of-the-art
track reconstruction software in Chapter 4, where we also develop analytical
performancemodels for the track reconstruction problem. In Chapter 5 we propose
and implement a novel method for exploring the design space of structured grid
data. We expand on Chapter 5 by examining a generalisation of the so-called
Morton storage order in Chapter 6 and by employing evolutionary algorithms
to automatically find cache-friendly array layouts. Chapter 7 proposes a model
for evaluating the performance of stochastically imbalanced workloads on Single
Instruction Multiple Data (SIMD) and Single Instruction Multiple Threads (SIMT)
architectures, which are common in track reconstruction software. We combine
our findings to develop a new chain of algorithms, optimised for massively parallel
execution, and evaluate the performance of this novel software in Chapter 8. Finally,
we posit our conclusions and answer our research questions in Chapter 9.
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Chapter 1

Chapter 2 Chapter 3

Chapter 4

Chapter 5

Chapter 6

Chapter 7

Chapter 8

Chapter 9

Figure 1.2: Schematic overview of the chapters in this thesis. Green chapters are
the introduction and conclusion of our this thesis, blue chapters provide
background information, and red chapters contain our scientific contri-
butions.
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2
Particle Physics and Track
Reconstruction

It is often easier to ask for forgiveness than it
is to ask for permission.

— Grace Hopper
(Professor of mathematics)

The application considered in this thesis stems from the domain of particle physics.
We look at this application from a strongly computational lens rather than a phys-
ical one, and as such no understanding of particle physics is strictly required to
understand the work described in this thesis. We do, however, want to provide the
reader with a surface-level understanding of some concepts in particle physics, as
these will help to motivate why we are writing this thesis. This chapter, therefore,
serves as a rudimentary introduction to the field of particle physics – intended
primarily for an audience coming from the field of computer science – and the track
reconstruction problem, for which we will attempt to develop high-performance
solutions.

2.1 Particle Physics and the Standard Model

Particle physics is the study of the fundamental building blocks of matter in our
universe, as well as of the forces which dictate the interplay between those building
blocks. The matter that exists around us in our everyday life consists of molecules
which – in turn – consist of atoms. Atom, then, can be further subdivided into
electrons and nucleons – protons and neutrons. Nucleons are themselves composite
particles and consist of quarks and gluons. Much of our current knowledge of
the behaviour of the particles in our universe, as well as the forces that operate
on those particles, is described in the so-called Standard Model of Particle Physics,
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Figure 2.1: A simplified schematic overview of the particles in the standard model
of particle physics. This overview does not include antiparticles. Listed
above each particle are the measured masses of those particles. Graphic
adapted from Burgard [22].

more commonly referred to simply as the Standard Model. The Standard Model is a
complex mathematical model with a broad range of implications, but it is often
represented as a table of particles like in Figure 2.1. Note that the Standard Model
extends far beyond this list of particles, as it also describes, e.g. their interactions
and decay modes, but these details are outside the scope of this thesis.

The Standard Model clearly divides particles into separate families. Fermions,
defined as particles with half-integer spin1, are the building blocks of matter.
The family of fermions includes both quarks and leptons; the primary difference
between these families of particles is that quarks interact with the so-called strong
nuclear force, while leptons do not. In the ‘normal’ matter that surrounds us in our
1The definition of spin falls well outside the scope of this thesis; it is a quantum-mechanical property

of particles which is only loosely related to the concept of angular momentum as we understand it
in the macroscopic world [23].
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2.1 Particle Physics and the Standard Model

everyday lives, this means that quarks bundle together to form so-called hadrons, a
category which includes the proton (composed of two up quarks and one down
quark) and the neutron (composed of two down quarks and one up quark). Protons
and neutrons constitute the nuclei of atoms.

Bosons, contrary to fermions, have integer spin and mediate the forces between
fermions. As an example, the photon – perhaps the best known boson – is re-
sponsible for mediating the electromagnetic force. When two charged particles
interact and either attract or repel each other by means of the electromagnetic force,
this interaction is carried by photons, and it is these photons that cause the two
particles to change course2. Other bosons include the gluon which mediates the
strong nuclear force, the, and / bosons which mediate the weak nuclear force,
and the Higgs boson which – through the so-called Higgs mechanism – imparts
mass to other particles [23].

The Standard Model of Particle Physics has a remarkable history of predicting
discoveries. In particular, the Standard Model predicted not only the existence but
also several properties of the top quark, the tau neutrino, and the Higgs boson,
which were experimentally confirmed in 1995 [24], 2000 [25], and 2012 [26, 27],
respectively. The Standard Model is not complete, however. In particular, the
Standard Model fails to explain the inner workings of gravity: out of the four
known fundamental forces – the weak nuclear force, the strong nuclear force,
electromagnetism, and gravity – only the first three are explained by the Standard
Model, and gravity is not. Additionally, the Standard Model does little to explain
the existence of dark matter: a hypothetical form of matter necessitated by the fact
thatwe observe gravitational effects in our universewhich are not fully explained by
normal matter [28]. There are many theories describing so-called Beyond Standard
Model (BSM) physics – which includes but is not limited to gravity and dark matter
– but experimental evidence is necessary to confirm these theories. Additionally,
the Standard Model contains a significant number of free parameters whose values
can be refined by additional experimental evidence. In short, the Standard Model
is simultaneously an extraordinarily accurate model of our universe, but also
incomplete and in need of further refinement, and it is through collider physics that
particle physicists are looking to tackle these challenges.

2It is important to state that this explanation, is a significant simplification. The electromagnetic force
is carried by so-called virtual photons, which cannot be understood as particles per se.
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Chapter 2 Particle Physics and Track Reconstruction

2.2 Accelerator and Collider Physics

It is somewhat rare for equations to embed themselves into popular culture to the
same degree that, say, a popular song lyric would, but there is one equation which
has managed to capture the imagination of so many that it has arguably taken on
an ambassadorial role for physics and science as a whole. In 1905, Albert Einstein
– himself an icon of science in our time – described the equivalence between mass
and energy [29], which would later – somewhat inaccurately – become famous as
the equation � = <22. Briefly, this equation establishes an equivalence between
matter and energy: a very small amount of matter can be turned into a very large
amount of energy, and a very large amount of energy can consequently also be
turned into a very small amount of matter. It is the latter part of this idea that
motivates accelerator and collider physics.

The Standard Model describes many unstable particles, including the second
and third generation fermions and leptons as well as hadrons composed of the
aforementioned. These unstable particles are heavy and decay into lighter, stable
particles over time according to the mass-energy equivalence described earlier. By
virtue of the universe being billions of years old, virtually all such particles have
decayed into the ordinary matter (mostly up quarks, down quarks, and electrons)
that surrounds us in our day to day life. To borrow terminology from the field
of high-performance computing, the universe has entered a sort of steady state.
Thankfully, unstable particles can still be created and – as such – it can still be
studied; all we need to do is to gather enough energy in a sufficiently small amount
of space that, by Einstein’s equation, matter can be created from energy. The key
intuition here is that to create a particle with a given mass, one has to have at least
the energy equivalent of that mass available. Classically, high energy particles
coming from space (e.g. from the Sun) can be used to study the properties of
unstable particles, but these so-called cosmic rays are hard to predict and harder to
control.

Thankfully, humans have learned how to harness energy for the use of particle
physics experiments through the development of particle accelerators. By imparting
kinetic energy to particles, they can be used in high-energy physics experiments.
Indeed, nature does not discriminate between energy that particles gain by being
created inside of a star and energy that a particle might gain by passing through a
strong human-made electric field. Particle accelerators are generally either linear,
in which a particle experiences a fixed series of accelerations along a straight
trajectory, or circular, in which particles can circle around arbitrarily many times,
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acquiring more and more energy over time. Both linear and circular colliders have
advantages and disadvantages [30, 31], and the methods discussed in this thesis
are relevant to both designs.

It is worth noting that it is not conventional to measure the result of acceleration
in particle physics – i.e. velocity – in meters per second (or equivalent units) like
we do in the macroscopic world. In our day-to-day lives, the velocity of an object
grows according the square root of its kinetic energy: quadrupling the kinetic
energy in an object doubles its velocity. Clearly, this idea is incompatible with the
widely understood fact that nothing can travel faster than the speed of light: given
a sufficiently large amount of energy, we would eventually be able to accelerate
an object past the speed of light. In reality, the classical equations of motion
are simply a low-energy approximation of the equations of motion governed by
general relativity: as we impartmore energy to a particle, its velocity asymptotically
approaches the speed of light. This ensures that we can keep adding energy to a
particle without breaking the laws of physics, but it also complicates conversations
about velocity in a classical sense. In order to avoid this confusion, the convention
in physics – to which we will also adhere in this thesis – is to measure the velocity
– or, more precisely, the momentum – of a particle as its kinetic energy directly.
The common unit for this is the electronvolt (eV). To convert between velocity as
we know it in our day-to-day lives, we compute the so-called Lorentz factor �

based on the total energy of the particle (including the energy-equivalent of its rest
mass and its kinetic energy) �total and the rest mass energy-equivalent �rest as in
Equation 2.1 [32]:

� =
�total
�rest

(2.1)

We can then compute the fraction of the speed of light at which the particle is
travelling, also referred to as the � factor, according to Equation 2.2:

� =
E

2
=

√
1 −

(
1
�

)2

(2.2)

Regardless of how we express the velocity or energy of particles, the primary
objective of an accelerator is to impart to them as much energy as possible. This
energy can be used to create new particles by shooting them at a fixed target (a so-
called fixed-target experiment), but this is rather inefficient. Indeed, the conservation
of momentum dictates that the particles produced in such a collision would have
significant momenta of their own, leaving less energy for the creation of new
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matter. The energy available for the creation of new matter is usually referred
to as the centre-of-mass energy, and is often written

√
B. Because the momenta

of two particles travelling in opposite directions cancel out, a collision between
such particles provides a much higher centre-of-mass energy than a fixed target
experiment [33]. Consequently, most modern particle physics experiment are
based on particles travelling in opposite directions, and these are often referred to
as collider experiments.

2.3 The Large Hadron Collider

At the time of writing, the largest and most powerful particle accelerator and
collider in operation is the Large Hadron Collider (LHC). The LHC is operated
by the European Organisation for Nuclear Research (CERN) and is located along
the Swiss-French border, near Geneva. The Large Hadron Collider is a circular
collider with a circumference of approximately 27 km. This collider maintains two
beams, each with a maximum energy – at the time of writing – of 7 TeV, giving a
centre-of-mass energy of

√
B = 14TeV. The LHC is capable of accelerating protons

as well as heavy ions (most commonly lead, but this can also include oxygen and
other elements), but this thesis will focus strictly on proton–proton collisions, often
referred to simply as proton physics [34].

In order to collide protons in the LHC, a complex chain of events has to take
place. First, protons are drawn from a source of ordinary matter; in the case of
the LHC, this is a cannister of hydrogen gas3,4. This hydrogen gas is ionised –
i.e. it gains an additional electron and becomes negatively charged – after which
it can be accelerated. In order to facilitate the operation of the LHC, protons are
accelerated in smaller accelerators first before they enter the main beams; these
smaller accelerators are referred to as pre-accelerators and act as metaphorical
on-ramps for the LHC. The ionised hydrogen atoms are accelerated using Linac4, a
linear accelerator, and reach an energy of 160MeV. At this point, the anion with a
rest mass of approximately 940MeV has a total energy of 1100MeV [35], giving – by
Equation 2.1 – � ≈ 1100/940 ≈ 1.17 and – by Equation 2.2 – � ≈

√
1 − (1/1.17)2 ≈ 0.51.

In other words, the anion is travelling at approximately half the speed of light.
Following the acceleration in Linac4, the hydrogen anion is stripped of both its

electrons, leaving only a proton. This proton then enters the Proton Synchrotron
3We recall that a hydrogen atom consists of a single proton and a single electron.
4Although the LHC collides a very large number of protons, the total mass of these protons remains

minuscule: during its predicted operation, the LHC will accelerate fewer protons than there are in a
cup of espresso.
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Figure 2.2: A schematic overview of the CERN accelerator complex, including
the Large Hadron Collider (LHC) and its experiments, as well as the
various pre-accelerators. Graphic adapted from Gessinger-Befurt [36].

Booster (PSB) – a circular collider 157m in circumference – which accelerates it up
to an energy of 2GeV [37]. From there, the proton enters the Proton Synchrotron
(PS) – another circular collider with a length of 628m – for further acceleration up
to 25GeV [38]. Notably, the PSwas completed in 1959 andwas, at the time, themost
powerful particle accelerator in the world; the fact that the PS is still operational to
this day and now serves as a pre-accelerator for much more advanced colliders is a
testament to the resourcefulness of particle physicists. Protons are inserted from the
PS into the so-called SPS which has a length of around 7 km and which accelerates
protons up to 450GeV [39]. A schematic overview of the LHC accelerator complex
is given in Figure 2.2.

It is worth noting that the LHC contains a great number of protons, grouped
into so-called bunches. At any given time, up to approximately 2500 bunches travel
around the collider in each direction5. At peak intensity, each bunch contains ap-
proximately 1011 protons [40], and this number gradually decreases as the bunches
5At a total length of 26 659m and a bunch spacing of 25 ns [40], the LHC could hold a theoretical

maximum of 3557 bunches, but technical limitations prohibit filling the collider fully.
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go around the collider, principally due to the loss of protons in collisions. As
the intensity of beams decreases, so does the viability of using them for physics;
therefore, the beams are emptied in so-called beam-dumps when the intensity drops
below a given threshold to make space for new beams. The entire process of in-
jecting protons into the LHC, accelerating them to their highest energies, colliding
them, and dumping them is referred to as a fill, and each fill takes approximately
half a day, although fills can be much longer or much shorter than that. Proton
physics is performed day and night in the LHC for around six months per year.

The large number of protons that circulate in the LHC is both a necessity and a
curse. Indeed, having somany protons is necessarily because – practically speaking
– colliding two individual protons head on is nearly impossible due to their small
size, and due to the fact that we can only control their position with limited
precision, i.e. they are positioned across a (usually multi-Gaussian) distribution
– referred to as the beam spot – rather than in a single point. The effect of proton
counts and beam spot size is clearly demonstrated by the calculation of the so-called
luminosity ℒ of the Large Hadron Collider: a metric that describes roughly how
many particles can be made to collide. Under the assumption that the collisions
happen head-on and that the beams have a multi-Gaussian shape described by the
standard deviations �G and �H , luminosity is calculated as in Equation 2.3, where
5 additionally denotes the crossing frequency and =1 and =2 denote the number
of particles in the two beams [23]:

ℒ = 5
=1=2

4��G�H
(2.3)

For the Large Hadron Collider, 5 ≈ 40MHz, =1 ≈ =2 ≈ 1011, and �G ≈ �H ≈
7 µm [41]. Equation 2.3 is an optimistic estimate, and the true luminosity is often
lower; for the Large Hadron Collider, the realistic design luminosity amounts to
ℒ ≈ 1034 cm−2 s−1. It is worth noting that luminosity does not describe a rate of
collisions directly, but rather a rate for a given area. The intuition here is that the
area or cross-section of the colliding particles also impacts the rate of collisions:
as a visual metaphor, one might imagine that it is easier to get two streams of
tennis balls to collide than it might be to do so with two similarly packed streams
of ping-pong balls. The rate of a specific type of a process 8 with cross-section �8 is
calculated from the luminosity as in Equation 2.4:

d#8

dC = �8ℒ (2.4)

16



2.3 The Large Hadron Collider

The total number of events # with a cross-section �8 is calculated according to
Equation 2.5:

#8 =

∫
ℒ8(C) dC (2.5)

Finally, it is also customary to integrate the luminosity with respect to time –
without incorporating the cross-section of a specific process – which gives a metric
of the total amount of data gathered by an experiment. This is often referred to
as the integrated luminosity and is given, perhaps unintuitively, in terms of inverse
area. For example, in the 2022 and 2023 operating period the ATLAS experiment
has gathered about 6.6 × 1040 cm−2 of integrated luminosity [42].

Since the cross-sections encountered in particle physics are usually very small,
the convention is to use the barn unit of area – as in, ‘to hit the broad side of
a barn’ – where 1 fb = 10−24 cm2. The cross-section of inelastic proton–proton
collisions – that is to say, collisions in which the full kinetic energy is available
for the production of new particles – is about 60mb [43] and therefore it follows
from Equation 2.4 that a Large Hadron Collider experiment can – according to
the design luminosity – expect a proton–proton collision rate of approximately
d#??

dC = 60mb · 1034 cm−2 s−1 = 600MHz. With a sufficient amount of hand-waving,
we can interpret the cross-section of a process as the probability of that process
happening, expressed as an area.

We are now ready to return to our original argument as to why it is necessary
to have such high collision rates in the Large Hadron Collider, and why it is
important to have so many protons circling around at once. Simply put, many of
the interesting processes in high-energy physics are very rare. Two processes which
allow us to detect the sought-after Higgs boson, namely the production of a Higgs
boson and its subsequent decay into two photons (� → ��) and the production
of a Higgs boson and its subsequent decay into four leptons via two Z bosons
(� → //∗ → 4ℓ ), have a total cross-section of about 57 pb at the LHC energy
scale [44]. It follows that an LHC experiment can expect to see such processes
at a rate of 0.57Hz; since a large number of such events must be observed to
provide statistically significant evidence, high luminosities are critical in high-
energy physics. As collision rates and bunch sizes directly impact luminosity,
increasing these metrics is crucial to gather enough data.

The computational challenges raised by the high collision rates in the Large
Hadron Collider are twofold. Firstly, it simply produces an extremely large amount
of data to process. As a rough estimate, an LHC experiment with about 80 million
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one-byte data channels (see Section 2.4) operating at the LHC’s 40MHz crossing
rate would produce about 3.2 PB/s of raw data. Although this rate is lowered
significantly in practice due to, e.g. zero suppression, processing this volume of
data remains challenging. Secondly, the large amount of data produced by LHC
experiments cannot be stored as this would consume an infeasible amount of
permanent storage space. As such, experiments must take split-second decisions
about which data to keep and which data to discard. It is not uncommon for LHC
experiments to retain data at a rate of approximately 1 kHz, which suggests a data
retention rate of 0.0025%. This process, often referred to as triggering, imparts
weak real-time requirements on systems and requires low-latency computation.

Further complications arise from the large number of protons in the LHC. The
LHC is designed such that, during a single bunch crossing, it is highly likely
for there to be more than a single proton–proton collision, and this introduces
combinatorial effects in the processing of the data which we explore in more depth
in Chapter 4. The number of proton–proton interactions in a single crossing or
event is usually referred to as the pile-up and is denoted �. The average pile-up over
a given period of time is usually written 〈�〉 and provides a useful metric for the
computational power necessary to process each individual event [19, 45]. Pile-up
has been growing rapidly in the ATLAS experiment, whichwas originally designed
to operate at 〈�〉 ≈ 23: during the 2011–2012 period, average pile-up was 〈�〉 =
18.5, during the 2015–2018 period 〈�〉 = 33.7, and during the 2022–2023 period
〈�〉 = 46.5. Considering the fact that the time to process data scales superlinearly
with 〈�〉, this growth poses a real computational challenge.

This brings us to the primary motivation of this thesis. The Large Hadron
Collider is expected to undergo an upgrade, referred to as the High-Luminosity
Large Hadron Collider (HL-LHC) which is expected to significantly increase its
luminosity. Through larger and tighter bunches, the HL-LHC upgrade project
will cause a significant increase in pile-up and, thereby, pose an even greater
computational challenge. In addition, LHC experimentswill upgrade their detector
systems, thereby also providing more data to process. The HL-LHC is expected
to start operations in 2029, and so the clock is ticking to prepare software and
hardware for metaphorical deluge of data that the HL-LHC will produce.

2.4 Particle Detectors and Experiments

Aparticle accelerator on its own has asmuch value to collider physics as a computer
does to computational science: both are fundamentally necessary for their corres-
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Figure 2.3: A cutaway diagram showing the ATLAS detector, one of the experi-
ments on the Large Hadron Collider. Image provided by CERN [46].

ponding scientific processes, but they are tools that must be properly harnessed.
A computer is of little use without software to exploit its computational prowess,
and a particle accelerator requires detectors to record the complex physical pro-
cesses that take place when collisions take place. These days, detectors are large
constructs erected around locations where particles can be brought to collision.
Examples of LHC experiments include ATLAS – a cylindrical experiment 46m long
and 25m in diameter weighing 7 000 000 kg [47], shown in Figure 2.3 – and CMS
– slightly smaller at 21m long and 15m in diameter but significantly heavier at
14 000 000 kg [48]. In this thesis, we will primarily discuss the ATLAS experiment,
although our findings are broadly applicable to CMS and other experiments. The
two beams – which are enclosed by the beam pipe – pass through the centre each
of these experiments where they are made to cross, causing particle collisions in
the so-called interaction point which can then be observed. These experiments then
function as large three-dimensional cameras, observing the trajectories of the new
particles that are produced in the collisions.

The heterogeneous nature of the particles that are created in collision experi-
ments – see Section 2.1 – as well as the various properties that we wish to meas-
ure – including their trajectories and energies – demands a variety of detection
techniques. Modern particle detectors – including both ATLAS and CMS – are
commonly (but not necessarily) equipped with four distinct types of detection
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Photons (𝛾)
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Figure 2.4: A simplified four-part particle detector consisting of – in order of in-
creasing distance from the interaction point – a tracking chamber, an
electromagnetic calorimeter, a hadronic calorimeter, and a muon cham-
ber. The signatures of different particles is illustrated. The trajectories
of neutral particles – shown as dotted lines – cannot be directly detected.
Graphic adapted from Lippmann [49].

systems as shown in Figure 2.4. The so-called tracking chamber sits closest to the
point of collision and is designed to record the trajectories of charged particles, but
to let them pass through largely unimpeded. The electromagnetic and hadronic
calorimeters are designed to stop and record the energy of particles that interact
with the electromagnetic and strong nuclear forces, respectively. Finally, an ad-
ditional tracking chamber is installed on the outer parts of the detector to track
charged particles which pass through both calorimeters, principally muons.

The use of multiple detection systems is critical to the identification of particles
due to the different signatures that particles exhibit. Using the aforementioned
four-tier design we can distinguish five unique signatures, all shown in Figure 2.4.
Photons are uncharged particle and, as such, do not interact with the tracking
chamber; they can be detected only in the electromagnetic calorimeter. Electrons are
charged and, therefore, are tracked in the inner tracking chamber and subsequently
cause a shower in the electromagnetic calorimeter. Photons and electrons can thus
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be distinguished by their respective absence and presence in the tracking chamber.
Charged hadrons, like electrons, can be detected in the tracking chamber but
will create showers that extend into the hadronic calorimeter. Neutral hadrons
interact with neither the tracking chamber nor the electromagnetic calorimeter,
except through hadronic processes such as nuclear capture. Finally, muons traverse
through the tracking chambers and calorimeters unimpeded, and are therefore
easily identified.

In this thesis, we focus on the development of software for the reconstruction of
particle tracks in the innermost tracking chamber. The reconstruction of trajectories
of calorimeter showers requires fundamentally different algorithms, which we
consider outside of the scope of this thesis. Previous and ongoing efforts have
worked towards the development of heterogeneous calorimetry software [50, 51].
The algorithms and implementations we develop in this thesis are applicable also
to the muon chamber, although this is not our primary focus; muon chambers have
different goals and operating parameters to inner tracking chambers, featuring
significantly lower detector resolution and occupancy – i.e. the number of points
at which particles are detected – but a greater ability to distinguish the momenta
of particles due to the larger distances involved [52]. Due to the lower occupancy,
track reconstruction in muon chambers may – depending on the design of the
detector – be performed usingHough transform–basedmethodswhich are efficient
– including on massively parallel architectures [53] – but struggle to handle dense
environments like inner tracking chambers due to track multiplicity and scattering
effects [54].

Many tracking chambers consist of so-called sensitive surfaces which can detect
the passing of charged particles. Such surfaces are remarkably similar to those
used in digital cameras, which is to say they consist of semiconductors; when
a charged particle passes through such a surface, it creates an electron and an
electron hole which can then be detected. Most – but not all – tracking chambers
are equipped with an onion-like set of layers around the beam pipe; the ATLAS
Inner Detector tracking chamber is visible in the centre of Figure 2.3. Note that this
implies that, unlike photographic sensors which consist of a single plane, tracking
chamber contain complex three-dimensional geometries of rotated detectors. As
more layers are added to a tracking chamber, the circumference of these layers
increases and it becomes prohibitively expensive to tile them with detectors. For
this reason, most tracking chambers use cheaper and less precise detectors as the
distance to the beam pipe increases.

In the ATLAS experiment, the pixels closest to the beam pipe have a size of
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Figure 2.5: An example of a single collision event in the ATLAS experiment. In this
image, the beam pipe runs perpendicular to the page. Shown are the
discrete measurements left in the detector surfaces (squares) and the re-
constructed trajectories (lines). Note that this is a two-dimensional pro-
jection of a three-dimensional event. Image adapted from CERN [55].

50 µm × 250µm [56], and the outer layer pixels have a size of 50 µm × 400µm [57]6.
In total, ATLAS has four pixel layers with a total of 1736 sensor modules, as well
as the so-called end-caps (perpendicular to the beam pipe) with a total of 288
sensor modules. This gives ATLAS a total of 92 million individual pixels. Outside
the pixel layers, ATLAS also has four layers of so-called Semiconductor Trackers,
which are significantly less precise compared to the pixel detectors [47].

It is through the use of silicon-based sensitive surfaces that we acquire know-
ledge of where particles have traversed the experiment. Note, however, that these
surfaces do not track the continuous trajectories of the particles: they record only
at discrete locations. Furthermore, particles leave no identifying information in
these detectors, so there is no inherent information about which measurements
belong to the same particle. It is this combination of factors – the lack of continuous

6For comparison, a modern full-frame photo camera has pixels of around 6µm × 6µm.
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measurements and the lack of identifying information – that gives rise to the track
reconstruction problem: which measurements belong to the same particle, and
what is the trajectory of that particle through the experiment? An example of the
solution to a track reconstruction problem is shown in Figure 2.5.

As seen in Figure 2.5, the tracks of particles approximate arcs or – in three
dimensions – helices. Note that perfect arcs are only formed in ideal circumstances
with constant magnetic fields, without interactions with the detector material, and
without energy loss; tracks observed in the real world are not perfectly helical.
The reason for this is that most tracking chambers are permeated by a powerful
magnetic fieldwhich curves the trajectories of the particles according to the Lorentz
force; given a vector-valued function representing the magnetic field at a position
®G, ®�(®G), an electric field ®�(®G), as well as the momentum and charge of a particle at
®G, denoted ®? and @ respectively, we find the force acting on that particle according
to Equation 2.6:

®�
(
®G, ®?, @; ®�, ®�

)
= @

( ®�(®G) + ®? × ®�(®G)) (2.6)

In particle physics, experiments are usually defined such that the electric field
®� is zero and the magnetic field ®� is roughly constant, uniformly aligned – often
along the beam pipe – and quite powerful. The intuition is that the force enacted
on the particle is always perpendicular to its momentum, causing it to curve but
not decelerate. In addition, the curvature of the particle depends on its energy;
just like how a car going 120 km/h has a larger turning radius than a car going
at a walking pace, a particle with more energy will curve less strongly than a
particle with lower energy. It is here that we find one of the primary motivations
for track reconstruction: knowing the radius of a particle’s curvature allows us to
estimate its energy, which is crucial to deciphering which processes took place in a
collision [23]. Another reason why it is useful to know the trajectory of a particle is
so that the track can be extended into, e.g. the calorimeters, allowing us to associate
measurements in different parts of the detector with tracks identified in the inner
tracking chamber.

In order to accurately reconstruct tracks in an experiment, the geometry of that
experiment must be known, i.e. the location of each of the thousands of detector
surfaces must be precisely recorded, as must the location of any non-sensitive
materials, e.g. support structures which can influence the trajectories of particles.
It is an open question how detector geometries can best be stored for different
processor architectures, and there are several ongoing developments including
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but not limited to GeoModel [58], DD4hep [59], and detray, the latter of which is
designed specifically for GPGPU architectures [60].

Track reconstruction usually takes place in one of two scenarios. The first scenario
is the so-called online or trigger scenario in which track reconstruction is used to
decide whether to store or discard data as it is recorded from the detector. Online
reconstruction usually happens in a two-step process: the first step, implemented
on specialised hardware, makes a split-second decision based on very rudimentary
reconstruction in order to reduce the data volume. In ATLAS, this so-called low-
level trigger reduces the data rate from 40MHz to about 100 kHz. A second step,
the so-called high-level trigger is implemented on commodity hardware and further
reduces the data rate to about 1 kHz. Online environments pose soft real-time
requirements on track reconstruction software and requires low latency. The
second scenario is the so-called offline scenario in which data is processed after
it has been stored, which requires high throughput. This thesis is concerned
with both offline processing and high-level triggering, as this is where the ATLAS
experiment performs track reconstruction.
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3
Parallel and Massively Parallel
Computing

‘Making processors faster is increasingly
difficult,’ John thought, ‘but maybe people
won’t notice if I give them more processors.’

— James Mickens
(Professor of computer science)

Parallelism is the idea that two or more individuals – whether they are animals,
humans, or computer systems – can simulateously and cooperatively work towards
a single goal in an efficient way. It is an idea that is both trivially simple to grasp
and dauntingly difficult to do well. It can take many shapes and the development
of parallelism has been one of themost critical drivers inmodern high-performance
computing. In fact, the development of parallelism was an inevitability imposed
on computing by none less than the fundamental laws of physics. Parallelism
has been around since the very start of computing, yet it is arguably closer to its
inception than it is to being a fully understood idea. This thesis serves to advance
our understanding of the principles and practice of parallel computing, and this
section serves as a brief introduction to some of the core ideas of parallelism.

3.1 History of Hardware Performance

There are few concepts in computer science more tortured than Moore’s law. For
many years, academic publishing has been a veritable battleground for claims that
the late GordonMoore’s eponymous observation is metaphorically alive, dead, or –
like Schrödinger’s famous cat – anything in between. Countless articles and theses
have relied on Moore’s law to motivate all kinds of ideas in computing, and some
have gone on to wrestle the idea into fields well beyond semiconductor design.
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Figure 3.1: Trends in core count, transistor count, clock frequency, single-core
performance, and power consumption in microprocessors over the
last few decades. This plot is generated from data made available by
Rupp [63] under the Creative Commons Attribution 4.0 International
license.

The fact of the matter is, however, that Moore’s law is such an eminent notion that
we too have succumbed to its uncanny ability to characterise the last sixty years
of microarchitecture development: despite our best efforts, we can recognise the
cliché of starting a chapter with a description of Moore’s law but we cannot avoid
it.

Briefly, Moore’s law describes the idea that the number of transistors in mi-
croprocessors doubles roughly every two years [61]. What makes Moore’s idea
particularly prescient is that it was posited in 19751 when the hottest news in the
microprocessor world was the Intel 8080 with its 4500 transistors [62], and that
it has held with remarkable precision well into the twenty-first century – a time
in which processors with more than one hundred billion transistors are available
on the consumer market. The uncanny adherence of the number of transistors in
microprocessors to the exponential growth predicted by Moore is illustrated by
Figure 3.1.

1It is worth mentioning that Moore’s law is a decade older than this; the original 1965 statement was
too optimistic, however, predicting a doubling every single year rather than every two years.
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3.1 History of Hardware Performance

Moore’s law is enabled principally by the ability of semiconductormanufacturers
to shrink the size of individual transistors and to manufacture them more densely.
Indeed, if transistors had stayed the same size they were when the aforementioned
Intel 8080 came out, a modern high-end processor would have to be about the
same size as a tennis court2. The use of such a device would, obviously, be rather
impractical even after the installation of the extraordinarily large cooling apparatus
that would be required to keep it from immediately destroying itself through
the production of waste heat. The decrease in transistor sizes has been both a
remarkable feat of engineering as well as one of the prime reasons that modern-
day computers are as powerful as they are. As Figure 3.1 shows, transistor counts
are still growing at roughly the same rates that they were before. However, there
are physical limits on the size of transistors [65], and it remains to be seen to which
extent transistor technology can still be shrunk.

Although Moore’s law predicts transistor counts with a high degree of accuracy,
it does not directly predict the performance of microprocessors, similar to how the
number of bricks in a house does not determine how comfortable it is to live in.
Very roughly speaking, the transistors in a processor can be used either to perform
computations directly, e.g. additions and multiplications, or to improve the quality
of the schedulers, register renaming schemes, instruction queues, and so forth, i.e.
the meta-computation which allows the processor to more efficiently perform the
task presented by the programmer. Expanding themeta-computational capabilities
of processor cores faces diminishing returns, however. As an example, out-of-order
execution provided significant performance benefits when its was first introduced in
theCDC6600 [66], but devotingmore transistors to it does not improve performance
much beyond certain points. Out-of-order execution is the ability of a processor
to execute instructions in a different order than they are issued according to the
source code that is executed, and this is generally accomplished using a fixed-sized
instruction window which determines how many instructions can be reordered.
Increasing the instruction window size has been shown to exhibit diminishing
returns with respect to the performance gained [67], and to greatly increase both
the complexity and power consumption of the processor [68].

Another common paradigm to improve core performance is to add hardware
implementations for increasingly complex computations. This is demonstrated
well by so-called fused multiply–add instructions, which can compute 0 · 1 + 2 with

2The 1974 Intel 8080 had 4500 transistors on a 20mm2 die [62]; an NVIDIA A100 GPU features about
54.2 billion transistors [64] which would – at the transistor density of the Intel 8080 – give a die area
of 240.9m2
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the same latency and throughput as either an addition or a multiplication. In
other words, it allows us to perform twice as many operations and thus increases
performance. Since additions and multiplications are such common operation, the
fused multiply–add operation has the potential to provide significant performance
benefits. The problem with this approach is that it doesn’t scale indefinitely, e.g.
it is doubtful that many applications would benefit from, say, a ‘fused add-then-
multiply-then-square-then-divide’ operation; such an operation would be so niche
that it would benefit only a very small class of problems. As an example of how
specific some instructions in modern processor are, the GFNI instruction set ex-
tension to x86 introduces the VGF2P8AFFINEINVQB instruction, which computes an
affine transformation in the finite field F28 with respect to the irreducible polyno-
mial G8 + G4 + G3 + G + 1. Although VGF2P8AFFINEINVQB is very useful for AES
cryptography [69], it is unlikely to accelerate a broad range of applications.

The fact that we cannot keep adding more and more advanced features into
processor microarchitectures would not be a big problem if we would be able to
keep increasing the frequencies at which processors operate. Unfortunately, as
Figure 3.1 shows, frequency scaling suddenly stagnated around the year 2005.
Before 2005, the increase in processor clock frequencies was broadly described by
Dennard scaling [70], which – among other things – states that on a generation-by-
generation basis: (1) the size of individual transitors shrinks by about � = 30%;
so (2) the area of a die shrinks by 1 − (1 − �)2 = 51%; so (3) the capacitance of the
circuit � decreases as the area of the die over the distance, i.e. by 1 − 1−51%

1−� = �;
and (4) the voltage and current of the circuit+ and � both decrease by � as it scales
with distance; so (5) the transistor delay time C = +�

� decreases by a factor �; so
(6) the frequency 5 = 1

C increases by approximately 1
1−� = 42.8%. In simpler terms,

there was a motivation – grounded in the laws of physics – for why processor
frequencies could be scaled year-over-year. When transistor sizes reached about
65 nm, however, voltage leakage started to dominate the circuit voltage, meaning
that the latter could no longer be decreased and, as a result, delay times could no
longer be reduced such that clock frequencies had to remain the same [71].

3.2 Parallel Computing

As we have seen, our ability to grow the performance of single processor cores has
become severely hampered by our inability to increase the clock frequencies, as
well as by diminishing returns on performance gains due to increased core com-
plexity. These effects are apparent in Figure 3.1 where – around the year 2005 – the
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trend for processor clock frequencies suddenly reaches a stable plateau and where
the single-core performance of processors starts to grow significantly less quickly.
Thankfully, hope is not lost: in spite of the aforementioned effects, processor manu-
facturers have managed to continue to deliver remarkable performance benefits in
their processors, and the primary driver of this phenomenon is parallelism. Paral-
lelism comes in various forms, and we will briefly touch upon so-called data-level
parallelism, instruction-level parallelism, and task-level parallelism, as these are
arguably the main drivers of parallel programming. Furthermore, it is crucial to
understand these forms of parallelism in order to understand the architecture of
graphics processing units.

3.2.1 Instruction-Level Parallelism

Instruction-level parallelism, often referred to as ILP, is the idea that parallelism
can be achieved at a very low level by running instructions, or even units of
computation smaller than single instruction, in parallel inside of a single core. ILP
comes in various forms and is one of the primary drivers of the continued growth of
single-core performance that we still see today. It is a common misconception that
parallelism only happens between cores (see Section 3.2.3 on task-level parallelism),
but indeed there is also a significant amount of parallelism inside of each core.
In this section, we will discuss four types of ILP, namely pipelining, superscalar
execution, out-of-order execution and speculative execution.

Pipelining describes the idea that the execution of individual instructions follows
a series of inherently sequential steps, and that the hardware that implements
these steps can be efficiently reused in order to increase performance. We will
briefly consider the canonical five-stage RISC pipeline, but it is worth noting that
the pipelines in many modern processors are significantly more complex. In
the canonical pipeline, executing an instruction involves five stages: instruction
fetching, instruction decoding, execution, accessing memory, and writing back to
the register file. In a non-pipelined processor, an instruction would have to pass all
five stages before the next instruction could be issued, but this would leave four out
of five pipeline stages idle at any given time. Using pipelining, new instructions
can be issued more rapidly as the hardware used for each of the stages is freed
up [72]. Instruction pipelines are vulnerable to a variety of so-called hazards [73]
which threaten instruction throughput, but the description of such hazards as well
as methods to mitigate them is beyond the scope of this thesis. It is worth noting
that the length of the longest pipeline stage also determines the maximum clock
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Figure 3.2: A schematic overview of the exeucion units and ports of the Intel
Haswell core. The abbreviation INT denotes integers, VINT denotes
integer vectors, VFP denotes floating point vectors, ALU denotes arith-
metic logic units, DIV denotes dividers, MUL denotes multipliers, FMA
denotes fused multiplier–adders, and AGU denotes address generation
units. Figure adapted from Hofmann, Fey, Eitzinger, Hager and Wel-
lein [74].

frequency of a processor, as the processor must guarantee that every pipeline stage
can complete in a single cycle.

Another form of ILP, often implemented side-by-side with pipelining, is so-
called superscalar execution. The term superscalar execution implies computation
on more than one scalar at a time, but is – perhaps confusingly – strictly different
from vectorisation, which is a form of data-level parallelism (see Section 3.2.2).
Rather, superscalar execution describes the fact that many modern processors have
multiple so-called execution units which can execute similar instructions [75]. As
an example, Figure 3.2 shows the back-end of the Intel Haswell microarchitecture.
Critically, the Haswell microarchitecture contains several execution ports which
can each execute a fixed set of instructions. For example, port 2 can serve as either
an address generation unit or a load unit but, more importantly, loads can be
executed by either port 2 or port 3. In other words, the Haswell microarchitecture
can execute two loads at the same time [74] – or more if we consider pipelining.
Similarly, it allows us to perform multiple integer or floating point arithmetic
operations at the same time. Finally, superscalar execution allows us to benefit
from the ability to execute both floating point and integer operations at the same
time: a prime example of this is in tight loops over floating-point values, where
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the floating point execution units can perform the necessary computation while
the integer units can – at the same time – increment and compare the loop counter.

The final two ILP-related concepts that we discuss in this section are speculative
execution and out-of-order execution, which we discussed earlier in Section 3.1.
These techniques differ slightly from pipelining and superscalar execution, because
they are not ways to enable ILP, but rather ways to enhance existing ILP. Out-of-
order execution, for example, allows the processor to fill unused pipeline stages
or execution units by executing instructions from further ahead in the program.
Similarly, speculative execution allows a processor to start executing instructions
following a conditional branch in a speculative way, i.e. without any guarantees
that that branch will be taken. Like out-of-order execution, the primary goal of
speculative execution is to provide additional operations which can be pipelined
and executed in a superscalar fashion [76]. Ideally, superscalar execution provides
no downsides if a branch is not taken, and provides significant upsides if the
branch prediction is correct.

3.2.2 Data-Level Parallelism

Data-level parallelism, sometimes referred to as DLP, refers to the idea that – in
a very large number of applications – the goal of the programmer is to perform
an operation on not one but on a large number of data points, and that those
operations can be performed in parallel. Consider, for example, the addition of
two four-element floating point vectors; this operation would traditionally take
at least four instructions which each have to go through the entire instruction
pipeline3. Modern processors are equipped with the ability to perform these four
additions in a single instruction through the so-called single-instruction multiple-data
paradigm as described by Flynn [77]. This form of data-level parallelism is also
frequently described as vectorisation, as it concerns computation on vector data. In
commodity hardware, support for data-level parallelism generally comes in the
form of instruction set extensions. For x86, this began with the introduction of the
MMX instruction set extension in 1997 which allowed 64-bit integer registers to
act either as such, or as vectors of two 32-bit integers, four 16-bit integers, or eight
8-bit integers [78]. In 1999, x86 was further expanded with the Streaming SIMD
eXtensions (SSE) which introduced 128-bit registers which could, interestingly, not
be used to store 128-bit numbers but rather served as vectors of either two 64-bit
double-precision floating point numbers of four 32-bit floating point numbers [79].
3Not to mention that these four instructions have more subtle effects, like potentially reducing the

locality in the instruction cache.
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Importantly, SSE allows processors to execute an operation on an entire vector
in the same time that it would take to perform that operation on a single scalar.
SSE would go on to replace x87 as the de facto floating point format for x86 [80].
Advanced Vector Extensions (AVX) added support for 256-bit vectors in 2008 and
this was extended to 512-bit in 2015 in the form of AVX-512. In the ARM world,
the Scalable Vector Extensions (SVE) adds support for vectors up to 2048 bits in
length [81].

It is trivial to see that DLP is a big driver of single-core performance through
parallelism; replacing operations on scalars by operations on, e.g. vectors of 16
elements (as is the case for 512-bit vectors of 32-bit floating point numbers) effects
a speed-up of 16 times4. However, obtaining such speed-ups is not always easy.
Unlike instruction-level parallelism which – in modern computing – is enacted
entire in the processor core with little help from the compiler and virtually no
help from the programmer directly, data-level parallelism requires much more
intervention. Indeed, vector instructions must be provided to the processor by
the compiler, and this is no trivial feat: the automated vectorisation of code is
an active field of research [82] and compilers often fail to vectorise all but the
simplest loops, partially due to the rigorous constraints on, e.g. data alignment.
It is often the responsibility of the programmer to ensure that a program can be
executed in a data-parallel fashion through the use of so-called intrinsics – function
which compile directly to a specific instruction – or through the use of libraries
that support vectorisation such as EVE [83, 84, 85]. Higher-level libraries such as
those for linear algebra also commonly support data-level parallelism, including
Eigen3. Finally, so-called array programming has also become more popular as
it maps naturally onto the data-parallel capabilities of modern processors; the
popular Numpy Python library is an example of an embedded array programming
language [86], and dedicated array programming languages include APL [87],
Julia [88], and Futhark [89]. Using such (embedded) languages can bring higher
performance as it forces programmers to write programs in ways that can be more
easily and naturally compiled to data-parallel code.

3.2.3 Task-Level Parallelism

The final form of parallelism that we discuss in this chapter is task-level paral-
lelism, often referred to as TLP. Compared to ILP and DLP, TLP is a far more

4Throughout this thesis, we use speed-up ( to denote how many times slower a previous version of a
program is compared to the current one, i.e. ( = )old/)new.
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coarse-grained form of parallelism in which programmer-defined tasks are distrib-
uted over multiple threads or machines. Because task-level parallelism features
multiple independent instruction streams, it allows for the execution of different
kinds of operations in parallel; e.g. it is task-level parallelism that enables us to
open a browser and a document reader on our laptops at the same time and it
can be used to rapidly process large amounts of data. Where ILP and DLP are
forms of parallelism inside a single core, TLP is a form of parallelism which exists
principally between cores, or even between entirely different computers. Common
forms of task-level parallelism are multi-threaded and multi-process computing.
In multi-threaded computing, multiple instruction streams operate on and ma-
nipulate shared memory, which allows easy communication between threads. In
multi-process computing, processes with separate virtual memories operate simu-
lateously; although multi-process computing requires additional communication
between processes – which can be expensive – it is much more easily scalable to
distributed systems.

An intuitive but powerful idea in parallelismwhich is particularly relevant to task-
level parallelism – although it also affects data-level parallelism – is Amdahl’s law.
Although Amdahl posited it muchmore informally in his original paper, Amdahl’s
law states that the speed-up ( depends on the fraction ? of a program that is
improved, and the amount by which that part is sped up B as in Equation 3.1 [90]:

( =
1

(1 − ?) + ?

B

(3.1)

In parallel computing, it is often assumed that the part of the program which is
sped up is sped up using parallelism, and that it is sped up by a factor that is equal
to the number of processors. It is also common to use Amdahl’s law to place an
upper limit on the speed-up that can be achieved through parallelism regardless
of the number of processors available, as in Equation 3.2:

lim
B→∞

( =
1

1 − ? (3.2)

Amdahl’s law shows us that the use of parallelism to speed up computer pro-
grams is very sensitive to sequential parts of the code – i.e. all non-parallel parts,
a fraction 1 − ?; a program which runs sequentially for only 5% of its runtime is
limited to a speed-up by a factor twenty, nomatter if we use a dozen, a thousand, or
a million processors to run it. Although Amdahl’s law leads to rather pessimistic
predictions, it is based on the assumption that the application scales strongly, i.e.
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that the total problem size remains the same. This is referred to as strong scaling
and it is not always representative of what happens in the real world.

In reality, it is common for problem sizes to scale with the number of processors
– or, equivalently, it is common for the number of processors to scale with the
problem size –which is referred to as weak scaling. Where strong scaling is governed
by Amdahl’s law, weak scaling is governed by Gustafson’s law which provides a
more optimistic view of parallel computing. Under Gustafson’s law, given in
Equation 3.3, the parallel fraction of the program ? grows with the number of
processors B, while the sequential part 1 − ? remains the same [91]:

( = (1 − ?) + ?B (3.3)

It is worth noting that the categories of parallelism listed in this section are
somewhat flexible, and it is not always clear where a given technique belongs. For
example, Simultaneous Multiprocessing (SMT) – referred to as Hyper-Threading in
Intel parlance – refers to the ability of many modern cores to execute two or more
instruction streams or threads on a single core. From a programmer’s perspective,
this is task-level parallelism, but from the perspective of the core, SMT relies on the
assumption that these threads can use execution units that the other threads are not
using. It is, therefore, also a form of instruction-level parallelism. Interpreted dif-
ferently, it is task-level parallelism enabled by instruction-level parallelism, or even
instruction-level parallelism masquerading as task-level parallelism. Although
the classification of SMT is not particularly important, the insight that the borders
between these flavours of parallelism are quite blurred will be important for us to
understand how GPGPU programming works.

3.3 Graphics Processing Units

As computers became more commonly available in the sixties and seventies of the
twentieth century, video games became increasingly popular. At first, games were
mostly text-based; the computer would present the player with textual information
and a prompt, upon which the player would input some text-based response. Over
time, graphical interfaces to video games were developed which gave players a
more immersive experience. The rendering of computer graphics was, however, a
daunting task: rapidly changing images had to be rendered to a screen – or, more
technically, a frame buffer – many times per second.

The 1978 arcade game Space Invaders – see Figure 3.3 – is perhaps one of the
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Figure 3.3: A screenshot of the 1978 video game Space Invaders, developed at Taito
Corporation by Tomohiro Nishikado, emulated using PCjs [92].

most iconic video games ever developed [93]. In Space Invaders, the player pilots a
space ship at the bottom of the screen and engages in a space battle with a fleet
of eponymous invaders from space. One of the challenges in Space Invaders lies in
the fact that the space ships which the player is attempting to shoot are constantly
moving horizontally across the screen. The original arcade version of the game ran
on a 256×224 display for a total of 57 344 pixels. The act of moving this many pixels
left and right multiple times per second was a computationally intensive task, and
it proved too much to handle for the Intel 8080 microprocessor which powered the
arcademachine. In order to allow the Space Invaders game to run smoothly, the Intel
8080 microprocessor was accompanied by multiple barrel shifting circuits which
served solely to move pixels across the screen; in other words, it was circuitry
designed to accelerate computer graphics.

Although Space Invaders was by no means the first application to feature ac-
celerator circuits for the purpose of rendering graphics – the 1975 arcade game
Gun Fight, also developed by Tomohiro Nishikado, featured a very similar array
of bit-shifting circuits – it is a poignant example of a hardware design pattern
which later lead to the development of the Graphics Processing Unit (GPU). In
order to facilitate the design of arcade games, Fujitsu developed the MB14241,

35



Chapter 3 Parallel and Massively Parallel Computing

an Application-Specific Integrated Circuit (ASIC) which encapsulated the barrel
shifting required for various games. In the decades that followed, GPUs developed
into vastly more complicated and computationally powerful components. This, in
turn, lead to significant advances in many fields of computational science as well as
in artificial intelligence. The remainder of this section serves to describe the design
of GPUs in general terms, as well as the usage of GPUs for general computing.
We also briefly discuss the degree to which CPU and GPU architectures have
re-converged in recent years.

3.3.1 GPU Architecture

The MB14241 is – in some sense – a quintessential example of GPU architecture;
given that such a large number of pixels had to be moved around in a fixed pattern
to make Space Invaders playable, it made little sense to use a general-purpose
processor like the Intel 8080. The Intel 8080 was equipped with the ability to take
conditional branches, to move data to arbitrary locations and to perform a broad
range of operations, but all of this computational prowess wasn’t necessary to
display the metaphorical Salsa dance of the spaceships in Space Invaders. Rather,
Space Invaders demanded the ability to perform the exact same operation many
times in a since second, and this is not necessarily what the Intel 8080 was designed
to do. The same problem exists in many modern computer graphics applications:
similar operations have to be performed for millions of pixels at a time, dozens of
times per second. This is a form of data-level parallelism, with the subtle nuance
that the parallelism does not necessarily stem from the input data, but rather from
the structure of the output data: the pixels on the screen. In the world of computer
graphics, computations which are performed in parallel are referred to as shaders,
which follows from the fact that they are used to compute the shade – i.e. the
colour, brightness, transparency, etc. – of what is on the screen. Besides pixel-by-
pixel computations, the term shader can also be used to describe, for example,
computations on objects in a three-dimensional scene [94]; regardless, the common
theme is that shaders are often run in parallel.

The architecture of GPUs reflects the parallel nature of shader computation. In
fact, the degree to which shaders are computed in parallel is so great that it is
often far greater than the parallelism that is found in applications for CPU-like
architectures, which is why we refer to the parallelism in GPUs is often referred to
as massive parallelism. At the time of writing, a top-end commodity x86-64 CPU
may have around 128 cores and – through simultaneous multithreading – 256
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Figure 3.4: A schematic representation of the difference between MIMD and SIMT
architectures, inspired by the NVIDIA CUDA C++ Programmer’s
Guide [97]. Note that this image draws a potentially unfair compar-
ison between the CPU cores and GPU cores, which we discuss in Sec-
tion 3.3.3.

threads [95]. A top-end GPU, however, has can simultaneously host up to 270 336
threads5 [96]. Although it is far from fair to directly compare the CPU threads to
GPU threads in terms of performance – as we will discuss in Section 3.3.3 – it does
motivate the fact that programming GPUs have different architectures and that
they need to be programmed in different ways.

The computational demands placed on GPUs include massively parallel execu-
tion of relatively rigid shaders. Because these workloads are relatively predictable
and because all threads are executing roughly the same code, GPUs have – com-
pared to CPU architectures – relatively high raw computational requirements and
relatively little meta-computational requirements, e.g. they do not benefit much
from branch prediction, speculative execution, out-of-order execution, and so forth.
In CPU-based architectures, significant numbers of transistors are dedicated to
this meta-computation, which is often referred to simply as the control of the core.
In GPU architectures, the control is often simplified significantly and, even more
5This figure is given by the fact that the NVIDIA H100 GPU has 132 Streaming Multiprocessors (SMs),

each of which can host up to 2048 threads.
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importantly, it is shared between a large number of threads. The sharing of con-
trol means that cores are bound to execute the same instruction stream, which
gives rise to the so-called Single Instruction Multiple Threads (SIMT) compute
model. An illustration of the difference between a CPU-like MIMD architecture
and a GPU-like SIMT architecture is shown in Figure 3.4. Note that, in addition
to the aforementioned SIMT thread model, GPUs usually have simplified cache
hierarchies and high memory bandwidths, as workloads in computer graphics are
often memory-intensive.

It is also worth noting that the origin of GPUs in graphics processing also dictate
the precision of computation that can be performed on them. Most commercially
available GPU architectures feature primarily 32-bit IEEE 754 floating point ALUs
and very few 64-bit ALUs. An NVIDIA GA102 Ampere GPU, for example, has a
only 168 64-bit ALUs while it comes equipped with 10 752 32-bit ALUs; in other
words, it has a 1 : 64 64-bit to 32-bit performance ratio [98]. This means that most
GPUs are poorly equipped for applications that demand very high floating point
precision. Exceptions to this rule of thumb include data centre GPUs such as
the NVIDIA A100 and the AMD Instinct MI250X which feature 1 : 2 and 1 : 1
ratios [64, 99]. Recent developments in GPU architectures have further pushed for
lower-precision computation; a primary example of this are NVIDIA tensor cores
which support 19-bit, 16-bit, 8-bit, 6-bit, and even 4-bit floating point numbers at
extremely high throughputs [64]. These low-precision compute units are designed
primarily to support workloads in the field of artificial intelligence, which are an
important design consideration in modern GPU designs.

3.3.2 General-Purpose GPU Computing

Early GPUs featured fixed-function shaders which performed a specific operation.
In 2001, NVIDIA released the GeForce 3 series – codename NV20 – based on the
Kelvin microarchitecture. The GeForce 3 series aimed to meet the demands of
contemporary video games which aimed to set themselves apart through new
graphical effects. Of course, it would have been infeasible for NVIDIA to design
custom fixed-function hardware for every conceivable graphical effect that game
developers might have wanted to incorporate into their games. Instead, NVIDIA
incorporated programmable shaders into the GeForce 3 GPUs [100], which could
be used to run programmer-defined shaders and afforded graphics programmers
broad freedom to implement whatever effects theywanted. Programmable shaders
greatly advanced computer graphics, but also gave rise to an even more important
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development: that of general-purpose computing on GPUs.
After 2001, programmable shaders became increasingly advanced and independ-

ent of the remainder of the graphics pipeline. Simultaneously, computer scientists
began to realise that GPUs could be used for general-purpose computation [101] –
i.e. computations which are not necessarily related to computer graphics – which
gave rise to the General-Purpose Graphics Processing Unit (GPGPU) paradigm.
In 2008, NVIDIA released the Tesla microarchitecture – marketed as a ‘unified
graphics and computing architecture’ – and, alongwith it, the CUDA programming
model [102]. CUDA allows programmers to develop arbitrary computations in
the C programming language which can then be compiled and ran on NVIDIA
Tesla GPUs (as well as on later architectures). CUDA greatly increased the ease of
programming in the GPGPU paradigm, and CUDA remains among the dominant
programming models for massively parallel GPU architectures to this day.

The GPGPU paradigm leverages the relatively large amount of raw computa-
tional power inherent in the design of GPUs, but it also suffers from some down-
sides due to the simplified control that GPU cores have. The core downside of
GPGPU programming is that groups of threads share a single instruction stream.
In other words, instructions are decoded and issued to a group of threads – usually
16, 32, or 64 threads; this is referred to as a warp in NVIDIA parlance, although
they are more generally referred to as thread groups – at the same time, rather
than each thread having its own instruction stream. This is often referred to as
lockstep execution, since each thread executes the same code at the same time. Of
course, true lockstep execution is undesirable, as general-purpose programs can
feature branching, and executing code which is not in the taken branch would
violate the requirements of the program under execution. For this reason, GP-
GPU architectures usually feature conditional execution of some kind, in which
a given thread can – based on some predicate set when a branch is encountered
– decide whether to execute an instruction or not. Naturally, threads idling in
order to avoid executing irrelevant instruction is a performance antipattern, and
this so-called thread divergence is a common performance problem in massively
parallel programs [103] and indeed, as we will see throughout this thesis, thread
divergence is an important consideration in massively parallel track reconstruction.

The decreased complexity of the control in GPUs means that they are at a higher
risk of performance degradation due to waiting. In CPU-like architectures, latency
incurred due to pipeline stalls, cache misses, or other performance problems
can readily be hidden with instruction-level parallelism enabled by out-of-order
execution or speculative execution. Thankfully, GPU architectures commonly
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employ other strategies to hide latency which are specifically enabled by their
design; primarily, this comes in the form of zero-cost context switching. In CPU
architectures, hardware threadsmay be interrupted by a variety of effects, including
the scheduling and preemption of threads by the operating system. As such, it
must be possible for a CPU architecture to store the complete state of a given thread
– including the registers, the virtual memory space, and the instruction counter –
so that execution can be resumed later. Because CPUs have such complex control
which often relies of predicting and rescheduling future instructions, so-called
context switching is expensive. Furthermore, the complexity of each individual
instruction stream is so great that most x86-64 processors only permit two streams
per core through simultaneous multithreading.

GPU architectures, in contrast, are not at risk of being context switched as
their execution is not governed by an operating system in the way that a CPU is.
Furthermore, GPU threads have much less complex states – in part because they
do not have their own instruction stream – and this allows GPUs to hide latency
through an ingenious implementation of instruction-level parallelism. In many
GPU architectures, there are many more thread slots than there are execution units,
i.e. the processor can be oversubscribed in a similar way that a CPU core with
two instruction streams can. Rather than having space for two threads, each GPU
multiprocessor – i.e. the hardware component responsible for executing thread
groups – can have space for anywhere between 1024 and 2048 threads. Because
the threads can all simultaneously store their state in the multiprocessor, i.e. they
can all simultaneously be resident on that multiprocessor. This allows the GPU
to effectively hide the latency – primarily that induced by memory accesses – by
context switching at zero cost between threads; given sufficiently many threads,
it is statistically likely that on any given cycle, one of the thread groups will be
able to perform an operation. The number of threads that can be resident on
a given multiprocessor is bound by the register usage and the memory usage
of those threads, and the so-called occupancy that is achieved as a result of the
aforementioned factors is another important performance consideration.

Another important consideration in GPGPU programming is making effective
use of memory bandwidth. Although GPUs have relatively high memory band-
widths, the fact that a large group of threads issues load and store operations at the
same time presents a performance risk. GPU memory achieves high bandwidth
by operating at high bus widths, i.e. by allowing for the loading and storing of
large amounts of consecutive memory. The latency of these individual loads and
stores, however, is comparable to the memory subsystems of CPU architectures.
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As a result, serialising one memory operation for each thread in a thread group
risks ruining performance. Many GPU architectures resolve this issue by coalescing
memory accesses, i.e. by combining memory accesses that fit within the bus width.
In the best case scenario, all accesses issued by a thread group can be coalesced
into a single access; in the worst case scenario, each memory access has to be issued
separately, incurring significant overhead. The degree to which accesses can be
coalesced – which is greatly impacted by the layout of data, as well as the way in
which that data is accessed – is an important performance-relevant consideration
in GPGPU programming.

Finally, it is worth noting that most – albeit not all – GPGPU architectures are
designed such that the memory of the GPU is separate from the system’s main
memory. This means that, in order to run a kernel on data, those data have to be
explicitly copied from the system’s main memory to the GPU’s memory which can
be a costly operation, especially if performed over a PCIe bus. The fact that GPU
and CPU memory are usually disjoint raises important design decision for hetero-
geneous programming, i.e. programming in which the goal is to effectively utilise
both CPU and GPU architectures in the same system. Indeed, decisions need to be
made about where – i.e. on which device – a given kernel is to be performed, which
is referred to as placement as well as in which order kernels are executed, which is
referred to as scheduling. Both placement and scheduling are performance-critical
in heterogeneous computing techniques and have been extensively studied [104].
Although novel system architectures which share memory between CPU-like and
GPU-like devices are becoming more popular – the NVIDIA Grace Hopper architec-
ture serves as a particularly pertinent example [105] – we foresee that placement
and scheduling will remain relevant in the future.

3.3.3 Re-Convergent Evolution

The field of evolutionary biology describes a remarkable phenomenon known as
carcinisation, described by Lancelot Alexander Borradaile as ‘the many attempts
of nature to evolve a crab’ [106]: there appears to exist a strong tendency for
seemingly different species to independently evolve into crab-like creatures. King
crabs, for example, evolved crab-like bodies independently from the so-called
true crabs, and the same has happened for several other species. Following the
preceding parts of this section – and, not unimportantly, the marketing materials
disseminated by GPU manufacturers – it is tempting to think that CPUs and
GPUs are the computational equivalents of, say, panthers and salmon: completely
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different species with fundamentally different properties. Although this was not
an inaccurate assessment in the early 2000’s, the reality is that – in a process not
dissimilar to the convergent evolution of crab-like species – modern CPUs and
GPUs have evolved to be surprisingly similar. These architecture familiar are
more akin to, say, panthers and leopards. To round off our discussion on GPU
architectures, we will therefore proceed to look at the commonalities between CPU
and GPU architectures, and to dispel some of the myths surrounding them.

We posit that a lot of the misconceptions around the differences between CPU
and GPU architectures stem from the choice of language used when describing
these architectures, principally by GPU manufacturers themselves. In particu-
lar, we posit that the word ‘core’ is used misleadingly between CPU and GPU
architectures. NVIDIA, for example, advertises their A100 GPU as having 6912
so-called ‘CUDA cores’ [64], which makes it tempting to think that it is about
100 times more powerful than an AMD EPYC 7763 CPU with 64 cores, but noth-
ing is further from the truth. Indeed, the NVIDIA A100 operates at a maximum
frequency of 1.41GHz and can perform two operations per core per cycle6 for a
combined theoretical throughput of 1.41 cycle/s · 6912 core · 2 FLOP/(core cycle) =
19.5 TFLOP/s. The AMD EPYC 7763, on the other hand, operates at a base fre-
quency of 2.45GHz7 and performs 32 operations per cycle for a theoretical through-
put of 2.45 cycle/s · 64 core · 32 FLOP/(core cycle) = 5.0 TFLOP/s. Although the
performance difference – a factor four – is significant, it pales in comparison to the
factor 100 that we would expect from the core counts alone.

The core idea here is that the cores in CPU architectures are very different from
the ‘cores’ in GPU architectures. This is particularly evident from the number of
instructions that these cores can perform per cycle. The AMD EPYC 7763’s Zen 3
cores each have the ability to perform 32 single-precision floating-point operations
per cycle8 whereas each CUDA ‘core’ in the NVIDIA A100 can only perform 2
operations per cycle. Thus, a single CPU core is significantly more powerful than
a single GPU ‘core’. The primary reason why CPU cores are so powerful is that
they incorporate data-level parallelism, and this is what motivates us to say that
the designs of CPUs and GPUs have re-converged somewhat; GPUs are and have
always been data-parallel computing devices, but CPUs are increasingly moving

6The NVIDIA A100 can perform two floating point operations per cycle because it can perform a fused
multiply–add operation, i.e. it can compute 3 = 0 · 1 + 2 in a single operation rather than in two.

7This comparison favours the GPU, because we compare the base frequency of the CPU against the
maximum frequency of the GPU.

8This number is given by multiplying the number of FMA execution units (2), the vector widths of
these units (8), and the number of operations performed per FMA instruction (2).
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in the same direction with larger vectors and – equivalently – more SIMD lanes. In
terms of computational power, GPU ‘cores’ are closer to SIMD lanes in CPUs than
they are to entire CPU cores.

Arguably, many of the performance advantages that GPUs provide come from
their programmability. The technical definition of programmability simply denotes
the ability for a system to be programmed such that it reliably reaches a given
state, but this is not particularly relevant in this day and age; indeed, even the
cheapest microcontrollers available on the market today can be programmed to
perform virtually any kind of operation. We posit that a more useful definition of
programmability is the ability of a system to be programmed such that it reaches a
given state efficiently. Under this definition, CPU cores are highly programmable:
advanced compilers are able to correct for many performance anti-patterns that
programmers might introduce, and the intricate instruction-level parallelism in-
side of the cores further improves the performance of what might be otherwise
suboptimal code. On the other hand, SIMD lanes in modern CPUs are barely
programmable at all: compilers often struggle to generate efficient SIMD code, and
there is little to no in-core infrastructure that can rescue code that doesn’t use SIMD
lanes efficiently. A GPU ‘core’, then, is a device with the computational power
of a traditional SIMD lane, but which is far more programmable. For example,
the zero-cost context switching that GPUs provide allows threads to hide latency
incurred by other threads very efficiently. The ability of GPUs to conditionally
execute instructions also makes them much more programmable than SIMD lanes,
although this is not without performance penalties9. Finally, the ability of GPU
threads to perform scattered loads allows them to be easy programmed in a way
similar to CPU threads.

We are now equipped with sufficient understanding of massively parallel archi-
tectures to understand the challenges involved in programming them. We close
this section by mentioning a fundamental paper on the topic of GPU performance
versus CPU performance, which was written by by Lee et al. [107]. They posit that
the performance difference between CPUs and GPUs is more likely to be in the
single-digit factors than the commonly cited factor 100, which we have discussed
earlier in this chapter. In this thesis, we aim to develop track reconstruction al-
gorithms that outperform equivalent programs which run on CPUs by a similar
factor, but this will not be easy: despite the fact that modern GPUs are highly
programmable, performance pitfalls remain myriad and a nuanced approach must

9Interestingly, AVX-512 introduces conditional execution for individual SIMD lanes, further narrowing
the gap between CPUs and GPUs.
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be taken to avoid them.

3.4 Programming Models

To conclude this brief discussion of (massively) parallel computing, we will briefly
discuss the ways in which GPUs can be programmed. After all, even the most
powerful processor is useless unless it can be programmed to perform useful
computations. We will only discuss programming models which can be used
to program GPUs directly, i.e. we will not discuss technologies like MPI which
are used in distributed computing, even if those distributed systems may contain
GPUs. We will discuss programming models which are designed for GPUs in
particular, as well as programming models which support a broader range of
hardware.

GPU-specific programming models include the CUDA programming model,
which we have discussed previously in this chapter. The CUDA programming
model is widely adopted and is based on the C and C++ programming languages.
CUDA works by separating the compilation of a translation unit into a host part –
to be executed on a CPU – which is compiled using a commodity compiler like
gcc or clang and a device part – executed on the GPU – which is compiled using
a proprietary compiler which produces machine code that can be executed on
NVIDIA GPUs. In CUDA, programmers are required to write code in a way that
strongly resembles sequential code, i.e. the program is written from the perspective
of a single core. The resulting kernel is then executed in parallel implicitly. The
parallelism model is such that individual threads are grouped into blocks – which
map onto multiprocessors – which are, in turn, part of a grid – which map onto
entire GPUs [97]. A more recent competitor to CUDA is HIP, which allows CUDA-
like programming for AMD GPUs [108]. Further ways to program GPUs include
OpenGL and its successor Vulkan. Although both OpenGL and Vulkan are
designed primarily for graphics workloads [109], they allow the user to design
custom compute shaders which can be used to achieve similar results to CUDA
and HIP.

A more recent development has been that of programming models which can
target a broad range of hardware. Often, this includes GPUs and multi-core CPUs.
Some programming models also support the programming of FPGA devices,
although this is amuch less proven strategy. Prominentmixed-target programming
models include OpenMP and OpenACC, which extend the C, C++, and Fortran
programming languages with pragmas which can be used to direct the compiler to
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make code transformations towards parallelism. In comparison to CUDA, OpenMP
and OpenACC programs are written with explicit loops [110, 111]. Portability
layers or libraries form another class of parallel programming models, which are
usually implemented directly into an existing language. Models such as SYCL [112],
Kokkos [113], Alpaka [114], and the parallel component of the C++ standard
library are all implemented in C++; they provide abstractions for building parallel
programs, but they do not fundamentally extend the programming language.
Finally, there are dedicated programming languages for mixed-target parallelism,
including Futhark [89] which is an array programming language, Chapel [115]
which featuresmany parallel primitives, andOpenCL [116]which offers CUDA-like
implicit parallelism. Dedicated programming languages can often provide useful
abstractions which make programming easier, while also proving competitive
performance [117].

Beyond general-purpose computation, there are many fixed-function parallel
libraries. The motivation behind this is that there exists a set of kernels which are
both widespread in various computing applications and also highly demanding
in terms of performance. Amdahl’s and Gustafson’s law dictate that providing
high-performance implementations of these specific algorithms can bring great
speed-up in many applications. Fixed-function parallel libraries exist for a broad
range of algorithms, including fast Fourier transforms, linear algebra, and neural
network inference. Finally, it is possible that, in the future, sufficiently complex
compilers will be able to automatically parallelise any given program – even a
program not explicitly parallelised by a human – for a given target, but we are not
aware of the existence of any such compilers at this time.
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4
State-of-the-Art Algorithms for Track
Reconstruction

You can’t connect the dots looking forward;
you can only connect them looking
backwards. So you have to trust that the dots
will somehow connect in your future.

— Steve Jobs
(Co-founder of Apple Inc.)

In the previous chapters, we have examined the track reconstruction problem, as
well as the massively parallel hardware on which we aim to solve it. Now, we move
towards solutions to that problem. In this chapter, we describe the state of the art in
track reconstruction algorithms in order to answer Research Question 1. Through
this examination, we identify the performance-related challenges which these
algorithmspresent in amassively parallelworld so thatwe can solve those problems
in later chapters. We categorise the algorithms involved in track reconstruction
according to the 13 dwarves of parallel computation [21] in order to illustrate their
general structure.

Some parts of this chapter are based on the following publication:
• The ATLAS Collaboration and Stephen Nicholas Swatman. ‘Software Per-

formance of the ATLAS Track Reconstruction for LHC Run 3’. In: Com-
puting and Software for Big Science 8.1 (Apr. 2024). issn: 2510-2044. doi:
10.1007/s41781-023-00111-y

4.1 Introduction

The days of analogue particle detection using nuclear emulsions and cloud cham-
bers – which we describe briefly in Chapter 1 – are now well behind us. A switch
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to digital data collection has allowed collision rates previously unheard of; indeed,
the Large Hadron Collider is capable of colliding proton bunches at an incredible
rate of 40MHz. Unfortunately, digitalisation in particle physics has brought the
same trade-off that it brought to, say, photo- and videography: it allows for the
acquisition and storage of large amounts of data, but it requires this data to be
discrete. Digital imagery captures light at a fixed number discrete points known as
pixels. Traditional film stock, on the other hand, captures light across a continuous
array of light-sensitive molecules1; it is the continuous nature of film that allows it
to capture exquisite amounts of detail, as evidenced by the 2012 remastering of
Star Trek: The Next Generation – shot in 1987 on 35mm film – which rendered the
voyages of the starship Enterprise in resolutions that are impressive even by today’s
standards.

The loss of continuity in data is rarely a problem in imaging: the human brain
has the remarkable ability to view a grid of coloured pixels and to interpret it in
real-time: even a very-low-resolution video with 320×240 pixels can convey a story
– even though, these days, it may bemet with some complaints about about the lack
of sharpness. In particle physics, the loss of continuity poses a far greater challenge,
however. When the trajectory of a particle is captured in a detector, its curvature
in a magnetic field – see Chapter 2 – can be used to derive information about its
charge and energy, both of which are crucial to understanding the behaviour of the
particle and the collision event as a whole. Thus, discrete data collection requires
the so-called reconstruction of the continuous trajectories, which is referred to as
track reconstruction.

In this section, we discuss the state-of-the-art in track reconstruction, which
primarily encompasses algorithms for CPU-like architectures, although some
research on massively parallel architectures is available. The track reconstruction
process – and, as a result, the work which we do in this thesis – is preceded by
the process of gathering data. When processing empirical data, this involves
the read-out electronics, zero suppression, and so forth. In simulated data, this
involves the simulation of particles and the way those particles interact with the
detector. We consider these preceding steps to be outside the scope of this thesis,
however; the gathering of data is far more akin to electrical engineering than it
is to high-performance computing and simulation is a fiendishly complex topic
about which plenty theses could be and have been written. We consider our input

1It is worth noting that film, examined at a sufficiently fine level of detail, is of course also discrete:
such is the nature of the molecules of which it is composed. Furthermore, film does not necessarily
possess infinite resolution: a roll of FUJICHROME Velvia 50 Professional can resolve approximately
160 lines per millimetre of film before they blur together due to physical and chemical effects [118].
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data to be data about which sensors in the detector were activated, and to which
degree. Our target output data are the particle tracks. From there, further analysis
can be performed to find e.g. the so-called vertices at which particles originate, but
we consider this more physics-oriented data processing beyond the scope of our
work as well. With these boundaries in place, the track reconstruction pipeline can
be roughly broken down into three steps: preprocessing, track finding, and track
refinement, all of which we will discuss here.

4.2 Existing Implementations and Challenges

Software-based track reconstruction has been an important topic in high-energy
physics experiments for decades and, naturally, there have been dozens of imple-
mentations for different detector geometries and different computing architectures.
In this section, we will explore some contemporary track reconstruction software
packages, the metrics that determine how effective these packages are, and the
challenges that they will face in the future.

4.2.1 Libraries and Frameworks

The Large Hadron Collider has two general-purpose experiments, each with their
own software packages that facilitate track reconstruction; the ATLAS experiment
has the so-called Athena package [19] and the CMS experiment uses software
known as CMSSW [119]. The smaller experiments on the LHC also use dedicated
software packages, and the same goes for other particle physics experiments around
theworld. BothAthena andCMSSWconsist ofmillions of lines of code and contain
many packages which perform different functions, only some of which relate to
track reconstruction. Furthermore, many of these software packages have grown
organically over long periods of time; the ATLAS software – which, at that time,
was not yet known as Athena – dates back to as early as 1996 [120] and has evolved
from consisting of mostly Fortran code to a C++-based software package. It
is virtually inevitable that software developed over such a long period of time
will decay to some degree or another, leading to inefficiencies or difficulties in
maintaining the software [121]. Furthermore, many existing software packages
were designed for experimental environments which are much less demanding
than the ones encountered today, let alone in the future.

The A Common Tracking Software (ACTS) project is an attempt to resolve many
of the existing problems with tracking performance by providing an experiment-
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agnostic software package developed according to modern programming prac-
tices [122]. The ACTS project is also designed to alleviate pressure on smaller
experiments; although experiments such as ATLAS have sufficient person power
to develop massive code bases for track reconstruction, this luxury is not afforded
to experiments with dozens rather than thousands of members. Such experiments
can use the ACTS project to solve many or all of their track reconstruction prob-
lems with relatively little effort, as has been shown in e.g. the sPHENIX [123],
FASER [124], and ePIC [125] experiments. Finally, the ACTS project is designed
as a research and development platform, allowing for the rapid development and
evaluation of novel track reconstruction algorithms and implementations thereof.
In this thesis, we will make extensive use of the ACTS project to support our own
research.

It is worth noting that there have been significant efforts towards massively
parallel track reconstruction in the past. Much of this efforts has gone towards
the development of massively parallel implementations of specific sub-problems,
principally the Kálmán filter (see Section 4.4.3) as in the works of Ai, Mania, Gray,
Kuhn and Styles [126] and Cerati, Giuseppe et al. [127]. Other efforts have been
towards the development of massively parallel track reconstruction software for
specific experiments; examples include developments by Gorbunov et al. [128, 129]
in the ALICE experiment and by Cámpora Pérez, Neufeld and Riscos Nuñez [130]
in the LHCb experiment. The LHCb experiment has been especially prescient in
the development of their Allen framework [131] which implements important
features such as co-processor scheduling. The developments of Patatrack by
Bocci, Innocente, Kortelainen, Pantaleo and Rovere [132] in the CMS experiment
has also been a significant step towards the exploitation of massively parallel
processors in track reconstruction. Other work, such as that by Amerio et al. [133]
has provided massively parallel algorithms constrained to trigger environments.
The aforementioned work has significantly advanced the field of computing in
high-energy physics, but we argue that none of these solutions are so general that
they can function in any experiment and in any environment, leaving important
work to be done, especially in the ACTS project. Furthermore, we are not aware of
any conclusive proof that the aforementioned approaches maximally exploit the
hardware on which they run, which indicates that there may be room for further
improvements.
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4.2.2 Efficacy Metrics

Track reconstruction algorithms are usually evaluated according to three metrics
of efficacy. The first is the number of tracks that are correctly reconstructed, i.e. the
number of particles for which at least one track was found. In the field of particle
physics, this is often referred to as the efficiency of the algorithm, but we consider
this to be somewhat confusing terminology. Instead, we shall refer to this metric
using the more precisely defined term recall. A higher recall is considered to be
better. The second metric is the fake rate, which describes the number of tracks that
are found which do not correspond to a true track. Fakes are type II errors and, as
such, the fake rate corresponds to the type II error rate. A lower type II error rate
is considered to be preferable. The third and final metric is the so-called duplicate
rate, which is the total number of true positive tracks divided by the total number
of particles for which at least one track was found. The duplicate rate indicates
the number of redundant tracks that were found which has extra-functional side-
effects in terms of computational efficiency and disk storage, so a lower duplicate
rate is considered better. Note that the aforementioned metrics taken together are
referred to as the algorithm’s performance in the field of physics, but we find that
this is easily confused with computational performance; therefore, we will instead
use the term efficacy.

4.2.3 Future Challenges

At the time of writing, experiments around the world are successfully reconstruct-
ing collisions with homogeneous CPU-based architectures. However, there are
plans – some theoretical, some under way – to upgrade colliders and the experi-
ments thereupon to increase the number of collisions significantly. This happens,
for example, due to an increased ability to squeeze protons into a smaller space. In
ATLAS, it is predicted that the average pile-up 〈�〉 will increase from around 50
during the run 3 operating period (2022–2025) to up to 140 in the run 4 operating
period (2029–2032) and to 200 in the run 5 operating period (2035–) [18]. Similar
increases are expected in other experiments such as CMS.We recall that the compu-
tational complexity of track reconstruction increases superlinearly with 〈�〉 and, as
such, the aforementioned upgrades present a significant computational challenge.
Even more challenging are designs for future colliders such as the Future Circular
Collider (FCC) [134]. Concurrently, detectors are also becoming more precise and
are therefore producing more data. The ATLAS Inner Detector (ID), for example,
is being upgraded to the Inner Tracker (ITk) which will increase the number of
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Figure 4.1: Projected CPU time requirements of the ATLAS experiment under ag-
gressive and conservative research and development programmes into
software performance compared to a sustained increase in hardware
availability and performance between 10% and 20% per year due to
budget increases and hardware improvements. Plot adapted from the
ATLAS Software and Computing HL-LHC Roadmap [18].

data channels from approximately 100 million to 5 billion [135]; naturally, this will
massively increase the volume of incoming data and the amount of computation
required to process that data.

Figure 4.1 shows an estimate of the amount of processing power required to
meet the data challenges posed by the Large Hadron Collider over the coming
twelve years. It is clear that sitting idly at the sidelines hoping that increases in
hardware performance will permit current approaches to keep working is a plan
doomed to fail; indeed, an aggressive programme of research and development is
necessary in order to enable physicists to process the data of theHL-LHCand future
experiments. Aggressive research and development, in this case, encompasses
a broad range of efforts by many people of different skill sets, but is also relies –
quite strongly, indeed – on the adoption of novel hardware architectures including
massively parallel ones. In this thesis, we aim to show that such architectures can,
in fact, be adopted in high-energy physics, but it is clear that this will not be a ‘free
lunch’. In the remainder of this chapter, we will explore the challenges involved
in developing an experiment-agnostic track reconstruction toolkit that is able to
efficiently leverage massively parallel processors such as GPUs.
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4.3 Preprocessing

As data leaves the detector – or, indeed, a simulation – it caries remarkably little
information that is relevant to physics. In fact, the data that is received is little more
than the amounts of charge that were measured in different parts of the detector.
The preprocessing stage of the track reconstruction, therefore, is characterised by
a surprising lack of domain-specific problems: most of the operations contained
therein are common across many fields of computational science, although the
specific parameters of these problems add additional challenges.

4.3.1 Connected Component Analysis

Asdescribed in Section 2.4, a chargedparticle passing through a silicon detectorwill
deposit a small but measurable charge in the detector material. The interpretation
of this charge lies at the core of the tracking chambers of many experiments.
Unfortunately, the deposition of charge does not always occur in a point-like
fashion, i.e. the passing particle does not active a single sensor but – potentially
– a neighbourhood of sensors. This effect – known as charge sharing – is caused
by the non-zero thickness of the detector; because the detector consists of a three-
dimensional charge sensitive volume and a charge sink, it is possible for a particle
passing through the detector at a non-right angle to deposit charge into multiple
sensors as it traverses the depth of the detector. An schematic example of how
particles at right and non-right angles deposit charge onto silicon detectors is
shown in Figure 4.2. The sharing of charge between neighbouring sensors is
further exacerbated by a variety of physical effects [136], but the details of these
effects are outside the scope of this thesis.

Charge sharing prohibits us from assuming a one-to-one relationship between
charge depositions – which we will refer to as hits – and particle–detector in-
teractions which we will refer to as measurements. Doing so would both vastly
overestimate the number of such interactions (thereby increasing the combinatorics
inherent in the track reconstruction problem, as we will see in Section 4.4.3) and
reduce the accuracy of the estimates of where those interactions took place. It is
important, therefore, to aggregate multiple hits produced by a single particle into
a single measurement. This process canonically takes place in two steps: first, hits
are clustered, after which they are aggregated into their weighted centroid accord-
ing to Equation 4.1, where G8 and H8 are the two-dimensional local coordinates of
hit 8, and F8 is the weight of that hit, determined by the amount of charge depos-
ited. Note that Equation 4.1 assumes that all hits belong to the same cluster, i.e.
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(a) A particle passing at a right angle.
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(b) A particle passing at a non-right angle.

Figure 4.2: Schematic overview of two particles passing through a detector surface
– aligned with the horizontal plane – at right and non-right angles.
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(a) Cluster input.
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(b) Measurement output.

Figure 4.3: An illustration of the measurement creation process, which computes
the weighted centroids of clusters. Each colour matches a single cluster,
and darker colours imply higher weights.

this aggregation is performed for each cluster separately. For each measurement,
we also record the degree of uncertainty about the exact crossing location of the
particle which will be necessary for later steps in the algorithm chain.

5 ((G1 , H1 , F1), . . . , (G= , H= , F=)) =
(∑=

8 G8F8∑=
8 F8

,

∑=
8 H8F8∑=
8 F8

)
(4.1)

The problem described in this section is a so-called 8-connectivity Connected
Component Analysis (CCA) problem. More specifically, the problem consists
of a so-called Connected Component Labelling (CCL) problem followed by an
aggregation of the connected components – or, as we refer to them in the context
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Figure 4.4: Histogram of the sizes of clusters in a simulated event in the TrackML
detector [138] with � = 200.

of track reconstruction problems, clusters – which were labelled in the preceding
step. Connected component labelling and analysis are two of the most broadly
studied problems in image and graph processing. There is, therefore, a wealth of
literature available on how to solve such problems on a variety of computation
devices [137].

Unfortunately, the connected component analysis that is to be performed in the
context of track reconstruction has one property that is uncommon in other fields,
which is that it operates on sparse data. The target density – i.e. the fraction of
pixels that carries non-zero charge – in the ATLAS Inner Detector is approximately
1% [139]. Furthermore, the data is provided sparsely, canonically in the ordered
Coordinate List (COO) format [140]. This sparseness discourages the naive use of
dense CCL algorithms that are common in image processing, as this would require
the reification of the sparse data into a large and mostly empty dense array. It is
also worth noting that most clusters are very small; as shown in Figure 4.4, the
vast majority of clusters contain only a handful of pixels.

In order to efficiently performCCLoperations on sparse data, the SparseCCL [141]
algorithm was developed. In fact, SparseCCL was developed specifically for ap-
plications in high-energy physics and is commonly used in a variety of experi-
ments [142]. It has been shown that SparseCCL can outperform dense algorithms
significantly for data with levels of sparseness similar to the data in high-energy
physics experiments. SparseCCL is a strongly sequential algorithm as evidenced
by the fact that the original authors were unable to improve its performance using
data parallelism [141], but this problem can be easily negated on MIMD architec-
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Figure 4.5: The number of hits on the different modules in a simulated event in the
TrackML detector with � = 200.

tures by relying on the crucial fact that clusters can never cross module boundaries.
In other words, each of the thousands of modules in a detector can be processed in
a batched fashion, which allows embarrassingly parallel execution on multi-core
CPUs.

The connected component analysis step poses one of the first – and indeed one
of the greatest – challenges in the implementation of track reconstruction software
for massively parallel hardware: workload imbalance. Two modules in a detector
can have vastly different numbers of hits; Figure 4.5 shows an example of how the
number of hits per module can differ in an event with � = 200 for the TrackML
detector [138]. Due to the lock-step nature of massively parallel architectures,
naive implementations would suffer from the the fact that all threads in a thread
group would have to wait for the thread with the largest amount of work – i.e. the
largest number of hits – to finish, which may severely impede performance. We
will explore ways to model and mitigate thread imbalance like this in Chapter 7.
In terms of dwarves, we classify this step of the track reconstruction pipeline
as ‘Structured Grids’ due to the lattice-like structure of modules, ‘Sparse Linear
Algebra’ due to the similarity of the data to sparse matrix data, and to a lesser
extent ‘Graph Traversal’, as we can treat the sparse data as a graph; we will explore
this further in Chapter 8. The creation of measurements from clusters is a simple
‘MapReduce’ problem.

It is possible, albeit unlikely2, that two or more particles cross a sensitive surface
in such close proximity that their energy deposits form a single cluster by the

2Barring, for example, particles that decay very close to the sensitive surface
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8-connectivity definition. There are at least four distinct strategies for dealing
with such scenarios. The first strategy is to produce a single measurement from
such a cluster and to assume that it was produced by a single particle, which
would potentially reduce the efficacy of the track reconstruction algorithm. The
second strategy is to produce a single measurement but to assume that any single
measurement may be linked to more than one particle, which risks increasing
the combinatorics of track finding (Section 4.4). The third strategy is to produce
multiple measurements by splitting the cluster during the CCL process, which
also risks incurring more demanding combinatorics. Finally, the forth strategy
is to produce a single measurement but to retain the cell structure of it so that it
can be split later if there is evidence that the measurement belongs to multiple
particles. The latter strategy is used in the ATLAS experiment, where small neural
networks are used to split clusters; this has been shown to increase the efficacy
of track finding, but also incurs significant computational overhead [143]. In this
thesis, we do not consider multi-particle clusters, although efficient algorithms for
splitting them in massively parallel environments could be an interesting avenue
of future work.

4.3.2 Spacepoint Formation

Following the clustering step described in the previous section, we are left with
the weighted centroids of the activations on the detector surfaces. These surfaces,
however, are two-dimensional and distributed around the detector at different
positions and orientations. We refer to these points as bound to a given surface.
In order for these points to have meaningful three-dimensional coordinates, they
must be converted into the global frame; these global coordinates are referred to
as spacepoints. The aforementioned conversion – known as spacepoint formation
– is achieved through a simple R2 → R3 coordinate transformation, which can
easily be achieved through the multiplication of 4 × 3 homogeneous matrices –
3 × 3 in a compressed format – by the coordinate vectors. This process by itself is
embarrassingly parallel on both MIMD and SIMT architectures.

The primary challenge in spacepoint formation involves the retrieval from
memory of the transformation matrices associated with each measurement. Thank-
fully, the transformation matrices are quite small – 36 B for single-precision formats
– and can be accessed in constant O(1) time if the matrices are stored in such a
way that the detector surface identifiers serve as array indices. The storage of
such matrices is usually handled by detector description libraries such as the ones
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described in Section 2.4. We classify the spacepoint formation step as following the
‘MapReduce’ pattern for its embarrassingly parallel transformation mapping, as
well as the ‘Dense Linear Algebra’ pattern as it involves a large number of matrix
multiplications.

4.4 Track Finding

Following the preprocessing stage, we have three-dimensional points in a detector
volume which represent the locations at which particles were detected. We do not
know – however – towhich particles these points belong; unfortunately, particles do
not leave a metaphorical business card in the detector which can be used to identify
them. It is up to us, therefore, to determine which points belong to the same track,
and this process is known as track finding; it is here that we our computation will
first start to be governed by the behaviour of particles as determined by the laws
of nature.

4.4.1 Seed Finding

Anaive strategy to find tracks would be to simply explore all possible combinations
of points. This strategy, however, becomes infeasible for any non-trivial input;
tracks in real-world experiments usually consist of anywhere between three and
twenty spacepoints, and the number of spacepoints in a single event can easily reach
into the tens of thousands. For this reason, it is considered canonical to produce
so-called seeds. Seeds are combinations of the minimum number of spacepoints
which can be used to define a track, after which the seed can be expanded to include
additional spacepoints if necessary. In this way, the combinatorial explosion in the
processing of the data can be minimised.

The vast majority of particle physics experiments is designed such that the
minimum number of spacepoints that describes a track is three, which has to
do with the magnet system in these experiments. As described in Section 2.4,
virtually all such experiments are permeated with a powerful magnetic field, as the
curvature of a charged particle track in a magnetic field of known strength allows
us to estimate its kinetic energy. This magnetic field is usually approximately
homogeneous and runs parallel to some vector which we will – as is convention in
the ATLAS experiment – call I; we will assume that G and H form an orthogonal
basis alongside I. This construction gives us three important corollaries. Firstly,
since the Lorentz force (see Equation 2.6) always imparts a force perpendicular to
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O

Figure 4.6: An example of seed finding with 16 spacepoints (denoted by circles)
around the collision point $ in the G–H plane. In total, five seeds are
found as denoted by the contours around the spacepoints. Note that
spacepoints can be shared by multiple seeds.

themagnetic field, it never accelerates a particle along the direction of thatmagnetic
field; therefore, the velocity of the particle in the I direction is constant. Secondly,
following the aforementioned, any particle with sufficiently high momentum such
that the distance A =

√
G2 + H2 from the origin of the G–H plane – where we assume

the collision to happen – increases approximately linearly in time will exhibit a
linear correlation between its distance along the I axis and its radius A. Thirdly
and most importantly, the magnetic field causes the particle to move in a circle on
the G–H plane as it continuously bends the trajectory of the particle.

Although research is ongoing to allow experiments to measure the time at which
a particle passed through a detector [144], this is not yet commonplace. Therefore,
the first of the aforementioned corollaries does not directly aid in the description of
particle tracks. Since the time components in the correlation between the particle
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radius A and its distance in I cancel out, however, the linear correlation between
these (known) values holds. Thus, we know that the track of a particle can be
partially described by a line – or, equivalently, two spacepoints – in the A–I plane.
Finally, the behaviour the track in the G–H plane can be described by a circle,
which in turn is equivalent to three spacepoints. Combined, a particle can thus be
described by three arbitrarily chosen points, given that they are colinear in the A–I
plane. Finding such seeds is the task of a so-called seed finding algorithm.

In real-world particle physics experiments, seeds are additionally constrained.
Which constraints are relevant and which are not depends on the geometry and
design of the experiments, but a selection of common constraints on seeds is given
below:

1. The seed should be approximately linear in the A–I plane as discussed earlier.

2. The intersection of the line that describes the seed in the A–I plane should
intersect the I-axis, i.e. should reach the presumed collision point at A = 0,
within a certain range in I. In the ATLAS experiment, the standard deviation
of the luminous region, i.e. the region where collisions happen is around
30mm to 40mm and decreasing every year [41].

3. The circle described by the seed in the G–H plane should have a minimum
radius, which corresponds directly to the momentum of the particle. Low-
momentum particles are usually considered to be less interesting, are far
more numerous, and are significantly harder to reconstruct.

4. The aforementioned circle should approach the I-axis, i.e. the assumed colli-
sion point, within a certain distance.

5. Two consecutive spacepoints in the seed should differ in their angle ) around
the I-axis by a limited amount. This constraint correlates strongly with
constraint Item 3, but additionally ensures that two points on opposite sides
of the I-axis cannot form a seed.

6. Two consecutive spacepoints should appear on two adjacent sensitive sur-
faces, i.e. there should be no surface between them onwhich a spacepoint has
not appeared. As this query is computationally expensive and because most
experiments place surfaces at fixed positions along the A-axis, this constraint
can be cheaply approximated by imposing a limit on the A-coordinate of two
consecutive spacepoints.

7. The line in the A–I plane described by two spacepoints should not run too
close to the beampipe, where the performance of the detector is much lower.
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The so-called pseudorapidity, defined as � = arctanh(®?I/|®?|) (where ®? is the
momentum of the particle) captures this [23]; an upper bound on the value
of |�| ensures that tracks are only found in relevant regions.

8. Spacepoints should be limited by a maximum A value, as well as a maximum
value of |I| because, in most experiments, it is worth finding seeds only in
the innermost detectors which provide the highest precision and momentum
resolution, i.e. the ability to accurately determine themomentum of a particle.

It is worth noting that the aforementioned constraints reduce the ability to
reproduce so-called secondary particles, i.e. particles which are not created directly
in the luminous region. This includes particles that are created in decays after the
primary collision events. The reconstruction of such particles is of lower concern
than reconstructing primary particles, however, and is – as such – not covered in
this thesis. Similarly, low-energy particles are often excluded to the significant
difficulties involved in the reconstruction of their tracks. In particular, particles
with such low energies that the circular projection of their trajectory lies entirely
inside of the detector, referred to as spinners, present a great challenge in track
reconstruction and they are, as such, usually omitted from the process. It is worth
noting that the parameters to the aforementioned constraints can be autotuned
to increase performance or efficacy [145]. Figure 4.6 shows a simple example of
seed finding in the G–H plane which demonstrates some of the aforementioned
constraints.

State-of-the-art seed finding algorithms focus on increasing performance by de-
creasing combinatorics in two primary ways. Firstly, such algorithms often break
the problem of finding triplets of spacepoints down into a first step of finding pairs
of points, followed by the merging of pairs which share a common spacepoint.
Although this approach technically increases the complexity of the process from
O(=3) to O(=4), where = is the total number of spacepoints, the constants involved
allow this approach to outperform a naive triplet finding strategy. Indeed, con-
straints 2 and 5 to 8 can be applied to pairs of spacepoints rather than triplets and
can, thereby, help to reduce the number of candidate pairs.

The second approach taken to increase the performance of seed finding is to bin
spacepoints according to their location in )–A–I space. This allows the algorithm to
reject candidate spacepoints not by fetching them from memory and then checking
the constraints but rather by not fetching those spacepoints at all. Constraints 5,
6 and 8 can be implemented in a weaker form by selecting spacepoints only in
specific bins. That is to say, the presence of a spacepoint in a candidate bin does not
guarantee that the spacepoint meets the corresponding criteria, but any spacepoint
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found in a non-candidate bin is guaranteed not to meet those criteria. The geometry
of the detector under study as well as the parameters of the particles for which
tracks are to be reconstructed govern the degree to which a binning-based strategy
can reduce combinatorics and – as a direct result – increase performance.

The seed finding problem is challenging to categorise according to the thirteen
dwarves of parallel computing, as it exhibits similarities to several of them, but
corresponds very strongly to none of them. We posit that seed finding resembles
‘N-Body’ problems, because it features interactions between many discrete points,
and because these interactions can be culled on e.g. distance between them. Fur-
thermore, seed finding exhibits similarities to the ‘Dynamic Programming’ dwarf
as it is used to construct larger tracks from smaller triplets or even doublets of
spacepoints. Finally, we propose that there are similarities to ‘Branch-and-Bound’
kernels due to the fact that spacepoints can be compatible with multiple other
spacepoints, and that doublets and triplets can be pruned during the process.
Challenges in implementing massively parallel seed finding emerge primarily
to due irregular and imbalanced workloads; the number of spacepoints per bin
can vary significantly, as can the number of candidate spacepoints that can form
doublets. Similarly, the number of compatible doublets for a given origin doublet
can also vary significantly. In massively parallel environments, care will have to be
taken to ensure that this work is balanced to the greatest possible extent.

4.4.2 Track Parameter Estimation

Following the creation of our seeds, our goal is to extend those seeds to contain
whichever additional spacepoints would fit the existing seeds. This extension is
performed using a numerical propagation method, which is to say that the move-
ment of the particle is iteratively simulated and any additional spacepoints which
are sufficiently close are added to the track. In order to perform this propagation,
however, we must have an estimate for the behaviour of the particle; to find such
estimates is the task of the track parameter estimation algorithm, which finds suitable
parameters for every seed. Principally, each seed can be described according to the
sensitive surface on which the first spacepoint lies, and a set of five bound paramet-
ers, so named because they are bound to a given surface. These parameters are the
local positions on the surface ;0 and ;1, two angles ) and �which describe the angle
at which the particle passes through the surface, and the @/|®?| parameter which
captures the charge (positive or negative) of the particle, as well as its absolute
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momentum and describes the curvature of the track3. As mentioned before, some
experiments employ detectors with timing capabilities; these experiments have
a sixth parameter C which describes the time at which the seed starts. It is worth
noting that tracks can also be described in a free state, i.e. not bound to a surface,
using three positional parameters ;0, ;1, and ;2 as well as three angles ), �, and #

in addition to the @/|®?| parameter and, optionally, C. A free track is thus described
by seven or eight parameters, but we will not employ this representation in this
thesis. Similarly, simpler incomplete track parameterisations such as presented by
Karimäki [146] are also outside the scope of this work.

Although the estimation of track parameters is mathematically complex – we
will not touch upon the exact calculations here – it is computationally simple, i.e. it
is non-iterative, is not data-dependent, and accesses memory in predictable pattern.
As such, the problem can be solved in an embarrassingly parallel fashion. We
classify track parameter estimation as a ‘MapReduce’ problem, owing to the fact
that it maps a single, predictable operation over a large number of input seeds.

4.4.3 Combinatorial Kálmán Filtering

In order to control combinatorics, seed finding looks for tracks with only three
spacepoints. Although this is computationally efficient, the vast majority of tracks
in real experiments have more than three spacepoints: anywhere between five and
twenty spacepoints is commonplace. Because adding more spacepoints to a track
allows us to more accurately fit parameters to it, it is imperative that we extend
seeds to contain as many of such points as possible. This is canonically achieved
using a so-called combinatorial Kálmán filter. We will proceed by providing a
brief overview of Kálmán filters in general, which are widely used in a variety of
domains, and then extend themwith the combinatorial properties that are required
in track reconstruction algorithms.

Generally speaking, a Kálmán filter is an algorithm that combines uncertain
measurements of a process with model-based predictions about the behaviour
of that process, in order to estimate of the state of that process at any given time
in a way that is more accurate than either the measurements or the model-based
predictions alone. As a simple example, we might imagine a vehicle that can be
tracked using a satellite-based positioning system. We assume that we have an
estimate of the position as well as the momentum of the vehicle – i.e. the state of
3There are many different ways of representing the curvature of a charged particle; the parametrisation

described in this section is the one adhered to in the ATLAS experiment and throughout the
remainder of this thesis.
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Figure 4.7: A schematic overview of the basic functioning of a Kálmán filter. The
initial state is Ĝ0 with uncertainty %0. The green boxes represent pre-
dictions made from the previous state estimate using a physical model.
The orange boxes represent measurements with measured state Ĥ= and
uncertainty &= . The red boxes represent the filtered state estimates.

the vehicle – at a given point in time, and that we wish to gain accurate estimates
of the state of the vehicle as time goes on. One solution, of course, is to periodically
record the position of the vehicle using the aforementioned satellite positioning
system, but we recall that these measurements are imprecise. We can improve
the accuracy of those estimates by constructing a model of the behaviour of the
vehicle. In this example, we can estimate the state Ĝ = (®?, ®E)with position ®? and
momentum ®E of the vehicle at a future point in time from our current estimate, e.g.
®?=|=−1 = ®?=−1 + (C= − C=−1)®E=−1 and ®E=|=−1 = ®E= . The fundamental idea behind the
Kálmán filter is that the predictions given by this model and the uncertainties %
of those predictions can be used to augment the measurement process, providing
more accurate estimates of the true state of the vehicle.

A Kálmán filter works iteratively; in time step = ≥ 1, we have access to the
state estimate at the previous time step, Ĝ=−1 as well as the uncertainty of that
estimate, %=−1. Using this estimate, we predict the state of the system at the end of
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Figure 4.8: A simple example of how a Kálmán filter can be used to extend a track
with additional data. The arrows indicate the physical propagation
model of the particles; the black dots represent the measurements of
the gray dotted track, and the red dots represent the measurements
added to the track.

the current time step using the physical model of the system which gives Ĝ=|=−1

and %=|=−1. Note that the physical model is to be defined by the user; modelling
some physical processes can be challenging, and as we will see later on in this
section, may sometimes need to be a nested iterative process. At the end of the time
step, a measurement is made of the physical system which gives a state H= with
uncertainty &= . An update step then combines the predictions Ĝ=|=−1 and %=|=−1

with the measurements H= and&= to yield a new state estimate Ĝ= with uncertainty
%= . The new estimated state is computed according to the relative uncertainties of
the prediction and the measurement; this weight factor is known as the Kálmán
gain. The estimated uncertainties are given according to the covariance update
equation. The aforementioned iterative process can be repeated as many times as
necessary, and Figure 4.7 gives a graphical representation of the aforementioned
process. It is also worth noting that it is assumed that the errors are Gaussian in
nature, which is a valid approximation for many real-world problems [147].

Intuitively, the application of Kálmán filtering to track reconstruction is as fol-
lows. From the track estimates for a given seed, we have the ability to propagate
the hypothetical trajectory through space according to the Lorentz law. As we
propagate across longer and longer distances, the uncertainty of our prediction
increases. Indeed, uncertainty increases due to a variety of physical effects in-
cluding but not limited to (1) multiple scattering: changes in the direction of a
particle as it passes through matter; (2) energy loss incurred as a particle passes
through matter as described by the Bethe-Bloch formula; and (3) Bremsstrahlung:
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loss of energy and therefore momentum as electromagnetic radiation is emitted by
a particle [148]. Whenever another spacepoint is found inside the region defined
by that uncertainty, it is a valid extension to the track. The Kálmán formalism then
dictates that we can use that spacepoint to improve the accuracy and precision of
our search for further spacepoints. This improvement in accuracy is beneficial not
only functionally because it produces higher quality tracks, but it also reduces the
number of spacepoints we need to consider, thereby improving the combinatorics
of track reconstruction. Figure 4.8 is an illustration of how Kálmán filtering can be
used to find spacepoints that are compatible extensions to an exiting track.

So far, we have discussed how Kálmán filtering can be used to extends seeds
into tracks, but we have neglected an important part of the Kálmán formalism: the
model of the behaviour of the system. We recall that this model is to be provided
by the user, and should be able to produce both a prediction of the state, i.e. the
position and momentum of a particle, after a given amount of time, as well as
the error in that prediction. Since an initial state of the model is always known
and we know that charged particles move according to the Lorentz force, the
propagation of particles through space poses an Initial Value Problem (IVP): the
initial state is given, and the derivative of the state is derived from the Lorentz
force. Importantly, this IVP cannot be solved analytically, as the magnetic field
throughout the experiment is non-constant: because the magnetic field determines
the Lorentz force and varies from point to point, we are forced to solve the problem
numerically using, e.g. the Euler method or, more commonly, a Runge–Kutta or
Runge–Kutta–Fehlberg method [149].

The numerical integration of the trajectory of a particle presents a computational
challenge in two distinct ways. Firstly, such integration is an inherently iterative
process with an unknown number of steps. The number of steps is also hard
to predict as it depends on both the distance to the next spacepoint (which is
unknown) as well as the degree to which the magnetic field is inhomogeneous.
Runge–Kutta–Fehlberg methods provide an estimate of the error incurred at each
step, and may choose to increase or decrease the step size accordingly [150]. Not-
ably, this embeds an iterative process with an unknown number of steps – namely,
the propagation – inside of another iterative process which also has an unknown
number of steps, namely the Kálmán filter. The second challenge is that the nu-
merical integration process must fetch the vector representing the magnetic field
at each step; in fact, it may need to do so four or more times for each Runge–Kutta
step, and it may need to do this for thousands of tracks in parallel. It is imperative,
therefore, the the magnetic field is stored in an efficient way that maximises the
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Figure 4.9: An example of combinatorial Kálmán filtering extending Figure 4.7
with an additional track. For every measurement on each surface, a
new branch is started if the measurement is within the error cone of
the track. In this example, two tracks – red and blue – are created.
Trajectories are exaggerated for illustrative purposes; in particular, this
example would require the charge of the hypothesised particle to be
flipped, which is unusual in practice.

effectiveness of the caches in our computational devices.

We now conclude the description of how Kálmán filtering is used to find tracks,
but this does not yet fully describe the problem at hand. Indeed, the problem
described in this section is combinatorial Kálmán filtering, and it is brought forth
by the fact that after a given time step, there may be more than one spacepoint
which can extend the track. If this is the case, the Kálmán gain for each of these
measurements will differ, as will the updated state estimate. In order to ensure that
the largest number of high-quality tracks can be found in such cases, the Kálmán
filtering has to branch, evaluating the filtering process – including the gain and
update steps – separately. An example of combinatorial Kálmán filtering is shown
in Figure 4.9. It may in some cases be possible to cull branches which leads to a
combinatorial branch-and-bound process. The branching factor of this process is
determined by the number of spacepoints in the detector and the uncertainty in
the measurements.

On a final note, there are two principal strategies for combinatorial Kálmán
filtering which differ in representation of the spacepoints that they select. The
first strategy, which we will refer to as the free combinatorial Kálmán filtering,
propagates tracks until a spacepoint is found in the uncertainty region around the
track. This approach is conceptually simple and matches the approach hitherto de-
scribed. Althoughmuch effort has been expended to implement free combinatorial
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Kálmán filtering – primarily by Klimpel [151] – it involves a very large amount of
intersection checks between the uncertainty volume and the spacepoints. In order
to alleviate this problem, most track reconstruction software packages employ a
so-called bound combinatorial Kálmán filtering. The bound CKF exploits the fact
that spacepoints definitially lie on a set of known, flat surfaces and works by check-
ing for intersections between the uncertainty region and those surfaces, which
is significantly cheaper in computational terms. When a bound CKF intersects
a surface it will retrieve a list of measurements associated with that surface and
check whether those measurements lie within the uncertainty bounds or, more
accurately, the projection thereof on the surface. Although the bound CKF is both
conceptually and mathematically more complex, it requires far fewer clock cycles
to run and it is therefore the more wide-spread approach.

The combinatorial Kálmán filtering process exhibits three computation dwarves.
Firstly, it exhibits similarities to the ‘Branch-and-Bound’ pattern due to the combin-
atorial nature of the algorithm: branches are created when multiple spacepoints
are found in a single filtering step, and these branches can be culled if they are
deemed infeasible. Secondly, algorithm exhibits the ‘Dense Linear Algebra’ dwarf
due to the large amount of matrix computation required to update the state in
both the Kálmán steps as well as the Runge–Kutta integration. Finally, this part
of the algorithm chain strongly matches the ‘Structured Grids’ dwarf as accesses
to structured magnetic field data is a performance-critical part of the code. Com-
binatorial Kálmán filtering is additionally challenging due to the three layers of
unknown imbalance that it exhibits: we branch an unknown number of times after
each Kálmán step, we execute an unknown number of Kálmán steps per branch,
and we need to perform an unknown number of numerical integration steps in
each Kálmán step.

4.5 Track Refinement

Once the track finding stage has been completed, we are left with knowledge
about which measurement belongs to which tracks. Furthermore, we have rough
estimates of how the corresponding particle behaved along its track: did it scatter
while traversing the detector material, or did it lose any energy in the magnetic
field? These parameters are crucial to understanding the exact behaviour of the
particle, and the track refinement stage serves to more accurately compute the
parameters of the track throughout the detector.
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4.5.1 Global and Local Fitting

The trajectory of a particle is not just described by the discrete measurements
associated with it, but also by a variety of unknown variables such at the scattering
angle on each of the surfaces (including non-sensitive surfaces), the energy loss
along the trajectory, and the momentum of the particle. The track fitting step serves
to fit values to these variables in such a way that it minimises the "2 value of the
track. In other words, it aims to find the most likely values for these variables
given the a priori knowledge we have of the track. It is worth noting that track
fitting also aims to find the most likely position of the points where the particle
crossed the sensitive surfaces in the detector, refining the estimates made of these
positions by the combinatorial Kálmán filter, which are themselves refinements of
the measurements created in the preprocessing stage.

Many different strategies for track fitting exist. These can be roughly categorised
as local strategies which aim to make locally optimal fitting decisions, and global
strategies which aim to simultaneously optimise parameters across the entire track.
Although other algorithms in the track reconstruction chain are also dependent
on the detector geometry and design to a certain extent, the track fitting step is
uniquely problem-specific: different fitters do better in certain geometries and
even for certain kinds of particles. Popular track fitting strategies include Kálmán
filtering, the Gaussian sum filter, and the global "2 fitter. In this context, Kálmán
filtering is very similar to the non-combinatorial methods described in Section 4.4.3
– non-combinatorial because themeasurements have already been found, thus there
is no need to branch – where the Kálmán updating step incorporates knowledge
about measurements further along the track, knowledge which is not available
during the execution of the combinatorial Kálmán filtering and which allows for
higher-precision fitting. The Gaussian sum filter is a non-linear generalisation of
the Kálmán filter which is able to more accurately fit non-Gaussian processes by
approximating these processes as Gaussian mixtures [152]. Although Gaussian
fum filtering is more computationally expensive, it is particularly suited for the
reconstruction of electron tracks [153], as electrons suffer highly non-Gaussian
disturbances along their trajectories. Both the Kálmán filter and the Gaussian sum
filter are local methods. The global "2 fitter is – as the name suggests – a global
fitting method. It operates by iteratively minimising the "2 value between the all
of the track parameters and the expected parameter as given by physical models
of processes such as multiple scattering [154]. Due to its importance to the track
reconstruction in the ATLAS experiment, efforts have been made to optimise the
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A
B

Figure 4.10: An example of ambiguity in which two tracks – red and blue – both
pass through measurements � and �. To resolve this ambiguity, we
need to either remove one of the tracks, or assert that measurements
� and � may have been created by multiple particles.

global "2 fitter for CPU architectures [155].
As track fitting algorithms are diverse and problem-specific, it is particularly

difficult to classify them and to develop general implementations of them. Due
to the simple one-to-one relationship between the inputs and the outputs of track
fitting, we find that it matches the ‘MapReduce’ dwarf. Furthermore, each of the
algorithms described above makes extensive use of dense linear algebra to propag-
ate particle states and, during these propagations, the algorithms make extensive
use of magnetic field data. As such, we posit that track fitting also exhibits simil-
arities to the ‘Dense Linear Algebra’ and ‘Structured Grid’ dwarves. Difficulties
in implementing track fitting on massively parallel environments include the fact
that the fitting strategy must be carefully tweaked for different purposes, which
could lead to either branch divergence or the launch of very small kernels.

4.5.2 Ambiguity Resolution

A guiding assumption throughout the track reconstruction process is that each
measurement and each corresponding spacepoint belongs to a single particle.
Indeed, even in dense environments it is exceedingly unlikely for two particles to
cross a sensitive surface such that the measurements cannot be easily distinguished.
Therefore, any situation in which a single measurement is part of more than a
single particle track indicates that a so-called fake track was formed: a track which
does not correspond with a true particle. Such fakes increase the type II error rate
which is undesirable. As such, most track reconstruction algorithms finish with a
so-called ambiguity resolution algorithm which resolves the ambiguous nature of
measurements being shared between tracks.

Although the assumption that each measurement corresponds to a single track
is a useful one, it does somewhat reduce the efficacy of the track reconstruction in
terms of efficiency, i.e. the number of tracks that is correctly reconstructed. Indeed,
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in unlike cases where two (or more) tracks really did cross a sensitive surface
in very close proximity, naive ambiguity resolution would remove one of these
so-called true tracks. In order to prevent this from happening, we recall that we
briefly discussed four strategies for dealing with such ambiguities in Section 4.3.1.
One approach is to naively adhere to the one-to-one correspondence between
particles and measurements, which would lower the recall rate for events in which
measurements are shared between tracks. Another approach is to naively assume
that onemeasurement can be shared between arbitrarily many tracks, which would
significantly increase the type II error rate. These two approaches, while simple,
have undesirable effects on the efficacy of track reconstruction. A third approach
is to split clusters during the preprocessing stage, but this risks increasing the
combinatorial explosion in processes such as seed finding and the combinatorial
Kálmán filter.

The final and most common approach is to split clusters only after the track
finding. Indeed, after running the combinatorial Kálmán filter, we know which
measurements belong to which tracks, and after the track fitting we have access
to the "2 value of those tracks which indicate their quality. The most common
ambiguity resolution algorithms, then, proceed as follows. For each measurement,
we count the number of tracks; if there is only one track, no ambiguity exists. If
there are multiple tracks, we investigate the cluster from which the measurement
was created, as the pattern in the activation of the cells may reveal the total number
of particles involved. In the ATLAS experiment, a small neural network is able
to accurately tell whether a cluster belongs to one, two, or three particles [143].
We then compare our estimate of the number of particles involved in the creation
of a measurement with the number of tracks. If the number of tracks is smaller
than or equal to the particle count hypothesis, the ambiguity is resolved. If it is
greater, tracks must be removed until the state is no longer ambiguous. Track
removal can be performed using either a local method which makes greedy, locally
optimal decisions, or a global system which aims to incorporate information about
the entire event. It has been shown that both approaches achieve high efficacy,
although global approaches may be slightly more effective [156].

Ambiguity resolution is, especially in a global configuration, an ‘N-Body’ prob-
lem owing to the fact that there is great interaction between all tracks that were
found in the event. In massively parallel environments, we predict that the primary
challenge in implementing ambiguity resolution will be to expose sufficient paral-
lelism in the solution. Indeed, local ambiguity resolution algorithms are strongly
sequential in nature as tracks must be removed iteratively. Furthermore, both local
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Table 4.1: A description of the different data types that are inputs, outputs, or
intermediate results of the track reconstruction pipeline.

Name Abbr. Description

Hit Hit Amount of charge deposited in a single cell of a pixel-
like detector.

Cluster Cls Cluster of hits that form an 8-neighbourhood on a
single surface.

Measurement Msm Weighted centroid of a cluster of hits giving the pas-
sage of a particle through a surface.

Spacepoint Spt Three-dimensional point corresponding to a meas-
urement on a surface.

Triplet seed Trp Combination of three spacepoints that describe a po-
tential track.

Prototrack Ptk The physical parameters of a hypothetical particle
that moves along a seed.

Track Trk A collection of arbitrarily many spacepoints belong-
ing to one particle, with parameters.

Hit Cls Msm

Spt Trp

Ptk Trk

Figure 4.11: A task graph representation of the basic track reconstruction pipeline,
using abbreviated data types as described in Table 4.1.

and global ambiguity resolution algorithms must communicate efficiently due
to the fact that whenever a track is deleted, the state of all other measurements
sharing that track must also be updated.

4.6 Summary

In this chapter, we have explored the state of the art in charged particle track
reconstruction in order to answer Research Question 1. We have explored the
various algorithms that are employed this task, and we have evaluated how they fit
into massively parallel systems. We briefly review the different data types involved
in the algorithm chain in Table 4.1, and we review the algorithms that operate
on those types in Table 4.2 and Figure 4.11. In real-world track reconstruction

72



4.6 Summary

Table 4.2: A description of the different algorithms that constitute the track re-
construction pipeline. The ratio of each algorithm describes roughly
whether the number of outputs is greater than, equal to, or smaller than
the number of inputs.

Name In Out Ratio Dwarves1 Static

Clustering Hit Cls # : 1 SG, SL, GT –
Measurement creation Cls Msm 1 : 1 MR –
Spacepoint formation Msm Spt 1 : 1 MR DD
Seed finding Spt Trp 1 : # NB, DP, BB MF3

Track parameter est. Trp Ptk 1 : 1 MR MF3

Comb. Kálmán filter Ptk, Msm Trk 1 : # BB, DL, SG DD, MF
Track fitting Trk Trk 1 : 1 MR, DL, SG DD, MF
Ambiguity resolution Trk Trk # : 1 NB –
1 Dwarves as classified by Asanović et al. [21], where SG is ‘Structured Grids’,
SL is ‘Sparse Linear Algebra’, GT is ‘Graph Traversal’, MR is ‘MapReduce’,
NB is ‘N-Body’, DP is ‘Dynamic Programming’, BB is ‘Branch-and-Bound’,
and DL is ‘Dense Linear Algebra’.

2 Static data requirements; ‘DD’ is the detector description, ‘MF’ is themagnetic
field in the detector.

3 Although seed finding and track parameter estimation depend on the mag-
netic field in a detector, these algorithms usually use homogeneous approx-
imations of it.

applications, it is not uncommon to find additional algorithms which provide
both functional and extra-functional properties to the process. Non-functional
enhancements might, for example, come in the form of additional culling of seeds
or tracks and functional enhancements might come in the reconstruction of particle
tracks that are otherwise out of reach of standard reconstruction software. One
such example is the reconstruction of tracks with a large distance from the beam
pipewhichmay originate from particle decays that happen outside of the luminous
region; this process is (somewhat confusingly) referred to as large-radius tracking.

The functional and extra-functional parts of track reconstruction are involved
in a constant dance; reconstructing more complex tracks produces potentially
exciting physics results which would otherwise not be seen but, at the same time,
consumes many additional clock cycles. Extra-functional enhancements to the
track reconstruction chain, in turn, clock cycles and thereby allow more complex
processing to happen. Although we have not discussed these additional steps here,
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we will discuss some extra-functional algorithms in later chapters. The primary
purpose of this thesis, however, is to reduce the computational cost of solving
the problems highlighted in this chapter by offloading them to massively parallel
devices.

In this process, each step of the track reconstruction chain will present its own
challenges. Indeed, the different steps that constitute a track reconstruction al-
gorithm exhibit very different computational properties: out of the 13 dwarves of
parallel computation posited by Asanović et al. [21], track reconstruction resembles
at least eight. There are two topics, however, which are both recurrent in the prob-
lem under study and which are also prominent in other fields of high-performance
computing: performance-critical multi-dimensional data storage and imbalanced
workloads between threads. In the coming chapters, we will tackle these problems
in a generalised way, aiming to development methods which are abstract enough
that they can be employed not only in the field of high-energy physics but more
broadly across all domains of computational science.
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5
Exploring the Design Space of Vector
Field Representations

Composition is the way to control
complexity.

— Brian Beckman
(Astrophysicist)

InChapter 4, we have explored the steps involved in the reconstruction of charged
particle tracks, andwe have discussed some state-of-the-art implementations. Now,
we proceed by examining some of the key challenges in the implementation of
these algorithms on massively parallel architectures. We devise ways in which
these challenges can be overcome not only in the context of track reconstruction,
but also in parallel computing at large. First, we identify that track reconstruction
algorithms rely on large multi-dimensional arrays which are used to represent
magnetic fields. Such multi-dimensional arrays can pose performance challenges
due to cache effects in high-energy physics but also in, say, computational fluid
dynamics [157] and it is thus worthwhile to explore the different ways in which
such data can be represented. This poses a problem however: the design space for
array storage can be quite large and can impact both the functional as well as the
extra-functional properties of the program. Furthermore, exploring even a single
point in the aforementioned design space can be a time-consuming effort as it
requires significant development efforts. In this chapter, we propose amethodology
for decomposing the design space of multi-dimensional array storage so that it can
be more efficiently explored in order to answer Research Question 2.

This chapter is based on the following publication:
• Stephen Nicholas Swatman, Ana-Lucia Varbanescu, Andy D. Pimentel, An-

dreas Salzburger and Attila Krasznahorkay. ‘Systematically Exploring High-
Performance Representations of Vector Fields Through Compile-Time Com-
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position’. In: Proceedings of the 2023 ACM/SPEC International Conference on
Performance Engineering. ICPE’23. Coimbra, Portugal: Association for Com-
puting Machinery, 2023, pp. 55–66. isbn: 9798400700682. doi: 10.1145/
3578244.3583723

5.1 Introduction

Vector fields are ubiquitous in a variety of domains sciences such as meteoro-
logy [158], oceanography [159], and high-energy physics [160]. When developing
applications which rely on vector fields, finding efficient data structures for storing
and methods for accessing such fields can be paramount to achieving high per-
formance. Unfortunately, there is no universal solution – let alone a performant
one – for representing vector fields in software: the design space is far too large
and the requirements are far too varied. In terms of functional requirements [161],
for example, some applications might require two-dimensional fields while others
might require three-dimensional data. Non-functionally, applications may exhibit
different access patterns which can significantly affect the performance of a given
implementation. Finally, the landscape of hardware on which domain applications
are executed has become more complicated than ever: traditional homogeneous
computing systems now compete with heterogeneous systems equipped with a
variety of accelerators [162]. Thus, domain scientists must find methods of storing
and accessing vector fields in heterogeneous environments which guarantee high
performance in specific applications.

Currently, selecting representations of vector fields is an ad-hoc process based on
developer experience and trial-and-error, neither of which provides any guarantees
in finding the best-performing solutions. As far as we are aware, there are no com-
prehensive benchmark suites that can be used to systematically quantify and rank
the performance of different vector field representations for a given application. In
this chapter, we introduce a systematic benchmarking approach that aims to cover
the design space of vector field representations, to expose performance-relevant
elements of this space, and to be easily extendable. To do so, we explicitly decom-
pose the aforementioned design space into access patterns which model a field’s
usage, and storage backends which model the field’s implementation. We then use
compile-time meta-programming to generate benchmarks across the entire design
space with far less effort than would be required by a conventional trial-and-error
approach. Finally, we enable developers to directly apply the results of our bench-
mark suite through a novel library which exposes the same domain decomposition
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used by our suite for use in domain applications.
Our current design space covers five families of access patterns – each of which

can be extensively configured – and nineteen components for constructing storage
backends, which can be composed arbitrarily. We support benchmarks for both
C++-compatible CPU platforms as well as CUDA-based General-Purpose Graphics
Processing Unit (GPGPU) platforms, and we make it easy for users to add new
access patterns and storage backends – including for new platforms – if the existing
benchmarking suite does not suit their needs.

In short, this chapter makes the following contributions:

• We decompose domain applications of vector fields into access patterns and
storage backends, thus constructing a vector field representation design space
based on these two dimensions (Sections 5.3 to 5.5);

• We propose a framework for the automated generation of a large number of
benchmarks using the aforementioned decomposition, thus facilitating the
exploration of the design space (Section 5.6);

• We enable users to leverage our benchmark suite in real-world applications
by presenting a novel library that corresponds directly to the implementation
of our benchmarks (Section 5.7).

5.2 Background

In a formal mathematical sense, a vector field is a vector-valued mapping ®5 that
assigns to every element of some set ( a vector in a vector space �, such that
®5 : ( → � [163]. For the purposes of this chapter, we have opted to restrict the
codomains of our vector fields to coordinate spaces, which consist of coordinates
of arbitrary dimensionality over a given algebraic field. This restriction imparts
additional structure upon our vector fields such that they map more naturally
onto the design of modern computer systems, and while it excludes more exotic
varieties of vector spaces such as function spaces, it still allows us to model many
of the vector fields that are encountered in scientific computing.

5.2.1 Related Work

The representation of vector fields – and multi-dimensional data in a more gen-
eral sense – has been the subject of intense study for many years. For example,
Thiyagalingam, Beckmann and Kelly [164] investigate the performance of different
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layout schemes for data, but their work is limited to two-dimensional data andCPU-
based platforms. Nocentino and Rhodes [165] evaluate the performance of Morton
curve layouts on GPU platforms but they, too, consider only two-dimensional data
and study a single application. Chatterjee, Lebeck, Patnala and Thottethodi [166]
study the performance of data layout schemes in depth, but their analysis is restric-
ted to the application of matrix multiplication. Sarawagi and Stonebraker [167]
evaluate different storage methods for large amounts of scientific data, potentially
including vector fields, but their analysis is tailored specifically towards secondary
and tertiary storage devices, while our work focuses on in-memory arrays. Ed-
wards and Sunderland [168] introduce Kokkos, a library which supports the storage
of data in heterogeneous environments using a variety of representations; while
this is a very versatile and useful method for storing multi-dimensional arrays,
we are not aware of any functionality in Kokkos that allows users to evaluate the
performance of different representations. In short, the storage of vector fields – and
multi-dimensional data in a more general sense – has been the subject of intense
study for many years, especially in heterogeneous environments.

In this chapter, we do not propose new access patterns or storage methods
vector fields, instead, we focus on defining and systematically exploring a design
space for the representation of vector fields that is as large as it is precisely due to
the amount of existing research into the topic. We aim to provide developers of
scientific applications with a comprehensive way of comparing all these choices
and their effects on application performance.

5.2.2 Notation

Throughout this chapter, we adhere to a common system of notation. When
describing the types of vector fields, we use the syntax of dependent types [169].
For example, the statement

∏
=:N R= → R= is used to mean that such a vector

field exists for all natural values of =. We use double bracket notation to denote
inclusive integer intervals, such that ~1, 3� is equivalent to {1, 2, 3}. The symbol
S= is used to denote the set of all permutations of ~1, =�. We denote vector values
and vector-valued functions using overhead arrows, such as ®5 . We denote the
rounding of numbers to the nearest integer using bGe, while rounding down is
denoted bGc. We use the Iverson bracket [ ? ], which evaluates to 1 if the predicate
? holds, and 0 otherwise [170]. In the context of types, we use 0 + 1 to denote a
sum type (a term of type 0 or a term of type 1), and 0 × 1 to denote a product type
(both a term of type 0 as well as a term of type 1); we also use 0= to denote an
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=-tuple of type 0.

5.3 Design Space Exploration

Our goal is to select the most appropriate representation for a given vector field.
To this end, we need an approach which combines comprehensive coverage of
the design options (i.e. the design space) with a systematic exploration of that space
through benchmarking. In this section, we describe and motivate our envisioned
design space, as well as our method for exploring it through the automated gener-
ation of benchmarks.

5.3.1 Design Space Dimensions

The performance of software using vector fields is an inextricable combination of
the field’s application, which determines how it is used (i.e. what the access pattern
is) and its implementation, which determines how it is built (i.e. what computation
is required to produce a result). Indeed, different implementations of vector fields
– even if they produce the same result – can provide wildly different performance
for the same application, and it is not necessarily obvious which implementations
will provide the best performance in real-world scenarios. Thankfully, the fact that
application and implementation are so intertwined when it comes to performance
leads us naturally to a two-dimensional decomposition of the design space for
such programs into what we will refer to more specifically as access patterns and
storage backends.

In this framework of thinking, an access pattern is an abstract model of a real-
world application. Access patterns impose functional requirements on storage
backends, such as the dimensionality of their vectors, and determine the locality
of reference – both spatial and temporal – of vectors retrieved from a given field.
In addition, access patterns are bound to specific programming platforms and, as
a result, require storage backends to be compatible with a given platform. Finally,
access patterns can model any additional computation that may be encountered in
real-world applications, such that the performance of a given storage backend can
be evaluated in context, which may impact performance due to – for example –
super-scalar execution. We detail the access patterns supported by our benchmark
suite in Section 5.4.

A storage backend, then, fulfils the functional requirements imposed by a given
access pattern, and introduces additional non-functional properties; in particular,
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storage backends model how much performance is lost by adding functionality
– such as, for example, the interpolation of vectors – to a program. In sampled
vector fields, storage backends also map indices in a high-level coordinate space
onto the memory of the system; a well-chosen storage backend should be capable
of translating locality of reference in the high-level coordinate space (determined
by the access pattern) into locality of reference in the system’s memory, such
that caches can be most effective. We explore storage backends in more depth in
Section 5.5.

5.3.2 Exploration through Automated Benchmarking

Once the design space of vector field representations is defined, selecting the
best performing solution for a specific application is a matter of exploring this
space. Thus, we propose design space exploration through selective automated
benchmarking: we define a benchmarking suite, from which we select and bench-
mark all representations feasible for the target application, and select the best
performing one. For our benchmarking suite to be useful, we posit that it must
meet three requirements. Firstly, it must be comprehensive: the suite must be able
to approximate a large variety of real-world applications and methods of storing
vector fields. Secondly, the benchmarks in our suite must be specific: they must
be capable of identifying performance-relevant design choices and allow the user
to evaluate their non-functional effects in depth and at a fine level of granularity.
Finally, the suite should be applicable: the results of our benchmark suite should
allow application developers to easily apply the results of our benchmarks to the
development of their applications.

A naive solution to tackle comprehensiveness would be to write such a large
number of benchmarks that most real-world applications would be represented by
sheer chance. However, this would only shift the time-consuming exploration of
the design space from the application developers to the authors of the suite. Instead,
we rely on an automated exploration of the design space. In particular, we compute
– at compile-time – the Cartesian product of available access patterns and storage
backends, and generate a benchmark for every viable pair. This approach requires
far less code to be written by hand. Additionally, our benchmarking suite is easily
extensible: developers who find a particular application missing from the existing
repository of access patterns can simply add it, and our suite will automatically
generate benchmarks that combine the newly-added access pattern or application
with all compatible storage backends. Correspondingly, users implementing new
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Table 5.1: List of access patterns supported by our benchmarking suite.

Name Variants Compile-time parameters1

Scan 1 CPU / 1 CUDA
∏

3,3′:N
∏

(:{N,R}
∏

):V (
3+3′ → )

Random 1 CPU / 1 CUDA
∏

3:N
∏

(:{N,R}
∏

):V (
3 → )

Euler† 2 CPU / 1 CUDA
∏

3:N R3 → R3

RK4† 2 CPU / 1 CUDA
∏

3:N R3 → R3

Lorentz† 4 CPU / 2 CUDA R3 → R3

† Access pattern is data-dependent.
1 V denotes the family of finite-dimensional coordinate spaces.

storage backends can easily benchmark their implementation against a number of
existing access patterns. Our suite is implemented in C++ and makes extensive
use of the Boost Mp11 meta-programming library [171] to perform type-level
computation. In order to register and execute our benchmarks, we rely on the
Google Benchmark [172] framework which allows us to easily filter benchmarks
at run-time and re-run benchmarks in order to gather statistically sound results.

5.4 Access Patterns

In this section, we describe the access patterns included in our benchmark suite;
we present five families of access patterns, encompassing a total of sixteen variants:
ten for CPU-based platforms and six for CUDA-based platforms. Most of these
variants can be further distinguished though the use of compile-time parameters,
which are shown in Table 5.1. For example, the Euler pattern can be compiled to
operate on vector fields of any dimensionality, and it can be compiled with both
single- and double-precision floating point numbers. Expanding the additional
compile-time parameters of these access patterns for two- and three-dimensional
cases results in a total of 208 access patterns which are distinct at compile-time.
Finally, each access pattern can be configured with a series of run-time parameters
which may further impact performance.

5.4.1 Scan

The Scan pattern – given two parameters 3 and 3′ – iterates over a 3′-dimensional
slice of a (3+3′)-dimensional vector field along each of the axes, visiting equidistant

81



Chapter 5 Exploring the Design Space of Vector Field Representations

points in lexicographic order. The remaining 3 dimensions are static, and the
indices in these dimensions are given by a 3-dimensional coordinate. It follows
that setting 3 = 0 simply scans the entire vector field. The Scan access pattern can
operate on input vectors of finite dimensionality over any totally ordered monoid,
but in this chapter we restrict ourselves to the real, natural, and integral numbers.
The CPU-based implementation of the Scan access pattern iterates over the axes in
order. The CUDA-based implementation is slightly more complex, as it uses multi-
dimensional blocks to iterate over the vector field slice. Since CUDA supports only
one, two, and three-dimensional kernels [97], 3′ is limited to ~1, 3� when using
this access pattern on a GPU. The shape of the kernel execution blocks and grid are
performance-relevant parameters, as they affect the locality of vector field accesses.

5.4.2 Random

The Random access pattern generates random accesses in real- or integer-valued
vector fields. Given a number of points < and two coordinates describing opposite
corners of a hyper-box A, we generate< uniformly randomcoordinates ®?1 , . . . , ®?< ∈
A and retrieve the value of the vector field at those positions. Importantly, the
time taken to generate these coordinates is not taken into account when running
benchmarks using this pattern; rather, the < points are generated beforehand,
and retrieved from an array. The Random access pattern is implemented both for
CPU-based platforms as well as for CUDA-based GPUs.

5.4.3 Euler

Unlike the other access patterns mentioned so far, the Euler family of patterns
introduces a dependency between theway a vector field is accessed and the contents
of that vector field. Parameterised by a number of agents < and a hyper-box A, this
access patterns generates agents at uniformly random initial positions ®?1 , . . . , ®?<
in the volume A in exactly the same fashion as the Random pattern. Then, a total of
B steps of the Euler method [173] are used to find an approximate solution to the
system of initial value problems given by the randomly generated initial positions,
with the derivative function given by the vector field.

We implement three variants of the Euler access pattern. The first, Euler〈Deep〉,
processes agents in parallel, completing all required steps for each agent sequen-
tially. The Euler〈Wide〉 method instead processes one step for each agent before
repeating the process until all agents have taken all required steps; we distinguish
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between these access patterns because they exhibit meaningfully different locality
of reference. For GPGPU platforms, a variant of the Euler〈Deep〉 is available.

5.4.4 RK4

The RK4 access pattern performs – in essence – the same function as the Euler
access pattern, except that it uses a fourth-order Runge–Kutta method [149] rather
than an Euler method (which is, in itself, a first-order Runge–Kutta method). The
difference between the Euler method and the fourth-order Runge–Kutta method is
that the latter makes four sub-steps in close vicinity to each other at every step; as
such, these sub-steps naturally exhibit spatial locality. The RK4 access pattern has
similar variants to the Euler access pattern.

5.4.5 Lorentz

Finally, the Lorentz access pattern is inspired by the application of vector fields
in high energy physics and is defined as numeric integration of simulated agents
according to the Lorentz force. We recall the Lorentz force from Section 2.2 as the
force that determines the curvature of a charged particle through a magnetic field.
We recall that the force ®� applied to a particle with charge @ and momentum ®E
at position ®? under the influence of two vector fields, the electric field ®� and the
magnetic field ®�, is given as follows:

®�
(
®E, ®?; ®�, ®�

)
= @

( ®�(®?) + ®E × ®�(®?)) (5.1)

In contrast to the Euler and RK4 patterns, the Lorentz pattern does not initialise
its agents at random positions, but at a given origin ®>; in order to ensure that agents
diverge, each agent is assigned a velocity vector of a given length 8 in a random
direction. It is worth noting that the movement of agents away from the origin
leads to shifts in access locality as the simulation progresses. The setup of this
access pattern gives rise to an initial value problem where agents move through
the vector field according to Equation 5.1, and we find approximate solutions to
the final positions of the agents using both an Euler method and a fourth-order
Runge–Kutta method. Since each of these methods has three distinct variants (see
Sections 5.4.3 and 5.4.4), the Lorentz pattern has a total of six variants: four variants
for CPU-based platforms and two variants for GPU-based platforms. The Lorentz
access pattern is defined for endomorphic vector fields over three-dimensional real-
valued coordinate spaces. Note that this access pattern is not a full-fledged physics
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simulation, but rather an approximation of the access pattern such a simulation
may exhibit; we simplify our access pattern by assuming identical charge and unit
mass for all particles, by assuming the electric field to be zero, and by wrapping
particles around when they exit the boundaries of the vector field.

5.5 Storage Backends

Where the aforementioned access patterns describe how vector fields are used,
storage backends describe the inner workings of the vector fields, which impact
both their functional and non-functional properties. In the context of vector fields,
functional properties include – but are not limited to – the types of the input and
output vectors and the way out-of-bounds accesses are sampled. Conversely, the
non-functional properties of vector fields include access latency, throughput, and
energy usage, which are determined by factors such as the layout of samples in
memory and the use of hardware acceleration.

Even if we decompose the design space of vector field benchmarks as we have
described in Section 5.3, the design space for storage backends remains dauntingly
large. We posit that in order to capture this space, we need to continue our decom-
position further such that we do not only describe benchmarks in terms of access
patterns and storage backends, but that we additional break the latter down into
their constituent components.

5.5.1 Backend Composition

Within our benchmark suite, complex vector field implementations are constructed
through the composition of simple components, of which we define two distinct
classes: primitive backends and transformers. Primitive backends provide behaviour
that cannot be meaningfully deconstructed into smaller components; examples of
such backends include the array backend which simply looks up a vector in the
one-dimensional memory of the machine, and the constant vector backend which
always outputs the same vector. Primitive backends are in principle usable as stand-
alone vector field backends, but they lack – by design – much of the functionality
that is desired in real-world applications. This functionality is correspondingly
provided by backend transformers. Transformers are not fully-fledged storage
backends by themselves, but can be applied to existing backends to imbue them
with additional functional and non-functional properties.

To define the structure of backend transformers, we identify three distinct re-
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N → R3Array lookup

N3 → N R3 → R33D layout

N3 → N3 + 1 R3 + 1 → R3Bounds check

R3 → (N3)23 × R3 (R3)23 × R3 → R3Linear interpolation

R3 → R3 R3 → R3Affine transform

R3 R3

Figure 5.1: The internal structure of a storage backend, incorporating an affine
transformation, trilinear interpolation, a boundary checking mechan-
ism, and a three-dimensional layout scheme.

quirements of such transformers, the first of which is that transformers must be
able to manipulate input coordinates before passing them to an underlying storage
backend. We might consider, as an example, a backend transformer that imparts a
two-dimensional layout onto an existing one-dimensional array of vectors in R2.
The function of such a transformer is to convert a coordinate of type N2 into a
coordinate of type N1. In other words, the transformer is equipped with a func-
tion of type N2 → N1 which is applied to a coordinate before it is passed to the
underlying vector field of type N1 → R2, such that the entire composite backend
has type N2 → R2. We refer to this as the contravariant component of the backend
transformer, in accordance with the idea that the profunctorial function arrow→ is
a contravariant functor in its first argument [174]. Secondly, a backend transformer
must be able to modify the output of its underlying backend. For instance, a trans-
former which discards the second component of a two-dimensional real-valued
vector applies a function of type R2 → R1 after querying the underlying storage
backend. If we consider the same N1 → R2 backend as before, this results in a
new backend of type N1 → R1. We refer to this as the covariant component of the
transformer.

Finally, a backend transformermust be able to communicate information between
its contravariant and covariant components, and it must be able to apply simple
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underlying storage backends to complex structures. A prime example of these
requirements is given by bilinear interpolation which, in its contravariant compon-
ent, computes four integer-valued coordinates from a single real-valued coordinate
as well as two weights which are used to linearly interpolate the output vector.
Because the computation of the weights happens in the contravariant component
of the transformer while the weighting happens in the covariant component, the
transformer must somehow communicate these weights. In addition, the trans-
former must request four vectors from the underlying vector field, rather than one.
Within the design we have proposed so far, both of these tasks are impossible.
However, we can resolve both problems elegantly by applying a functor to the
output of the contravariant component and the input of the covariant component
of the transformer; in the case of bilinear interpolation, we might consider the
functor �(0) = 04 × R2. This allows us to transparently lift the underlying storage
backend such that communication becomes possible by embellishing our types
with additional data, and we can use existing backends without the need to adapt
them to more complex data types.

We are now ready to define backend transformers more formally. Given a
functor � and types 01, 02, 11, 12, a backend transformer is a term of type (02 →
�(01)) × (�(11) → 12), where 01 and 02 describe the contravariant component
of the transformer, and the remaining types 11 and 12 describe the covariant
component. The composition of transformers, then, is an operation of the type
given in Equation 5.2:

◦) : (03 → �(02)) × (�(12) → 13) →
(02 → �(01)) × (�(11) → 12) →
(03 → (� ◦ �)(01)) × ((� ◦ �)(11) → 13)

(5.2)

Composition is defined as in Equation 5.3:

( 51 , 61) ◦) ( 52 , 62) = (�( 52) ◦ 51 , 61 ◦ �(62)) (5.3)

Furthermore, application of a transformer to a backend is an operation of the
type given in Equation 5.4:

$) : (02 → �(01)) × (�(11) → 12) → (01 → 11) → (02 → 12) (5.4)

And application is defined as in Equation 5.5:
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Table 5.2: List of primitive storage backends supported by our benchmarking suite.

Name Platform Field type

Array CPU
∏

):V N→ )

CudaArray CUDA
∏

):V N→ )

CudaPitch CUDA
∏

3:~1,3�
∏

):V N3 → )

CudaTex CUDA
∏

3:~1,3�
∏

3′:~1,4� R3 → R3
′

Analytic CPU
∏

(,):V (→ )

Constant Any
∏

(,):V (→ )

( 5 , 6) $) ℎ = 6 ◦ �(ℎ) ◦ 5 (5.5)

Storage backend transformers can be applied in any order as long as their types
match, and arbitrarily many transformers can be composed. In Figure 5.1, we
show an example of what the internal structure of a storage backend may look
like in practice. It is worth noting that transformer composition is associative,
such that for any three compatible transformers C1, C2, and C3, (C3 ◦) C2) ◦) C1 =

C3 ◦) (C2 ◦) C1). In addition, this notion of associativity loosely applies to application
under composition: for any two transformers C1 and C2 and a compatible vector
field 5 , it holds that (C2 ◦) C1) $! 5 = C2 $! (C1 $! 5 ).

5.5.2 Primitive Backends

Table 5.2 presents a summary of the primitive backends currently supported by
our suite. We describe them briefly in the following paragraphs.

Array

The Array backend represents perhaps the most trivial in-memory vector field: a
one-dimensional array of vectors. While such one-dimensional vector fields are of
little use in practice, they serve as the basis for virtually all sampled vector field
backends that we can construct in CPU-accessible memory.

CudaArray

The CudaArray backend functions similarly to the Array backend, except that
its contents inhabit the host-inaccessible memory of a CUDA device. Note that
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this backend does not use the opaque arrays which NVIDIA refers to as ‘CUDA
arrays’ [97]; for a backend based on these opaque structures, we provide the
CudaTex backend (Section 5.5.2).

CudaPitch

As an alternative to ordinary CUDA device memory, we provide a primitive
backend based on pitched memory allocated using the cudaMalloc3D API1 [97].
The advantage of using this method is that the CUDA runtime may pad the alloca-
tion size to ensure performance-favourable data alignment. Because pitched CUDA
memory opaquely handles multi-dimensional accesses, this backend primitively
supports multi-dimensional coordinates.

CudaTex

CUDA textures are useful for representing vector fields [175] because they are
nominally used to store texels which can be represented using one, two, three, or
four-dimensional vectors of floating point numbers analogously to how pixels can
be represented by grayscale values or by red, green, blue, and optionally alpha
values. The advantage of using textures to represent vector fields in a broader sense
is that they feature hardware-accelerated interpolation (both nearest-neighbour
and linear, up to nine bits of precision [97]), various boundary checking methods,
and cache-friendly storage layouts [176]. CUDA textures support real-valued
inputs up to three dimensions and real-valued outputs up to four dimensions.

Analytic

In some applications, vector fields can be described entirely analytically, removing
the need to store the field in memory. Our benchmark suite provides a general
analytic vector field, wrapping an arbitrary user-provided vector-valued function.

Constant

A constant-valued vector field returns the same vector regardless of its input,
performing only the bare minimum computation necessary in order to model
a vector field. Such fields provide performance that is both very high and very
predictable, making themuseful for establishing upper bounds for the performance
that can be achieved under a given access patterns.
1This function is capable of allocating both one- and two-dimensional arrays in addition to three-

dimensional ones.
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Table 5.3: List of backend transformers supported by our benchmarking suite.

Name Type

Pitched† ∏
=:N

∏
) Type(N= → N) × () → ))

Morton† ∏
=:N

∏
) Type(N= → N) × () → ))

Hilbert
∏

) Type(N2 → N) × () → ))
Shuffle

∏
=:N

∏
?:S=

∏
(,) Type((= → (=) × () → ))

Default
∏

(,) Type((→ ( + 1) × () + 1→ ))
Wrap†

∏
(,) Type((→ () × () → ))

Nearest
∏

=:N
∏

) Type(R= → N=) × () → ))
Linear

∏
=:N(R= → (N=)2= × R=) × ((R=)2= × R3 → R=)

Affine
∏

=:N
∏

) Type(R= → R=) × () → ))
† Backend transformer with additional variants.

5.5.3 Backend Transformers

The primitive backends described in Section 5.5.2 are, by design, too simple for
most real-world use cases; rather, they are designed to be used in conjunction with
backend transformers which imbue themwith additional functional properties. Of
course, most of these properties do not come for free, and virtually any behaviour
we can add to a storage backend comes at the cost of performance. The advantage
of our approach, even if it may seem unnecessarily granular, is that it is specific:
it allows us to pick – and pay for – only the functionality we need. In addition, it
makes it trivial to exchange transformers in order to compare their performance.
In this section, we describe the different transformers that we provide as part
of our benchmark in addition to a brief summary in Table 5.3, as well as the
potential performance impact of those transformers. Itmust be noted that, although
we group different backend transformers together based on their behaviour and
present them in the order that they would be commonly applied to a primitive
backend, our software does not categorise transformers in this way, nor does it
require them to be applied in a particular order; transformers of any kind can be
composed in whatever order, as long as their types line up.

Canonical

Inmostmodern computer systems, memory is presented in a one-dimensional fash-
ion; a request is made for the =-th byte in the address space, and the corresponding
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(a) G-major (b) H-major (c) Morton (d) Hilbert

Figure 5.2: Examples of storage orders for two-dimensional arrays (of size 4 × 4),
with arrows indicating the sequence of indices in the underlying one-
dimensional memory.

byte (or, more commonly, set of bytes) is returned. In order to represent multi-
dimensional arrays in a fundamentally one-dimensional address space, bijective
indexing functions translate multi-dimensional coordinates into one-dimensional
ones. Perhaps the most ubiquitous method for laying out multi-dimensional data
is in a canonical fashion. Examples of two-dimensional canonical layouts in which
the G and H axes are major – often referred to as the row-major and column-major
layouts – are shown in Figure 5.2a and Figure 5.2b, respectively.

Morton

Pitched storage orders provide, informally, maximal spatial locality in one dimen-
sion at the expense of locality in all other dimensions [177]. While this can be a
desirable property, many real-world applications (modelled, for example, by the
Euler and Lorentz access patterns from Sections 5.4.3 and 5.4.5) exhibit locality in
more than a single dimension. Such applications may benefit from laying data out
according to a space-filling curve [178], which provides a compromise between
locality in multiple dimensions [179]. A common example of a space-filling curve
is theMorton curve, shown in Figure 5.2c. Using such a curve, a multi-dimensional
index is converted to a one-dimensional index by interleaving the digits of the
binary representations of the input coordinates as in the following example:

5 (5, 3, 4) = 5 (1012 , 0112 , 1002) = 1010101102 = 34210 (5.6)

The downside of Morton curve layouts is that the calculation of indices requires
a significant amount of bit-manipulation, which may negate the benefits of the
improved locality: 3-dimensional coordinates with scalar types of width = bits
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require at least 33= bit-wise operations: one bit-wise disjunction, one conjunction,
and one barrel shift for each bit in each dimension. It must be noted, however, that
the calculation of Morton curve indices can be accelerated greatly on x86 architec-
tures equipped with the BMI2 instruction set extension [180], which introduces the
PDEP instruction2. Assuming that the necessary deposition masks are computed at
compile time, index calculations can be performed with as few as 23 operations:
one bit-wise disjunction and one bit-deposition per scalar in the coordinate. Thus,
indices based on Morton curves can be computed with latency and throughput
similar to more canonical layouts. It is worth noting that Morton curve layouts
without intermediate lookup tables require the size of the array in each dimension
to be a power of two. In order to represent arrays with other sizes, the arraymust be
padded and space must therefore be wasted. Representing a 3-dimensional array
in such a way requires at most 23 − 1 times more memory than an optimal layout.
We explore the use of Morton layouts as well as a generalisation of such layouts,
including their implementation, performance, and cache effects, in Chapter 6.

Hilbert

Another space filling curve is due to Hilbert [182]. Because this curve provides
good locality (see Figure 5.2d for an example), its application to the storage of
multi-dimensional data has been intensively studied [183, 184, 185]. The Hilbert
curve is well-understood in two dimensions, but can also be generalised to three
dimensions in a large number of ways [186]. Currently, we support layouts based
on Hilbert curves only in two-dimensions.

Shuffle

All multi-dimensional layouts in our suite treat the first coordinate as the major
coordinate, followed by the second, and so forth. In the two-dimensional canonical
case, this is often referred to as a row-major layout; in order to extend this concept
to an arbitrary number of dimensions, we will instead refer to it somewhat more
systematically as a (1, 2)-permuted layout. In a more general =-dimensional sense,
all of our layouts are (1, 2, . . . , = − 1, =)-permuted. Of course, such layouts may
not always be optimal: in cases where multi-dimensional array accesses are aniso-
tropically distributed along the axes, alternate permutations may provide higher
performance due to caching [187].
2On most recent architectures, this instruction executes with the same latency as other bit-wise

instructions, but it is emulated in microcode in pre-Zen 3 AMD processors, which may degrade
performance significantly [181].
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1 imul 0x8(%rsi),%rdx
2 add %rcx,%rdx
3 imul 0x10(%rsi),%rdx
4 add %rdx,%r8
5 mov 0x18(%rsi),%rdx
6 lea (%r8,%r8,2),%rax
7 lea (%rdx,%rax,8),%rax
8 vmovdqu (%rax),%xmm0
9 mov 0x10(%rax),%rax

10 vmovdqu %xmm0,(%rdi)
11 mov %rax,0x10(%rdi)
12 mov %rdi,%rax
13 ret

(a) Without coordinate shuffling.

1 imul 0x8(%rsi),%rcx
2 add %r8,%rcx
3 imul 0x10(%rsi),%rcx
4 lea (%rcx,%rdx,1),%rax
5 mov 0x18(%rsi),%rdx
6 lea (%rax,%rax,2),%rax
7 lea (%rdx,%rax,8),%rax
8 vmovdqu (%rax),%xmm0
9 mov 0x10(%rax),%rax

10 vmovdqu %xmm0,(%rdi)
11 mov %rax,0x10(%rdi)
12 mov %rdi,%rax
13 ret

(b) With (2, 3, 1)-shuffling.

Listing 5.1: Comparison of x86-64 assembly generated by gcc 11.2 with the -O3 flag
for a backend consisting of an array lookup and a three-dimensional
canonical layout, with and without shuffling; although Listing (b) is
generated using an additional transformer, the volume of assembly
does not increase.

The number of possible permutations grows factorially with the number of di-
mensions; the one-dimensional case has a single permutation, the two-dimensional
case has two (namely, row-major and column-major), the three-dimensional case
has as many as six possible permutations, and so forth. Due to this rapid rate of
growth, implementing separate storage layouts for every possible permutation
is not feasible. Rather, we implement a simple family of transformers which re-
order coordinates before passing them to an underlying backend. As an example,
a (2, 1)-permuted shuffling transformer swaps the values of a two-dimensional
coordinate, causing an underlying row-major layout to behave externally like a
column-major layout. Such coordinate shuffling transformers receive their per-
mutations as compile-time parameters, allowing them to be optimised away; a
simple example of a compiler’s ability to do so is demonstrated in Listing 5.1;
although the example given was compiled with the highest available optimisation
flag, gcc is able to eliminate the additional shuffling code even at -O1; the higher
optimisation level was chosen simply to reduce the size of the snippet.

Default

None of the backend transformers provided by our work incorporate boundary
checking, as doing so would violate the separation of concerns between backends,
and could affect performance. Of course, this means that invalid accesses invariably
lead to undefined behaviour or segmentation violations. In order to alleviate this
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problem, boundary checking behaviour is provided by backend transformers,
including the Default transformer which – if the requested coordinate lies outside
a given set of bounds – returns a user-provided default value.

To conclude, we will explore a possible vector field transformation in order to
further elucidate our design. Consider, for the sake of example, the common case
in which we wish to provide a default value – say, the zero vector – for vector
field accesses which go out of bounds. We will assume that, in a general case, the
type of such a transformer is ∀= ∈ N+ , ∀0 : (0 → 0 + 1) × (1 + 1→ 1). It is worth
noting that this type fits the type definition of a field transformer exactly, under the
assumption that �(G) = G + 1; this functor models the possibility of values being
non-extant3. We can equip our transformer with two points, @, A : 0= , which define
two opposite corners of the bounding box of the vector field. The contravariant
part of our transformer (with type 0 → 0 + 1) then checks whether a requested
coordinate lies within this bounding box; the vector is returned as normal if it is
inside the bounds, and a non-extant value is returned otherwise. The underlying
vector field is then mapped over this value, producing either a transformed extant
value or a non-extant value, which is the argument to the covariant part of our
transformer (of type 1 + 1 → 1). The covariant function then needs only check
the existence of its argument, returning a zero vector if the value is non-extant. In
short our transformer for out-of-bounds behaviour, C, can be defined as follows:

C =
©­«�G.


G if

∧=
8=0 �8(@) ≤ �8(G) ≤ �8(A),

Nothing otherwise
,�G.


G if G ∈ 0,
®0 otherwise

ª®¬ (5.7)

The example of boundary checking serves as an excellent illustration of the
power of inclusion of the functor � in the definition of our vector field transformer.
Indeed, it exhibits the two main functions of the design. Firstly, it shows how
functors can be used to pass information from the contravariant side to the covariant
side of the field transformer without risk of this information being lost in any of
the underlying transformers or, indeed, in the initial vector field to which they
are applied. Secondly, this design eases the composition of transformers, as it
allows us to compose a transformer which deals with non-extant values with a
transformer which is completely oblivious to them; in fact, we can compose any
two transformers regardless of which functor they are based on, allowing us to
re-use transformers to a far greater than would otherwise be possible.

3This functor is known as std::optional in C++, Maybe in Haskell, and std::option in Rust.
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Wrap

An alternative to the Default transformer is given by extending a vector field
to infinite size, which we refer to as wrapping. We currently support clamping
(extending the edges of the vector field to infinity), tiling (repeating the vector field
throughout the entire space), and mirrored tiling as wrapping methods.

Nearest

Most of the transformations hitherto described deal with integer-valued domains.
While such vector fields are useful in domains such as image processing, many
real-world use cases demand real-valued coordinates. In order to transform a
vector field with integral-valued domain into one with a real-valued domain,
we support nearest-neighbour interpolation, where the value of a real-valued
coordinate is equal to the closest (by rectilinear distance) integer-valued coordinate
in the underlying field [188]. This is implemented simply by point-wise rounding
of the 3-dimensional input vector to the nearest integer value, as follows:

®5 (®?; ®6) ≈ 6
(
b?1e · · · b?3e

)
(5.8)

A notable advantage of nearest-neighbour interpolation is that it maps each
real-valued coordinate onto a single integral-valued coordinate and is retractable,
which allows us to write to memory that is accessed through nearest-neighbour
interpolation; such an operation is not possible with linear interpolation, for ex-
ample, because linear interpolation requires multiple different accesses into the
underlying vector field.

Linear

By providing a weighted linear combination of multiple neighbouring points,
linear interpolation can provide more accurate results than a nearest-neighbour
method at the cost of additional computation [188]. Notably, linear interpolation
in 3 dimensions requires 23 accesses into the underlying vector field, all of which
are guaranteed to be corners of a unit-sided hyper-cube. As a result, there exists a
strong and unbiased spatial locality between the points necessary to perform such
interpolation. Linear interpolation of a 3-dimensional real-valued coordinate ®?
given an integer-indexed vector field ®6 is described as follows:

94



5.5 Storage Backends

𝑝1
𝑝2

𝑝3
𝑝4

. . .

Figure 5.3: An example of how a storage backend takes a coordinate ?1 in a geo-
metrically meaningful coordinate space to a coordinate space that maps
onto a two-dimensional array (?2 and ?3), and finally onto an address
?4 in memory.

®5 (®?; ®6) ≈
∑

11 ,...,13:B
6

©­­­­«
b?1c + [11]

...

b?3c + [13]

ª®®®®¬
3∏
8=1


?8 − b?8c if 18
1 − (?8 − b?8c)

(5.9)

Affine

Interpolationmethods provide a way to convert index spaces addressed by positive
integers to spaces that can be accessed by real numbers, but they fail to impart
geometric meaning upon their input. For most real-world applications, such co-
ordinates need to be transformed such that they map onto a more meaningful
coordinate space, as shown in Figure 5.3. Currently, our benchmark suite supports
arbitrary affine transformations such as translation, scaling, rotation, and shearing
through a user-supplied transformation matrix. The impact of such a transforma-
tion on the performance of a vector field is potentially significant, as it requires a
(3 + 1)-dimensional matrix-vector multiplication.

5.5.4 Performance Considerations

Although the compositional design of storage backends in our suite helps to define
and explore the design space, we must ensure that this approach is not detrimental
to performance; if it were, the results of our benchmarks would not be applicable to
non-composite real-world vector field representations. Our approach of composing
benchmarks at compile time guards us against performance degradation as a
result of (1) dynamic function dispatching due to run-time polymorphism; and
(2) reductions in the optimisation space afforded to the compiler.

Indeed, our approach entirely avoids the overhead of dispatch table look-ups
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which are necessary when employing run-time polymorphism [189]; because the
entire code path is known at compile-time, there is no need to dynamically dispatch
function calls. While such look-ups are often not performance-critical in larger
applications, we envision vector fields as very-high throughput structures where
such overhead would be undesirable.

Secondly, a compositional approach risks reducing the optimisation space of
the compiler by enabling – or, depending on the design, requiring – the compiler
to emit separate symbols for all possible transformers. During the subsequent
composition phase, the compiler may be unable to optimise the code across different
components of the storage backend, thereby degrading performance. Through the
use of compile-time composition, we afford the compiler a complete view of all the
components of a storage backend, allowing it to optimise across function boundar-
ies. An example of this was shown previously in Listing 5.1, where a compiler was
able to completely eliminate an additional backend transformation, incorporating
additional behaviour into the vector field without incurring overhead.

Thirdly, composing storage backends at compile time allows us to trivially port
code to C++-based heterogeneous programming platforms such as CUDA, as
the CUDA compiler can simply re-instantiate templates for compilation to PTX
whenever necessary. Finally, a useful consequence of compositional software
design is that it allows not only for building composite software, but also for the
composite reasoning about that software. Compositional reasoning about the per-
formance of computer systems is especially popular in the distributed systems
community [190], but it has similarly been applied at the single-node scale relevant
to our work [191]. By providing a compositional approach to multi-dimensional
array storage, we enable the building of accurate analytical models on the perform-
ance of applications.

5.6 Evaluation

In this section, we demonstrate the use of our benchmark suite in the application
under study in this thesis. In particular, we will apply it to the propagation
of charged particles through magnetic fields, an important component of track
reconstruction.
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1 benchmark::register_product_bm<
2 boost::mp11::mp_list<
3 Lorentz<Euler>,
4 Lorentz<RungeKutta4>,
5 RungeKutta4Pattern,
6 EulerPattern,
7 Random,
8 Scan>,
9 boost::mp11::mp_list<

10 FieldConstant,
11 FieldTex<TexInterpolateLin>,
12 FieldTex<TexInterpolateNN>,
13 Field<InterpolateNN, LayoutStride>,
14 Field<InterpolateNN, LayoutMortonNaive>,
15 Field<InterpolateLin, LayoutStride>,
16 Field<InterpolateLin, LayoutMortonNaive >>>();

Listing 5.2: An example of C++ code used to generate our CUDA benchmarks.
Given a compile-time list of six access patterns and a list of seven
storage backends, we generate forty-two benchmarks.

5.6.1 Experimental Setup

To test our benchmarks on data that is representative of real-world scenarios, we
use a solenoidal magnetic field generated by the ACTS software package [122];
this vector field is representative of data used in real-world high-energy physics
applications – including track reconstruction – and uniformly samples a three-
dimensional magnetic field in a range of −10 000mm to 10 000mm in the G- and
H-axes, and a range of −15 000mm to 15 000mm in the I-axis. The data is sampled
at a resolution of 100mm, resulting in a total of 201 × 201 × 301 samples. We store
this data using single-precision IEEE 754 floating-point numbers, resulting in a
total data size of 145.9MB.

We execute our benchmarks on six distinct devices. Five of these devices, namely
an AMD EPYC 7402P CPU of the Zen 2 microarchitecture [192, 193] as well as
NVIDIA A2, RTX A4000, RTX A6000, and A1004 GPUs [64] of the Ampere architec-
ture, are part of the DAS-6 cluster [194]. The final device, an Intel Xeon E5-2630 v3
CPU [195] of the Haswell microarchitecture, is part of the DAS-5 cluster [194]. The
code for our CPU-based platforms was compiled with gcc 11.2, and code for the
NVIDIA GPU was compiled using nvcc 11.5 (targeting PTX versions 8.0 and 8.6).

5.6.2 Benchmarking Method

The first step in applying our benchmarking-based design space exploration ap-
proach is to select an access pattern that approximates the targeted application.

4The PCIe model with 40GB of HBM2e memory.
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In this case, we use the Lorentz access pattern, designed to closely represent the
domain-specific application we are investigating (see Section 5.4.5). For the sake of
brevity, we test the variants of this access pattern using only the Euler method – in
a depth-first fashion – although our compositional approach to generating bench-
marks makes it trivial to repeat this analysis for other access patterns: Listing 5.2
shows an example of how a much broader range of benchmarks can be generated
using the compile-time meta-programming techniques described in Section 5.3.2.

Next, we construct a variety of storage backends with the necessary functional
properties, namely (1) three-dimensional indexing; (2) real-valued indexing; and
(3) appropriate transformations from the field’s real-world geometry. This leads
us to the composition of fourteen storage backends; of these, seven are suited
for CPU-based experiments and seven are suited for GPU-based experiments.
These backends include constant-valued vector fields and various combinations
of primitive backends, multi-dimensional layouts, and interpolation schemes. In
our experiments, the constant-valued vector fields serve as an upper bound for the
performance of a certain access pattern on a given device, capturing the maximum
throughput of the computation inherent to the application rather than the access
to the vector field. It is worth noting that we only investigate a subset of storage
backends that could be constructed for the application under investigation; indeed,
additional functional behaviour such as boundary checking could be incorporated,
but we chose to omit this due to the combinatorial growth of the number of
resulting experiments.

The selection of our six devices with seven storage backends each yields a collec-
tion of forty-two benchmarks. Each of these benchmarks has a number of run-time
parameters, which can additionally be varied. For this case study, we set the num-
ber of steps to 8192, the step size to 10−3 time units, and the number of agents
to 65 536. This leaves us with a final parameter, the magnitude of the initial ve-
locity vector, which we vary between 28 and 218 millimetres per time unit. As
we grow the initial velocity of the agents in our simulation, particles take larger
steps through the vector field resulting in reduced locality, and understanding the
magnitude of this effect is the goal of our analysis.

With our collections of benchmarks now selected and parameterised, we obtain
a total of 882 distinct experiments. For each of these experiments, we measure
the throughput – in accesses per second – from the vector field by dividing the
total number of accesses by the total wall-clock runtime of the benchmark. Each
experiment is repeated fifty times, and we report the mean throughput of these
runs. Our benchmark suite automatically gathers additional descriptive statistics
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Figure 5.4: Vector field access throughput for the Lorentz access pattern with
a depth-first Euler method for two different CPUs. We use NN for
nearest–neighbour interpolation, and LERP for linear interpolation.

such as the minimal and maximal throughput as well as the variance between
runs, but we have omitted these metrics from this section because the variance of
our results is very small.

5.6.3 Results

The results of our experiments are shown in Figure 5.4 for the CPU platforms and in
Figure 5.5 for the GPU platforms. From the perspective of a developer, inspection
of these data provides valuable insights that motivate application development.
We analyse a few such insights in the following paragraphs.

Firstly, the representation of vector fields in these modelled applications is an
important design decision: the difference in throughput between different storage
backends can be an order of magnitude or larger. Furthermore, our benchmark
provides a clear ranking between different backends at each point in the chosen
parameter space: given a specific device and parameterisation of the access pattern,
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Figure 5.5: Vector field access throughput for the Lorentz access pattern using
128 threads per block for four different NVIDIA GPUs. We use NN for
nearest–neighbour interpolation, and LERP for linear interpolation.
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the storage backend with the highest throughput can be easily selected. The
inclusion of constant-valued vector fields provides additional insights into the
upper bounds of storage backends, thus allowing us to compare other backends
against this bound and calculate the fraction of maximally achievable performance
obtained with each backend.

Secondly, our results show that the performance of vector fields is also strongly
dependent on the properties of the access pattern. Even though all of our results
are based on the Lorentz access pattern, performance behaviour varies signific-
antly with the initial velocity of the simulation agents, which correlates with the
locality of reference in the logical three-dimensional space. Unsurprisingly, all
storage backends across all devices perform worse as the initial velocity increases
and locality decreases, but the degree at which performance is lost varies signi-
ficantly between storage backends. This is apparent, for example, in the results
for the NVIDIA A100: the storage backend incorporating linear interpolation and
Morton curve indexing performs relatively poorly for lower initial velocities, but
outperforms the canonical layout at higher initial velocities due to the increased
preservation of locality afforded by the Morton layout. For the NVIDIA RTX
A4000, we observe three distinct regimes: at low and high initial velocities, the
storage backend based on texture memory outperform other backends with nearest
neighbours, but at intermediate velocities the canonical layout and Morton layouts
provide the best performance.

Finally, our results indicate strong sensitivity of our benchmarks to the properties
and features of the hardware onwhich it is executed. Figure 5.5 shows the results of
our benchmark when executed on four NVIDIA GPGPUs of the same architecture;
beyond constant-factor performance differences due to differences in memory
bandwidth and arithmetic performance, the devices under investigation exhibit
different behaviour across the range of parameters tested. For example, the results
for theNVIDIARTXA6000 shows thatMorton curve layouts for linearly interpreted
fields outperform canonical layouts only in a specific regime of initial velocities
– between approximately 1024 and 4096 millimetres per unit of time – whereas
this regime extends indefinitely on the NVIDIA RTX A4000. Although we do not
fully understand the source of this discrepancy, these results indicate that our
benchmark can also be used to motivate the choice of processor or accelerator for
an application.

Although a complete analysis of the data presented in this chapter is beyond
the scope of this chapter, we find the results presented in this section to be strong
indicators of the comprehensiveness of our benchmarking methodology: we were
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Figure 5.6: A rendering of a slice of the ATLASmagnetic field strength rendered on
an NVIDIA GPU using texture memory through the library described
in this chapter.

able to gather results using a variety of storage backends through little more
effort than selecting the benchmarks at run-time. Furthermore, our results are
specific as they show clear differences in performance between different storage
backends: even relatively similar backend which differ by only a single component
exhibit significantly performance patterns, indicating that our suite is capable of
comparing different representations at fine levels of granularity.

5.7 Applicability and Limitations

The primary purpose of our benchmark-based design space exploration is to guide
developers in the selection of appropriate vector fields representations for their
target applications. Once the selection is made, developers are free to implement
their own vector fields from scratch. However, we have already decomposed the
design space of such implementations, and this decomposition may be valuable to
users beyond enabling the construction of our benchmark suite: our benchmark
implementation – by design – allows direct code re-use in the target application. In
order to provide as much utility as possible to the developers of high-performance
applications, our implementations can be re-used as a C++ library which allows
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1 template <typename field_t>
2 __global__ void render(
3 typename field_t::view_t vf,
4 char * out,
5 unsigned int width,
6 unsigned int height
7 )
8 {
9 int x = blockDim.x * blockIdx.x + threadIdx.x;

10 int y = blockDim.y * blockIdx.y + threadIdx.y;
11
12 if (x < width && y < height) {
13 float fx = x / static_cast <float>(width);
14 float fy = y / static_cast <float>(height);
15
16 typename field_t::output_t p =
17 vf.at(fx * 20000.f - 10000.f, fy * 20000.f - 10000.f, z);
18 out[height * x + y] = static_cast <char>(std::lround(
19 255.f *
20 std::min(std::sqrt(p[0] * p[0] + p[1] * p[1] + p[2] * p[2]), 1.0f)
21 ));
22 }
23 }

Listing 5.3: A CUDA kernel written using our library which produces a rendering
of the magnitude of a slice of a vector field, such as Figure 5.6.

users to compose vector field implementations from the same components that
we use in the benchmark. In essence, our benchmark suite and library are co-
designed such that the library allows for the construction of benchmarks and
real-world applications, while the benchmark allows insight into the performance
of the different vector fields that can be constructed using the library. Our library
provides features such as loading and storing vector fields to disk, and converting
vector fields betweendifferent storage backends (including betweenCPU- andGPU-
based backends, which automatically moves memory between devices wherever
necessary). An example of how our library can be used in CUDA kernels is given
in Listing 5.3 and the result is shown in Figure 5.6.

We are confident that both the idea of composing applications and implementations
of data structures at compile time can be generalised to other classes problems
using similar techniques with the ones proposed in this chapter. Vector fields
are excellent candidates for such an approach due to the wide range of access
patterns and storage backends. Applications and data structures for which the
design space is smaller might benefit less from the generation of benchmarks (as
these benchmarks would be fewer), but the benefits of systematic exploration and
automation remain relevant. Similarly, the decomposition of storage backends
is transferable to other data structures, and it would be especially interesting for
other kinds of multi-dimensional data. However, the dimensions of the design
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space could be less broad, because functionality such as interpolation and spatial
transformations do not apply to all multi-dimensional structures. In a nutshell,
the generalisation of the approach to other applications is easy to achieve, but its
urgency is determined by the complexity of the application domain.

Finally, it is worth noting that our benchmark suite has limitations of which
users should be aware. Chiefly, our suite models applications at an abstract level
that omits non-functional effects that might be present in real-world scenarios.
For example, the access patterns in our suite assume that the vector field is the
only data structure being used by the application at a given time. In real-world
applications, multiple regions of memory may be accessed at the same time by one
or more threads. This may significantly alter the cache behaviour and thereby the
performance of an application when compared to our benchmarking suite. Fur-
thermore, our suite does not currently support accessing data stored on persistent
media (such as through mmap) which may be relevant for applications using vector
fields too large to fit entirely in the main memory of a given machine. Finally,
we do not currently support fields of heterogeneous vectors such as fields that
combine vectors of both single and double precision floating point numbers, or
vectors of different dimensionalities.

5.8 Reproducibility and Reusability

The benchmarking suite and library discussed in this chapter, the data gathered
in our experiments, and the scripts used to process and visualise those data
are permanently archived on Zenodo [196] and have been made available at
doi:10.5281/zenodo.7019829. This artifact was submitted to the artifact eval-
uation track of the ICPE’23 conference, where it was awarded the ACM Arti-
facts Available and ACM Artifacts Evaluated – Reusable badges. Furthermore, at
the time of writing the software – named covfie, short for COmpositional Vec-
tor FIElds5 – is available freely under the MPL-2.0 license on GitHub at https:
//github.com/acts-project/covfie [197].

5.9 Summary

Vector fields are performance-critical components of scientific applications, but we
lack the tools to quantify and rank their performance. In this chapter, we introduce

5And, of course, an allusion to the beautiful drink that made possible this entire thesis.
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5.9 Summary

a comprehensive benchmarking suite that enables developers of applications using
vector fields to select appropriate, high-performance vector field representations
through systematic design-space exploration. To create a comprehensive, specific,
and applicable benchmark suite, we decompose vector field representations into
access patterns and storage backends. These can be combined at compile-time to
construct hundreds of unique benchmarks, each with additional run-time paramet-
ers. We further decompose storage backends into primitive backends and backend
transformers, which can be used to add functional and non-functional properties
to vector fields, both in a benchmarking setting as well as in domain-scientific use
cases. We show that the use of template meta-programming allows us to auto-
matically generate a large number of high-performance benchmarks, providing
software that compromises neither performance nor usability.

In order to evaluate the efficacy of our benchmarking suite and to answer Re-
search Question 2, we have applied it to analyse the performance of a range of
vector field storage backends in an environment inspired by the combinatorial
Kálmán filter as covered in Chapter 4. Thereby, we have provided evidence that
the implementation of vector fields can play an important role in achieving high
performance in real-world applications, and we have demonstrated that our bench-
marking suite is capable of capturing the design space for such implementations.
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6
Finding Cache-Friendly Data Layouts
Through Evolution

A man who dares to waste one hour of time
has not discovered the value of life.

— Charles Darwin
(Natural historian)

In Chapter 5, we have explored the design space of multi-dimensional array
storage. This design space consists of boundary checking methods, interpolation
methods, and – importantly – array layouts. We have studied row-major layouts,
column-major layouts, and the so-called Morton layout – the last of which is given
by a particular index computation based on bit interleaving, but what happens if
we change the pattern in which we interleave those bits? In this chapter, we reveal
that the Morton layout can be generalised to a very large family of array layouts,
each of which has its own cache properties. It is, in some sense, a design space
inside a design space. We show that this design space of Morton-like array layouts
can be explored efficiently using evolutionary algorithms and we demonstrate that
this strategy of exploration can be used to increase the performance of arbitrary
applications based on multi-dimensional arrays by significant factors in a problem-
agnostic fashion. Furthermore, our method is far less invasive than traditional
cache optimisation techniques and requires less programmer effort. We thereby
expand on our answer to Research Question 2.

This chapter is based on the following publication:
• Stephen Nicholas Swatman, Ana-Lucia Varbanescu, Andy D. Pimentel, An-

dreas Salzburger and Attila Krasznahorkay. ‘Using Evolutionary Algorithms
to Find Cache-Friendly Generalized Morton Layouts for Arrays’. In: Proceed-
ings of the 2024 ACM/SPEC International Conference on Performance Engineering.
ICPE’24. London, United Kingdom: Association for Computing Machinery,
May 2024, pp. 83–94. doi: 10.1145/3629526.3645034
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Chapter 6 Finding Cache-Friendly Data Layouts Through Evolution

6.1 Introduction

Structured multi-dimensional data are ubiquitous in high-performance comput-
ing [198]: three-dimensional fluid simulations, dense linear algebra operations,
and stencil kernels are just a few examples of applications which rely fundament-
ally on multi-dimensional arrays. In spite of the importance of such applications,
however, most modern computer systems have one-dimensional memories: from
the perspective of the programmer, memory is nothing more than a very large one-
dimensional array of bytes. This discrepancy between application requirements
and hardware design requires programmers to carefully consider array layouts:
injective functions which translate multi-dimensional indices into one-dimensional
memory addresses.

Although array layouts do not impact the functional properties of programs,
choosing a suitable layout can significantly impact application performance in
modern processors with complex cache hierarchies [199]. Exploiting these caches
is of critical importance to achieving high performance in all but purely compute-
bound applications, but doing so requires locality of access – both temporal and
spatial – in memory. Kernels often exhibit locality in multiple dimensions, and
a well-chosen array layout maximises the degree to which this application-level
locality is translated to the address-level locality that caches are designed to exploit;
as a result, that layout increases the efficacy of hardware caching and – by extension
– the performance of an application.

Data in two-dimensions is commonly laid out in row-major order (shown in
Figure 6.2a for an 8×8 array) or column-major order (Figure 6.2t) which provide good
locality of access in a single dimension, but poor locality in all others. Thankfully,
the design space for data orderings – in two dimensions or more – extends far
beyond these canonical layouts: the Morton layout (Figure 6.2f), for example, is a
layout based on a space-filling curve which provides balanced locality between
multiple dimensions [164, 200]. Our work explores a family of data layouts which
generalise the Morton order, and allow us to carefully tune the cache behaviour in
multiple dimensions to match a given application.

The design space of the aforementioned family of data layouts is dauntingly
large; indeed, the number of possible layout for arrays at scales applicable to real-
world problems is so large that it renders exhaustive search infeasible. In order
to find suitable array layouts in tractable amounts of time, we propose to employ
genetic algorithms – heuristics known to be able to efficiently find high-quality
solutions in large search spaces [201]. To this end, we design a chromosomal
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representation of Morton-like array layouts, as well as a fitness function that uses
cache simulation to estimate the performance of individual array layouts. Finally,
we evaluate our evolutionary strategy and the array layouts it discovers.

In short, this chapter makes the following contributions:

• We characterise the design space given by a generalisation of the Morton
array layout, and we show that that the size of this design space renders
exhaustive search infeasible (Section 6.3);

• We propose an evolutionary methodology based on genetic algorithms for
exploring the aforementioned design space based on the simulated cache-
friendliness of layouts (Section 6.4);

• We design and execute a series of experiments to assess the accuracy of our
fitness function, the efficacy of our evolutionary process, and the perform-
ance of the discovered array layouts, showing that our method can improve
performance up to a factor ten (Section 6.5).

6.2 Background and Related Work

In this section, we provide a brief overview of the basic concepts and notations
which are essential to the remainder of this chapter, and highlight relevant related
work.

6.2.1 Indexing Functions and Canonical Layouts

Dense =-dimensional arrays can be imagined as structured grids in which each
element is assigned to exactly one point in N= . In most modern processors, multi-
dimensional arrays are a software-level abstraction over the one-dimensional
memory of the machine; in order to actually access multi-dimensional data, we
need to define a function that converts indices in = dimensions to memory ad-
dresses1. We refer to the class of such functions as indexing functions, and they are
isomorphic to array layouts. In short, an =-dimensional indexing functions is an
injective (often bijective) function of the following type, where #8 represents the
size of the array in the 8th dimension,

>
is the generalised Cartesian product, and

~0, 1� is the integer interval from 0 to 1:

1In reality, address calculations must also consider array offsets (the address of the first element) and
scales (the size of each element). We skip over these complications as they are handled transparently
by address generation units in modern hardware, and they affect all array layouts in the same
manner.
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(a) Row-major layout (b) Morton layout

Figure 6.1: Two-dimensional arrays laid out in memory along the gray arrows.
An application accesses the array diagonally along the red arrows.
Application locality is shown above, memory locality is shown below.

5 :
=−1?
8=0
~0, #8 − 1�→

�
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(
=−1∏
8=0

#8

)
− 1

�
(6.1)

In a multi-dimensional grid, we denote the elements along a given axis – that
is to say, the sequence of elements for which all indices except one are fixed – as
fibres [202]. In a two-dimensional case, fibres along the G-axis are known as rows,
and fibres along the H-axis as columns. In order to facilitate the description of
arrays in three or more dimensions, we use the term mode-< fibres to describe
fibres along the <th dimension, such that mode-0 fibres are synonymous with
rows, mode-1 fibres refer to columns, and so forth.

The most common group of multi-dimensional indexing functions are the canon-
ical layouts, sometimes known as the lexicographic layouts or, in the two-dimensional
case, the row- and column-major layouts. In a canonical layout, one-dimensional
array indices are calculated according to Equation 6.2, in which G0 , . . . , G=−1 are
components of the =-dimensional index, and #0 , . . . , #=−1 represent the size of
the array in each dimension:

5 (G0 , . . . , G=−1;#0 , . . . , #=−1) =
=−1∑
8=0

©­«
8−1∏
9=0

#9
ª®¬ G8 (6.2)

An important corollary of Equation 6.2 is that the mode-0 fibres are contiguous
in memory, i.e. Equation 6.3 holds:
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5 (G0 + 1, G1 , . . . , G=−1) = 5 (G0 , G1 , . . . , G=−1) + 1 (6.3)

It is worth noting that the calculation of addresses in column-major layout – in
which the mode-1 fibres are contiguous – is also given by Equation 6.2, with the
order of the indices and sizes swapped. The canonical array layouts achieve perfect
spatial locality in one dimension: if a kernel accesses memory alongmode-< fibres,
then a canonical layout where the <th dimension is major will provide the optimal
translation between locality in the multi-dimensional space to locality in memory.
Many real world applications, however, exhibit locality in multiple dimensions; a
kernel might, for example, iterate diagonally over an array; an example of this –
and the resulting locality in memory – is given in Figure 6.1a.

The performance of canonical storage layouts has been studied extensively. Park,
Hong and Prasanna discuss methods for compensating for the weaknesses of
canonical layouts using tiling and recursive layouts [199]. Similarly, Kowarschik
and Weiß propose a variety of strategies that mitigate cache misses in canonical
storage layouts for numerical applications [203]. Weinberg, McCracken, Strohmaier
and Snavely propose a metric for the locality of array layouts [204]. Jang, Schaa,
Mistry and Kaeli analyse the performance of access patterns in multi-dimensional
data in graphics processing units (GPUs) [205]. Che, Sheaffer and Skadron propose
a method for automatically optimising storage layouts [206].

6.2.2 Morton Layouts

TheMorton order is a notable example of a non-canonical array layout that provides
balanced locality in multiple dimensions. It is conceptually simple to understand,
efficient to implement in commodity hardware (as we will show in Section 6.3.3),
and it has been shown to positively affect the efficacy of hardware caches: Al-
Kharusi and Walker show the efficacy of the Morton layout in molecular dynamics
applications [207], Perdacher, Plant and Böhm describe its benefits in matrix de-
composition [208], and Thiyagalingam, Beckmann and Kelly provide an in-depth
performance analysis of this array layout in a range of kernels [164]. Chatterjee,
Lebeck, Patnala and Thottethodi show the applicability of Morton layouts – as
well as other non-canonical layouts – in matrix multiplication [209], and their work
is expanded upon in [210]. Applications of the Morton order in more than two
dimensions have been studied by Pawłowski, Uçar and Yzelman [211]. Mellor-
Crummey, Whalley and Kennedy show the applicability of array layouts based
on space-filling curves – like the Morton layout – for irregular applications [212].
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The practical applicability of the Morton layout is further evidenced by the Opie
compiler, which employs Morton array layouts natively [213].

The performance benefits of the Morton layout stem from its spatial structure:
an example – which justifies why this layout is sometimes known as the Z-order
layout – is given in Figure 6.1b; note the difference in locality in the address space
compared to the canonical layout (Figure 6.1a). The Morton order layout has also
been applied to data movement in parallel systems by Walker and Skjellum [214],
and Deford and Kalyanaraman have applied the layout to workload distribution
in parallel processes [215]. Bader explores a variety of applications of space-filling
curves in scientific programs [216]. Armbrust et al. explore the application of
Morton curves for the storage of databases, reducing the total amount of data
read from persistent storage [217]; although the aforementioned paper considers a
much higher level of abstraction than the methods in this chapter – which operate
at the level of hardware caches – we believe that the methods presented in this
chapter may generalise to a broader range of applications, including databases.

In theMorton order, multi-dimensional indices can be converted to one-dimensional
addresses in a variety of ways. The Moser–de Bruijn sequence [218] is commonly
used as it allows efficient conversions in two dimensions, but this method requires
us to store the Moser–de Bruijn sequence in memory, and accessing this sequence
causes additional overhead. Therefore, we prefer a different method based on
the interleaving of the (unsigned) binary representation of multi-dimensional in-
dices. As an example, the two-dimensional index (3, 5) can be bijectively mapped
into one-dimensional memory by finding the binary expansions of the indices,
i.e. (0112 , 1012), and interleaving the bits yielding 1001112 = 3910. This is equival-
ent to first dilating and shifting the binary expansions of the numbers, and then
taking their bitwise disjunction (OR): the first index is dilated yielding 0001012

while the second index is dilated and shifted left yielding 1000102. Taking the
bitwise disjunction of these numbers yields the same address as using the inter-
leaving strategy. The computation of Morton indices through bit manipulation
can be extended to an arbitrary number of dimensions; the three-dimensional
index (3, 5, 4) expands to (0112 , 1012 , 1002), and the resulting memory address
is 1100010112 = 39510. Note that the relative significance of bits in each of the
input indices is preserved in the output address. Gottschling, Wise and Adams
present the idea that the Morton layout can be generalised by allowing arbitrary
bit-interleaving orders [219, 220], which is foundational to our work. This idea is
further expanded on by Walker [221].
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6.2.3 Genetic Algorithms

Genetic algorithms are a class of heuristics introduced by Holland which are
designed to solve optimisation and search problems by emulating the process of
evolution as it happens in the natural world [222]. In genetic algorithms, generations
of individuals, i.e. sets of candidate solutions, iteratively explore a design space
through genetic operators. In particular, crossover operators model the combination
of the genetic material of two or more individuals [223], and mutation operators
model random changes to the gene pool [224]. In genetic algorithms, individuals
are removed from the population based on their fitness, i.e. the quality of the
solution they represent to the problem posed [225]. Genetic algorithms have seen
successful application in an extremely broad range of fields, ranging from drug
discovery [226] to music composition [227]. Genetic algorithms have also proven
useful for design space exploration in computer systems; Pimentel shows that
they can be applied in the design of embedded systems [228]. Sapra and Pimentel
show that a broader class of evolutionary approaches can be used in the design of
neural networks [229]. The optimisation problem we consider in this chapter is
combinatorial in nature, and the application of genetic algorithms to such problems
has also been extensively studied and proven across a variety of domains [230, 231,
232, 233]

6.3 Generalised Morton Layouts

The Morton layout functions by interleaving the bits of the input indices in a fixed
pattern: bits are drawn from each of the inputs in a round-robin manner. In this
section, we generalise this idea, allowing bits to be interleaved in arbitrary order.
This gives rise to more specialised layouts with different structure and, as a result,
different extra-functional properties [219, 220, 221]. Figure 6.2 shows all 20 layouts
that are given by different bit interleaving orders for an 8 × 8 array. As with the
standard Morton layout, the generalised Morton layout can be applied to any
number of dimensions. As an example, the following three-dimensional layout
selects two bits from the second index, one bit from the third index, then two bits
from the first index, etc.:

5 (0112 , 1012 , 1002) =

0000110002
0001000012
∨ 1000000002

1001110012

= 31310 (6.4)
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(a) [0,0,0,1,1,1] (b) [0,0,1,0,1,1] (c) [0,0,1,1,0,1] (d) [0,0,1,1,1,0]

(e) [0,1,0,0,1,1] (f) [0,1,0,1,0,1] (g) [0,1,0,1,1,0] (h) [0,1,1,0,0,1]

(i) [0,1,1,0,1,0] (j) [0,1,1,1,0,0] (k) [1,0,0,0,1,1] (l) [1,0,0,1,0,1]

(m) [1,0,0,1,1,0] (n) [1,0,1,0,0,1] (o) [1,0,1,0,1,0] (p) [1,0,1,1,0,0]

(q) [1,1,0,0,0,1] (r) [1,1,0,0,1,0] (s) [1,1,0,1,0,0] (t) [1,1,1,0,0,0]

Figure 6.2: All 20 layouts for 8 × 8 arrays generated by the family of indexing
schemes described in Section 6.3. Note that Figure 6.2a corresponds to
a row-major layout, while Figure 6.2t corresponds to a column-major
layout.
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Our goal is to findMorton-like layouts, i.e. bit-interleaving patterns, that improve
application performance through an increase in cache efficacy. In this section, we
will show that the design space for such layouts is very large, motivating the use
of genetic algorithms. This necessitates a chromosomal representation of layouts,
which we also present in this section. In addition, we describe how the canonical
layouts can be described using the same representation, and we delve into practical
considerations such as the computational cost of computing indices and support
for Single Instruction Multiple Data (SIMD) processing.

6.3.1 Enumerating Layouts

We can characterise Morton-like layouts by the bit scattering pattern applied to
each of the inputs (e.g. for Equation 6.4, the first index is scattered to the fourth,
fifth, and eighth bits). However, such a characterisation is unsound in the sense
that is allows us to describe invalid layouts: if two bits from any of the input indices
are mapped onto the same bit in the output, the bitwise disjunction becomes an
information-destroying operation and the layout becomes non-injective – that is, it
would cause multiple multi-dimensional indices to map onto the same location in
memory, making the layout unusable.

We can instead characterise layouts in a manner that is both complete and sound
by enumerating the source of each bit in the output index. In the remainder of this
chapter we shall denote array layouts using sequences of the form [80 , . . . , 8=−1],
indicating the source indices in order of increasing bit significance: the least
significant bit in the output index is drawn from the 80th input index, the second-
least significant bit is drawn from the 81th input, and the most significant bit is
drawn from the 8=−1th input. Note that each input bit must be used once and only
once: whenever a bit is to be drawn from a given input index, we implicitly use the
least significant bit for that input which has not yet been consumed. For the layout
shown in Equation 6.4, the two least significant bits are drawn from the second
input, the third-least significant bit is drawn from the third input, and so forth: the
resulting array layout is denoted using the sequence [1, 1, 2, 0, 0, 1, 2, 0, 2].

The aforementioned characterisation of multi-dimensional layouts gives rise
to families of layouts. The family of layouts over = inputs, where each input has
10 , . . . , 1=−1 bits, is isomorphic to the set of permutations of the multiset ( = {0 :
10 , . . . , = − 1 : 1=−1}. We denote this set of permutations as S((). For convenience,
we obviate the intermediatemultiset such thatS′(10 , . . . , 1=−1) = S({0 : 10 , . . . , =−
1 : 1=−1}). We can then determine the total number of possible layouts as the
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number of multiset permutations of S′ [234, p. 42]:

|S′(10 , . . . , 1=−1)| =
( ∑=−1

8=0 18

10 , . . . , 1=−1

)
=

( ∑=−1
8=0 18

)
!∏=−1

8=0 (18 !)
(6.5)

6.3.2 Including Canonical Layouts

It is worth noting that canonical layouts over arrays for which the size in each
dimension is a power of two are, in fact, members of the family of Morton-like lay-
outs. In order to sketch an informal argument for this, we recall that the indexing
function for an =-dimensional canonical layout given array sizes #0 , . . . , #=−1 is
defined as in Equation 6.2. If we assume that all sizes are powers of two, then the
product of these sizes is guaranteed to be itself a power of two. Because multi-
plication by powers of two can be interpreted as a left-ward shift, the canonical
layouts shift each input index G0 , . . . , G= to a specific location in the binary expan-
sion of the output index. Furthermore, because we assume ∀8 : G8 < #8 , each
bit in the output is determined by exactly one of the input indices; this allows us
to interpret the summation as a series of bit-wise disjunctions, exactly like the
definition of our Morton-like layouts. In general, a mode-0-major canonical layout
of a 210 × . . . × 21=−1 array can be characterised – in the the scheme defined in
Section 6.3.1 – by contiguous subsequences of bits, each drawn from the same
index, i.e. a sequence of the following form:

[0, . . . , 0︸  ︷︷  ︸
10 times

, 1, . . . , 1︸  ︷︷  ︸
11 times

, . . . , = − 1, . . . , = − 1︸              ︷︷              ︸
1=−1 times

] (6.6)

Canonical layouts with different major axes can be constructed by changing
the order of the contiguous subsequences. The fact that the canonical layouts
are members of the Morton-like family of array layouts allows us to evaluate
the performance of these layouts in the exact same framework as the rest of the
Morton-like layouts, and we will exploit this in Section 6.5.

6.3.3 Hardware-Accelerated Indexing

It is tempting to extend the aforementioned ideas to even more exotic indexing
functions, like the Hilbert array layout [182, 235, 236]. The computational cost of
many such functions renders them impractical, however: if the cost of computing
memory addresses is too large, any performance gained by improving the cache-
friendliness of a program will be negated. The Morton-like layouts we consider in
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this chapter allow efficient index calculations on modern commodity hardware,
which we demonstrate in this section.

Under canonical array layouts, indices are calculated either iteratively through
repeated addition and multiplication, or in parallel through parallel multiplication
followed by reduction through addition. In =-dimensional cases both approaches
require = − 1 additions and = − 1 multiplications, operations which can be effi-
ciently performed on virtually all processors. Specifically, the Intel Haswell and
AMD Zen 3 microarchitectures – on which we focus in this chapter – can perform
64-bit register addition (ADD r64 r64) with a latency of 1 cycle and a reciprocal
throughput of 0.25 cycles, while they can execute multiplication (IMUL r64 r64)
with a latency of 3 cycles and a reciprocal throughput of 1 cycle [237].

Our bit-interleaving array layouts rely, in =-dimensional cases, on = − 1 bitwise
disjunctions and = bit-scatter operations. Such disjunctions (OR r64 r64) can be
performed with a latency of 1 cycle and a reciprocal throughput of 0.25 cycles – the
same as the ADD instruction – on both of the aforementionedmicroarchitectures. We
perform the bit-scattering operation using the parallel bit deposition (PDEP r64 r64
r64) instruction, which is included in the BMI2 extension to the x86-64 instruction
set [80]. The Intel Haswell and AMD Zen 3 microarchitectures both perform
bit deposition with a latency of 3 cycles and a reciprocal throughput of 1 cycle,
identical to the IMUL instruction. It follows that Morton-like indexing requires – in
theory – only a single additional instruction over canonical index calculation.

The hardware extension required to perform bit deposition is widely suppor-
ted: BMI2 has been included in Intel processors starting with the Haswell mi-
croarchitecture (2013) [238], and in AMD processors starting with the Excavator
microarchitecture (2015), albeit in a limited fashion; AMD processors gained full
hardware support for these instructions starting with the Zen 3 microarchitecture
(2020) [239]2. Compiler support for the BMI2 instruction set extension is alsowidely
available; an example of how easily Morton-like layouts can be implemented in
software is given in Listing 6.1.

In order to further evaluate the competitiveness of Morton-like layouts com-
pared to canonical layouts, we analyse implementations of both indexing schemes
over a range of dimensionalities as compiled by gcc 12.3 and clang 15.0 using
OSACA 0.5.2 [240]. All code was compiled using the -O2 optimisation flag. The
results of this analysis are shown in Figure 6.3. Over the range of dimensionalities
considered, the canonical layouts are consistently faster, i.e. require fewer cycles to

2Pre-Zen 3 processors supported parts of the BMI2 instruction set – the PEXT and PDEP instructions in
particular – through emulation in microcode rather than in hardware, making them very slow.
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1 #include <x86intrin.h>
2
3 template <std::size_t N, std::size_t... J>
4 std::size_t morton_idx_helper(
5 const std::array<std::size_t, N> &i,
6 const std::array<std::size_t, N> &m,
7 std::index_sequence<J...>)
8 {
9 return (_pdep_u64(i[J], m[J]) | ...);

10 }
11
12 template <std::size_t N>
13 std::size_t morton_idx(
14 const std::array<std::size_t, N> i,
15 const std::array<std::size_t, N> m)
16 {
17 return morton_idx_helper(
18 i, m, std::make_index_sequence<N>()
19 );
20 }

(a) Templated C++ code which scales to arbitrarily
many dimensions.

1 ; 1 dimension
2 pdep %rsi,%rdi,%rax
3 ret
4
5 ; 2 dimensions
6 pdep %rdx,%rdi,%rax
7 pdep %rcx,%rsi,%rsi
8 or %rsi,%rax
9 ret

10
11 ; 3 dimensions
12 mov 0x8(%rsp),%rax
13 mov 0x10(%rsp),%rcx
14 mov 0x18(%rsp),%rdx
15 pdep 0x20(%rsp),%rax,%rax
16 pdep 0x28(%rsp),%rcx,%rcx
17 or %rcx,%rax
18 pdep 0x30(%rsp),%rdx,%rdx
19 or %rdx,%rax
20 ret

(b) x86-64 assembly code generated
by gcc 12.3.

Listing 6.1: An example implementation of Morton layouts with arbitrary bit-
interleavingmasks implemented inC++, aswell as the generated x86-64
assembly.
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Figure 6.3: Throughput of a kernel calculating array indices using canonical layouts
as well as Morton-like layouts on the Intel Haswell microarchitecture
as given by OSACA.
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compute, than the Morton-like layouts. However, the difference in performance –
approximately one cycle – is relatively small and overshadowed by the number of
cycled saved due to a reduction in cache misses. Furthermore, we focus primarily
onmemory-bound applications, in which a small increase in index calculation time
is unlikely to affect performance. We conclude, therefore, that Morton-like layouts
are competitive with canonical layouts strictly in terms of address computation
costs.

6.3.4 Support for SIMD

An important consideration in the design of array layouts is the ability to vectorize
kernels through Single Instruction Multiple Data (SIMD) operations. Canonical
layouts guarantee the contiguity of fibres in the array, which facilitates the (auto-
mated) vectorisation (e.g. the application of SIMD) of many operations, and this
benefit is lost when applying the array layouts discussed in this chapter. How-
ever, we posit that there remains ample opportunity to accelerate computation on
Morton-like arrays using SIMD, and we argue this by distinguishing two classes of
computation patterns.

The first class consists of unstructured patterns in which data is operated on
element-wise without spatial context, i.e. without consideration of nearby ele-
ments; a prominent example of such an operation is matrix addition. In such
applications, SIMD can be trivially applied to the underlying one-dimensional
memory, regardless of the layout of the data: since elements can be added point-
wise in any order, doing so in the order in which the data is laid out in memory is
both feasible and enables SIMD.

The second class of problems consists of structured patterns in which operations
must be performed in a specific order. A prime example of such an operation is
matrix multiplication where the inner product of fibres must be computed. In such
cases, it is imperative that fibres can be accessed in contiguous blocks. The size of
these blocks depends on the vectorisation technology used as well as the size of
the data type: in the x86 instruction set, SSE vectorisation requires two consecutive
double-precision numbers or four consecutive single-precision numbers [241]; the
much wider ARM SVE instruction set extension [81] may require up to thirty-two
consecutive double-precision numbers or sixty-four single-precision numbers.

In order to facilitate vectorisation for structured patterns of computation, we can
impose certain constraints on the array layouts we consider. Indeed, if the = least-
significant bits of an interleaving pattern are all drawn from the <th input index,
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then the layout guarantees that the mode-< fibres in the array are contiguous in
blocks of 2= elements. This requirement can be incorporated into the selection
of array layouts; for example, we can enable efficient AVX2 vectorisation (with a
vector width of 256 bits) using single-precision (32-bit) floating point numbers by
ensuring that the three least significant bits in an array layout are drawn from the
same source. In other words, we can easily constrain our search space to include
only array layouts with properties that favour vectorisation, and we believe that
doing so will enable SIMD-accelerated computation arrays laid out in Morton-like
orders.

6.4 Exploration Through Evolution

The canonical set of indexing bijections for laying out multi-dimensional memory
is small: for two-dimensional data, there are two possible layouts, and the perform-
ance of these layouts can be evaluated using exhaustive benchmarks [1, 164, 242].
Exhaustively exploring the family of indexing function outlined in Section 6.3,
however, is impractical owing to the sheer number of permissible permutations.
Importantly, the number of canonical layouts increases only with the number
of dimensions, while the number of Morton-like layouts increases with both the
number of dimensions and the size of the array in each of those dimensions. By
Equation 6.5, a small 4 × 4 array (indexed by two bits in each dimension) can be
laid out in (2+2)!/2!2! = 6 ways. A larger array of size 4096×4096 (twelve bits in each
dimension) can be laid out in (12+12)!/12!12! = 2 704 156 ways. A three-dimensional
array of size 256×256×256 has the same number of elements as the aforementioned
4096 × 4096 array, but permits (8+8+8)!/8!8!8! = 9 465 511 770 permutations. As these
examples indicate, the number of possible permutations quickly scales beyond
what can be feasibly explored through exhaustive search; in order to tackle the
explosive growth in the design space for Morton-like layouts, we propose the use
of genetic algorithms (Section 6.2.3).

6.4.1 Genetic Algorithm Configuration

In this chapter, we employ a relatively simple (�, �)-ES genetic algorithm [222, 243].
The chromosomal representations of array layouts is identical to the character-
isation given in Section 6.3.1, and this gives rise to a combinatorial optimisation
problem. We facilitate the recombination of array layouts into novel layouts us-
ing the Ordered Crossover (OX) operator [244], and we employ inversion-based
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mutation [245]. Our approach differs from classical genetic algorithms in only one
significant way: our initial population is not chosen randomly from the solution
space. Instead, the initial populations for our evolutionary experiments always
consist of two individuals, depicting two canonical layouts for a given array size,
as described in Section 6.3.2. We choose to do this to ensure that our initial popula-
tions are unbiased and deterministic, allowing us to more easily assess the efficacy
of our genetic strategy.

6.4.2 Fitness Function Design

There are two general strategies for evaluating the performance, i.e. the fitness, of
a given array layout under a given cache hierarchy and access pattern: measure-
ment and simulation. In order to assess fitness through measurement, we execute
a program on actual hardware and measuring the running time of the process.
Although such a fitness function is conceptually simple, it suffers from two primary
flaws: (1) measurements are noisy and may suffer from run-to-run variance, which
may hinder the performance of genetic algorithms [246] – in particular, our ge-
netic algorithm is vulnerable to noise stemming from cache pollution effects; and
(2) measurements require access to the target hardware, which may be inconveni-
ent or even impossible – for example, in hardware-software co-design scenarios,
where the hardware under consideration does not (yet) exist. For these reasons,
we choose not to base our fitness function on measurements.

Instead, we employ simulation for which we need a simulator that can accur-
ately compare the cache performance for different access-patterns on the same
cache hierarchy. For this, we selected pycachesim, a component of the Kerncraft
toolkit [247]. We use pycachesim by simulating an access pattern such as matrix
multiplication and registering the relevant trace of load and store operations. After
all accesses have been recorded, we force a write-back of the caches and collect the
number of hits and misses in each cache level. We combine the number of hits in
every cache level as well as in main memory with the latency of retrieving data
from each of these levels to compute the total number of cycles spent retrieving
data from the cache hierarchy. Given an array layout �, an access pattern � and
a simulated cache hierarchy �, we calculate the total number of cycles using the
following equation, in which L8hit, L8miss, and L8lat represent the number of hits,
the number of misses, and the latency of the 8th cache level3, and " represents
main memory:
3In this chapter, we follow the ubiquitous convention that the cache closest to the core is named L1,

but our software supports cache hierarchies of arbitrary depths and with arbitrary naming schemes.
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�(�;�, �) = Mhit(�;�, �)Mlat(�) +
∑
8

L8hit(�;�, �)L8lat(�) (6.7)

From this, we compute an approximation of the number of accesses performed
per cycle, giving rise to a higher-is-better fitness function defined as follows:

�(�;�, �) = L1hit(�;�, �) + L1miss(�;�, �)
L1lat(�) · �(�;�, �)

(6.8)

Intuitively, the numerator in Equation 6.8 counts the total number of memory
accesses, as all accesses either hit or miss in L1. The denominator, then, estimates
the total number of cycles spent retrieving data from the various cache levels. The
denominator is multiplied by a normalising factor equal to the latency of the L1
cache; it follows from Equation 6.7 that the achievable performance is softly bound
by the reciprocal of the L1 access latency. Indeed, this performance is achieved if
and only if all accesses hit the L1 cache. Normalising the fitness function using the
L1 cache latency improves our ability to compare results between different cache
hierarchies.

6.5 Evaluation

We evaluate the efficacy of the methods hitherto discussed by demonstrating that
(1) our fitness function is well-chosen, i.e. that is correlates with performance
measurements in real hardware; that (2) our evolutionary process is capable of
finding novel array layouts with favourable cache properties; and that (3) the
layouts which are found by our evolutionary process actually lead to relevant
performance gains in real hardware. Our validation is based on eight distinct
access patterns and two processors with distinct cache hierarchies.

6.5.1 Experimental Setup

We consider a set of eight access patterns loosely based on the selection of al-
gorithms used by Thiyagalingam, Beckmann and Kelly [164]. The access patterns
were picked to represent common real-world applications (dense linear algebra
and fluid dynamics), to represent both two-dimensional and three-dimensional
applications, and to differ in critical properties such as memory size and number
of loads and stores. A description of the access patterns we consider in this chapter
is given in Table 6.1.
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1 template <concepts::array<2> M>
2 void mm_ijk(const M & A, const M & B, M & C) {
3 const auto m = C.get_size();
4 for (std::size_t i = 0; i < m; ++i) {
5 for (std::size_t j = 0; j < m; ++j) {
6 typename M::value_type acc = 0.;
7 for (std::size_t k = 0; k < m; ++k)
8 acc += A.load(i, k) * B.load(k, j);
9 C.store(acc, i, j);

10 }
11 }
12 }

Listing 6.2: Example of how an access pattern (MMijk) is described in C++. Meta-
programming allows the same source to be used for both simulation
and execution on real hardware.

All our access patterns are described using C++ code – see the example in
Listing 6.2 – which ensures high performance as opposed to the Python code
used for our evolutionary processes; the interaction between the C++ and Python
components of our project is managed using pybind11 [248]. We use template meta-
programming to generalise our access patterns in such away that a single definition
can be used for both simulation and benchmarking without loss of performance
due to run-time polymorphism; this eliminates any possible discrepancies between
the code used for simulation and the code used for measurement.

We conduct our experiments on twodifferentCPUs: the Intel XeonE5-2660 v3 [250]
based on the Haswell microarchitecture [238], and the AMD EPYC 7413 [251]
based on the Zen 3 microarchitecture [239]. When we perform experiments on
non-simulated Haswell processors we use the the DAS-6 cluster [194], whereas
we use a machine located at CERN for experiments on Zen 3 processors. When
we perform experiments based on simulation, we use the the DAS-6 cluster [194]
and configure our cache simulator according the cache configurations shown in
Listing 6.3a for the Haswell processor, and Listing 6.3b for the Zen 3 processor.
Note that the cache configurations are based on the accessibility of caches from a
single core. This is especially relevant for the L3 cache on the Zen 3 chip, which
is shared across groups of cores rather than the entire CPU: in the case of the
AMD EPYC 7413, the CPU comes equipped with 128MiB of L3 cache, but only
32MiB is accessible from any single core [239]. We simplify the cache replace-
ment policies of the actual hardware by assuming LRU caches (i.e. caches with a
least-recently-used eviction policy); in reality, the Haswell caches employ eviction
policies consistent with tree-based pseudo-LRU for the L1 and L2 caches [237, 252],
while the L3 cache is consistent with a set-dueling-controlled adaptive insertion
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1 caches:
2 L1:
3 sets: 64
4 ways: 8
5 line: 64
6 replacement: LRU
7 write_back: true
8 store_to: L2
9 load_from: L2

10 latency: 4
11 L2:
12 sets: 512
13 ways: 8
14 line: 64
15 replacement: LRU
16 write_back: true
17 store_to: L3
18 load_from: L3
19 victim_to: L3
20 latency: 12
21 L3:
22 sets: 25600
23 ways: 16
24 line: 64
25 replacement: LRU
26 write_back: true
27 latency: 36
28 memory:
29 first: L1
30 last: L3
31 latency: 200

(a) Intel Xeon E5-2660 v3

1 caches:
2 L1:
3 sets: 64
4 ways: 8
5 line: 64
6 replacement: LRU
7 write_back: true
8 store_to: L2
9 load_from: L2

10 latency: 7
11 L2:
12 sets: 1024
13 ways: 8
14 line: 64
15 replacement: LRU
16 write_back: true
17 store_to: L3
18 load_from: L3
19 victim_to: L3
20 latency: 12
21 L3:
22 sets: 32768
23 ways: 16
24 line: 64
25 replacement: LRU
26 write_back: true
27 latency: 46
28 memory:
29 first: L1
30 last: L3
31 latency: 200

(b) AMD EPYC 7413

Listing 6.3: Two examples of cache specifications for different CPU models. Note
that these configurations are approximations of the true cache hierarch-
ies.

policy [237, 253]. Cache sizes were gathered from specification documents [238,
254], while cache latencies were obtained optimistically from sources on the fastest
load-to-use latencies [254, 255]. The Zen 3 L1 cache has a fastest load-to-use latency
of four cycles for integers and seven cycles for floating point values [254] – we use
the latter in our simulations. Finally, we assume a constant 200 cycle access latency
for main memory in both systems.

6.5.2 Fitness Function Validation

The fitness function we use in our evolutionary process (Section 6.4.2) is based on
simulation results because simulation yields significant benefits over empirical
measurements, primarily in terms of determinism and in the ability to simulate
future hardware. However, this strategy is not without risk: the simulation we per-
form is based on a non-cycle-accurate simulator, uses simplified cache hierarchies,
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and ignores computation entirely. Consequently, we must evaluate the usefulness
of our fitness function by establishing its correlation with execution time in real
hardware.

Ideally, the running time of a kernel using a given array layout would correlate
inversely linearly with our fitness function, therefore ensuring two important
properties. Firstly and most importantly, it guarantees that running time decreases
monotonically with the value of the fitness function, such that an array layout with
a higher fitness value is guaranteed to run more quickly; this allows us to establish
a ranking of layouts and enables us to reliably select the best-performing array
layout. Secondly, linear correlation guarantees proportionality between fitness and
running time, which facilitates the weighted selection of individuals.

To evaluate the degree towhich the aforementioned criteria aremet, we randomly
select one hundred array layouts for each of the eight access patterns given in
Table 6.1. We then evaluate the simulated fitness and measure the running time in
real hardware of each pair of array layout and access pattern. The fitness functions
of the pairs are calculated in parallel, as they are designed to be deterministic and
impervious to cache pollution or resource contention. The empirical benchmarks
are performed sequentially, ensuring that the benchmark is the sole user of the
processor caches. All measurements are repeated ten times, and we report the
mean and standard deviation of the running time.

The results of this experiment are shown in Figure 6.4. The coefficient of variation
of the measurements never exceeded a value of 2v = 0.0801. Accordingly, we
have opted to omit error bars from the figure. Upon visual inspection, it is clear
that the correlation between our fitness function and running time is not linear,
although the two do appear correlated. We confirm our suspicions of correlation
by computing Pearson’s coefficient of correlation (�?) and Spearman’s coefficient
of rank correlation (�B); the resulting statistics are given in Table 6.2. We observe
that our fitness function and running time correlate moderately to strongly with
running time for the Intel Xeon E5-2660 v3 processor, although the correlation is
weaker for the AMD EPYC 7413 processor. Although it is clear that there is space
for the fitness function to be improved, we believe that it correlates sufficiently
with running time to enable its use in genetic algorithms.

6.5.3 Genetic Algorithm Performance

To evaluate our evolutionary process (Section 6.4) as a whole, we intend to verify
that it can, indeed, find Morton-like array layouts that have a higher simulated
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Figure 6.4: Scatter plot of the fitness and measured running time on an Intel Xeon
E5-2660 v3 CPU and an AMD EPYC 7413 CPU for randomly chosen
array layouts.

fitness than the canonical layouts. To this end, we perform the evolutionary process
for each combination of our two simulated processors and eight access patterns,
giving rise to a total of sixteen experiments. For all of these experiments, we
configure our genetic algorithm to use � = 20, � = 20, and a mutation rate of 25%.
We simulate a total of 20 generations in each case.

Figure 6.5 shows a violin plot of the fitness distribution of all individuals con-
sidered during the evolutionary process. Figure 6.6 shows the evolution of popula-
tion fitness over the course of our experiments. Note that each of these experiments
represents a single evolutionary process. We notice that for the MMTijk, MMikj,
Jacobi2D, and Himeno access patterns, our method does not manage to discover
any layouts with higher fitness than the initial population of canonical layouts. In
the experiment on the MMijk access pattern, we discover layouts with a fitness
149.8% higher than the canonical layouts on the Intel Xeon E5-2660 v3 processor,
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Table 6.2: Pearson’s coefficient of correlation (�?) and Spearman’s coefficient of
rank correlation (�B) between our simulation-based fitness function and
true running time.

Intel E5-2660 v3 AMD EPYC 7413

Access pattern �? �B �? �B

MMijk(9; 4) −0.672 −0.480 −0.648 −0.489
MMTijk(9, 9; 4) −0.810 −0.896 −0.863 −0.823
MMikj(9; 4) −0.845 −0.815 −0.800 −0.838
MMTikj(9, 9; 4) −0.777 −0.744 −0.291 −0.405
Jacobi2D(13, 13; 4) −0.760 −0.769 −0.390 −0.428
Cholesky(10; 4) −0.827 −0.953 −0.725 −0.892
Crout(9; 4) −0.846 −0.663 −0.213 −0.704
Himeno(8, 7, 7; 4) −0.607 −0.475 −0.561 −0.496

and we improve on the fitness of canonical layouts by 187.5% for the AMD EPYC
7413. We also find layouts with improved fitness for the MMTikj (109.6% and
141.1% for the Intel and AMD processors, respectively), Cholesky (26.4% and
36.8%), and Crout (545.9% and 541.1%) access patterns. It is notable that we are
able to find layouts with high fitness in few generations.

6.5.4 Real-World Performance

In order to evaluate whether the layouts identified by our evolutionary algorithms
as superior to canonical layouts are indeed better, we evaluate them on real hard-
ware. We collect the fittest individual from each of the successful evolution experi-
ments – i.e. experiments in which our method improved upon canonical layouts,
as indicated by the top boundary in Figure 6.6 exceeding the maximum fitness
in the first generation – and evaluate the performance of those layouts compared
to the canonical layouts on real hardware. Given that our genetic algorithm dis-
covered superior layouts for four access patters – MMijk, MMTikj, Cholesky, and
Crout–and that we evaluate a discovered layout and two canonical layouts for
each access pattern, this gives rise to twenty-four experiments. We repeat each
experiment ten times to compensate for run-to-run variance.

The results of our experiments are shown in Table 6.3; they show that some access
patterns – the Cholesky pattern in particular – benefit very little from our method,
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Figure 6.5: Distribution of the fitness values for all individuals found across evolu-
tion experiments for eight access patterns and two processors.

with speed-ups ranging from small on the Haswell processor to insignificant on
the Zen 3 processor. The matrix multiplication access patterns benefit more, and
performance for these access patterns is improved significantly. The Crout access
pattern stands out as achieving very large speed-up – up to a factor ten – from
our method. It is worth noting that, in most cases, the Zen 3 processor benefits
more from our evolutionary methodology than the Haswell processor; we do not
currently have a satisfactory explanation for this behaviour.

It is important to note that we do not claim to have discovered a novel way
of performing matrix multiplication or matrix decomposition that outperforms
existing implementations. Indeed, our experiments are based on relatively na-
ive implementations of these algorithms; high-performance implementations of
matrix multiplication commonly rely on tiling to significantly improve the cache
behaviour of the application [199], and the performance of tiled matrix multiplica-
tion surpasses what we achieve in this chapter. The purpose of the methodology
described in this chapter, rather, is to provide an alternative way of improving the
cache behaviour of an application in a manner which is fully agnostic of the applic-
ation: unlike tiling and other application-specific optimisations, our methodology
of altering the array layouts can be applied to any multi-dimensional problem
without the need for application-specific knowledge. In addition, our approach
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Table 6.3: Comparison of running time between the best-performing canonical
layout and the best-performing layout found by our evolutionary process
for four access patterns.

Access pattern Best can. Best evo. Speed-up

Intel Xeon E5-2660 v3
MMijk(11; 4) 17.84 s 10.94 s 63.1%
MMTikj(11, 11; 4) 18.13 s 13.96 s 29.9%
Cholesky(12; 4) 11.84 s 11.43 s 3.6%
Crout(12; 4) 158.54 s 43.72 s 262.6%

AMD EPYC 7413
MMijk(11; 4) 37.71 s 9.58 s 293.8%
MMTikj(11, 11; 4) 32.35 s 15.21 s 112.6%
Cholesky(12; 4) 9.72 s 9.55 s 1.0%
Crout(12; 4) 232.84 s 21.03 s 1007.0%

requires few code changes, making it easy to implement.

6.6 Limitations and Threats to Validity

Throughout this chapter, we evaluate cache efficacy through a simplified lens
which may reduce the applicability of our methods in more complex, real-world
applications. Indeed, we consider accesses to memory in isolation, decoupled from
computation and cache-polluting effects. We assume single-threaded execution
without scheduling, which means that our caches will not be polluted by processes
sharing (parts of) the cache hierarchy, nor will the application have its cached data
evicted due to context switching. We also assume scalar, in-order execution of
memory accesses. Finally, we take an optimistic view of cache latencies, using the
fastest load-to-use latencies provided by hardware manufacturers; in real-world
scenarios, cache latencies may be both more pessimistic and less stable than we
assume. The results shown in Section 6.5.4 indicate, however, that our fitness
function is sufficiently accurate to be effective in real hardware.

In addition, the family of array layouts described in this chapter requires array
sizes to be powers of two in each dimension. In applications where this is not
the case, arrays must be over-allocated. For =-dimensional applications, using
the layouts described in this chapter requires over-allocation by a factor of O(2=).
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Furthermore, applications using such layouts must consider the use of SIMD
vectorisation: it remains an open question which operations on arrays laid out
in non-standard ways can be (automatically) vectorised. We have argued for the
feasibility of SIMD in Morton-like arrays in Section 6.3.4.

Finally, our work considers only multiset permutations, in which the rank signi-
ficance of bits in the input indices is preserved. This decision is based on current
commodity hardware, which is capable of efficiently permuting bits only under
this condition. There exists an even larger family of layouts in which rank bit signi-
ficance is not preserved4; such layouts could be of practical use in theoretical future
processors with more advanced bit manipulation instructions, or in current FPGA
and ASIC devices which permit the implementation of custom bit manipulation
operations. Although we have not tested our approach on this further generalisa-
tion, we are confident that an evolutionary approach like the one presented in this
chapter could be beneficial in exploring this (even larger) design space.

6.7 Reproducibility and Reusability

The evolutionary algorithms, scripts for the processing and visualisation of data,
and other software used in this chapter are permanently archived on Zenodo [256],
and have been made available at doi:10.5281/zenodo.10567243. The aforemen-
tioned artifact also contains all data that were gathered and processed during the
work presented in this chapter as well as a README file explaining its use. The
artifact was submitted to the artifact evaluation track of the ICPE’24 conference,
where it was awarded the ACM Artifacts Available, ACM Artifacts Evaluated – Func-
tional, and ACM Results Validated – Reproduced badges. At the time of writing, the
software – named ALEX for Array Layout EXperiment – is available freely under
the Unlicense on GitHub at https://github.com/stephenswat/alex [257].

6.8 Summary

In this chapter, we have discussed a generalisation of the Morton layout for multi-
dimensional data and we have shown that there exist families of array layouts
with strongly varying cache behaviour which, in turn, impact the performance of
applications. We have shown how these layouts can be systematically described,
4That is to say, the layout [00 , 01 , 10 , 11] (which draws its least significant bit from the least signific-

ant bit of the first index) is distinct from the layout [01 , 00 , 10 , 11] (which instead draws its least
significant bit from the second-least significant bit of the first index).
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6.8 Summary

and that the number of possible layouts quickly exceed the limits of what can be
feasibly explored using exhaustive search. We have proposed a method based on
evolutionary algorithms for the exploration of the design space of such layouts. We
have evaluated the fitness of different array layouts using cache simulation and we
have presented results indicating that our fitness function correlateswith real world
performance. Furthermore, we have shown that the methodology described in this
chapter can be used to improve the performance of applications on real hardware
by up to ten times compared to the canonical row-major and column-major layouts.
Finally, we have further expanded on our answer to Research Question 2.
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7
Modelling and Mitigating Thread
Imbalance in SIMT Workloads

Remember that all models are wrong; the
practical question is how wrong do they have
to be to not be useful.

— George Box
(Professor of statistics)

The second common performance problem we identified in Chapter 4 is imbal-
ance in computational workloads. Although multi-core CPU architectures can
execute workloads in which threads perform different amount of work with relat-
ively few problems, the lockstep execution behaviour of many massively parallel
architectures dictates that each thread in a thread group must wait for the thread
with the most work to finish. This can introduce significant overhead, but it is
not trivial to estimate exactly how much. In this chapter, we answer Research
Question 3 by introducing a statistical model that gives a metric for the amount of
overhead incurred by lockstep execution for a workload following a given statist-
ical distribution. In other words, we provide a metric for the degree to which a
workload is suitable for massively parallel execution. We show that our metric can
be used to evaluate thread coarsening and refinement techniques as well as load
balancing in early stages of the development of parallel applications. Furthermore,
we show that our model closely matches the behaviour of real hardware.

This chapter is based on the following publication:
• Stephen Nicholas Swatman, Ana-Lucia Varbanescu, Attila Krasznahorkay

and Andy D. Pimentel. ‘Modelling Performance Loss due to Thread Im-
balance in Stochastic Variable-Length SIMT Workloads’. In: 2022 30th In-
ternational Symposium on Modeling, Analysis, and Simulation of Computer and
Telecommunication Systems. MASCOTS’22. Nice, France: IEEE, 2022, pp. 137–
144. doi: 10.1109/MASCOTS56607.2022.00026
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Chapter 7 Modelling and Mitigating Thread Imbalance in SIMT Workloads

7.1 Introduction

As the landscape of high-performance computing has evolved over recent years,
Single Instruction Multiple Threads (SIMT) processors – usually in the form of
General-Purpose Graphics Processing Units (GPGPUs) – have become popular
for high-performance computation in many domains [258]. By sacrificing the
independence of individual processing cores, SIMT processors are able to pack
significantly more processing cores, and thus provide much more raw processing
power, compared to their traditional Multiple Instructions Multiple Data (MIMD)
counterparts [107].

However, not every conceivable computational workload can be efficiently
handed off to an SIMT device. The increased raw processing power of these
devices comes at the cost of reduced flexibility, and algorithms must be carefully
designed to run efficiently on SIMT devices, lest their computational prowess
goes to waste. One important consideration when programming SIMT devices
is the concept of thread divergence. In an SIMT device, a group of threads can –
by definition – perform only a single, common instruction at a time; colloquially,
these threads run in lockstep. Thus, cases where the execution paths of threads
diverge will cause some of the threads to be idle. If care is not taken to minimise
thread divergence in algorithms designed to run on SIMT devices, it can severely
degrade performance [259].

Thread divergence emerges not only in situations with conditional branches in
the common if-else sense, but it can also arise in iterative processes in the form of
thread imbalance. When the number of iterations of a loop varies between threads,
the result is divergence: threads will be idle until the thread with the largest
amount of work has performed the necessary number of iterations. Throughout
this chapter, we refer to workloads where the number of iterations is not fixed
and may differ between threads as variable-length workloads. When the number of
iterations is described by some probabilistic process, we refer to them as stochastic
workloads. While it is well understood that thread imbalance in variable-length
workloads is detrimental to the performance of SIMT devices [259, 260], we are
unaware of any quantitative models that predict exactly how much performance is
lost.

The question how we can model the impact of thread imbalance in stochastic
variable-length workloads is the core focus of this chapter. With this chapter, we
are the first to design and implement an accurate statistical model for the expected
performance loss of a given application, given only that it is an iterative process,
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that it is executed on an SIMT device, and that the number of iterations required
to complete the process follows a known (albeit arbitrarily complex) distribution.
We validate our model using empirical measurements gathered using a dedicated
benchmark running on an NVIDIA GPU. The results of this validation show that
our model agrees with simulated data with a relative error of less than 0.1%, and
that it agrees with measurements taken on a real device within 2%.

Our accurate model can help motivate more precisely the design process of
(future) SIMT applications – in particular in terms of processing granularity –
in domains where stochastic iterative processes are common, such as machine
learning [261], cryptography [262], graph processing [263], and scientific comput-
ing [264]. The importance of thread imbalance and granularity is further supported
by our own results, which show (in Table 7.1) that thread imbalance in SIMTdevices
can lead to execution that is nearly four times slower if thread granularity is not
chosen carefully.

In short, this chapter makes the following contributions:

• We provide a statistical framework for reasoning about the performance loss
due to thread imbalance in variable-length workloads on SIMT processors
(Section 7.4);

• We assess the accuracy of our model using empirical results gained from a
custom synthetic benchmark for this form of performance loss (Section 7.5);

• We demonstrate through a mini-app how our model can be used to inform
the design of real-world applications (Section 7.6).

7.2 Background

A traditional multi-core CPU architecture consists of a number of processing cores,
each of which is equipped with dedicated arithmetic and control hardware. Be-
cause all cores in such an architecture possess their own control, they can function
largely independently of one another, executing multiple instructions on (poten-
tially) different data. Thus, such an architecture is classified asMultiple Instructions
Multiple Data (MIMD) [77]. In recent years, we observe a stark rise in popularity
of a different kind of architecture: Single Instruction Multiple Threads (SIMT).
SIMT architectures omit the control flow from individual cores in favour of having
a larger number of (less flexible) cores and – as a result – more arithmetic prowess
compared to a similar MIMD device.
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✓ ✓ ✓ ✓int n = thread_id();
✓ ✓ ✓ ✓prologue();

if (0 < n < 3) {
✗ ✓ ✓ ✗branch1();

} else if (n == 0) {
✓ ✗ ✗ ✗branch2();

}
✓ ✓ ✓ ✓epilogue();

𝑡0 𝑡1 𝑡2 𝑡3𝑚0 𝑚1 𝑚2 𝑚3

Figure 7.1: A toy program that is executed by four threads – with identifiers 0,
1, 2, and 3 – which shows masking and thread divergence. Thread C8
executes instructions only if mask<8 is set. Idle threads are represented
by grey arrows, while active threads are represented by black arrows.

7.2.1 Thread Divergence and Imbalance

In an SIMT architecture, multiple threads – which we refer to as a thread group –
share the same control flow. As a result, instructions on such architectures can
only ever be issued to an entire thread group at the same time, rather than to
individual threads like on an MIMD architecture. This behaviour is referred to as
lockstep execution. In this execution model, conditional branches are challenging
and are implemented through a process known as masking: when a thread group
encounters a conditional block, each thread determines whether it should execute
or ignore the corresponding instructions. An example of masked execution is
shown in Figure 7.1. Threads not participating in conditional execution are unable
to perform other useful work during this time: they are idle, and computing
resources are wasted. As the number of conditional paths – or the length of those
paths – grows, more threads are idle for longer periods of time, and we lose
more performance. We refer to this behaviour as thread divergence, and it can be a
significant source of performance degradation [259].

Thread divergence also arises in iterative structures such as loops, which rely
on conditional branches that jump back to the start of the loop body. Thus, if
one thread in an SIMT processor has concluded the iterative process but another
thread has more iterations to perform, their execution paths diverge: the first
thread will need to idle until the second completes the loop. We refer to this
particular manifestation of threads divergence as thread imbalance.
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7.2.2 Notation

The remainder of this chapter relies heavily on concepts from the field of statistics,
for which we will adhere to a common system of notation: capital letters (, , -,
., /) shall denote (possibly parameterised) random variables, 5-(G) shall denote
the probability mass function of -, and �-(G) shall denote the cumulative density
function of -. supp(-) shall denote the support of -. -(8:=) shall denote the 8-
th order statistic of a sample of = values drawn from -. %(...) shall denote the
probability of a given event.

We will use terminology from NVIDIA’s CUDA framework for programming
GPUs [97], as this is one of the most widely used SIMT programming platforms
at the time of writing. In addition, the experiments presented in this chapter are
designed for and executed on NVIDIA GPUs. In particular, we will use the term
warp to refer to a group of threads running in lockstep.

7.3 Mitigating Imbalance

The SIMT programmer’s toolbox provides at least two strategies to ameliorate the
effects of thread imbalance: changing the thread granularity, and load balancing.
Thread granularity refers to the way work is mapped onto the threads of the
processor. Most commonly, SIMT programmers map small, independent parts
of a workload onto individual threads, but it is also possible to spread that work
over multiple threads. This effectively reduces the number of independent jobs
executed by the thread group, thereby reducing the degree of imbalance. This
process is referred to as thread refinement, as it maps a smaller amount of work onto
each thread; Figure 7.2 illustrates three levels of thread refinement. Spreadingwork
over multiple threads is often non-trivial and implementing thread refinement
can be challenging. An opposite approach known as thread coarsening can also
be used; coarsening involves increasing the workload per thread in the hope that
this will balance the amount of work between threads. We note that support for
programming at different levels of granularity is increasing in massively parallel
programming models; NVIDIA, for example, implements so-called cooperative
groups in version 9.0 of its CUDA platform [97, 265]. Similarly, SYCL features
sub-groups [266]. Both of these features allow programmers to tune their code to
minimise the impact of thread imbalance.

Load balancing, on the other hand, operates by pre-processing the workload of
the SIMT processor such that the work performed by each thread group is more
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𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7 𝑡8 𝑡9 𝑡10 𝑡11 𝑡12 𝑡13 𝑡14 𝑡15

𝑤0 𝑤1 𝑤2 𝑤3 𝑤4 𝑤5 𝑤6 𝑤7 𝑤8 𝑤9 𝑤10 𝑤11 𝑤12 𝑤13 𝑤14 𝑤15

(a) Mapping one unit of work onto one thread risks thread imbalance, but allows the code
to be written in a sequential fashion.

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7 𝑡8 𝑡9 𝑡10 𝑡11 𝑡12 𝑡13 𝑡14 𝑡15

𝑤0 𝑤1 𝑤2 𝑤3

(b) Mapping one unit of work onto multiple threads reduces thread, but requires the pro-
grammer to distribute work over multiple threads.

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7 𝑡8 𝑡9 𝑡10 𝑡11 𝑡12 𝑡13 𝑡14 𝑡15

𝑤0

(c) Mapping one unit of work onto an entire group (warp) of threads eliminates thread
imbalance, but requires the greatest effort to divide work.

Figure 7.2: Three distinct levels of thread refinement which can be used to mitigate
the effects of thread imbalance.

balanced [263]. For example, a programmermay choose to sort theworkload before
offloading it to the SIMT device, guaranteeing that jobs of similar length will end
up in the same thread group. Of course, sorting a sufficiently large workload is
in itself a costly operation, and approximate solutions – which nevertheless more
balanced execution – may be used [267].

Choosing a suitable thread granularity or balancing loads between SIMT threads
requires an understanding of howmuch performancewe lose due to imbalance, but
we do not currently have quantitative models for this. Rather, these important (and
potentially time-consuming) optimisations are often processes of trial and error.
Our contribution, therefore, is to provide a quantitative model for the impact of
thread imbalance in order to allow application developers to make more informed
decisions about the design of their applications.
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7.4 Modelling Imbalance

Throughout this chapter we assume that a workload is comprised of an arbitrary
number of units of work which can be performed independently and in parallel.
Each unit is described by a natural number, indicating the number of iterations
required to complete it. For example, the workload {5, 2, 3, 7} consists of four units
of work, requiring 5, 2, 3, and 7 iterations to complete. Executing one iteration has
some application-specific computational cost); thismight represent, for example, a
number of cycles or an amount of wall-clock time. It follows that the computational
cost of a unit of work is given by the number of iterations required to complete it
multiplied by the iteration cost ).

As workloads can be arbitrarily large and hardware is inherently limited in its
ability to execute processes in parallel, the workload is naturally partitioned into
work groups. On an SIMT device with two lanes, our previous workload might be
partitioned into two work groups: {{5, 2}, {3, 7}}. Work groups are analogous to
thread groups in the sameway that data is analogous to hardware; work groups are
mapped onto thread groups for processing, and a single thread group may process
many work groups throughout the running time of a program. The mapping
of individual units of work onto individual threads is determined by the thread
granularity. The manner in which the work groups within a workload are mapped
onto thread groups depends on the hardware, and has no bearing on the rest of our
model: on a strict SIMT device, work groups might be executed sequentially by a
single thread group, while on an NVIDIA GPU the work groups might be executed
in parallel across multiple independent Streaming Multiprocessors (SMs).

Importantly, the idea of imbalance exists only within work groups, and there
is (by definition) no dependency between different work groups. This allows us,
without loss of generality, to study work groups individually. As such, we denote
work groups using the symbol F, and we use |F| to denote the size of work group
F. Finally, F8 shall denote the number of iterations required to complete the 8th
unit of work in F.

We define performance loss due to SIMT execution as the computational cost
of executing a work group F on a SIMT device, �SIMT(F), divided by the cost of
executing the same work group on an idealised MIMD device, �MIMD(F). This
idealised device has equivalent computational power to the SIMT device, but does
not run in lockstep and as such, its performance does not degrade due to thread
imbalance. Figure 7.3 illustrates the execution of a workload on these two devices.
Formally, the performance loss of executing a work group F on the SIMT device,
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𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7

(a) The SIMT device runs in lockstep, lead-
ing to periods of idleness (straight grey
arrows). The cost, including idle time, is
56 for F and 40 for F′.

𝑡0 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6 𝑡7

(b) The MIMD device incurs no performance
loss due to lockstep execution (amortised
over continuous execution, wavy arrows).
The cost is 33 units for F, and 32 for F′.

Figure 7.3: An example of 8-way SIMT and MIMD execution of two work
groups from a larger workload: F = {4, 2, 7, 1, 6, 4, 3, 6} and F′ =

{4, 3, 4, 5, 4, 5, 3, 4}. The performance loss due to imbalance isℋ(F) =
56/33 = 1.70 andℋ(F′) = 40/32 = 1.25.

ℋ(F), is defined as:

ℋ(F) = �SIMT(F)
�MIMD(F)

(7.1)

From our assumptions made about the devices, it follows thatℋ(F) ∈ [1,∞);
indeed, since the MIMD device has the same computational power, but is not
affected by thread imbalance, it should always perform as well as or better than
the SIMT device. In this framework,ℋ(F) = 1 implies that the computational cost
of running the work group on the SIMT device is the same as the cost of running
it on the MIMD device, and indicates that the work group incurs no performance
loss at all. Intuitively, as |F| becomes larger (in other words, as we process more
work in parallel), we expect the performance loss to grow accordingly. Finally,
|F| = 1 impliesℋ(F) = 1, as there is no possibility for a single unit of work to be
imbalanced.
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7.4.1 Modelling SIMT and MIMD Devices

In order to model the computational cost of executing a work group on our SIMT
device we must consider the fact that, in lockstep execution, a thread cannot
proceed until all threads in its group have completed their required number of
iterations. Thus, the threads need to wait for the thread with the largest number of
iterations: the depth of the work group [268]. Because all threads in the group are
occupied (albeit possibly idle) throughout the entire process, the total computa-
tional cost for the work group F, �SIMT(F), is given by the following expression,
where ) represents the computational cost of executing a single iteration:

�SIMT(F) = |F|
|F|

max
8=1

)F8 = )|F|
|F|

max
8=1

F8 (7.2)

Next, we model the computational cost of executing the same work group on our
idealised MIMD device. This device executes the units of work in parallel, but can
immediately perform meaningful work when previous work is completed such
that threads do not incur additional cost by idling. Therefore, the computational
cost of executing the work group on our MIMD device is equal to the sum of the
costs of the individual units. This gives us the following definition of �MIMD(F),
where the cost ) to perform one iteration is the same as for the SIMT device:

�MIMD(F) =
|F|∑
8=1

)F8 = )

|F|∑
8=1

F8 (7.3)

We can substitute Equations 7.2 and 7.3 into Equation 7.1 to obtain the following
expression for the loss of performance:

ℋ(F) =
)|F|max|F|

8=1 F8

)
∑|F|
8=1 F8

= |F|
max|F|

8=1 F8∑|F|
8=1 F8

(7.4)

It is worth noting that, in Equation 7.4, the constant cost factor ) is eliminated,
which imparts a powerful property on our model: it is wholly independent of the
implementation details of the iterative code, as well as the hardware on which it
will run. This means that no knowledge about the implementation is required to
construct a model of this type. Rather, we only need to know how the number of
iterations for each work unit is distributed.
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7.4.2 Modelling Stochastic Work Groups

From this point forward, we treat our work groups as random samples, which
necessitates some change in notation. In a stochastic framework, our work group
F becomes a realisation of an independently and identically distributed sample of
size = = |F| drawn from a discrete distribution, , such thatF = {,1 ,,2 , . . . ,,=}
and,1 ,,2 , . . . ,,= ∼, . Thereby,ℋ(F) necessarily becomes a random variable,
which we shall denote -, (=), such that -, (=) ∼ ℋ({,1 ,,2 , . . . ,,=}). This gives
the following rephrasing of Equation 7.4 in terms of random variables:

-, (=) = =
max=

8=1,8∑=
8=1,8

(7.5)

The idea that iteration counts are drawn from or described by a statistical dis-
tribution arises naturally in many kinds of computation. Programs which model
or process data from real-world processes might be described – with sufficient
domain knowledge – by one of many well-known parametric distributions, such
as the Poisson distribution. In many other cases where a closed-form distribution
is not available, we can still describe the iteration-counts distribution through
simulation.

This stochastic framework also elucidates some of the potential use cases for
our model. Indeed, the idea of configuring the thread granularity of a program
corresponds directly to changing the size = of the random sample of work lengths,
and load balancing corresponds to changing the underlying distribution, ; balan-
cing the load of a SIMT program amounts to partitioning it into multiple smaller
loads, each of which has a more narrow distribution and – as a result – loses less
performance due to imbalance. Because ourmodel captures these effects so directly,
we believe it to be a useful tool in reasoning about these kinds of optimisations.

Given that the distribution of our work unit lengths,, , is discrete, we could –
in theory – find the distribution of the performance loss -, (=) by enumerating all
possible values of,1 ,,2 , . . . ,,= . However, this solution runs in O(|supp(,)|=)
time and is not generally computationally tractable: a distribution supported by
only ten possible outcomes would lead to 1032 possible combinations in a model
for thirty-two parallel units of work.

We proceed by creating an equivalent model that is more computationally effi-
cient. In order to do so, we first re-write the numerator in Equation 7.5 using order
statistics: given that,1 ,,2 , . . . ,,= are random variables drawn from, , we can
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sort these values in ascending order such that the 8th order statistic, denoted,(8:=),
is the :th smallest value. Thus,,(1:=) represents the smallest value in the sample,
,(2:=) represents the second-smallest value, and so forth. Given that there are =
values in total, ,(=:=) naturally represents the largest value in the sample – the
maximum. Next, we reduce the denominator of the fraction to a single random
variable. This new random variable, denoted /, (=, 0), represents the distribution
of the sum of = random variables drawn from, , given the fact that the maximum
of that sample is known to be 0. Since the maximum value is know from the
numerator, we set 0 =,(=:=) and obtain the following equation:

-, (=) = =
0

/, (=, 0)
where 0 ∼,(=:=) (7.6)

The number of random variables required to compute the performance loss
-, (=) in Equation 7.6 is now only two (as opposed to the = random variables
required to compute Equation 7.5): ,(=:=) and /, (=,,(=:=)). This greatly reduces
the combinatorics required to enumerate all possible outcomes of this division;
indeed, we find that the number of outcomes is now bound by O(=|supp(,)|2).
We proceed by computing the distribution of the sample maximum ,(=:=) in
Section 7.4.2, and the distribution of the sum of a sample given its maximum,
/, (=, 0), in Section 7.4.2. Finally, we calculate the ratio distribution -, (=) in
Section 7.4.3.

Distribution of the Sample Maximum

In order to find an analytical solution for the distribution of themaximumof a series
of i.i.d. random variables,1 ,,2 , . . . ,,= ∼, , we note that this maximum is equal
to the =-th order statistic of that sample, denoted,(=:=). The distribution of order
statistics for discrete distributions is well understood [269], and the distribution of
,(=:=) is described by the following probability mass function:

5,(=:=)(G) = %(, ≤ G)= − %(, < G)=

= �, (G)= −
(
�, (G) − 5, (G)

)= (7.7)

It is worth noting that the distribution of the maximum value preserves the
support of the original distribution; intuitively, if one were to roll a six-sided die
ten times and select the maximum roll, that outcome would never be more than
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six, nor would it ever be lower than one.

Distribution of the Sample Sum

In Equation 7.6, /, (=, 0) denotes the distribution of the sum of an i.i.d. sample
,1 ,,2 , . . . ,,= ∼ , given a priori knowledge that the maximum value in that
sample is equal to 0, thus:

5/, (=,0)(G) = %
(
G =

=∑
8=1

,8

�����,(=:=) = 0

)
(7.8)

In order to derive this distribution we construct a parametric, non-normalised
function 6, (G; 8 , <), which denotes the probability of the sum of 8 values drawn
from, , each of which is no greater than <, being equal to G. This function is
defined inductively from a degenerate distribution supported at zero (capturing
the idea that additive processes start at zero) as follows:

6, (G; 8 , <) =

[G = 0] if 8 = 0
<∑
9=0

6, (G − 9; 8 − 1, <) 5, (9) otherwise
(7.9)

By its definition, 6, (G; =, 0) nearly models the target distribution but it crucially
fails to model that, in for the maximum of a sample to equal 0, the sample must
contain 0 at least once. In order to resolve this, we subtract the function 6, (G; =, 0−
1), which intuitively models the probability of never drawing 0, point-wise. Then,
we only need to normalise the resulting probabilities to find an expression for the
distribution of the sample sum given its maximum:

5/, (=,0)(G) =
6, (G; =, 0) − 6, (G; =, 0 − 1)∑=0

9=0

(
6, (9; =, 0) − 6, (9; =, 0 − 1)

) (7.10)

7.4.3 Modelling Performance Loss

In order to find the distribution of the loss of performance in our model, we
calculate the ratio distribution between ,(=:=) and /, (=,,(=:=)). This process
does not generally permit a closed form solution, but this distribution can be
calculated through a brute-force approach. Indeed, since all distributions involved
in the process are discrete and because their supports are subsets of the integers,
our ratio distribution is supported by a subset of Q which must be countable.
The probability of each supported outcome is then given by summing up the
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probabilities of all outcomes which map to the same irreducible fraction:

5-, (=)(G) =
∑

0,1∈N, = 0
1 =G

5,(=:=)(0) 5/,(=,0)(1) (7.11)

It should be noted that, for this process to be tractable, the support of the under-
lying distribution, must be finite. If the support of, is infinite, then the support
of,(=:=) is infinite and, consequently, the support of -, (=) is also infinite; as such,
we would not be able to meaningfully enumerate the possible outcomes. We can
resolve this issue by approximating, using a finite truncated distribution. To this
end, we can choose some acceptable degree of error & = 0.001 and construct a new
distribution, ′ where:

supp(, ′) = {G ∈ supp(,) : �, (G) ≤ 1 − &} (7.12)

Following normalisation, distribution, ′ would capture roughly 1 − & of the
total probability mass of the original distribution, while allowing us to enumerate
the possible outcomes in a finite amount of time.

The enumeration of the possible outcomes, and the computation of their prob-
abilities, marks the end of the construction of our model. This model gives us
insight into the distribution of the loss of performance for a randomly drawn
work group. For example, 5-, (=)(2/1) gives us the probability that an arbitrary
work group would have a computational cost exactly twice as high when executed
on an SIMT device compared to when executed on an MIMD device. Similarly,
�-, (=)(2/1) denotes the probability of that performance lost being equal to or less
than a factor two. Additionally, E(-, (=)) gives the expected loss of performance
for a work group. Because most real-world workloads will have many thousands of
work groups, the performance loss of such workloads will naturally tend towards
the expected value as a consequence of the law of large numbers.

7.4.4 Approximate Models

The modelling method presented in this chapter is designed explicitly to produce
a model that captures the distribution of overhead exactly and within a tractable
amount of time. However, we acknowledge that in certain scenarios, the time
required to construct such a model may still be prohibitive. In particular, we
consider cases where the number of parallel processes is very large (much larger
than the thirty-two threads which we see in NVIDIA devices [97]).

In cases where the number of parallel processors is very large, much of the
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complexity in our model exists to capture the non-independence between the
numerator and the denominator in Equation 7.5. At the same time, however, we
find that models for higher numbers of threads are far more resistant to error that
is introduced by a more lax treatment of the aforementioned non-independence.
In other words, we find that approximate models that do not capture the non-
independence in Equation 7.5 exactlymay still give viable results for high degrees of
parallelism. It is possible to create an approximate model by rewriting Equation 7.5
as follows:

- = =
.(=)

.(=) +
∑=−1
8=1 .(8)

(7.13)

By treating the summation in the denominator of this equation as independent
from the numerator, we can independently draw a new sample /1 , /2 , . . . , /=−1 ∼
/, where / is a truncated version of the distribution ., supported up to and
including .(=):

- = =
.(=)

.(=) +
∑=−1
8=1 /8

(7.14)

The distribution for the sum in the denominator of this equation can be found
by calculating the repeated self-convolution of /, which in turn can be calculated
as a power of the moment generating polynomial of / [270]:

"(∑=−1
8=1 /(8)

) (C) = "/(C)=−1 (7.15)

This approximation provides excellent agreement for even a moderate number
of threads (in our experience, the results are nearly indistinguishable if = > 8). For
an even weaker but computationally cheaper approximation, we can treat the cost
models for our SIMT and MIMD devices as completely independent, such that
Equation 7.5 becomes equivalent to:

- = =
.(=)∑=
8=1.

′
8

(7.16)

Where .′1 , .
′
2 , .

′
= ∼ .. This allows us to estimate the ratio distribution from

the distribution of the numerator given in Equation 7.7, while we can find the
distribution for the denominator using convolution as described in Equation 7.15.
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This approximation technique is computationally cheap, but produces highly
skewed results where . < 1 is possible (even though this should be impossible).
Still, the mean is largely unaffected if the number of threads is sufficiently large.

7.5 Model Evaluation

In order to evaluate the predictive power of our model, we construct a benchmark
based on a simple iterative process: matrix exponentiation. Our validation process
has two stages. First, we simulate a synthetic workload – with exponents drawn
from a given distribution – using a Monte Carlo method. This process allows us
to compute the loss of performance as given by Equation 7.4 exactly, and we will
refer to this as the simulated loss of performance. Second, we execute the matrix
exponentiation kernel – with the iteration counts given by our earlier simulation –
on a real-world SIMT device; by measuring the execution time of each of the work
groups, we can determine the measured loss of performance. Both of these metrics
can then be compared to each other, as well as to the modelled loss of performance,
to confirm whether they are in agreement.

7.5.1 Benchmark Design

Our benchmark operates by computing powers of square dense matrices "? (with
? ∈ N) through repeated multiplication1. This problem matches the class of
algorithms targeted by our model very well: each work unit iteratively executes
matrix multiplication operations, and the number of iterations is equal to the
exponent ?. In addition, the cost of each iteration is fixed: for our benchmark,
we operate on 16 × 16 matrices. As discussed in Section 7.4, the execution time
of each individual step is irrelevant to the outcome of our model, and as such
the size of the matrices should not matter. However, we find that if the run-time
of each individual step is very small (as it is for, say, 3 × 3 matrices), we incur
additional noise in our measurements. Pseudo-code for our benchmark is given in
Algorithm 7.1.

Note that our validation strategy relies on an emulation of MIMD behaviour on
the SIMT device. To this end, we measure the cost of performing a computation in
accordance with the SIMT model as the time between the start of the computation
and the time at which all threads are done. In contrast, we emulate the behaviour of
1The astute reader may have noticed that, because square matrices under multiplication form a

monoid, this operation can be performed more efficiently in O(log2 ?) time. However, this defeats
the purpose of our benchmark, and is therefore not implemented.
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Data: Source distribution, , number of trials A, work group size =
Result: Simulated results G0 , . . . , GA and measured results H0 , . . . , HA
for 8 ← 0 to A do

for 9 ← 0 to = do
?8 , 9 ←,

"8, 9 ← random matrix
end

end
for 8 ← 0 to A do

�SIMT ← 0
�MIMD ← 0
parallel for 9 ← 0 to = do

"′
8, 9
← �

2 9 ← clock()
for : ← 0 to ?8 , 9 do

"′
8 , 9
← "′

8 , 9
"8 , 9

2MIMD, 9 ← clock()
end
2SIMT, 9 ← clock()
�SIMT ← �SIMT + 2SIMT, 9 − 2 9
�MIMD ← �MIMD + 2MIMD, 9 − 2 9

end

G8 ← =
max=

9=0 ?8, 9∑=
9=0 ?8 , 9

H8 ← �SIMT
�MIMD

end

Algorithm 7.1: Benchmark of the loss of performance when running work units
drawn from a given distribution. We assume execution on an SIMT
machine – thus, the parallel block is executed in lockstep – to de-
termine �SIMT, and emulate the equivalent MIMD execution to
calculate �MIMD.

an MIMD device by calculating the time at which each thread is ready to proceed
with further useful work, without being constrained by the lockstep execution
model.

We evaluate the accuracy of our model using the following five underlying
probability distributions for work unit lengths:

• B(40, 0.5): Binomial with = = 40 and ? = 0.5.

• Geo(0.05): Geometric with ? = 0.05.

• Pois(30): Poisson with � = 30.

• U(20, 40): Uniform with 0 = 20 and 1 = 40.

• NB(5, 0.3): Negative binomial with A = 5 and ? = 0.3.
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Figure 7.4: Probability mass functions for the distributions under evaluation in
this chapter.

The probability mass functions for these distributions is given in Section 7.5.1.
These distributions have been selected for evaluation because they: (1) occur
naturally and commonly in real-world processes; (2) they have a wide range of
supports (including infinite ones); and (3) they have a wide variety of shapes
(including fat-tailed and thin-tailed). Please note that our model is not limited to
such well-behaved distributions; instead, the model works for arbitrary discrete
distributions. Even a categorical distribution assigning an arbitrary probability
mass to each of a set of natural numbers can be used with our modelling strategy.

7.5.2 Experimental Setup

We have implemented our benchmark in C++; the Monte Carlo simulation of
work items follows the MT19937 pseudo-random number generator provided
by the C++ standard library [271]. The code for the SIMT device was written in
CUDA [97], and it was compiled and executed on the CUDA 11.5 platform. The
compiler was configured to emit code for Compute Capability and PTX version
8.0 (the most recent version supported by our target GPU). The host code was
compiled using gcc version 9.4.0. Our results were generated on a node of the DAS-
6 cluster [194] using an NVIDIA A100 PCIe GPU with 40GB of HBM2 memory
based on the Ampere microarchitecture [64]. The kernels were launched with 256
threads per block, and threads whose index exceeded the target number of threads
were made to terminate immediately. This was done to reduce the occupancy
of the Streaming Multiprocessors in an attempt to avoid unrealistic amounts of
context switching. For each experiment, we used 218 work groups to ensure the
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Table 7.1: Descriptive statistics of the probability distributions used to validate our
model, comparing modelled, simulated, and measured distributions.

Modelled Simulated Measured

Dist. = �� �(,� �( �",( �" ��,"

B(40, 0.5) 2 1.090 0.01% 1.090 0.86% 1.099 0.86%
4 1.163 0.00% 1.163 0.83% 1.173 0.84%
8 1.225 0.02% 1.225 0.85% 1.236 0.88%

16 1.278 0.01% 1.278 0.75% 1.287 0.74%
32 1.325 0.01% 1.325 0.11% 1.326 0.12%

Geo(0.05) 2 1.476 0.05% 1.477 1.36% 1.497 1.43%
4 2.047 0.03% 2.047 0.91% 2.065 0.89%
8 2.668 0.01% 2.668 0.77% 2.689 0.77%

16 3.317 0.02% 3.317 0.12% 3.321 0.14%
32 3.979 0.02% 3.979 1.64% 3.915 1.59%

Pois(30) 2 1.104 0.00% 1.104 0.57% 1.110 0.58%
4 1.191 0.00% 1.191 0.55% 1.198 0.55%
8 1.268 0.01% 1.268 0.57% 1.275 0.57%

16 1.335 0.00% 1.335 0.44% 1.341 0.45%
32 1.397 0.00% 1.397 0.26% 1.393 0.25%

U(20, 40) 2 1.118 0.00% 1.118 0.57% 1.124 0.58%
4 1.213 0.01% 1.213 0.55% 1.220 0.54%
8 1.275 0.01% 1.275 0.58% 1.282 0.59%

16 1.309 0.01% 1.309 0.53% 1.316 0.54%
32 1.326 0.00% 1.326 0.16% 1.328 0.16%

NB(5, 0.3) 2 1.301 0.02% 1.301 1.64% 1.323 1.68%
4 1.587 0.06% 1.586 1.38% 1.608 1.34%
8 1.860 0.04% 1.860 1.32% 1.885 1.30%

16 2.123 0.06% 2.124 0.84% 2.142 0.90%
32 2.375 0.01% 2.375 0.72% 2.358 0.70%

�� denotes the expected performance loss as derived analytically using
our model, �( denotes the mean performance loss derived from our
simulation, and �" denotes the mean of the measured data. �0,1 de-
notes the relative error between the means �0 and �1 : �0,1 = |(�0−�1 )/�0|.
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availability of sufficient device memory to store the input matrices.
As our GPU is of a post-Volta architecture, it is equipped with Independent

Thread Scheduling (ITS) which implies that it is not strictly an SIMT device [272].
In order to more accurately simulate true SIMT behaviour, explicit thread group-
level synchronisation2 was added to the kernel. This also allows us to evaluate the
effects of Independent Thread Scheduling by disabling this synchronisation, as
explored in Section 7.5.4.

As discussed in Section 7.4.3, some of our underlying distributions had to be
truncated to ensure finite support; in these cases, the acceptable loss of precision
was set to a threshold of & = 10−6.

7.5.3 Validation Results

In order to evaluate the quality of our model, we calculate the expected and mean
performance loss for our modelled, simulated, and measured results. The nature
of our problem makes it difficult to apply many of the usual goodness-of-fit tests;
some of the probabilities we model are extremely small, leading to very small
numbers of expected observations, which invalidates the use of Pearson’s "2 and
similar tests. Because our data is discrete, the Kolmogorov-Smirnov test (and other
statistical tests for continuous distributions) are not applicable. This need not be
a problem, however: as discussed in Section 7.4.3, we posit that the mean is one
of the most meaningful statistics for our model, as it allows us to estimate the
performance loss for entire workloads.

The results of our analysis are shown in Table 7.1. These results indicate that
our model manages to predict the mean performance loss of both the Monte Carlo
simulation and the measurements on the GPU with a high level of accuracy: the
relative error between our model and the Monte Carlo simulation never exceeds
0.1% in our validation, and the relative error between our model and the timing
results from the GPU – a noisy environment – never exceeds 2%. A visual com-
parison between the modelled, simulated, and measured results for a subset of
distributions3 is shown in Figure 7.5. These figures confirm – on a visual level –
our previous findings that the model agrees well with simulated and measured
data.

We observe that finitely-supported distributions (namely, the binomial and
uniform distributions) are modelled more accurately, due to the fact that they
2In CUDA terminology, this is referred to as warp-level synchronisation.
3The remaining distributions exhibit similar levels of agreement, but were not included due to space

limitations.
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Figure 7.5: Comparison between the modelled, simulated, and empirically meas-
ured performance loss distributions for a subset of distributions and
degrees of parallelism.
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Figure 7.6: Relative error of measured performance loss with explicit thread group-
level synchronisation enabled and disabled, demonstrating the impact
of Independent Thread Scheduling.

do not require truncation; the truncation required to make our model work with
infinite distributions (in this case, the geometric, Poisson, and negative binomial
distributions) discards a small but non-zero amount of information.

7.5.4 Effects of Independent Thread Scheduling

Due to the Independent Thread Scheduling (ITS) architectural feature, the A100
GPU used in our validation is not a true SIMT device, as thread group-level syn-
chronicity is not guaranteed by the hardware. As discussed in Section 7.5.2, we
use explicit thread group synchronisation to more accurately emulate SIMT beha-
viour, but it remains prudent to investigate the effect of this non-SIMT architecture
on our model. To this end, we have performed all our measurements with the
explicit thread group synchronisation disabled and computed the difference in
performance loss between the two sets of results. These differences are shown in
Figure 7.6.

We observe that, in all of our benchmarks, the relative error between the experi-
ments with and without explicit thread group-level synchronisation is less than
1%. We conclude that the presence of Independent Thread Scheduling has little
impact on the accuracy of our model and, therefore, our model remains adequate
even for future devices which may not follow the SIMT execution model in the
strictest sense. It is worth noting that these results are consistent with the notion
that ITS primarily serves to guarantee forward progress in parallel algorithms,
rather than to provide significant gains in performance [273]. While we are not
aware of any existing studies examining the effects of this microarchitectural fea-
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Figure 7.7: Distribution of the number of propagation steps, equivalent to the
length of the work units, in our particle propagation mini-app.
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Figure 7.8: Distribution of modelled thread divergence imbalance for the distribu-
tion given in Figure 7.7.

ture in and of itself, our results are consistent with studies which – in passing –
examine its impact on the performance of other applications [262, 274].

7.5.5 Limitations

The main limitation of our model is that the MIMD device which underpins it
is inherently theoretical; however, we are not aware of any real-world pair of
SIMT-MIMD processing devices with exactly equivalent computational power.
This has consequences for the predictive power of our model, as we cannot use
it to make concrete predictions about program run-time; instead, our model can
be used – for example – to rank different implementations, as they are compared
against the same theoretical optimum.
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7.6 Practical Implications

Hitherto, we have considered our model only in the abstract and the synthetic,
without consideration for its implications and application to performance model-
ling in real-world scenarios. To provide some insight into how this model may be
applied in practice, we focus on one of the applications which inspired its inception:
the propagation of particles in high-energy physics. As we recall from Chapter 4,
the integration of the equations of motion for particles travelling through magnetic
fields is an important computational problem, usually solved in a step-wisemanner
using an adaptive fourth-order Runge-Kutta-Nyström method [275].

A recurring question about particle propagation is which processing granularity
is most efficient for execution on a GPU: one thread per particle, an entire thread
group per particle, or some intermediate mapping. Answering this question
is difficult because the number of propagation steps differs between particles:
the application is subject to thread imbalance. The fact that thread imbalance is
a significant hurdle in implementing Runge-Kutta-Nyström methods for SIMT
devices is explored in depth by Murray [264]. In this section we demonstrate (in a
simplified fashion) how our model may help solve such questions.

To understand how our model may help, we must understand the two different
causes of overhead along the spectrum of possible mappings. The first cause of
overhead is – as has been central to this chapter – thread imbalance: different
particles will need different numbers of Runge-Kutta steps to reach their destin-
ation, and this variance in the size of the work causes overhead. We expect this
overhead to be highest in a per-thread mapping, and we expect it to be zero at
per-group granularity. Second, we incur overhead by spreading a single unit of
work across multiple threads. In the case of particle propagation, for example,
the Runge-Kutta sub-steps can be effectively executed in parallel, but the step size
adjustment which follows is a purely sequential process. Amdahl’s law thereby
dictates that we will achieve non-perfect speed-up due to the inherently sequential
part of the problem [90]. In this second case, a per-thread configuration will incur
no overhead, and a per-group configuration will be impacted the most. Thus, the
optimal execution granularity is the mapping where these factors combine to give
the lowest total overhead.

In order to construct a model for our particle propagation mini-app, we first
measure the number of steps taken to perform each propagation using a propaga-
tion example provided by the Acts software package [122, 276]; the resulting
distribution is shown in Figure 7.7. We then examine the cases of executing 1, 2, 4,
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Table 7.2: Expected overhead due to thread imbalance E(-(=)) and imperfect par-
allelism ℎ(=) (Equation 7.17), as well as the expected total overhead for
given numbers of work units processed in parallel using our mini-app.

Parallel
units

Threads
per unit E(-(=)) ℎ(=) Total

1 32 1.000 2.476 2.476
2 16 1.104 1.714 1.893
4 8 1.193 1.333 1.591
8 4 1.300 1.143 1.486

16 2 1.447 1.048 1.516
32 1 1.647 1.000 1.647

8, 16, and 32 particles in parallel, which result in the overhead distributions shown
in Figure 7.8. Furthermore, we assume that the execution time of the parallelis-
able Runge-Kutta sub-steps is CRK = 20 units, and that the execution time of the
sequential step size adjustment is CS = 1 unit. We can then produce a simple –
and equally abstract – model for the overhead due to the sequential parts of the
problem, ℎ, for = particles in parallel as a corollary of Amdahl’s law:

ℎ(=) =
CRK +

⌊ 32
=

⌋
CS

CRK + CS
(7.17)

Finally, because both sources of overhead are modelled as ratios, we can multi-
plicatively combine the overhead of both sources in order to find the total expected
relative overhead for each of our mappings. The results are given in Table 7.2 for
the sake of example. It follows that the best-performing thread mapping (i.e. the
mapping with the lowest combined overhead) would be to assign four threads per
particle, or – equivalently – to process eight particles in parallel for each group of
thirty-two threads.

We believe that this example serves to show that our model can give meaningful
results with relatively little knowledge of implementation details. In this case, we
required only knowledge about the underlying distribution of the iteration counts
(which was gathered from a non-parallel implementation) and some timing results
about simple operations (which could be derived through microbenchmarking).
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7.7 Related Work

Performance models for SIMT devices – GPUs in particular – have been widely
studied. A survey of existing modelling techniques, as well as a framework for
classifyingmodels, is given byMadougou, Varbanescu, Laat andNieuwpoort [277].
Within their framework, the model presented in this chapter could be classified as
a model for optimisation space exploration at a coarse abstraction level requiring
zero knowledge about the hardware. While Madougou, Varbanescu, Laat and
Nieuwpoort specify a class of modelling techniques described as statistical, this
class does not accurately describes our model: rather than extracting the impact
of the design space from a posteriori knowledge of execution time through data-
centric, machine-learning based methods, we use statistical methods to make
a priori predictions of a program’s performance, which fits in the category of
analytical models. This categorisation would imply that the closest existing models
to ours are models such as Eiger [278], Stargazer [279], and the model by Zhang,
Hu, Li and Peng [280]. However, all these models require knowledge about the
implementation of the SIMT program, which our model does not; therefore, we
believe that our model can be applied much earlier in the application development
process.

On the topic of thread imbalance, existing literature suggests that reducing it
can lead to significant performance improvements, and that correctly modelling
the overhead of divergence is a key factor in reducing it. Indeed, Bialas and
Strzelecki [259] provide in-depth benchmarks of the effects of thread divergence
on applications through empirical benchmarking. Hong, Kim, Oguntebi and
Olukotun [263] propose methods for reducing imbalance in graph processing
by mapping units of work with similar lengths onto the same thread groups.
Khorasani, Gupta and Bhuyan [281] propose a method for balancing workloads
within thread groups to eliminate thread imbalance. Frey, Reina and Ertl [267]
examine methods for reducing thread divergence in iterative algorithms, which
is the same class of algorithms studied in our work; we believe that the model
described in our work may benefit such optimisations through more accurate
predictions of overhead. Gautama and Gemund [282, 283] have designed models
for thread imbalance similar to the model presented in this chapter, but their work
targets different architectures which do not run in lockstep. Magni, Dubach and
O’Boyle [284] discuss automatic thread-coarsening, which is closely related to the
concept of granularity discussed in this chapter. While their approach is more
generally applicable, they rely on machine learning methods rather than analytical
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solutions. In a different paper, Magni, Dubach and O’Boyle [285] show that thread-
coarsening can significantly speed up applications executed on SIMT devices; our
model addresses this specific problem and is, therefore, complementary to their
work.

7.8 Reproducibility and Reusability

The software developed to perform the modelling described in this chapter, as
well as the data gathered and the scripts to visualise those data, are perman-
ently archived on Zenodo [286], and have been made available at doi:10.5281/zen-
odo.10931331. Unfortunately, the MASCOTS’22 conference to which the work
presented in this chapter was submitted did not feature an artifact evaluation track;
as such, the artifact associated with this chapter was not formally peer reviewed.
The software – named SMITE for Statistical Model of Imbalance Thread Execution
– is, at the time of writing, available freely under the Unlicense on GitHub at
https://github.com/stephenswat/smite [287].

7.9 Summary

In this chapter, we have answered Research Question 3 by presenting a model
that gives insight into the performance of iterative applications with stochastic
variable-length workloads on SIMT architectures such as GPUs. Using our model,
we can estimate the performance loss that such applications incur due to thread
imbalance. Ourmodel is designed specifically to require as little a priori knowledge
as possible, relying solely on an understanding of the statistical distribution of
the amount of work that is to be processed by each thread. This information
can be extracted from domain knowledge or from simulation through an existing
implementation, thus requiring little to no information about the details of an SIMT
implementation of the program, and allowing our model to be used in the early
stages of application development. We show that our model is accurate within a
relative error of 0.1% compared to a Monte Carlo simulation, and within 2%when
compared to measurements on a real device. We believe our model can be used to
quantitatively motivate and guide important optimisations of SIMT programs, in
particular thread coarsening and load balancing.
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8
Evaluating the Viability of Massively
Parallel Track Reconstruction

Hold on, I know you’re scared,
but you’re so close to heaven.
Eyes shut tight,
just pretend you’re like a feather.

— Laura Pergolizzi
(Musician)

To recap the contents of this thesis so far, we have provided a look at the state of
the art in track reconstruction in Chapter 4. We have detailed the challenges that
rear their heads when we try to implement track reconstruction on massively paral-
lel systems, and we have developed methods andmodels to tackle those challenges
– both in the context of track reconstruction and in massively parallel computing
in general. It is now time to circle back to our target application and evaluate the
viability of running track reconstruction on massively parallel architectures. It is
time to look to the future, and to see where we stand in the face of the data deluge
of the HL-LHC era.

The effort to develop track reconstruction software for massively parallel devices,
including the work presented in this thesis as well as the effort of others, is consolid-
ated in the traccc project [288]. The traccc project is a research and development
programme within the Acts project aimed at developing a full track reconstruction
chain for heterogeneous hardware. A driving factor in the development of traccc
has been the portability of code to different platforms, but we will primarily focus
on its performance on CUDA-capable hardware, i.e. on NVIDIA GPGPU hardware.
In this section, we will discuss the different implementations of algorithms in
traccc and we will, wherever possible, evaluate their performance individually.
Then, we will present a methodology of evaluating the performance of the het-
erogeneous track reconstruction chain as a whole in order to answer Research
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Question 4, and we will conclude this chapter – and with it, this thesis – with an
evaluation based on the aforementioned methodology in order to answer our Main
Research Question.

This chapter is based on the following publications:

• Andreas Salzburger, Attila Krasznahorkay, Beomki Yeo, Joana Niermann and
Stephen Nicholas Swatman. ‘Navigation, Field Integration and Track Para-
meter Transport Through Detectors Using GPUs and CPUs within the ACTS
R&D Project’. In: Proceedings of the 21st International Workshop on Advanced
Computing and Analysis Techniques in Physics Research (ACAT’22). Oct. 2022

• Beomki Yeo et al. ‘traccc – GPU Track reconstruction demonstrator for HEP’.
in: Proceedings of the 7th International Connecting The Dots Workshop (CTD’22).
May 2022

• Noemi Calace et al. ‘Seed Finding in the Acts Software Package: Algorithms
and Optimizations’. In: Proceedings of the 8th International Connecting The Dots
Workshop (CTD’23). Oct. 2023

• Andreas Salzburger, Joana Niermann, Attila Krasznahorkay, Stephen Nich-
olas Swatman, Beomki Yeo and Guilherme Metelo Rita De Almeida. ‘traccc –
A Close-to-Single-Source Track Reconstruction Demonstrator for CPU and
GPU’. in: Proceedings of the 26th International Conference on Computing in High
Energy & Nuclear Physics (CHEP’23). May 2023

It is important to note that some of the implementations discussed in this section
were developed in collaboration with others. The results presented in this section
were gathered by the thesis author alone.

8.1 Preprocessing

We recall from Section 4.3 that the preprocessing step of track reconstruction
involves the processing of raw detector data into spatially meaningful data from
which tracks can be created.

8.1.1 Design and Implementation

As discussed in Section 4.3, the main objective of the preprocessing step in the
track reconstruction workflow is to solve a Connected Component Analysis (CCA)
problem on sparse data, with a density of approximately 1% or lower. As noted in
the aforementioned section of this thesis, CCL and CCA algorithms for such sparse
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Dense

Sparse

Graph

Figure 8.1: Reducibility of different flavours of connected component labelling
problems. Solid arrows indicate reductions that are always possible,
while dashed arrows indicate reductions that are possible if the input
data has certain properties.

data are, themselves, spare; i.e. there is relatively little research into how to solve
such problems efficiently. To complicate matters further, algorithms designed for
sparse datasets such as SparseCCL [141] are strongly sequential, inhibiting our
ability to implement them efficiently on GPGPU architectures. As such, we set
out to find a method for solving sparse CCL problems that can be executed in a
massively parallel fashion.

Our approach finds its root in the fact that there are, broadly speaking, three
categories of connected component labelling problems. The first two categories
are dense and sparse two-dimensional problems, and the third category concerns
graph problems. We posit that these different CCL problems can be reduced to
one another, as shown schematically in Figure 8.1. Dense problems can always
be reduced to sparse problems by simply – but rather inefficiently – creating an
equivalent sparse dataset. Similarly, sparse CCL problems can be reified into dense
problems. Graph problems can be converted to dense or sparse problems if and
only if the graph is planar, meaning that is can be laid out on a two-dimensional
plane without any of the edges overlapping. Finally, we posit that sparse and
dense CCL problems can always be converted into graph problems, and it is this
reduction which we will exploit to efficiently implement the preprocessing stage
of track reconstruction on massively parallel architectures.

The reduction of a dense CCLproblem to a graphCCLproblem is both trivial and
efficient. Indeed, if we assume that we can access any coordinate (G, H) in the two-
dimensional dense input in constant time, we can find all four or eight neighbours
– in four-neighbourhood and eight-neighbourhood problems, respectively – in
constant time, too. Converting each pixel in the input into a vertex in the graph
and adding four or eight neighbouring edges gives a bounded lattice graph or
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king’s graph, respectively. Converting a sparse CCL problem to a graph problem
follows a similar pattern, but suffers from the critical downside that constant-time
accesses at arbitrary indices are no longer possible. Indeed, the sparse nature of
such inputs makes it computationally costly to find the neighbours of a given cell
using a naive approach, although performance can be significantly improved.

We recall from Section 4.3 that our sparse data is stored in COO format H-major,
although the arguments made in this chapter hold for data stored with any major
axis. We recall that for such data, the relation in Equation 8.1 holds between any
two indices 8 and 9 in an input �.

∀8 , 9 < |�| : 8 < 9 =⇒ �G(�(8)) < �G(�(9)) ∨
(�G(�(8)) = �G(�(9)) ∧ �H(�(8)) < �H(�(9))) (8.1)

Equation 8.1 has two important corollaries. Firstly, we know that of the eight
possible neighbours of an element at position 8 in an eight-connectivity problem, at
most four have indices that are smaller than 8, and four have indices that are greater
than 8. Furthermore, For every element at position 8, there exist two other indices,
8< and 8> such that it is guaranteed that no elements connecting to 8 have indices
smaller than 8< or greater than 8>. To illustrate the existence of these elements, we
first establish a binary relation, '(8 , 9; �), which determines whether the element
at index 9 is a valid eight-connective neighbour to 8 in an input �. This relation is
given in Equation 8.2:

'(8 , 9; �) = |�G(�(8)) − �G(�(9))| ≤ 1 ∧ |�H(�(8)) − �H(�(9))| ≤ 1 (8.2)

Intuitively, if there exists an element at index 8′ < 8 such that�G(�(8)′) = �G(�(8))−
1 and �H(�(8)′) = �H(�(8)) − 1, then ∀9 < 8′ : ¬'(8 , 9; �) and 8< = 8′. Similarly,
if there exists an element at index 8′ > 8 such that �G(�(8)′) = �G(�(8)) + 1 and
�H(�(8)′) = �H(�(8))+1, then ∀9 > 8′ : ¬'(8 , 9; �) and 8> = 8′. If there do not exist any
elements matching the aforementioned criteria, we can instead use the elements at
the indices before and after the location at which these elements would be inserted
according to the ordering defined in Equation 8.1. The argument presented here is
equivalent to a more intuitive visual argument, which is that the eight possible
neighbours of the element at index 8 form a square around that element, and this
square has a top-left corner as well as a bottom-left corner. Any element that is
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Figure 8.2: An example of a sparse image in H-major COO format. The central
element at 8 = 5 is marked in red, and the cells in its eight-connectivity
neighbourhood are marked in orange. Intuitively, no element with
index 9 < 8< = 3 can be a neighbour of the central element, nor can any
element with index 9 > 8> = 7.

either above the top-left corner of this square or on the same row but to the left
of that corner can never be a possible neighbour of 8, and neither can an element
below the bottom-right corner or on the same row but to the right of that corner.
This visual intuition is supported by Figure 8.2. An algorithm that is capable
of efficiently finding the neighbours of cells in a sparse COO format is given in
Algorithm 8.1.

The primary benefit of the aforementioned approach is that it allows us to
efficiently convert a sparse CCL problem into a graph CCL problem. Graph CCL
problems have – based on a examination of the available literature – been studied
in much more detail than sparse CCL problems and, consequently, many more
algorithms, including parallel algorithms, have been developed for graph CCL
problems than for sparse CCL algorithms. In other words, the fact that we are
able to efficiently reduce our existing problem to a graph CCL problem allows
us to employ existing algorithms which have are known to be efficient in parallel
environments. In the traccc project, we employ the FastSV algorithm [293], an
improvement on the classic Shiloach–Vishkin algorithm [294]. Although the exact
details of our implementation are beyond the scope of this thesis, we find that the
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Data: Sparse data � in H-major order, and an element 8 in �
Result: The set of outgoing edges for 8, �+(8)
�+<(8) ← ∅
�+>(8) ← ∅
(G, H) ← �G,H(�(8))
for 8′← 8 − 1 to 0 do
(G′, H′) ← �G,H(�(8′))
if G′ < G − 1 ∨ (G′ = G − 1 ∧ H′ < H − 1) then

break;
end
else if |G − G′| ≤ 1 ∧ |H − H′| ≤ 1 then

�+<(8) ← �+<(8) ∪ {8′}
if |�+<(8)| = 4 then

break;
end

end
end
for 8′← 8 + 1 to |�| do
(G′, H′) ← �G,H(�(8′))
if G′ > G + 1 ∨ (G′ = G + 1 ∧ H′ > H + 1) then

break;
end
else if |G − G′| ≤ 1 ∧ |H − H′| ≤ 1 then

�+>(8) ← �+>(8) ∪ {8′}
if |�+>(8)| = 4 then

break;
end

end
end
�+(8) ← �+<(8) ∪ �+>(8)

Algorithm 8.1: Algorithm for efficiently finding the neighbours of a single element
of a sparse image in H-major COO format. Performing this operation
on each non-zero element returns a graph equivalent to the original
sparse image.

FastSV algorithm is capable of solving our CCL problems quickly and efficiently.

8.1.2 Modelling Edge Case Behaviour

The FastSV algorithm, like many CCL algorithms, frequently updates a disjoint-set
data structure which identifies the cluster to which each element in the input
belongs. In order to significantly accelerate our implementation, we opt to store
this data in fast, on–chip memory wherever possible. In NVIDIA parlance, this
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memory is known as shared memory, whereas it is known as local memory in SYCL1.
In NVIDIA CUDA, shared memory is allocated on a per-block bases, which means
that we must somehow find a partitioning scheme that allows us to break the input
up into subsets, each suitable for processing by one block, i.e. anywhere between
32 and 1024 threads. Because communication between blocks is significantly more
expensive that communication between threads in the same block, we aim to find
a partitioning scheme that divides the input into completely disjunct sets between
which communication – as defined by the eight-neighbourhood clustering scheme –
is impossible. Thankfully, the nature of the input naturally provides such a scheme,
as the input is divided across (for most experiments) thousands of separate detector
surfaces; since one cluster cannot cross detector boundaries, we can simply partition
across detector boundaries. In order to increase the regularity of the computation,
we additionally allow our partitioning scheme to group together multiple detectors
into a single partition if the total amount of data on those detectors is small2.

Unfortunately, the aforementioned partitioning scheme has an important caveat.
The shared memory on GPGPUs is – like all forms of memory3 – finite. For
NVIDIA GPUs, the amount of shared memory is limited to 228 kB per Streaming
Multiprocessor for the latest architectures, while older architectures can feature
as little as 64 kB per Streaming Multiprocessor [97]. In our implementation of the
FastSV algorithm, the required amount of shared memory is linear in the size
of the partition assigned to that block. It is possible, therefore, that a sufficiently
large partition will require too much shared memory, leading to a crash in a naive
implementation. We have opted to implement a system where, in the unlikely
event that this happens, global memory can be used instead of shared memory,
but global memory is much slower than shared memory and, more pressingly, our
implementation only allows one block to use this global memory scratch space at
the same time. Thus, it is useful to understand how likely it is for this edge case to

1Shared memory, in NVIDIA vernacular, has little to do with what is known as shared memory
in a broader parallel computing context. Traditionally, shared memory refers to memory that is
accessible by all processors in a machine, while in NVIDIA jargon it refers to memory accessible by
threads in a single thread block. Memory which is accessible by all threads on the GPU is known as
global memory. To make matters worse, SYCL uses the term ‘shared memory’ to refer to memory
that can be transparently transferred between processors without explicit memory transfers. This
concept is referred to as ‘managed memory’ in NVIDIA parlance.

2We also investiaged a more sophisticated scheme capable of splitting of detector modules across
multiple blocks: if an entire row (or columns) of a detector is empty then, by the argument made in
the previous subsection, eight-connectivity can never cross that row and it is a safe place to split.
Unfortunately, most massively parallel programming models do not guarantee deterministic block
scheduling, which would mean that measurements on the same detector could be discontiguous in
memory, which is – for technical reasons – disadvantageous. Therefore, we chose to split the input
on module boundaries only

3With the notable exception of the Turing machine’s infinite tape.
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occur.
The probability that any given pixel is hit is the so-called occupancy of the de-

tector, and is about 1% for both the existing ATLAS pixel detector as well as the
upcoming ATLAS ITk [295]. For a given module with = pixel, then, the chance that
that module contains a given number hits is given by the binomial distribution
B(=, 0.01), and the chance that the number of hits on that module is lower than
some limit < is thus given by �B(=,0.01)(<). Figure 8.3 illustrates the limit < (with
which the amount of shared memory scales linearly) required for our implementa-
tion to achieve a 99% per-event chance to not require the global memory scratch
space at all. The aforementioned plot is based on the assumption that the current
ATLAS Inner Detector is based on the FE-I4 readout chip4 with 2228 modules of
320× 144 = 46 080 pixels each [296, 297, 298], whereas the ATLAS ITk detector will
feature approximately 9000 RD53 chips with 400 × 384 = 153 600 pixels each [299].
As a consequence of these data, we currently aim for a value of < = 2048, as this
provides a strong guarantee that use of the global scratch memory is unlikely. At a
rate of 4 bytes per cell, this equates to about 8KiB per block, allowing ample paral-
lelism per Streaming Multiprocessor. Figure 8.4 shows the per-module probability
of success for the ATLAS inner detector and the ATLAS ITk given < = 2048. We
conclude that our implementation should fare well with data from the ATLAS ITk
detector even on current GPUs.

8.2 Track Finding

The goal of the track finding process is to find sets of particle measurements
that combine to form track candidates. The nature of track finding is strongly
combinatorial and it is, as a result, one of the largest contributors to the running time
of track reconstruction software. In this section, we investigate our implementations
of massively parallel track finding; specifically, we describe implementations of its
two constituent algorithms: seed finding and combinatorial Kálmán filtering.

8.2.1 Seed Finding

We recall from Section 4.4 that the seed finding stage of track finding aims to find
triplets of spacepoints which form initial guesses to the particle trajectories in
the event, which are later extended to tracks by the combinatorial Kálmán filter.

4In reality, the existing ATLAS inner detector is much more heterogeneous, but basing a model on the
FE-I4 provides a pessimistic worst-case model.
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Figure 8.3: The required shared memory partition size in order to ensure that
the per-event failure rate is 1% for the ATLAS ID and the ATLAS ITk,
assuming a hit density of 1% for both detectors.
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In the traccc application, we propose two implementations of seed finding for
massively parallel devices, which differ primarily in the way they find candidate
spacepoints: one uses a predefined grid of spacepoints, while the other employs a :-
d tree [300]. Both implementations are based on the idea of combining spacepoints
into pairs, and then extending those pairs to triples as described in Section 4.4. In
the remainder of this section, we will very briefly describe both implementations.

In the grid-based implementation, spacepoints are binned into a grid arranged
across the ), A, and I axes of the detector. For each spacepoint, pair candidates are
then found by searching in a pre-defined number of adjacent bins. These pairs are
then combined into triples. As discussed in Section 4.4, this approach technically
increases the complexity of the algorithm from O(=3) – where = is the number of
spacepoints – to O(=4), but the constant involved render it an efficient algorithm.
Unfortunately, this grid-based implementation involves an unbounded number
of spacepoints per bin, as well as an unbound number of pairs and triplets. In
order to deal with these unbound and unknown variables, the grid-based seed
finding algorithm is implemented using several kernels which count the size of
the resulting dataset before another kernel writes the results to memory. Although
this implementation results in highly efficient use of memory, it also performs a
large amount of its computation twice in order for it to assess the size of the grids,
as well as the size of the array of pairs and triplets found.

In the :-d tree-based implementation, on the other hand, the spacepoints are
inserted into a three-dimensional :-d tree, partitioning the space in the ), A, and
I axes – similar to the grid used by the grid-based implementation. For a given
spacepoint or pair of spacepoints, candidate extensions into, respectively, pairs
and triples can be found by defining an axis-aligned search space, after which we
can find matching spacepoints in O(= 2

3 + <) time, where = is the total number of
spacepoints, and < is the number of points returned by the query [300]. Because
an upper bound can be easily established on the size of a :-d tree – a :-d tree of
= elements with a leaf node capacity of < will never contain more than 2=/< leaf
nodes and, as a result, never more than =/< − 1 nodes in total – no counting kernel
is necessary to establish a geometric partitioning of the spacepoints.

Both approaches have up- and downsides which make it non-trivial to choose
the best algorithm for a given use case. Indeed, the choice depends strongly on
factors such as the geometry of the detector, the expected transverse momentum of
the particles traversing that detector, and the expected occupancy. The grid-based
implementation is much simpler, and allows us to express our requirements on
spacepoint candidates directly. The : tree-based implementation, on the other
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hand, requires us to first rewrite those requirements as axis-aligned search spaces;
for some requirements, it may not be possible to precisely define an axis-aligned
search space which requires additional filtering on individual spacepoints. On
the contrary, environments which allow for tightly specified search spaces may
see significant benefits from the use of :-d trees. In addition, the use of :-d trees
decreases the number of unbound loop structures in the code which may lend
performance benefits when executed on massively parallel hardware.

An implementation of the aforementioned algorithm employing :-d trees for
seeding as previously implemented for traditional CPU-like devices in the ACTS
project, where it has found success in some experiments where the search space
can be highly constrained. In the remainder of this chapter, we will discuss the
performance of the grid-based seed finding algorithm, as it is a more mature
development.

8.2.2 Combinatorial Kálmán Filtering

We implement the combinatorial Kálmán filtering step of track finding using a loop
of three kernels. This loop is based on the idea that a track candidate starts on a
detector module and is then propagated to whichever detector the track intersects
next; each iteration of the loop signifies the process of taking all tracks in the
input and propagating them to the next detector. This loop is executed a bounded
number of times depending on the detector: if a detector has = layers, then the
combinatorial Kálmán filter will need to take roughly = steps. The three kernels in
the loop each serve a distinct role in the process, which we will now detail briefly.

The first kernel – which we refer to as apply_interaction – models the increase
in uncertainty as a particle travels through solidmaterial. Indeed, detectormodules
have non-zero thickness and the sheer mass of this material (as well as, e.g. support
beams) causes a particle to deviate from its original trajectory. As this interaction
process is stochastic, we cannot be certain what its effect on the trajectory will be;
we can only model it by adding uncertainty to the track parameters. For more
information on material interactions, we refer to Section 4.4.3, but this kernel is
not particularly interesting from a computational point of view as it simply maps
a function over the input track parameters, and functions as a 1 : 1 association
between input and output. Furthermore, the kernel contributes a neglibile amount
of execution time to our application, so we will not describe it in detail here.

The second kernel – find_tracks – is the kernel that introduces combinatorics
into the Kálmán filter. This kernel assumes that the track has arrived at a surface, on
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Figure 8.5: An example of the combinatorial Kálmán filtering; two tracks start-
ing from � and � are extended across five surfaces. The propagation
between surfaces (i.e. vertically, in this graphic) is performed by the
propagate kernel, and the selection of measurements (i.e. the colouring
of nodes on each layer) is done by the find_tracks kernel. Measure-
ments with bold outlines are tips.

which zero or more measurements may be found. The track arrives at the surface
at a given position and with a covariance matrix that describes the uncertainty –
in the form of an ellipse – of that position. The find_tracks kernel then iterates
over the measurements found within that ellipse and branches for each of them by
performing a separate Kálmán update step, effectively creating one or more track
candidates from a given initial track. Section 8.2.2 shows a schematic overview of
the combinatorial Kálmán filter; the find_tracks kernel operates horizontally in
this schematic, selecting the measurements that fall within the shaded uncertainty
cones of the tracks. It is worth noting that it is possible for the find_tracks kernel
to find zero measurements on a given surface. This naively indicates that the track
doesn’t match a real particle, i.e. that it is a fake track, as it violates the assumption
that each particle leaves exactly one measurement on each surface that it passes.
However, tracks that lack a measurement on a traversed surface – a so-called hole
– are not necessarily fake: such situations can arise if a sensor is damaged due to
long-term exposure to radiation or if the particle – by random chance – did not
deposit sufficient energy to trigger the activation of the sensor. For this reason,
we may choose to continue propagating tracks if zero measurements were found,
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aborting the branch only if the number of holes becomes improbably large.
The third and final kernel, propagate does the numerical propagation of the

track parameters through the detector volumeusing a forth–order Runge–Kutta–Nyström
method. This involves numerical integration by stepping through the detector
volume, as well as the updating of the covariance matrix to account for the ad-
ditional uncertainty accrued while integrating. In Section 8.2.2, the propagate
kernel operates vertically, moving from one surface to another. This propagation
makes use of two principal components, known as the navigator and the stepper.
The navigator keeps track of which surface will be the next to be intersected5

and is implemented in the detray library [289, 301]. The detray library is also
responsible for representing the complex detector geometry – made up of many
different shapes – in such a way that it can be efficiently accessed on a GPGPU.
The stepper implements a Runge–Kutta–Nyström method and frequently accesses
the magnetic field that permeates the detector, which is modelled using the covfie
library described in Chapter 5.

At the time of writing, the propagate kernel – as well as the fit kernel – see
Section 8.3 – are the largest contributors of latency in the traccc track reconstruc-
tion software. As shown in Figure 8.6, these kernels make up 75.4% of the total
kernel latency and they are, therefore, primary candidates for future optimisation.
Interestingly, both these kernels rely strongly on propagation methods, i.e. the
numerical integration of the equations of motion. As described in Section 4.4,
such kernels suffer from inherent imbalance as the number of steps required to
propagate from one surface to the next relies on a variety of factors including the
homogeneity of the magnetic field and the physical layout of the detector. In the
remainder of this section, we will investigate the performance of the propagate
kernel to find avenues for future optimisation.

As discussed earlier, the combinatorial Kálmán filter is an iterative algorithm
which requires roughly = iterations, where = is the number of layers in the detector.
Figure 8.7 shows that the latency of kernels can vary significantly between iterations
of the algorithm. Indeed, data suggest that it is primarily the early iterations that
contribute significantly to the execution time, which correlates with the idea that
the number of tracks increases in early iterations while it shrinks in later iterations.
Intuitively, this follows from the fact that each iteration moves the track further
from the centre of the detector and thus – in accordance with the inverse square

5In contrast to traditional ray tracing, particle tracks move non-linearly and – in heterogeneous
magnetic fields – unpredictably; therefore, we cannot simply compute the next intersection. Instead,
the next intersection must be constantly recomputed during the integration process
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Figure 8.6: Pie plot of the relative contributions of kernel latency by different ker-
nels or categories of kernels in the traccc track reconstruction software.
For kernels which run multiple times per event, we sum the latencies
of individual executions. Data taken from a 〈�〉 = 200 CC event in the
Open Data Detector (ODD) [302] simulated using Geant4 [303] and
reconstructed on an NVIDIA RTX A5000 using a version of the traccc
software dated October 16, 2024.
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Figure 8.8: The distribution of the number of steps taken by individual threads in
the propagate kernel in the second step of the combinatorial Kálmán
filter for a given event processed as described in Figure 8.6.

law – the density of measurements decreases. Thus, the number of measurements
that is compatible with each track shrinks and the branching factor drops. The fact
that most of the kernel runtime originates from the first few iterations is expected,
and as a result we will proceed to examine one of these early iterations. Specifically,
the remainder of this section will examine the second iteration of the combinatorial
Kálmán filter. These results were gathered using a 〈�〉 = 200 CC event in the Open
Data Detector (ODD) [302]. This event was simulated using Geant4 [303] and
reconstructed on an NVIDIA RTX A5000.

An examination of a kernel matching the aforementioned criteria using the
NVIDIANsight Compute profiler reveals several performance problems, including
the fact that on average only 6.56 threads are active. Given the warp size of 32
threads on the NVIDIA RTX A5000 GPU, this means that we are using only 20.5%
of the available threads, letting the remaining compute power go to waste. This
problem arises primarily from imbalance in the number of propagation steps that
individual threads make. Figure 8.8 shows the distribution of the number of steps
per thread6; notable is the widely supported distribution, as well as the fact that
many threads take exactly zero steps, i.e. they do not actually do any work at all.
This pattern of computation matches the performance anti-patterns described in
Chapter 7, and we will now apply the methods described in that chapter to better
understand how to tackle the performance loss in the combinatorial Kálmán filter.

We recall from Chapter 7 that the metricℋ(F) describes the amount of perform-
ance lost due to imbalance, where F is a set of elements describing the amount of

6Astute readers may notice the similarities between the premise of Figure 8.8 and Figure 7.7; note,
however, that these are taken from different software operating in different detectors. Although
Figure 7.7 serves as a useful example of how the methods in Chapter 7 may be applied, Figure 8.8
pertains more strongly to the application at hand.
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Figure 8.9: The modelled performance loss factorℋ for warp sizes |F| = 32 (relev-
ant for most NVIDIA GPGPUs) and |F| = 64 (some AMD GPGPUs) for
the distribution given in Figure 8.8.
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Figure 8.10: The modelled performance loss factorℋ for a given event processed
as described in Figure 8.6, with and without sorting of tracks by their
angle along the beampipe �.

work done by each thread, e.g. the number of propagation steps each thread. We
also recall thatℋ(F) ≥ 1, where a valueℋ(F) = 1 is optimal and a higher value
indicates greater performance loss. Given the distribution in Figure 8.8 we obtain
the distribution forℋ(F) shown in Figure 8.9. It is clear from the aforementioned
plot that the amount of performance loss is significant for GPGPUs with warp size
|F| = 32, and even more so for GPGPUs with warp size |F| = 64, which includes
some AMD GPGPUs. In an attempt to decrease the performance degradation due
to imbalance, we explored the possibility of sorting tracks by some measure that
would correlate with the number of propagation steps. The angle � which repres-
ents the angle between the particle and the beampipe was chosen; in brief, sorting
tracks in this way ensures that tracks propagated by the same warp propagate
through the same regions of the detector, meaning that they will be more likely to
encounter the same detector geometry. Figure 8.10 indicates that this approach
should, indeed increase performance. Empirical evidence supports this claim, and
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Figure 8.11: The distribution of work per thread given the distribution in Figure 8.8
given a thread coarsening factor 2 in a work-stealing regime. Note that
the distribution for 2 = 1 is exactly equivalent to the distribution in
Figure 8.8.

we observe an increase in the number of active threads by 25.6%, from 6.56 to 8.24.
Unfortunately, while this increase is significant is still leaves a very low thread
utilisation of 25.7%.

As an alternative to a simple sorting strategy, we advocate for a thread coarsening
approach. In other words, we advocate for allocating more than a single tracks
to each individual thread and allowing a work-stealing strategy to balance the
workload between threads. We characterise the degree of thread coarsening by a
factor 2 ∈ N+, where the number of tracks assigned to each warp is 2|F|; in other
words, each thread processes – on average – 2 threads, and the existing approach
is characterised exactly by 2 = 1. We expect that increasing 2 will increase the
amount of work per thread, while the distribution should – by the central limit
theorem – approach a normal distribution. The results of a Monte Carlo simulation
of work stealing, given in Figure 8.11, support these ideas; the mean workload per
thread scales exactly with 2 – indeed, work does not magically disappear – while
the distribution moves further away from zero. The important consequence of the
latter is that it significantly decreases the ratio between the expected maximum
workload in a given warp and the mean workload, thereby decreasingℋ(F).

Computing the expected performance loss factors for the distributions in Fig-
ure 8.11 gives Figure 8.12; it is clear from these data that thread coarsening does
indeed – in a theoretical model – drastically reduce the performance loss due to
imbalance. It is worth noting that there are potential downsides to thread coarsen-
ing, namely the reduction of the degree of hardware utilisation; fortunately, the
existing non-coarsened implementation issues – on average for a 〈�〉 = 200 event
– eleven full wavefronts of threads, so there is sufficient room for us to decrease
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Figure 8.12: The predicted performance loss metricℋ(F) for the coarsened distri-
butions given in Figure 8.11.

the kernel grid sizes (through coarsening) before occupancy becomes a significant
issue. In summary, we believe that thread coarsening is the obvious way forward to
improve the performance of the combinatorial Kálmán filter and the performance
of our massively parallel track reconstruction application as a whole.

8.3 Track Refinement

In addition to the preprocessing and track finding steps, we also implemented a
massively parallel track fitting algorithm based on the Kálmán filter as described in
Section 4.5.1. For the sake of brevity, however, wewill not cover the implementation
of this algorithm in detail. Indeed, the Kálmán filter-based track fitting algorithm
is – from a computational point of view – strictly simpler than the combinatorial
Kálmán filter described in the previous section. The Kálmán filter-based track
fitter does not have a combinatorial component, which is one of the primary
complications of the combinatorial Kálmán filter. Given the non-combinatorial
nature of the fitting algorithm, it need not be composed into different kernels as the
input never grows and we never need, therefore, to allocate larger memory buffers.
It is worth noting that the fitting algorithm employs a more complex Kálmán
update step in order to perform smoothing, but the fact that this computation can
be executed in an embarrassingly parallel fashion renders it largely uninteresting
from the perspective of parallel processing. Our implementation of a massively
parallel Kálmán filter-based track fitting algorithm shares many similarities with
our implementation of the combinatorial Kálmán filter track finding algorithm,
including the use of the detray library for storing detector data, and the covfie
library (see Chapter 5) for representing magnetic fields.

Notably, the track fitting algorithm implemented remains a large contributor
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of the total runtime; as Figure 8.6 shows, the single invocation of the fit kernel
takes over half the time of all the iterations of the propagate kernel described
in the previous section. Thankfully, the reason why the fitting algorithm takes
such a relatively large amount of time is similar to the reason why the propagate
kernel does: it exhibits a very similar propagation pattern, and it suffers from
the very same imbalance that the propagate does. As such, we believe that the
optimisation strategy expounded in the previous section will also apply to the
fitting algorithm. The implementations of such a thread coarsening strategy in the
track fitting algorithm remains – as it does in the combinatorial Kálmán filter –
future work.

8.4 Task Graph Performance Bounds

We have now explored our implementations of novel algorithms for various parts
of the track reconstruction workflow, but we have yet to evaluate its performance
as a whole. Holistically evaluating that performance is a daunting task, as the
performance of the application as whole depends strongly on the scheduling and
placement of individual algorithms. Finding good scheduling and placement
strategies remains an open challenge in high-energy physics scheduling software
such as Gaudi [304]. In lieu of an environment in which scheduling can be easily
and efficiently implemented, we employ a theoretical model of upper bounds on
performance in order to evaluate our massively parallel track finding software. In
this section, we describe our approach.

8.4.1 Background

Theoreticalmodels of task graphs – including in heterogeneous systems – have been
extensively studied. This comes as no surprise, as task graphs are broadly applied
and models of performance can be powerful predictive and descriptive tools.
Castrillon, Desnos, Goens and Menard have modelled task graph applications on
heterogeneous system-on-chip architectures in a way that is very similar to the
approach described in this chapter [305]. Rehn-Sonigo study both the mapping
and scheduling of task graphs onto heterogeneous platforms, employing models
of such computations to evaluate different approaches against one another [306].
Finally, Kao, Krishnamachari, Ra and Bai study the modelling of latency in task
graph applications in order to facilitate the minimisation of overhead in latency-
critical systems [307].
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Many existing models – and scheduling methods – for heterogeneous systems
are based on linear programs. Linear programs are mathematical optimisation
problems which aim to maximise – or minimise – a linear combination of values,
subject to a set of constraints. Canonically, linear programs are expressed as in
Equation 8.3, where ®G is the solution vector, ®2 weights the solution vector, and G

and ®1 provide the constraints on ®G [308]:

find ®G
that maximises ®2ᵀ ®G
subject to G®G ≤ ®1

®G ≥ 0

(8.3)

Examples of applications of linear programs in the field of scheduling include
the work by Cuervo et al. who study the offloading of computation from low-power
mobile devices [309]. Boiński and Czarnul specifically study the assignment of
separable computations onto multiple devices using linear programming [310].
Finally, Benoit, Dobrila, Nicod and Philippe study the use of linear programs to un-
derstand themapping of computation onto hardware that is itself reprogrammable,
such as FPGAs [311]. All these approaches employ integer linear programming to
find optimal schedules andmappings for heterogeneous systems. In the remainder
of this section, we describe a methodology which is, in many ways, much simpler:
we employ real-valued linear programs not to provide an optimal scheduling, but
rather to provide upper bounds on task graph performance.

8.4.2 Optimistic Throughput Modelling

In order to assess the performance of the hitherto presented reconstruction software,
we will now present an optimistic upper bound on the achievable throughput
of the track reconstruction pipeline on heterogeneous systems. Such an upper
bound will allow us to quantify how much performance remains to be gained,
and a generalisable method of generating such upper bounds for different system
configurations will allow us to make additional predictions about the efficacy of
adding additional processing units to a system. In short, a throughput model for
our application is a powerful tool both for assessing the work presented in this
thesis so far, as well as for guiding future work.

Since this thesis is concerned with an application in the form of a task graph,
we propose a method for modelling throughput that specifically incorporates the

180



8.4 Task Graph Performance Bounds

structural nature of such graphs: we propose to represent them as flow networks. In
general, a flow network consists of a set of nodes + , a set of edges �, a flow limit
per edge 5 : �→ R+, and a source and sink node B, C ∈ + . The flow value for an
edge is some abstract representation of the ability of that edge to process flow: in
real world terms, this could be the number of litres of water that can flow through
a given river in a certain amount of time or the number of cargo containers that can
be carried on a given railroad. In computational terms this could, for example, be
the amount of data processed by a given algorithm. The objective of the maximum
flow problem is to find an allocation of flow to edges such that no edge carries more
than its limit, while also maximising the amount of flow between source B and
sink C. In this model, the source B represents the input data type of the application,
and the sink C represents the desired output data type.

To see how flow networks can be used to model task graphs, consider an ap-
plication consisting of three types forming the set ) = {�, �, �} and two kernels
between those types forming the set  = {:1 : � → �, :2 : � → �}. These
kernels can be run on two heterogeneous devices forming the set � = {31 , 32}.
The vertices in our flow network are then given by the Cartesian product of the
different data types ) and the devices � in our task graph. We use 3(&) to refer
to the type & ∈ ) residing in the memory of device 3 ∈ �. In the aforemen-
tioned example, our flow network would contain six data vertices + = {3(&) :
3 ∈ �, & ∈ )} = {31(�), 32(�), 31(�), 32(�), 31(�), 32(�)}. The edges � in our
flow network are defined as being of one of two kinds. The first kind of edge is
the set of kernel edges, i.e. the set of kernels bound to a specific device. Much
like how the set of vertices + is the product of the set of devices � and the set
of types ), the set of kernel edges is given as the product of the set of devices �
and the set of kernels  , such that � = {3(:) : 3 ∈ �, : ∈  }where 3(:) denotes
the execution of kernel : on device 3. Naturally, the input and output types of
3(:) are equivalent to the input and output types of :, except that they are stored
on device 3, i.e. 3(:) : 3(dom(:)) → 3(codom(:)). For our working example, we
obtain � = {31(:1) : 31(�) → 31(�), 31(:2) : 31(�) → 31(�), 32(:1) : 32(�) →
32(�), 32(:2) : 32(�) → 32(�)}. Finally, our flow network must contain edges ��
to represent the ability to transfer data from one device to another. We define
�� = {(31 ⊲32)(&) : 31 , 32 ∈ �, & ∈ )}where (31 ⊲32)(&) : 31(&) → 32(&) denotes
the transfer of type & from device 31 to device 32. Our example graph contains six
such edges. The set of edges � is the union of � ∪ �� . A graphical representation
of the flow network described in this paragraph is shown in Figure 8.13.

To complete our flow network, each edge must be given a flow limit 5 : �→ R+.
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Figure 8.13: An example of a flow network given by two devices, � = {31 , 32}, and

two kernels,  = {:1 : �→ �, :2 : �→ �}.

In the case of kernel edges, e.g. 3(:) ∈ � , we define the flow limit of that edge as
the number of times the corresponding device, i.e. 3, can execute the corresponding
kernel, i.e. :, in a given unit of time. The throughput of kernels on different devices
is dependent on a variety of factors, including but not limited to the arithmetic
throughput of that device, the throughput of its memory, and the efficiency of
the implementation. For edges representing interconnects between devices such
as (31 ⊲ 32)(&) ∈ �� , we define the flow limit as the number of objects of the
corresponding type, e.g. &, can be transferred from the first device to the second
device, e.g. from 31 to 32. This can be conveniently calculated as the quotient of
the bandwidth of the interconnect and the size of the data type. Note that for any
edge 4 ∈ �, 5 (4) = 0 indicates that either a given kernel cannot be executed on a
given device, or that a given data type cannot be transferred between two devices.
With the definition of these flow limits, the construction of our flow network is
now complete.

With a sufficient amount of suspension of disbelief, solving the maximum flow
problem on the aforementioned flow network from a given source node (say, 31(�),
if we assume that 31 is a CPU-like device which coordinates computation) to a
given sink node (say, 31(�)) now gives us a model of the achievable throughput
of the task graph as a whole. Unfortunately, this model suffers from unrealistic
assumptions about the task graph and the devices on which it is computed. The
first assumption is somewhat subtle and fundamental to the nature of the proposed
model, and states that the transfer of and the computation on data can be viewed
as continuous processes. In the real world, the scheduling of data transfer and
computation is as difficult and as widely studied as it is precisely because data
and computation are discrete. A model which assumes continuous, infinitesimally
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divisible units of computation, therefore, models a perfect static schedule which
we are unlikely to find in practice. It is from this simplification that our model
derives its optimistic nature.

Secondly and more obviously, the aforementioned model is naive to the fact
that edges in the flow network contend for resources. Indeed, Figure 8.13 has
two edges (32(:1) and 32(:1)) which compete for the computational ability of
device 32. Similarly, two edges compete for computation on 31, and six edges
compete for the full-duplex interconnect between 31 and 32. Since amaximumflow
algorithm has no way to consider these restrictions, naively finding the maximum
flow in the aforementioned model using a maximum flow algorithm such as the
Ford–Fulkerson algorithm allows for arbitrary overallocation of resources – both
processors and interconnects – which is incompatible with real-world behaviour. In
order to resolve this problem, we utilise the fact that maximum flow problems can
be reduced to linear programs [308] which will allow us to add resource constraints
to our model.

It is well known that maximum flow problems can be represented as linear
programming problems [308], and that this reduction is efficient for real-valued
flow networks. Indeed, the maximum flow problem is solvable in polynomial
time [312], and linear programming is solvable in weakly polynomial time [313].
It is interesting to note that linear integer programming, on the contrary, is NP-
complete [313] – this step-up in complexity when going from continuous data to
discrete data is strikingly similar to the difference between scheduling discrete
computation compared to solving a flow problem for continuous computation and
data transfer.

A general recipe for transforming amaximumflowproblem into a linear program
is as follows. Firstly, we define a flow variable ®G4 for each edge 4 ∈ �. Then, we
define our goal as the maximisation of the flow over the sum of nodes coming
from the source node or, equivalently, flowing into the sink node. We denote
the set of incoming edges for a vertex E ∈ + as �−(E), and we denote the set of
outgoing edges as �+(E). By construction of the flow network, we find �−(3(&)) =
{3(:) : : ∈  , codom(:) = &} ∪ {(3′ ⊲ 3)(&) : 3′ ∈ �} and �+(3(&)) = {3(:) : : ∈
 , dom(:) = &} ∪ {(3 ⊲ 3′)()) : 3′ ∈ �}. Then, we add constraints for each edge so
that the flow through that edge is positive and no higher than the flow limit of that
node, i.e. ∀4 ∈ � : 0 ≤ ®G4 ≤ 5 (4). Finally, we have to ensure that for all nodes except
the source node B and sink node C, the incoming flow is equal to the outgoing flow,
such that ∀E ∈ + \ {B, C} :

∑
4∈�+(E) ®G4 =

∑
4∈�−(E) ®G4 . This construction gives rise to

the linear program given in Equation 8.4:
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find ®G
that maximises

∑
4∈�−(C) ®G4

subject to ∀4 ∈ � : 0 ≤ ®G4 ≤ 5 (4)
∀E ∈ + \ {B, C} :

∑
4∈�+(E) ®G4 =

∑
4∈�−(E) ®G4

(8.4)

It is from a linear program of this form that we can tackle the issue of resource
overutilisation. To reiterate, the problem is that the constraints ∀4 ∈ � : 0 ≤
®G4 ≤ 5 (4) allows each of multiple edges to fully utilise a single resource, given
that 5 (38(: 9)) is the maximum throughput of a kernel : 9 if it is able to fully utilise
device 38 , and that there may be multiple edges utilising the same device. Similarly,
multiple edgesmay simultaneously fully utilise an interconnectwhich is impossible
in the real world. In order to resolve this issue, we discard the idea that the variable
®G4 represents the total flow through edge 4 in favour of the idea that ®G4 represents
the relative (defined on the range [0, 1]) usage of the resource – either a device
or an interconnect – used by edge 4. The flow through an edge 4 can then be
computed as ®G4 5 (4). This change allows us to add additional constraints to ensure
that the total utilisation of each device is no greater than one. This, in addition to a
constraint that none of the utilisation should be negative, gives rise to the updated
linear program in Equation 8.5:

find ®G
that maximises

∑
4∈�−(C) ®G4 5 (4)

subject to ∀4 ∈ � : 0 ≤ ®G4 ≤ 1

∀E ∈ + \ {B, C} :
∑
4∈�+(E) ®G4 5 (4) =

∑
4∈�−(E) ®G4 5 (4)

∀3 ∈ � : 0 ≤ ∑
4∈{3(:)::∈ }∩� ®G4 ≤ 1

∀31 , 32 ∈ � : 0 ≤ ∑
4∈({(31⊲32)(&):&∈)}∪{(32⊲31)(&):&∈)})∩�� ®G4 ≤ 1

(8.5)
We posit that the model presented in this section can be used to evaluate the

performance of an existing task graph implementation against an upper bound.
Indeed, since the primary simplification made in our model concerns scheduling,
our model allows for the evaluation of an existing task graph against a theoretical
case in which an optimal scheduling exists. This use case is particularly interesting
to us, as scheduling remains an open problem in our high-energy physics applica-
tion. Additionally, our model can be used to guide future optimisation; akin to how
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1 datatypes:
2 A: 128 # Size in bytes
3 B: 64
4 C: 1024
5 devices:
6 - d1
7 - d2
8 interconnects:
9 - source: d1

10 destination: d2
11 bandwidth: 100
12 bidirectional: true
13 algorithms:
14 k1:
15 in_type: A
16 out_type: B
17 implementations:
18 - device: d1
19 throughput: 5000
20 - device: d2
21 throughput: 5
22 k2:
23 in_type: B
24 out_type: C
25 implementations:
26 - device: d1
27 throughput: 10000
28 - device: d2
29 throughput: 10
30 source: A
31 sink: C\end{lstlisting}

Listing 8.1: An example of a program specification that closely matches the hetero-
geneous task graph program shown in Figure 8.13.

Amdahl’s law dictates that speed-up in one part of an application does not lead to
equivalent speed-up in the application as a whole, the same goes for task graphs.
In fact, such effects are even more complex in task graph applications because,
e.g. reducing the execution time of one kernel not only makes that kernel run at a
higher throughput, it also frees up computational resources for other kernels. Our
model makes it trivial to quickly evaluate possible optimisation strategies through
differential performance analysis, i.e. it can answer questions of the form ‘how
does the performance of an application change if one of its kernels is sped up by a
given factor’?

In order to facilitate the use of the model presented in this paragraph, we have
written a Python-based program that ingests YAML-based program specification
such as the example given in Listing 8.1 and returns an upper bound on the
throughput of that program; more information on our implementation is given in
Section 8.6.
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8.4.3 Modelling Individual Kernel Throughput

The measurement of throughput for individual kernels presents an additional
challenge to the model presented in the previous section, as the parameters for
our model are the throughputs of kernels when the corresponding computational
resource is fully utilised. In practice, however, very few kernels in the application
under study are capably of truly exploiting the full computational prowess of the
GPUs on which they run. Therefore, the throughput of these kernels cannot be
determined naively by measuring their runtime. Instead, we opt to model the
throughput of our kernels using a variety of easily computable metrics. In this
section, we will present the model that we will use to compute the theoretical
throughput of GPU kernels, which we will subsequently use in the model of the
throughput of our application as a whole presented in Section 8.4.2.

Core to our model for kernel throughput is the idea that throughput of a kernel
– or, more broadly, of any process which does not have dependencies on previous
invocations of itself – can be computed as the number of processes # that can be
performed simultaneously divided by the latency ! of each individual process,
which gives rise to Equation 8.6:

)(#, !) = #

!
(8.6)

Equation 8.6 is intuitive, as are some of its consequences: increasing the number
of processes that can run simultaneously by a given factor will increase throughput
by the same factor. Similarly, decreasing latency by a given factor will also increase
throughput by the same factor. Another useful property of Equation 8.6 is that it
can be easily computed for most kernels. The latency parameter ! can be directly
measured by any of the myriad profiling tools available for GPU applications or
even – for those with a preference for more direct methods – through the use of
timing functions. The number of simultaneous kernel executions is more difficult
to compute, but we will proceed to show that this parameter, # , can also be easily
computed for most kernels.

A naive computation of the number of concurrent executions for a given kernel
follows from the number of threads required by the kernel, 2A , and the number of
cores available on the device, 23. For example, we may use the ratio # = 23/2A as
an approximation for how many instances of a kernel can be executed simultan-
eously, but this approach suffers from two main problems; the first pertains to the
difference between threads, cores, and thread slots, as well as the degree to which
those resources can be occupied. The second issue pertains to so-called tail effects.
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Table 8.1: Overview of the number of thread slots per Streaming Multiprocessor
(SM) for various Compute Capability (CC) levels in NVIDIA GPG-
PUs [97].

CC Slots per SM

1.0 – 1.1 768
1.2 – 1.3 1024
2.0 – 2.1 1536
3.0 – 7.2 2048
7.5 1024
8.0 2048
8.6 – 8.9 1536
9.0 2048

In both cases, the core idea is that the latency metric ! refers to wall-clock time and
thus, intuitively, incorporates any effects that might slow down execution and, for
Equation 8.6 to make sense, the parallelism metric # must be aware of the same
issues. We will dedicate the coming paragraphs to more detailed explanations of
these problems, and their possible solutions.

Firstly, the mapping of software threads onto hardware differs significantly
between traditional CPU-like architectures and massively parallel GPGPU archi-
tectures. Comparatively, the design of CPU architectures is relatively simple: the
number of software threads is unbound, and the number of cores is fixed. On such
architectures, threads are scheduled onto cores through e.g. a FIFO or round-robin
scheme, in arbitrary order. Furthermore, these threads may be context-switched –
either voluntarily or through preemption – and control may be therefore be yielded
to other threads in arbitrary order. On GPGPU architectures, this mapping is much
more complex in order to facilitate a different model of context switching. CPU
architectures context switching by transferring the complete state of a thread to
memory such that it can be restored when control is returned to the thread. In or-
der to reduce the overhead of context-switching, GPGPU architectures implement
a zero-cost context-switching strategy that works by 1. implementing hardware
thread slots, of which there are multiple per core; by 2. ensuring that the resources
required by each thread are allocated for the entirety of the lifetime of that thread;
and by 3. ensuring that a thread can only vacate a thread slot by completing execu-
tion. Given this design, the aforementioned computation of # = 23/2A – where 23 is
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the number of cores on the device – is inappropriate7. Rather, we should use the
number of thread slots, which we will denote 2B . Thus, we obtain # = 2B/2A . The
values of 2B can be easily obtained by multiplying the number of compute units –
Streaming Multiprocessors in NVIDIA parlance – by the number of thread slots per
compute unit. The latter number depends on the Compute Capability of the device8

and is easily obtained from the NVIDIA CUDA documentation and is also given
in Table 8.1 for posterity.

As an additional complication of the zero-cost context-switching model em-
ployed by GPGPU architectures, it is not guaranteed that all thread slots are
actually available for use. Indeed, the resources present on the compute unit –
most notable block slots, shared memory, and registers – are limited and shared
between threads. Thus, if threads are particularly resource-hungry, e.g. if they
require a particularly large number of registers, it may not be possible for all thread
slots to be used. The corresponding metric is occupancy @ ∈ [0, 1] which describes
what fraction of thread slots are usable by a given kernel. A value of @ = 1 is
optimal and indicates that all thread slots can be used. A (somewhat unlikely)
value of @ = 0 means that the kernel is not executable. For any given GPGPU
kernel, the occupancy @ can be easily calculated or found using a profiler. In order
to facilitate the computation of # , we will introduce an intermediate value : which
describes the ratio between the required number of threads and the available cores,
incorporating the concept of occupancy. Because : is computed differently for
CPUs and GPUs, we will first define :GPU as in Equation 8.7:

:GPU =
2A

@2B
(8.7)

Secondly, tail effects play an important part in both the occupancy and the
latency of a kernel. Tail effects occur when, towards the end of a kernel, a small
tail of remaining work increases the latency and decreases the occupancy of that
kernel. We might imagine, for example, a kernel that takes exactly 100ms for each
individual thread. On a machine with four thread slots, running this kernel with a

7Readers intimately familiar with CUDA programming may cast doubt on this claim, as it is well
understood that performance does not linearly increase with the number of thread slots used;
indeed, increasing thread slots does not increase the number of cores. Rather, using more thread
slots allows the hardware to more efficiently hide latency from e.g. memory accesses. However, we
must recall that the metric # simply refers to how many tasks can be ran concurrently, not how
efficiently those tasks can be run. Therefore, we posit that the number of thread slots is, in fact, the
correct metric. Any latency improvements achieved by context-switching are accounted for by the
metric of latency !.

8In NVIDIA nomenclature, Compute Capability (CC) refers to a set of low-level performance and
programmability characteristics of a device; no similar concept exists in CPU hardware.
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Figure 8.14: The parallelism metric # as a function of :, the ratio between the
number of threads required by the application and the number of
cores available on the device. Note the sawtooth pattern, as well as
the tendency of # to approach 1.

single thread would incur latency of 100ms. Running the same kernel with two,
three, or four threads would incur an identical latency9, but executing the kernel
with five threads would incur a latency of 200ms. Indeed, four of those five threads
would be able to execute in parallel, but the fifth thread would only be able to start
executing after the others have finished, effectively doubling the latency: the fifth
thread gives rise to a tail effect. Any measurement of kernel latency inherently
includes tail effects, as latency is defined as the time between the starting and
ending time of the kernel. Because ! in Equation 8.6 incorporates tail effects, #
must also incorporate them in order for ) to be accurate. Thus, we calculate # as
in Equation 8.8:

# =
d:e
:

(8.8)

We note several corollaries of Equation 8.8. Firstly, # always has a value of at
least 1 which matches the intuition that – in order to achieve maximum throughput
in scenarios in which input requirements are fulfilled – it never makes sense not
to run a kernel. Furthermore, as 2A grows larger compared to 2B , e.g. as kernels
grow larger, # approaches 1 as shown in Figure 8.14; this matches the intuition
that larger kernels make more efficient use of available hardware as they are less
affected by tail effects. Finally, for kernels where 2A < @2B , i.e. : < 1, the value of #
can be arbitrarily high. To illustrate how Equation 8.8 can be used, we refer to an

9Barring any additional kernels running on the device taking up thread slots.
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earlier example of a thread with 5 threads worth of work running on hardware
capable of simultaneously executing 4 threads; we will assume that theoretical
occupancy is 100%. According to Equation 8.8, we obtain : = 5/4 = 1.25 and
# = 2/1.25 = 1.6. If, instead, the kernel would require 9 threads worth of work, we
would instead achieve # = 3/2.25 = 4/3; because this kernel suffers from fewer tail
effects, it averages a higher hardware utilisation and thus achieves a lower value
for # . Note that if 2A is a multiple of @2B , it must be the case that # = 1 and the
throughput is simply the inverse of the latency.

Compared to the GPGPU case, computing the parallelism factor # for CPU
devices is simple. Indeed, such devices have no concept of occupancy, which allows
:CPU to be calculated trivially from the number of thread 2A and the number of cores
23 as in Equation 8.9; the computation of # remains the same as in Equation 8.8.

:CPU =
2A

23
(8.9)

We have now established methods to estimate the throughput of kernels – run-
ning on Central Processing Units (CPUs) or on General-Purpose Graphics Pro-
cessing Units (GPGPUs) – for which the throughput cannot be easily measured,
as long as the latency can. With our model for the performance of a task graph
as well as our model for the throughput of individual kernels in such task graphs
now completed, we are ready to apply these models in practice.

8.5 Results

We have now summarised our approaches to track finding in massively parallel en-
vironments and we have proposed a methodology for evaluating these approaches
in the face of effective heterogeneous scheduling methods. To round off the final
chapter of this thesis, we will proceed to combine all of the aforementioned to
provide a comprehensive evaluation of the performance of our approaches. To
that end, we provide performance results for our algorithms and evaluate these
results against the requirements posed by future colliders.

8.5.1 Kernel Benchmarks

The model discussed in Section 8.4.2 relies on the throughput of individual kernels
as calculated in Section 8.4.3, which in turn relies on measurements of the latency,
occupancy, and grid sizes. In this section, we employ a profiling tool to gather
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Table 8.2: The versions of the traccc software and its dependencies used for the
benchmarks described in Section 8.5.1.

Software Version

traccc 0.17.0
ACTS 27.0.0
algebra-plugins 0.24.0
covfie 0.10.0
detray 0.79.0
vecmem 1.11.0
CUDA nvcc 12.5.1
Nsight Compute 12.5.1
g++ 11.4.1

these data for the kernels in the traccc application. These benchmarks were run
on a machine equipped with an NVIDIA RTX A5000 GPU and an AMD EPYC
7413 CPU. We evaluated version 0.17.0 of the traccc software, modified to remove
the sorting of tracks. The code was compiled using CUDA 12.5 and gcc 11.4; the
performancewas evaluated usingNVIDIANsight Compute 12.5. Amore complete
version list of all the software used in these experiments is given in Table 8.2. The
application was profiled while running on a series of one hundred � = 〈200〉 CC
events in the Open Data Detector (ODD) [302] simulated using Geant4 [303]. Note
that � = 〈200〉 events are a useful approximation for the data expected in the
HL-LHC era. The NVIDIA RTX A5000 is a Compute Capability 8.6 device featuring
64 processing units with 1536 thread slots per unit for a total of 98 304 thread slots.

In total, 7453 kernels were profiled, an average of 74.5 kernels per event. Of these
kernels, there were 20 unique kernels, i.e. kernels with distinct implementations.
The total execution time of these kernels was 12.5 s, an average of 124.9ms per
event. Note that Nsight Compute disables frequency boosting in order to provide
the most consistent results. The aggregated results per unique kernel are shown in
Table 8.3. The results for the kernels executed by the combinatorial Kálmán filter
are shown in Figure 8.15 instead, as they are executed multiple times per event,
and because each iteration of these kernels has significantly different performance
characteristics.
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Figure 8.15: The grid size, kernel latency, and throughput for the kernels invoked
by the combinatorial Kálmán filter.
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8.5.2 Task Graph Performance

Using the data presented in Table 8.3 and Figure 8.15, we can finally construct a
throughput model of the application as a whole, which we will present in this sec-
tion. Note that we have opted to use only GPGPU-based algorithms in this model,
omitting CPU-based algorithms; we consider extending the model with profiled
CPU algorithms future work. The resulting flow graph consists of 162 nodes and
241 edges10 and produces a theoretical throughput of 11.12Hz. Although this
result – which is comparable to a modern, fully utilised CPU – is promising, it will
need to be improved significantly to meet the requirements of the HL-LHC era.
Indeed, the projected full-event tracking rate in the Phase 2 ATLAS experiment is
approximately 150 kHz11; at the current achieved performance, this would require
approximately 13 500 GPUs [314].

For massively parallel track reconstruction to become viable for use in the HL-
LHCera, wewill need to further increase the performance of the traccc application.
To this end, our throughput model is able to guide the direction of future develop-
ments. Indeed, if our model is able to predict the throughput of our application as
it stands, it can also evaluate the throughput of the application following hypo-
thetical improvements to individual kernels. In order to demonstrate the viability
of our model for this use case, we have modified each of the 20 kernels with 100
relative performance increase factors distributed logarithmically on the range 10−2

to 102, i.e. between a decrease in throughput by a factor one hundred and an increase
by a factor one hundred. The results of this experiment are shown in Figure 8.16.
We find that these data provide a clear path forward in terms of optimisation.
In particular, it is clear that the greatest performance increases can be gained by
improving the performance of the propagate and fit kernels. Most of the other
kernels have a much smaller, often negligible, impact on application performance.

8.6 Reproducibility and Reusability

In order to facilitate the use of our model for both descriptive purposes – i.e. the
evaluation of an existing system compared to an upper bound – and prescriptive

10Not all of these nodes are useful, e.g. many transfer data from the GPU to the CPU, even though the
CPU is not equipped with algorithms to process those data. Fortunately, our model works just as
well with these redundant nodes and edges as without, which is why we have opted not to remove
them.

11In addition, there is an estimated 1MHz rate of Region of Interest (RoI) tracking; on average, this
form of tracking amounts to the reconstruction of tracks in roughly 5% of the detector volume and
takes approximately 10% of the computing power required to reconstruct a full event [314].
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Figure 8.16: The impact on application throughput due to the increase in individual
kernel throughput as described by our model. In cases where one
kernel was executed multiple times, all invocations of that kernel has
their throughput increased uniformly. Note the sigmoidal shapes of
the curves. Only kernels that impact the performance of the overall
application by at least 20% are shown for the sake of brevity.

purposes – i.e. the evaluation of potential future changes to a system – we have
implemented a Python tool that computes an upper bound on the throughput of
task graphs using a simple specification format. Indeed, we require the user to
specify the data types, devices, interconnects, and kernels in a human-readable
YAML format and our tool will automatically construct the flow network and
solve the corresponding linear program. An example of the inputs accepted by
our program is given in Listing 8.1. Most real-world applications – including
the application in high-energy physics relevant to us – will have more elaborate
specifications, but we include only a small example for the sake of brevity. Our tool
is freely available under the MIT license at https://github.com/stephenswat/
lipstick.
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8.7 Summary

The traccc track reconstruction pipelinewhichwe have discussed in this chapter
is implemented in C++ with a variety of heterogeneous programming models,
including CUDA, SYCL, and Futhark [89]. The code is made freely available under
the MPL-2.0 license at https://github.com/acts-project/traccc. The afore-
mentioned repository also allows users to download track reconstruction inputs
such that the code can be executed everywhere, i.e. no access to proprietary data
is required. traccc is a collaborative effort and has been developed by numerous
people.

8.7 Summary

In this chapter, we have described design and implementation of the traccc pro-
ject, a chain of algorithms designed to perform track reconstruction on massively
parallel processors. traccc is the result of the implementation and development of
many algorithms, some ofwhich novel and others redesigned formassively parallel
execution. Furthermore, the traccc project ties together the models and libraries
described in the other chapters of this thesis. In particular, the covfie library –
described in Chapter 5 – was designed specifically to provide high-performance
magnetic fields, and the model described in Chapter 7 was developed to help us
work around the imbalanced workloads that are ubiquitous in track reconstruction.
In addition to the description of traccc, we have described a methodology for
modelling the throughput of task graph applications from measurements of their
constituent application, allowing for the evaluation of the performance of such ap-
plications even if proper scheduling methods are not (yet) available. Furthermore,
this methodology has allowed us to answer Research Question 4.

We believe that the traccc project functions as a promising proof-of-concept
and as an answer to our Main Research Question, demonstrating that track recon-
struction as required in the HL-LHC era is, indeed, possible on massively parallel
architectures. Simultaneously, it is clear that much work remains to be done to
further improve the performance of the software, as the required throughputs are
higher than can be reasonably achieved with the developments hitherto described
in this thesis. To this end, we have demonstrated the prescriptive power of our
models, i.e. their power to inform future optimisation efforts in order to maximise
their effectiveness. In the case of traccc, it is clear that the primary candidates for
optimisation are those kernels which perform numerical propagation.

In addition to the optimisation of existing kernels, we foresee that much of the
future work in the area of massively parallel track reconstruction will focus on the
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development of entirely new track reconstruction strategies. For example, we have
worked towards methods which find tracks not through repeated propagation
of tracks but rather through the combination of existing seeds. Other novel ap-
proaches include the use of Graph Neural Networks (GNNs) to discover structure
in detector data [315], similarly without the use of costly numerical integration
methods. We further envision that the models presented in this chapter could
be further extended with data about CPU-based track reconstruction methods –
which are fully supported by themodel but for whichwe do not currently have data
– to provide a more comprehensive picture of the entire heterogeneous computing
environment.
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Table 8.3: The grid size, block size, occupancy, kernel latency, and throughput for
the 20 unique kernels in the traccc application. The block size and
occupancy are fixed and do not vary from invocation to invocation. The
grid size and latency are given as the mean values across 100 kernel
invocations. The throughput is given as the mean of the per-invocation
throughput derived as described in Section 8.4.3. The statistics for the
kernels invoked by the combinatorial Kálmán filter are shown in Fig-
ure 8.15.

Kernel BS GS Occ. (%) Lat. (µs) Thr. (Hz)

ccl_kernel 256 190.3 83.3 1052.1 1676.7
form_spacepoints 1024 104.4 66.7 76.9 16 482.4
count_grid_capacities 256 328.6 100.0 43.2 28 380.1
populate_grid 256 328.6 100.0 53.8 22 786.1
fill_prefix_sum 32 2.0 33.3 87.4 5 914 812.4
count_doublets 64 642.7 66.7 626.4 2672.0
find_doublets 64 359.8 66.7 1589.7 1858.9
count_triplets 64 111 316.0 66.7 13 347.5 81.6
reduce_triplet_counts 64 359.8 66.7 20.1 144 414.7
find_triplets 64 11 731.2 66.7 4491.9 261.0
update_triplet_weights 64 15 291.9 66.7 104.6 10 621.0
select_seeds 64 359.8 33.3 457.5 3404.8
estimate_track_params 64 593.3 66.7 64.7 27 829.3
make_barcode_sequence 64 267.4 66.7 4.5 845 489.4
apply_interaction 64 — 66.7 — —
find_tracks 64 — 25.0 — —
propagate 64 — 25.0 — —
build_tracks 64 1577.4 66.7 652.6 2172.3
prune_tracks 64 492.0 66.7 254.5 8882.5
fit 64 492.0 16.7 28 139.4 44.3

197





9
Conclusion

Tot ziens, tot ziens, Justine;
want welke weg ik kies, hij leidt naar hier.
Geschiedenis herhaalt zich nooit,
maar rijmt altijd een keer.

— Erik de Jong
(Musician)

Massively parallel processor architectures have proven themselves a great boon
to scientific computing by providing peak theoretical throughput numbers un-
matched by traditional single- or multi-core architectures. This computational
prowess is not without drawbacks, however; coordinating tens of thousands of
threads is no easy task from the programmer’s perspective, and the architecture
of most massively parallel devices makes them prone to a variety performance
pitfalls which do not – or to a lesser extent – affect other architectures. Simply put,
massively parallel processor architectures excel in regular workloads with suffi-
cient parallelism, while they struggle with irregular applications. In this thesis, we
have sought to answer the question whether the reconstruction of charged particle
tracks in high-energy physics can efficiently exploit the capabilities of modern
massively parallel processor architectures; a difficult question no doubt, as track
reconstruction is almost antithetical to the regular workloads to which massively
parallel devices are most suited. In spite of this challenge, we believe that we have
managed to satisfyingly advance the state of the art in massively parallel track
reconstruction. In this chapter, conclude our work by reflecting on the research
questions posed in Section 1.2 and by presenting our outlook on the future of our
work.
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9.1 Research Questions

In Section 1.2, we proposed four research questions which contribute to the main
research question regarding the viability of track reconstruction on massively
parallel architectures. In this section, we revisit these questions and answer them
using the work presented in the preceding chapters. We will first answer the four
more specific research questions, after which we will answer the main research
question of this thesis.

‘What are the challenges in porting state-of-the-art reconstruction
algorithms to massively parallel architectures?’

(RQ1)

Research Question 1 concerns the challenges involved in porting state-of-the-art
track reconstruction algorithms tomassively parallel systems. Indeed, it is said that
knowing is half the battle1: knowing which challenges prevent existing solutions
from performing well on massively parallel architectures will inform the design
of novel algorithms, methods, and models. We have extensively examined the
aforementioned challenges in Chapter 4; this examination leads us to conclude that
there are two primary challenges inhibiting massively parallel track reconstruction.
The first challenge is that track reconstruction algorithms frequently access large,
multi-dimensional structured grid data which need to allow high throughput
in massively parallel environments. The second challenge is that the workloads
in track reconstruction are highly irregular, which leads to severely degraded
performance in massively parallel architectures.

‘How can structured grid data be represented in order to maximally
exploit the access locality of arbitrary computations, including those

in track reconstruction?’
(RQ2)

Research Question 2 follows directly from our answer to Research Question 1
and concerns the storage of structured grid data. Our goal in answering this
question is to find highly performant storage strategies. In an attempt to serve the
high-performance computing community as a whole, we have chosen not to restrict
ourselves to applications in track reconstruction, nor do we restrict ourselves to
only massively parallel architectures – although the aforementioned application
and architectures remain, of course, the primary focus. To this end, we have
presented a novel benchmarking strategy – published under the name covfie –

1A brief investigation reveals that this common idiom is originally from the American children’s
television show G.I. Joe; while it is perhaps unconventional to quote a fictional action hero in scientific
prose, we posit that the veracity of the statement remains unaffected by its original source.
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in Chapter 5 which is capable of evaluating a broad variety of storage strategies
across a variety of hardware platforms under arbitrary access patterns. We achieve
this lofty goal by employing compile-time composition to provide a model of
representing structured grid storage methods in a way that is both flexible as well
as performant. Our research does not lead us to prescribe a singular method for
storing structured grids on massively parallel systems; instead of providing the
metaphorical fish, we provide a method for fishing: automated benchmarking.

We expand further on Research Question 2 in Chapter 6 by examining the layout
of structured grid data, i.e. the order in which elements are stored in memory. It
is well known that the choice between e.g. the row-major and column-major can
significantly impact the performance of an application. We focus specifically on a
generalisation of the so-called Morton layout which gives rise to a family of array
layouts so large that it cannot be feasibly benchmarked exhaustively. This led us to
employ genetic algorithms. In our work on generalised Morton layouts – which we
have called ALEX – we demonstrate that genetic algorithms can quickly find novel
array layouts that are well suited to a specific application, and that the layouts
found by our genetic algorithm can provide performance benefits in real-world
applications, accelerating applications by up to a factor ten. Together with the
work summarised in the previous paragraph, we have developed several novel
tools that allow us to better understand how to store structured grid data in track
reconstruction and beyond.

‘How can the effects of thread imbalance in SIMT workloads be
modelled and how can they be mitigated?’

(RQ3)

Research Question 3 also follows from Research Question 1 and concerns the
modelling and mitigation of thread imbalance in SIMT architectures, a major
performance pitfall in many massively parallel applications. Due to the lockstep
design of manymassively parallel processors (in particular, those with GPGPU-like
architectures), even minor imbalances in the per-thread work distribution can lead
to significant amounts of idle time and lost performance. To better understand
the impact of thread imbalance, we have developed a novel model – known as
SMITE – which allows us to estimate the negative impact on performance that such
imbalance will have on an application. Our model uses only statistical information
about the input data of the application, which allows us to employ our model
during very early stages of development, saving valuable development time. Our
model also helps us to understand the impact of mitigation techniques such as
load balancing, thread refinement, and thread coarsening, thereby guiding the
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implementation of such methods.

‘How do the extra-functional properties of novel track reconstruction
algorithms, designed to exploit massive parallelism, compare to

state-of-the-art solutions?’
(RQ4)

Research Question 4 is our penultimate research question and concerns the
measurement of the non-functional performance of a novel implementation of track
reconstruction – designed from scratch to enable efficient execution on massively
parallel environments – and the comparison of this performance to that of state-
of-the-art implementations on traditional single- and multi-core architectures. To
this end, we have implemented a novel track reconstruction software package
known as traccc which we describe in detail in Chapter 8. In the same chapter,
we extensively investigate the performance of the kernel in the proposed solution,
and we propose a novel model for combining these results into an estimate of the
peak theoretical throughput of the application. Our model can also be used to
evaluate the performance of future improvements and, therefore, can be used to
guide optimisation.

‘Can track reconstruction be implemented efficiently on massively
parallel systems?’

(MRQ)

The answers to all of the previous research questions finally lead us to an answer
to our Main Research Question, which asks whether track reconstruction can be
efficiently implemented on massively parallel architectures. Considering the work
towards modelling, benchmarking, and implementation that has been presented
in this thesis, our answer is a cautious but hopeful yes. It has become clear that
the irregular nature of the track reconstruction problem makes it difficult to run
in parallel; not only does the problem require eight distinct steps to solve, but
these steps are also computationally very different. Furthermore, the individual
algorithms often exhibit one or more layers of unbounded loops, which lead to
significant thread imbalance. Our work towards massively parallel has required
the development of novel algorithms from scratch, and it has required us to develop
novel models in order to guide our developments. Using these novel algorithms
andmodels, we have been able to show that massively parallel track reconstruction
is able to match or exceed track reconstruction on traditional homogeneous, shared-
memory systems in latency, throughput, and energy efficiency.
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9.2 Outlook and Future Work

Although we believe that this thesis provides a foundational understanding of the
challenges in massively parallel track reconstruction as well as solutions to those
challenges, it does not provide a single, conclusive solution. Both the generally
applicable methods presented in this thesis as well as the application-specific
solutions can be further improved. In this section, we present our outlook on how
the work we have done can be expanded upon in the future.

Regarding the broader scope models and methods developed, we are excited
and curious to see how they will be used in the future. We look forward to
seeing these models employed in other applications, and we believe they can bring
performance benefits beyond applications in high-energy physics. The covfie
benchmark presented in Chapter 5 is designed to be applicable to any domain in
which multi-dimensional arrays are used. We believe that our software may be
used to improve performance across a broad range of applications with relatively
little effort.

The ALEX method for finding array layouts using genetic algorithm – presented
in Chapter 6 – has similar potential, but we also see exciting avenues for how the
methodology itself can be expanded. In particular, our current approach is limited
to array layouts in which bit orders are preserved, but it need not be. Indeed, this
limitation only exists because modern processor architectures cannot efficiently
employ arbitrary bit orderings. As processing hardware has become increasingly
flexible over recent years – in particular with the popularisation of FPGAs – we
believe that the use of arbitrary array layouts may become possible. If so, our
method may prove a valuable tool for finding such layouts.

We also look forward to further applications of the SMITE model which we
presented in Chapter 7. Currently, our model provides a way to evaluate the per-
formance of specific algorithms on data with specific distributions, but we believe
that the model can be extended to serve a more prescriptive role. For example, a
common strategy in massively parallel computing is to sort data such that thread
imbalance is reduced, but it is hard to predict the efficacy of such measures. We
believe that our model can serve as a foundation for more complex models which
could be used to evaluate different solutions a priori to their implementation and
encourage hybrid approaches such as the sorting of segments of data instead of
sorting the data set as a whole.

As shown in Chapter 8, the implementation of the combinatorial Kálmán filter
remains the primary performance hotspot in our software. Although the perform-

203



Chapter 9 Conclusion

ance of this algorithm on massively parallel has been improved significantly, we do
not claim that our solution is optimal. Indeed, our code suffers from high degrees
of branch divergence and makes extensive use of structured grid data. We believe
that much of the future work towards massively parallel track reconstruction will
go towards further optimising the combinatorial Kálmán filter, which may even
lead to the development of entirely novel track finding strategies.

Finally, it remains to be seen how heterogeneous kernels should be scheduled in
real-world high-energy physics applications. Many high-energy physics experi-
ments use frameworks designed for scheduling on homogeneous shared-memory
systems; few are prepared for the added challenge of placement in heterogeneous,
distributed-memory systems. Comprehensive scheduling solutions that are com-
patible with heterogeneous systems are under active research in the high-energy
physics community, but it is unclear in which direction the field will choose to
go. Chapter 8 of this thesis provides insight into this, as our model for task graph
application throughput allows us to compare the performance of different archi-
tectures. We hope that our work in this area will help guide the design of future
scheduling and placement algorithms in high-energy physics software.

9.3 Final Thoughts

On the CERN site in Meyrin, Switzerland stands the building containing the
Synchrocyclotron (SC): the first particle accelerator ever built at CERN. After a
remarkable 33 year career – spanning from 1957 to 1990 – the SC now serves as
a museum piece, open for the general public to visit as part of a guided tour.
The dangerous doses of radiation – for which the building containing the SC
was equipped with concrete walls several meters thick – have made way for an
environment in which we welcome tourists, and the collision targets at which
highly energic protons would have been fired have made way for a thirteen-minute
video aimed at educating viewers about the history of CERN. Towards the end of
that production, the audience is treated to a quote by the late Maria Fidecaro – one
of the longest-serving members of CERN staff:

‘I think that curiosity and the need to do research is a part of our humanity. So
there will certainly be a future.’

The field of particle physics is a beautiful example of the curiosity of humanity.
Even when the practical benefits are not immediately obvious, our desire to un-
derstand the universe – from the unfathomably small to the astronomically large
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– is so strong that we will move mountains2 to learn all that there is to learn. It
is an example of how we appreciate the intrinsic value of science: the pursuit of
knowledge is valuable in and of itself, regardless of its practical applications. In
modern times, the pursuit of knowledge – in virtually all fields of science – is a
cooperation of human minds and computer system; humans provide the creativity
that is fundamental to the advancement of science, and computers provide the
almost brutish arithmetic force that is required to run complex simulations and
calculations. The fact that computing has become indispensable across all fields of
science has placed the field of computer science in a particularly vital role. Indeed,
if mathematics is the queen of science, then perhaps computer science could – with
sufficient hubris – be called the prince of science.

In this thesis, we have had the honour to apply the field of computing in order to
help advance – indirectly – the field of particle physics. Throughout this thesis, our
goal has always been to develop general methods which can be applied not only to
computing in high-energy physics, but to high-performance computing in general.
Indeed, the core goal of our work is to advance the field of computing. To this
end, we have developed models, methods, and algorithms which advance – if even
in a small way – our understanding of high-performance computing. We hope
that these developments will allow for better, more efficient applications of high-
performance computing in high-energy physics and beyond, and we hope that
our work may therefore help to effect future scientific advancement. In the case of
high-energy physics specifically, the consequences of this thesis are more tangible;
the results presented therein will directly affect the feasibility of data processing
in the High-Luminosity Large Hadron Collider, and we believe that our work will
be a valuable guide in the development of software for future accelerators.

2Quite literally, in the case of the Large Hadron Collider, which runs partially under the Jura mountain
range.
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