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1 Introduction

The knowledge of the binding energy of atomic nuclei is a key for the understanding
of fundamental properties of the matter, since all interaction forces are involved. The
properties of nuclei are studied in different disciplines of physics research on nuclear
fine structure, weak interaction studies, and others [Bla06]. The binding energy and
thus all properties of a nucleus are directly related to the mass via Einstein’s relation
E = mc2. The highly precise determination of nuclear masses is therefore an important
topic for experimental nuclear physics. Especially short-lived nuclei far away from sta-
bility are of high interest, because they allow one to observe nuclear structure effects,
deformation effects, or pairing effects [MBB+08]. For example in astrophysics, the
masses of short lived nuclei are of great importance for research on the rapid neutron
[DAB+06],[BAB+08] and rapid-proton capture process [RKA+05],[HAB+04].
ISOLTRAP [MBB+08] is a Penning trap experiment, located at the radioactive ion
beam facility ISOLDE at CERN. It has been developed for high precision mass mea-
surements of short lived nuclei, far away from stability, via determining their cyclotron
frequency

νc =
q ·B
2πm
, (1.1)

with q as the charge of the ion, m as the mass, and B as the strength of the magnetic
field. More than 400 different masses with half-lives down to 65 ms [KAB+04] have been
determined. These mass measurements have been performed with a relative mass uncer-
tainty down to δm/m = 8 · 10−9 [KBB+03]. The required ions for the experiments are
produced in the ISOLDE facility, which is illustrated in Fig. 1.1. The main components
of the facility are a target area, two mass seperators (GPS (General Purpose Separa-
tor) and the HRS (High Resolution Separator)), and an experimental hall with several
beam lines and dedicated experimental setups. A highly energetic proton beam hits
a thick target [Kug00] (e.g. uranium carbide), whereby many different radioactive nu-
clides are produced as atoms. These atoms are later ionized, accelerated and separated
in one of the two mass separators. These separators have a resolving power of up to
Rp = m/δm ≈ 1000 for the GPS, and Rp ≈ 5000 for the HRS. Thus, the separators are
suitable to isolate a single mass number, but other isobars and, in addition, long-lived
isomeric states are not always resolved. The rate of contaminants depends on several
parameters in the ionization process and the production cross-sections of the nuclei. To
avoid frequency shifts due to the interaction with different ion species, the ensemble has
to be purified from contaminants. At ISOLTRAP this is performed with a cylindrical
Preparation Penning Trap, where the so-called buffer gas cooling technique is applied
[SBB+91]. A dipolar field drives all ions out of the trap center to a larger radius. A
further excitation with an oscillating quadrupolar field at the cyclotron frequency νc of
the ions of interest is exciting the ions motion, so that they are moved to the center of
the trap in presence of a buffer gas. Afterwards they can pass a diaphragm towards the

11
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Figure 1.1: Sketch of the ISOLDE facility at CERN with the ISOLTRAP mass
spectrometer.

next experimental step. This technique allows one to cool ions mass selectively with a
resolving power of Rp = δm/m = νc/∆νH ≈ 105, where ∆νH is the uncertainty of the
frequency. For a subsequent successful mass measurement on short-lived nuclei, four
aspects have to be considered:

1. For many kinds of contaminants, especially many isomeric states, a high resolving
power is required to purify the ions of interest. As an example, for the chain 210Pb+

to 214Pb+, the required resolving power is increasing fast with the mass number.
For 210Pb+ a resolving power of 30000 is needed, whereas for 211Pb+, one needs
Rp = 100000, and for 214Pb+, Rp = 500000 is required.

2. If the ions of interest are rarely present in the ensemble delivered from ISOLDE
as 130Cd+, which is contaminated with much more 130Cs+, a high efficiency of
the cooling process is necessary in order not to loose the rarely produced ions.

3. The time of the whole process is limited by the live time of the exotic ions.

4. To perform a precise mass measurement after the purification, the ions have to
be well cooled and centered, since a large energy distribution causes also large
uncertainties in the experimental results.

12



Under this thesis, the cooling and purification process in the Preparation Penning Trap
of ISOLTRAP has been investigated. The attention is concentrated on the excita-
tion modes. As an alternative to the commonly used dipolar and quadrupolar exci-
tation scheme, a circularly polarized dipolar excitation scheme, a circularly polarized
quadrupolar excitation scheme, and an octupolar excitation scheme is investigated for
the cooling process by simulations and measurements. A motivation for the investiga-
tion of an octupolar excitation scheme is the fact that the resonance frequency νoct = 2νc
[RBS+07],[BAB+08] causes a doubled resolving power Rp = 2 · νc/∆νH compared with
the quadrupolar excitation scheme for the same resonance width ∆νH. This is, in ad-
dition, an excitation mode which results in a nonlinear behavior of the ions, where the
shape of resonance curves has a large spectrum. For well chosen conditions it is possi-
ble to achieve a much higher resolving power than in a quadrupolar excitation scheme
[RBS+07]. Therefore a simulation has been written which is specialized for a fast de-
termination of the resolving power of excitation schemes and which is able to calculate
the motion of ions under influence of collisions with neutral background atoms. Further
the properties of the octupolar excitation scheme have been investigated in systematic
measurements.

13





2 Theoretical Background

Penning traps allow a three dimensional confinement of charged particles. In the follow-
ing ideal Penning traps are introduced as well as excitation schemes for manipulation
of the ion ensembles. The purification and cooling of ions which is a fundamental tech-
nique to prepare ions for a precision measurement, will be discussed [BMSS90], [BG86].
Many diagrams in this chapter are illustrating examples which have been simulated.
The simulations are described in 3.

2.1 The Eigenfrequencies of Charged Particles in the Ideal

Penning Trap

In a Penning trap the confinement of charged particles is achieved by a magnetic field
of the strength ~B = Bẑ, with ẑ as the unit vector in z-direction, superimposed with
an axial quadrupolar field from hyperbolic electrodes as in Fig. 2.1. The quadrupolar
potential in cylindrical coordinates with ρ(x, y) =

√
x2 + y2 is given by

Φ(ρ, z) =
U0

2d2

(
z2 − ρ

2

2

)
(2.1)

where d is the geometry parameter of the Penning trap d2 = 1
2

(
r20 + 1

2z
2
0

)
[BG86]. The

constants ρ0 and z0 describe the dimension of the trap where ρ0 is the minimum distance
between the trap center and the ring electrode and z0 the minimum distance between
the center and the endcaps.
The equation of motion for a particle of the mass m and the charge q is given by:

m~̈r = q
(
−~∇Φ(ρ, z) + ~̇r × ~B

)
(2.2)

with the components

ẍ = ωcẏ +
1

2
ω2
zx, (2.3)

ÿ = −ωcẋ+
1

2
ω2
zy,

z̈ = −ω2
zz.

The frequency ωc = q·B
m is the cyclotron frequency of a charged particle in the magnetic

field. The motion in z direction is decoupled from the magnetic field and the solution

is a simple harmonic oscillation at the frequency ωz =
√
q
m
U0

d2 .
To derive the eigenfrequencies of the motions in the xy-plane, a complex variable u =

15
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Upper End Cap

Lower End Cap

r0
z0

Ring Electrode

U0

Figure 2.1: The principle of the Penning trap. A magnetic field is su-
perimposed with an axial quadrupolar potential from hy-
perbolic electrodes.

x+ iy is used [Kre91]. The x and y component of Eq. (2.3) are reduced to:

ü+ iωcu̇−
1

2
ω2
zu = 0. (2.4)

With the ansatz u = u0 · eiωt an equation for the radial eigenfrequencies is obtained:

ω2 − ωcω +
1

2
ω2
z = 0. (2.5)

Thus the radial eigenfrequencies are:

ω± =
1

2

(
ωc ±

√
ω2
c − 2ω2

z

)
. (2.6)

The condition for eigenfrequencies with real values and thus the condition to trap ions
is ω2
c −2ω2

z ≥ 0. The particle oscillates with three independent eigenmotions. The three
eigenfrequencies fulfill the following relations:

ωc = ω+ + ω−, (2.7)

ω2
c = ω2

+ + ω2
− + ω2

z , (2.8)

ω2
z = 2ω+ω−. (2.9)

The charge of the particle is implemented in ωc, which means that ωc is positive for
negative ions, and ωc is negative for positive ions in the mathematical sense (counter
clockwise). To fulfill the relation ωc = ω++ω−, the eigenfrequencies ω+ and ω− have the
same sign as ωc. In most mass spectrometry experiments the relations ω− < ωz < ω+

16



2.2 Motion in the Ideal Penning Trap

and also ωz ≪ ωc are fulfilled as well [SZBL95],[MF09]. For the latter relation the
square root in Eq. (2.6) can be expanded to the first order:

ω+ ≈ ωc −
U0

2d2B
, (2.10)

ω− ≈
U0

2d2B
. (2.11)

2.2 Motion in the Ideal Penning Trap

To solve the equations of motion a substitution is used which decouples the x and y
component of Eq. (2.3) [BG86]. The velocity vectors ~V ± are introduced as follows:

~V ± = ~̇ρ− ω∓ẑ × ~ρ, (2.12)

with their components

~V ± =

(
ẋ+ ω∓y
ẏ − ω∓x

)
, (2.13)

and the corresponding derivatives

~̇V ± =

(
ẍ+ ω∓ẏ
ÿ − ω∓ẋ

)
. (2.14)

If the frequency relations (2.7) and (2.9) are used in the radial part of Eq. (2.3) it follows
that

ẍ = − (ω+ + ω−) ẏ + ω+ω−x, (2.15)

ÿ = (ω+ + ω−) ẋ+ ω+ω−y.

In Eq. (2.14) and Eq. (2.15) there are two different expressions for each ẍ and ÿ, and
the combination with Eq. (2.13) gives

ẍ = V̇ ±x − ω∓ẏ = −((ω+ + ω−) ẏ − ω+ω−x) = −ω±V ±y − ω∓ẏ, (2.16)

ÿ = V̇ ±y + ω∓ẋ = (ω+ + ω−) ẋ+ ω+ω−y = ω±V
±
x + ω∓ẋ.

If the term ω∓ẏ is added to ẍ and −ω∓ẋ is added to ÿ, the equation for ~̇V ± is

~̇V ± =

(
0 −ω±
ω± 0

)
~V ±. (2.17)

The second derivatives are therefore two independent equations for V + and V −:

~̈V ± = −ω2
±
~V ±. (2.18)
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2 Theoretical Background

With the standard ansatz
~V ± = ~A±eλt+ϕ± , (2.19)

where

λ2 = −ω2
±, (2.20)

λ = ±iω±,

and with Eq. (2.17) it follows that

±iω± ~A
±e±iω±t+ϕ± =

(
0 −ω±
ω± 0

)
~V ±, (2.21)

which leads to
A±x = ±iA±y = ±iA±. (2.22)

Thus, the solution of Eq. (2.17) is given by

~V ± =

(
±i
1

)
A±e±i(ω±t+ϕ±). (2.23)

The velocity vectors ~V + and ~V − are rotating in opposite directions with respect to the
frequencies ω+ and ω−. To transform the vectors back into spacial coordinates x and
y, Eq. (2.13) is used:

x = −
V +
y − V −y
ω+ − ω−

, (2.24)

y = +
V +
x − V −x
ω+ − ω−

.

After the substitution of Eq. (2.23) in Eq. (2.24) and isolating the real part it follows
that

x = − A+

ω+ − ω−
cos(ω+t+ ϕ+) +

A−

ω+ − ω−
cos(ω−t+ ϕ−), (2.25)

y = − A+

ω+ − ω−
sin(ω+t+ ϕ+) +

A−

ω+ − ω−
sin(ω−t+ ϕ−),

where x and y are a combination of oscillations with the frequencies ω+ and ω−. The
factors

A±

ω+ − ω−
= ρ±,0 (2.26)

are the radii of the oscillations and Eq. (2.25) can be written as

x = ρ+ cos(ω+t+ ϕ+) + ρ− cos(ω−t+ ϕ−), (2.27)

y = ρ+ sin(ω+t+ ϕ+) + ρ− sin(ω−t+ ϕ−),

18



2.3 Ion Motion with Excitations

Figure 2.2: Schematical trajectory of the three eigenmotions in an ideal Pen-
ning trap. An axial motion with the angular frequency ωz and a
corresponding amplitude z0, the cyclotron motion with ω+ and
ρ+ and the magnetron motion ω− and ρ− are superimposed. The
projection of the motion in the xy-plane is a cycloid.

where the initial phases ϕ+ and ϕ− are chosen to be zero for t = 0 and ~ρ = (x, y) =
((ρ+ + ρ−), 0). The sign of the frequencies ω± depend on the sign of the charge, as
discussed for Eq. (2.7). The resulting motion of the charged particle is the superposition
of two radial motions: The cyclotron motion at the reduced cyclotron frequency ω+

and the radius ρ+ and the magnetron motion with the frequency ω− and the radius ρ−
(Fig. 2.2).

2.3 Ion Motion with Excitations

If the ion motion is excited by electric fields ~E = (Ex, Ey, 0), the Eq. (2.16) changes to:

ẍ = V̇ ±x − ω∓ẏ = −((ω+ + ω−) ẏ − ω+ω−x) +
q

m
Ex = −ω±V ±y − ω∓ẏ +

q

m
Ex, (2.28)

ÿ = V̇ ±y + ω∓ẋ = (ω+ + ω−) ẋ+ ω+ω−y +
q

m
Ey = ω±V

±
x + ω∓ẋ+

q

m
Ey

and hence Eq. (2.17) obtains additional terms:

~̇V ± =

(
0 −ω±
ω± 0

)
~V ± +

q

m
~E. (2.29)
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2 Theoretical Background

These additional terms are causing inhomogeneities in the equations of motion, where
the analytical solution, if possible, can be a challenge.

2.3.1 Dipolar Excitation

A dipolar excitation is commonly applied as a linearly oscillating homogeneous electric
field. The effect on the ion motion depends on the frequency and the initial phase of
the field as compared to the ions eigenfrequency and phase. The equation of motion
for a linear dipolar excitation in x direction, written in V-notation is

~̇V ± =

(
0 −ω±
ω± 0

)
~V ± +

q

m

(
Ud

ρ0
cos(ωdt+ ϕd)

0

)
, (2.30)

with Ud as amplitude of the excitation and ϕd as initial phase. These equations are
solved by a Laplace transformation with the results [Koe91]:

V ±x = A± cos(ω± + ϕ±) +
Ud

ρ0

(q/m)

ω2
d − ω2

±

(ωd sin(ωdt)− ω± sin(ω±t)), (2.31)

V ±y = −A± sin(ω± + ϕ±) +
Ud

ρ0

(q/m)ω±
ω2

d − ω2
±

(cos(ω±t)− cos(ωdt)).

For a resonant excitation i.e. ωd = ω+, l’Hopital’s rule is applied:

lim
ωd→ω+

(
ωd sin(ωdt)− ω± sin(ω±t)

ω2
d − ω2

±

)
(2.32)

=
d
dωd

[ωd sin(ωdt)− ω± sin(ω±t)]
d
dωd

[
ω2

d − ω2
±

]
∣∣∣∣∣
ω=ω+

=
sin(ω+t) + ω+ · t · cos(ω+t)

2ω+

for V ±x , and

lim
ωd→ω+

(
ω± cosω±t)− cos(ωdt)

ω2
d − ω2

±

)
(2.33)

=
d
dωd

[ω± cosω±t)− cos(ωdt)]
d
dωd

[
ω2

d − ω2
±

]
∣∣∣∣∣
ω=ω+

=
t · sin(ω+t)

2ω+
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2.3 Ion Motion with Excitations

for V ±y . The spacial coordinates x and y for the case ωd = ω+ are obtained with
Eq. (2.13)

x(t) =
1

ω+ − ω−

(
A+ sin(ω+t+ ϕ+) +

Ud

ρ0

(q/m)

2
t sin(ω+t) (2.34)

−A− sin(ω−t+ ϕ−)− Ud

ρ0

(q/m)ω−
ω2

+ − ω2
−

(cos(ω−t)− cos(ω+t))

)
,

y(t) =
1

ω+ − ω−

(
A+ cos(ω+t+ ϕ+) +

Ud

ρ0

(q/m)

2ω+
t(sin(ω+t) + ω+t cos(ω+t))

−A− cos(ω−t+ ϕ−)− Ud

ρ0

(q/m)

ω2
+ − ω2

−

(ω+ cos(ω+t)− ω− sin(ω−t))

)
.

The calculation for ωd = ω− is analog. If a particle starts in the center of the trap, the
coefficients A+ and A− are zero. With the assumption that ω− ≪ ω+, the radius of one
of both radial ion motions, which is not excited resonantly remains close to zero, since
the excitation frequency is far away from the corresponding eigenfrequency. Thus the
distance from the trap center

√
x(t)2 + y(t)2 is well approximated with ρ± for ωd = ω±.

The additional negligence of small terms leads to a simplified expressions for the radii

ρ±(t) ≈
√
x(t)2 + y(t)2 ≈ Ud

ρ0

(q/m)

2(ω+ − ω−)

√

t2 ∓ 2t sin(ω±t) cos(ω±t)

ω±
. (2.35)

Combined with oscillations as shown in Fig. 2.3 (a), the radius is increasing with the

t / arb. units
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a) b) ∆ϕ = 0
∆ϕ = π/2

∆ϕ = π

Figure 2.3: Radius of the motion ρ± as a function of time. Part (a): A particle
which is placed in the trap center is excited by a dipolar excitation field
with ωd = ω±. Part (b): The initial radius of the particle is nonzero and
a dipolar excitation is applied in phase ∆ϕ = 0, with ∆ϕ = π/2, and
out of phase ∆ϕ = π.
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2 Theoretical Background

linear part (q/m)(Ud/ρ0)/2(ω+ − ω−) · t. The oscillations are a result of the exciting
force, which is not affecting the radius in the moments when the motional phase is
perpendicular to the field. If the initial radius is not zero as shown in Fig. 2.3 (b), the
initial phase difference ∆ϕ = ϕexc − ϕ± with ∆ϕ = 0...π plays an important role. The
radius ρ± is increased directly for ∆ϕ = 0. For 0 < ∆ϕ ≤ π/2 the radius is increased
slowly in the beginning, and for π/2 < ∆ϕ ≤ π the radius is first decreasing and
afterwards increasing where for ∆ϕ = π the motion decreases to zero for a moment.

2.3.2 Circularly Polarized Dipolar Excitation

The circularly polarized dipolar excitation is a superposition of two perpendicular lin-
early polarized dipolar oscillating fields which are shifted by 90° in space (azimuthally)
and time. The equation of motion obtains an additional term

~̇V ± =

(
0 −ω±
ω± 0

)
~V ± +

q

m

(
(Ud/ρ0) cos(ωdt+ ϕd)
(Ud/ρ0) sin(ωdt+ ϕd)

)
. (2.36)

The field is moving in line with the motional phase of the particle, which results in
double the radius as compared to the linear dipolar excitation scheme for the same
amplitude and excitation time. Another effect is the vanishing of the oscillating term
of Eq. (2.35) as shown in Fig. 2.4. Since the ion is accelerated continuously with the
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linearly polarized
circularly polarized

circularly polarized, against ion motion

Figure 2.4: Simulated radial motion as a function of time for the lin-
early polarized, and the circularly polarized dipolar ex-
citation scheme with an excitation amplitude of 500 mV.
The motion for the circularly polarized dipolar excitation
scheme is plotted for both rotational directions.
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2.3 Ion Motion with Excitations

circularly polarized excitation, the radius is a straightly increasing. The final radius of
an excited particle starting from the center is given by [SA93]

ρ±(t) =
Ud

ρ0

(q/m)

(ω+ − ω−)
· t. (2.37)

If the field is rotating against the ion motion of the ion, the radius is not increased and
the ion is moving with small oscillations [SA93] (see Fig. 2.4). The superposition of both
rotational directions for the circular dipolar field is the common used linearly polarized
dipolar excitation. Both properties are then connected, an increased radius, and the
small oscillations due to the contribution of the rotating field against the motional
direction of the ion (see Eq. (2.35)).

2.3.3 Quadrupolar Excitation

The quadrupolar excitation is one of the most important techniques in penning traps
[BG86], [BMSS90]. As commonly used, an oscillating quadrupolar potential Φq with
the excitation amplitude Uq is applied

Φq(x, y) =
2Uq

r20
xy · cos(ωqt+ ϕq) (2.38)

which leads to the field vector

~E =

(
y · aq cos(ωqt+ ϕq)
x · aq cos(ωqt+ ϕq)

)
, (2.39)

with the parameter aq = −2Uq/r
2
0 for an ideal quadrupolar field. The sign (−) from

~E = −~∇Φq(x, y) is included in aq. The initial phase of the quadrupolar excitation field
ϕq as well as the initial phases of the two radial eigenmotions ϕ+ and ϕ− are set to

zero for this approach. The equations of motion for ~V + and ~V + are

~̇V ± =

(
0 −ω±
ω± 0

)
~V ± +

(
q
my · aq cos(ωqt)
q
mx · aq cos(ωqt)

)
. (2.40)

With the expression for x and y in Eq. (2.24) they can be rewritten in V components
as follows

V̇ ±x = −ω±V ±y + kV +
x − kV −x , (2.41)

V̇ ±y = ω±V
±
x − kV +

y + kV −y

where

k = k0 · cos(ωqt) k0 =
q

m

aq
ω+ − ω−

. (2.42)

23



2 Theoretical Background
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Figure 2.5: Conversion of the radial motions affected by a quadrupolar excitation
with ωd = ωc. In part (a) the beginning of a conversion from pure
magnetron motion into cyclotron motion is illustrated schematically as
a projection in the xy-plane. The ion has a positive charge (ω± < 0). In
part (b) the radii ρ+ and ρ− in the periodic conversion are plotted as a
function of time.

A solution of Eq. (2.41), which can be seen detailed in A, is given by

x(t) = ρ0 (cos (ω+t) sin (ωBt) + cos (ω−t) cos (ωBt)) , (2.43)

y(t) = ρ0 (sin (ω+t) sin (ωBt) + sin (ω−t) cos (ωBt)) .

In Eq. (2.43), a pure initial magnetron motion with the radius ρ0 is converted into
cyclotron motion and vice versa periodically with the so called beating frequency ωB =
k0/2, as shown in Fig. 2.5 (b). The part (a) in Fig. 2.5 illustrates the beginning of the
progress as a projection of the motion into the xy-plane.

2.3.4 Phase Dependency of Quadrupolar Excitation

The initial phases of the radial eigenmotions ϕ± and the quadrupolar field ϕq are
crucial for the motion of the particles as discussed for dipolar excitation. With respect
to the initial phases the solution for the ion motion is obtained as a complex expression
[KBK+95]

ρ+(t) = ρ+,0 cos (ωBt)− ρ−,0 sin (ωBt) e
i∆ϕ, (2.44)

ρ−(t) = ρ−,0 cos (ωBt) + ρ+,0 sin (ωBt) e
−i∆ϕ,
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2.3 Ion Motion with Excitations

with
k±0 = k0e

±i∆ϕ , ∆ϕ = ϕq − ϕ+ − ϕ−. (2.45)

The radial kinetic ion energy Eρ(t) as a real expression, is proportional to the squares
of the radii, whereas the magnetron motion is neglected [KBK+95]

Eρ(t) ∝ ω2
+ρ

2
+ + ω2

−ρ
2
− ≈ ω2

+ρ
2
+ = ω2

+ρ±ρ
∗
±. (2.46)

For a pure initial magnetron motion, the radial energy is obtained as [RBS+07]:

Eρ(t) ∝ ρ2+,0 cos2 (ωBt) + ρ2−,0 sin2 (ωBt) + ρ+,0ρ−,0 sin(2ωBt) cos(∆ϕ). (2.47)

Hence the phase dependency vanishes for initial conditions chosen so that one of the
initial radii is zero. In the experiment this case is aimed for to keep phase related
phenomena in a small range.

2.3.5 Non Resonant Quadrupolar Excitation

If the ions in the trap are not excited at the resonance frequency ωq 6= ωc, the conver-
sions between the eigenmotions are not complete [KBK+95]:

ρ±(t) =

[
ρ±,0 cos(ωBt)∓

1

2

ρ±,0 [i(ωq − ωc)] + ρ∓,0k
±
0

ωB

]
· sin(ωBt)e

1
2

i(ωq−ωc)t (2.48)

where ωB is now given by

ωB =
1

2

√
(ωq − ωc) + k2

0 . (2.49)

A plot of a variable as a function of the excitation frequency νB is a resonance curve,
where at this point the radial energy will be taken into account. In a motion initialized
with a pure magnetron motion the radial energy, calculated as in Eq. (2.47) has the
following proportionality:

Eρ(ωB) ∝ sin2(ωBTexc)

ω2
B

, (2.50)

with Texc as the duration of excitation. In the discussion and the figures, the angular
frequencies ωq, ωc, ω+, and ω− are written as νi = ωi/(2π). An overview of the
quadrupolar resonance scheme is shown in Fig. 2.6. The unit ∆ν · Texc for the shapes
is universal for every excitation duration since ∆νH ∝ 1/Texc. In the overview, the
resonance shapes are propagating waves, starting from a central point at ∆ν = 0 and
k0 ·Texc = π/2. In the lower part are 2-D cuts for k0 ·Texc = π/2 (a), π (b) (minimum at
the center for (b)), k0 ·Texc = 3π/2 (c), 5π/2 (d), 7π/2 (e), and 9π/2 (f). In part (a), Eρ
has a global maximum, centered at ∆ν = 0, with small secondary maxima. In this case
the numerically determined full width at half maximum (FWHM) is ∆νH = 0.8/Texc

[KBK+95], which is the minimal possible value for FWHM, which is also known as
Fourier limitation. With the increasing of k0 · Texc the shapes of Eρ are oscillating
between a center peak domination and a domination of the secondary maxima (b). For
every scan with k0 · Texc = (2n + 1) · π/2, (n = 0, 1, 2, ...) the maximum of the radial
energy is at the center point ∆ν = 0, where the FWHM and the secondary maxima are
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Figure 2.6: Upper Part: Simulated contour plot of the radial energy as a
function of the detuning ∆ν ·Texc of the frequency on the abscissa,
and k0 · Texc on the ordinate. The values on the color axis are
normalized to the maximum of the radial energy E0 which implies
a pure cyclotron motion. The horizontal white lines are plotted to
guide the eye to compare the xz-cuts in the images below. Lower
Part: Cuts of the 3D-plot.

increased by n.

2.3.6 Circularly Polarized Quadrupolar excitation

The Circularly Polarized Quadrupolar excitation is a superposition of two quadrupolar
oscillating fields shifted by 45° in space (azimuthally) and shifted by 90° in time. This
leads to a rotation of the field in analogy to a circularly polarized dipolar excitation.
The potential of the excitation is given by:

Φqr(x, y) =
Uq

r20
(2xy · cos(ωqt+ ϕq)∓ (x2 − y2) sin(ωqt+ ϕq)) (2.51)
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2.3 Ion Motion with Excitations

where the second part can be subtracted or added from the first part which means that
the field is rotating forward or backward. The field vector for a forward rotation is

~E =

(
y · aq cos(ωqt+ ϕq)− x · sin(ωqt+ ϕq)
x · aq cos(ωqt+ ϕq) + y · sin(ωqt+ ϕq)

)
. (2.52)

This leads to additional components for Eq. (2.41) in V notation

V̇ ±x = −ω±V ±y + k1V
+
x − k1V −x + k2V

+
y − k2V −y , (2.53)

V̇ ±y = ω±V
±
x − k1V +

y + k1V
−
y + k2V

+
x − k2V −x ,

k1 = k0 · cos(ωqt) k2 = k0 · sin(ωqt) k0 =
q

m

aq
ω+ − ω−

. (2.54)

After using the ansatz from Eq. (A.1) for the additional terms with the factor k2, and
following the steps from Eq. (A.2) to Eq. (A.4), the additional part P±x,y for the x and
y component is obtained as

P±x,y =
k0
2i

(
±A±y,x

(
eiωqt − e−iωqt

)
−A∓y,x

(
e±i(ωq−ωc) − e∓i(ωq+ωc)

))
. (2.55)

With the simplification for a motion close to a circle in Eq. (A.6), the amplitudes A±x,y
can be written as ±iA±y,x thus the imaginary unit from k0

2i is eliminated. The addition

of the new parts P±x,y to Eq. (A.4) eliminates the high frequency term e∓i(ωq+ωc) and a
factor of 2 for all terms is obtained. The Eq. (A.4) is rewritten as:

Ȧ±x = ±k0
(
A±x e

∓iωqt −A∓x e±i(ωq−ωc)t
)
, (2.56)

Ȧ±y = ∓k0
(
A±y e

∓iωqt −A∓y e±i(ωq−ωc)t
)
.

The only remaining term for high frequency oscillations e∓iωqt is neglected as discussed
for the linear quadrupolar excitation scheme in the appendix. Equation (A.7) is rewrit-
ten as:

Ȧ+ = −k0A− · ei(ωq−ωc)t, (2.57)

Ȧ− = +k0A
+ · e−i(ωq−ωc)t,

which leads to the same solution as for the previous introduced quadrupolar excitation
scheme, with double the beating frequency ωB, which is illustrated in Fig. 2.7. Note
that, if the rotational direction of the exciting circular quadrupolar field is opposite to
the motion of the ion, the Eq. (2.56) changes to

Ȧ±x = ±k0
(
A±x e

±iωqt −A∓x e∓i(ωq+ωc)t
)
, (2.58)

Ȧ±y = ∓k0
(
A±y e

±iωqt −A∓y e∓i(ωq+ωc)t
)
.
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Figure 2.7: Left: Conversions of the eigenmotions (simulated) in a linearly polarized
quadrupolar excitation scheme. Right: Conversions of the eigenmotions
in a circularly polarized quadrupolar excitation scheme. In both simula-
tions, 133Cs+ ions are excited with the same amplitude Uq = 0.78V .

where the low frequency term is missed, which results in a non-appearance of conversions.
Just small high-frequency oscillations are performed, similar to a circularly polarized
dipolar excitation which is rotating against the ion motion.

2.4 Ion Motion with Damping

If the trap is filled with a buffer gas, i.e. helium, the ions are loosing energy by collisions
with the neutral background. The damping of the ion motion can be approximated with
a velocity-dependent force which is given by:

~Fd

m
= −δ

(
ẋ
ẏ

)
= −γ

(
−ω+V

+
x + ω−V −x

−ω+V
+
y + ω−V −y

)
(2.59)

with:

γ =
δ

ω+ − ω−
. (2.60)

The coefficient δ is a constant in the following discussion. Other models of damping
will be discussed in 3.3. The decoupled motion in z-direction is a damped harmonic
oscillator. For the radial components the new equation of motion is:

V̇x
±

= −ω±V ±y + γ(ω+V
+
x − ω−V −x ), (2.61)

V̇y
±

= ω±V
±
x + γ(ω+V

+
y − ω−V −y ).
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2.4 Ion Motion with Damping

Figure 2.8: Schematic view of the damped motion of a particle
in the xy-plane with the decreasing cyclotron motion
and the increasing magnetron motion.

The solution of the radial equation for the amplitudes A± is:

A±(t) = A±0 e
∓ǫ±t (2.62)

with the coefficient:
ǫ± = δ

ω±
ω+ − ω−

. (2.63)

The energy loss of the two eigenmotions leads to a fast decreasing of the high-frequency
cyclotron motion and a slow widening of the magnetron motion [SBB+91]. Figure 2.8
illustrates the damped ion motion in a Penning trap without excitation.

2.4.1 Buffer Gas and Quadrupolar excitation

For the purpose of ion centering, a cooling process without excitation is not adequate
since the magnetron motion is widening which leads to a loss of all ions. If a quadrupolar
excitation is added, the eigenmotions are converted into each other as discussed in 2.3.3.
Since the cyclotron radius in a buffer gas is decreasing much faster than the magnetron
radius grows ω− ≪ ω+, it is possible to move the ions to the axes. For a quadrupolar
excitation in a buffer gas environment the sum of the forces in V-notation is:

V̇x
±

= −ω±V ±y + k(V +
x − V −x ) + γ(ω+V

+
x − ω−V −x ), (2.64)

V̇y
±

= ω±V
±
x − k(V +

y − V −y ) + γ(ω+V
+
y − ω−V −y ).
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The solution of Eq. (2.64) can be found by a Laplace transformation [KBK+95]. In the
resonance case ωq − ωc = 0 and with ∆φ = 0 it is obtained as

ρ±(t) = e−
δ
2
t
[
ρ±,0 cosh(ωBt)∓

1

2

ρ±,0γωc + ρ∓,0k0
ωB

· sinh(ωBt)
]

(2.65)

with a new expression for the beating frequency ωB

ωB =
√
γ2ω2
c − k2

0 . (2.66)

This solution includes oscillating as well as exponential motion schemes of the radii
depending on whether ωB is complex or real. One can distinguish between four different
cases for the parameter set as shown with a simulation in Fig.2.9. For a fixed excitation
duration and amplitude, different damping constants γ are chosen to study the motion
schemes of a single ion in the trap. In part (a) the parameters are set to γ > k/

√
2 · ωz

10 20 30 40 50

d)

0
2
4
6
8

10
12
14

0 10 20 30 40 50
t /ms

ρ
/

m
m

c)

b)

2
4
6
8

10
12
14 a)

ρ−
ρ+

ρ−
ρ+

ρ−
ρ+

ρ−
ρ+

Figure 2.9: Radii of quadrupolar excited ions as a function of the time with different
pressures.

where the widening of the magnetron motion is faster than the conversion into cyclotron
motion. In part (b) the magnetron radius stays in an equilibrium with γ = k/

√
2 ·ωz. If

k0/ωc < γ < k/
√

2 · ωz the magnetron motion is decreasing exponentially as in part (c)
and the condition γ < k0/ωc leads to an oscillating behavior where several conversions
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Figure 2.10: Ion motion with damping and quadrupolar excitation. (a) Trajectory
of an ion in the xy-plane. (b) Resonance curve: magnetron radius
after a quadrupolar excitation as a function of the normalized frequency
detuning. The resonance curve is widening in presence of a damping
force as illustrated for three different damping constants (simulation).

are possible before the ion is centered as in part (d). With a closer view, one can
see small oscillations on the plotted lines, they belong to the high frequency terms of
the motion which are not neglected in a numerical simulation. The radial motion for
a centered ion is illustrated in Fig. 2.10 (a). A resonant excited ion in a quadrupolar
excitation scheme is centered in a buffer-gas environment. The conditions chosen for
this movement are similar to the parameters in Fig. 2.9 (c). The buffer gas cooling
technique is mass selective. If the excitation frequency is detuned from the center
frequency the ions are not centered since the conversions are incomplete. An increasing
of the pressure leads to a better centering even for non resonant excited ions. This
means that a higher pressure causes broader resonances curves which is shown with the
magnetron radius in Fig. 2.10 (b), which is the more important motional parameter for
the buffer-gas cooling technique.
Note that resonance curves which are affected by a damping force are not invariant for
the scaling with ∆ν ·Texc. For a comparison of the resonances with those of the vacuum
case, the excitation duration has to be known. Furthermore the conversion scheme is
not invariant for k0 ·Texc as for the vacuum case. For a possible normalized scaling one
could use Uq /UB with Uq /UB = 1 for the amplitude which is required to perform a
complete conversion (see measurements 5).
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2 Theoretical Background

2.4.2 Resolving Power above the Fourier Limit by Radial Selection of Ions

In the experiment, the ions with a radius larger than the bores in the end caps ρ− > ρD
are selected from the ions with ρ− < ρD, and thus it is possible to obtain smaller
FWHM (∆νH) values than the Fourier limit predicts, which leads to higher resolving
powers Rp = νc/∆ν. The magnetron radius of a quadrupolar resonance curve (vacuum)
with k0 · Texc = π/2 is illustrated in Fig. 2.11 with a black line. If all ions with a radius
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Figure 2.11: Black solid line: Magnetron radius for k0 ·Texc = π/2 as a
function of ∆ν. Red line: Magnetron radius for a detuned
amplitude (schematic). Black dashed line: Approximation
of the shape (see text).

ρ− > ρD are not detected, the width of the resonance changes. Near the minimum of
the radius, the resonance curve is well approximated with a straight (dashed black lines
in Fig. 2.11), and thus the new width ∆νD at ρD is given by

∆νD =
∆νH · ρD
(ρ−,0/2)

, (2.67)

where ∆νD < ∆νH for ρ−,0 > 2ρD. At ISOLTRAP, the radial selection is realized
with a small diaphragm in the axial center of the Preparation Penning Trap which
separates resonantly excited from non resonantly excited ions (see 4.3). For a fixed
ρD, the resolving power is increased by optimizing the initial magnetron radius [Bec97].
Note that the width ∆νH of a resonance curve for the magnetron radius is not 0.8/Texc

as for the radial energy, but 0.53/Texc, which has been determined in test simulations.
If the amplitude is detuned, so that the ions are not completely centered for νexc = νc
as illustrated with the red line in Fig. 2.11, the resolving power is further increased. In
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2.5 Octupolar Excitation

this case just a dip of the resonance shape reaches the center region and the effective
ρD value decreases to zero with further detuning of the excitation amplitude, until no
ions are detected anymore. Theoretically the resolving power would increase to infinity,
but in the experiment this is not the case since the radial selection is not ideal.

2.5 Octupolar Excitation

In an oscillating octupolar field the ions are excited with double the number of nodes and
anti-nodes than in a quadrupolar field. The potential of a radial oscillating octupolar
excitation is given by

Φoct(x, y) =
Uoct

r40
(x4 − 6x2y2 + y4) cos(ωoctt+ ϕoct). (2.68)

Thus, the components of the field are [RBS+07]

Ex = (x3 − 3xy2) · aoct cos(ωoctt+ ϕoct), (2.69)

Ey = (y3 − 3x2y) · aoct cos(ωoctt+ ϕoct)

with

aoct =
4Uoct

r40
. (2.70)

In V-notation the equations of motion are obtained as

V̇ ±x = −ω ± V ±y + k
(V +
x − V −x )2

[
(V +
x − V −x )2 − 3(V +

y − V −y )2
]

(ω+ − ω−)3
, (2.71)

V̇ ±x = ω ± V ±x + k
(V +
y − V −y )2

[
(V yx − V −y )2 − 3(V +

x − V −x )2
]

(ω+ − ω−)3

where
k = k0 · cos(ωqt) k0 =

q

m

aoct

ω+ − ω−
.

The octupolar excitation scheme is a young research topic in experimental Penning trap
physics [BAB+08],[RBS+07],[EBC+07],[BZH+07] and it is as well a research topic in
theoretical physics, since an analytical solution of Eq. (2.71) has not yet been obtained.
The excitation couples the two radial eigenmotions in analogy to the quadrupolar ex-
citation, but the terms are more complicated. Since the azimuthal symmetry of the
octupolar field is doubled as compared with a quadrupolar field, the frequency for the
resonant coupling of the radial eigenmotions is 2 · ωc [RBS+07]. In this case complete
conversions are performed similar to a quadrupolar excitation as shown in Fig. 2.12 (a).
The conversions of the radii differ from the harmonic shape in a quadrupolar excitation
scheme with a shape close to a rectangular function. With regard to the excitation
amplitude and the initial magnetron radius, the beating frequency ωB is a nonlinear
function in both ρ0 and Uoct [RBS+07],[BAB+08]. To remain the same beating fre-
quency, the product ρ0 · Uoct has to be maintained as shown in Fig. 2.12 (b), where
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Figure 2.12: Magnetron and cyclotron radius as a function of time. (a) Periodically
conversion of magnetron and cyclotron motion in an octupolar excita-
tion scheme. (b) Magnetron radii of two equal ions as a function of time.
The ion with the larger radius ρ−,0 = ρ0 is excited with the amplitude
U0 and the other ion (ρ−,0 = ρ0/

√
2) with the amplitude 2 ∗ U0. Both

have the same beating frequency.

ρ0 =
√
ρ2−,0 + ρ2+,0 [RBS+07]. Since νB is not linear in Uoct, a normalization for the

excitation amplitude k0 · Texc as for a quadrupolar excitation scheme is not possible,
similar to the damped quadrupolar excitation scheme.

2.5.1 Phase Dependency of an Octupolar Excitation

The phase dependency of the octupolar excitation scheme is much more complicated
than the phase dependency of a quadrupolar excitation scheme [RBS+07]. Several
simulations of the ion motion for the tree initial phases ϕ+,0, ϕ−,0, and ϕoct,0 have been
performed to obtain an overview, where ϕoct,0 is the initial phase of the octupolar field.
Four examples are chosen for illustration (Fig. 2.13). In the upper part of Fig. 2.13
the particle is initialized so that both radii are nonzero with ρ−,0/ρ+,0 = 100 where
in part (a) the phase ϕ−,0 is scanned and in part (b) ϕ+, both from zero to 2π with
ϕoct,0 = 0. The structures in both scans is completely different and thus there are no
symmetries expected for the combination of ϕ− and ϕ+. In part (c) the conditions are
the same as in part (b) but the phase of the external field ϕoct,0 is set from 0° to 45°.
That results also in a completely different shape of the scan for ϕ+. In part (d) the
particle is initialized with a pure magnetron motion and ϕ− is scanned for ϕoct,0 = 0.
This is illustrating that the phase dependency is not vanishing for ρ±,0 = 0 like in a
quadrupolar excitation scheme. In other simulated examples (not plotted here), it is
confirmed that even if ρ±,0 = 0 the complete phase scan of ϕ−,0 changes with ϕoct,0.
This means that a three dimensional field of phases has to be taken into account for the
excitation. Note that as Fig. 2.13 shows, the conversion is not period. Thus no beating
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Figure 2.13: Radial normalized energy Eρ/E0 as a function of time and the initial
phases. (a), (b), and (c): ρ+,0 6= 0, ρ−,0 6= 0, ρ−,0/ρ+,0 = 100. (d):
ρ+,0 = 0, ρ−,0 6= 0.

frequency in the proper sense can be assigned.

2.5.2 Octupolar Resonance Curves

In the following the particular case of a pure initial magnetron radius is discussed. The
shapes of the resonance curves differ from those of a quadrupolar excitation scheme,
since the motion is much more sensitive with respect to Uoct and the initial phases.
The additional dependency of νB on the initial radius is a very important difference
to the quadrupolar excitation scheme. Figure 2.14 shows simulations of octupolar res-
onance shapes for different amplitudes and four initial phases (ϕ−). The resonances
seem to be a compound of a phase independent part and additional phase dependent
secondary maxima which are moving through the resonance curve when the phase is
changed. For several phases, the secondary maxima in the resonances vanish as in part
(a) of the figure. Generally the resonances depend strongly on the excitation ampli-
tude and include a large spectrum of possible shapes. For well chosen conditions it
is possible to reach a resolving power much higher than the Fourier limit with 1/100
of the resonance width as compared to a quadrupolar excitation scheme for the same
Texc [RBS+07]. Double and multi peak structures of the resonance are also part of the
spectrum. Note that in all four 3-D plots of Fig. 2.14, the first conversion seems to be
free of the phase related secondary maxima. This is not the case for all initial phases
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Figure 2.14: Radial energy (simulation) which is normalized to the maximal energy
Eρ/E0 as a function of the frequency detuning and the amplitude. (a):
ϕ−,0 = 0°, (b): ϕ−,0 = 18°, (c): ϕ−,0 = 20°, (d): ϕ−,0 = 23°. The
resonances are simulated with an initial pure magnetron radius of 0.01m
and an excitation time of Texc = 1ms.

[BAB+08].
Some selected 2-D cuts of Fig. 2.14 are plotted in Fig. 2.15. In part (a) a narrow res-
onance without asymmetric secondary maxima is shown, which would be the optimal
case for high resolution measurements. For other amplitudes, asymmetries and double
peak structures are observed as in part (b). Two examples for phase related secondary
maxima are given in part (c) and (d).
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Figure 2.15: Radial energy which is normalized to the maximal energy Eρ/E0 as
a function of the frequency detuning from 2-D cuts of Fig.2.14. (a):
ϕ−,0 = 0°; Uoct = 20 V, (b): ϕ−,0 = 0°; Uoct = 33 V, (c): ϕ−,0 = 20°;
Uoct = 41 V, (d): ϕ−,0 = 23°; Uoct = 41 V.

The resonances are not invariant if they are plotted with the unit ∆ν · Texc since
∆νH ∝ 1/Texc is not given. This has been tested in a simulation for three different
excitation times as shown in Fig. 2.16. The three resonance curves are calculated with
an amplitude chosen such that the first conversion is completed with ρ−(Texc) = 0.
With a longer excitation time the resonances get more narrow even if they are shown
with a normalized scale. Nevertheless this scaling is applicable for a comparison with
the quadrupolar excitation if the information about Texc is added.
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3 Simulations

In the following, the cooling process with quadrupolar and octupolar excitation will be
investigated in simulations. In addition, two different models for damping forces will
be introduced and applied for realistic simulations. All simulations for this thesis are
performed with a code written in C++ using a fifth order Gear method as integrator.
To simplify the problem, all constant electrical fields in the trap and the excitation
fields are taken from the analytical equations instead of simulating potentials from the
electrode configurations.
For the simulation of cooling processes, the interaction forces between the ions are ne-
glected. Frequency shifts due to ion ion interactions play an important role for high
precision measurements, even with only a few ions in the trap. For 20 ions in the trap
as for the most performed measurements, the shifted frequencies νSHIFT lead to a total
deviation of νc − νSHIFT ≈ 10−7 · νc from the cyclotron frequency [KBB+03], which has
been determined with 36Ar+ ions [KBB+03]. For accuracies of Preparation Penning
Traps with Rp ≈ 104 − 105, such effects are small as compared with the resonance
width and can be neglected.
The quadrupolar excitation scheme is abbreviated with QES and the octupolar excita-
tion scheme is abbreviated with OES.

3.1 Fifth order Gear Method

The Gear method is an integrator for differential equations which has been invented by
C. W. Gear in 1971 [Gea71]. It is one of many predictor-corrector methods, which are
frequently used for simulations. A predictor-corrector method includes a rough estimate
for the coordinates in the next time step, followed by a correction step, which reduces
the error. For the simulations, the fifth order has been chosen since the uncertainties for
the third and fourth order have been too large, where too small time steps are necessary.
In the Gear algorithm, the procedure for each iteration is performed in three steps. In
the first step, the prediction of preliminary new coordinates is performed in five orders

~rpn+1 = ~rn + ~vn ·∆t+ ~an ·∆t2F + ~d3n ·∆t3F + ~d4n ·∆t4F + ~d5n ·∆t5F, (3.1)

~vpn+1 = ~vn + ~an ·∆t+ ~d3n ·∆t2F + ~d4n ·∆t3F + ~d5n ·∆t4F,
~apn+1 = ~an + ~d3n ·∆t+ ~d4n ·∆t2F + ~d5n ·∆t3F,
~d3
p

n+1 = ~d3n + ~d4n ·∆t+ ~d5n ·∆t2F,
~d4
p

n+1 = ~d4n + ~d5n ·∆t

for the position ~rpn+1, velocity ~vpn+1, acceleration ~apn+1, and the third and fourth deriva-

tives of ~r(t), ~d3
p

n+1 and ~d4
p

n+1, respectively, where the superscript p stands for "pre-
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diction". The constants ∆t2F , ∆t3F , ∆t4F and d∆t5F are Taylor coefficients with:

∆tnF =
(∆t)n

n!
. (3.2)

In the second step, the force ~F (~rn+1, ~vn+1, t) = (trap-force + damping-force) is calcu-
lated. The third step is a correction of the preliminary calculated coordinates. The
force which is derived in the second step is compared with m~apn+1 where the difference
between those two forces is a correction factor for all components

∆~F =
1

2
∆t2(

~F (~rn+1, ~vn+1, t)

m
− ~apn+1), (3.3)

~rcn+1 = ~rpn+1 + c0 ·∆~F ,
~vcn+1 = ~vpn+1 + c1 ·∆~F/∆t,
~acn+1 = ~apn+1 + c2 ·∆~F/∆t2F,
~d3
c

n+1 = ~d3
p

n+1 + c3 ·∆~F/∆t3F,
~d4
c

n+1 = ~d4
p

n+1 + c4 ·∆~F/∆t4F,
~d5
c

n+1 = ~d5
p

n+1 + c5 ·∆~F/∆t5F,

where the superscript c stands for "correction". The coefficients c1...c5 for the fifth
order Gear method with a differential equation of second order are [Gea71]

c0 = 3/20, (3.4)

c1 = 251/360,

c2 = 1,

c3 = 11/18,

c4 = 1/6,

c5 = 1/60.

3.2 Test of the Gear method

In the Preparation Penning Trap, the radial motional frequencies involved in the simu-
lation have ratios of typically ω+/ω− ≈ 103, which implies a large number of necessary
time steps in the simulation, since the fastest motion has to be resolved. The Gear
method is fast as compared with many other integrators because the force is calculated
only once per step, which is most important if the calculation of the force is compli-
cated. With a fourth order Runge-Kutta algorithm, for example, the forces have to be
calculated four times in every time step. A second advantage of the Gear method is its
easy implementation. A disadvantage is that it does not conserve the energy. For this
reason it is tested with different time steps for the simulated time interval of maximal
50ms as shown in Fig. 3.1. The energy of a particle in an ideal Penning trap, with a pure
initial cyclotron motion is increasing in the simulation with the Gear method. One has
always to decide which time step remains in an adequate energy range for the simulated
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Figure 3.1: Test of the energy conservation. Radial energy normalized to the
initial energy as a function of time for different time steps. The
most horizontal line represents the best accuracy.

time window and which time step is reasonable for the computing time. In the further
simulations for every different time window, the step is chosen so that the error for the
energy is about 1% or below. Another of the most frequently used integrators is the
Velocity Verlet Method [HL97] which is energy conserving, but not applicable for this
problem, since it does not include a magnetic field. An energy conserving integrator for
magnetic fields has been invented by J. P. Boris in 1970 but it is not easy to implement
and the accuracy of the Gear method is sufficient for this case.
The simulation with the Gear method has been tested for analytical confirmed motions
of a single ion in a Penning trap. As some examples, the frequencies of the radial
eigenmotions, the well defined conversion frequency of a quadrupolar excitation with a
certain excitation amplitude, or resonance widths for quadrupolar excitation are tested
successfully.

3.3 Realistic Damping Approaches

The analytical solution for the damping of the ion motion in 2.4 includes a constant
coefficient δ, where the force is directed in the opposite direction of motion. For a
more realistic approach in simulations, a damping coefficient is used which depends on
the relative velocity δ = δ(v) of the ions and the buffer gas environment. A second
implemented model for the simulations is a microscopic approach which takes into ac-
count the individual collisions of the ions with the buffer gas atoms and is thus the best
approximation which is used for the present investigations.
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3.3.1 Realistic Continuous Model with a Velocity Dependent Mobility

In this model the velocity dependency of the damping coefficient is expressed by the
mobility of ions in a buffer gas. The mobility K is defined by the maximum drift speed
vd of an ion in a buffer gas affected by an electric field ~E [Sch08],[MM73]:

~vd = K · ~E. (3.5)

The damping coefficient δ is related to the mobility of an ion with the mass m and the
charge q by

δ =
q

m
· 1

K
. (3.6)

The mobility K of an ion, colliding with buffer gas atoms of the mass M , which has
the drift velocity ~vd, is given by [Sch08]

K(vd) =
3e

16ngas

√
2π

kBTeff(vd)

m+M

mM

1

Ω(Teff(vd))
. (3.7)

Here ngas is the density of the buffer gas atoms, kB the Bolzmann constant and Teff(vd)
is the effective temperature which is defined by:

Teff = Tgas +
Mv2d
3kB
. (3.8)

To derive K from Eq. 3.7, the collision cross section Ω(T ) has to be known. It can
be calculated in the collision integral of first order, which is a theoretical expression
including two integrations

Ω(T ) =
4π

(kBT )3

∫ ∞

0
e
− E
kBT E2

∫ ∞

0
(1− cos(Θ(b,E)))bdbdE. (3.9)

The first integral is summing up the square of the motional energy with the probability
density of the Maxwell-Bolzmann distribution and the second integral is summing up
the contribution of the scattering angle Θ in the center of mass system dependent on
the impact parameter b. For a better understanding of the integral, two cases are
considered. If the buffer gas would be such that the scattering angle is always zero as
in a massless gas, the second integral vanishes and the mobility K is infinite, which
represents the vacuum case. If the gas atoms are like fixed walls with infinite mass
and infinite dimension, the scattering angle is independent of b and E and the integral
diverges with the impact parameter b. Thus, the mobility would be zero.
For finite conditions the scattering angle is given by a third integration:

Θ(b,E) = π − 2b
∫ ∞

ra

1√
1− b2r2 −

V (r)
E

dr

r2
(3.10)

where r is the distance between the ion and the buffer gas atom and ra the closest
distance to the collision partner. For V (r) realistic scattering potentials called (n, 6, 4)
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potentials are substituted [Sch08]

V (r) =
G

rn
− C6

r6
− C4

r4
, (3.11)

with G, C6, and C4 as constants. The first term G
rn is a empirically determined repulsive

potential and the other two terms C4

r4
and C6

r6
represent attractive interactions of the

ion with electric dipolar and quadrupolar moments of the neutral atoms. For several
collision partners these potentials are determined using experimental data. A discussion
of such potentials is given in [Sch08] and more detailed in [MM88] and [MM73], where
also the theory of collision integrals is further discussed. For the present simulations,
the collision integral is calculated for 133Cs ions in a 4He background with different drift
velocities by use of a numerical routine which has been programmed by Stefan Schwarz
[Sch08]. This routine solves the three integrations for Ω including (n, 6, 4) potentials.
To avoid a slowing down of the simulation, the data for Ω(Teff) is calculated in advance
for discrete values of Teff and the calculated points are interpolated.

3.3.2 Elastic Collisions with Buffer Gas Atoms

In addition to the continuous damping models a routine for elastic hard sphere collisions
has been programmed to investigate binary Coulomb collisions effect on the ions. Elastic
hard sphere collisions are the simplest approach of a microscopic model. In every time
interval ∆t the probability P for the collision of an ion with a buffer gas atom is
estimated by

P = 1− exp(−ungasΩ(Teff)∆t) (3.12)

with the cross section Ω(Teff) as used for the velocity dependent continuous damping
approach. The parameter ngas is the density of the buffer gas atoms as an ideal gas,
∆t the time step in the simulation, and u the absolute value of the velocity difference
between the collision partners with

~u = (vd − vgas) · ~erand. (3.13)

The mean velocity of the gas atoms vgas is randomly determinated by the Maxwell-
Bolzmann distribution and ~erand is the unit vector with a random direction which is
taken from a uniform distribution. The further procedure will be just briefly discussed
at this point.
The initial velocity of the ion is

~v = ~vc.m. +
M

m+M
~u, (3.14)

where ~vc.m. is the velocity of the center of mass. And the final velocity after the collision
is

~v , = ~v +
M

m+M
∆~u. (3.15)

The vector ∆~u describes the difference of the initial u to the final u′ after turning ~u
by the scattering angle Θ in axial direction and afterwards by the angle φ taken from
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Figure 3.2: Cyclotron radius as a function of time in a buffer gas environment with-
out excitation. (a) The motion is simulated with both a velocity inde-
pendent damping force (dotted line), and a damping force using Eq.(3.7)
(solid line). (b) Trajectories of 10 ions with equal initial conditions af-
fected by elastic collisions with the buffer gas atoms.

a uniform distribution in radial direction. In the case of ideal elastic collisions the
scattering angle is derived by:

cos(Θ) = 1− 2R (3.16)

where R is a random number from a uniform distribution from 0 to 1. The energy is
conserved because the absolute value of u is not changed. A complete description of
the procedure can be found in [Mat].
The radial energy loss in a buffer gas environment for the three different damping
models discussed in the present thesis is illustrated in Fig 3.2. The values for the velocity
independent damping constant are taken from measurements with low drift velocities
[EMA+78]. It is an adequate approach to show basic effects in a cooler trap as in 2.4,
but the drift velocities in the performed trap experiments are two orders of magnitude
larger than in the experiments for the known mobility data. It is possible to adjust
the constant also for larger drift velocities, but other experiments for the determination
of the mobility have to be performed in advance. If the mobility is considered to be
velocity dependent δ = δ(Teff ) with Eq. (3.7), the model differs from the damping model
with the measured constant coefficient in the sense that the cooling time is smaller for
the same pressure since there is a more rapid loss of energy for fast ions as shown in
Fig 3.2 (a). In Fig 3.2 (b) the cyclotron radii of 10 ions, simulated with elastic collisions,
are plotted. The motion with collisions is related to the motion with δ = δ(Teff ) because
a fast drift velocity increases the collision rate and thus the energy loss of the ions is
much faster than for slow ions. The radial energy affected by collisions is decreasing to
the energy level of the background and further fluctuating around this value.
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3.4 Comparison of the OES and the QES in a Simulation for

the Cooling Process

A complete characteristic of an excitation scheme in a cooling process includes a deter-
mination of the resolving power Rp = νexc/∆νH, of the efficiency Nion/(ion counts), and
the resulting distribution of magnetron radii of the ions as an estimate for the quality
of the centering, where the remaining cyclotron radii are not considered, because they
vanish quickly in a buffer gas. The centering quality is represented by the arithmetic
average ρ−,f =

∑Nion

i=1 ρ−,fi/Nion of the final magnetron radii ρ−,fi of the ions. Nion is
the total number of ions (see Fig. 3.3). To obtain results close to the experiment as a
determination of the efficiency, the resonance shapes are described by the accumulated
ions close to the center which means that ρ−,f < ρD after the excitation, where ρD is
the radius of the diaphragm. This means that a resonance curve is represented by the
counted events as a function of the frequency. Since all properties are dependent on
the buffer gas pressure and the excitation amplitude, a two dimensional array of pa-
rameters is scanned to obtain an overview of the behavior. For these simulations, two
damping approaches are used, the model with a velocity dependent damping coefficient
δ = δ(Teff ) and the model which implements elastic collisions with the buffer gas atoms.
A fixed damping constant δ has been used only for the theoretical discussion in 2.4.

3.4.1 Procedure and Initial Conditions

The procedure of the simulation is subdivided in runs and sequences. In a run the three
properties Rp, ρ−,f , and the efficiency of the cooling process are determined for a fixed
pressure and amplitude. In every run several sequences with initialization, excitation

Trap
rD

not counted
ions

counted
ions

Diaphragm
r-,f1

r-,f2

r-,f...

Figure 3.3: Sketch for the determination of the efficiency and
the average radius of the ions.
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at a certain frequency, and evaluation are performed as discussed in the following.
The simulated ion specie is 133Cs+ and the buffer gas atoms are 4He. In every sequence
the particles are initialized with a 3-D Gaussian distribution in space which has a mean
distance of 5 mm from the trap center. The radius of the diaphragm ρD is set to 1.5 mm
as in the experiment. The width of the initial bunch is determined in simulations for ion
pre-cooling, as also performed for the measurements, with statistically ideal collisions
at three different pressures. The pre-cooling is simulated with respect to the applied
real times in the measurement. The results are shown in Tab. (3.1). In the initialization

Table 3.1: Results from a simulation for the bunch width after pre-cooling of ions at
different pressures. δρ and δz: Standard deviation of the Distribution in
radial and axial direction.

p /mbar δρ /mm δz /mm
5 · 10−5 1.0 2.3
1 · 10−4 0.8 1.3
2 · 10−4 0.5 0.8

the points for the bunch-width are interpolated with lines, where the bunch width for
5 · 10−5mbar is also used for pressures below. The excitation amplitude in both exci-
tation schemes is chosen so that U/UB < 6, which means that without collisions from
zero up to three conversions from magnetron to cyclotron motion and vice versa are
taking place for an ion which is initialized in the center of the Gaussian distribution.
For the parameter area of the simulation, the maximum amplitude is divided into 100
steps and the pressure is scanned from p = 6.0 · 10−6mbar to p = 1.74 · 10−4mbar in 30
steps. After the initialization the ions are excited for 50 ms.
The first step of a run is the determination of the efficiency and the average of the final
magnetron radii ρ−,f in five sequences for 20 ions in each sequence which are excited
with the frequency ν0 = νc for quadrupolar excitation or ν0 = 2νc for octupolar exci-
tation. As a next step the frequency is detuned to a point ν1 where the ions are not
centered and afterwards the bisection method is applied to search the half maximum of
ion counts with respect to the efficiency as shown in Fig. 3.4. With the application of
the bisection method the simulation can be much faster as compared with a simulation
of complete resonance curves with fixed grid if the starting conditions are chosen ade-
quate. In addition the relative uncertainty for the determination of ∆νH is independent
from the total width of the resonance shape, which is not the case in a simulation with
fixed grid points. The process is terminated if the interval |νn+1 − νn| for the next
bisection step is below 5% of the actual difference |νn − νc| for the QES or |νn − 2νc|
for the OES. Finally the resolving power is estimated as 2 |νn − νc| /νc for quadrupolar
excitation and analog for octupolar excitation with twice the cyclotron frequency. The
determination of Rp is completely skipped for points (pressure, amplitude) with an ef-
ficiency lower than 30%, where Rp is set to zero.
The simulations are parallelized easily, since the procedure for each pressure and am-
plitude is not changing, and they are performed with up to 50 computers on a cluster,
which have been offered by the COMAS group [com] for this time.
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Figure 3.4: Sketch of the bisection algorithm which is searching the half maximum
of the resonance shape. The number of maximal counts in the central
peak is determined by the efficiency Nion/(ion counts). The illustrated
resonance shape is drawn freehand for the illustration of the method.

3.4.2 Bisection Method and Resonance Shapes

A challenge for the application of the bisection method is the shape of resonances with
multi-peak structure, which leads to ambiguities of the width value as shown in Fig. 3.5
(a). Note that the resonance can be flat near the center, if all ions are centered in a
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Figure 3.5: Counts of ions as a function of the frequency detuning ∆ν. Part (a):
Resonance for quadrupolar excitation for U/UB = 9 with large secondary
maxima. Part (b): Octupolar resonance curve from an initial Gaussian
ion distribution in space.
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frequency region around the resonance frequency. In advance one has to investigate, if
the resonance curves are free of relevant secondary maxima inside the simulated param-
eter area. For the OES this is indeed the case for this simulation because the phase
related secondary maxima near the central peak are smearing out to a broader peak in
case of an initial Gaussian distribution of ions in space (Fig. 3.5 (b)). Some amplitudes
lead to double peak structures for the OES as discussed in 2.5, thus the starting point
for the binary search has to be outside of the two peaks. In a QES, the secondary
maxima are not vanishing, even with a spacial ion distribution. For this reason it has
been confirmed, that if the initial magnetron radius is chosen so that ρ−,0 > 1.7 · ρD
and U/UB ≤ 6, which is always the case, the number of ions in the secondary maxima
is too small for ambiguities of ∆νH.
Furthermore, a nearly symmetric resonance shape is assumed. For a QES this assump-
tion is valid, since the initial conditions in the simulations are chosen so that ρ+,0 = 0
and thus the motion is phase independent (see 2.3.4). For an OES this is also given
because the asymmetries are caused by phase related phenomena which are averaged by
the spacial ion distribution. With the assumption of a symmetric shape the simulation
time is reduced by a factor of two.

3.4.3 Results for Rp and the efficiency from the Simulations with a

continuous damping model δ = δ(Teff)

The results for the resolving power and the efficiency of the simulation are displayed
as contour plots in Fig. 3.6. In the diagrams, the efficiency has always values from 0 to
1, where 0 stands for 0 % and 1 stands for 100 %. The simulation for the QES agrees
with the expectations. If the pressure is low as 4.0 · 10−5mbar or below, the ions are
able to leave the center for Uq/UB 6= 1, 3, 5, which is not the case for larger pressures
as p = 8.0 · 10−5mbar or higher, where the maximal possible radius ρ− + ρ+ decreases
to a value below ρD within the excitation time. The maximal obtained values for the
resolving power for single points are Rp ≈ 1.2 · 105 for Uq/UB ≈ 1 and pressures as
p = 5.0 · 10−5mbar or below. If a few points are taken into account, the maximal mean
resolving power is Rp ≈ 8.0 · 104 in this region. One can see that the resolving power
in the QES is decreasing for Uq/UB = 3, 5 as compared with Uq/UB = 1 due to the
broader width of the resonances for higher amplitudes (see 2.3.5). Also the decreasing
of the resolving power for increased pressures, as discussed in Fig. 2.10 (b) in 2.4.1, is
reproduced. If the amplitudes are chosen such that the final magnetron radius is close
to the radius of the diaphragm, the resolving power is maximal (see 2.4.2). The effi-
ciency plot for the QES shows that it is possible to center all ions if the amplitudes are
chosen correctly.
For the OES, the magnitude of the resolving power is higher, and the structures in
the diagrams for the resolving power and the efficiency are different from those of the
QES. The most of the points in the diagram for the resolving power are plotted as
black points, since the resolving power is decreasing very fast with the distance to the
optimal parameters in the parameter area. The maximal obtained resolving powers are
obtained for a pressure of p = 4.0 · 10−5mbar or below with values up to Rp ≈ 1.0 · 107.
For a higher pressure as p = 5.0 ·10−5mbar, a maximal resolving power of Rp ≈ 5.0 ·106
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Figure 3.6: Resolving power (top) and efficiency (bottom) of the cooling process for
133Cs+ ions as a function of the pressure and the excitation amplitude,
which is normalized to UB. The results are given for the QES (left) and
the OES (right).

is obtained, and for p = 1.0 · 10−4mbar the resolving power is up to Rp ≈ 1.0 · 105

(not visible in the diagram), which is still in the same range as the maximum for the
QES. The maximal values of the resolving power are not obtained for Uoct/UB ≈ 1 as
for the QES, but for amplitudes where the ions begin to leave the trap center due to
the conversion back to magnetron motion, which can be seen in the efficiency plot for
the OES. For lower amplitudes, where the ions enter the trap for the first time, the
resolving power does not reach the same order of magnitude as compared with ampli-
tudes where the ions leave the trap center, except for four isolated points in a block
(p = 4.0 · 10−5mbar, Uoct/UB ≈ 0.5). These isolated points are not yet understood,
but the higher resolving power for amplitudes where the ions leave the trap center is
obtained by the typical resonance shapes of the OES as in Fig. 2.14 in 2.5.2, which are
narrow for points where the conversion back to magnetron motion is beginning.
In the plot for the efficiency of the OES, it is noticeable that for pressures as 3.0 ·
10−5mbar and below, the second and third maximum of the efficiencies for higher am-
plitudes, as obtained for the QES, is missing. This effect is obtained by the distribution
of the beating frequencies νB as shown in Fig. 3.7. 100 Particles with a spatial Gaussian
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Figure 3.7: Magnetron radii of 100 equal ions as a function of the time for quadrupo-
lar (a) and octupolar (b) excitation in a vacuum environment. The ions
are initialized with a Gaussian distribution in space.

distribution are excited in a vacuum environment with a QES in (a) and with an OES
in (b). The beating frequency in a QES is independent from the initial radius and thus
all ions reach the trap center in the same moment. This is not the case for the OES,
because the quadratic dependency of νB on the initial radial distance from the trap
center leads to an asynchronous motion of spacial distributed ions. Note that for this
reason it is not possible to define an amplitude as Uoct/UB = 1 for all ions precisely,
but for the mean of the ions, which can be seen in the efficiency plot.

3.4.4 Results for Rp and the efficiency from the Simulations with Elastic

Collisions

In the experiment, the ions are colliding with buffer gas atoms. Since the ion motion in
the OES results in a nonlinear behavior with a high sensitivity to the initial conditions,
a continuous damping model might not be sufficient for the description of experiments
with the OES. For this reason, the same simulations have been performed with a mi-
croscopic collision model. The results for the resolving power and the efficiency of the
simulation with elastic collisions for both excitation schemes are displayed as 3-D con-
tour plots in Fig. 3.8. For the QES, the simulation results in comparable values as the
simulation with the continuous model, for the resolving power and also for the efficiency.
The resolving power is maximal in the region where Uq ≈ UB, and decreases with every
further conversion and as well for larger pressures. The highest mean values for Rp,
which are simulated in the parameter area, are around Rp ≈ 8.0 · 104 for the QES.
Single points for amplitudes, where the final ion position is close to the border of the
diaphragm (see 2.4.2), have Rp values of up to 1.0 · 105. The maximal pressure where
the ions are still able to leave the center (p = 6.0 · 10−5mbar) of the trap is higher than
in the simulation with the continuous model, which can be seen also in Fig. 3.2. An
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Figure 3.8: Resolving power (top) and efficiency (bottom) of the cooling process for
133Cs+ ions as a function of the pressure and the excitation amplitude,
which is normalized to UB. The results are given for the QES (left) and
the OES (right).

efficiency of 100% is always achived for correct chosen amplitudes. For the resolving
power and the efficiency, both damping schemes have comparable results which means
that the ion motion in a QES is stable, even if the velocity of an ion is changed instantly
as in a collision scheme.
In the OES, the motional behavior differs clearly from the simulation with the contin-
uous damping scheme. The maximal obtained resolving powers are Rp ≈ 105, which is
a factor of 100 less than the possible resolving power in the simulation with the con-
tinuous damping model. Thus, the Rp values of the QES and the OES can be plotted
in the same range, which confirms that the disturbances in the buffer gas environment
have a strong effect on the ion motion in the OES. An increased resolving power for
amplitudes where the ions begin to leave the center of the trap for the first time, as
obtained with the continuous damping model, can not be observed.
A significant loss of ions is obtained for pressures as p = 8.0 · 10−5mbar and below, and
even for higher pressures the efficiency is decreased as compared to the simulation with
the continuous model. This means that the conversions are interrupted by the collisions,
since if a conversion takes place, the efficiency would be always 100 % for the higher
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Figure 3.9: Motion of 10 133Cs+ ions in a QES (a) and OES (b) as a function of
the time. The motion is affected by statistically ideal collisions with 4He
atoms. All ions are initialized with the same conditions.

pressures. The disturbances due to the collisions which lead to these effects can be seen
in Fig. 3.9. In a QES, the conversion is disturbed, but the ions keep a motion close
to the continuous damping scheme. The ions in an OES react on the new conditions
after the collision and the trajectories appear to be chaotic, which prohibits a complete
conversion and a good centering, especially for low pressures. The ions in Fig. 3.9 are
initialized with the same conditions to show that a very precise initial distribution in
space would not change these effects.

3.4.5 Results for the Centering Quality from Both Simulations

The third property which has been diagnosed is the averaged final magnetron radius
ρ−,f when the process is finished. A small value of ρ−,f stand for a good quality of the
ion centering. The results for both models are shown in Fig. 3.10, where the reciprocal
of ρ−,f is plotted to obtain a visible result for small values. In the simulation with the
continuous damping model, the ions are much better centered for optimal amplitudes
in both excitation schemes. The shape for the QES does not change qualitatively. For
the OES it is possible to center the ions, whereby the fact, that for each pressure
just one optimal amplitude range exists, is understood in Fig 3.7. In the simulations
with elastic collisions, the QES centers the ions much better than the OES for optimal
amplitudes. In the OES, the shape of 1/ρ−,f is flat and even in the regions where the
efficiency is 100%, the ions keep a larger mean magnetron radius, which could lead to
transport problems of the ions for the next experimental step. The simulations with
elastic collisions predict a better experimental applicability for the QES as compared
to the OES.
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In the following the ISOLTRAP experiment with its main components, and the mea-
surement principle will be introduced. The part of the setup, which is used for the
experimental investigations in the present work, will be described in detail.

4.1 The ISOLTRAP Experiment

ISOLTRAP [MKB+04] is a mass spectrometer for high accuracy mass measurements
of exotic short-lived nuclei, which is located in the ISOLDE facility at CERN. The
ISOLDE facility is an on-line device for the production of radioactive ion beams. The
hours or days when the beam of ISOLDE is delivered and ISOLTRAP performs the
normal operation for mass measurements, are called "beam times". A large spectrum
of radioactive atoms is produced by highly energetic protons which are focused on a
thick target [Kug00]. The produced ensemble contains many species of radioactive
elements which are later ionized and accelerated to a kinetic energy of 60 keV. The fast
beam is separated in one of two different mass separators. After the separation, the
beam is still contaminated with isobars and also isomers of each species. The ions are
transported to the ISOLTRAP experiment and afterwards cooled, bunched, and purified
from contaminants, so that the mass of a single ion specie and energetic state can be
measured. For this purpose, three ion traps are used (Fig. 4.1). The first trap is a linear
radio frequency quadrupole (RFQ) [HDK+01] in a high voltage cage which is floated
to 60 kV, where the ions are decelerated and accumulated, cooled and bunched. The
second is a cylindrical Preparation Penning Trap, where the ion bunch is further cooled
and purified from isobaric and isomeric contaminants [SBB+91]. The third trap is a
hyperbolic Precision Penning Trap, which is dedicated to perform mass measurements
with a relative uncertainty of down to δm/m = 10−8, using the ToF-ICR (time of flight
ion cyclotron resonance) method. With the ToF-ICR method, the determination of
the mass is performed by the determination of the cyclotron frequency νc. Therefore
a channeltron detector is located above the Precision Penning Trap. For optimization,
the system is equipped with other MCP detectors which are distributed in the setup.
The transfer between the three traps is performed with a system of electrostatic einzel
lenses, deflectors and two pulsed cavities. The first pulsed cavity is placed behind the
RFQ in order to lower the 60 keV potential energy to 3 keV for the transport through
the system and the second drift tube further decelerates the ions to a few eV for the
injection into the Preparation Penning Trap (see Fig. 4.1).
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Figure 4.1: Sketch of the experimental setup of the ISOLTRAP mass spectrometer
with tree ion traps for preparation, cooling and mass determination of
radioactive ions from the ISOLDE facility.

4.2 RFQ Buncher

The ISOLTRAP experiment receives a continuous ion beam with a kinetic energy of
60 keV from the ISOLDE facility. The RFQ buncher [HDK+01] is a linear Paul trap
which is used to decelerate the continuous beam and convert it to a discrete low energy
ion bunch. The high energy ion beam is retarded to a few eV by a deceleration electrode
which is installed in the injection region of the buncher and floated by the potential
of the high voltage cage. After the injection which is controlled by a pulsed electric
barrier (beam gate), the ions are scattering with helium buffer gas atoms. This leads
to a centering of all captured ions in the radial and axial potential minimum, where
the axial potential minimum is realized by a segmentation of the rods. The radial
confinement is achieved by a radio frequency field. The cooled bunch of ions is further
transfered towards the Preparation Penning Trap.
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4.3 Preparation Penning Trap

The Preparation Penning Trap is a cylindrical trap [Bec93] which is placed in a 4.7 T
superconducting magnet. It is dedicated to trap the ion bunch coming from the buncher,
separate the ions of interest from contaminants, and center the selected ions. For this
purpose the buffer-gas cooling technique is used [SBB+91], [KBK+95] (see 2.4.1).
The trap consists of 13 cylindrically shaped electrodes as shown on the photo in Fig. 4.2
(a). The ring electrode in the axial center is divided into eight equally sized segments for
the application of excitation signals. Four electrodes on the outer side form the endcaps
as illustrated in Fig. 4.2 (b). Two additional correction electrodes are placed on each
side of the ring electrode to realize a well approximated harmonic axial potential [Bec93].
The applied voltages at the electrodes for the trapping mode and the ion ejection are
listed in Tab.4.1, whereby the elements are listed one after another from the lower end
to the upper end of the trap.
In the normal operation of ISOLTRAP, the cooling and purification process starts with
the ion capture by switching the lower endcap electrodes to ground potential. The large
inner radius of 20mm ensures an efficient capturing of ions. Then the lower endcap is
switched to 100 V for the trapping mode. First a dipolar excitation at the magnetron
frequency (ν− ≈ 300 Hz) is applied to 2 ring segments whereby the magnetron motion
is increased to a radius larger than the diaphragm radius with ρD = 1.5 mm (Fig. 4.2
(b)). Then, a quadrupolar excitation signal at (νc = (1/2π)(q · B/m) ≈ 547750 Hz for
133Cs+ ions) is applied to perform the buffer gas cooling technique. Afterwards, the
electrodes are switched to an extraction potential (Tab.4.1) which accelerates the ions
towards the Precision Penning Trap. The magnetron radius of the non resonant excited
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Figure 4.2: Cylindrical Preparation Penning Trap with 13 electrodes. Photo of the
trap (length: 20 cm), b) sketch of the construction and the axial potential
of the trap [Bec93].
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Table 4.1: Voltages which are applied to the the 13 elements (first column) of the Prepa-
ration Penning Trap for the trapping mode (second column) and the ion
ejection (third column) [MBB+08].

Element Trapping Voltage/V Ejection Voltage/V
LowerEndcapA +100 +10
LowerEndcapB +14 +20
LowerEndcapC +10 +20
LowerEndcapD +10 +20

LowerOutherCorrectionRing +3.5 +5.2
LowerInnerCorrectionRing −6.6 +1.5

RingElectrode −10 −10
UpperInnerCorrectionRing −6.6 −19.6

UpperOutherCorrectionRing +3.5 −24.7
UpperEndcapA +10 −30
UpperEndcapB +10 −39
UpperEndcapC +10.5 −45
UpperEndcapD +100 −50

ions remains ρ− > ρD and they collide with the electrodes during the extraction. The
Preparation Penning Trap, as used in the normal operation, has a resolving power of
2.0 · 104 to 1.0 · 105 which allows to purify the ion bunch. Further investigations of the
resolving power are performed with measurements in 5.3.

4.4 Precision Penning Trap and Discussion of the Mass

Measurements

The mass measurements are performed in a hyperbolic Precision Penning Trap. It is
located in a superconducting magnet with B = 5.9 T at the position of the trap. A photo
of the trap is shown in Fig. 4.3. The Precision Penning Trap consists of a ring electrode
which is divided into four segments for the realization of a dipolar and a quadrupolar
excitation field, and two endcaps. The purified and cooled ion bunch, coming from
the Preparation Penning Trap, enters the Precision Penning Trap with a low energy
spread. A dipolar excitation with the frequency ν−, applied to two opposite segments
at the ring electrode, enlarges the magnetron radius. To obtain the same resulting
magnetron radius in all experimental cycles, a phase sensitive dipolar excitation is
performed. Afterwards a quadrupolar excitation with k0 · Texc = π/2 (see 2.3.5) is
applied with νq in the vicinity of ν̃c, with ν̃c as the expected cyclotron frequency of
the ion. If the frequency hits the cyclotron frequency νc of the ions, the magnetron
motion is converted completely into reduced cyclotron motion and the radial energy is
maximal. The obtained orbital magnetic moment µ of the ions is directly related to
the radial energy [GKT80]

Eρ = µ(νq) ·B =
m

2
(4π2) (ρ+(νq))2 ν2

+, (4.1)
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Figure 4.3: Photo of the hyperbolic Precision Penning Trap of
ISOLTRAP [SBB+90],[OBS+93].

with
µ ≈ πq · (ρ+(νq))2 · ν+ (4.2)

under the assumption that ω− ≪ ω+. After the excitation, the ions are ejected from
the trap and pass the inhomogeneous region of the magnetic field on the way to the
detector as shown in Fig. 4.4. In the gradient of the magnetic field (∂B/∂z), the ions

Figure 4.4: Sketch of the Precision Penning Trap and ToF section with the
gradient of the magnetic field.
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are accelerated due to their magnetic moment [GKT80].

~F = ~µ
(
~∇ · ~B

)
(4.3)

This happens in a drift section with a constant electrical potential. If νq 6= νc, the
conversion is not complete as discussed in 2.3.5 and the time of flight is not decreased.
To determine the cyclotron frequency, the quadrupolar excitation frequency is scanned
in the vicinity of ν̃c, with ν̃c as the expected νc. In Fig. 4.5, the result of a measurement
is illustrated, which shows a ToF resonance of the new isotope 229Rn+, which has been
discovered at ISOLTRAP in 2008 [NAB+09].
The magnetic field is time dependent due to temperature shifts and it has to be cali-
brated by frequency measurements of a well known reference ion such as 133Cs+, 85Rb+,
or carbon clusters [MKB+04]. The frequency of the ion of interest is measured in be-
tween two reference measurements, whereby the two measured points for the magnetic
field are approximated with a straight line. The mass of interest is then calculated with

mion

mref
=

(νref 1 + νref 2)/2

νion
, (4.4)

mion =
(νref 1 + νref 2)/2

νion
·mref , (4.5)
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Figure 4.5: ToF resonance: mean time of flight as a function of the excitation
frequency νq for 229 Rn+ ions. The minimum in the main peak is
centered at the ions cyclotron frequency.
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where νref 1,2 are the determined cyclotron frequencies of the reference ion before and
after the measurements of νion. Eq. (4.4) and (4.5) are limited to the case that the
measurement for the ion of interest is in the middle of the time window between the
two reference ions.

4.5 Off-Line Reference Ion Sources

At the present, two independent reference ion sources are placed at ISOLTRAP as
shown in Fig. 4.6. On the ISOLDE side of the RFQ buncher, a surface ion source is
installed in the high voltage cage and produces alkali nuclides like 39,41K, 85,87Rb, and
133Cs. Behind the RFQ, a laser ion source for the production of carbon cluster bunches
is placed. Both sources are perpendicular oriented to the beam line. The ions of both
sources are guided into the beam line with 90° deflector systems. The surface ion source
(Fig. 4.7 (a)), has a pellet holder with an alkali pellet which is heated by a current. The
surface of the hot pellet is continuously evaporating alkali ions, which are accelerated
in a electric gradient and transported through a system of lenses and steerers to the
beam line. The continuous alkali ion beam is further injected into the RFQ buncher,
and continues the same way as the ion beam from the ISOLDE facility.

The laser ion source [Boe09], [MKB+04] is producing carbon clusters from a pellet
(Fig. 4.7 (b)). A frequency doubled Nd:YAG laser is shooting on the pellet through
a view port from outside. A bunch of charged clusters with different sizes is formed
in a formation chamber due to a laser induced plasma. The clusters are accelerated
and transported to the beam line via einzel lenses and deflectors [Boe09], [MKB+04].
The present measurements have been performed exclusively with 133Cs+ ions from the
surface ion source.

Surface
ion source

Laser
ion source

Buncher

Penning
trap system

ISOLDE
beam

Figure 4.6: Schematic sketch of the ISOLTRAP beam line with the reference ion
sources which are assembled perpendicular to the beam line. The surface
ion source produces a continuous beam of alkali ions and the cluster
source produces discrete ion bunches of carbon clusters.
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Figure 4.7: Sketch of the reference ion sources at ISOLTRAP. (a): Surface source
with a heated pellet of alkali elements. (b): Carbon cluster source with a
Nd:YAG laser which is shooting on a carbon pellet [Boe09]. Both sources
have lenses and deflectors to guide the ions to the beam line.

4.6 Experimental Setup for the Investigation of Excitation

Modes in Cooling Processes

All investigations for the present thesis are performed in the Preparation Penning Trap,
which is operated with 133Cs+ ions from the alkali source. The Preparation Penning
Trap, which is loaded with the ion bunch from the RFQ buncher, is used with an MCP
detector which is located on a linear feedthrough (Fig. 4.8). Three turbo molecular
pumps are pumping this section. The pressure readout is located above the trap region
at circa one meter distance from the trap center. The pressure at the readout is in
the order of 10−7 mbar to 10−6 mbar, whereby in the trap a pressure in the order of
10−5 mbar to 10−4 mbar is assumed [Bec93]. The detector on a linear feedthrough can
be replaced by a drift tube to transfer the ions to the Precision Penning Trap.
After the ejection of the cooled ions, the ToF duration from the Preparation Penning
Trap to the detector is 57.5µs. The counted events are added in a ToF spectrum, where
the total number of events is evaluated. An example for a ToF spectrum of cooled ions
is shown in Fig. 4.9. The typical width of the ToF peak is 1.0µs. The transfer of the
ions is optimized such that all ions hit the detector surface. The alkali source, the RFQ,
and the transfer section between the RFQ buncher and the Preparation Penning Trap
are not further investigated and can be regarded as a combined ion source.

4.7 Procedure and Time Structure for the Measurement of

Cooling Resonances

Most of the measurements are performed in order to record cooling resonances with a
QES or with an OES. A cooling resonance is the application of the buffer gas cooling
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Figure 4.8: ISOLTRAP section with the Preparation Penning Trap and a MCP de-
tector (not to scale). Retardation electrodes are located in front of the
trap, for a slow injection of the ions. Behind the trap the ions are accel-
erated, pass a drift tube, and hit the detector.

technique with frequencies in the vicinity of νc for a QES and 2νc for an OES. If the
excitation frequency is close to the resonance frequency, the ions are centered and reach
the detector. The larger the distance to the resonance frequency, the less ions can be
detected.
The characterization of a cooling process includes information about the resolving power,
the cooling efficiency Nion/(ion counts), and the quality of the ion cooling (see 5.4) and
centering, which can be estimated by the energy distribution and also by the efficiency,
since a loss of ions includes a broad spacial distribution of ions in the trap. In every
experimental cycle, a pre-cooling process with a quadrupolar excitation (νexc = νc) is
applied, which results in a centering of all ions in advance and reduces the bunch width
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Figure 4.9: Counted events as a function of the time of flight of the ions to
the detector behind the Preparation Penning Trap.

and thus the distribution of the initial conditions from the ion transfer. Another ad-
vantage of the pre-cooling is, that with an ejection of such prepared ions, it is possible
to measure the total number of available ions for the determination of the efficiency
in the later cooling process. With the measurement of total ions for every resonance
measurement in advance, also the yield of the alkali source is monitored. Thus the
influence of source instabilities is compensated.
A resonance measurement starts with the determination of the maximal ion count rate
with 10 experimental cycles where 150 to 300 ions are averaged over the cycles. Then
follows a rough search for a frequency window around νc for the QES or 2νc for the OES,
in order that the recorded resonance curve fills the window. The frequency is scanned
in minimum 30 equal steps, where for every frequency step minimum 10 experimental
cycles are performed which includes that at least 100 ions are collected at the resonance
frequency. In the following, the excitation which is applied to perform the cooling pro-
cess is called main excitation. The time structure of an experimental cycle is illustrated
in Fig. 4.10. When the buncher delivers the ions, a capture pulse is triggering the lower
endcap to change the potential of endcap A from 100 V to ground potential for 30µs to
load the trap. A waiting time is implemented to cool the axial oscillations of the ion
motion. After that, a quadrupolar excitation is applied to center all ions radially as a
pre-cooling. A waiting time for radial cooling is afterwards implemented to decrease the
remaining reduced cyclotron radius after the conversion. Then the ions are increased
in their magnetron radius by a dipolar excitation for 20 ms, and the main excitation
is applied for 50 ms, 100 ms, or in one of the measurements up to 1 s. Afterwards, a
second radial-cooling waiting time is added. An extraction pulse ejects the centered

64



4.8 Application of Excitation schemes

Capture pulse

Axial cooling

Radial cooling

Magnetron excitation

Main excitation

Extraction pulse

0 50 100 150 200 250 300 350 400

100ms (200ms)

100ms (200ms)

20ms

50ms (100ms, ...)

Pre-cooling excitation 50ms

450 t / ms

30 sm

few sm

Figure 4.10: Time structure of an experimental cycle in a cooling resonance
measurement.

ions towards the detector.

4.8 Application of Excitation schemes

To abbreviate the names of the circular polarized excitation schemes, the circular po-
larized dipolar excitation scheme is called CPDES, and the standard linear dipolar
excitation scheme is called LPDES. In the same way, the circular and linear quadupo-
lar excitation scheme are called CPQES and LPQES, respectively. In order to realize
the application of different excitation schemes, several devices has been used which are
listed in Tab. 4.2. Beside the measurements of cooling resonances, a comparison of the
LPDES and the CPDES was performed. The setup for the test of a CPDES is shown
in Fig. 4.11. A frequency generator with two phase-locked outputs [AM300] produces
a sine and a cosine function to realize a phase difference of 90° between the two sig-
nals. These signals are applied to perpendicular pairs of electrodes, with one signal per
pair inverted. For this reason four linear fan-in-fan-out channels were needed. Since
this modules have a small attenuation effect, also the not-inverted signals are applied
via fan-in-fan-out channels to avoid asymmetries. The configuration of the signals has
been investigated by performing a Fourier analysis of the radial multipoles [BMSS90],
[BBB+08]

F (n) =
∞∑

n=0

(
1

2π

∫ 2π

0
Φ(ϕ) · ein·ϕdϕ

)
· ein·ϕ · Uexc ·

(
ρ

ρ0

)n
, (4.6)

with Φ(ϕ) as the azimuthal potential and Uexc as the excitation amplitude. This results
in a dipolar term as the main component. Higher terms are neglected since the charac-
teristic resonance frequencies are in higher orders of magnitude, and the influence close

65



4 Experimental Setup

Table 4.2: List of devices which have been used for the application of excitation schemes.
First column: Type of the device. Second column: Name of the device. Third
Column: Manufacturer of the device. Fourth column: Special features of the
device.

Type Name Manufacturer Features
Frequency Generator DS345 SRS Burst mode com-

patible
Frequency Generator 33250A Agiland Burst mode com-

patible
Frequency Generator AM300 Rhode und

Schwarz
Burst mode com-
patible,
Two phase-locked
outputs

Radio Frequency Amplifier KL-500 RM Italy -
Linear fan-in/fan-out 428F LeCroi Phase inverter

to the center of the trap is weak, since the field is decreasing radially, dependent on

the order of the multipole field | ~En| ∝
(
ρ
ρ0

)n−1
[BMSS90], [BBB+08]. The quadrupo-

lar excitation for the pre-cooling is applied with just one signal phase on two opposite
electrodes, whereas the other electrodes are grounded during the excitation. This re-
sults in a monopole term and a quadrupole term, oscillating with the frequency νc. A
monopole term causes an axial parametric excitation, but the influence is negligible
because the frequency is far away from νz. After the pre-cooling process, the ions are
excited until the magnetron radius is larger than ρD and the ions are not detected. For
the comparison with a linearly polarized dipolar excitation, the second output of the
frequency generator is switched to 0 V.
To obtain a cooling resonance, three frequency generators are used in order to perform
a pre-cooling excitation, a magnetron excitation, and the main excitation. To test the
CPQES, the allocation is more complicated since more phase inverters are necessary as
shown in Fig. 4.12. Eight linear fan-in-fan-out channels are used, which can be switched
to invert the signal. For the comparison with a linear quadrupolar excitation scheme,
the second output is switched to 0 V. Note that with this symmetric allocation for the
trap segments, the monopole term in the CPQES and the LPQES vanishes automati-
cally. With this configuration of the fan-in-fan-out channels it is not possible to apply
a symmetric magnetron excitation. The signal is applied to a single electrode, which
results in a monopole, a dipole, a quadrupole, and higher moltipoles. The magnetron
frequency is low as compared with νz for an axial excitation, or as compared with νc
and the resonance frequencies of higher radial multipoles, so that disturbing effects as
a loss of ions are not observed.
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Figure 4.11: Sketch of the ring segment allocation for the test of the circularly po-
larized dipolar excitation scheme.

For the measurement with octupolar excitation, the allocation of the segments is per-
formed as in Fig. 4.13. The octupole signal has to be amplified because the field in the

center region of the trap is weak Eoct ∝
(
ρ
ρ0

)3
. An allocation of all eight electrodes with

the octupolar signal also requieres fan-in-fan-out modules to couple into the pre-cooling
signal and the magnetron excitation. The usage of such modules is not possible for the
OES, since the required voltages would exceed the limits of the modules. Thus, four
segments are used which results in a monopole term, an octupole term and negligible
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Figure 4.12: Sketch of the ring segment allocation for the test of the circularly po-
larized quadrupolar excitation scheme.

terms of higher orders. In order to perform a fast and convenient switching to the QES
for the comparison, the amplifier is by-passed, the frequency changed, and one pair of
opposite electrodes is grounded. This results in the same scheme as the pre-cooling
excitation. The magnetron excitation is applied on a single segment as for the circuit
for the CPQES.
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Figure 4.13: Sketch of the ring segment allocation for measurements with an octupo-
lar excitation scheme.
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5 Measurements and Discussion

In the following, the experimental results are presented. This includes a test for the
circularly polarized dipolar and quadrupolar excitation scheme, and the investigation
and comparison of an OES and a QES.

5.1 Investigation of Circularly Polarized Excitation Schemes

5.1.1 Confirmation of the Predictions for the CPDES

In 2.3.2 it was predicted that the radius of the eigenmotion which is excited resonantly
is doubled for the CPDES as compared to the LPDES for the same amplitude and
excitation time. To compare a CPDES with a LPDES, an amplitude scan is performed
to determine the point where the ions leave the center region of the trap. The excitation
signal is applied with the frequency νd = 301 Hz, the magnetron frequency ν− of 133Cs+

ions in the Preparation Penning Trap, and with a duration of 20 ms. The signals are
applied as shown in Fig. 4.11 in 4.8. The result of the amplitude scan of both dipolar
excitation schemes is shown in Fig. 5.1. The data points are fitted with the logistic
function, which produces an adequate approximation

y =
A1 −A2

1 + (x/x0)β
+A2. (5.1)

The variables A1,A2,β, and x0 are the fit parameters. The parameters A1 and A2

determine the difference between the lower and the upper limit of the curve, where A2 is
the offset of the lower limit. The parameter β determines the growth rate of the function.
In the present case A2 = 0, thus y = A1/2 for x = x0. The amplitudes, for which half of
the ions are lost, have the ratio 21.0± 1.0 mV/41.6± 2.5 mV = 0.505± 0.04 ≈ 1

2 , which
confirms the predictions from 2.3.1 and 2.3.2 with a deviation below 2 %. To measure
the ratio more precisely, the setup with the Preparation Penning Trap is not adequate,
since the ions are distributed in space and buffer-gas effects are disturbing the motion.
In addition the radii of the ions can not be determined precisely since a counting of
events at the detector does not give enough information about the position. Note that
the oscillations for the increasing of the radius with a LPDES as shown in Fig. 2.3 in
2.3.1 can not be measured as well. For these purposes, FTICR (Fourier-transform ICR)
methods [Com78] could be used.
Furthermore it was predicted that the radius of the ion is not increasing if the rotational
direction of the CPDES is opposite to the motion of the ion. In order to confirm this
prediction, the amplitude was set to a value where no ions were detected for the correct
rotational direction of the field. Afterwards, the rotational direction has been changed
and the ions did not leave the center region and have thus been detected.
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Figure 5.1: Ion counts as a function of the excitation amplitude Ud for a
CPDES (a) and for a LPDES (b).

5.1.2 Confirmations of the Predictions for the CPQES

In order to confirm that the beating frequency νB of a CPQES is two times that of a
LPQES for the same amplitude, an amplitude scan of Uq for a fixed Texc, or a scan of
Texc for a fixed amplitude can be performed. It is chosen not to scan the excitation
duration, because collisions with the buffer gas atoms are accumulating with the time,
thus an amplitude scan is performed. The used electrode configuration at the ring
segments is shown in Fig. 4.12 in 4.8. If the excitation amplitude is large enough to
perform a conversion, the ions are centered and detected. A halved required amplitude
for the CPQES compared to a LPQES leads directly to the doubled νB for the CPQES
if the chosen amplitudes are equal for both excitation schemes, since νB ∝ Uq. The
excitation time Texc is 100 ms and the excitation frequency νq = 547753 Hz, which has
been determined by cooling resonances in advance. The pressure is chosen low with
7 · 10−7mbar at the Penning gauge, to reduce collisional effects, whereas the pressure
for the normal procedure with the ISOLDE beam is between 1.2 · 10−6mbar and 1.7 ·
10−6mbar. The result of the amplitude scans is illustrated in Fig. 5.2. The ratio of the
amplitudes which center half of the ions is 170±2.5 mV/342±5.0 mV = 0.497±0.01 ≈ 1

2 ,
which confirms the expectations with a deviation below 1%.
The analytical solutions in 2.3.3 and 2.3.6 predicts furthermore that both excitation
schemes are equal, if the amplitude for the CPQES is halved compared to the LPQES.
The high frequency effects are neglected. To confirm this, two cooling resonances are
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Figure 5.2: Counts of centered ions as a function of the excitation amplitude
for a CPQES (a) and for a LPQES (b).

measured with the same conditions. The excitation time is chosen to Texc = 100 ms,
and the amplitudes are chosen to 255 mV and 510 mV for the CPQES and the LPQES,
respectively. The resulting resonance curves are shown in Fig. 5.3. Both resonances
have a resolving power of Rp = νc/∆νH ≈ 5, 21 · 104 with an uncertainty of about 6%.
The errorbars in Fig. 5.3 illustrate the statistical error

√
(ion counts), where the error

for the FWHM is determined from the Gaussian fit with the respective uncertainties.
The last aspect which has been investigated is that the conversions are not performed
if the excitation field is rotating against the motion of the ions. Therefore the cables
at the outputs of the frequency generator have been exchanged, with the result that no
ions were centered.

73



5 Measurements and Discussion

20
40
60
80

100
120
140

io
n

co
u

nt
s

10.76 Hz
±0.31 Hz

a)

0
20
40
60
80

100
120
140

40 45 50 55 60 65

io
n

co
u

nt
s

(ν − 547700) /Hz

10.18 Hz
±0.33 Hz

b)

data points
fit

Figure 5.3: Ion counts as a function of the frequency from cooling resonances
in a LPQES (a) and a CPQES (b). The solid lines are a Gaussian
fit to the measured data.

5.2 Test of the Ion cooling with Octupolar Excitation

The series of experiments with respect to the OES was started with an amplitude scan
in order to test the ion centering at 2νc ≈ νoct = 1095508 Hz. The used electrode
configuration is shown in Fig. 4.13 in 4.8. The pressure was set to 1.2 · 10−6 mbar as
for the standard QES procedure and the main excitation time Texc = 50 ms. The axial
and the radial cooling time was 100 ms, and the pre-cooling time 50 ms. The result
is shown in Fig. 5.4 (a). For an excitation amplitude of 8 V, the growth of the curve
exceeds, whereby it is assumed to be that Uoct/UB = 1 for the mean of the ions. For
this amplitude, a cooling resonance is recorded as shown in Fig. 5.4 (b). The shape of
the resonance is close to a Gaussian distribution as in a QES (see Fig. 5.3).
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Figure 5.4: (a) Ion counts as a function of Uoct for an OES with the frequency
1095508 Hz. The points are connected with straight lines to guide
the eye. (b) Ion counts as a function of the frequency for Uoct =
8 V. The solid line in part (b) is a Gaussian fit to the data.

The narrow resonance shapes from the single ion simulations (see 2.5.2) are not
reproduced in a buffer gas environment as already predicted from the obtained resolving
powers in the simulations with elastic collisions in 3. The uncertainties of the initial
conditions in radius and phase and the buffer-gas collisions lead to a mixing of different
resonance shapes, which results in an averaged shape as assumed in 3.4.2. The resolving
power is determined with Rp = 2νc/∆νH = 5.51(15) · 104. This is in the same range as
the resolving power from the QES in Fig. 5.3, whereas the resolving powers can not be
compared directly, since the applied pressures are not equal.
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5.3 Discussion of OES and QES in cooling processes

The aim is to characterize the OES for different experimental parameters for the cooling
process and to compare the quality with the standard QES for the applicability in mass
measurements. Therefore their properties are investigated via cooling resonances for
different excitation amplitudes, pressures, and excitation times, whereby the efficiency
is always monitored via a direct ejection of the ions after the pre-cooling process. The
measurements which have been performed for an excitation time of 50 ms are compared
with the simulations with elastic collisions in 3.4.4.

5.3.1 Amplitude Scans with the Resonance Frequency

The first investigation for the characterization of both schemes is performed by ampli-
tude scans for different pressures. For this, the pre-cooled ions are moved to larger
magnetron radii with an excitation at the frequency ν− for 20ms and an amplitude of
1.2 V and afterwards excited at νc for a QES and at 2νc for an OES. Four amplitude
scans for a QES with 50 ms duration of the main excitation are recorded as shown in
Fig. 5.5. To compare the results also with the collision simulation, 2-D cuts from the
efficiency plots in 3.4.4 are added in the diagrams. The amplitude has been fitted to
the measured data via the visible conversions in Fig. 5.5 (a) and (b). The best agree-
ment which is found for (a) and (b) has been used also for (c) and (d). Since the
pressure inside the Preparation Penning Trap is not known, the measured shapes in
Fig. 5.5 are compared with the simulated shapes for different pressures, where the ratio
of the measured pressures to the lowest pressure p/p0 in the simulation is the same as
in the experiment (3.0 · 10−7 mbar = p0, 6.0 · 10−7 mbar = 2p0, 1.2 · 10−6 mbar = 4p0,
1.7 · 10−6 mbar = 5.7p0). The best agreement is found for p0 = 2.4 · 10−5 mbar in the
simulation (Tab. 5.1). Note that the pressures at the Penning gauge in the experiment
can not be replaced by the simulated pressures, since the model does not include an
individual derivation of scattering angles, or partial pressures of other elements than
helium.
In (a) and (b), the experimental pressures are chosen so that several full conversions
with radii larger than ρD are performed. Thus for (Uq/UB = 1, 3, ...) the ions are cen-
tered, and they are absent for (Uq/UB = 2, 4, ...). For higher pressures as in part c) and
d), the radius is decreased to ρ < ρD within the excitation time, and the oscillation of
the ion counts is vanishing. The maximal measured efficiency is written in the diagrams,

Table 5.1: Simulated pressures with the best approximation of the experimental results
(see text). First column: Pressure at Penning gauge. Second column: Pres-
sure in the simulation. Third column: Ratio of pressures to lowest pressure.
p /mbar (experiment) p /mbar (simulation) ratio p/p0

3 · 10−7 2.4 · 10−5 1
6 · 10−7 4.8 · 10−5 2

1.2 · 10−6 9.6 · 10−5 4
1.7 · 10−6 1.38 · 10−4 5.7
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Figure 5.5: Normalized ion counts as a function of the excitation amplitude for a
QES at several pressures ((a): 3.0 · 10−7 mbar, (b): 6.0 · 10−7 mbar, (c):
1.2 ·10−6 mbar, (d): 1.7 ·10−6 mbar). The measured points are connected
with straight lines for a better overview. The results from the simulation
in 3.4.4 are added with green bars.

where for the QES it is 100 % for all pressures in the experiment and simulations for
correct amplitudes. The number of ion counts from the simulation in the diagrams
Nsim is extrapolated via the maximum of the measured ion counts Nmax,exp and the
measured efficiency

Nsim = Nmax,exp ·
1

efficiency
. (5.2)

In Fig. 5.5 (b), (c) and (d), the simulated values provide a sufficient approximation to the
measured data. For the pressure which is chosen for (a), the measured ion counts for the
second and third centering of the ions is decreased. Such an effect is not predicted from
the simplified model in the simulation. Broader initial energy distributions or heavier
neutral collision partners for example, have not been implemented in the simulation.
The higher partial pressure of other collision partners at a low helium rate, e.g. nitrogen,
oxygen, or water could be the reason for a stronger disturbance of the conversion of
the radii and leads to an incomplete centering. It is assumed, that a disturbance by
collisions in the beginning is propagated by further collisions with heavier partners. A
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Figure 5.6: Normalized ion counts as a function of the excitation amplitude for an
OES at several pressures ((a): 3.0 · 10−7 mbar, (b): 6.0 · 10−7 mbar, (c):
1.2 ·10−6 mbar, (d): 1.7 ·10−6 mbar). The measured points are connected
with straight lines for a better overview. The results from the simulation
are added with green bars.

large initial energy distribution in addition could be the case if the applicability of
the pre-cooling is limited for lower pressures as 3.0 · 10−7 mbar (see 5.4). The shapes of
amplitude scans in an OES differs from those of the QES as shown in Fig. 5.6. The main
differences to the results from the QES is a vanishing of oscillations for the counts at
pressures as in (a) and (b), and a decreased efficiency. The shapes from the simulations
differ partly from those of the measurement, nevertheless they reproduce the measured
differences to the QES, and the mean of the simulated efficiency as ≈ 40 % in Fig. 5.6 (a)
or ≈ 50 % in (b) is sufficiently approximating the measured results. The low efficiency
is understood as described in Fig. 3.7 and Fig. 3.9 in 3.4.4. The ions enter and leave
the center region asynchronously due to the distribution of νB, and in addition, they
show a random behavior with collisions. To center all ions, one has to increase the
excitation time or the pressure. Note that the results of the measurements for the OES
differ from the simulation with the continuous model in 3.4.3, where an efficiency of
100 % is predicted for most of the parameters. For the OES, it is also observed that the
counts for larger pressures as in (d) are increasing very slowly with increasing excitation
amplitudes and thus it is rather difficult to define a voltage like UB, but it is aimed
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5.3 Discussion of OES and QES in cooling processes

to normalize the conditions for the different pressures. If a maximum exists in the
amplitude scan as for Fig. 5.6 (a), (b) or (c), this value is taken for Uoct/UB = 1.

5.3.2 Cooling Resonances as a Function of the Excitation Amplitude at a

Pressure of p = 3.0 · 10−7 mbar

The single ion resonances in an OES without damping show a much higher resolving
power than those of a QES, whereas the simulations with statistical collisions predict
comparable values for both schemes in the same order of magnitude. To determine the
resolving power, resonances are measured systematically. The resolving power Rp and
the efficiency are determined at a pressure of 3.0 · 10−7 mbar and amplitude steps of
about 0.25 · UB as shown in Fig. 5.7, where UB = 0.2 V for the QES and UB = 4.8 V
for the OES. The pressure is chosen low with the aim to keep the characteristic effects
as oscillations of the counts visible. The measured values for the efficiency are directly
comparable with the corresponding amplitude scan in 5.3.1, where an efficiency of 1 in
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the diagram means 100% of centered ions. The measured Rp values for the QES are os-
cillating with the efficiency values, where the highest resolving power Rp = 9.64(46)·104

is determined with Uq/UB = 1. This behavior is in agreement with the predictions for
the quadrupolar resonance shapes (see 2.3.5). The simulations for the QES are repro-
ducing the measured values even quantitatively, regarding the values at the plateaus,
whereas the quantity from the simulation is obtained by the choice of the initial radius
ρ−,0/ρD. The increased values for Rp from the simulated data at the amplitudes, where
final magnetron radius of resonant excited ions ρ−,f is close to the diaphragm border,
as discussed in 2.4.2, is not visible in the experiment. In the experiment, the wall of the
diaphragm is not so perfectly shaped as in the simulations and it is assumed that the
ions with ρ−,f ≈ ρD are disturbed by image charges and other wall effects, such that
they miss the detector or go lost at the walls. Furthermore, the width of the ion cloud
in the experiment can be larger than assumed for the simulation at this pressure.
The measured Rp values of maximum Rp = 1.133(54) · 105 for the OES are up to 1.7
times higher than those of the QES for U/UB = 1, 3, 5. The shape is roughly linear with
just small oscillations, even for this low pressure. The simulated points for the OES are
broader distributed around the measured values and alternating, but nevertheless the
order of magnitude is reproduced. The comparison of the simulated and the measured
data confirms, that a consideration of buffer gas collisions is necessary reproduce the
Rp values of the OES in the experiment.

5.3.3 Cooling Resonances for Different Excitation Amplitudes and

Pressures

For the comparison of both schemes, a larger number of cooling resonances has been
measured, which is a significant cost of experimental time. The results of ≈ 120 reso-
nances are presented as data points in this thesis. Thus, the cooling and waiting times
as in Fig. 4.10 in 4.7 for the QES and the OES are adjusted depending on the pressure
as shown in Tab. (5.2). The settings for the OES include a longer duration for the
preparation and cooling of the ions compared to the QES, since the OES requires well
determined initial conditions. Nevertheless the preparation times were not increased
further for practical reasons. On the other hand the QES is not so sensitive to the initial
conditions and the results are not significantly influenced by this choice of decreased
waiting times.
Resonances are recorded systematically for U/UB = 1, 3, 5, 7, 9 at four different pres-
sures in order to test the applicability of an OES in the beam times. The excitation
time was chosen with 100 ms in order to obtain higher efficiencies for the OES, since
the radii of the ions have more time to decrease during the excitation. Furthermore
100 ms is a commonly used excitation time. The results for two lower pressures are
shown in Fig. 5.8. For the OES, a relatively high resolving power of 2.87(10) · 105 is
determined for Uoct/UB = 1 and a pressure of 3.0 · 10−7 mbar at the Penning gauge,
where the belonging resonance curve is shown in Fig. 5.9. The loss of ions is more than
50 % also with the used excitation times. For all excitation amplitudes, the widths of
the resonances heve been comparable for both schemes. E.g. in the case of U/UB = 1,
the width of the resonances for both schemes has been ∆νH ≈ 3.5 Hz for a pressure of
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5.3 Discussion of OES and QES in cooling processes

3.0 ·10−7 mbar and ∆νH ≈ 7.5 Hz for a pressure of 6.0 ·10−7 mbar at the Penning gauge.

Table 5.2: Waiting-time (forst column) settings for different pressures (second column),
for the QES (third column) and the OES (fourth column).

time pressure/mbar QES-time/ms OES-time/ms
Axial cooling 3.0 · 10−7 200 200

6.0 · 10−7 200 200
1.2 · 10−6 100 200
1.7 · 10−6 100 200

Pre-cooling excitation 3.0 · 10−7 50 200
6.0 · 10−7 50 200
1.2 · 10−6 50 200
1.7 · 10−6 50 200

Radial cooling 3.0 · 10−7 200 150
6.0 · 10−7 200 150
1.2 · 10−6 100 150
1.7 · 10−6 100 150
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Figure 5.9: Ion counts as a function of the frequency for the OES with
a pressure of p = 3.0 ·10−7 mbar at the Penning gauge. The
solid line is a Gaussian fit to the data.

The doubled resolving power Rp for the OES as compared to the QES is obtained by the
doubled excitation frequency νexc = 2νc. For higher amplitudes, the Rp values of both
schemes are decreasing, but the efficiency for a pressure of 6.0 · 10−7 mbar is increasing
for the OES to the value of the QES. An explanation for the increased efficiency in
the OES could be the large distribution of different beating frequencies νB, since the
conversion for many ions, which are less distant to the center can be too slow to be
centered for lower excitation amplitudes as Uoct/UB = 1, 3.
The same measurement has been performed for larger pressures as shown in Fig. 5.10.
The Rp values for this measurements are smaller, but the quality of centering for the
ions at larger pressures is always improved as compared to a lower pressure, which is
also reflected by the better efficiencies for the OES which are improved by a factor of
2 for Uoct/Ub = 3 as compared to Fig. 5.8. Even for these pressures and Uoct/UB = 1,
the efficiency in the OES is not more than 70%. For U/UB = 1 the Rp value for the
OES is not reaching the double of that of the QES, which includes furthermore that the
resonance widths for the OES are even broader than those of the QES. For all larger
amplitudes, the OES shows better properties than the QES.
Nevertheless, also observed for the OES, U/UB = 1 is the only applicable region of
excitation amplitudes for the preparation of mass measurements, since the resolving
power is the most crucial parameter. There exists only a small amplitude range around
U/UB = 1 for each of the investigated pressures to obtain a useful resolving power.
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5.3.4 Maximal Resolving Power as a Function of the Pressure

For a sufficient cooling of ions, it is always adequate to choose a high pressure inside the
trap. In order to investigate the applicability of higher pressures, the maximal Rp value
for different pressures and 50ms excitation time is determined for both schemes. The
amplitudes are chosen as low as possible around U/UB = 1 to obtain a high resolving
power, therefore the loss of some ions is accepted. A centering of all ions can be
performed for high pressures as 2.0 ·10−6 mbar or higher, but tests have shown, that the
Rp values are decreased (see also Fig. 3.8 in 3.4.4). In Fig. 5.11 the maximal Rp values
are given as a function of the pressure in the Preparation Penning Trap. For increasing
pressures from 5 · 10−7 mbar to 5 · 10−6 mbar, Rp drops about an order of magnitude.
The Rp values of the OES are approaching those of the QES for 5 ·10−6 mbar, and thus
the advantage of the OES vanishes. Furthermore, a use of the OES with an efficiency
of 100 % at high pressures does not result in an adequate resolving power (not plotted
here). The simulated data is added in the diagram. The points for the resolving power
from the simulation have been averaged for amplitudes in the vicinity of U/UB = 1 to
eliminate the fluctuations for the OES (see Fig. 5.7). The simulated pressures are fitted
to the measured pressures as in Tab. 5.1. The higher resolving power of the OES as
compared with the QES are reproduced by the simulation, whereas the absolute values
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for the OES are too small, especially at low pressures. Nevertheless for many points,
the simulation gives an adequate approximation of the measured data. For pressures
as p = 3.0, 4.0, 5.0 · 10−6 mbar the simulation has not been performed.

5.3.5 Maximal Resolving Power as a Function of the Excitation Time

For the application in the on-line experiment, the QES and OES were tested for long
durations of the main excitation. Also for this investigation it is tried to obtain the
highest possible resolving power and a loss of some ions is accepted. The excitation times
(Texc = 20, 50, 100, 200, 500, 750, 1000 ms) have been used. The results for the QES are
illustrated in Fig. 5.12. The Rp values are compared to those of a quadrupolar resonance
curve in a vacuum for the magnetron motion ∆νH = 0.53/Texc , Rp = νc · Texc/0.53 (see
2.4.2). The Rp values are converging for longer Texc and do not follow the theoretical
line. An excitation time longer than 200 ms is not further increasing the resolving power,
except for 3.0 · 10−7 mbar with 500 ms. The maximal resolving power is determined by
the pressure. Ions which are not excited in resonance, and thus perform only the partly
conversion between the eigenmotions, require a longer time to move to the center, but
this time is given by a long duration of the excitation. This effect is compensating
the theoretical expected decreased width of the resonance for longer excitation times
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Figure 5.13: Ion counts as a function of the frequency for the QES with
a pressure of p = 3.0 ·10−7 mbar at the Penning gauge and
an excitation time of 500 ms.

and thus Rp is not further improved. For 3.0 · 10−7 mbar and 50 ms, the resolving
power is even higher than the theoretical values, which is related to the diaphragm
(ρ−,0/ρD) as discussed in 2.4.2. For an excitation time of 500 ms, a high resolving power
of 3.19(2) ·105 is achieved. Figure 5.13 shows the related measurement of the resonance
curve.
The results for the OES are illustrated in Fig. 5.14. The Rp values as a function of Texc

for an OES are also converging to a maximum value as in a QES. For 3.0 · 10−7 mbar,
the resolving power is increased until Texc = 750 ms with Rp = 4.16(9) · 105. Figure
5.15 shows the related measurement of the resonance curve. For all other pressures, the
maximal maningful excitation time is 200 ms as obtained for a QES. For 3.0 ·10−7 mbar
the efficiency as obtained for the OES is increased for Texc > 500ms due to the long
excitation time, which means, that the OES might be applicable for the preparation of
longer lived ions. In this case the complete preparation would take more than 1 s if all
other cooling and waiting times are taken into account.
To conclude the performed comparison of the OES with the QES, the result is that
the OES is applicable for certain scenarios of mass measurements, since the resolving
power is higher than in a QES. The main problem of the OES is a reduced efficiency
and thus a not well performed ion centering. Due to this fact it can be a challenge to
use such prepared ions for the next experimental step. It has been confirmed that the
performed simulations with elastic collisions gives an adequate qualitative description
of the experimental process.
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5.4 Energy Distribution of Pre-Cooled Ions

For mass measurements, the ions have to be well prepared for the injection in the
Precision Penning Trap. To investigate the quality of the ion bunch, additional parts
of the ISOLTRAP setup are used. The ions are transfered from the preparation trap
through the precision trap to the detector behind as shown in Fig. 4.1 in 4.1. Note
that the precision trap is not switched to the trapping mode for this measurement.
When the ions pass through the Precision Penning Trap, the electrical potential on the
trap electrodes slows the ions down. The ions with a kinetic energy lower than the
potential difference between the Precision Penning Trap and the previous drift section,
are reflected and less ions are detected behind the Precision Penning Trap. Figure. 5.16
a) shows the number of detected ions as a function of the potential on the trap electrodes.
The data points are fitted with the logistic fit function (Eq. (5.1)). The derivative of
the fitted curve from the measurement as shown in Fig. 5.16 (b), gives an estimate for
the energy distribution of the ion bunch. The same procedure is performed for different
pressures (Fig. 5.17), in order to test, if low pressures as 3.0·10−7 mbar or 6.0·10−7 mbar
as used for the previous measurements are applicable for mass measurements, since the
Rp values of the resonances are high for these conditions. For pressures higher than
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1.2 · 10−6 mbar as commonly used for on-line experiments (Fig. 5.17 (a)), the energy
distribution is adequate for the mass measurements. Figure 5.17 (b) shows that the use
of low pressures is a challenge. With 6.0 · 10−7 mbar it was possible to reach an energy
distribution as for the higher pressures by using long waiting times (curve with asterisk
in Fig. 5.17 (b)), but a pressure of 3.0 · 10−7 mbar is not applicable, since the cooling
process would need much longer than with the commonly used time settings. The curve
with the long time setting is already very flat for 3.0 · 10−7 mbar and a measurement
with the shorter time setting could not be performed because the ions get lost on the
way to the Precision Penning Trap. Thus, pressures down to 6.0 · 10−7 mbar at the
Penning gauge can be used, but they are more adequate for long lived nuclei, where the
cooling times can be increased.
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5.5 Test of the Conservation of the Motional Phases in a

Buffer Gas Environment

In a buffer-gas environment the motional phases ϕ+ and ϕ− are affected by collisions
with the neutral background atoms. In order to test if a phase sensitive excitation
with the OES would be possible for future applications in a buffer gas environment, the
conservation time of the motional phases has been determined. To investigate these
conservation times, a dipolar signal from the AM300 frequency generator, which is
used in the burst mode, is applied to opposite ring segments of the trap. The ions are
excited and brought to a radius which is larger than the radius of the diaphragm. After
a variable waiting time twait, the ions are excited twice with the same signal. If the
difference between motional phase and the phase of the second signal is ϕd−ϕ± ≈ 180°,
the ions are moved back towards the center as discussed in 2.3.1. Figure 5.18 shows a
test measurement, where the ions are excited in the same way, at their reduced cyclotron
frequency ν+ = νc − ν− = 547453 Hz, with exact 20 complete cycles of a sine function.
The corresponding excitation time for the 20 cycles is Texc = 36.5µs. The amplitude
has to be at least 93 V to achieve a radius larger than ρD within this short excitation
time. Thus the dipolar signal is amplified by the radio frequency amplifier in Tab. 4.2
in 4.8. The ions are, as long as the phase is conserved, centered for twait = (n+1/2) ·T+

with T+ = 1/ν+ = 1.827µs and n as integer. To determine the conservation time of
the reduced cyclotron phase, twait is increased in steps of (m + 1/2) · n · T+, where m
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Figure 5.18: Ion counts as a function of the waiting time between two dipolar
excitation signals at the reduced cyclotron frequency.
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Ud = 93 V, and m = 250 d) p = 1.2 · 10−6 mbar, Ud = 186 V, and
m = 180.

is a fixed integer which is adapted to the measured time window. Independent from
m, this results in a detection of the ions for (n = 1, 3, 5, ...) and an absence of ions
for (n = 2, 4, 6, ...), as long as the phase is conserved. This is given in Fig. 5.19. The
conservation time of the cyclotron phase is measured for two different initial radii after
the first excitation (ρ1 ≈ ρD, ρ2 ≈ 2ρD), and two different pressures. To achieve the
radius 2ρD, the amplitude is chosen to be 186 V = 2 · 93 V. It can be seen, that the
influence of doubling the radius on the conservation time (right part of Fig. 5.19) is
stronger than the influence of doubling the pressure (lower part of Fig. 5.19). This
effect is assumed to be related to a velocity dependent mobility of the ions in the buffer
gas as discussed in 3.3.
The conservation time is estimated with the first point for twait, where less than half of
the ions are centered as compared to the maximum counts. The results are summarized
in Tab. 5.3. The measurements for higher pressure as in part (c) are also performed for
the magnetron phase ϕ−, where the conservation time is about 200 ms. Thus the phase

91



5 Measurements and Discussion

Table 5.3: Measured conservation times for the phase of the reduced cyclotron motion.
First column: Applied Pressure. Second column: Initial radius. Third col-
umn: Determined conservation time.

p /mbar ρ0 conservation time / ms
3 · 10−7 ρD 21
3 · 10−7 2ρD 6.5
6 · 10−7 ρD 11.5
6 · 10−7 2ρD 3

conservation time is limited by the reduced cyclotron motion.
Based on this results it can be tested tested to perform a phase sensitive excitation
with an OES for a pressure of p = 6.0 · 10−7 mbar and an excitation time of less than
Texc ≤ 20 ms to obtain higher resolving powers. These tests have not been performed
in the present thesis, but for future applications they are of interest.
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In this thesis, alternative excitation schemes for the application in Penning traps have
been investigated, with a main focus on the purification and cooling of ions in the
Preparation Penning Trap of ISOLTRAP.
A simulation of ion motions in Penning traps with different excitation schemes has
been developed in C++ via using a fifth order Gear method. Thus, different excitation
schemes could be investigated and characterized in preparation of the measurements.
In order to investigate cooling processes, different damping models have been tested:
an approach with a continuous force, and an approach for elastic collisions with buffer
gas atoms. The resolving power Rp of the simulated resonances was determined by
the application of the bisection method, which ensures that the relative accuracy is
independent of the total width of the simulated resonance curve.
A circular polarization for the dipolar and for the quadrupolar excitation scheme has
been investigated by simulations and measurements, and compared with commonly
used linearly polarized excitation schemes.
The result of the LPDES [Koe91] is a linearly with time increasing radus, modulated
with additional oscillations. An excitation with the CPDES [SA93] results in the double
of the radius in the same time for the same amplitude, and a vanishing of the mod-
ulation for the increasing radii as compared to the LPDES. Furthermore it has been
obtained from a simulation, that if the CPDES is rotating against the ion motion, the
radius is not increased and the ion performs small oscillations. The predictions for the
CPDES have been confirmed by measurements.
For the ion motion in a CPQES, a solution has been obtained analytically, where it was
possible to use the same approach as for the LPQES [BMSS90]. The beating frequency
of the eigenmotions νB is doubled with a CPQES as compared with a LPQES for the
same excitation amplitude. The LPQES and the CPQES have the same properties, if
the amplitude which is used for the CPQES is half of the amplitude as used for the
LPQES. Differences in high frequency terms are neglected. Furthermore the conver-
sions of eigenmotions are not performed if the field of the CPQES is rotating against
the motion of the ions. In this case, only high frequency oscillations are performed.
These effects are confirmed by measurements.
As an approach for mass selective buffer-gas cooling with higher resolving powers, the
OES has been investigated. In simulations with a single ion, it has been observed, that
the motion of an ion is much more sensitive to the initial conditions due to a radial non-
linearity of the field. The resonance curves show different shapes, which depend on the
parameters for the excitation as the excitation amplitude, the initial motional phases,
and the initial radii. For well chosen parameters it is possible to obtain a resolving
power which is two orders of magnitude higher than obtained from the QES. The OES
and the QES have been investigated by simulations for the application in a buffer gas
cooling process using a continuous damping force and using the elastic collision model
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for a helium buffer gas, respectively. The simulation with the continuous damping force
model predicted a high efficiency for both excitation schemes and much higher resolving
powers for the OES as compared to the QES. The simulations of ions which are affected
by collisions, predicted comparable resolving powers for both excitation schemes, and
a lower efficiency for the OES, whereas the results for the QES did not change signifi-
cantly as compared with the continuous damping approach. A sufficient approximation
of the measurements with cooling processes is obtained by using the model with elastic
collisions.
The OES and the QES have been furthermore compared in systematic measurements
of cooling resonances for 133Cs+ ions in the Preparation Penning Trap. The resolving
power of the OES and the QES are in the same range for both excitation schemes for
pressures as commonly used for the preparation of mass measurements. For pressures
below, the resolving power for the OES is about two times higher as compared with the
QES. For parameters as used for mass measurements, the efficiencies which have been
measured for the OES are always lower as compared to the QES. Thus the OES is of
limited applicability.
For the future, investigations using heavier ion masses in an OES are of interest, since
the ion motion is more stable under influence of collisions. This could be investigated
with carbon clusters from the laser ion source at ISOLTRAP. Furthermore the pre-
cooling mechanism could be improved by a time dependent pressure inside the Prepara-
tion Penning Trap via implementing a Piezo valve. The axial cooling, the pre-cooling,
and the radial cooling are performed at high pressures, whereas the main excitation
takes place in a low-pressure environment. This would decrease the bunch width and
thus reduce the distribution of νB for the OES on one hand, and ensures a high resolving
power with low pressures on the other hand. In addition, a phase sensitive excitation
with the OES for longer excitation times would be possible.
Precision measurements with an OES are as well an interesting topic for future appli-
cations. It might be well applicable in a Precision Penning Trap with single ions, if
the initial conditions are defined very precisely. This could be performed in modern
cryogenic traps in vacuum environments.
An investigation of a circularly polarized octupolar excitation would be of interest, but
a trap with a 16 fold ring electrode would be necessary to perform these measurements.

94



A Solution of the Equations of motion in

the Quadrupolar excitation scheme

An analytical solution for a radial quadrupolar excitation [BG86], [BMSS90] will be
discussed in detail in the following. Starting from Eq. (2.41) for the V-components

V̇ ±x = −ω±V ±y + kV +
x − kV −x

V̇ ±y = ω±V
±
x − kV +

y + kV −y .

The equations for V + and V − are coupled for quadrupolar excitation. To solve Eq. (2.41),
the ansatz

V ±x = A±x (t)e±iω±t (A.1)

V ±y = A±y (t)e±iω±t,

is used [BMSS90].

A substitution of Eq. (A.1) in Eq. (2.41) with ~̇V ± = ~̇A±e±iω±t± iω± ~Ae±iω±t and rewrit-
ing the cosine function cos(ωqt) = 1

2(eiωqt + e−iωqt) leads to

Ȧ±x e
±iω±t ± iω±A

±
x e
±iω±t = (A.2)

− ω±A±y e±iω±t +
k0
2

(
eiωqt + e−iωqt

) (
A+
x e

iω+t −A−x e−iω−t
)
.

Ȧ±y e
±iω±t ± iω±A

±
y e
±iω±t =

ω±A
±
x e
±iω±t − k0

2

(
eiωqt + e−iωqt

) (
A+
y e

iω+t −A−y e−iω−t
)
.

Dividing by e±iω±t and expanding gives

Ȧ±x ± iω±A
±
x = (A.3)

− ω±A±y +
k0
2

(
A+
x e

iωqteiω+te∓iω±t −A−x eiωqte−iω−te∓iω±t

+A+
x e
−iωqteiω+te∓iω±t −A−x e−iωqte−iω−te∓iω±t

)
,

Ȧ±y ± iω±A
±
y =

+ ω±A
±
x −
k0
2

(
A+
y e

iωqteiω+te∓iω±t −A−y eiωqte−iω−te∓iω±t

+A+
y e
−iωqteiω+te∓iω±t −A−y e−iωqte−iω−te∓iω±t

)
.

95



A Solution of the Equations of motion in the Quadrupolar excitation scheme

After comparing the parts for A+ and A− and using symmetries in Eq. (A.3), one can
write

Ȧ±x ± iω±A
±
x = (A.4)

− ω±A±y ±
k0
2

(
A±x

(
eiωqt + e−iωqt

)
−A∓x

(
e±i(ωq−ωc)t + e∓i(ωq+ωc)t

))
,

Ȧ±y ± iω±A
±
y =

+ ω±A
±
x ∓
k0
2

(
A±y

(
eiωqt + e−iωqt

)
−A∓y

(
e±i(ωq−ωc)t + e∓i(ωq+ωc)t

))
,

with the sum of the eigenfrequencies ωc = ω+ + ω−. For weak excitations, k0 ≪ ω−,
and an excitation frequency ωq ≈ ωc, a slow change of the amplitudes A+ and A− with
the frequency ωq −ωc is obtained which is modulated with the frequencies ωq +ωc and
ωq which are very high with respect to ωq − ωc. The negligence of the high frequency
terms gives

Ȧ±x = ∓iω±A
±
x − ω±A±y ∓

k0
2
A∓x · e±i(ωq−ωc)t, (A.5)

Ȧ±y = ∓iω±A
±
y + ω±A

±
x ±
k0
2
A∓y · e±i(ωq−ωc)t.

If ω+ ≫ ω− like in most experiments, one can assume that the cyclotron motion is
close to a circle. This leads to a further simplification for the amplitudes which turn
in the complex plane with positive rotational direction for A+ and negative rotational
direction for A−

A+
y = −iA+

x = −iA+, (A.6)

A−y = iA−x = −iA−.

The first two terms in Eq. (A.6) are eliminated and it results in

Ȧ+ = −k0
2
A− · ei(ωq−ωc)t, (A.7)

Ȧ− = +
k0
2
A+ · e−i(ωq−ωc)t.

To solve this equation, the ansatz

A+ = A+
0 e

i(ξ+t+ϕB+), (A.8)

A− = A−0 e
i(ξ−t+ϕB−),

is used [BMSS90] with ξ+ and ξ− as constants.
Substituting the ansatz into Eq. (A.7) for the resonant case ωq = ωc gives

Ȧ+ = iA+
0 ξ+e

i(ξ+t+ϕB+) = −k0
2
A−0 e

i(ξ−t+ϕB−), (A.9)

Ȧ− = iA−0 ξ−e
i(ξ−t+ϕB−) = +

k0
2
A+

0 e
i(ξ+t+ϕB+).
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The isolation of A+
0 in Eq. (A.10)

A+
0 =

2i

k0
A−0 ξ−

ei(ξ−t+ϕB−)

ei(ξ+t+ϕB+)
, (A.10)

and the substitution into Eq. (A.9) leads to the relation

ξ+ξ− =
(
k0
2

)2

, (A.11)

and the division of Eq. (A.9) by Eq. (A.10)

A+
0 ξ+e

i(ξ+t+ϕB+)

A−0 ξ−e
i(ξ−t+ϕB−)

= −A
−
0 e

i(ξ−t+ϕB−)

A+
0 e

i(ξ+t+ϕB+)
, (A.12)

results in the relation

ξ+
ξ−

= −
(
A−0
A+

0

)2

e2i((ξ−−ξ+)t+ϕB−−ϕB+). (A.13)

Since ξ+ and ξ− are not time dependent, the right hand side of Eq. (A.13) is nether.
Hence the time dependency in the exponent has to be eliminated and thus ξ+ = ξ− =
ξ = ±k0/2. Furthermore if A+

0 and A−0 are real numbers the exponential function is
also real. For this condition ϕB− − ϕB+ = ±π/2 and thus the value of the exponential
function is −1. In that case A+

0 = A−0 satisfies the left hand side. From the substitution
of ξ = ±k0/2 into Eq. (A.9) or Eq. (A.10), a condition for ξ and ϕ±,conv is obtained

ξ = +
k0
2
→ ϕB+ = ϕB− +

π

2
, (A.14)

ξ = −k0
2
→ ϕB+ = ϕB− −

π

2
.

The two possibilities for ξ allow two solutions for each Eq. (A.9) and Eq. (A.10). With
the A0 written as α and Eq. (A.14) the sum of the two solutions for A+ and A− is

A+ = α1e
i(ϕB−+π/2+k0/2t) + α2e

i(ϕB−−π/2−k0/2t) (A.15)

A− = α1e
i(ϕB−+k0/2t) + α2e

i(ϕB−−k0/2t)

Since the ansatz in Eq. (A.1) is equal to Eq. (2.23), the radii ρ+(t) and ρ−(t) are ob-
tained like in Eq. (2.26). After expanding Eq. (A.15) with sine and cosine functions and
isolating the real part, one obtaines

ρ+(t) = ρ+,0 cos
(
k0
2
t

)
− ρ−,0 sin

(
k0
2
t

)
, (A.16)

ρ−(t) = ρ−,0 cos
(
k0
2
t

)
+ ρ+,0 sin

(
k0
2
t

)
,
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with initial radii which are determined by α1, α2, and ϕB−

ρ+,0 =
α2 − α1

ω+ − ω−
sin(ϕB−), (A.17)

ρ−,0 =
α2 + α1

ω+ − ω−
cos(ϕB−).

The initial radii determine the coefficients α1, α2, and the initial phase ϕB−. The phase
ϕB± belongs to the slow oscillation with the beating frequency ωB = k0/2. The most
interesting setting for the initial conditions is ρ±,0 = 0 with ρ∓,0 6= 0 which is achieved
by α1 = ±α2 with ϕB− = 0 for α1 = +α2, and ϕB− = π/2 for α1 = −α2. With
these conditions, periodic total conversions of the two eigenmotions with the beating
frequency ωB are performed.
The initial conditions are now chosen such that ϕB− = 0 and α1 = +α2 = α. In this
case Eq. (A.16) is reduced to

ρ+(t) = ρ0 sin (ωBt) , (A.18)

ρ−(t) = ρ0 cos (ωBt) ,

with

ρ0 =
2α

ω+ − ω−
. (A.19)

Thus a pure initial magnetron motion is fully converted into cyclotron motion and
vice versa. For this choice of parameters the spacial coordinates x(t) and y(t) are
calculated as follows. With the solution for A±, the components for V ± are obtained
using Eq. (A.6) and Eq. (A.1)

V +
x = α

(
ei((ω++ωB)t+π/2) + ei((ω+−ωB)t−π/2)

)
, (A.20)

V −x = α
(
e−i(ω−−ωB)t + e−i(ω−+ωB)t

)
,

V +
y = −iV +

x ,

V −y = iV −x .

After the transformation to sine and cosine functions and isolating the real part of the
terms, the components are

V +
x = +2α sin (ω+t) sin (ωBt) , (A.21)

V −x = −2α sin (ω−t) cos (ωBt) ,

V +
y = −2α cos (ω+t) sin (ωBt) ,

V −y = +2α cos (ω−t) cos (ωBt) .

After the transformation to x(t) and y(t) with Eq. (2.24), the result is Eq. (2.43) in 2.3.3,
where the initial phases ϕ+ and ϕ− are chosen to be zero if t = 0 and ~ρ = (x, y) =
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((ρ+,0 + ρ−,0), 0):

x(t) = ρ0 (cos (ω+t) sin (ωBt) + cos (ω−t) cos (ωBt)) ,

y(t) = ρ0 (sin (ω+t) sin (ωBt) + sin (ω−t) cos (ωBt)) .
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