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Abstract

Ultralight scalar dark matter (DM) can gain an interaction to all massive Standard Model (SM)
particles through a universal coupling. Such a coupling can modify the properties of said SM particles
through the generation of an effective mass. Flambaum and Stadnik [1] already exploited this effect
in a similar model to constrain the DM phase space through its effect on Big Bang Nucleosynthesis
(BBN). However there is also a back-reaction from SM to DM particles which modifies the DM mass.
Due to the ultra low DM mass this effect, which has not been studied previously in the literature, can
be substantial. By including this back-reaction in the DM evolution we derive new BBN constraints
and find them to deviate significantly from those derived in previous work.

1 The Model

In this model we extend the Standard Model by
including a real scalar field,

Lo=3(@uf —gmdd® (L)

This scalar field is then allowed to interact uni-
versally with the SM by perturbing the metric (or
vielbeins) of the SM terms,
eLsy [eh] —
det(ef (14 a)) Lo [eh (1 — )] (1.2)
with o = ¢ /A%

We will soon expand this perturbation to see how
such a coupling gives rise to a coupling to massive
SM particles. Since we are dealing with curvature
we include the relevant metric determinants and
the complete Lagrangian is then

M2
Liot = \/—QTPR [9""]

—I—det(eZ(l + a))Lsa [eh (1 — )]

nz 1
=g (G000 - i) 1)

CERN Summer Student Report

Because we in this work will be dealing with en-
ergies in the MeV range and below we can omit
the substructure of the nucleons. We then only
include electrons, protons and neutrons as the
fermions and use an effective field theory for the
SM Lagrangian:

Lsy = LSy + EéM + Ly

= —]12 + f(iV +eQA —my) f — W;QVVQ (1.4)

where a sum over the fermions f = e,n,p and the
heavy vector bosons V' = W, Z is left implicit. The
field strength tensor F* is understood to include
both the EM and weak gauge fields.
1.1 Expanding the coupling

To explore the consequences of this universal cou-
pling we now seek to expand it in small a:

det(ef, (14 a)) Lsar [eh (1 — )]
~eLsy +6(eLsm)
=elgy +4aelgy +edLgy (1.5)

where we left implicit the dependence on the
unperturbed vielbeins on the RHS by writing
Lsy = Lsa[eh]. To evaluate the variation of
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the determinant we used the standard identity
Je = eef{éez = 4ae. We will now take the vari-
ations of the three components of our effective
standard model Lagrangian.

For the field strength term we apply the corre-
sponding variation g = —2ag"” to get

Fa F)\ a
5LGy = —7‘1 25 (gA gpﬁ)
= —4aLk,,. (1.6)

Notice that the variation of EgM cancels identi-
cally with the determinant term in eq. 1.5 so that
the net result is no effect on the field strength
terms. The massive vector boson terms yields

1
0Ly = —5mPViVudg" = —2aLYy, (L)

which only has incomplete cancellation with eq.
1.5.  We conclude that the universal coupling
yields an interaction with massive vector bosons
but not (at tree-level) with the massless photons.

The fermion term is complicated by the ap-
pearance of the spin connection in the covariant
derivative. To absorb the extra terms introduced
by the connection we perform a simultaneous field
redefinition of the fermion fields:

=7 <1 + 2@) where f = n,p,e. (1.8)
Note that while we simply have 6 f = 3/2af we
pick up an extra term from f because of the deriva-
tive acting right:

. 37 4
Fisf = 3 fin®eh Vo)

3 = 3 =
=Safivi+Sfi(Ya) f (19)

The full variation is then
3 =
0%y =3aLly + 5 fi(Ya) f
+f (16 + eQoA) f (1.10)

For the EM term we simply have

A =~"6(et)A, = —ad (1.11)
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but the spin connection introduces extra terms
for the derivative term:

Y = —aV — ié (wzb> Yab (1.12)

where wzb is the spin connection and . is the an-
tisymmetric product v, = 1/2(Ya% — V7Ya). By
expressing the connection in terms of vielbeins
and performing some manipulations involving in-
dex manipulation and gamma matrix anticommu-

tation rules we arrive at
8V = —ay — gVa, (1.13)
such that the extra terms cancel and finally have
oLl = 2oLk, —am;ff. (1.14)

We can apply the background EOM, which im-
plies ££ u = 0, to further simplify the perturbing
terms. This yields

5Ll ~ —am;ff, (1.15)

which we recognize as a DM-fermion coupling.

In summary the effective SM Lagrangian is
then extended with the following DM-SM inter-
action terms:

det (ef (14 @) Lsnr [ef (1 — a)] Je =
¢2 _ 2
Lsyu F meff + Pm%/VZ (1.16)

We conclude that the DM couples universally to
all massive particles as expected.
1.2 Effective mass

These interactions correspond to those considered
by Flambaum and Stadnik [1]. As noted in [1]
the interactions can be understood as an effective
mass for the SM particles,

2
myry — myy <1 + ;¢;2> . (1.17)

However there is also a back-reaction on the DM
which endows this with an effective mass,

m?p — mgff = mi + 202 myff F 20 mi V2,
(1.18)
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This DM effective mass modifies the evolution of
¢ and has not been studied in previous work[1].
In the remainder of this work we consider the DM
field ¢ in the cosmological background in the pe-
riod between today and BBN. We therefore inter-
pret my ff as the mass density of fermions which
in cosmology usually is denoted by baryonic mat-
ter pp. We drop the contribution of heavy vector
bosons because the density of them in the uni-

verse is vanishingly low. The effective mass picked
up by the DM is then

mZ; ~mi £ 20 pp (1.19)

In the following we study how this effect modi-
fies the DM evolution and how this impacts con-
straints from BBN.

2 Dark Matter Evolution

To evaluate the effect of DM on BBN we first need
to scale the density of DM at present back to the
time of BBN. To do so we first need to determine
how ¢? scales with a. Then we can apply this
scaling to evolve ¢? back to BBN.

2.1 The scaling of DM

To solve the evolution of ¢ we first write the
Klein-Gordon equation in an expanding homoge-
neous spacetime:

¢+3Hd£+20%ppo+mip=0  (2.1)

We do not have a global solution to this equation.
To approximate a solution we solve it in three
distinct phases dominated respectively by:

e Bare mass: +2A"%pg¢ dropped
e Effective mass: —&—m?bqb dropped
e Hubble friction: Both masses dropped

The solutions in two of the above phases can be
found analytically. Taking Bessel functions in the
high oscillation limit and translating time depen-
dence to scale factor dependence we find the fol-
low scaling:

BM: ¢? x ™% H: ¢? x a’ (2.2)
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Baryon density p,(a)
apgn and ae, are marked with vertical lines
Iog 1glpp]
25¢

20 |

log 19 [a]

Figure 1: The evolution of py as a function
of scale factor. Notice the strongly modified be-
haviour in the time near ac, defined by T' = me.
Bare p, o< a3 evolution is displayed with a dashed
line for reference.

The scaling in an effective mass dominated
phase depends on the time dependence of the
baryon density pp. For the majority of the his-
tory we are concerned with this is p, oc a=3 which

=3/2 How-

dampens the DM evolution to ¢? x a
ever the baryon density is strongly modified by
the presence of electron-positron pairs in the time
before and immediately after T = m.. When the
baryon density is calculated with e/p pairs prop-
erly accounted for (detailed in appendix A) the
evolution is as in figure 1. This deviation from

3 causes a deviation in the scaling of ¢?

Py X a
which we can identify by solving the effective mass
EOM for each scaling of p,. As shown in figure
2 the dampening of the DM evolution is strongly
amplified when the change in baryon density be-
comes steeper. Note that the above only applies
in the case of a positive +¢?/A? coupling. In a
model with negative coupling the DM becomes
tachyonic in the EM phase.

2.2 DM evolution

The DM evolution across an EM phase can cal-
culated by integrating the scaling as

early

ngarly = 1Ofalate @ d(logio a)¢12atea (23)

and the DM evolution across a BM phase is

-3
2 Oat 2
¢early = ( e > ¢late? (24)

Qearly
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Scaling ¢z «a” as a function of a
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Figure 2: The scaling $* « a® in an EM domi-
nated phase as a function of scale factor. As ex-
pected the scaling is x = —3/2 for most of the his-
tory. Around e/p annihilation the baryon effect is
increased so the dilution of ¢ is not only slowed

but actually reversed for a brief period. The devi-
ation is discussed in appendix A.
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Figure 3: Map of the transition history of evo-
lutions defined by various points in phase space.

while the DM density does not change across a
Hubble friction phase. To evaluate the density
Py = m?qu@ at BBN all one has to do is identify
which of the above phases the DM goes through
and apply the above scaling over the transitions.
To do so we map the transition history by us-
ing Mathematica to sample which prefactor in the
EOM is dominant at various scale factors. This
phase transition history map is shown in figure 3.
Solving the transition times numerically one can
then determine the correct evolution of ¢? which
is visualized in figure 4.
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Figure 4: The density of dark matter ¢* =
p¢/m?ﬁ at BBN as evaluated using the scheme de-
seribed in section 2.2.

3 Effect on BBN

The neutron-proton ratio[2] is fixed at weak
freeze-out according to the Boltzmann fraction

W — 6—(mn—mp)/TW — e—mnp/Tw‘ (3.1)

pw
where Ty ~ 0.8 MeV is the weak freeze-out tem-
perature. Later almost all of the available neu-
trons will become locked up in helium-4 because
of its high binding energy. However before the
neutrons can participate in nuclear reactions to
form He* the abundance is modified by neutron

decay. This yields the neutron-proton ratio at
BBN|[2]:

NBBEN _ nwe—rntBBN

= , 3.2
peEN  pw +nw (1 — e lntssn) 32)
and the helium-4 fraction
2
Y= — (3.3)
P
14 osn

where nyy/ppn and py, ppy refers to the neutron
and proton densities at weak (n/p) freeze-out and
BBN respectively. T',, = 1/880s is the neutron de-
cay rate and tppy ~ 180s is the time of BBN[1].
The helium-4 fraction is predicted by standard
BBN theory to be Yipe, = 0.24709 £+ 0.00025[4]
and measured to Y, = 0.245 £ 0.003[3]. Multi-
plying the uncertainties in quadrature these num-
bers gives the relative difference

AY _ Yemp - Y;fheo
Y Y;fheo

= —0.008458 = 0.012183
(3.4)
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This relative difference constraints how much the
addition of dark matter is allowed (or required) to
change the standard model prediction. Following
the approach by Flambaum and Standnik[1] we
extract the leading effect by expanding eq. 3.2
in small I',tgpny and taking the variation of all
masses:

AY A(n/p)w AT,

~ — It 3.5
v S gy ety (39)

where we assumed that tppn does not change as
a result of DM. This assumption justified because
we expect the timing of BBN to be set by strong
forces which are unaffected by DM.

By taking the temperature of weak freeze-out
to be Ty = am% sin®/3(6 W)/a2/3M;l/a3mk ~
0.75MeV[2] we can carry though the variation of
3.1. Here a is a numerical constant, my is the
mass of the W-boson, « is the fine structure con-
stant and Oy is the Weinberg angle. The varia-
tion of eq. 3.1 yields

An/plw _ dmpp 1 — sin?(Ow) Amyz
(n/p)w 3 Tw

sin?(Ow) mz

4 Mnp 1— Sinz(gw) AmW
3 Tw sin2(«9w) myy
_ Mp Ay (3.6)
Tw Mnp

With the prefactors written out numerically,

AW g 0qAMZ g o AW o Aty Am"”
(n/p)w mgz mw mnp
(3.7)

it is apparent the largest effect on the freeze-out
neutron-proton ratio comes from the change of
the Z mass which modifies the weak coupling and
hence the freeze-out temperature.
The decay rate can be approximated by: [1]
2,5
T, = %P(m (3.8)
myy sin® (6w )

where = my;,/m. and

P(z) = 221 — 92% — 8) V22 — 1

5

tzln (3: Ve 1) (3.9)
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Taking the variation of all masses as before we
arrive at the fractional change in decay rate

ATy, OP(x)/0x Amyy, _ O0P(z)/0z\ Am,
T, ~ Pe) *(5 P(a) >m

+4

1 —sin?(6w) _q Amyy
sin? (Ow) mwy

_ 1-— Sing(ew) AmZ

3.10
Sin2(ew) my ( )
Writing again the prefactors numerically
Aln | 65a0Mmn _q 540me
r, Mnp Me
om o
+9.99°W. _ 13 9922 (3.11)
mw mgz

we conclude that the dominant contribution to
the change in neutron decay is also the change in
Z-mass.

Summing up all contributions and using that
all masses change universally Am/m = ¢?/A?
(eq. 1.17) we can express the fractional change
in Helium-4 fraction according to eq. 3.5:

A [Lmnp +¢?
Y 3Ty MPPN| A2

(3.12)

4 Helium-4 constraints

Combining the constraints on the Helium-4 frac-
tion (eq. 3.4) with the DM effect (eq. 3.12) we
arrive at a DM constraint:

+¢?
—TutsEN w5 = —0.008458 + 0.012183

(4.1)

1 mnp
3 Ty

Assuming a positive +¢2/A? coupling we can ap-
ply the time evolved ¢?(Tgpx) from section 2.2.
This yields a constraint on the DM phase space
shown in figure 5 where it is also compared to the
same constraint in a model which neglects the DM
effective mass effect. It is apparent that the effec-
tive mass leads to a loosening of the constraints
for DM with a mass of at least ~ 107'® eV. This
happens because a part of the DM evolution is in
an effective mass dominated phase with a slower
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Figure 5: Comparison between the DM phase

space constraint including DM effective mass in
red vs. a model without effective mass in blue
both in the case of a positive +¢*/A? coupling.
The model in blue is similar to the results found
by Flambaum and Stadnik[1].

evolution than in the bare mass dominated phase.
Below ~ 107! eV the constraint is amplified be-
cause the effective mass shields the DM from an
otherwise frozen friction phase.

The evolution discussed in section 2.2 does not
apply for DM with a negative —¢?/A? coupling.
This is because the DM becomes tachyonic in the
EM phase. However this can be used as a con-
straint in its own right since we do not expect the
dark matter to go trough an unstable tachyonic
phase. This constraint is in fact stronger than
the BBN constraint seen for positive coupling for
most of the mass range. When one combines ex-
clusion of all phase space containing tachyonic
phases and the BBN constraint on the remaining
phase space then one arrives at figure 6.

Interestingly the allowed phase space in the
case of the negative coupling allows for a band
where the DM stays non-tachyonic during cosmo-
logical evolution but still has a coupling strong
enough to allow tachyonic behaviour inside ex-
tremely compact objects such as neutron stars.
Taking a high estimate for neutron star density
to be pyg = 6 X 107kg/m? the allowed band is
also displayed in figure 6.
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Figure 6: Phase space excluded in the model with
negative —¢? /A% coupling as excluded tachyonic
phases in blue and BBN in orange. The constraint
for the positive coupling (fig. 5) is given by the
blue line for comparison. The allowed band of
phase space below the red line also allows for DM
to become tachyonic inside neutron stars.

5 The Einstein and the Jordan
pictures the Jordan frame

So far we have solved the model in the Einstein
frame. In this frame the DM had interactions
which allowed us to evaluate the DM evolution
and its effect on the Helium-4 abundance. Alter-
natively we can absorb the interaction terms in
a conformal rescaling of the metric, i.e. ¢g" —
9" (1 + 2a). Such a transformation yields the
Jordan frame Lagrangian:

M2
Liot = 1/ = detl(gun(1 — 20)) 5 R [g" (1 + 20)

eLsy + \/— det(g,. (1 — 2a))

py
X (wamayqs . %mqubQ) (5.1)
In this picture the DM becomes non-interacting
with the SM at the price of a non-minimal cou-
pling with gravity.

To go beyond Helium-4 and investigate the
abundances of other light elements we will have
to dive into the complex network of nuclear in-
teractions. Traditionally this problem is handled
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with numerical codes several of which are publicly
available. In the Einstein frame our model in-
volves continuously modified fermion masses and
reaction rates which it would take a substantial
effort to accommodate in a standard code. In-
stead of undertaking such an effort we make use
of the Jordan frame where the standard model
is left unchanged but evolving in a universe with
modified expansion.

In the future development of this work we
will seek to exploit the Jordan frame to calcu-
late other abundances. To avoid calculating the
expansion through the modified Friedman equa-
tions which follow eq. 5.1 it may be possible to
use the evolution of ¢ as solved in the Einstein
frame to translate the hubble parameter between
frames. Furthermore the publicly available code
AlterBBNv2[8] already contains a mechanism to
modify the cosmological expansion. In the code
this is achieved by the addition of an effective
dark density which may be useful if the build-
in parametrization proves to yield a good fit to
our modified expansion. It seems likely to achieve
BBN constraints based on more light elements in
the near future.
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A Baryon density and DM scal-
ing in the EM phase

Before a detailed study of the baryon density can
take place we need to properly account for reheat-
ing in the temperature evolution. To accomplish
this we make use of tabulated data on relativis-
tic degrees of freedom borrowed from the Mic-
roOMEGAs package[5] to evaluate the realistic

1/3 _
/al

T X Gus evolution. With this information
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we can calculate the comoving baryon density[7]:

P (com) ) = Pb0

46*8 - 2T2
L Ame gus( / Va2 —mg/T?
e/T

272 gus(a e +1

(A1)

Performing this integral numerically with inter-
polated values for g,s yields the curve seen in fig-
ure 1 after converting from comoving to physical
density. In particular the corrected p; evolution
violates p, o< ™3 while the comoving density is
saturating with e/p pairs. This breaks the ex-
pected ¢? o< a=3/2
2.1. This will need to be corrected as the scaling
becomes time dependent.

To calculate the corrected scaling x of ¢? o a®
we solve the OEM in EM phase:

evolution discussed in section

b+ %q‘b + AtY2¢ =0 (A.2)

where A is a constant and y is the scaling pp o< a¥.
Solving this equation analytically yields expres-
sions in terms of rapidly oscillating Bessel func-
tions which can be taken in the high oscillation
limit to cleanly isolate the scaling of ¢ o t~.
Translating this to ¢ « a® where x = 4z for
various values of y we discover a simple linear de-
pendence

1

r=—-y—3, (A.3)

2
which is plotted in figure 7.

Knowing exact evolution of the baryon density
as a function of scale factor and how the scaling
of ¢? depends on the scaling of p, we can compute
the scaling of ¢? as a function of scale factor also.
This yields the curve in figure 2.
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Scaling x of ¢% «a*

6
4

2k

Scaling y of p « &

Figure 7: The scaling x of ¢* < a* as a function
of the scaling y of py x a¥ as found by solving
the EOM repeatedly for various values of y. The
results of the individual solutions is showed by the
points which are interpolated exactly by the linear

relation © = —%y — 3 shown with the graph.
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