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Abstract

Ultralight scalar dark matter (DM) can gain an interaction to all massive Standard Model (SM)
particles through a universal coupling. Such a coupling can modify the properties of said SM particles
through the generation of an effective mass. Flambaum and Stadnik [1] already exploited this effect
in a similar model to constrain the DM phase space through its effect on Big Bang Nucleosynthesis
(BBN). However there is also a back-reaction from SM to DM particles which modifies the DM mass.
Due to the ultra low DM mass this effect, which has not been studied previously in the literature, can
be substantial. By including this back-reaction in the DM evolution we derive new BBN constraints
and find them to deviate significantly from those derived in previous work.

1 The Model

In this model we extend the Standard Model by
including a real scalar field,

Lφ =
1

2
(∂µφ)

2 − 1

2
m2

φφ
2. (1.1)

This scalar field is then allowed to interact uni-
versally with the SM by perturbing the metric (or
vielbeins) of the SM terms,

eLSM [eµa ] →

det
(

eaµ(1 + α)
)

LSM [eµa(1− α)] (1.2)

with α = ±φ2/Λ2.

We will soon expand this perturbation to see how
such a coupling gives rise to a coupling to massive
SM particles. Since we are dealing with curvature
we include the relevant metric determinants and
the complete Lagrangian is then

Ltot =
√
−g

M2
p

2
R [gµν ]

+ det
(

eaµ(1 + α)
)

LSM [eµa(1− α)]

+
√
−g

(

gµν

2
∂µφ∂νφ− 1

2
m2

φφ
2

)

. (1.3)

Because we in this work will be dealing with en-
ergies in the MeV range and below we can omit
the substructure of the nucleons. We then only
include electrons, protons and neutrons as the
fermions and use an effective field theory for the
SM Lagrangian:

LSM = LF
SM + Lf

SM + LV
SM

= −F 2

4
+ f̄

(

i /∇+ eQ /A−mf

)

f − m2
V

2
V 2 (1.4)

where a sum over the fermions f = e,n,p and the
heavy vector bosons V = W,Z is left implicit. The
field strength tensor Fµν is understood to include
both the EM and weak gauge fields.

1.1 Expanding the coupling

To explore the consequences of this universal cou-
pling we now seek to expand it in small α:

det
(

eaµ(1 + α)
)

LSM [eµa(1− α)]

≈ eLSM + δ (eLSM )

= eLSM + 4αeLSM + eδLSM (1.5)

where we left implicit the dependence on the
unperturbed vielbeins on the RHS by writing
LSM ≡ LSM [eµa ]. To evaluate the variation of
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the determinant we used the standard identity
δe = eeµaδeaµ = 4αe. We will now take the vari-
ations of the three components of our effective
standard model Lagrangian.

For the field strength term we apply the corre-
sponding variation δgµν = −2αgµν to get

δLF
SM = −FαβFλρ

4
δ
(

gλαgρβ
)

= −4αLF
SM . (1.6)

Notice that the variation of LF
SM cancels identi-

cally with the determinant term in eq. 1.5 so that
the net result is no effect on the field strength
terms. The massive vector boson terms yields

δLV
SM = −1

2
m2

V VµVνδg
µν = −2αLV

SM , (1.7)

which only has incomplete cancellation with eq.
1.5. We conclude that the universal coupling
yields an interaction with massive vector bosons
but not (at tree-level) with the massless photons.

The fermion term is complicated by the ap-
pearance of the spin connection in the covariant
derivative. To absorb the extra terms introduced
by the connection we perform a simultaneous field
redefinition of the fermion fields:

f → f

(

1 +
3

2
α

)

where f = n,p,e. (1.8)

Note that while we simply have δf̄ = 3/2αf̄ we
pick up an extra term from f because of the deriva-
tive acting right:

f̄ i /∇δf =
3

2
f̄ iγaeµa∇µ(αf)

=
3

2
αf̄i /∇f +

3

2
f̄ i

(

/∇α
)

f (1.9)

The full variation is then

δLf
SM = 3αLf

SM +
3

2
f̄ i

(

/∇α
)

f

+f̄
(

iδ /∇+ eQδ /A
)

f (1.10)

For the EM term we simply have

δ /A = γaδ(eµa)Aµ = −α /A (1.11)

but the spin connection introduces extra terms
for the derivative term:

δ /∇ = −α /∇− 1

4
δ
(

ωab
µ

)

γab (1.12)

where ωab
µ is the spin connection and γab is the an-

tisymmetric product γab = 1/2(γaγb − γbγa). By
expressing the connection in terms of vielbeins
and performing some manipulations involving in-
dex manipulation and gamma matrix anticommu-
tation rules we arrive at

δ /∇ = −α /∇− 3

2
/∇α, (1.13)

such that the extra terms cancel and finally have

δLf
SM = 2αLf

SM − αmf f̄f. (1.14)

We can apply the background EOM, which im-
plies Lf

SM = 0, to further simplify the perturbing
terms. This yields

δLf
SM ≈ −αmf f̄f, (1.15)

which we recognize as a DM-fermion coupling.
In summary the effective SM Lagrangian is

then extended with the following DM-SM inter-
action terms:

det
(

eaµ(1 + α)
)

LSM [eµa(1− α)] /e ≈

LSM ∓ φ2

Λ2
mf f̄f ± φ2

Λ2
m2

V V
2 (1.16)

We conclude that the DM couples universally to
all massive particles as expected.

1.2 Effective mass

These interactions correspond to those considered
by Flambaum and Stadnik [1]. As noted in [1]
the interactions can be understood as an effective
mass for the SM particles,

mf,V → mf,V

(

1± φ2

Λ2

)

. (1.17)

However there is also a back-reaction on the DM
which endows this with an effective mass,

m2
φ → m2

eff = m2
φ ± 2Λ−2mf f̄f ∓ 2Λ−2m2

V V
2.

(1.18)
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This relative difference constraints how much the
addition of dark matter is allowed (or required) to
change the standard model prediction. Following
the approach by Flambaum and Standnik[1] we
extract the leading effect by expanding eq. 3.2
in small ΓntBBN and taking the variation of all
masses:

∆Y

Y
≈ ∆(n/p)W

(n/p)W
− ΓntBBN

∆Γn

Γn
(3.5)

where we assumed that tBBN does not change as
a result of DM. This assumption justified because
we expect the timing of BBN to be set by strong
forces which are unaffected by DM.

By taking the temperature of weak freeze-out

to be TW = am
4/3
W sin4/3(θW )/α2/3M

1/3
planck ≈

0.75MeV[2] we can carry though the variation of
3.1. Here a is a numerical constant, mW is the
mass of the W-boson, α is the fine structure con-
stant and θW is the Weinberg angle. The varia-
tion of eq. 3.1 yields

∆(n/p)W
(n/p)W

=
4

3

mnp

TW

1− sin2(θW )

sin2(θW )

∆mZ

mZ

+
4

3

mnp

TW

[

1− 1− sin2(θW )

sin2(θW )

]

∆mW

mW

−mnp

TW

∆mnp

mnp
. (3.6)

With the prefactors written out numerically,

∆(n/p)W
(n/p)W

≈ 8.04
∆mZ

mZ
− 5.74

∆mW

mW
− 1.72

∆mnp

mnp
,

(3.7)

it is apparent the largest effect on the freeze-out
neutron-proton ratio comes from the change of
the Z mass which modifies the weak coupling and
hence the freeze-out temperature.

The decay rate can be approximated by: [1]

Γn =
bα2m5

e

mW sin4(θW )
P (x) (3.8)

where x = mnp/me and

P (x) =
1

15

(

2x4 − 9x2 − 8
)

√

x2 − 1

+x ln
(

x+
√

x2 − 1
)

(3.9)

Taking the variation of all masses as before we
arrive at the fractional change in decay rate

∆Γn

Γn
=

∂P (x)/∂x

P (x)

∆mnp

mnp
+

(

5− ∂P (x)/∂x

P (x)

)

∆me

me

+4

(

1− sin2(θW )

sin2(θW )
− 1

)

∆mW

mW

−4
1− sin2(θW )

sin2(θW )

∆mZ

mZ
. (3.10)

Writing again the prefactors numerically

∆Γn

Γn
≈ 6.54

δmnp

mnp
− 1.54

δme

me

+9.99
δmW

mW
− 13.99

δmZ

mZ
(3.11)

we conclude that the dominant contribution to
the change in neutron decay is also the change in
Z-mass.

Summing up all contributions and using that
all masses change universally ∆m/m = φ2/Λ2

(eq. 1.17) we can express the fractional change
in Helium-4 fraction according to eq. 3.5:

∆Y

Y
=

[

1

3

mnp

TW
− ΓntBBN

]

±φ2

Λ2
(3.12)

4 Helium-4 constraints

Combining the constraints on the Helium-4 frac-
tion (eq. 3.4) with the DM effect (eq. 3.12) we
arrive at a DM constraint:
[

1

3

mnp

TW
− ΓntBBN

]

±φ2

Λ2
= −0.008458± 0.012183

(4.1)

Assuming a positive +φ2/Λ2 coupling we can ap-
ply the time evolved φ2(TBBN ) from section 2.2.
This yields a constraint on the DM phase space
shown in figure 5 where it is also compared to the
same constraint in a model which neglects the DM
effective mass effect. It is apparent that the effec-
tive mass leads to a loosening of the constraints
for DM with a mass of at least ∼ 10−18 eV. This
happens because a part of the DM evolution is in
an effective mass dominated phase with a slower

CERN Summer Student Report Page 5 of 8





BBN Constraints on Universally Coupled Ultralight Dark Matter Philip Sørensen

with numerical codes several of which are publicly
available. In the Einstein frame our model in-
volves continuously modified fermion masses and
reaction rates which it would take a substantial
effort to accommodate in a standard code. In-
stead of undertaking such an effort we make use
of the Jordan frame where the standard model
is left unchanged but evolving in a universe with
modified expansion.

In the future development of this work we
will seek to exploit the Jordan frame to calcu-
late other abundances. To avoid calculating the
expansion through the modified Friedman equa-
tions which follow eq. 5.1 it may be possible to
use the evolution of φ as solved in the Einstein
frame to translate the hubble parameter between
frames. Furthermore the publicly available code
AlterBBNv2[8] already contains a mechanism to
modify the cosmological expansion. In the code
this is achieved by the addition of an effective
dark density which may be useful if the build-
in parametrization proves to yield a good fit to
our modified expansion. It seems likely to achieve
BBN constraints based on more light elements in
the near future.
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A Baryon density and DM scal-

ing in the EM phase

Before a detailed study of the baryon density can
take place we need to properly account for reheat-
ing in the temperature evolution. To accomplish
this we make use of tabulated data on relativis-
tic degrees of freedom borrowed from the Mic-
roOMEGAs package[5] to evaluate the realistic

T ∝ g
−1/3
∗s a−1 evolution. With this information

we can calculate the comoving baryon density[7]:

ρb(com)(a) = ρb0

+
4me

2π2

g∗s(a0)

g∗s(a)
T 3
0

�
∞

me/T

√

x2 −m2
e/T

2

ex + 1
xdx

(A.1)

Performing this integral numerically with inter-
polated values for g∗s yields the curve seen in fig-
ure 1 after converting from comoving to physical
density. In particular the corrected ρb evolution
violates ρb ∝ a−3 while the comoving density is
saturating with e/p pairs. This breaks the ex-
pected φ2 ∝ a−3/2 evolution discussed in section
2.1. This will need to be corrected as the scaling
becomes time dependent.

To calculate the corrected scaling x of φ2 ∝ ax

we solve the OEM in EM phase:

φ̈+
3

2t
φ̇+Aty/2φ = 0 (A.2)

where A is a constant and y is the scaling ρb ∝ ay.
Solving this equation analytically yields expres-
sions in terms of rapidly oscillating Bessel func-
tions which can be taken in the high oscillation
limit to cleanly isolate the scaling of φ ∝ tz.
Translating this to φ2 ∝ ax where x = 4z for
various values of y we discover a simple linear de-
pendence

x = −1

2
y − 3, (A.3)

which is plotted in figure 7.
Knowing exact evolution of the baryon density

as a function of scale factor and how the scaling
of φ2 depends on the scaling of ρb we can compute
the scaling of φ2 as a function of scale factor also.
This yields the curve in figure 2.
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