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Abstract

The nuclear structure of 2?Mg was probed using the d(**Mg,p)?’Mg transfer reaction
to populate its single-particle states. The ISOLDE facility at CERN provided
a 9.473-A MeV beam of Mg which was directed at a deuterated target within
the ISOLDE solenoidal spectrometer. Exploiting the kinematic advantages of this
technique allowed most states up to 5 MeV to be resolved, and angular distributions
of the reaction cross section to be obtained. The DWBA code DWUCKS5 was used to
obtain spectroscopic factors for these states. Additionally, some higher-lying excited

states were identified, and their possible properties were proposed.

Theoretical calculations in this region broadly reproduced the observed behaviour
in 2Mg, as well as matching trends from other nuclides in the N = 17 isotones.
These calculations indicate that the nucleon-nucleon interaction between protons and
neutrons, with the tensor interaction as a key component, is driving the evolution of
shell structure, with the filling of the 7ds /5 orbital of particular importance in this
region. Finite geometry effects also play an important role in this evolution as the p
orbitals approach the neutron-separation threshold, and the energy spacing between

them reduces.

The information gained from the nuclear structure will help to continue refining these
interactions, and provide a valuable benchmark for nuclear-structure studies around
the border of the island of inversion. Similar experiments to study CAl and 3'Mg
carried out recently will help to further the understanding of nuclear structure in

this exotic region of the nuclear chart.
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Introduction

The understanding of matter has long been a pursuit of scientists throughout history.
Each scientific discipline adds to the sum total of this understanding from different
perspectives. The nuclear physicist adds to this picture by examining the nature of
atomic nuclei. This characterisation has yielded technological development in areas

such as nuclear power and medical treatments.

The discovery of the atomic nucleus occurred in the early 20" century when Ruther-
ford, Geiger, and Marsden observed a-particles scattering at greater angles than
expected [1, 2]. It was later realised that this phenomenon is explained by the atom
having a small and dense core: the nucleus. This breakthrough then necessitated a

revision of the understanding of atoms at the time.

Further investigation led to the discovery of protons and neutrons, the building
blocks of nuclei. The number of these nucleons in atomic nuclei ranges from one to
a few hundred. Therefore, there are too few nucleons to use statistical models to
extract nuclear properties. Furthermore, calculating the properties of nuclei from

first principles is difficult.

The nucleon-nucleon force is complicated, requiring much computational power to
accurately model all of the interactions within. Nevertheless, in the last decade,
there has been much progress in the calculations of nuclear properties using ab initio
methods. For example, Stroberg et al. [3] were able to calculate separation energies
for nuclei beyond the Z = 20 and N = 40 shell gaps.

While there is currently no standard model that describes all nuclei perfectly, one of
the most useful theoretical frameworks is the shell model, where nuclei are represented
as being filled with nucleons in discrete shells of differing total angular momentum, j;

parity, 7; and principal quantum number, n. These shells are then filled in accordance
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with the Pauli Exclusion Principle with differing values of the magnetic quantum

number, m. The shell model is described in more detail in Chapter 2.

This model was originally developed with insight gained from measurements of stable
nuclei. A number of observables demonstrate the existence of these shells, such as
the proton, neutron, two-proton, and two-neutron separation energies; the charge

radii of nuclei; and so on.

This led to the establishment of the “magic numbers”, which represent the shell
closures in either the numbers of neutrons or protons, marked by their increased
stability compared to their neighbours that are one nucleon or more away. However,
this static picture of shell structure that has been established for stable nuclei has
been shown to change away from stability, where advances in radioactive ion beam

facilities are allowing access to more exotic systems.

1.1 CHANGING MAGIC NUMBERS

An example of a change in the shell structure established along the line of S-stability
is the weakening of the N = 20 shell closure and the emergence of a new one at
N = 16 in neutron-rich nuclei. This is evidenced by the measurement of the energy
of the first excited 2% states in even-even isotopes in this region, with a particular

focus on 240, which has been investigated in Refs. [4, 5], shown in Figure 1.1.

T T T
3 -+ - Carbon (Z = 6) .
—— Oxygen (Z = 8) =
-4 Neon (Z = 10) .
Magnesium (Z = 12)

2% Energy (MeV)
A
I

Neutron Number (N)

FIGURE 1.1: The energy of the first excited 27 state in even-even isotopes of carbon, oxygen,
neon, and magnesium. Adapted from Ref. [4].
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A rise in the excitation energy of the lowest 2 state is indicative of a shell gap.
Figure 1.1 shows this in carbon and oxygen isotopes at the familiar N = 8 shell
gap, but also the appearance of a new N = 16 shell gap in neutron-rich oxygen,
supporting the conclusion that 24O is doubly magic. Additionally, other sub-shell
closures are also possible: the calcium isotopes have suggested sub-shell closures at
N = 32 and 34 (see, for example, Ref. [6]).

Otsuka et al. [7] attribute this evolution to changes in the interactions between
valence protons and neutrons, as protons fill or are emptied from a particular orbital.
Figure 1.2 shows the calculated effective single-particle energies (ESPEs) for the

N = 20 isotones. Here, the calculations show that as Z decreases, the difference in

24 3 30q:
s016 145116

y pf-shell
__________ 0d3/2
---------- 0d3 /2
Is1/9
151/2
N = 20 isotones 0ds 2 OF ————0d5;2 | ——— 0d5)2

§ 10 12 14 16 18 20
A

FIGURE 1.2: Left: the change in ESPE with Z for the N = 20 isotones. Right: a comparison
of the ESPE change between 240 and 3°Si. Adapted from Ref. [7].

ESPE between the vds/y and the higher orbitals in the vpf-shell decreases as well.

This difference is attributed to the changing attraction between the vds/y and mds /o
shells. As the mds/, empties, the attraction between the two shells decreases, causing
the vdg/p to rise in ESPE relative to the pf-orbitals. This effect is caused by
the different monopole shift that each orbital experiences, with the greatest effect
occurring between proton and neutron orbitals with large radial overlaps. These

monopole shifts will be discussed further in Section 2.3.1.
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As this shell gap weakens for neutron-rich nuclei, there is an increased probability
of particle-hole excitations at lower excitation energies, changing the low-lying and

ground-state configurations of nuclei, resulting in the N = 20 “island of inversion”.

1.2 THE ISLAND OF INVERSION

In 1975, irregularities were discovered by Thibault et al. [8] in the binding energies
of 3'Na and 3?Na. These nuclei were more bound than expected, and shell-model
calculations in this region failed to reproduce this effect when constrained to the 1s0d
shell. By allowing cross-shell interactions with the 0f1p-shell, the trend in binding
energies for the sodium isotopes was more successfully reproduced [9]. This region of
neutron-rich nuclei between fluorine and aluminium, where these effects are observed,

is known as the N = 20 island of inversion (IoI)®.

The current extent of the Iol is illustrated in the chart of nuclides in Figure 1.3. As

ZSSi 29Si ?;’»l)Si

2TA1 3271 33A1]34A1 | 35A1

N '.ZJI\Ig 251\Ig '.ZIJI\Ig g IM 2M 3M 4M 351\/1g GMg::37Mg SSMg

SONa 3 Naf*?Nal|**Nal{**Na/[**Na,

29Ne 3()Ne SINe 32Ne

28F 29F

19 20 21 22 23 24 25 26

sd-shell pf-shell mixed sd—pf == inside island  ® = additionally inside island

FIGURE 1.3: A table of nuclides highlighting the N = 20 island of inversion. Colours listed
represent ground-state configurations. Nuclei that decay by proton or neutron emission are
highlighted in blue, doubly-magic nuclei are grey (including the previously mentioned 240),
and Mg has been highlighted in purple. Adapted primarily from Ref. [11], which gives
nuclei within the island. Further information for this chart, including nuclei within the island
that were not mentioned in Ref. [11], is from Refs. [9, 12-21].

mentioned in the last section, the onset of this island occurs as negative-parity in-
truder states appear at low excitation, due to an increased probability of particle-hole

excitations across the weakening N = 20 shell gap. These particle-hole excitations

#*While a number of these islands have been discovered [10], the only relevant one for this work is at
N = 20.
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result in a prevalence of deformed configurations in the low-lying and ground states of
nuclei in this region. Nuclei within the island have ground-state wave functions dom-
inated by configurations consisting of fp-states, whilst those outside are dominated

by sd wave functions.

The Iol was originally discovered, as mentioned, due to a discrepancy in binding
energies of sodium isotopes. Hartree-Fock calculations, mass measurements, and
further calculations helped to define the centre of the island at 3*Na [9]. Since
then, the boundaries of the island have been established using different techniques.
Kobayashi et al. [12] performed one-neutron removal from ?°Ne, indicating that it
lies inside the island. Time-of-flight mass measurements by Gaudefroy et al. [13],
and (p,pn) and (p,2p) reactions on 2?Ne and ?°F by Revel et al. [14] suggested that
28F and ?YF lie inside the island, though they are unbound, and mark the southern
border (low-Z) of the island.

The west (low-N) part of the island was marked by Neyens et al. [15], who used
collinear laser spectroscopy to probe the hyperfine structure of 3' Mg, and combined
this with a §- detected nuclear magnetic resonance (5-NMR) measurement to extract
the nuclear magnetic moment. This indicated that 3'Mg is inside the island. Gade et
al. [16, 17] were able to use the two-proton knock-out reactions Be(*8Si,3%3Mg + )
to place 3>Mg and Mg inside the island to the east (high-N).

Finally, the northern border has been established by work from Lica et al. [18] and
Han et al. [19] using $-y decay measurements; and Xu et al. [20] using S-NMR/S-
detected nuclear quadrupole resonance techniques. These studies show that the

aluminium isotopes form the boundary of the island, but are not inside it themselves.

The changes in single-particle structure are well illustrated by the magnesium isotopes,
as shown in Figure 1.4 [22]. In 3?Mg, the ground state is deformed with an excited
spherical configuration; the reverse occurs in 3°Mg. This inversion lends its name to

this region of the nuclear chart.

1.3 THE STRUCTURE OF *Mg

To fully understand the phenomena described in this chapter, it is essential to map
the evolution of shell structure in the nuclei in this neutron-rich region of the nuclear
chart. This work presents an investigation into the structure of 2?Mg, which has
17 neutrons. The N = 17 isotones are one nucleon outside of the N = 16 shell

gap. Obtaining systematic information on the population of their orbitals and
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30
12Mgg

FIGURE 1.4: The reordering of levels in isotopes of magnesium when transitioning into the
Tol [22].

single-particle energies would therefore help to clarify the evolution of this shell.
Between 3°Si and Mg, the protons would naively be removed from the 7ds /2 orbital.
Probing the single-particle properties in 2?Mg, one neutron outside N = 16, allows
quantification of the monopole shifts due to the pn-interaction between the proton

ds /2 and neutron dg/5 and fp-orbitals.

Furthermore, the magnesium isotopic chain exhibits the most dramatic transition to
the Iol, which can be seen in Figure 1.3, where the ground states change abruptly
from a sd-shell configuration to a pf-shell configuration. Of particular interest is
the evolution of intruder configurations in this region. Magnesium-29 acts as a
benchmark for these investigations as the last odd-A system outside of the N = 20
Iol. Identifying single-particle strength in Mg, compared with other measurements
within the island, will help reveal the evolution of single-particle structure across this
boundary into the island. This change has been characterised using many different

reaction probes, but few are sensitive to the underlying single-particle properties.

The chosen method for measuring these properties is the single-neutron transfer
reaction d(?®Mg,p)?’Mg. The theory of transfer reactions will be discussed further in
Chapter 3, describing how single-particle strength can be extracted from measured

cross sections.

As is necessary with short-lived nuclei, this reaction was carried out in inverse
kinematics using a novel experimental technique that utilises the kinematic advantages

of a solenoidal spectrometer, detailed in Chapter 4.

This reaction is well suited to the study of single-particle properties of nuclei. It allows

a measurement of the excitation energy of populated states, assignment of relevant
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angular momentum quantum numbers, and extraction of spectroscopic factors. The
centroids of single-particle strength can be determined and compared to data from
neighbouring nuclei to assess changes in these centroids, and compared to modern
shell-model calculations to assess their description of this region. The methods used
in analysing the data are described in Chapter 5 and interpretation and conclusions

drawn in Chapter 6.
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The shell model

This chapter summarises the primary features of the nuclear shell model, its mathem-
atical framework, and the effect of including residual interactions. It also describes
the nucleon-nucleon interaction with emphasis on effects that are relevant to this

work.

2.1 THE NUCLEAR SHELL MODEL

Similar to the descriptions of electrons in atomic orbitals, nuclei can be described
in terms of occupying nuclear orbitals. For electrons, the only force necessary to
describe these orbitals is the Coulomb force, which is mediated by the uncharged
photon. Conversely for nucleons, interactions are dominated by the strong interaction
which are mediated by the colour-charged gluon. The requirement to model both of

these forces for nucleons leads to a difficult and complex problem.

2.1.1 The nuclear force

The features of the nuclear force can be inferred from experimental observables [23,
24]:

e The nuclear force must be attractive in order to bind nucleons and overcome the
Coulomb force of protons. It must also be short range — this can be understood
from Figure 2.1 which shows the binding energy per nucleon for stable nuclides.
This shows a sharp increase with the number of nucleons, until it begins to
saturate around A = 10, and has a maximum value at 92Ni. This suggests that

each nucleon only interacts with a limited number of its neighbours, otherwise
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FIGURE 2.1: The binding energy per nucleon for stable nuclides. Data from Ref. [25].

the binding energy would increase further with increasing A. The nuclear force is
therefore limited in range to scales of around the size of a nucleon (approximately
1 fm).

The nucleon-nucleon interaction becomes repulsive at short distances. This is
evidenced by singlet s-wave phase shifts in nucleon-nucleon scattering. These
phase shifts are an indication of the attractive or repulsive nature of the nuclear
potential. For free particles with sufficiently high energy to approach the nuclear
core, the nuclear potential becomes repulsive, indicated by a change in sign of

these phase shifts.

The density of the nuclear interior is approximately constant. Electron scattering
measurements indicate that the charge distribution of protons in nuclei approx-
imately follow a Fermi distribution, remaining constant for the majority of the
interior before falling to zero at large radii. This is consistent with the saturation
property and the repulsive core of the nucleon-nucleon interaction mentioned
above. Overall, this suggests that the nuclear volume is proportional to A, leading

to the familiar relationship to the nuclear radius, R A3,

The nuclear force between two protons is similar to that between two neutrons
when corrected for Coulomb effects. This can be seen in mirror nuclei, which
are pairs of nuclei which have exchanged numbers of protons and neutrons (e.g.
29Mg,; and 29Cl;5). For these, the binding energies are equal when corrected for
Coulomb effects, and they have similar energy levels. This is known as charge

symmetry.
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e The nucleon-nucleon interaction is independent® of the nucleons involved in the
interaction. This is known as charge independence, and is evidenced by the
presence of the same excited states across isobaric chains when corrected for
Coulomb effects. This is also the grounds for isospin symmetry, where protons
and neutrons can be considered as two states of a nucleon, characterised by the
third component of their isospin which is described in quantum mechanics in a

similar way to angular momentum for spin-% particles.

e The nuclear force is spin dependent, and two nucleons with parallel spins interact
more strongly than with antiparallel spins. This is evidenced in deuterium, where
the only bound state occurs for S = 1, when the spins are parallel. The S =0

states are unbound.

o The nuclear force is not spherically symmetric, and contains a non-central com-
ponent; it has the form V' (r) and not V(r). This is again evidenced by deuterium,
which has a non-zero quadrupole moment due to a small admixture of ¢ = 2 into

its otherwise spherically symmetric ¢ = 0 intrinsic ground state.

e The nuclear force depends on the relative angular momentum and spin of the
interacting particles. Polarised beams, where the spin of the beam is aligned in a
certain direction, scatter differently depending on the orientation of the spin of

the beam particles.

In principle, a nuclear force could be constructed that accounts for all of these effects,
placed into the Schrédinger equation, and solved. However, solving in this way for
multiple nucleons, and including two- and three-body forces, while possible for lighter
nuclei (up to around 4°Ca), is still beyond the current available computational power
for heavier nuclei. It is simpler to approximate this with a mean-field potential that

represents the potential created by the nucleons in the nucleus.

2.1.2 Mean-field potentials

A two-body Hamiltonian, H, acting on the wave function of a nucleus, |W;), can be

written as

B2 A 1 A .
H|D,) —ZV + =0 Vi W) = B |Wy), (2.1)
2m = 2iSia

#There is a slight difference in the strengths of the nucleon-nucleon interactions, which is evidenced
by a small difference between the np and nn/pp scattering lengths. The source of this discrepancy
will be discussed in Section 2.3.
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where ij is the two-body potential operator between nucleons j and k. This
Hamiltonian can be split into two parts by the addition and subtraction of a mean-
field potential, so that Equation 2.1 becomes

H|v;) = @) . (2:2)

H(0) HD
This mean-field potential is chosen to minimise the residual Hamiltonian, AW, by
describing the sum of the two-body potential as best as possible. The independent
particle model (IPM) neglects H (M), and allows the shell-model Hamiltonian, H 0,

to be separated into A single-particle Hamiltonians,
A A A
HO =%} (2.3)
j=1

This system can then be solved with a suitable choice of the mean-field potential. A

number of simple choices for these potentials are shown in Figure 2.2.

— Infinite square well
— Harmonic oscillator
— Woods-Saxon
0 [
=
)
—~Up i
|
0 R

r

FIGURE 2.2: Examples of mean-field potentials plotted as a function of . Here, R represents
the nuclear radius, and Uy represents the well depth. The forms of these potentials are in
Equation 2.4.



THE SHELL MODEL 39

The form of these potentials are:

. _U07 0<r< R7
Infinite-square well: U(r) = , (2.4a)
oo, otherwise
1
Harmonic oscillator: U(r) = EmwQTQ — U, (2.4b)
~U,

Woods-Saxon: U(r) = ) (2.4¢)

1+exp (%)
where Uy is the well depth, R is the radius of the well, a is the surface diffuseness,

m is the mass of the nucleon, and w is the frequency that must be fitted to the

particular nucleus.

Each of these simple potentials has benefits and drawbacks. The infinite square well
is the simplest, but does not have realistic properties due to its discontinuity at R
which forces all states to be bound. The harmonic oscillator is able to be solved
analytically, and, while continuous, has a potential that increases indefinitely so is
limited to modelling bound states. The Woods-Saxon, while continuous and tending

to 0 for large r, requires numerical solutions to be found.

As shown in Table 2.1, all these potentials fail to reproduce the observed locations

of all the “magic numbers”. These correspond to the location of shell gaps between

Name Magic numbers

Infinite square well 2, 8, 20, 34, 58, 92, 138
Harmonic oscillator 2, 8, 20, 40, 70, 112
Woods-Saxon 2, 8, 20, 40, 58, 92, 112

Experiment* 2, 8, 20, 28, 50, 82, 126

TABLE 2.1: Magic numbers derived from different potentials compared to experimental
values [26, 27]. *Along the line of S-stability.

nuclear orbitals. An additional term is required in the mean-field potential in order

to reproduce these numbers successfully.

2.1.3 Spin-orbit coupling

Nuclei with a magic number of protons and neutrons were discovered to be particularly
stable, but the origin of their stability was unknown for some time. This mystery
was resolved by Mayer and Jensen, who discovered that the addition of a spin-orbit
term to the potential could account for the magic numbers [28-30], for which they

were awarded the Nobel prize in physics in 1963.
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The spin-orbit term couples the orbital angular momentum, L, with the spin of the
nucleus, S, and can be written as
10U

Uso('r) = _UZsf

LS. (2.5)

This contains the differential of the form of the nuclear potential, though not neces-
sarily with the same parameters used for the nuclear potential, such as radius and
surface diffuseness. The strength of this effect is dictated by Usy(r), and it makes
orbitals with j = £+ % more energetically favourable than orbits with j = £ — % This

effect is strong at the surface of the nucleus, where the potential is changing rapidly.

This addition to the shell model is shown in Figure 2.3, which shows the evolution of
orbitals from harmonic oscillator, to Woods-Saxon, to Woods-Saxon with a spin-orbit

term.

2.2 RESIDUAL INTERACTIONS AND CONFIGURATION MIX-
ING

While the discussion thus far has focused on the effects of the shell-model Hamiltonian,
the residual Hamiltonian cannot be neglected indefinitely, and a more rigorous

approach is required.

The wave function of a nucleus in state i, |¥;), can be written using single-particle

configurations as a basis,
N
’\I/z> = Zaci |<I>c> ) (2'6)
c=1

where |®.) represents a particular single-particle configuration. This is the eigenbasis
of the IPM Hamiltonian,

A A
HOoc) =3 hy|@e) = 3 ) = ec|@c), (2.7)
Jj=1 Jj=1
with €. representing the energy of a particular configuration. The contribution of each
configuration to the total admixture that forms the wave function is represented by a;.
The probability of the nucleus in admixture ¢ being in single-particle configuration
c is therefore a’;a.;. The total number of configurations that form the particular
wave function is represented by N. Each of these single-particle configurations can

be represented by
@) =aly, - aly_y .00l ]0), (2.8)
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FIGURE 2.3: A diagram of the orbitals in the shell model with the respective magic numbers.
The left hand side shows the harmonic oscillator orbitals, the middle shows the Woods-Saxon
orbitals, and the right hand side shows the splitting that occurs with the addition of a
spin-orbit term.
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where of . represents a creation operator for putting nucleon n into a particular
b

single-particle orbital to form configuration |®.), and |0) is a vacuum state [31].
These operators can have particular commutator relations chosen such that |®.) is

fully antisymmetric®. These configurations form an orthonormal basis:
<(I)c‘(1)d> = Oed- (29)

The expectation value of the energy from the total wave function, EZ-(O) , can be found

by finding the representation of the Hamiltonian operator in this space,

(v

which is simply the sum of the product of the single-particle energy, €., weighted by

N N N
AON) =37 3 ajyacs (@a HO|@c) = 3 aiaciee = B, (2.10)
e=ld=1 c=1

the probability a};a.;. For the IPM, where the total wavefunction is a single IPM
configuration, |¥;) = |®.), then the energy EZ.(O) = €.

The residual interaction introduces mixing terms to the Hamiltonian. Projecting

with a specific single-particle configuration on the full Hamiltonian yields

<‘I’d‘ﬁ"1’i> = ivjaci@)d H (I)c> = 3 Aci [505dc + <(I)d’f{(l)‘(bc> } = Eiaq;, (2.11)
c=1 T c=1 T

where M. has been used to label the mixing term. This can be more clearly written

as a matrix equation:

€1+ M Mo M ai; ai;

M>q ea+ Moy ... Moy a2; ag;
=B | . (2.12)

Mnn Mo ... eN+Mnyn) \an; an;

Now, F; is an eigenvalue of the full Hamiltonian, and can take multiple values
upon measurement of the system. The structure of the Hamiltonian shows how the
single-particle orbitals mix. If there is no interaction (My. = 0), this reverts to the
eigenbasis with values of . on the diagonals. It is worth noting that Mg, = M4
because H) is Hermitian, so the mixing is symmetric. Finally, the diagonal terms

in this matrix are the unmixed energy levels, so this can be labelled

o+ My =E, VYae{l,...,N}. (2.13)

PThis is equivalent to forming a Slater determinant with the wave function, forcing the wave function
to be antisymmetric, and satisfying the Pauli exclusion principle.
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To distinguish the unmixed energies from eigenvalues of the Hamiltonian (labelled E;
in Equation 2.12), the eigenvalues of the Hamiltonian will be labelled with Roman

numerals, and the unmixed energies with Arabic numerals.

To obtain these eigenvalues, the Hamiltonian matrix must be diagonalised, so the

determinant
FE — FE; Mo Ce My
Moy Ey—FE; ... Moy
=0 (2.14)
My Mpyos ... En—FE;
where ¢ € {1, 11, ..., N}.

For nuclei, there are a great number of configurations of protons and neutrons that
will mix to form single-particle states. It is, therefore, necessary to truncate the
model space so that only the most significant configurations for the specific excitation

energy range in question are considered.

Often, the nucleus is treated as an inert core with valence nucleons, and these are
limited to exist in a finite number of shells outside the core. This is normally sufficient,
particularly near closed shells, as it becomes increasingly unrealistic that nucleons

will exist in higher single-particle orbitals for a nuclear state at low excitation.

A two-state system is excellent for illustrating the effects of residual interactions. A

diagram of a two-state system is shown in Figure 2.4.

B gy
Ey AE, m
W) 2 T 1aB,
AE,
) —+——————— - p o
B [ AE, )
L

FIGURE 2.4: An illustration of residual interactions in a two-state system. Adapted from
Ref. [23].

For this system, Equation 2.14 becomes

Ei—-E M
P =0 (2.15)
M E,-E
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where M1y = My = M for simplicity, and ¢ € {1,11}. The new energies are therefore

1 1
By = (B + B) £ 5/ (By — E1)? + 412 (2.16)

Writing this in terms of the initial energy splitting, AE,, = Ey — E; yields

1 AE, oM \?
Ey=~(Fy+ Ey) + 1 ) 2.17
1,11 2( 1+ 2) 2 + (AEU) ( )

This shows that the net effect of the mixing is repulsive, as E; < Fy and E; > FEs.
This can be used to write the energy splitting AE,,

H(g)ll]. 215)

The minimum separation between the new states is therefore M, which occurs when

AFE,

AESZ‘EH_EQ‘:‘El_EI‘: 2

the two energy states are degenerate. Mixed states cannot be closer than this.

This simple picture is complicated when additional states are allowed to mix. As more
nucleons interact, with different strengths of the coupling between their respective
orbitals, the simple single-particle strength becomes fragmented across a number
of different orbitals. Residual interactions such as these are very important when

examining the evolution of single-particle structure.

2.3 THE NUCLEON-NUCLEON INTERACTION AND THE EV-
OLUTION OF SHELL STRUCTURE

Residual interactions are required to include the full effect of the nucleon-nucleon
interaction term in the Hamiltonian, V]k It cannot be neglected in the understanding
of nuclear structure and how this shell structure evolves. The components of the
nucleon-nucleon interaction can aid in the understanding of the evolution of shell
structure, and, in particular, the evolution in neutron-rich nuclei. The nature of the
interaction and its phenomenological construction will be discussed here, as well as

its effects on shell evolution.

2.3.1 The monopole shift

A useful way to characterise the evolution of shell structure is by examining the

monopole shift across isobaric and isotopic chains. The monopole shift is the
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angle averaged global effect of an interaction on a single-particle energy. It is so
named because, coincidentally, it is the leading term in a multipole expansion of the
Hamiltonian that has been decomposed with different possible couplings of angular
momentum (for more details see, for example, Ref. [32]). This can be used to calculate
the effective single-particle energy (ESPE), which represents the mean effects of a

nucleus on a nucleon [7]. The monopole Hamiltonian can be written as:

> (20 + 1) (G |VI5i")

vE, =
I > (2J+1) ’
7

(2.19)

where j and j' are the angular momenta of two nucleons in different orbits, V is the
two-body interaction operator between these two nucleons, and (j5/|V[55') g7 is the
matrix element of the state where two nucleons are coupled to angular momentum J
and isospin T in a way that satisfies antisymmetrisation [33]. This is averaged over

J to access the mean effect of this shift.

The shift in the single-particle energy for neutrons in orbit j” with the addition of a

proton into orbit j is

. 1 T— T— .

Aen() = 5 Vi + V5 m(i), (2.20)
where ny(j’) is the expectation value of the number of protons in orbit j'. The
converse is also true for the shift in energy of protons due to the addition of a neutron
[33].

2.3.2 Central forces and the spin-orbit interaction

The IPM models the nucleon-nucleon interaction with a mean-field central potential.
This is a good approximation as central forces are the major contributor to the
nucleon-nucleon interaction. Assuming that the interaction depends only on the
two-nucleon separation, r, the relative linear momentum, p, the nucleon spin g(i), and
the nucleon isospin, 7;, then symmetry arguments imply that the central potential

between two nucleons has the general form

Ue(r) = [Ve(r) + Ve(r)71 - o] + [Ves(r) + Ve ()71 - 7] (g“) : g(2>), (2.21)

central central spin dependent
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where a number of symmetries have been respected® [34]. The functions V, V., Vi,
and V., are all radial functions that are used to model the nuclear potential, with

the property that they tend to 0 as r — oo.

A similar treatment can be applied to the spin-orbit potential in Equation 2.5, and

has the form

Usolr) = [Vaolr) + Vaolr) 71 - 7] (x x p) - (g(l) + g<2>). (2.22)
L —_——

S
To match the term from Equation 2.5, 2%

Vi (r) = —U, 10U

ls o (2.23)

As the spin-orbit interaction depends on the derivative of the nuclear potential, the

diffuseness of the nuclear surface will impact its strength.

2.3.3 The tensor interaction

As mentioned in Section 2.1.1, the nuclear force was discovered to have a non-central
component from the non-zero quadrupole moment in deuterium. The quadrupole

moment has the definition

Q:<‘I’i

(32 —1?)|w,), (2.24)

for a system in a state, |¥;), and where z is an arbitrarily chosen quantisation
axis. The quadrupole moment is zero for a spherically symmetric system. For the
deuteron, Q = +0.29 fm? experimentally [35], indicating that the deuteron has a
charge distribution that is prolate. Combined with experimental data that the total
angular momentum is J = 1 and the magnetic moment suggesting that the spins are
parallel, the only possible conclusion is that the deuteron bound state is an admixture

of 3S; and 3D, states.

Central forces conserve orbital angular momentum, so mixing of 3S; and 3Dy config-
urations requires a non-central component to the interaction. This non-central or

tensor component has the general form

Ui(r) = [Vt(r) + Vi(r)7 - 7?2} S12. (2.25)

“Namely invariance under reflection and rotation of the coordinate axes, and time reversal; as well as
satisfying Hermiticity, charge symmetry and independence, symmetry under two-nucleon exchange,
no explicit time-dependence, and conservation of electrical charge [34].



THE SHELL MODEL 47

A similar expression to this can be obtained from first principles using a one-pion
exchange potential (OPEP), where the different pions mediate the nuclear force. This
has the form [34]:

SRS PRCORPNE) 3 .3 e
Vopep x 7172 | - 0¥ + 14+ — + —— | S12 : (2.26)
ur o pr r
where p = ™£€. This assumes charge independence, but the neutral pion is slightly

lighter than the charged pions which breaks this symmetry. While a more complete
picture would require additional mesons and allow for multiple-meson exchanges, the
interaction involving only pions is sufficient to match the corresponding phenomeno-

logical interaction in Equation 2.25.

The most important term in Equations 2.25 and 2.26 is Sis. It gives the tensor
characteristic to this force and has the form

3™ 1) (@® - r)

_ 1 2
Sio = = _ g( ). Q( )| (2.27)

where r = ro — r1. This operator is a scalar, and conserves the nuclear spin, J and
the parity. However, the non-central nature of the potential means that L and S are

not conserved.

The term Sis has different eigenvalues depending on the coupling of the spins. For
the singlet S = 0 state, g(l) = —g(2), so S12 = 0 irrespective of the orientation of
the nucleons. For the S = 1 triplet state, Sio is non-zero: using the property that

S = %g, then for nucleons,

1 +1, S=1
M., == 1) @2 _ (sN2 _ (o2)2| = ’
o\ o = o\ +o o o = , 2.28
oo = 5 @+ - @ - @) =] T ST )
and
3V r)(¢® r) [ +3, o
5 = - . (2.29)
r 0, olr

These can be combined to obtain S92, and this is represented pictorially in Figure 2.5.

For S = 1, the effect of Si2 either enhances the force by making it more attractive,
or reverses its effect by making it negative. These properties of the tensor interaction
are represented pictorially in the right panel of Figure 2.5 for two nucleons in different
orbits. In the first instance, the nucleons have total angular momenta of j. = ¢ — %
and j/ =0 + %, and are coupled to an S = 1 state. The orbits therefore travel
in opposite directions. The relative momentum between them is therefore quite
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FIGURE 2.5: Left: The different combinations of spin orientation and inter-nucleon separation
for two nucleons. Adapted from Ref. [36]. Right: The S = 1 coupling effect on the tensor
interaction. Adapted from Ref. [33].

high, and, by the uncertainty principle, the spatial wave function has a narrower
distribution. This results in the wave function having a prolate shape which is
favoured by the tensor interaction, and the nucleons are attracted to one another.
This is the case for the deuteron, where the positive quadrupole moment and the
resulting prolate shape of the nucleus arises from the tensor force, producing its only

bound state.

Conversely, for two orbits with nucleons travelling in the same direction (i.e. both
j’s are of the form j. or j. ), such as the second case with nucleons with j. = ¢+ %
and j/ =0 + %, the opposite occurs. The wave function has an oblate shape, with
a large spatial distribution due to the small relative momentum between the two

nucleons. The nucleons are repelled from each other.

The attraction between nucleons is enhanced if the radial components of the wave
function have significant overlap, and if the relative momentum between the nucleons
is increased. Therefore, this effect is most significant for nucleons with the same or
similar ¢, and for orbits with higher values of ¢ due to the higher relative momentum

between the nucleons [33, 37].

An example of the tensor interaction affecting single-particle energies is shown in
Figure 2.6 for proton ESPEs in nuclides of antimony (Z = 51) [33]. Antimony has
one proton outside the Z = 50 shell gap. As neutrons fill the ¥0hy; /5 orbital (which
is assumed to be uniformly filled as N increases), the spacing between the w0hq; /2
and m0g7/p increases. If the cause were a central interaction, the ESPEs of these
orbitals would not diverge. But the tensor interaction can generate both attractive
and repulsive effects: the filling v0hy; /; orbital (j=7. =5+ %) repels its counterpart
proton orbital, and attracts the 70gy /5 (j = j. = 4— %), which causes the gap between
these orbitals to increase. Calculations with a tensor force (shown in Figure 2.6) do

indeed reproduce the observed trends.
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FIGURE 2.6: The change in proton ESPEs for isotopes of antimony. The data points follow
a similar trend to the theoretical calculations (lines). Adapted from Ref. [33], with data from
Ref. [38].

2.3.4 Type-I and Type-II shell evolution

Until this point, the shell evolution that has been discussed is Type-I shell evolution
[39]. However, it is prudent to discuss and distinguish this from Type-II shell evolution
which, while not occurring explicitly in this work, does play a role in the interior of

the Iol. These two types of shell evolution are illustrated in Figure 2.7.

Type-I shell evolution occurs across isotopic or isotonic chains. Assuming that the
neutron orbitals fill the lowest single-particle orbit after a closed shell (indicated by
the box in Figure 2.7), then this will affect the energy of the proton orbitals. As the
neutron orbital with j = j/ is filled, the tensor interaction has an attractive monopole
shift for the proton orbital with 7 = j. and a repulsive monopole shift for the proton
orbital with j = j.. This effect is linear, so twice the number of neutrons doubles
the magnitude of this reduction in the splitting of orbitals. This effect is, of course,

stronger when ¢ and ¢ have a significant radial overlap [39].

Type-II shell evolution occurs in nuclei where particle-hole excitations are prevalent.
Here, as the number of particle-hole excitations increases, the monopole shift acts
in two places. Firstly, as in Type-I evolution, the neutrons with j = j/ attract the

protons with j = j. and repel the protons with j = j.. However, the tensor-force
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FIGURE 2.7: An illustration of Type-I and Type-II shell evolution. The filled circles represent
neutrons, the empty circles represent neutron holes, and the wavy lines indicate the action

of the tensor force on an orbital. The rectangle indicates the neutron core of the nucleus.
Adapted from Ref. [39].

monopole shift from the fully occupied state with j = j” is weakened. Therefore, as
in Figure 2.7), the holes with j = j” further attract protons with j = j. and further
repel those with j = j. [39].

This type of shell evolution becomes important for intruder states that occur as the
Tol is entered. However, in this work, only Type-I shell evolution is encountered on
the approach to the Iol. The Type-I shell evolution that occurs along the N = 17

isotones will be discussed further in Chapter 6.

2.3.5 Summary

The picture of nuclear shell structure given in this chapter is not static. It has been
developed to describe observations in stable nuclei, but deviations from this have
been observed in exotic nuclei, away from stability, and in weakly-bound systems.
The work presented aims to investigate the evolution of shell structure away from
stability, which was summarised in Chapter 1. Shell structure can be probed using

transfer reactions, which is the subject of the next chapter.



Transfer reactions and reaction theory

This chapter briefly outlines how transfer reactions can be used as a probe of single-
particle structure within the nucleus using reaction theory. This is not intended to
be exhaustive, but instead to give a general outline of the theory underpinning the

experimental chapters that will follow.

3.1 THE CROSS SECTION

An essential tool for studying atomic nuclei is scattering, because it can characterise
the nucleus. When a particle is fired at a nucleus and interacts, the properties of
the beam and target particles determine which reactions are possible. The yields of

different reactions can be characterised by a cross section.

For a given reaction involving a beam of intensity Iy, incident on a target containing

Ny particles per unit area, the number of emitted particles (the yield), Y, is given by
Y = IhNyo, (3.1)

where o is the total cross section for that particular reaction. This is effectively a
measure of the probability that a given reaction can take place. For scattering into a
detector of finite size, with a solid angle Af), the differential cross section is a more

useful quantity. It is generally a function of the polar angle, 8, and the azimuthal

angle, ¢.

The measured differential cross section also must take the absolute efficiency of the
detector, €5, and the purity of the beam and target, e = e, into account. All of
these variables are illustrated in Figure 3.1, which shows a schematic illustration of a

scattering experiment.

51
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FIGURE 3.1: An illustration showing the scattering of a beam with intensity Iy and purity
€p interacting with a number of particles per unit area within a target, Ny, with purity ..
The resultant ejectiles are scattered at angles 6 and ¢ into a detector of efficiency €5 with a
solid angle of AQ). The detector measures a yield, Y.

The differential cross section is therefore

do Y
—(0 = .
dQ( ) IgN; - AQ - e¢5

(3.2)

A classical example of a reaction is Rutherford scattering, which is the scattering of
charged particles from a target nucleus by a purely Coulomb force. As the form of

the potential is known, the cross section can be calculated analytically as
d Z1Zo\? (hea\? 1
0'_< ! 2) ( Ca) , (3.3)
dQ E 4 sind (g)

where Z; and Z, are the charges of the beam and target in units of e respectively, F

is the beam energy, and 6 is the angle of scattering [40].

As the scattering potential has a simple form, the cross section can be written analyt-
ically. However, nuclear reactions interact primarily through the strong interaction,
which has a potential that is difficult to describe in analytical form. Therefore, most

nuclear reactions must be modelled to obtain a theoretical cross section.

3.2 SINGLE-NUCLEON TRANSFER REACTIONS

For this work, the reactions of interest are single-nucleon transfer reactions. This is
a direct reaction mechanism, where a nucleon is transferred to or from a nucleus in a
single-step process. Therefore, a single degree of freedom in the nucleus is excited,

resulting in a large overlap between the wave functions in the entrance and exit
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channels. This overlap is governed by the matrix element between the initial and

final states.

Direct processes differ from compound nuclear mechanisms, where the beam particle
fuses with the target and its energy is distributed across the whole nucleus before the
ejectile is emitted. When a compound nuclear state is formed before the emission
of one or more particles, it is called fusion evaporation. This competes with the
single-step direct mechanism. An illustration of this difference is shown in Figure 3.2

for a deuteron beam and a proton ejectile.

[ Direct | | |
¢ . o 1 sy
oS | o= : O
o So @ e
Compound Nuclear‘ | |
o G f .8
6— & | &2 | &2
T W @0 W

FIGURE 3.2: An illustration of a (d,p) transfer reaction via direct single-step and compound
nuclear multi-step processes. Time progresses from left to right.

While they can have the same reaction products, the fusion evaporation reaction
does not populate single-particle states (where a single degree-of-freedom is excited).
Instead a number of degrees of freedom are excited, forming a collective state. While
these states are distinct, they often form a continuum corresponding to the many
different ways of distributing the energy across the nucleus. This continuum typically

happens at higher excitation energies, where the level density is much greater.

In the case of the direct (d,p) transfer reaction, the neutron enters a single-particle
state that is well defined, so the ejected protons come out in a similarly well-defined
state, allowing a direct probe of these single-particle states. On the contrary, the
corresponding reaction through the compound nucleus state does not have this, as
the information of the state that the deuteron enters is lost after the energy and

angular momentum is distributed.

While it is impossible to totally reject protons originating from the compound nuclear
process in a (d,p) reaction measurement, the design of the experiment can be adjusted

to make the detection of these protons much less probable than those from the direct
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process. Ejectiles originating from direct processes dominate at beam energies of
approximately 10-A MeV, and have the highest yields at forward angles in the centre-
of-momentum (CM) frame. Compound nuclear processes dominate at lower beam
energies, with the cross section exhibiting much weaker angle-dependence. Therefore,
selecting favourable beam energies and measuring scattered ejectiles at lower CM
angles maximises the probability for detecting ejectiles from a direct process for a

given reaction.

3.3 SCATTERING THEORY

A quantum-mechanical description of transfer reactions is required to model them
accurately. Nuclei are not point particles, and have relative motion to one another
as well as internal degrees of freedom. The following will outline how these reactions
can be described. The reaction nomenclature A(a,b)B will be used. The entrance
channel will be labelled @ = a + A, and the exit channel will be labelled 5 = b+ B.

This will all be done in the CM frame for convenience.

To begin with, the Schrodinger equation for this system is
HY = EU (3.4)

where FE is the energy of the total system, and V¥ is the wave function of the entire
nuclear system. While this fully describes the system, it is not very useful in this
form. It can, however, be decomposed into different parts. The Hamiltonian for the

entrance channel can be written as

A A A

H=H,+T,+V,, (3.5)

where H, = H, + Hy describes the Hamiltonian operators for the internal structure
of a and A in the CM frame?®.

The kinetic energy operator of the relative motion between a and A is
(3.6)

where V,, acts on ro, = r, —rya, and p, is the reduced mass of the a + A system.

The operator that describes the interaction between all of the nucleons in a and A is

21f [T were not in the CM frame, an additional component, ﬁframe would also be needed to show
that there has been a change of frame. However, this remains constant for the reaction, so can be
neglected in any further analysis.
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V4. This can be written as the sum over all two-nucleon interactions,

Vo = Z ‘/Zj (37)
i€a,jEA
Finally the wave function itself can be decomposed into its constituent parts. For

the entrance channel,

l:[lcv - (I)awa - q)a(I)Awa (38)

where ®, and ®4 describe the internal wave functions of a and A respectively. This
These describe the properties of the constituent nucleons, such as their relative
positions, spins, and excitation energies. The wave function, ., describes the
relative motion between a and A. Similar Hamiltonians and wave functions can be

constructed for the exit channel, 8, as well. This is illustrated in Figure 3.3.

FIGURE 3.3: An illustration of the two particles involved when describing a transfer reaction.
The wave function v, encodes the relative motion only, whereas the wave functions ¢, and
® 4 encode the remaining properties of each particle.

The goal is to obtain a wave function that describes the relative motion between
particles in 8 in terms of the wave functions in « at a long distance from the
interaction site after the transfer reaction. While the following will not derive any
analytical solution, projecting ®3 onto ¥, allows the fundamentals of the interaction

to be understood.

First, the Schrédinger equation can be rewritten as
(H — Hy —T5) 0o = (B — Hy — T5) Vo = Vs (3.9)

This uses the interaction between particles in 8 to frame the solution that will be

obtained. The internal wave function of 5 can then be projected onto both sides of
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this equation:
/dg 5 (B~ Hy —Tp) Wo = /d§ DLV 0,,. (3.10)

where the internal coordinates of all particles have been labelled with £. This means
that v, is not a part of the integration, and can be factored out. The operator Tg
will not act on any internal wave function. The Hermitian operator H g can also act
on CDE to obtain the internal energy, eg. Therefore, the energy term can be simplified

further using Eg = E — ¢5.

It is then possible to define

bp(rp) = </ d¢ <I>Z§<I>a> Yo = /d£ VA (3.11)

where 13 is the wave function of relative motion in 3, here expressed in terms of the
wave function in o. The dependence on rg has been made explicit here, as this is a
spatial wave function. This wave function is maximised when there is little to no
rearrangement between nucleons. In the case of elastic scattering, where the entrance

and exit channels are identical, then ¥z = 1,.

Therefore, using Equation 3.11, Equation 3.10 can be written as
P 1 2 2
(Bs —Ts) s = 2 (V3 +K3) vs = /df V0, (3.12)

which is a scaled form of the inhomogeneous Helmholtz equation [41]. This can be
solved with a Green’s function with the boundary condition that it goes to zero as

r — oo [42].
The general solution to Equation 3.12 is

ara 2& - eikﬁ‘l‘g—r/’

Vo(rs) = dpac i T —

/ dED5VpT,,  (3.13)

where g, is the Kronecker delta, and only allows an incoming plane wave when the
entrance and exit channels are identical. The second term in this can be approximated
at large rg, corresponding to a large distance from the interaction site. This is where
the exit channel has a well-defined wave function with no external potential acting

on it. Using the approximation

. rg-r
lim |rg—r'| =73 <1— 52 >, (3.14)

rg—>00
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then Equation 3.13 becomes

5 ko Tq eikgTB /’L,B 3./ —’ik[g'l‘, @* ‘I/
'Lﬂg(fﬁ) — 0Ba€ — rs o2 d’r'e df /3V5 o (3.15)
——
sph. wave fpa(0)

where fg,(0) is the amplitude of the scattered, spherical wave. The angle between
ks and k, is 6. This form of the wave function shows that whatever the exit channel
is, there will always be some spherical wave (at large distances from the interaction)

governed by a particular amplitude.

The term fz,(6) controls the angular behaviour of the exit channel, and so is related
to the cross section. Its relation to the cross section can be calculated using the

quantum current. The quantum current in a channel, v, is defined as

_h
N 20y

i (AT R O (3.16)

For the spherical wave in the exit channel, the total current passing through an

infinitesimal area r%dQ for large rg is

jﬂ 'I'B 2 h 2“{3,8 2 9 hkﬁlg 2
L rsdQ = — a()]°r5dQ = —= | fzo(0)]” dS2. 3.17
s ] 21 [ |f6 (0)] [} 15 |fﬂ (0)] ( )

2
s

The current passing through a unit area for the incoming plane wave in the entrance

channel is
jo - ka h k

hkq
[2ika] '

== 1
ka Mo (3 8)

ko 2ija

The cross section for this scattered wave is therefore just the ratio of the scattered

current to the initial current through a unit of solid angle, d€), which is

do _ kphia 2
(30),, = Eac s (3.19)

This cross section is often written in terms of the nuclear matrix element, which is

defined
Tpo = <906ms0a> = (#slVs[¥a) (3.20)

where ¢, and g are solutions to the homogeneous version of Equation 3.12, where
the spatial wave function is simply a plane wave [43]. This means that the cross

section can be redefined in terms of this matrix element as

do patts kg 2
doy  _ 5 Toul?. 3.21
<d9>5a (2mh2)? ka‘ pel (3.21)
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The dependence of the cross section on the matrix element means that the reaction
is more probable for little rearrangement of nucleons between the initial and final

wave functions, i.e. when « and § have a large overlap.

At this point, there is still no solution to the scattering problem. The proposed
solution in Equation 3.15 is circular in its definition from Equation 3.11. Therefore,

in order to apply it to transfer reactions, a model must be used.

3.4 THE DISTORTED-WAVE BORN APPROXIMATION

The circular definition in the previous section can be addressed by treating scattering
as a perturbation to elastic scattering. Treating elastic scattering as the dominant
event when two nuclei collide is called the Born approximation. For elastic scattering,
B = «, allowing the following iterative equation to be defined using Equation 3.15:

eikara

¢((1n+1)(ra) _ eika.ra _

Ha 3.0 —ikyr’ * (n) (W
d de oV, 0, (322
To 2m h? / re / § o wa (r ) (3 )

where the first term in this expansion is defined as
PO (ry) = ekoTe, (3.23)

This can then be inserted into the expression in Equation 3.21 to obtain successive
terms for calculating the cross section. This series is known as the Born expansion of

the scattering wave [43].

However, this doesn’t take the effect of the potential of the nucleus on the incoming
particle into account. A common way of rectifying this is to use distorted waves instead
of plane waves, and this approach is called the distorted-wave Born approximation
(DWBA). A similar approach as before is used to obtain the following results; greater
detail can be found in Refs. [40, 41, 43].

First, the potential term can be split into two components,
Vg =Ug+ Vg, (3.24)

where Uj is a potential that only depends on the relative coordinates between particles
in 8. It is also tuned to reproduce the elastic scattering cross section. The term f/g

is much weaker than Ug, and represents the inelastic channels.
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Equation 3.9 can be modified by subtracting Us from both sides, and then followed

by integrating over internal coordinates again

(B —Ts— Us) 5 = /d§ o (Vs — Up) Vo (3.25)
From this, a more complex Green’s function can be obtained, and this leads to

eikﬁ?’@ s
rg 2mh?

s = X&) (ra)Fa - [ @ e [ages 0 - up) v (326
when rg — 0o. The subscripts 1 and | refer to solutions using incoming and outgoing

waves. The functions y are solutions to the equation
(B, =T = U,) xy =0, (3.27)

for v = «, 8. This can be solved analytically as the potential U, is known and it
doesn’t depend on any internal coordinates. This can be expressed as a summation

of spherical harmonics, which has the property

The form of Equation 3.26 closely resembles that of Equation 3.15, with both
containing a spherical wave solution. However, the plane wave in Equation 3.15
has been replaced by the distorted wave, y, from Equation 3.26. This more closely
resembles the true scattering process that takes place. The total nuclear matrix
element therefore has an additional contribution from the elastic channel element,

and becomes

ikaerr
7'Ba:<€7foc'r a

UO(‘X(QT)> 5a5 + <X(ﬁi)@5“7f3‘\yg)> . (3.29)

Analogous to the Born expansion, a similar expansion can take place here. However,
sufficient accuracy is often reached by truncating the series at the first term, and
this is the DWBA. This is obtained by replacing the wave function with one of the

distorted waves in the non-elastic channel. The DWBA matrix element is therefore
TRVEA = (x| Vs|@ax (D). (3.30)

This matrix element can be numerically calculated by computer codes. In this work,
the codes PTOLEMY [44] and DWUCKS5 [45] have been used. The inputs required

for these programs will now be discussed.
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3.5 OPTICAL MODEL POTENTIALS

The optical potentials, Uy, used to model reactions in the DWBA framework are
formed from a number of different phenomenological potentials with free parameters
that can be used to fit elastic-scattering data. These are deliberately chosen to depend
on the magnitude of the separation of the centres-of-mass for the two nucleons in
channel ~y, so that Equation 3.27 is satisfied by the optical potential. This is easier
to solve, as the many-body problem is then reduced to the interaction between two

nuclei. The form of the potentials is often chosen to be a Woods-Saxon potential.

However, the optical model must account for additional open channels as well as
the elastic scattering channels. These other channels remove flux from the elastic
scattering channel, which is modelled using complex potentials. Combining Equations

3.16 and 3.27, and dropping the labels denoting channel, leads to
RV -j=ip"p(U* —U) = 2pIm[U], (3.31)

which shows that imaginary potentials remove flux from the quantum current [41].
For the reactions in this work, the imaginary potentials define the flux going into

inelastic channels.
The total optical potential for a particular partition is

U() =[~Unflr) + Uelr) + Uungeo(r)]

0 fs(r)
or

+ 1 [—vav(r) + 4W + Wsogso(r)] 5 (3'32)

where the subscript v denotes volume, C' denotes Coulomb, so denotes spin-orbit, and
s denotes surface. The strength of the real potentials is labelled U, and the imaginary
potentials, W [34, 46]. The function fi(r) for k = v, s, so is a Woods-Saxon potential

of the form,
1

B 1+ exp (TﬁR’“)’

Ji(r) (3.33)

ag

1
where Ry, is the radius of the well, which is Ry = 791 A3 in terms of the mass
number, A, and the radius parameter for a given channel, ¢ x; and ay, is the surface

diffuseness.
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The function fi(r) also appears in the spin-orbit potential function, gs,(r), as a

~( h N\ 1ldfe(r)
gso(r)—(mﬂc) it TR (3.34)

derivative,

where m, is the mass of the pion which mediates the strong nuclear force. This
contribution is significant when the two nuclei are very close, and at the nuclear
surface. It increases when the total orbital and spin angular momentum components
are aligned. In this work, the nuclear spin of the target nucleus is zero, so the total

angular momentum used here is entirely dictated by the incoming particle.

Another surface potential appears in the imaginary surface terms, with the factor of

4 used to ensure that the surface term is normalised at r = R, [34].

Finally, the real Coulomb potential defines the interaction between the electric charge

of the two nuclei, and is defined as,

Z1Z2e% 1 (3 r2 ) <R
SR~ - 5T rx o
UC(’I") _ dmeg 2Rco R ’

c
Z172e* 1
Aweg T

: (3.35)
r> RC

which is the potential for a uniformly charged sphere of radius R and charge Zse
acting on a point charge Zje. The heavier nucleus is modelled as such, with the radius
R¢ chosen as the boundary between the nuclear and Coulomb forces dominating
[27].

A plot showing the contribution of these different potentials is shown in Figure 3.4.
The sum of these potentials broadly agrees with nuclear behaviour, such as a strong
attractive potential near the nuclear centre, with a repulsive Coulomb barrier at

larger distances.

While these parameters have been fit to elastic scattering data, the fitting methodology
differs between different sets of potentials. Local fits will tailor the optical potentials
to a small number of nuclei, which is likely to produce a low-x? fit with little deviation
from the data in that region. For global fits, this x? value is likely to increase when
applied to the broader range of nuclei, due to the larger number of data points
required to be fitted by this single optical model. This methodology may fit this

range reasonably well on average, but be less suitable for some nuclei.
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FI1GURE 3.4: The different components of the optical potential in the exit channel for the
28Mg(d,p)?"Mg reaction, with a beam energy of 9.473-A MeV. U, has been scaled down by a
factor of 8, Wy, has been scaled up by a factor of 50, and the total has been scaled down by
a factor of 4. The fitting parameters have come from the optical model in Ref. [47].

3.6 SPECTROSCOPIC FACTORS

For convenience in this section, the A(d,p)B reaction will be used, though this
framework applies to any single-nucleon transfer reaction. The wave functions for

the entrance and exit channels for this reaction are therefore
D, = DDy, b3 = OpP,. (3.36)

For the exit channel, a neutron has been removed from the deuteron and added to
the nucleus A. As this is a direct reaction, it occurs in a single step. The residual
nucleus can therefore be well-described as the target nucleus with a neutron in a

single particle state. Therefore,

O =Y YnjtCnjePa, (3.37)

njl
where (¢ is a neutron single-particle state with principal quantum number 7, total
angular momentum j, and orbital angular momentum ¢. The expansion coefficient
of the residual nucleus in the single-particle basis set is ,;¢. It describes how much

mixing there is of the single-particle states within the nucleus.
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In a similar vein, the incoming deuteron wave function can be expressed in terms of

the proton’s wave function,

g = Yol Py (3.38)
nlj/[/
Using these definitions in Equation 3.21 with the definition of the matrix element in

Equation 3.30 gives

(jsg)ﬁ - (grgzﬁ)?:ﬁ (x5 2ax D) (3.39)

k ~ 2
- Z Z anﬂna 4 Magf)2 kB ’<Xg)gnjeq’A¢’p‘VB‘Cn’j’Z’(I’A‘I’pXQ)>’ .
njl n'j'e'

To calculate this, the form of VB has to be specified. In the exit channel, this can be
approximated as

V5:V5—Ug=%A+%n—Uﬁ%%n, (3.40)

where V), is the interaction potential between the outgoing proton and the transferred
neutron, and V)5 is the interaction potential between the proton and the target
nucleus. By matching Ug to V,a, they can both be ignored, leaving V,,, only. This
can be calculated numerically, as the two particles involved are independent of the
target nucleus. The internal wave functions on either side of the integration are
identical, as there is no rearrangement of these nucleons in the transfer, so can be

integrated out to give the cross section,

( > Z Z r)/n]é'ynjé /‘aﬂﬂ k ‘< (i)CnJZ‘Vpn’(n ]’E’Xa)>’2. (3.41)

o192
njl n'j'e' 2 h2) k

DWBA cross section

All terms in the DWBA cross section are now able to be calculated. The unknown
terms fygje and ’y,%,ﬂ, are the spectroscopic factors for the target and ejectile respect-
ively. They are a measure of the overlap between the final state and the initial state

with a neutron. Labelling the internal coordinates with £ again,

Ynje = / d€ ¢, PA P, (3.42)
and similarly for /.

For this work, the spectroscopic factor can be further simplified, as all the reactions of
interest are on even-even nuclei with spin zero. The angular momentum is therefore

the same for both the ejectile and the residual nucleus. Equation 3.41 can then be
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written

do \ (EXP) s [do (DWBA)
((KZ)BQ = Sngj/g (ng)ﬁa , (343)

where Sﬁ = 7721]‘@ is the spectroscopic factor for the residual nucleus, and Sjb/g =2 e

is the spectroscopic factor for the ejectile [46, 48]. This assumes the reaction occurs

in a single step, as this allows the inert core and nucleon model to be used.

3.7 BOUND-STATE PARAMETERS

The bound-state wave functions of both target and projectile are used to calculate the
DWBA cross section. In the previous section, this was contained in the single-particle

wave functions ¢ and spatial wave functions y for the entrance and exit channels.

These are calculated by assuming that these wave functions are eigenfunctions of
a Woods-Saxon well with a form described by the real part of Equation 3.32. The
depth of the potential well is then varied so that the energy eigenvalue corresponds to
the binding energy of the populated state by the transferred nucleon [49]. Following
from the work of Refs. [50, 51], the potentials used for the target had a Woods-Saxon
radius parameter ro, = 1.28 fm, and a diffuseness parameter a, = 0.65 fm. The

spin-orbit potential had rp s, = 1.1 fm, as, = 0.65 fm, and a depth of Uy, = 6 MeV.

3.8 UNBOUND STATES

The discussion of states thus far has focused on bound states. However, unbound
states may also be populated — especially for light nuclei. This presents some
difficulties in calculating the DWBA cross section. The wave functions for unbound
states are markedly different, as illustrated in Figure 3.5. This shows the wave
functions for states in a finite square well, which is an approximation to the Woods-
Saxon potential for the nucleus. For bound states, the wave function is oscillatory
within the nucleus and exponentially decays in the region beyond the nuclear surface.
This exponential contribution increases as the binding decreases. Once the nucleon
is unbound, the wave function outside the nuclear surface is also oscillatory. While
this oscillation amplitude will decrease as r — oo, this happens more slowly than

any exponential tails of the bound-state wave functions.

Therefore, computing radial integrals numerically for unbound states becomes difficult,
and naively requires integrating the wave function at distances far outside the nuclear

surface in order to account for these oscillations. This is computationally taxing.
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FI1GURE 3.5: Wave functions for a finite square well of radius R. This illustrates the difference
in wave function for bound and unbound states in a nucleus [52].

Huby and Mines [53] proposed introducing a convergence factor of e™®" into the
wave function in order to make this easier, and then extrapolate to o — 0. This still

requires numerical integration at relatively large distances, however, so is not ideal.

The solution used in this work was first proposed by Vincent and Fortune [54] and
is implemented in the code DWUCKS5, but not in PTOLEMY. Their method is

illustrated in Figure 3.6. Instead of integrating to large distances along the real axis,

[T Q. o Want [;°¢(r)dr — split into parts.

Vit \\\ tooo| * Split: [i* ¥ (r)dr + [ ¢(r)dr.

-
_ 4 : o First integral A calculated as before.
& ]
é g ! e Second integral transformed to integ-
\ r=20 \ r=re [l rals parallel to imaginary axis (V4)
Voy //' to oo and integrals in arcs back to real axis
e (Qx)
Re[r]

FIGURE 3.6: An outline of the steps taken to change the pure real integral used in calculating
spectroscopic factors for bound states into a complex contour integral to deal with unbound
states. Adapted from Figure 3 in Ref. [54].

the integral is split at » = r4, a point where the nuclear potentials can be considered
negligible. For r < 74, the radial integral is carried out as before along the real axis.
For r > r¢, the wave function is split into outgoing and incoming components of the
wave. The outgoing parts are integrated in the region Im|r| > 0, and the incoming

parts are integrated in the region Im[r] < 0.
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For each of the waves in the wave function, they are integrated along the line V7,
and then along an arc @+ joining the end of this line to the real axis with a constant
radius centred at r = r;. The radius of each arc is then taken in the limit where they

tend to infinity, and the contribution from the integration along Q1 — 0.

Additionally, the integrands along Vi tend to 0 exponentially at large Im[r], though
does exhibit some oscillations. Therefore, instead of truncating a real integral at
large 7, leading to large uncertainties in the integration, it is better to do this contour

integration so that the truncation error is minimised.

In addition to treating the DWBA calculations differently, the unbound states, also
have some width to them. This width I" is proportional to the spectroscopic factor,
and is

T = 0?STy, (3.44)

where Iy, is the pure single-particle width calculated from the optical potential [55,
56].

3.9 SUM RULES

Residual interactions, as described in Section 2.2, spread the independent-particle
model (IPM) orbital strength across several states. The spectroscopic factors quantify
what proportion of a given IPM state in the residual nucleus is in a particular single-
particle orbital. If all of these states in the nucleus have been measured, then the
total occupancies and vacancies of particular orbitals can be extracted using the

Macfarlane-French sum rules [57].

Dropping the entrance and exit channel labels, Equation 3.43 can be rewritten as

do > 9 ( do >
e T , 3.45
<dQ EXP 7\ ) pwea (3.45)

where Sj, is the spectroscopic factor for the particular state, and C? is the isospin-
coupling Clebsch-Gordan coefficient. The term C’2Sjg can be extracted simply by
dividing the experimental and DWBA cross sections. The Macfarlane-French sum

rules then state that the number of vacancies, Ny, is

Ny =Y (2j +1)C?S,, (3.46)
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where the sum is over the possible transitions where j was the total angular momentum
transferred [58]. The spectroscopic factors C2S, can be obtained using nucleon-

addition reactions. This has been defined so that for an empty orbital,

d sy =1, (3.47)
so that Ny = 25 + 1, the total number of vacancies in the orbital.

Similarly, the number of occupancies is
No => C*S_, (3.48)
where C2S_ is obtained using nucleon-removal reactions. For a full orbital,
»CS_=2j+1, (3.49)

the total number of nucleons in the orbital. Summing the number of occupancies and
vacancies should give the degeneracy of the orbital of 25 + 1. Experimentally, this
has shown to be affected by a quenching factor that approximately halves this value
[51]. This is due to short-range interactions that move strength to high-excitation

energies which are not typically probed in transfer reaction experiments.



Blank page

68



Experimental details for the d(**Mg,p)*’Mg reaction at
ISOLDE, CERN

This chapter outlines the experimental details for measuring the cross sections to
excited states in 2?Mg in reactions induced by a beam of 2®Mg used to bombard
a deuterated target in the ISOLDE Solenoidal Spectrometer (ISS). ISS has been
constructed specifically to study direct reactions in inverse kinematics. This chapter
will discuss the production and acceleration of the radioactive ion beam at the
ISOLDE facility, CERN, and the principles behind ISS.

4.1 THE ISOLDE FACILITY

ISOLDE, an online isotope separator, is a nuclear physics facility at CERN that
specialises in the production of radioactive ion beams. A diagram of the ISOLDE

facility layout is shown in Figure 4.1.

4.1.1 Enriched target, HRS, and RILIS

The protons from the proton synchrotron booster (PSB) [60, 61] are delivered to the
ISOLDE target station where they impact on a target, creating a large number of
different atomic nuclei. This can occur via a number of different reaction pathways,

such as spallation, fragmentation, or fission [62].

A silicon carbide (SiC) target [63] was used to create the 2*Mg beam owing to a
higher production yield. The target is heated to promote the release of the nuclear
fragments through diffusion and surface desorption, and has a maximum operating
temperature of 1923 K [64].

69
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FIGURE 4.1: A schematic of the ISOLDE facility. The relevant sections of the beam line
have been highlighted, and will be discussed. Adapted from Ref. [59].

The atomic nuclei diffuse out of the target, and are subsequently ionised using the
Resonance Ionisation Laser Ion Source (RILIS) [65]. Using a predetermined ionisation
scheme, two lasers of different frequencies are used to resonantly excite the desired
element to subsequent excited atomic states. A third laser is used to ionise the atom
to a 14 charge state. As the atomic energy levels of elements have distinct energy
gaps, this series of precisely tuned lasers are able to ionise the desired element with

few excitations of additional unwanted elements.

However, isobaric beam contamination remains at this stage, so the ions are then
accelerated into a mass separator at energies between 30 and 60 keV. While ISOLDE
has two mass separators, the high-resolution separator (HRS) [66] was used for this
experiment. This has a theoretical mass resolving power of 15000 [67, 68], and
separates a given A/q from the rest of the fragments. After mass-separation, the

ions are directed into the next stage of acceleration in REX-ISOLDE.
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4.1.2 REX-ISOLDE

REX-ISOLDE (Radioactive beam EXperiment at ISOLDE) [69, 70] is used to
accelerate the nuclear fragments further. A diagram of the components are shown in

Figure 4.2.
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FIGURE 4.2: The REX-ISOLDE portion of the beam line. Adapted from Refs. [71, 72].

First, the beam enters REXTRAP, which is a Penning trap that accumulates, cools,
and bunches the beam. An illustration of the function of REXTRAP is shown in
Figure 4.3.

Accumulation Cooling Ejection

Buffer gas

u |

z

FIGURE 4.3: An illustration of the principles behind REXTRAP. Adapted from Ref. [73].
The vertical axis denotes the energy of each particle within the trap, and the horizontal axis
is the beam axis.

It consists of a 1 m cylindrical trap that has a 3 T solenoidal magnetic field and is
filled with a buffer gas, such as neon or argon. Ions are slowed by a 60 kV potential
at the entrance, so that they enter the trap with electronvolt energies. The gas
further slows them by friction through collisions. Upon reaching the other side of the
cylinder, they reach a potential wall and are held in the trap to bunch further and
cool. They are then deflected out of the trap by changing the electric potential at
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the exit [74, 75]. The cooling and bunching helps improve the signal-to-background

ratio for low-intensity beams, and is necessary for entering the next stage.

Upon exiting REXTRAP, the ions are directed towards the REXEBIS (REX Electron
Beam Ion Source). This is a 0.8 m long trap inside a 1.2 m long solenoid. The
efficiency of ions entering the REXEBIS is strongly linked to the effectiveness of the
cooling in REXTRAP; the cooling time must be at least 10 ms [76]. An illustration
of the function of an EBIS is shown in Figure 4.4.
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FIGURE 4.4: An illustration of the function of an EBIS. The axial magnetic field is shown at
the top, a schematic of the interior is shown in the middle, and the axial electric potential
is shown for both extraction and confinement of ions. Adapted from Ref. [77]. The ion
extraction is placed at the opposite end of the EBIS here for clarity; in reality, it is at the
entrance for REXEBIS.

Once inside REXEBIS, the ions are held by an electrostatic barrier, confining the
ions and preventing escape. An electron beam is fired at the ions. This beam has a
high current density (of the order 100 A cm™), such that there is a high probability
of collisions with the ions. This causes the ions to be further ionised stepwise forming
a distribution of charge states. The electrostatic barrier is then lowered, and the
ions leave through the same side, where they are directed towards a separator. This

separates the ions based on their mass-to-charge ratio, which helps to remove any
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contamination from the buffer gas and to select the desired charge state [71, 76, 78].

For this experiment, the REXEBIS strips electrons from 2®Mg* to become 26Mg?*.

The ions are then directed into the REX-LINAC, which was shown in Figure 4.2. The
first component is a radiofrequency quadrupole (RFQ), which accelerates the beam
to 0.3-A MeV in the space of 3 m using quadrupole electric-fields with a resonance
frequency of 101.28 MHz. The second component is a buncher, which re-bunches the
beam in 1.7 m to help it enter the third component, which is the interdigital H-type
(IH) structure. This is a drift-tube LINAC, and accelerates the beam to 1.2-A MeV

in 1.5 m at the same frequency [79].

The beam then passes through three 7-gap spiral resonators, which can accelerate
the beam to 2.2-A MeV. This also uses the gaps between drift tubes to accelerate the
beam, but the drift tubes are mounted on spirals, where changing the spiral length
and shape allows the properties of the accelerator to be manipulated — see Refs. [80,
81] for details. The beam finally enters the 9-gap IH resonator, which accelerates
the beam to a maximum of 3-A MeV. The beam then passes into the HIE-ISOLDE

accelerator modules.

4.1.3 HIE-ISOLDE LINAC

HIE-ISOLDE (High Intensity and Energy ISOLDE) refers to energy upgrades carried
out at the ISOLDE facility. This primarily consists of four superconducting cryomod-
ules. The first was installed in 2015, with subsequent cryomodules installed every
year until 2018 [82]. A diagram of HIE-ISOLDE at the time of the d(**Mg,p)?*’Mg

experiment is shown in Figure 4.5.

REX-ISOLDE

High-beta
cryomodules

FIGURE 4.5: Diagram of HIE-ISOLDE with ISS installed. Adapted from Refs. [67, 83].
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Each cryomodule operates at a temperature of 4.5 K, and has a length of 2.3 m [84].
Each high-energy cryomodule contains five superconducting cavities for acceleration
and a superconducting solenoid for focusing the beam [85]. This is designed to give
a minimum beam energy of 9.2-A MeV for 2.5 < A/q < 4.5, and allows beams with
A/q = 4 to reach 10-A MeV, the desired final beam energy at the end of the upgrade
process [82].

For this experiment, the beam energy was 9.473-A MeV with a FWHM energy spread
of 0.3% [86]. This was the maximum beam energy that HIE-ISOLDE was able to
produce for this A/q at the time of the experiment. The typical PSB proton current
was 1.75 pA, which corresponded to 1.2 x 10% pps of 22Mg”* at 1SS [63].

4.2 INVERSE KINEMATICS

The description of transfer reactions given in Section 3.2 is for cases involving a
light-ion beam incident on a target containing heavy nuclei. This is known as normal
kinematics (NK). For reactions involving short-lived species such as 2Mg (half-life
~ 21 h [21]), a radioactive beam is used in inverse kinematics (IK), where the heavier

nuclei of interest are used to bombard a lighter target.

Transfer reactions in NK and IK are indistinguishable in the centre-of-momentum
(CM) frame. In the lab frame, however, there are noticeably different characteristics.

A diagram of the two different frames is shown in Figure 4.6 for K.

LAB
U1
m O——» «_ mi; O—»x— o M9
Ul My ()
V4

FIGURE 4.6: The lab frame and the CM frame for a reaction in IK. Definitions of symbols
are in the body text.

Here, particles 1 and 2 are the heavy beam and light target particles respectively.
Particles 3 and 4 are the light and heavy ejectiles respectively. The terms v and u
denote velocities in the CM and lab frame respectively, and 0., and 6, define the

directions of the beams of ejectiles in each frame.
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The angle of the scattered particle is conventionally defined relative to the beam
direction, as 0., is here. However, it is often more convenient to use 7¢y, = T — Oom,
which is directly comparable to 0., in NK, as 7., in IK and 0., in NK correspond

to a shallow angle of scattering of the ejectile in the CM frame.

The following will consider classical kinematics, which is sufficiently accurate for the

experiment in question. However, a relativistic treatment is presented in Appendix A.

The excitation energy of the residual nucleus for a given reaction, beam energy,
and scattering angle can be extracted by measuring the kinetic energy of the light
ejectile. The kinematics of the particles in the lab and CM frames show how these
two quantities are related. The initial kinetic energy in the CM frame is

1 2 ma

1
T™ = —myv? + —Mavy =

T 4.1
i 2 ) 1, ( )

mi + ma
where T7 = %mlu%, which is the beam energy in the lab frame. This assumes that
the target is stationary in the lab frame so that us = 0. The final kinetic energy in

the CM frame is

1 1
1 = gmavs + gmavi = T +Q - B, (4.2)

where F, is the excitation energy of the residual nucleus, and @ is the ground-state

Q value for the reaction,
Q = [(m1 +ma) — (m3 + my)] . (4.3)

The velocity of the light ejectile in the CM frame is therefore

vy — \/2m4(Ticm + Q%) (4.4)

ma(ms + my) ’

where Q* = Q — E,. This CM velocity can be transformed into a lab velocity using
the cosine rule between 6,4, and 6.,,, and the velocity of the centre of momentum,
miuy vV 2T1 ma

/U == prn . 45
T my +my mi + ms (4:5)

This relationship is represented graphically in Figure 4.7. Thus,

ui = v3 + 02, — 2030em cos(T — o), (4.6)
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v3 < Uem V3 > Uem

T
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FIGURE 4.7: The relationship between u3 and vz in two distinct cases. The red arc drawn
in both cases represents the locus of the head of the vector vz, where 0 < 0., < 7.

and therefore

1 1 1
T3 = §m3u§ = §m30§ + §m3v2m

+ M3V3Vem, €OS O (4.7)
The measured energy of the ejectile particle, T3, can therefore be directly linked to

E, using Equations 4.4 and 4.7. Using Equations 4.1, 4.4 and 4.5, -%- is written as

Vem

v3 my + ma Q*
=, M|——] 1 4.8
Vem <m3+m4) ( +T‘jcm>’ ( )
where M = 2™ Thig fraction is fixed for a given value of Q*, but describes three

mims3

different kinematic cases depending on its value. The quantity M plays the most

significant role in determining which case the reaction takes.

The first case is when v3 < v¢p,. This occurs for removal reactions, such as (p,d),
where M < 1. It also occurs in addition reactions where F, is comparable in size
to T;°™. In this case, 0., always has two values for a given 6,45, except at some
maximum value. Ejectiles in the lab frame always have a component of velocity in

the same direction as the beam.

The second case is when v3 > v¢p,. This occurs for addition reactions, such as (d,p),
for smaller FE, where M > 12. In this case, there is a single value of 6, for every 0.,,.
There is also the possibility of ejectiles having a component of velocity antiparallel
to the beam. If v3 is similar in magnitude to ven,, then 6;,, depends strongly on 6.,,.

If v3 > vem, where M > 1 (as is the case in normal kinematics), then 04 = Ocp,.

2v3 > Vem in addition reactions until E, = T;°™ (1 — Z;Zi) + @, which is approximately 60% of
T,°™ (10.6 MeV) for the d(**Mg,p)?°Mg reaction.
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The third case, not illustrated in Figure 4.7, is where vg = v, because ) = E, = 0.
This is elastic scattering and the nuclides remain the same before and after scattering.

In this case, 04 is still single-valued, but is bounded and has a maximum at 3.

4.3 CHALLENGES IN INVERSE KINEMATICS

In IK, there are kinematic effects that limit the energy resolution of the measured
ejectile energy. These can be seen in Figure 4.8, which shows the change in T3 for
a given 6, for both NK and IK. These effects make measurements in IK more

challenging than in NK in terms of resolving states of interest in the residual nucleus.
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FIGURE 4.8: The ejectile energy T3 for equally spaced excitation energies for the 28Mg(d,p)
reaction in IK and NK. The angle 7., is used to label the analogous region in IK to the

region of small 0., in NK. Constant values of these CM angles have been drawn as lines in
10° increments for NK and IK respectively, with the start and end lines labelled.

The first effect is kinematic shift (KS), which can be understood with reference to
the variation of T3 with 6, as illustrated in Figure 4.8 for NK and IK. Any detector
measuring the outgoing light particle will have an opening angle, Af;,,. Any particle
passing through this aperture will have an associated spread in energy, fe—ﬁAé’lab,
due to the variation of T35 with 6;,;. This contributes to the energy resolution of the

detector.
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As seen in Figure 4.8, C%Ti” is much larger (as much as a factor of 5) in IK than in

lab
NK at lab angles corresponding to small scattering angles, which correspond to the
highest yield for a direct reaction. This can be understood by examining the gradient

of these kinematic lines, which is
dTs db.p,

= —1M3U3Vem SIN Oy, —— . (4.9)
delab delab

The derivative 40em
delab

significant impact upon the gradient®. As T,™ is a constant for a reaction in NK

can be neglected for both IK and NK; as it does not have a very

and IK, vs and mg are identical for a given reaction in NK and IK. Therefore, the
controlling factor for the gradient is v.,,. Rewriting Equation 4.5 in terms of T,

from Equation 4.1 yields
2m1TIicm

v = —_—.
o ma(mi + ma)

(4.10)

As my > my in IK, vey, is larger and so ggﬂ is larger in IK. Therefore, KS is more
lab

significant in IK.

The second important effect in IK is kinematic compression (KC), which can be
understood with reference to the spacing in T3 for different populated states in the
residual nucleus for IK and NK in Figure 4.8. It is crucial to have ejectiles with

well-separated energies in order to resolve states in the excitation-energy spectrum.

In IK, states separated by a given excitation energy are compressed together more
than in NK. This can be demonstrated by calculating the difference in ejectile energy

for two excited states in NK and IK. This difference, ATj3, is

AngA—i-B,/@cochm:A—B,/@cosncm, (4.11)
mo ma

where A and B are positive constants in IK and NK¢€.

This relationship shows that both IK and NK will experience KC as 6., increases,
as shown in Figure 4.8. The degree of this compression is dictated by the factor
\/% , which is large in IK and small in NK. States in NK are less affected by the
compression for forward angles (small 6., ), whereas IK are greatly affected at forward

angles (small 7y,).

P A complete derivation of this factor can be found in Appendix B.

(0)
x

“Specifically, for excited states with excitation energies Eg(cl) and FE,’, the constant

A= (Eé” - Eéo’) and B = 2\/ s G [\/ Tem+Q— BY — \/ Tem 4+Q — ES})} :

mg+mg +ma)(mg+ma)
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Both KS and KC are both present at these forward angles in the CM frame, which is
a typical region of high yield in transfer-reaction experiments [87]. The cumulative
effect of KS and KC is illustrated in Figure 4.9.

No kinematic effects KS present

| )

KC present KC and KS present

Counts

Excitation energy

FIGURE 4.9: An illustration of an excitation-energy spectrum with and without the effects
of KS and KC.

The top left spectrum shows three distinct peaks. The effect of KS (top right)
broadens the peaks, and the effect of KC (bottom left) forces the peaks together.
The overall effect (bottom right) can obscure weaker peaks, and makes the task of

resolving peaks in the excitation-energy spectrum much harder.

These kinematic effects create issues for conventional experimental set-ups where
detectors are arranged at fixed angles. Detectors require excellent angular and energy
resolution in order to distinguish ejectiles, so that yields can be extracted. Ejectile
energies for the desired angular range are also much smaller in IK than in NK. The
resulting poor excitation-energy resolution can be ameliorated to some degree by
using high-resolution ~-ray detector arrays, where the detected ejectile and v-rays
emitted by the daughter nucleus occur in coincidence. This is the method used by
the MINIBALL experiment at ISOLDE for example [11]. However, ~-ray detection
is often limited to efficiencies of a few percent and thicker targets are required,

worsening the ejectile energy resolution. Such techniques are also limited to states
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that decay via y-rays and are complicated in the presence of longer-lived isomeric

decays to obtain reasonable data rates.

The ISOLDE Solenoidal Spectrometer is designed to overcome the kinematic effects

that hinder resolution in IK, in particular KC.

4.4 THE SOLENOID CONCEPT

The ISOLDE Solenoidal Spectrometer design is based upon HELIOS (HELIcal Orbital
Spectrometer) at Argonne National Laboratory, USA [88]. They are both made from
repurposed MRI magnets. A schematic diagram of ISS is shown in Figure 4.10 for

this particular experiment.

Beam and

_ Magnetic

‘ % Axis
N

Recoil Detector

Beam Diagnostics
Monitor

| Target
\ a“ Si Array

\\

FIGURE 4.10: A cross section of the inside of ISS, with detectors arranged for the
d(*®*Mg,p)?Mg reaction. The magnetic field is parallel to the beam-line axis. The tra-
jectories of the different particles are shown hitting their respective detectors.

Reactions are performed within the solenoid, with the beam parallel to the magnetic
field axis. The 2®Mg travels down the beam line towards a deuterated target. In the

case of the (d,p) reaction, the protons corresponding to the peak of the transfer yield
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are emitted into the backward hemisphere in helical orbits, and return to the axis to

hit an array of position-sensitive silicon detectors.

4.4.1 Kinematics in a solenoid field

An ejectile from a reaction of charge ¢ in a uniform magnetic field B experiences a
centripetal force perpendicular to the magnetic field and its velocity ug, which can
be expressed as

2
qug x B=qu, B = m?’ul, (4.12)
r

where u | is the velocity component of ug perpendicular to the magnetic field, and r

is the radius of the helical orbit. This radius is therefore

msu,|
= . 4.13
r=-’ (4.13)

A diagram of this helical orbit within the solenoid is shown in Figure 4.11.

SIDE END

Proton returns to beam axis

uy
—_— - e - @)
Beam ! W
| -0
’ z |
® z

FIGURE 4.11: A diagram showing the path of an ejectile proton within the solenoid from
a (d,p) reaction. The distance along the beam axis z is negative here, because it is in the
opposite direction to the beam.

As the ejectiles are scattering with a component of velocity antiparallel to the beam
direction, the angles ;4 and 0., > 7), they will be relabelled with 174 = 7 — 0145

and 7¢y, = 7 — O, for convenience.

Using Equation 4.13, the time period for this orbit, ¢, is therefore

2nr  2mms3 2w
to — — - = 4.14
Y qB w’ ( )

where w is the cyclotron period for the ejectile. This result is important — knowledge

of the magnetic field strength and a measurement of the time period is sufficient to
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give the mass-to-charge ratio of a given ejectile, providing a means for identifying
particles. For light ejectiles, these ratios are sufficiently different that nanosecond-
timing resolution allows distinctions between most particles to be made, as shown in
Table 4.1.

Particle ¢ mg (1) teye (ns)

p 1 1.0073 26.2
d 1 20136 524
t 1 3.0155 78.5
3He 2 3.0149 39.3
o 2 4.0015 52.1

TABLE 4.1: Orbital time periods of light particles in a solenoid with a magnetic field of
2.5 T.

Where particles have similar mass-to-charge ratios, they can be typically identified by
other measurements, such as the amount of energy deposited in the detector. Hence,
there is much easier ejectile identification for reactions in IK in ISS than using the

deposited energy, which, as described in Section 4.3, is small for reactions in IK.

The distance from the target along the beam line, z, is related to t.y. by the parallel

component of the ejectile velocity:
z = thcyc. (4.15)

If the ejectile completes multiple orbits, then z can simply be scaled by this number
to calculate where the ejectile returns to the axis. As protons tend to be emitted
backwards in the lab frame (mq, < 5) for a (d,p) reaction, z is negative. The two
components of velocity in the lab frame can be related to the corresponding velocities

in the CM frame using Figure 4.7,

u| = ug cos O1ap = Vem + V3 €08 Oepy = Ve — U3 COS Nem, (4.16)

Uy = ugsin O1gp = v38in Oy, = V3 SN Ny - (4.17)

Equation 4.7 can then be rewritten in terms of z using Equations 4.14-4.16 to give

qBvUem,
z.

1
T3 =T — fmgvgm + o

2

(4.18)

The first two terms in this equation are constants for a given excitation energy, so the
ejectile energy is linearly dependent on z. This is in contrast to Equation 4.7, where

the ejectile energy is linearly dependent on cos 0.,, so non-linear in 0.,,. Therefore,
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a conventional fixed-angle experiment will have a non-linear energy dependence
on the angle — the cause of the unwanted kinematic effects of KC and KS. The
solenoid technique avoids these kinematic effects, because the ejectile energy is
linearly proportional to z. The angles and excitation energy can be extracted from
the measurement of both T3 and z%. This relationship is demonstrated graphically

in Figure 4.12.
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FIGURE 4.12: Kinematic lines for ejectile protons produced in the d(?**Mg,p)??Mg reaction
in the range 0° < n¢, < 50°. This assumes that the protons return to the beam axis. The
top plot shows T3 against z for a singular orbit. The bottom plot shows the mapping of 7.,
onto z.

It can be clearly seen that the effect of KC has been eliminated, as the difference in

T3 is proportional to the difference in E, for a given z. This difference in T3 is solely

4This is demonstrated in Appendix A
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due to the kinetic energy of the ejectile in the CM frame, T35, as vy, does not vary
with F,.

While the analogue of KC is absent in the solenoid, there is an analogue of KS because
dT3
z

d
Using Equation 4.9, the KS for a conventional fixed-angle experiment, where 0, is

# 0. The magnitude of the KS in each technique can be directly compared.

measured, is

do
— = Al = — em SIN Qe —— Abyp. 4.19
d@lab lab ms3vsv, S1n d@lab lab ( )

Using Equation 4.18, the analogue KS for the solenoid technique, where z is measured,

is
dT3 o qB’Ucm

For a fixed-angle technique, the angular resolution achievable is on the order of a few
degrees to be able to obtain a significant yield. For example, the TREX experiment
at ISOLDE, which detects ejectiles from reactions in IK with a fixed-angle set-up,
has an angular resolution of 2°-6° in 64, [89]. For the solenoid, the position on a

detector can be known on the order of a few millimetres.

The contributions to the resolution from each of these techniques can then be directly
compared by taking the ratio of Equation 4.19 to Equation 4.20,
7(;193:; Abjap

a1y
e Az

_ 2mmgvs sin e, dber,
qgBAz do,,,

N (4.21)

Values of this ratio are listed in Table 4.2 for different values of 7.y, for protons

emitted where the ground state of 2?Mg has been populated.

Az (cm) (fOI‘ Aelab = 20) (fOl" Aelab = 60)
Nem (°) 0.01 0.1 1.0 0.01 0.1 1.0
5 16.4 1.6 0.2 49.2 49 05
10 36.2 3.6 04 108.5 10.8 1.1
15 62.0 6.2 0.6 186.1 186 1.9
20 95.8 9.6 1.0 287.3 287 29
25 137.8 138 1.4 413.3 413 4.1
30 187.5 188 1.9 562.6 56.3 5.6

TABLE 4.2: Values of the fraction in Equation 4.21 for different values of A#;,, Az, and
Nem -

This shows that the contribution to the resolution from KS is much larger for
conventional fixed-angle setups than for solenoidal spectrometers. The only case

where they do better is when the position resolution in the solenoid is of the order
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of 1 cm or more at very low angles. However, positions in the solenoid can be
trivially measured on the order of millimetres, showing the superiority of the solenoid

technique in this contribution to the energy resolution.

The solenoid technique additionally benefits from efficient solid angle coverage for
charged particles, due to the focusing effects of the magnetic field. Instead of
surrounding the target with detectors, the detectors can be placed around the beam
line. However, the introduction of a detector with a non-zero radius on the beam
line affects the z-dependence of measured and deduced properties, and this will be

discussed below.

4.4.2 Kinematics for a detector of finite size

Corrections to the kinematics calculations are necessary due to the finite size of the
detector. In reality, ejectiles do not return to the beam axis, but are incident on the

detector before reaching it. A diagram of this is shown in Figure 4.13.

SIDE END
Proton hits array before axis
uy
B e o T T AR 0)
Beam . W P
) 0
1 1 z
| e |
Si array ® 2

FI1GURE 4.13: A diagram showing the effects on the trajectory of an ejectile when a finite
detector is placed on the beam axis. The blue path indicates where the ejectile would have
travelled.

Instead of completing one whole orbit, the ejectile moves helically through an angle

2m — . This angle can be rewritten as

(P
=2 — 4.22
o arcsin (2r> , (4.22)

where p is the radius of the detector, equal to the distance OP. When considering
the full ¢ coverage within the detector, the radius of the detector, p, will change,
as the cross section of the detector is a square. To take account of this, an average
detector radius, pg can be calculated and used in place of p. This is illustrated in
Figure 4.14.
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Si arra;
‘ . ‘
L Si detector

FIGURE 4.14: A cross section through the silicon detector array. Four detectors are arranged
around a square with a diameter of 2h. The true radius from the centre, p, varies with the
azimuthal angle, ¢. y; and y» denote the distance the silicon strip covers one side of the
array. On the left view, the dot indicates the beam axis.

The average radius, pg, is therefore

Y2 Y2
/ p(y) dy / VI +y? dy
Y Y

= 241 = 2 . 4.23
o /y2 dy (y2 . yl) ( )
Yy

Using the substitution y = htan ¢, pg becomes

y2 /P2 +y
SR m—mmmmﬁ o

As each side of the silicon detector array is identical, this average radius holds for

the whole array.

The time to complete one orbit must be modified to include the angle «a, so Equa-

tion 4.14 becomes

r(2T — « 2m .
teye = ( o ) = qBS |:7T — arcsin (giﬂ . (4.25)

This transforms z which becomes

2mgu| [ . < pogB )
z = ——L |1 — arcsin
qB 2m3ul

(4.26)

which is plotted against T3 and 7.y, in Figure 4.15.
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FIGURE 4.15: Kinematic lines for the d(*®Mg,p)??Mg reaction for a detector of a finite size
in the angular range 0° < 7¢, < 50°. The top plot shows T3 against z for a singular orbit.
The bottom plot shows the mapping of 7., onto z. The dimensions of this detector are

detailed in Section 4.6. The dashed line is the kinematic line for the ground state where the
ejectile returns to the beam axis.

The kinematic lines here are no longer single-valued and linear, but instead have
“knees” at low values of 7.y, which causes double-valued portions of the function.
The knees occur as the difference between the value of z in the simple case and
the actual value of z increases. As 7., increases, the deviation of the kinematic
lines from the simple case reduces. If the radius of the detector array increases, the
knees will occur at higher values of 7.,, reducing the useful angular coverage for the
detector. It is, therefore, important to minimise this radius while still allowing the

beam to pass through the centre.

While an average radius of the silicon detector array has been calculated, this replaces
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the actual square cross section with an idealised circular cross section. The validity
of this assumption can be calculated by looking at the difference in z for particles
that hit the centre and the edges of a particular silicon strip on the detector array.
The radius of the array will vary between two values, pcen and peqq. Ejectiles hitting
the silicon strip at these radii for a given 0., will have different values of z, labelled

Zeen and zegg. The difference this makes is illustrated in Figure 4.16.

101‘
§ —0 MeV
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FIGURE 4.16: The difference in z for particles hitting a given silicon detector in the middle
or on the edge, for the value of z when using the average radius py for the square array used.
These values are plotted for the range 0° < 7¢,, < 50°. The “knees” appear above the dashed
line, for ney,, < 11°.

Figure 4.16 shows the difference in z between zeen and zeqq, the values of z calculated
at the minimum and maximum detector radius respectively. After the knees, the
difference this makes to the position is of the order 0.1-0.01 c¢m for the majority
of values of z, well within the total position resolution of the detectors. Therefore,

assuming that the radius of the array remains constant is reasonable.

4.5 THE SOLENOID

An Oxford OR66 solenoid was used to provide the magnetic field for ISS. It is a
repurposed MRI magnet that is able to sustain fields up to 4 T. The bore of the
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magnet is 925 mm, and the detectors within the magnet are aligned to this magnetic-
field axis down the centre. The diameter of the total magnet is 2396(10) mm, and
has a length of 2732(5) mm [86]. The radial field, B,, and the axial field, B, for ISS
are shown in Figure 4.17. For the d(*®*Mg,p)?Mg experiment, the axial field was set
to 2.5 T.

3.0
25 -
2.0 -
=
— 1.5 -
N —p =0.00 cm
--- p=11.40 cm
1.0 —p=19.95 cm .
--- p=2850 cm
—p =39.90 cm
0.5

"=1500 —1000 —500 0 500 1000 1500

_10\ | | PR R

z (mm)

FIGURE 4.17: A map of the field strength measured a few months prior to the d(**Mg,p)?°Mg
experiment taking place, where the field was 2.47 T on the beam axis in the centre of the
solenoid. The grey dashed lines are at £520 mm and correspond to zpmax (defined in
Equation 4.28) for E, = 0 at 7¢, = 0°.

Up to this point, the kinematics of particles in ISS have assumed a completely
uniform magnetic field. In reality, this is an idealised case, as Figure 4.17 clearly
shows. Trajectories at higher p or at higher z will have both a changing axial field
and radial field. Results from a GEANT4 [90] simulation indicate that a 1% change
in axial field can increase the FWHM of a peak by approximately 10% [91]. This will

primarily affect ejectiles with high-n.,, because they are more likely to reach larger p
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in the solenoid. It can also affect ejectiles with low 7., if they reach a large value of

z where the field is inhomogeneous, but this is less likely.

Therefore, confining the ejectiles to the uniform region of the magnet is crucial for
optimising the position resolution on the array. This region can be defined by the
maximum values of p and z for all desired particle trajectories. Using Equations 4.13
and 4.17, the maximum radius within the detector occurs at the diameter of the
helical orbit:

2msu | 2ms3vs Sin Nem

mX:Q: =
Pma. r B 4B

(4.27)

Pmax can be maximised by using the maximum 7., of interest for protons, which is
40°, and having F, = 0 to maximise v3. This yields ppax = 32.0 cm. This is not

surpassed by the equivalent for deuterons, which is pmax = 25.5 cm for 7¢,, = 22.491°.

The maximum z for this region occurs when the proton scatters backwards at n¢, =0
and completes one full “orbit”. Using Equations 4.14-4.16, the maximum distance

travelled from the target is

27Tm3
qB

27rm3

Zmax = U||tcyc = qu (Ucm — U3 COS ncm) = ('Ucm - UB) (4'28)

For a 2.5 T axial field, this corresponds to —0.52 m, which has been marked on
Figure 4.17. This can be more helpfully visualised by plotting the variation of pmax
and 2zpax with 7., with the 1% field variation threshold marked. This is shown in
Figure 4.18.

The lines corresponding t0 pmax and zmax can be used to work out the boundaries of
the trajectory of ejectiles in the solenoid for the given excitation energy, as demon-
strated for a particular ejectile in Figure 4.18. Each trajectory is within a cylinder
of radius pmax and length zmax a distance r from the z-axis. All of these possible
trajectories are within the 1% threshold, showing that it is valid to treat the field as

constant for this experiment.

4.6 DETECTORS IN THE ISS

A diagram of the detectors in ISS for the d(**Mg,p)?*’Mg reaction is shown in
Figure 4.10, where the paths of protons, deuterons, and recoiling nuclei are highlighted.

The detectors used to detect these particles are discussed here.
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FIGURE 4.18: The variation of ppax and zpax for the angular range 0° < 1., < 40°.
The axial field 1% contour has been drawn for comparison. The grey dashed line is at
z = —520 mm. The grey dotted line shows the boundaries of the trajectory for an ejectile
that populated the ground state of 2Mg. This trajectory has been drawn within these
boundaries, with ¢ chosen so that the initial u is into the plane of the paper.

4.6.1 The HELIOS silicon array

As previously mentioned, the HELIOS silicon detector array was used to detect the
ejectile protons. Photographs of the array and a PSD are shown in Figures 4.19 and
4.20.

FIGURE 4.19: A photograph of the HELIOS detector array [92]. The four-jaw slit can be
seen in red at the end of the array.
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PC Board

FIGURE 4.20: A photograph of a PSD mounted to a PC board [92].

The array contains 24 silicon position-sensitive detectors (PSDs). These are mounted
on a square extruded aluminium rod to form an array of detectors with six detectors

on each side. The dimensions for both the rod and the PSDs are in Table 4.3.

PSDs Rod

Dimensions 12 mm X 56 mm Outer diameter 23 mm
Thickness 700 £ 15 pm Inner diameter 10 mm
Active area 9 mm x 50.5 mm Total length 710 mm

Array active area 9 mm x 345.3 mm®

TABLE 4.3: Measurements of the PSDs and rod used in ISS, taken from Refs. [92, 93].

The rod dimensions were chosen to allow the beam to pass through the centre of
the rod and also retain the desired kinematic properties as outlined in Section 4.4,
namely that the radius of the detector array is minimised to reduce the size of the
“knees” on the energy-position spectrum. An adjustable four-jaw slit was attached to

the end of the array nearest the target, but was not used in this experiment.

Each PSD produces three signals: a total energy signal from an aluminium contact on
the back of the detector, E, and two signals at each end of the strip from aluminium

contacts at the front of the detector, X; and Xs. This is illustrated in Figure 4.21.

w

—> psd

0

FI1GURE 4.21: A diagram of the PSD. A charge impacts on the detector giving a total energy
signal F. Signals are additionally collected at X; and X5 that can be used to infer the
position on the strip. The X¢q scale is defined in Equation 4.29.

®This length represents the distance from the beginning of the first PSD to the end of the last PSD

on a given side. However, there are gaps between each PSD which will not detect any particles.
This active area is the area which the detectors occupy on the array including these gaps. The
difference between this length and the total length of 6 detectors with no gaps is 42.3 mm.
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There is approximately 17 k) resistance between X; and X2, and this resistance
allows the position to be calculated using resistive charge division. The charge
collected at X; and X5 will be inversely proportional to the distance from the

interaction site in the PSD.

The position on the strip can then be determined using

X E
-5 Xi>3
KXpsd = ’ (429)
p
X, v E
E7 2 = 2

where 0 < X,sq < 1, and has been labelled in Figure 4.21. This can be scaled to the
width of the PSD, w, and thus used to calculate the distance from the target to the
position on the strip. If X5 is closer to the target than X7, then

1
z=w (Xpsd — 2) — dq — d;, (4.30)

where dy, is the distance from the target to the array, and d; is the distance from the
end of the array to the centre of detector i. The positions of the detectors on the
array are listed in Table 7.2 of Ref. [93].

The position resolution has been previously established in Ref. [93] using elastically
scattered protons from a 2C foil at 2.0, 3.0, 4.0, and 5.0 MeV. A mask with eight
0.5 mm slits was used to cover the PSD, and the average FWHM of the resultant
peaks was extracted. This was 0.532 mm at 5.0 MeV and 1.17 mm at 2.0 MeV.
The energy resolution was also measured in this scattering, and was found to be
27-53 keV at FWHM, depending on the detector.

This energy resolution includes a contribution from the position resolution, due to
the energy dependence on z. This was characterised in Equation 4.20, but can be

more helpfully represented as

dT: 1 T T [keV
et L Y B S et SPUE Y S B S (et S {e} , (4.31)
dz 2 m1+ma\ my mi +meo \l m1 | mm

where 7%11 is the beam energy in MeV, ¢ is the charge in units of the elementary charge,
and B is the magnetic field in units of Tesla. For the d(?*®*Mg,p)?°Mg reaction, which
had a field of 2.5 T and a beam energy of 9.473-A MeV, then dd% ~ 16.4 keV /mm.

This contribution to the energy resolution will be discussed further with other

contributions in Section 5.1.3.
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The solid angle for the detectors can be seen by examining the trajectories of
the ejectile protons — examples for the d(**Mg,p)??Mg experiment are shown in
Figure 4.22. The azimuthal angular coverage for the array can be seen from the
trajectories in Figure 4.22a. It can be calculated due to the symmetry of the detectors
around the beam axis for the length of the array. Using the set-up in Figure 4.14,

the azimuthal angular coverage for one detector is
Y2
A¢ = 2arctan (h) , (4.32)

where yo = —y;. Using the width of the active area and the size of the outer
diameter from Table 4.3, A¢ =~ 0.746 radians, which is approximately 42.7° per
detector. Therefore, the total efficiency in ¢ is 47%, which agrees with what is seen

in Figure 4.22a, where roughly half of the trajectories hit a detector.

The polar solid angle coverage is represented in Figure 4.22b, which shows all single-
orbit trajectories that hit the detector. This polar coverage can be calculated and
combined with A¢ from Equation 4.32 to place an upper limit on the total solid
angle of the detector array. Using Equations 4.15 and 4.16, the total solid angle for

ejectiles that carry out single turns before hitting the array is

dz  4A¢Az

Vsleye Vsleye

AQ = / do / $i1 Oy Aoy = —AAG / , (4.33)
where Az is the total length that the detectors occupy in the z-direction. The total
solid angle, AQ), is therefore independent of the position of the detectors within the
solenoid, though there is a limit to the value of Az from the angle limit imposed by
the position of the target in the solenoid. For the ground state, and using a total
length of 303 mm from the 6 detectors on each side of the array, A2 = 0.58 sr, or
just under 5% of 4m. This is an upper limit, however, as cuts were applied to the

detectors, and this is detailed more in Section 5.4.2.

4.6.2 The luminosity detector

The luminosity detector is the first detector that is downstream from the target, as
shown in Figure 4.10. It detects elastically scattered deuterons in the reaction. A
schematic of the detector setup is shown in Figure 4.23, and some photographs are

shown in Figure 4.24.

The detector itself is a Micron Semiconductor S1 detector [94], a double-sided silicon

detector. It is annular in shape, and shielded by both a thick aluminium annulus
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FIGURE 4.22: Trajectories of protons on the array with F, = 0 MeV. Green trajectories hit
the PSDs, whereas red trajectories hit the array frame. Blue trajectories are those that hit
the four-jaws before the array. (a) is viewed from the target towards the array for 7., = 15°
for pseudorandom values of ¢. (b) is viewed from the side for 0° < 7¢, < 43.2° (single-orbit
trajectories). The spacing between these trajectories is 0.2°. They have their initial values of
u aligned in the positive y-direction.
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Detector
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FIGURE 4.23: Schematic of the luminosity detector (not to scale).
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FIGURE 4.24: Photographs of the luminosity detector.

and a tube that passes through the centre of the annulus. Therefore, particles can
only enter the detector by passing over the shield. The shield and tube prevent
many unwanted particles from hitting the detector, but also reduces the solid angle
for deuterons to hit it. The distances for the luminosity detector within ISS are
presented in Table 4.4.

Distances along the beam axis Radial distances

Thickness of Al shield 12.8 mm Inner Diameter  48.00 mm
Distance between detector and shield 13.42 mm Outer Diameter 96.00 mm
Target-S1 distance 125.7 mm

TABLE 4.4: Relevant dimensions of the luminosity detector within ISS.

Because of the shielding, there are only two trajectories that the deuterons can take
before hitting the detector, corresponding to one and two revolutions in a helical

orbit, and these are presented in Figure 4.25. These can be distinguished, as they
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FIGURE 4.25: Trajectories of deuterons in the ISS. The initial component of deuteron velocity
perpendicular to the beam line is directed into the plane of the paper. Most trajectories miss
both the shield and the detector (blue), some hit the shield which would have hit the detector
(orange), and some are just blocked by the shield (red). Only a fraction of the trajectories hit
the detector (green). The spacing between trajectories here is 0.15°, and the angular range
for successful trajectories is 21.615° < 6, < 22.491° for single-orbit trajectories (top), and
(b) 14.755° < Oy, < 15.127° for double-orbit trajectories (bottom).
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have different energies according to Equation 4.7. With increased revolutions comes
a reduced solid angle, so the single-revolution peak was used to evaluate the target

thickness.

The detector is divided into four quadrants that give full 27 coverage in ¢ for any

scattered deuterons that can enter the detector.

4.6.3 Beam diagnostics detectors

Two beam diagnostics devices were placed downstream from the luminosity detector,
as was shown in Figure 4.10. Photographs of these devices from within ISS are in

Figure 4.26. These were only used for examining the beam without any obstruction

Faraday Cup

FIGURE 4.26: The 0° AE-E detector (left) and the Faraday cup (right) behind the luminosity
detector in ISS [86].

from a target; otherwise they were moved out of the path of the beam. These devices
were a Faraday cup, for monitoring the beam current, and a AE—FE detector to test
the purity of the beam. The AE—F detector was composed of two ORTEC silicon

surface barrier detectors!, with an active area of 150 mm? [95].

fThe model numbers were B-018-150-500 and D-030-150-75 respectively.
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4.6.4 The recoil detector

The recoil detector was the final detector used downstream from the target, as was
shown in Figure 4.10. Photographs of the assembled recoil detector are shown in
Figure 4.27.

FI1GURE 4.27: Photographs of the recoil detector.

The detector consists of eight Micron QQQ1 detectors [96], which are single-sided
silicon detectors. They are arranged in two layers of four detectors each to form
a AFE-F detector. They were used to detect the recoiling residual nuclei from the
reaction. Any unreacted beam was able to pass through the centre into a beam dump.

The dimensions of each of these detectors is detailed in Table 4.5.

Radii (mm) Thickness and angular coverage

Chip inner  11.50  Angular coverage (°) 82

Chip outer  103.00 AEFE thickness (um) 47, 51, 64, 71

Si inner 18.00  E thickness (um) 494, 498, 501, 502
Si outer 100.00

TABLE 4.5: Dimensions of the individual QQQ1 detectors used in the recoil detectors [96].

Although there is not complete 2mw-coverage in ¢, the residual nuclei of interest
are correlated via two-body kinematics with the proton detection on the four sides
of the array. Therefore, the recoil array was rotated in order to fully cover the
recoils correlated with detected protons in the array. Using the target—recoil detector
distance, this angle was calculated to be 36° from the vertical. The resultant

trajectories of recoiling nuclei are shown in Figure 4.28.

These trajectories fall into a windmill-pattern, corresponding to the four sides of

the array. Like the ejectiles, the residual nuclei move in helical orbits, but have a
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FIGURE 4.28: Recoil trajectories from the d(**Mg,p)?Mg reaction. Trajectories in green
hit the recoil detector, whereas those in yellow hit the surrounding material, and those in
red pass through the middle. Successful trajectories occur when 7., > 13.6°. (a): viewpoint
from the target for 1., = 15°. (b): viewpoint from the side for differing n.,.
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longer orbital time period than the ejectiles because of their larger mass-to-charge
ratio. They hit the recoil detector partway through their helical orbit. While only
single orbits have been displayed, ejectiles that undergo multiple turns will have
corresponding recoils that reach further distances from the beam axis on the recoil

detector.

The recoils pass through the AE detector and deposit some energy and then stop in
the F detector. The deposition of energy in both of these detectors is described by
the Bethe-Bloch formula [97], and different masses and energies can be distinguished
by their energy-loss characteristics. Thus the recoil detector can be used to identify

the residual nuclei of interest.

4.7 TARGETS

The targets used in this experiment were a series of CDy targets with a range of
thicknesses. The main analysis was carried out using targets of thickness 80 pg cm ™2
and 120 pg cm ™2, as these provided sufficiently many reactions without compromising
the energy resolution. This corresponded to two different positions of the silicon array,
in order to maximise the solid angle coverage. An additional target of 637 pug cm™2
was used for validation of array positioning. A picture of the target ladder used is

shown in Figure 4.29.

FIGURE 4.29: The target ladder used in ISS. 6 targets were mounted, and there were
additional apertures mounted for beam tuning [86].
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Analysis of the d(**Mg,p)?"Mg experiment

This chapter details the stages of analysis of the data obtained from the measurement
of the d(*®Mg,p)??Mg reaction using ISS. The procedures required to extract absolute
cross sections and spectroscopic factors for the states populated in the d(?**Mg,p)?**Mg
reaction are described. This includes details on calibration of the raw data and
selection of the reaction of interest, as well as methods for making f-assignments for

each state.

5.1 DETECTOR CALIBRATIONS

5.1.1 Gain matching

As detailed in Section 4.6.1, the HELIOS silicon array records three signals: X7, Xo,
and E. To account for variations in signal gain and offsets between the 24 detectors
in the array, all of these signals must be gain matched for each of the 24 detectors on

the silicon array.

The detectors were gain matched using « particles of known energies from a mixed

a-source, containing the four radionuclides listed in Table 5.1. The « particles were

Radionuclide Energy (keV) Radionuclide Energy (keV)

148Gq 3183 239py 5157
1A 5486 240m 5805

TABLE 5.1: The four radionuclides used in the mixed a-source, and the energies of the
strongest decay branch [21] for each.

emitted from rest in the lab frame, so every « particle from a given decay deposited

103
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the same energy on the array, independent of position. One of the raw a-particle

energy spectra is shown in Figure 5.1.

241 Am: 5486

1400 289Pu: 5157

1200
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FIGURE 5.1: An a-particle spectrum from one of the detectors on the array. Each peak has
been labelled with the a-particle energy in keV.

These four strongest a-particle peaks can be clearly distinguished, therefore providing
four data points from which a robust calibration can be created. A linear relationship
of the form

E =a(X;+bX2)+c (5.1)

was used to gain match the three signals for each detector. a, b, and ¢ are gain-
matching constants particular to each detector on the array. Gain matching was
achieved in a number of stages. First, the signals X; and X9 were matched to each
other by scaling X2 by b. Then, this weighted sum of X; and X» was scaled by a to

match the raw energy signal, E. Any offset required was contained in c.

Figure 5.2 shows the process of extracting these gain-matching parameters. Alpha
particles from the mixed source produced four distinct a-particle lines on the raw
X1—X> plot, which is shown in Figure 5.2a. Each line has the same gradient, which
allowed the extraction of the parameter b from one of the lines, shown in black. The
parameters a and ¢ were then extracted from the fit between £ and X7 4+ bX5s, shown
in Figure 5.2b.
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FIGURE 5.2: (a): The plot of the raw X; and X5 signals. The four a-lines can be distinguished.
(b): The matched X; and Xy compared to the raw E signal. The black lines indicate the fits
used to extract the parameters a, b, and c.

5.1.2 Energy calibration

A further linear calibration of the deduced excitation energy spectrum was performed
using energies from Ref. [98] for each detector. This accounted for potential offsets

in the calibration due to energy losses of the emitted « particles in the source.

5.1.3 Contributions to excitation-energy resolution on the array
The observed excitation-energy resolution depends on a number of factors.

e Proton energy resolution: this was discussed in Section 4.6.1, and is 27-53 keV at
FWHM, depending on the detector [93].

e Energy losses of beam or ejectile in the target will contribute to the energy spread

of protons depending on where the reaction occurs in the target.

Energy loss of the beam particle: the incoming Mg is slowed by interacting with
the target material. This was calculated using stopping tables [99]. For a nominal
target thickness of 100 ug cm™2, the maximum energy loss to the beam is 610 keV
if it fully passes through the target. This energy loss scaling is approximately
linear with the depth of the reaction site within the target. This corresponds to

a 13 keV maximum change in the ejectile energy for 7., = 0° for protons.

Energy loss of the ejectile: the proton experiences energy loss passing through the

target. This is dependent on the depth of the reaction site, but also on the angle
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of emission. Protons emitted at high values of 7, lose more energy to the target,

a
COS Niab’

The maximum energy loss is 15 keV for a proton passing through a 100 pug cm™

and this energy loss is proportional to where a is the target thickness.

2

target where 1,5 = 0°.

These effects are illustrated in Figure 5.3, showing the change in ejectile energy

for a 100 pug cm™?2 target. For the targets used here, with nominal thicknesses of
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FIGURE 5.3: Left: illustrations of the penetration depth within the target. A greater
percentage of penetration causes greater energy loss to the ejectile. Right: the maximum
change in ejectile energy at a given depth and emission angle for the ground state compared
to an ejectile that reacts on the surface of the target and experiences no energy loss, ATj.
This is shown for different depths of penetration in a 100 pg cm™2 CD, target quoted as a
percentage of the full target thickness. Corresponding 7., values have been labelled for each
penetration.

80 and 120 pg cm ™2, the maximum energy lost by the ejectile protons was 23 keV
and 34 keV, respectively, at n., = 0°.

e Beam energy spread: the beam energy was 9.473-A MeV on average, but had
an energy spread of %E = 0.3% [86]. This corresponds to a beam energy spread
of 28 keV/u FWHM, and leads to a spread in ejectile energy of 5-14 keV for
0° < Nem < 30° for protons populating the ground state in d(**Mg,p).

o Detector alignment: each detector within ISS was precisely aligned within the
solenoid with uncertainty less than 0.1 mm [100]. Therefore, the alignment was

taken to have negligible effects on the resolution.

Similarly, there are effects due to the position resolution of the detectors. Firstly, the
position resolution affects the energy resolution. As mentioned in Section 4.6.1, the

energy dependence on z contributes 16.4 keV/mm to the energy resolution. For the
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array, z is determined within 1 mm, so contributes 16.4 keV at most to the resolution
[93].

However, this is further compounded by the size of the beam spot, the effects of

which are shown in Figure 5.4. A finite beam spot causes ejectiles to be emitted
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FI1GURE 5.4: Left: The orbit of an ejectile that is displaced a distance d from the centre of
the array. This orbit is characterised by its radius, r, azimuthal emission angle, ¢, and by
the angle between the start and end position measured from the centre of its orbit, a. Right:
The effect of changing the distance d and the angle ¢ on z. The term Az is the change in z
from the case where d = 0 mm for a proton that is ejected from a reaction where 7., = 11°,
and populates the ground state. This is limited to one side of the array. The solid lines show
protons that hit a detector, and the dashed lines show the protons that hit the side of the
array but miss the detector.

from the target off-centre. This changes where they will hit the array detectors after
completing their helical orbit, leading to a range of values for z for a given T5. This
can be characterised with the angle, « (see Equation 4.22), as shown in the left panel
of Figure 5.4.

The broadening of the possible values of z for a given excitation energy leads to
increased FWHM of the peaks in the excitation energy spectrum. This is minimised at
¢ = 90° in this particular case, as & remains constant irrespective of the displacement
from the centre of the detector. Higher excitation energies and higher values of
Nem have reduced broadening, as the range of possible z values is reduced due to a
smaller value of w). What is shown in Figure 5.4 is therefore the maximum possible

broadening in z for the range of angles considered.

For this experiment the beam spot size was less than 2 mm FWHM, having been
tuned through a 3 mm collimator. For d = 1.0 mm, most of the ejectiles have a change
in z within the position resolution of the detector. Nevertheless, this contributes

approximately 33 keV to the energy resolution.
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Combining these resolutions gives an expected, excitation-energy resolution of 100—
160 keV for each detector. The measured FWHM of the first three states is shown in
Table 5.2 for each row of detectors, where the four detectors with the same z have
been summed together. The ground state doublet was present in all detectors, and is

given as a comparison to the isolated states at 1092 and 1492 keV where possible.

FWHM (keV)
Row 1092, 1432 0455 doublet
1 - 164(14)
2 182(8) 176(5)
3 144(3) 159(5)
4 139(3) 182(6)
5 154(4) 158(8)
6 158(6) 174(14)

TABLE 5.2: The width of the two strong excited states at 1092 and 1492 keV, and the width
of the ground-state doublet for comparison. This was measured for the 80 ug cm~? target.

5.2 CALCULATING THE TARGET AND BEAM PROPERTIES
FOR EXTRACTING ABSOLUTE CROSS SECTIONS

The quantity IgN¢, the product of the beam intensity and the number of target
particles per unit area, is necessary for extracting the cross sections for populating
states in 2?Mg, and was determined using deuteron elastic scattering. Rearranging

Equation 3.2 gives
Y

IoNy = ——«+——.
07t g—gAQsﬂeg

(5.2)

The yield, Y, corresponds to the number of elastically-scattered deuterons that were

incident on the luminosity detector.

The efficiency of the detector, e, was assumed to be 1, because the combination of a
relatively low beam current and a small solid angle of acceptance ensures that there

is little dead time.

Elastically-scattered deuterons from reactions with ?8Si are incident at effectively
identical angles and energies to those from reactions with 2Mg. The purity of the
beam, ¢, was determined using the AF—F beam diagnostic detector. Data from
this detector are shown in Figure 5.5, where the ?8Si contaminant can be clearly seen
with the 2Mg beam. Comparing the yield of 2Mg to 28Si yields a beam purity of
0.925 £ 0.007.
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FIGURE 5.5: The beam purity indicated by the AE—FE detector. Two distinct particle groups
are present showing the desired Mg beam and the contaminant 28Si. The “tails” on each
particle group arise due to scattering of the beam.

Since the solid angle was calculable (as described in Section 4.6.2), and the yield was
measured, the remaining quantity needed to determine IoN; was the cross section. At
the beam energy used, the scattered deuterons cannot be described using Rutherford
scattering, so the cross section was calculated using the optical model for a range of
different global optical-model parameters listed in Table 5.3. The ratio-to-Rutherford
cross sections for these different parameter sets are presented in Figure 5.6. The

mean ratio was 81.2% with a relative difference between the models of +0.7%.

As the luminosity detector has a finite angular acceptance, an integrated cross section

was used: do do
<do_>: deQ:/deQ s
dQ [ dQ AQ 7 '
so Equation 5.2 becomes
IyN, = 75; . (5.4)
EdQ

This integral was calculated numerically. However, the luminosity detector had
significantly lower yields of deuterons for two of its four quadrants. This was

attributed to the potential blocking of trajectories between the target area and
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Real volume Imaginary volume Imaginary surface Real spin orbit Imaginary spin orbit

U, Tow Gy W, Qno,e Gy W, moqm as Uso T0,s0 Gso Wso \mo“me so Rc Ref.
(a) 89.711 1.149 0.757 2.282 1.338 0.551 10.25 1.384 0.719 3.557 0.972 1.011 0 0 0 1.303  [101]
(b) 82434 1.18 0.742 0 1.27  0.832 10.958 1.27  0.832 6 0.895 0.895 0 0 0 1.3 [102]
(¢) 87.052 1.17 0.741 0.448 1.325 0.742 12.245 1.325 0.742 6.781 1.07 0.66 0 0 0 1.3 [103]
(d) 86.116 1.17 0.74 0.444 1.332 0.732 12.144 1.332 0.732 6.594 1.07 0.66 0 0 0 1.3 [103]
(e) 78.266 1.174 0.809 1.151 1.563 0.837 13.264 1.328 0.602 3.703 1.234 0.813 -0.206 1.234 0.813 1.698 [104]
(f) 99.824 1.05 0.86 0 0 0 23.642 1.43  0.62 7 0.75 0.5 0 0 0 1.3 [105]
(g) 84.735 1.15 0.81 0 0 0 18.947 1.34  0.68 0 0 0 0 0 0 1.15 [106]

TABLE 5.3: Details of the optical model parameters used for calculating the d(**Mg,d)?®Mg reaction cross section. The symbols are defined in Section 3.5,
with symbols with ~ denoting quantities accompanying imaginary potentials. The unit for the potentials is MeV, and the unit for the radius parameter
and the diffuseness is fm.
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FIGURE 5.6: The ratio of the DWBA cross section to the Rutherford value for the
d(*®Mg,d)*®Mg reaction at 9.473-A MeV. The different optical models used are listed in

Table 5.3. The dashed lines correspond to the angular acceptance of the luminosity detector
for a single orbit. The optical-model cross sections were calculated using PTOLEMY [44].

the detector due to the finite thickness of the target ladder. Therefore, only two
quadrants were used to extract the yield. An example of the measured yield is shown

in Figure 5.7.

The peak here lies on the background of lower energy events. They primarily occur
due to scattering from the 12C and noise on the detector, but there are contributions
from deuterons that undergo multiple turns and particles from fusion evaporation

reactions. This background was estimated with a quadratic fit.

Two targets were used for the experiment, characterised in Table 5.4. Though Position

Arra Nominal _ _
posit}ifon thickness (g em™)  ToN; & stat. £ sys. (mb™")
1 80 743 +£15 £ 76

2 120 3656 11 +41

TABLE 5.4: Details of the targets used for extracting cross sections. The statistical error
in IoN; arises from the error on extracting the yield, whereas the systematic error arises
from both the optical model dependence and uncertainty in the array position, +£5 mm.
Uncertainties are discussed further in Section 5.7.

2 of the array had a thicker target, and hence a larger value of Ny, the overall value

of IoN; was less because the measurements were taken at this position for a shorter
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FIGURE 5.7: A plot of the extracted yield from the luminosity detector. A Gaussian peak
was fitted on a quadratic background (blue) to form a fit for the desired deuterons (red).

period of time. The dependencies of the extracted absolute cross sections and the

value of IyN; on the choice of optical model is discussed further in Section 5.9.

5.3 PARTICLE IDENTIFICATION AND BEAM PURITY

The raw data, before any software gates are applied, are shown in Figure 5.8. This
histogram shows all of the detected particles on the array. The four a-particle lines
can be seen horizontally here, as the quadruple a-source remains within the solenoid
and all of its emissions are not blocked. The protons, present where a low-lying
excited state in 2?Mg has been populated, can be seen as diagonal lines resembling
those in Figure 4.13. They are significantly obscured by other artefacts, so software

gates are necessary here to remove the unwanted data.

When a particle hits a detector in the ISS, the resulting signal triggers the digitisers
on the data acquisition, where both the signal and a timestamp are recorded. In
Section 4.4.1, it was shown that particles hitting the array could be identified by
their time period to complete one orbit. Whilst this cannot be measured directly,

the time difference between detection of a recoil and a proton provides identification
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FIGURE 5.8: Measured ejectile energy, T3, plotted against z along the detector array. No
software gates have been applied to the data.

of the reaction itself. This is possible because the variation in recoil timings is small;

the maximum variation, arising from different values of 7., is less than 1.7 ns.

Therefore, the time difference between particles on the recoil detector and protons on
the array can be constrained with a software time window, and events that lie outside
of this window were rejected. An example time spectrum is shown in Figure 5.9. A
gate around the peak in this spectrum imposes a particle-recoil coincidence condition
within the selected time difference. This can be calculated using the time taken
for the recoiling Mg to reach the recoil detector, and the cyclotron period of the

proton, and is approximately 8 ns.

This reduces background events, including protons from fusion evaporation reactions

that fall outside the timing window, and « particles from the calibration source.

However, not all protons within this time window arise from a reaction with 2*Mg.
Nonetheless, due to the presence of beam contaminants (primarily 28Si), recoil nuclei
can be distinguished because they have different energy loss characteristics in the
AFE-F recoil detectors. Applying software cuts to the signals from the AE and FE
detectors removes reactions with contaminants in the beam. An example of the

recoil-detector spectrum is shown in Figure 5.10.
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FI1GURE 5.9: The time difference cut for a detector on the array. The accepted data are
between the dashed lines (yellow). Outside of this region, the data are rejected (red).
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F1GURE 5.10: An example of the data collected in one quadrant of the recoil detector with
time gates applied to select for coincidences. The main concentration of Mg nuclei and Si
nuclei have been highlighted. Each nuclide has a low-energy “tail” corresponding to elastic
scattering. The dashed red line indicates the approximate division between the 2Mg and
28Mg particle groups.
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The two-dimensional cuts were optimised by placing gates around the desired particle
group, and slowly reducing the gate to eliminate background while still maintaining
the yield in the peaks of the excitation spectrum. The effects of these cuts on the

T5—2z plot is shown in Figure 5.11
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FIGURE 5.11: Measured ejectile energy T3 against z. Timing cuts and gating on the recoil
detector have been implemented to select for magnesium nuclei. The gaps between silicon
detectors on the array are visible on this plot.

5.4 ADDITIONAL CUTS TO CLEAN THE DATA

A series of additional cuts were implemented to further improve the signal-to-
background in the excitation spectrum, and they are detailed in the following
subsections. The effect that each of these cuts in turn had on the data is detailed in

Appendix C.

5.4.1 CM angle cuts

Cuts in 7., are required to remove the “knees” from the T3-z plot, where the
kinematic lines become double-valued due to the finite size of the detector array.

This occurs at 7., ~ 11°. However, an implicit angle cut is already imposed by
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the selection of 2Mg in the recoil detector. Here, ejectiles that hit the array are
forced to have a corresponding recoil nucleus that also hits the recoil detector. This

is independent of the position of the “knees”.

The position of these limits can be simulated, and an example for the ground state

is shown in Figure 5.12. This shows the percentage of recoiling 2?Mg that hit the
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FIGURE 5.12: A simulation showing the percentage of residual nuclei that hit the recoil
detector given a detection of the ejectile. The angular range covers all ejectiles that complete
up to one helical orbit when F, = 0 MeV. 20000 events were used to determine the percentage
for each data point. The value of ¢ in each event was pseudo-random.

recoil detector for a given 7¢,. A threshold can be implemented on a state-by-state
basis where 99% of the recoils hit the detector. This ensures that the calculated
solid angles are not overestimated when extracting the yields. However, these cuts
remove the forward-angle data from the final excitation spectrum, so these data were

considered separately (see Section 5.5).

5.4.2 Applying cuts on the detector position

Several PSDs showed unphysical peaks in the position spectra at their extremes, as
shown in Figure 5.13 in red. These could arise from noise on either position signal,
X1 or Xo, which artificially skews the calculated position to favour values closer to 0
or 1. Additionally, there could be effects arising from the guard ring that surrounds
the detector. It was in electrical contact with the bonding pads, and is designed to

control the shape of the electric field in the detector [93]. However, any particles that
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FIGURE 5.13: The cuts (red) on a given detector on the array. The term Xpgp corresponds
to the value of z on a PSD. It is normalised to be between 0 and 1.

land on the guard ring may induce a signal on the bonding pad which is used for one

of the position signals.

Therefore, to counteract this effect, cuts were placed to remove these events, and
Xpgp was limited to 0 < Xpsp < 1 at the very most. This was the final cut placed
on the data.

After these cuts had been applied, the T5-z plot (see Figure 5.14) closely resembled
the schematic plot in Figure 4.15. The corresponding excitation-energy spectrum is

shown in Figure 5.15.

5.5 EXTRACTING CROSS SECTIONS OF FORWARD ANGLES
USING SINGLES DATA

As mentioned in Section 5.4.1, data at forward angles were excluded for events
involving coincidences with recoils. Therefore, to obtain cross sections at these angles,

singles events from the silicon array were used.

However, extracting cross sections using these data was complicated due to the
presence of the fusion-evaporation background, competing transfer reactions, and «
particles. These issues have been highlighted in Figure 5.16 showing the singles data

with no cuts applied.
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FIGURE 5.14: The final T3-z plot for the d(**Mg,p)??Mg reaction. The cuts used are
described in the main text.
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FIGURE 5.15: The final 2?Mg excitation-energy spectrum for protons in coincidence with
recoils. The cuts used are described in the main text.

In order to avoid contamination from the « particles, narrow 7., cuts were required
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FIGURE 5.16: The singles data on a 73-z plot where no cuts have been applied. The
highlighted region in red is for data where 11.0 < 7, < 14.5°. Some events outside of
this band are highlighted, showing where the calculation (see text for details) has failed to
converge to the true minimum. However, any contribution from these events is insignificant.

to acquire select portions of the desired events®. This is illustrated for obtaining
information on the ground state in the first row of detectors at low 7¢y,. The chosen
cut was designed to remove the knees from the data, while also avoiding the first

a-particle line.

However, the lack of recoil gating means contaminants are still present in the
excitation spectrum. Therefore, software gates were drawn around the most prominent
contaminant particle group in the recoil detector spectrum, corresponding to 2®Si
(see Figure 5.10). A total excitation spectrum was then drawn, and is compared to

the corresponding spectrum for 2Mg in Figure 5.17.

Here, there are two states of 2?Si that significantly overlapped states in 2?Mg. These
had excitation energies of 7997 keV, which had been previously identified, and
9357 keV, which had not. States at 6.6 and 11.4 MeV were also observed, but these

do not significantly overlap a state of 2?Mg.

*Values of n.m are calculable for each measurement of ejectile energy and z — see Appendix A for
further details.
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FIGURE 5.17: The 2°Si excitation spectrum (red) with the 2Mg excitation spectrum in terms
of the 2Si excitation energy (grey). The 2?Si spectrum was produced using a recoil-detector
gate similar to the one drawn in Figure 5.10. The ground state of 2?Mg occurs at just under
8 MeV in the 29Si excitation energy.

Due to low yields overall, it was only possible to extract cross sections integrated
across all of the detectors on the array, og,. Then, using a similar cross section for the
29Mg (oMg), the magnesium differential cross section at forward angles was estimated

with
dof % do (5.5)
dQ) Mg Os t 0y, dQ sing.
The fraction in this equation is the ratio of the contaminant cross section integrated
across the detectors to the total of silicon and magnesium. This weights the individual
cross sections obtained from the forward-angle data where silicon contaminants are

significant, in order to estimate the differential cross section at these angles.

5.6 CALCULATING SOLID ANGLES

Solid angles were calculated on a detector-by-detector basis for each individual state.

As shown in Section 4.6.1, the solid angle for a single detector was shown to be

A¢

U3tcyc

AQ =

Az = A¢p(cosm — cosng) . (5.6)
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The angles 77 and 72 are the polar angular limits of the detector, where an ejectile
of the desired excitation energy must have an angle within this region in order to hit

the detector. The corresponding limits in z are z; and z9, where Az = 29 — z1.

Due to the applied position cuts, the value of Az varies detector-by-detector. Ad-
ditionally, 1., cuts impose a z condition on the same detectors. Using these two

constraints, values of 71 and 7y were calculated on a detector-by-detector basis.

As the yields were extracted for a given row of detectors (groups of four with the
same z), the total solid angle for that row was the sum of each of the individual solid

angles for each detector.

The angle 7., is non-linear in z, so it is not strictly accurate to take either the
midpoint of z for the detector and convert that to an angle or the average of n; and
7o as the centroid. Instead, the centroid of each detector, 77 can be calculated using
an average of the total angle spanned by the detector that is weighted by the solid

angle coverage. Mathematically, this is expressed as

72 P2
sinnd / d . .
_ /ndQ _ /m e ¢ _sinmy —sinmy + 71 cosny — N2 cos

’r] pr =
/dQ /772 sinndn /¢2 do cosT — CoS T
m 1

(5.7)

for a particular detector. This was found for a given row to give the corresponding
centroid. In practise, while the difference is largest for small angles, the difference

between this and the mean of the two angles is within uncertainties.

5.7 EXTRACTING CROSS SECTIONS

The yields for each peak were extracted using the gf3 peak-fitting software package
[107]. A series of Gaussian functions were fitted to the peaks. For most of the peaks
corresponding to bound states, the widths for weaker states were fixed based on the
widths of strong singlets. For most of the peaks corresponding to unbound states,
the widths were constrained to have the bound-state width as their lower limit. An

excitation energy spectrum identifying the states is shown in Figure 5.18.

A flat background was assumed for this spectrum as other background contributions
have been removed by the cuts. The remaining background counts were assumed to

come from imperfections in the gating.

Contributions to the overall statistical uncertainty of the cross sections include:
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FIGURE 5.18: The excitation spectrum, with Gaussian peaks highlighting the peaks where
yields were extracted. The neutron separation energy, S,,, has been highlighted, above which
states in 2Mg are unbound.

e Uncertainty on the luminosity in IgN; — this was previously discussed in Sec-

tion 5.2, and amounts to 3%.

o Uncertainty in the detector solid angle, Al — this arises from the position
resolution of z. This uncertainty in z was =1 mm. Values of AQ) were therefore
calculated at these offset values of z, and the standard deviation of the three
values of A} was taken to be the uncertainty in A{). However, this uncertainty

is of the order of 0.01%, so can be neglected.

o Uncertainty in the measured yield for each detector — this is by far the largest
contributor to the uncertainty in the cross section, and is typically of the order

5-15% for array position 1, and 5-30% for position 2.

All of the statistical uncertainties were appropriately combined to obtain a final

uncertainty in the cross section.

Systematic uncertainties are dominated by those arising from the luminosity, IoVy,

amounting to 10%.
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5.8 ASSIGNING ANGULAR MOMENTA AND EXTRACTING
SPECTROSCOPIC FACTORS

5.8.1 Previous assignments for 2°Mg

Before the current work, several excited states in 2?Mg have been identified and
assigned angular momentum quantum numbers in a number of previous experimental
studies. The most recent study by Matta et al. [108] summarises the known states
of 22Mg from a variety of experiments, and contributes data from a d(**Mg,py)**Mg
performed at the TRIUMF facility with the SHARC silicon strip detector array [109]
for detecting protons in coincidence with v rays measured in 12 TIGRESS clover

germanium detectors [110].

However, without the benefits of a solenoid, these measurements were affected by the
effects of kinematic shift and compression, such that the total resolution of the proton
energy was 700 keV FWHM. In addition, the beam was heavily contaminated: only
1% or 3000 pps were of the desired 2®Mg, which is a relatively small beam current.
The proton resolution was mitigated due to the improved ~-ray energy resolution,
which was 42 keV. However, the low statistics still limited this measurement. With
previous assignments to help identify states, it was possible for Matta et al. to extract
spectroscopic factors for a total of seven states, though some of these were extracted
by fitting a combination of DWBA calculations of two different ¢ transfers to the

experimental data as some states remain unresolved [108].

A number of other studies have examined the states in 2?Mg, using other techniques.

These are:

B decay of Na [111].

- coincidences in ?Na [112].

B-n7y decay of 3'Na [113].

B-delayed spectroscopy of a polarised 2Na beam [114].

Single-neutron knock-out from a 3°Mg beam at 85.8(15) MeV /u [115].

Multi-nucleon transfer reactions: 26Mg(1'B,*B)?**Mg [116], 26Mg(1*0,'*0)*’Mg
[117], and 3°Si(13C,140)**Mg [118].

However, only the transfer study by Matta et al. [108] and the knock-out reaction
study by Terry et al. [115] directly probe single-particle structure. Knock-out
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reactions probe hole states, and only weakly populate the negative-parity states that

are important for investigating the island of inversion.

The current work has also been recently submitted for publication [119], but a more

comprehensive overview of these results is reported here.

5.8.2 Overview of the states of 2°Mg

From the extracted cross sections, angular momenta were assigned for States 1-10 as
labelled in Figure 5.18. A series of DWBA angular distributions were calculated for
¢=0,1,2, and 3 transfer to each state. The computer code DWUCKS5 [45] was used,
which applies the method of Vincent and Fortune to unbound states (see Section 3.8).
The optical-model parameters used were from Ref. [101] for deuterons and Ref. [47]
for protons, discussed in more detail below. The orbital angular momentum quantum
number was assigned on the basis of which calculated distribution best reproduced the

measured angular distributions. Details of this fitting procedure are in Appendix D.

From these fits, raw spectroscopic factors were then extracted. These are equal to
the scaling factors required to fit the DWBA angular distribution to the data for
each state. However, absolute spectroscopic factors are sensitive to the choices in the
input parameters and can vary by as much as 50% between different parameter sets.
However, their relative values, on which most of the conclusions of this work rely
have less variation (10-15%). Here, the raw spectroscopic factors were chosen to be

normalised by a procedure similar to methods used in previous work [51].

In this case, the (d,p) reaction probes the neutron vacancies in the 2*Mg core. There
are four neutrons expected in the 0d orbitals and 1s; /o orbital, below the N = 20 shell
closure. The summed neutron-adding strength (i.e. spectroscopic factors) is related
to vacancy via the Macfarlane-French sum rules [57], and the raw spectroscopic

factors were normalised to produce a neutron vacancy of 4 in the s and d orbitals.

The normalisation parameter, Ngq, is given by,

4

Y (2J +1)C?S;
J

Ngq = (58)

+ 3+ + . . .
for J7 :% , % , and % . The cross sections and angular distributions are shown in

Figure 5.19 and summarised in Table 5.5. Detailed cross sections for these states at

all measured angles are in Appendix E.
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FIGURE 5.19: Angular distributions of cross sections for the d(**Mg,p)?**Mg experiment,
with energies of the states labelled in MeV. The states labelled * are doublets that were not
resolved. The angular distributions are coloured according to their value of ¢: ¢ = 0 is black,
¢ =1 1is orange, { = 2 is red, and ¢ = 3 is brown; purple corresponds to a sum of two different
£ values for the ground state (¢ = 0 and ¢ = 2).

The effect of using singles data to obtain the low-angle data points can be seen by
the larger associated error bars, particularly for states with higher excitation energy.

Comparisons between this and previous work is summarised in Table 5.6.

The strongest excited states that were populated in 2?Mg are the £ = 1 state at
1092 keV, and the £ = 3 state at 1432 keV, confirming assignments made in knock-out

reactions [115].

Additionally, there are some newly resolved states at 2270, 2501, 2900, and 3220 keV,
with £ =1, 2,3, and 2 respectively. In the previous transfer experiment, these states

were fitted with a combination of ¢ = 2 and ¢ = 3 angular distributions, but were
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d

State  E, (MeV)  nem (°) £ (mb/sr) ¢ J7 C?S
1* 0.000 12.8 13.88(100) 2 37 0.37(4)

— — — o 1F 0.56(3)
2 1.092(3)  13.7 25.23(153) 1 37 0.35(2)
3 1.432(2)  14.2 13.86(76) 3 1 0.43(2)
4 2.270(18)  14.5 5.82(84) 13 0.17(1)
5 2.501(6)  13.7 10.41(123) 2 37 0.24(1)
6 2.900(32)  20.3 0.77(27) I 0.02(1)
7 3.220(16)  14.2 4.22(92) 2 5T 0.07(1)
8 3.906(13) 14.9 4.27(37) 1 17,37 0.24(5), 0.12(2)
9 4.045(22)  14.9 4.37(36) 1 47,37 0.24(5), 0.13(3)
10 4.360(10)  20.6 6.97(77) 3 I 0.18(1)
11 5.623(9) — — — — —
12 5.811(11) — — — — —
13 6.043(11) — — — —

TABLE 5.5: The states of 2 Mg populated in the d(*®Mg,p) reaction. The lowest value of ¢,
and its corresponding cross section for each state have been listed. Spectroscopic factors for
each state are also listed here. States 8 and 9 had ambiguous assignments, so both possible
assignments have been listed.

This work Transfer [108] Knock-out [115]
E. (MV) £ E, (MeV) ¢ E, (MeV) ¢
0.000 2 0.000 -
0.055 o 0V 0+2 .05 -
1.092 1 1.095 1
1.432 3 12 3 43 3
- - 1.642 -
2.270 1 - -
2.501 2 2.500 (2,3)
- _ 24 213 9615 (0,1)
2.900 1 - -
3.220 2 3.932 2
- - 3.674 _
3.906 1 - -
4.045 42 3 - -
4.360 3 - -

TABLE 5.6: A comparison of the extracted excitation energies and assigned angular momenta
for different reactions populating 2?Mg. Data primarily taken from Figure 7 in Ref. [108]
and Table 2 in Ref. [115].

unable to be resolved. The ~ rays in the knock-out measurement were able to do

better, though only some of these states were resolved and the angular momentum
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only tentatively assigned. These states have therefore been resolved in the current

work for the first time.

The x? values from the fits of their angular distributions can formalise the angular
momentum assignments. These have been tabulated for states 4-10, corresponding
to the fits in Figure 5.19.

E; (MeV) X%:I X%:2 X%::a

2.270 2.94 6.36 6.11
2.501 4.67 1.79 1949
2.900 3.66 473 2.82
3.220 1.99 2.56 7.66
3.980 4.11 6.54 1.47
4.360 11.69 26.04 10.46

TABLE 5.7: The minimum reduced x? values for the fits of each angular distribution to the
unassigned states in 2°Mg. The assigned angular momentum is in bold, with the minimum
x? value underlined.

The state at 2270 keV was assigned ¢ = 1 based on its angular distribution. The
state at 2501 keV has been assigned ¢ = 2 based on its angular distribution and the
limits placed on ¢ by the knock-out measurements. The state at 2900 keV has a more
tentative assignment of £ = 3 based on the angular distribution alone. It is difficult
to determine the angular distribution between the ¢ = 1 and 2 distributions for the
state at 3220 keV. However, a £ = 2 assignment has been adopted from the knock-out

measurement.

Six states above the neutron-separation threshold were identified: the first three were
assigned angular momenta based on their angular distributions (3906, 4045, and
4360 keV), but the final three were not (5623, 5811, and 6043 keV). The doublet at
3980 keV (from the states at 3906 and 4045 keV) is discussed in Section 5.8 .4.

The state at 4360 keV has only five data points, through which all of the angular
distributions could be fitted, making a definitive assignment impossible from these
data alone. However, the { = 3 assignment agrees with a number of previous
measurements, including the transfer measurement [108]. There is no compelling
reason to disagree with these assignments, and also agrees with the minimum y? (for

this distribution).

Some of the peaks in the spectrum require specific discussion.
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5.8.3 Ground-state doublet (Peak 1%*)

Peak 1* in Figure 5.18 is a doublet state, containing the ground state and first excited
state at 54.6 keV. While this has been experimentally verified before at ISOLDE
(see, for example, Ref. [120]), it was not resolved here. The total cross section was
fitted with a combination of angular distributions. While the ¢ = 2 ground state
has been widely reported in literature, this work also agrees with the assignment in
Ref. [112], that the 54.6 keV state has angular momentum ¢ = 0. The spectroscopic
factors for the doublet were extracted using the fitting parameters, normalised using

the prescription described earlier.

5.8.4 Unbound doublet (Peaks 8 and 9)

The peak at 3980 keV has an angular distribution that is consistent with £ =1, 2,
or 3.. However, it is broader than the bound state peaks. The measured width of
this peak, I'peak, Was approximately 240 keV, compared with the widths of bound
states that are dominated by the detector resolution, I'y, of approximately 150 keV.
Unbound states are broader since the natural decay width is generally comparable
in overall magnitude to the resolution. The contribution to the total width of the
peak from the natural decay width can be estimated for different values of angular
momentum, and gives some indication of the possible spectroscopic factor. The total
width is

Fpeak = \/Fg + (CQSFsp)Qa (59)

where T'g, is the single-particle width, with C2STg, the net width of the unbound
state (see Equation 3.44). Using a square-well approximation, the single-particle
width can be calculated® at the excitation energy of 3980 keV for a range of angular
momenta, from which the corresponding spectroscopic factor can be extracted [121].

These values are listed in Table 5.8.

The listed values give an indication of the magnitude of the spectroscopic factor
based on the measured width alone. While the angular distribution was consistent
with £ =1 or £ = 2, both of these suggested spectroscopic factors would contribute
too much to their respective total single-particle strength. The £ = 2 contribution is
far too large in this case as well, suggesting that the state realistically contains ¢ =1

strength alone.

>This required a radius, which was taken to be 1.4(1 + A%) fm, and a Q-value which was simply the
energy above the neutron-separation energy.
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¢ T, (keV) C28
0 1870 0.01
1 203 0.85
2 245 58.3
3 0.61 95000

TABLE 5.8: Values of the square-well decay width and corresponding spectroscopic factor in
29Mg for a state at 3980 keV with a range of angular momenta. Calculated from Ref. [121],
with I'y = 150 keV and I'peax = 240 keV. The width CQSFSP = 187 keV for all of these cases.

The large width and this over-contribution to the total strength suggests that the
peak must contain multiple states. Additionally, it suggests that these are of differing
J, because the contribution to one of the p3/5 or py /o orbitals alone would exceed the
limit imposed by the Macfarlane-French sum-rules when added to the strength from

the bound states.

While two states were able to be resolved using data from all of the detectors, this
was not possible when analysing the spectra when divided into angle bins due to
low statistics. Therefore, the cross sections for these states were measured as a sum
of both states, using the ratio of the two peaks in the summed excitation spectrum
to get individual cross sections and spectroscopic factors. The ordering of j’s is

ambiguous, so both values have been given in Table 5.5.

5.8.5 Higher-lying unbound states (Peaks 11-13)

Three unbound states were observed at 5623, 5811, and 6043 keV. These were only
seen when combining data from all of the detectors. Therefore, angular distributions

were unable to be fitted, and direct ¢ assignments were not possible.

However, spectroscopic factors were extracted for a range of possible angular momenta.
Table 5.9 details the possible spectroscopic factors, if these states occupy the higher-
energy negative-parity orbitals in the pf-shell. The spectrosopic factors were found
using cross sections integrated over all of the detectors at both array positions, and

then averaged.

The DWBA calculations that used DWUCKS5 with the method by Vincent and
Fortune failed for £ = 1. Therefore, an approximation was employed, taking the
excitation energy to be 3970 keV, the highest value of the excitation energy before
the calculations began to fail. Similar approaches have been taken in some studies of
unbound states by other authors (for example, Ref. [122]). The ¢ = 3 distributions

were unaffected by this, so were calculated normally.
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FE (keV) 01 (mb) g2 (mb) 0231/27 0253/2— 0255/2—
5623 0.176(20) 0.176(29) 0.428(53) 0.227(28) 0.046(6)

5811 0.049(15) 0.054(21) 0.156(48) 0.083(26) 0.010(3)
6043 0.052(13) 0.094(23) 0.283(74) 0.151(39) 0.020(5)

TABLE 5.9: Cross sections integrated over all of the detectors and possible spectroscopic
factors for states above 5 MeV in 2Mg.

However, for all three states, the spectroscopic factors arising from this approach
are large, suggesting these states give surprisingly large contributions to the single-
particle orbital they occupy. This was tested by comparing the widths predicted on

the basis of these spectroscopic factors with those measured [121].

Natural widths were extracted from the measured spectrum by fitting a convolution of
a Gaussian with a width corresponding to the instrument resolution and a Lorentzian
peak for each state. As there were three unbound states, three Lorentzian peaks
were used to form this distribution. The data-analysis package ROOT [123] was used
to fit this convolution, which had a form f(E;) * g(E;) where

2
J(Ey) = exp (—QEJQ> , (5.10)

corresponding to the Gaussian profile, and

, (5.11)

n=1 "4 + (Ex - Nn)2
corresponding to three Lorentzian peaks with a constant background, B. The width
of these Lorentzian peaks are w,. The amplitudes, A,,, are used to scale the peak to

the histogram, with the excitation energies p, known from prior measurements.

Once fitted, the spectroscopic factor is

2a w
C25 = o, (5.12)

sw

where 'y, 5, is the width calculated using a square well approximation that implicitly
assumes C?S = 1. These fits are shown in Figure 5.20 and the widths of the states

and the corresponding spectroscopic factors are listed in Table 5.10.

Only the first state had a comparable width to the bound states, which have a
FWHM of approximately 150 keV. The other two states produced vanishingly small
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FIGURE 5.20: Fits of the three higher-lying excitation states. The profile used is the
convolution of the Gaussian and Lorentzian distributions defined in Equations 5.10 and 5.11.
The total fit is shown in black with individual peaks shown in green.

n wy (keV) C2%2S—1 C?Sy—3

1 100(50)  0.09(4)) 0.5(2)
2 < 15* < 0.01 < 0.06
3 < 15* < 0.01 < 0.05

TABLE 5.10: The widths of the three peaks, and their corresponding spectroscopic factors if
the state has £ = 1 or £ = 3. The asterisks denote states with vanishingly small widths, so an
upper limit was estimated as 10% of the bound-state width, 150 keV.

natural widths from the fit. Therefore, an upper limit of 10% of the Gaussian width

was used to estimate the natural width.

None of the resulting spectroscopic factors are consistent with those extracted
using the DWBA fits to the angular distributions. This suggests that the DWBA
calculations could be struggling to reproduce these unbound states at higher excitation,
well above the neutron separation energy. At most, therefore, they can be used as an
upper limit on the spectroscopic factors. For a proper treatment, more sophisticated
calculations would be needed such as those employed by continuum discretisation (see
Ref. [124] for an overview). However, as these states do not contain much strength,
the effect on the centroids of the single-particle orbitals is not significant, and so

don’t have a major effect on the physics conclusions of this work.
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5.9 CHOICE OF OPTICAL MODEL AND DWBA CODE

As mentioned in the previous section, the computer code DWUCKS5 has been used for
calculating angular distributions that were used for fitting measured cross-sections.
A number of different sets of optical-model parameters have been used to assess the
variation in absolute spectroscopic factors, as detailed in this section, although, as

just noted, the main conclusions depend only on their relative numbers.

5.9.1 Comparing DWBA codes

Calculations of DWBA cross sections depend not only on the choice of optical-model
parameters, but potentially on the numerical methods employed by different software
codes as well. Checks were made to compare calculations made by a number of

different programmes.

DWUCKS5 has been used primarily throughout this work, because it is able to
treat unbound states using the method outlined by Vincent and Fortune [54] (see
Section 3.8). Another commonly used DWBA code is PTOLEMY [44], although the
only option for unbound states is to use the weak-binding approximation. These
were compared to investigate whether any theoretical uncertainties arise between the

two codes that might contribute systematic effects in deduced spectroscopic factors.

Angular distributions for PTOLEMY and DWUCKS5 for bound states of differing ¢
have been plotted in Figure 5.21, to highlight their differences when fitting states.

For each of these states, it can be seen that the different fits are extremely similar
when fitted to the angular distributions, particularly over the experimental range
of Nem. This shows that both of these codes reproduce the shape of the angular
distributions well. Quantifying their difference is more clearly seen by examining
the raw outputs of each code, rather than those fitted to data, and this is shown in
Figure 5.22.

Here the angular range of the measured cross sections has been marked with dashed
vertical lines, highlighting the regions where differences in the DWBA angular
distributions might be important. While most of these distributions look similar in
the marked regions, the effect they have on the value of the spectroscopic factors is
more important. These values are listed for PTOLEMY and DWUCKS5 in Table 5.11.

The RMS deviation between these spectroscopic factors determines how consistent

the two spectroscopic factors are, and highlight the effect that the choice of DWBA
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FIGURE 5.21: A comparison of the fitted angular distributions using PTOLEMY and
DWUCKS5. The optical model potentials used are identical for both codes, with the deuteron
potential from Ref. [101] and proton potential from Ref. [47].

c2s
E, (keV) J™ PTOLEMY DWUCK5 RMS deviation
0 3% 0.29(6) 0.37(4) 0.08(7)
55 1 0.81(5) 0.56(3) 0.25(6)
1092 37 0.35(2) 0.35(2) 0.004(28)
1432 7 0.35(2) 0.43(2) 0.07(3)
2270 7 0.18(2) 0.17(1) 0.006(21)
2501 3 0.22(2) 0.24(1) 0.03(2)
2900 57 0.021(2) 0.024(2)  0.003(3)
3220 3% 0.061(5) 0.071(5)  0.010(7)
3906 3 0.55(12) 0.24(5) 0.3(1)
3906 37 0.29(6) 0.12(2) 0.16(6)
4045 3 0.56(11) 0.24(5) 0.3(1)
4045 37 0.29(6) 0.13(3) 0.17(7)
4360 27 0.153(11) 0.175(9)  0.02(1)

TABLE 5.11: The normalised spectroscopic factors for DWUCKS and PTOLEMY, and their
RMS deviation.

code has on their values. Most of the bound states have an RMS deviation consistent
or almost consistent with zero, showing that the choice of DWBA code for these

states is arbitrary.
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FIGURE 5.22: The differences between the raw PTOLEMY and DWUCKS5 calculations for a

number of states of differing ¢ for 2 Mg. The final two plots represent unbound states. The

+ 1+ 3— 7- 1-— - . . .
J7™ for these states are % , % , % , % , % , and % respectively. The vertical dashed lines

represent the angular range where data was obtained for each state.

One notable exception is the 55 keV ¢ = 0 state. However, examining the two angular
distributions in the top right panel of Figure 5.22 shows that the first maximum is
far from the angular range of data, where the differences in the calculations might
be exaggerated. This is less of an issue for the other /-values, as their first maxima

are closer to or within this angular range.

The unbound states also fare poorly, particularly for the £ = 1 distributions. This
is likely due to the failure of the weak-binding approximation in PTOLEMY. The
success of the £ = 3 at 4360 keV is probably because the centrifugal barrier is able to

contain more of the wavefunction than in the case where ¢ = 1.

Aside from these two caveats, there is little difference between the codes. As DWUCKS5

is able to model unbound states using the method of Vincent and Fortune, it is
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more likely to be a better code to use overall rather than relying on a weak-binding

approximation.

5.9.2 Choice of optical model

A number of different choices could be made for the optical-model parameters used
to model the d(**Mg,p)?Mg reaction. The global parameters of An and Cai for
deuterons [101] and Koning and Delaroche for protons [47] were chosen. In addition
to being the best fit to the data, these parameters are consistent with those used in

the systematic study in Ref. [51] across a large range of nuclides.

Examining the alternative choices for parameter sets gives an idea of the systematic
error arising from the choice of optical model. The parameters used for each optical
model are detailed in Table 5.12, and each model is shown in Figure 5.23 fitted to
four states of differing ¢ in 2Mg, calculated using DWUCKS5.

30
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F1GURE 5.23: The variation in angular distributions using a number of different optical
models to fit cross section data for states in 2°Mg. The states are labelled with their energies
in keV. The angular distributions were calculated using DWUCKS5.

Each optical model had parameters derived from fitting elastic-scattering data over a
range of energies and masses. This determines their suitability when fitting transfer
reactions. Of these models listed, only deuteron models (a), (c), (d), (e), and proton
model (B) had parameters that were fitted within the desired ranges of beam energy

and nuclear mass. Other models have been plotted for comparison.
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Real Imaginary Imaginary surface Spin orbit Imaginary spin orbit

U, T0,v Gy W, move Qy W ﬁloqm Qs Uso T0,s0 Aso Wso mo,mo Qso Reo Ref.
(a) 89.682 1.149 0.758 2.282 1.337 0.548 10.25  1.383 0.721 3.567 0.972 1.011 0 0 0 1.303 [101]
(b) 82.368 1.18 0.744 0 1.27  0.833 10.995 1.27  0.833 6 0.897 0.897 0 0 0 1.3 [102]
(¢) 87.011 1.17 0.741 0.448 1.325 0.741 12.245 1.325 0.741 6.781 1.07 0.66 0 0 0 1.3 [103]
(d) 86.075 1.17 0.74 0.444 1.332 0.731 12.144 1.332 0.731 6.594 1.07  0.66 0 0 0 1.3 [103]
(e) 77.188 1.174 0.809 2.186 1.563 0.838 11.981 1.328 0.603 3.703 1.234 0.813 —0.206 1.234 0.813 1.698 [104]
(f) 99.723 1.05 0.86 0 0 0 23.095 1.43  0.623 7 0.7 0.5 0 0 0 1.3 [105]
(g) 84.644 1.15 0.81 0 0 0 18.947 1.34  0.68 0 0 0 0 0 0 1.15  [106]
(A) 53.824 1.17 0.75 1.783 1.32  0.65 9.106 1.32 0.65 6.2 1.01  0.75 0 0 0 1.3 [125]
(B) 52.828 1.173 0.673 1.832 1.173 0.673 8.884  1.293 0.534 5.367 0.977 0.59 —0.094 0977 059 1315 [47]
(C) 52242 1.16 0.75 3.034 1.37 0.777 6.281 1.37  0.777 6.04 1.064 0.78 0 0 0 1.25  [126]
(D) 49.824 1.25 0.65 0 0 0 13.5 1.25 047 7.5 1.25 047 0 0 0 1.25  [127]
(E) 5099 1.178 0.69 175 1.195 0.69 8.667  1.195 0.69 5.9 0.954 0.63 0 0 0 1.279  [128]

TABLE 5.12: The optical model parameters used for the ground state w+ state in 2Mg. Labels with lowercase letters denote deuteron models, and

uppercase letters denote proton models. The definition of each symbol is described in Section 3.5, with ~ denoting variables that correspond to imaginary
potentials.
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Using these different optical models, variations of deduced spectroscopic factors can
be calculated. This is shown for the strong singlet state at 1092 keV in Figure 5.24
for both absolute spectroscopic factors and normalised spectroscopic factors, calcu-

lated using Equation 5.8, showing the variation in absolute and relative magnitude

respectively.
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FIGURE 5.24: The variation in both absolute (left) and normalised (right) spectroscopic
factors for the £ = 2 state at 1092 keV using different optical model combinations calculated
using DWUCKS5. The colour denotes the deuteron model parameters, and the position along
the z-axis denotes the proton model (see Table 5.12). The weighted average of these models
is shown for each plot by the horizontal line.

The degree of variation is predictably larger for the absolute spectroscopic factors than
for the normalised spectroscopic factors. Table 5.13 shows the mean and standard

deviation amongst spectroscopic factors extracted using different parameter sets.

E (MeV) 0.000 0.055 1.092 1.432 2.270 2.501 2.900 3.220 3.980 4.360
Norm. Mean 0.345 0.598 0.331 0.444 0.161 0.243 0.024 0.069 0.456 0.177
Norm. 8.528 10.64 6.252 6.018 5.180 3.107 5.116 4.653 5.202 3.925
Standard

Deviation (%)

Abs. Mean 0.385 0.683 0.373 0.490 0.182 0.270 0.027 0.078 0.513 0.198
Abs. Standard 15.93 10.40 8.494 14.52 8.368 12.33 14.89 7.552 10.03 10.41
Deviation (%)

TABLE 5.13: The mean and standard deviation of the normalised and absolute spectroscopic
factors for deuteron models (a)—(g) and proton models (A)—(E) calculated using DWUCKS5.
They have been normalised according to the convention in Equation 5.8 using all states up
to and including the state at 4.360 MeV. The mean was weighted with the uncertainty in
each spectroscopic factor.

This clearly shows that the ratio of the standard deviation to the mean is of the

order +10-15% for the absolute spectroscopic factors, but is lower at approximately
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+6% in the relative numbers represented by the normalised spectroscopic factors.
However, the ground-state doublet is a notable exception to this, with variations of
approximately +10%. These states, once again, have a greater variation because of
the greater uncertainty in the fitting of two distributions. It is also worth noting
that the last two columns of Table 5.13 contain three of the unbound states. (The
spectroscopic factor used for the unbound doublet at 3.980 MeV was evaluated as if

it were one state here.)



Discussion of the d(**Mg,p)*’Mg experiment and conclu-

sions

This chapter discusses the results of the d(**Mg,p)?**Mg experiment presented in the
previous chapter. Following from the motivations discussed in Chapter 1, the results
will be compared to recent and historical shell-model calculations tailored for the
region of the nuclear chart around 2?Mg. The shell evolution of the N = 17 isotones

will also be examined. Finally, the future of this particular research will be discussed.

6.1 COMPARISON TO SHELL-MODEL CALCULATIONS

6.1.1 Standard shell-model interactions

Historically, in the region of the nuclear chart that includes 2?Mg, the presence of
intruder configurations has led to issues in theoretical approaches that do not include
them in the model space. Established calculations in this region typically fail to
reproduce the observed nuclear properties, without the addition of ad-hoc changes.

Examples of this include:

« The WBP interaction [129], was modified for use to investigate states in 4P
(N = 19), produced in the 80(*80, pn) reaction, and observed using the v-rays
produced in its de-excitation and 3~ decay [130]. The theoretical 0f7/, and 1ps /9
single-particle energies needed to be reduced by 1.8 and 0.5 MeV respectively
compared to the original WBP interaction in order to reproduce the 1p—1h states

at higher excitation energies.

« The WBP interaction was also modified to reproduce states in 3°Al (N = 17)

and 3°Si (N = 16) populated in the O + “C fusion evaporation reaction in

139
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inverse kinematics [131]. The energies of the resulting negative-parity states had
to be reduced by approximately 1 MeV relative to the ground state in order to

match the experiment.

o The SDPF-M interaction [132] was employed alongside the WBP interaction to
analyse states in 2’Ne (N = 17) produced in the d(*Ne,p) reaction [133]. The
SDPF-M interaction was unable to reproduce the energies and the ordering of
negative-parity states. The WBP interaction, however, was able to reproduce
the ordering of these states, but only when the fp-shell orbital energy had been
lowered by 0.7 MeV relative to the sd-shell orbital energy (this shifted variant
was labelled WBP-M by the authors).

6.1.2 Shell-model interactions tailored to cross-shell excitations

In recent years, several shell models that account for these cross-shell excitations
have been developed for this region, where the model space has been expanded from

the sd-shell to include the full pf-shell as well.

SDPF-MU
The SDPF-MU interaction [134], first introduced in Ref. [135], is well established. It

has similar foundations to the aforementioned SDPF-M interaction [132], but has
differences in a number of areas. While there are some changes in the choice of
interactions for different components of the nuclear force (e.g. the chosen pf-shell
interaction is GXPF1B [136] rather than Kuo-Brown [137]), the main difference is the
addition of a tensor interaction, which was previously discussed in Section 2.3.3. The
Vv interaction [138] is the foundation of the tensor interaction used in SDPF-MU.

It describes the ™ + p meson exchange force for this interaction.

The SDPF-MU interaction includes both Op—Oh excitations for positive-parity states
and 1p—1h excitations for negative-parity states. This is to match the positive parity
sd-shell below the N = 20 shell closure and the negative-parity pf-shell above the
shell closure. It has been fitted to empirical data to better reproduce the observed

energies and ordering of states.

FSU
The FSU interaction [139] is a newer model than the SDPF-MU. It similarly includes

Op—Oh and 1p—1h excitations. However, the fitting procedure to derive the interactions
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has included a greater number of single-particle energies (SPEs) and two-body matrix
elements (TMBESs) in this region, in particular for fp and cross-shell configurations.
The model space has also been expanded to encompass the full s-p-sd-fp shells. It
uses a number of common components to previously mentioned models. Its base is
the WBP interaction [129], but SPEs and TBMEs are replaced in the sd-shell with
those of the USDB interaction [140], and in the fp-shell with those of the GXPF1A
interaction [141]. More details on this interaction can be found in Refs. [142, 143].

EEdf1

The EEdf1 interaction [144], is based on chiral effective-field theory and the extended
Kuo-Krenciglowa method [145] to derive a shell-model interaction. It has been derived
specifically for neutron-rich isotopes of silicon, magnesium and sodium. Again, this
uses the sdpf-model space, but also includes the effect of three-nucleon forces. This

interaction is derived without the need to fit to SPEs or TBMEs.

6.1.3 Comparing interactions with experiment

The experimental spectroscopic factors for 2?Mg, listed in Table 5.5, are compared to

the predicted spectroscopic factors from these shell-model interactions in Figure 6.1.

Spin assignments in Figure 6.1 are on the basis of experimental measurements and/or
suggestions made by a comparison with the shell-model results (as discussed in detail
later). Experimentally, all of the ¢ = 0 strength is in the first excited state. This is
reproduced in all of the models here, though the FSU and SDPF-MU interactions
have a few weak £ = 0 states (C2S < 0.02) at higher excitation energies.

The ¢ = 1 strength was split between four states experimentally. The states at
1092 keV and 2270 keV can be clearly associated with J™ = %_ and %_ respectively
by comparison with these calculations. The deduced doublet at 3980 keV matches
the shell-model calculations here, with an ¢ = 1 doublet of differing j near this energy

in each calculation. However, the ordering of these J™ remains ambiguous.

The ¢ = 2 states at 0 and 2501 keV were assigned as %Jr, with the former agreeing
with a prior assignment [146]. The state at 3220 keV is weaker, and taken to have
J7 :ng. This state is stronger in the FSU and SDPF-MU calculations than in the
EEdf1.
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FIGURE 6.1: The normalised experimental spectroscopic factors from Table 5.5 compared
with predicted states for the FSU, EEdf1l, and SDPF-MU models.

Finally, the ¢ = 3 states observed at 1432 and 4360 keV correspond well to the strong

J™ = I states in all three models shown. The weaker experimental state at 2900 keV

2
also has a J™ = %_ counterpart in each of these models.
Therefore, there is broad agreement between the modern shell-model calculations
and current angular-momentum assignments. The FSU calculation matches the
experimental data remarkably well, predicting most of the states near the measured
excitation energies (the RMS deviation is 190 keV) and with the assigned angular
momenta. The ordering of the 2270 keV %_ state and the 2501 keV %+ state differ
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from experiment, but this is the only qualitative difference in relative excitation

energies.

The EEdf1 model similarly has analogues to each of the measured states in 2?Mg.
The ordering of the measured states is identical in this model, and the deviation of
the predicted excitation energies from the measured excitation energies is similar
to the FSU interaction, with a RMS deviation of 210 keV. Both of these models
have a number of weak states (C2S < 0.09) which were not observed by experiment,
and are likely below the observational limit of approximately 0.1 mb/sr. The FSU
model predicts weak states above the %; state, whereas that level is the highest-lying
prediction by the EEdf1 calculation.

The SDPF-MU interaction does not match experiment as closely, with an RMS
deviation of 350 keV. Where both the FSU and the EEdf1 predict the ground-state
doublet states, these are well separated in the SDPF-MU. Additionally, like the FSU
interaction, it does not reproduce the ordering of the 2270 keV %7 state and the
2501 keV %+ state. It also predicts more strength in the %_ state (calculated at

~ 2800 keV) which was not observed experimentally.

In summary, while there are some minor differences in places over the ordering of
levels and exact excitation energies, all these calculations reproduce the states in 2Mg
reasonably well, giving confidence to J™ values given on the basis of comparison with
experimental states. Therefore, this work improves upon the previous measurements
by Matta et al. [108] and Terry et al. [115], by clarifying the energies and angular
momenta of the states that lie between the states at 1432 and 4360 keV.

6.2 THE N = 17 ISOTONES

6.2.1 Possible spin values for unbound states

The higher unbound states can also be addressed using these calculations. While
the EEdf]1 calculation does not have higher-lying states above the %;, the FSU
interaction predicts additional strength in the region of the unassigned higher-lying

states.

This model, in conjunction with the systematic data, can be used to suggest spin
assignments for these higher-lying excited states. Using the summed spectroscopic
factors, it is possible to calculate the vacancies of each single-particle orbital in 2?Mg,

and these are shown in Table 6.1.
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Orbltal 81/2 d3/2 d5/2 D f7/2 Total
2.70(17) 11.5(4)
29
Mg  1.12(7) 2.45(20) 0.43(3) 3 74(27) 4.82(22) 12.6(4)
316i 0.76(6) 2.91(24) 0.32(3) 3.98(23) 6.40(55) 14.4(7)
333 0.39(4) 2.99(25) 0.62(4) 4.37(11) 6.13(50) 14.5(6)

TABLE 6.1: Vacancies deduced from the summed spectroscopic factors for the N = 17
isotones. The first row of 2Mg corresponds to sums for the states where j has been
assigned. The second row includes the strength for the additional unbound states discussed
in Section 5.8.5. The summed spectroscopic factors for 3!Si and 33S come from Refs. [147—
149], where spectroscopic factors have been extracted by using DWUCKSH5 calculations and
previously measured cross sections using the same methodology as the current work.

Here, these relative vacancies have been compared to experimental results from Piskor
et al. for 3!Si [147], and Mermaz et al. and Liljestrand et al. for 33S [148, 149]. As
there is ambiguity when assigning spins to ¢ = 1, the p-orbital vacancies have been
combined. Unassigned ¢ = 2 strength was taken to be d3/, and unassigned £ = 3

strength was taken to be f7/5 below 7 MeV and f5,5 above.

While these authors report spectroscopic factors, these have been calculated using
different reaction codes and optical models, introducing uncertainty when comparing
the N = 17 isotones. Therefore, the vacancies in Table 6.1 have been calculated
using the previously mentioned cross sections and DWUCKSH calculations using the
same methodology as for 2Mg. These vacancies have been normalised using the

method described in Section 5.8.2.

Comparing vacancies across the isotones, there appears to be some strength missing
from the p orbitals in 2Mg. While no definitive assignment can be made using the
experimental data, the FSU calculations indicate some higher-lying ¢ = 1 strength,
predicting a %_ state at 5722 keV, and a %_ state at 6079 keV. Assuming that these
correspond to the states at 5623 and 5811 keV, this would give a total p orbital
vacancy of 3.74(27). The FSU interaction additionally has a state at 6279 keV with
JT = %_ that corresponds best to the state at 6043 keV. Using these assignments,
the total strength in these orbitals has an RMS deviation from the mean of around

7% across the three isotones. These summed vacancies are also reported in Table 6.1.

6.2.2 Shell evolution

The binding energies of the single-particle centroids in 2?Mg, 31Si, and 33S are shown
in the top panel of Figure 6.2, illustrating their evolution across the NV = 17 isotones.

The predictions of the FSU interaction agree well with the measured binding energies
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FIGURE 6.2: Top: binding energies of the single-particle centroids in the NV = 17 isotones.
Data for 31Si and 23S from Refs. [147-149]. The ¢ = 1 centroids with states above 5
MeV in ?°Mg are denoted with ¢, using DWBA calculations for the spectroscopic factors.
Bands denote calculations from the FSU interaction [143] with height corresponding to
the uncertainties in 3'Si, onto which they are shifted. Bottom: the proton and neutron
occupancies for the N = 17 isotones from the FSU interaction (lines). Experimental points
for the neutrons extracted from the data are also included.

of the different single-particle orbitals. The inclusion of the higher-lying unbound
states improves agreement with the FSU interaction, particularly for J™ = %_, though
the %7 binding energy is higher than the model suggests. However, it has already
been established that the DWBA analysis for the higher-lying states gives an upper
limit for their respective spectroscopic factors, and hence places an upper limit on

the single-particle centroid.

The bottom panels of Figure 6.2 show the occupancies of positive-parity single-particle
orbitals for protons and neutrons in the N = 17 isotones, with the latter including
experimental results from the present work and Refs. [147-149]. The FSU interaction

fits the neutron occupancy data well, though there is currently no available data to
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corroborate the proton occupancies. Further work in this region using reactions such

as (d,>He) would be required to fully verify these predictions.

Nevertheless, the FSU interaction suggests that the protons primarily fill the wds /o
shell with increasing Z, so interactions with this orbital must be the main driver
of the shell evolution along the isotone. The trends in single-particle energies this

drives exemplify Type-I shell evolution (see Section 2.3.4).

The 7ds /5 (j.) orbital has a large overlap with the vds/, (j.) orbital, which is greater
than those with the v f7/5 and vp3/, orbitals. As the mds/, orbital fills, interactions
are therefore strongest with the vds /s, but the overall effect is to reduce the energy

of each of these orbitals dependent on the size of the overlap.

The tensor part of the interaction acts differently between protons and neutrons.
The tensor interaction with the mds/, protons is attractive for the positive-parity
vdz /o orbital and repulsive for the negative-parity v f7/5 and vpsz/ orbitals. The net
effect as the mds/, orbital fills is the N = 20 shell gap, which occurs as the nuclides in
the N = 17 isotone become more stable. Conversely, as the mds/, empties, the gaps
between the vds/y and higher fp-shell neutrons reduces, affecting the magnitude of

the shell closure and the ordering of orbitals.

6.2.3 Effects of a finite potential

As single-particle orbitals become less well bound with decreasing Z, the effect of the
finite geometry of the potential well plays an increasingly important role, particularly
for states with lower ¢. In other words, the fact that the potential is a finite (rather
than infinite) well becomes more apparent in single-particle orbitals close to the top
of it. This has been documented in Ref. [150] for p orbitals, where systematics of
orbital energies have been investigated for the N = 21 isotones. As these orbitals
approach the neutron-separation threshold, the rate of change of the energy of these
orbitals as a function of radius (or equivalently A) decreases, and they exhibit a

“reluctance” to become unbound.

For the N = 17 isotones, this was modelled using a Woods-Saxon potential with
fixed geometry for A = 31 with the computer code of Ref. [121], and results are
shown in Figure 6.3. Here the geometry was fixed such that ro = r¢ = 1.24'/3 fm,
rso = 1.1AY3 fm, ag = as, = 0.65 fm. The depth of the potential well, V; was varied
to reproduce the binding energy of the d3/; orbital for each isotone, then used to

calculate the binding energy of the other orbitals. The calculations were then shifted
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FIGURE 6.3: The binding energies of the N = 17 isotones with the relative well depth,
calculated using a Woods-Saxon formalism with fixed geometry, described in the body text.
The 3!Si experimental data provide uncertainties for the calculated trends. Symbols have
the same meaning as in Figure 6.2.

onto the experimental energies in 3'Si. Uncertainties on these energies generate the

width of the theoretical lines in Figure 6.3.

The Woods-Saxon calculations reproduce the trends surprisingly well for such a
simple model, with the exception of the f7/; orbital in 29Mg. The addition of the
higher-lying states makes a significant improvement for the p orbitals. The rate of
change of the p orbital energies decreases in Figure 6.3 and their separation decreases,
as they move closer to the top of the Woods-Saxon potential. This reproduces the

lingering effect noted in Ref. [150] in the N = 21 isotones.

The effect of changing model parameters has also been investigated, with results
shown in Figure 6.4. Physically sensible limits were placed on both the potential
radius (1.2A1/3 <ro,re < 1.3A1/3) and the diffuseness (0.65 fm < ag, as, < 0.75 fm),
and the boundaries of these limits were explored for each orbital. With a similar
methodology to that of Figure 6.3, the calculated trends were fixed to pass through
the 31Si points, with the ds /2 orbital fixing the value to which the other values of Vj
were shifted. The corresponding values of Vg for 2?Mg and 23S therefore change, and

the boundaries of these have been marked with the vertical lines in Figure 6.4.
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FIGURE 6.4: The variation in the relative well depth for the shell-model calculations with
differing model parameters fixed to experimental binding energies in 3!Si. Colours correspond
to the diffuseness of the potentials: darker lines (labelled (1)) have lower diffuseness, and
lighter lines (labelled (2)) have higher. Solid lines have lower radii, and dashed lines have
higher. The values of V; for 22Mg and 23S have been marked with vertical lines using the
same colouring. The fitting procedure for these lines is described in the body text.

The strongly-bound d3/, orbital changes little under these limits, with little variation
as it becomes more loosely bound. The other three orbitals are more sensitive to
these parameter choices as they become more loosely bound. Both the p-orbitals
and the f7/5 orbital show most deviation in the case where both the radius of the
potentials and the diffuseness are maximised. Otherwise the trends have a more

similar form.

Nevertheless, the p-orbitals exhibit a similar behaviour irrespective of the model
parameters, namely that they have a smaller energy difference as they become more

loosely bound and linger below threshold.

6.3 FUTURE WORK AND OUTLOOK

More work is required to characterise this region of the nuclear chart, in order to
improve understanding of the shell evolution that leads to the Iol as well as the
weakening of the N = 20 shell gap. An obvious extension to this work is to examine

more isotones in the N = 17 chain, such as the odd-odd 3CAl. This was probed in
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November 2020 at the HELIOS spectrometer using a similar methodology to this
work, where a (d,p) reaction was used to populate the single-particle orbitals of 30Al.

These data are under analysis.

Of great interest is to extend the current results into the island of inversion by
measuring the 3°Mg(d,p) reaction. With 3'Mg inside the island, examining the
single-particle evolution that is particularly abrupt along this isotopic chain will be
very useful. This was measured at the ISS during the second half of 2021, and is

under analysis.

In terms of developing experimental tools, a bespoke array has recently been made

for ISS, shown in Figure 6.5. This has a hexagonal cross section, and uses four

FIGURE 6.5: The bespoke silicon array designed for use within ISS [86].

double-sided silicon strips per side to measure the position and energy of particles.
This is longer than the HELIOS array used in this experiment, allowing for better
angular coverage within the detector for a given position. Additionally, it has better
energy resolution, and is able to measure position within the chamber to a greater

precision.

Transfer reaction studies are continuing at HELIOS at Argonne National Laboratory,
but a new solenoidal spectrometer is under construction. The SOLARIS spectrometer
[151] has been designed to measure reactions using REA-6 beams available at the
Facility for Rare Isotope Beams (FRIB) at Michigan State University (MSU). A

schematic diagram of this device is shown in Figure 6.6.

Two arrays are planned to enable SOLARIS to detect ejectiles in the forwards and
backwards hemispheres simultaneously. There is an additional mode of operation
using an Active Target Time Projection Chamber (AT-TPC), which has a volume

of gas to be used as both a target and detector medium. This allows the tracking
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FIGURE 6.6: The SOLARIS detector, the newest addition to the family of solenoidal
spectrometers [151].

of fragments within the chamber. These more advanced methods of detection,
coupled with the prolific radioactive beams produced by FRIB promise to advance

the exploration of exotic neutron-rich nuclei [151].



Extracting angles and excitation energy in ISS using re-

lativistic kinematics

In Section 4.2, a classical derivation of the kinematics for a transfer reaction was
presented. This assumed that the angles and excitation energy were known from
which 2z could be extracted. In reality, the situation is reversed, where the ejectile
energy and z are measured directly. The kinematics are therefore reformulated
to show how the angles and excitation energy are extracted. This is also done

relativistically, to reflect how the calculations were performed in the final analysis.

For the following treatment, the value of ¢ = 1 for convenience. As with the classical
derivation, Figure 4.6 will be instructive. Firstly, the notation will need to be clarified.

The Minkowski metric that will be used is

1 0 0
0O -1 O
V — A.l
[77u ] 0 0 -1 ( )
0 0 0o -1

The zeroth component of a four-momentum p;# will be written as E; and the three-
momentum will be written as p;, where ¢ is the number of the particle. The Einstein
summation convention will be used. Barred notation will be used to denote that the

symbol is in the CM frame instead of the lab frame.
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The components of the momentum four-vectors for particles 1 and 2 in the lab frame

[p1"] = <E1> = (ml +T1) , (A.2)
P1 P1
[p2"] = (fj) — (”;2> , (A.3)

where T} is the total kinetic energy in the lab frame for particle 1, which is the beam

are

energy.

The total energy in the CM frame, E., can be calculated with the invariant mass,

M. The total invariant mass for the system can be written as
M? = (p1+p2)"(p1 + p2), = (T1 +m1 +ma)® — (p1 + 0)*. (A.4)

The total momentum four-vector in the CM frame is therefore

(Poo] = (Etot) _ (M) _ (\/m% +m3 + 2(Ty +m1)m2) 7 (A5)

Ptot 0 0

where Equation A.4 has been simplified using the mass-energy relation

E} =m} +pi-pi. (A.6)

The gamma-factor for transforming between the lab and CM frames, ¢, can be

found using a Lorentz transformation:

Etot = El + E2 = Yem (Etot + ch |ﬁt0t’) = ’chEtotv (A7)

since there is no total momentum in the CM frame by definition®. S, is the velocity

1
of the frame relative to the speed of light: e, = (1 —82,) 2

This has defined the initial system in terms of the CM frame. Once the reaction
occurs, the ejectile and residual nucleus will travel antiparallel to one another in the
CM frame at an angle, 0.,,, with momenta dictated by the excitation energy of the
residual nucleus, E,. In ISS, the ejectile energy and position along the beam axis is
then measured. From these measurements, F, and 6., can be extracted. Figure A.1

shows the setup for extracting them.

#This has already used the fact that e, and piot will be parallel.
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FIGURE A.1: A diagram showing the trajectory of a backwards-scattering ejectile following
a transfer reaction. The symbols here have been previously defined in Sections 4.2—4.4. z is
negative in this diagram.

The measured value of z is shorter than the value of z if the array were infinitely

thin. The corrected value of z is
Z = —teye |us|sina + po tan o (A.8)

The four-momentum for the ejectile can be expressed as

FE3 1
p3" = mauz" — = y3m3 , (A.9)
P3 us

where 73 is the gamma-factor with velocity ug. Therefore

uz = 22 (A.10)
Y3ms3

From Equations 4.14 and A.10, Equation A.8 can be rewritten as

9B [r2 2. 9B
%;T z=—/E?—m}sina+ fy:;ﬂ_ po tan . (A.11)

Apart from «, all of these quantities are known. Since this cannot be solved ana-

lytically, a Newton-Raphson method can be used to solve for a [42]. Defining a

function

B B
734 po tan o + BIZ, 0, (A.12)
T s

fla) =+/E3 —misina —

then o can be iterated using

Qpt1 = Oy — AC) (A.13)
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until a1 — oy, is less than a sufficiently small threshold. This minimisation yields

the value of a. Thus, the ejectile energy in the CM frame is

E?) = Yem (EB — Bem \/ Eg — mg sin Oé) (A14)

and its momentum is |ps| = \/Eé — mj3. Therefore, the CM angle can be extracted

using the inverse Lorentz transform,

E3 = Yem (Ei’) + /ch ‘ﬁ{}’ Ccos Hcm) (A15)
emBl3 — E

= Nem = T — Oepy, = ™ — arccos Jom=3 — 23 — 3 . (A-16)
’chﬁcm ‘p3|

After the transfer reaction has taken place, the total momentum in the CM frame
can be written as

[ T (A.17)

The properties of the invariant mass for the residual nucleus can be exploited to give

- Mo 2 _ (7 = \? 2
Pi"Pay = (ma+ Bo)* = (Biot — Bs) = (—by) (A.18)

72 —_ —_
= E, — 2Bt E3 + m3.

Therefore, the excitation energy is

B, = —my+ B, — 2B F3 +m3. (A.19)



The rate of change of centre-of-momentum angle with labor-

atory angle

In Section 4.3, the claim was made that the term ‘égﬂ can be neglected for both NK
lab
Ts

and IK when looking at its effect upon the derivative 519 . This is demonstrated
lab

more thoroughly here. While the quantity flgﬂ is the desired derivative, it is easier
lab

to first obtain ggl“b, and then invert it.

Firstly, using Figure 4.7, the lab angle, 0;,,, and CM angle, 6.,,, can be related by

u3 sin B4 = v3 8in Oepp, (B.1)

u3 o8 Qjgp = Ve + V3 €OS Oy (B.2)

Secondly, the ejectile energy, as defined in Equation 4.7, is

1 1 1
Ty = §m3u§ = §m3v§ + §m3v2m + M3v3Vem €OS O, . (B.3)

These two combine to give

arcsin <\/§1}3 sin Hcm> , Oem < arccos (_ ”{;’;”)
3 (B.4)

. ms . Vem
T — arcsin ——w38inbey |, Oem > arccos [ —Yem ) |
2715 v3

Olap =

0. must be defined as a piecewise function because of the limits on the range of the

arcsine function, which is —g < arcsin(z) < %, whereas 0 < 0., < 7. The boundary

corresponds to the point where 0,, = 7, and is defined as

v
v3¢08 0oy, + Ven =0 = B¢y, = arccos <— cm)
U3
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in terms of 6.,,. ug has also been written in terms of T3, because it is a function of

Ocm so must be taken into account when taking the derivative.

Examining the first piece of Equation B.4, the derivative is

delab 1 ms [ 1 -3 AT, . -1
= A/ BRus | —5T5 2 5 sinbey, + Ty 2 cosbOem | . (B.5)
dgcm \/1 — %U% SiIl2 ecm 2 2 dOCm o o

Using Equation B.3,

dT:

3 _ —M3V3Vem SIN O, (B.6)

dé,,,

and using Equations B.1 and B.2,

2 _ .2 2

uz = V5 + 203Vcm, €08 O + V5, (B.7)

Therefore, Equation B.5 becomes

dOap us 1 V3 COS O,

2 )
= M3V3 Ve SIN° Oy, + ———
df.,, v3cosbem + vem [ 2T3us 3oem em U3 ’

03 [U3Vem (1 + c0s? Oem) + (V3 + v2,,) €08 Oeyy]
(V3 4+ V2, + 203Vem €08 Oem) (V3 COS Oern, + Vem,)

(B.8)

This can be rewritten in terms of the ratio R = ”5;”. The desired derivative is the

inverse of Equation B.8, and is

dber, (1 + R*+ 2R 08 0cr) (R + €08 Ocyp)
d0,,  R(1+cos?0cm)+ (R2+1)cosbep

(B.9)

The desired derivative for the second piece of Equation B.4 can be derived in a similar
manner, though it is the negative of Equation B.9. However, this is cancelled by the
fact that us is also in the opposite direction, so Equation B.9 can be used for all

values of O.p,.

As argued in Section 4.2, for addition reactions, vs > vem, and so R < 1 for the
experiments on 2*Mg presented in this thesis. For idealised NK, R — 0 as v3 >> Ve,
SO %Z: — 1. InIK, R~ 1, and so gzﬁ — 2 for most 0.,,. However, this function
blows up for 6., — wm, which is the angular range which this experiment was
examining, so it isn’t trivial to determine the effect of R. However, these values have

been plotted for the different cases in Figure B.1.

Although the value of gzﬂ in IK is less than that of NK in the measured angular

lab
region, it does not have a significant impact on the magnitude of §9T3 .
lab
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db.p,
dglab

P I R RO R U R S R
0 20 40 60 80 100 120 140 160 180

Hcm (O)

FIGURE B.1: The values of ‘;g”” for the 2Mg(d,p) reaction (NK) and d(**Mg,p) reaction

lab

(IK) at E, = 0 MeV. The NK derivative approximately remains constant for all values of 0.,
(R = 0.048), whereas the IK derivative varies significantly in the desired kinematic region
(R = 0.669); in this region, 0.331 < 33”" < 0.686.

lab
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Evolution of cuts used in ISS for the d(*Mg,p)*Mg ex-

periment

This appendix shows how the cuts in ISS clean the data so that only the desired

data remains.

C.1 EVOLUTION OF E VERSUS z PLOTS

159
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C.1.1 Raw data
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F1GURE C.1: T3 detected on the array with z. No cuts have been applied to the data.
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C.1.2 Timing cuts
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FiGURE C.2: T3 detected on the array with z. Cuts on the time difference between signals
on the array and the recoil detector have been applied.
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C.1.3 Timing and recoil detector cuts
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F1GURE C.3: Tj detected on the array with z. This includes the timing cuts from the
previous plot, as well as gating on the recoil detector to select for magnesium nuclei.
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C.1.4 Timing, recoil detector, and CM angle cuts
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FicURE C.4: T3 detected on the array with z. This includes the timing cuts and recoil
detector gates from the previous plot, as well as cuts that constrain 7.y, .
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C.1.5 Timing, recoil detector, CM angle cuts, and z cuts
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FicUre C.5: T3 detected on the array with z. This includes the timing cuts, recoil detector
gates, and 7.y, cuts from the previous plot, as well as cuts on z on individual detectors in
the array.
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C.2 EVOLUTION OF EXCITATION SPECTRUM

This section shows how the excitation spectra change. The grey spectrum is the
excitation spectrum before cuts were applied, and the yellow spectrum is the excitation

spectrum after the cuts were applied.

C.2.1 Timing cuts
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FIGURE C.6: The raw excitation spectrum (grey). Applying cuts on the time difference
between signals on the array and the recoil detector to this spectrum is shown in yellow.
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C.2.2 Timing and recoil detector cuts
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FIGURE C.7: The excitation spectrum with timing cuts applied (grey). Applying cuts on
the recoil detector to this spectrum is shown in yellow.
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C.2.3 Timing, recoil detector, and CM angle cuts

400

300

250

200

Counts per 20 keV

150

100

9
o S
IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|

1 1 | 111 | I T | | | I T |
0 1 2 3 4 5 6 7 8
E, (MeV)

FIGURE C.8: The excitation spectrum with timing and recoil detector cuts applied (grey).
Applying cuts on 7, to this spectrum is shown in yellow.
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C.2.4 Timing, recoil detector, CM angle cuts, and z cuts
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F1GURE C.9: The excitation spectrum with timing, recoil detector, and 7., cuts applied
(grey). Applying cuts on z to this spectrum is shown in yellow.



Fitting angular distributions

The method for fitting angular distributions to a series of experimental cross sections
is described in the following chapter. The methods used in this chapter have relied

on those laid out in Ref. [152]. Some common notation will be used throughout:

e x; is used for experimental angle ¢ in the data set.
e y; is used for experimental cross section ¢ in the data set.

e 0; is used for the statistical error on experimental cross section 7 in the data set.

D.1 FITTING A SINGLE ANGULAR DISTRIBUTION

D.1.1 Calculating the normalisation factor

Theoretical cross sections can be calculated at each angle x; to try and reproduce
the distribution w;. The w; will need to be scaled if the state does not carry all of
the single-particle strength, so it is necessary to find the best fit of the scaled w; to
the g;. In practice, DWBA calculations were used and the normalisation factors were
calculated for a series of f-values for the state. To calculate the best fit, the x? can

be used, and is defined as

2= %Z <yi_‘4wi>27 (D.1)

- ag;
i 1

where N is the number of degrees of freedom, and A is the scaling factor for the DWBA
distribution. This produces a quadratic polynomial in A with known coefficients.

As both y; and w; are positive, this is guaranteed to produce a minimum x? for
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a particular value of A, which indicates the best statistical fit using this measure.

Therefore, the minimum of this X2 distribution can be found using
ox? 1 yi — Aw; —Ww;
2 _—_0=-—-V"2 ) D.2
a1 == w2 (") (5)) D2)

This can be rewritten as

g

2
Yiwi Wi
=A — ] . D.3
S -ax(s) (D:3)
7 (2
These sums can be rewritten in a simpler way using a barred notation. Defining

s N 2
rasyue, ooy ()

g

the normalisation factor is therefore

D.1.2 Calculating the variance

The variance can then be calculated using the formula

2
V() =3 (g;) o2, D5)

i

where the only uncertainty stems from the uncertainty in ;. Substituting Equa-

tion D.4 into Equation D.5, this can be expressed as

2
V) =% ((; ;) o2. (D.6)

7

Using the same summation notation, this can be shown to be

V)= ok = = D7)

where o4 is the uncertainty on A.
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D.2 FITTING TWO ANGULAR DISTRIBUTIONS

The approach outlined in the previous section can be extended to the case of a doublet
state, where experimental cross sections are the sum of two angular distributions of
differing angular momenta. The maths becomes more involved, but the principles

used are the same as in the previous section.

D.2.1 Calculating the normalisation factors

As before, a x? can be defined as

X22N2<y w' A ) (D.8)

where there are now two normalisation parameters, A, and A, for two different
theoretical cross sections, v and A, which are evaluated once more at each angle x;
to get v; and \;. It is not as obvious that this x? should have a global minimum.

However, the form of the x? is
X2 = Ii()A,zy + KilAi + KZQA,YA)\ — H3A7 — k4 Ay + K5 <D9)

where x; is a positive constant for j = 0,...,5. This corresponds to the general form
of a conic section, showing that the y?-surface is either a 2D parabola, ellipse, or

hyperbola in 3D space, examples of which are shown in Figure D.1.

(a) Ellipse (b) Parabola (c) Hyperbola

FIGURE D.1: The three different possible x? surfaces for a two-parameter minimisation. The
regions of small x? are blue.

The ellipse and hyperbola each have a critical point, corresponding to a minimum and
a saddle point respectively. The parabola has a valley of stability, corresponding to

infinitely many minima in the y? surface. The type of critical point can be determined
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using a Hessian matrix. This is:

82X2 62X2
wo | o amaa| (g m D10
- 922 922 - : ( ) )
X X K2 2K1

0A0A, 042

The determinant of this evaluated at the critical points gives information on the
outcome [153, 154]:

det(H) >0 = 4ror1 > k3 : Ellipse (minimum)
det(H) = 4rok1 — k3 = { det(H) =0 = 4ror; = K3 : Parabola (inconclusive)
det(H) <0 = 4kor1 < k3 : Hyperbola (saddle point)

As this determinant does not depend on the values of A, or Ay, it confirms that
there is at least one critical point on the surface. The coefficients kg, k1, and Ko can
be determined from the derivative of the y? test, which is again set to 0 as a critical

point:

N _, :iz ( Ayyi = AW) <_%’>, (D.11)

8A7 N ag; o
Ox? 1 Yi — 7% AN i
A )= — — . D.12

Using similar bar notation introduced earlier so that
Ty - " i T2 %\ A — ViAi
- Z 0_2 ’ - Z . ’ - 2
; - ~ 0}
2
W=y oy (2,

then the following matrix equation can be written:

()= (5 =)
i I . (D.13)
AY TA A2 )\ 4,

Differentiating Equation D.9 with respect to Ay and Ay, and equating coefficients, it

can be shown that

-

2o
[N}
~
-

FZ
K/O:ﬁ7 K’lzia R = .
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The determinant can therefore be expressed as

det(HL [(Z 72) (zjj 2;2) - ( i 7{3) (; Vj‘;])] . (D14

which simplifies to

det(H =2 Z Z —YiN) - (D.15)

If ¢ = j, then the summation is zero. In the case where ¢ # j, the following notation

will prove useful:

YiAj = g Yidj — VA = auj — agi = Bij.

This allows Equation D.15 to be rewritten as

det(H N2 Z Z amﬁw. (D.16)

i j;éz

As the indices in this sum are dummy variables, they can be swapped freely. By
adding this sum to a copy of itself where ¢ and j have been swapped, it is valid to

say that

det(H) = N2 Z Z azjﬁz‘j + @jifji) - (D.17)
i A1 7

Using the property that 3;; is antisymmetric, then

det(H QZZ o202 o2 (cvij — i) Bij = QZZ p gﬁz], (D.18)

i J#l i j#i 0

and as this is always positive, it means that the x? surface will always have a

minimum.
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Therefore, Equation D.13 can be inverted to produce the following equations for the

normalisation parameters which give the minimum point:

ATV -TA-AY

T ﬁ.ﬁ_(ﬁf ’
AV -TA-IY
Yoo (m)

(D.19)

(D.20)

This produces the best possible fit when the two distributions are simply scaled. This

is an accurate way of fitting two DWBA distributions to doublet states of differing

angular momenta. However, this method finds the best statistical fit, so could

produce an unphysical solution where A, or Ay is negative. In this case, numerical

methods are required to explore the x?-space where A, and A, are constrained to

be positive. If the distributions accurately model the cross section, and the values of

j for each state are correct, this should not happen.

D.2.2 Calculating the variances

As before, the variances can be calculated. However, as there are two normalisation

factors, the covariance will also need to be considered. As both A, and Aj have a

common denominator, this shall be written as

The variance on A, is therefore

0A, ? 9 1 —— \2 o

- — O,
% % g

which can be reduced to
V(A,) = DAZ

Similarly,
V(Ay) = DT'2.

(D.21)

(D.22)

(D.23)

(D.24)
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The covariance between the two can be calculated using

0A, 0A
cov(Ay, Ay) = Z Z #TACOV(‘%’ yj)- (D.25)
i g %Y 9Y;
However,
cov(yi, yj) = 0i0504, (D.26)

where 0;; is the Kronecker delta, and can be used as there is no covariance between

points where ¢ # j.

Following a similar approach to before, this is

cov(Ay, Ay) = —DTA. (D.27)
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Cross section data for 2Mg

This chapter contains the cross section data for states in 2?Mg, which is detailed in
Table E.1. Each measurement occurred in a different array position for a particular
“row” of detectors, denoted Pz:Ry for position x and row y. The angles 7.,, are not
directly measured, but are instead calculated on a row-by-row and state-by-state

basis.
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E, (MeV) 0.000* 1.092 1432 2270 2501 2900 3.220 3.980* 4.360

PL:R1 17.396 - - - - - - - -
PL:R2 21.637 18.684 17.907 - - - - - -
PL:R3 27138 23.571 22.260 19.804 10.250 - - - -
P1:R4 31.617 28.755 27.747 24.945 24.074 22435 21.296 - -
PLR5 35.525 33.104 32.268 30.001 29.314 28.055 26.967 24.030 22.329

e () PL:R6 39.002 36.803 36.173 34.245 33.660 32.623 31.732 29.392 28.081
P2:R1 19.219 - - - - - - - -
P2:R2 24.553 20.439 19.684 17.750 - - - - -
P2:R3 29493 26.332 25.201 21.983 21.216 20.328 19.548 - -
P2:R4 33.669 31.053 30.142 27.648 26.885 25.473 24.238 21.531 20.615
P2:R5 37.379 35132 34.362 32.286 31.663 30.526 29.553 26.970 25.501
P2:R6 40.716 38.741 38.070 36.280 35.748 34.785 33.968 31.842 30.663
PL:R1 10.314 - - - - - - - -
P1:R2 8.009 10.581 19.613 - - - - - -
PLR3 7.216 4477  12.244 1264 5.883
PL:R4 5132  2.868 8163 0.775 3.496 0.607 2339 - -
PL:R5 3.017 2.641 5673 0.837 1735 0.409 0.823 2.790 5.977

do PLR6 2221 2.844 4625 0764 1244 0940 0835 2214  6.051

— (mb/sr)

d P2:R1 8.086 - - - - - -

P2:R2 8.627  7.394  12.086 - - - -
P2:R3 6.589  3.320 13.071 1.111  5.937 0.767  2.295 - -
P2:R4 4.741  2.898 7.433 0.734  3.607 0.567 1.558  2.739  6.966

P2:R5 2779 3.041 5236 0794 1.060 0329 0561 2723 6.484
P2:R6 1579 1.945 3.728 1118 0.713 0391 0.735 1959  5.943
P1:R1 1204 - - - - - - - -
P1:R2 0404 0795  2.954
P1:R3 0376 0284 0515 0226 0556 - - -
P1:R4 0309 0226 0405 0135 0246 0102 0214 — -
P1:R5 0248 0224 0328 0136 0181 0088 0.131 0217 0.326

do P1:R6 0255 0270 0335 0157 0177 0155 0.153 0244  0.366

E [—] (mb/sr)

dQ P2:R1 0614 - - - - - - - -
P2:R2 0619 0584 0868 - - - - -
P2:R3 0511 0371 0777 0249 0504 0275 0578 -
P2:R4 0450 0.330 0549 0.185 0379 0.150 0240 0.384 0.772
P2:R5 0337 0329 0436 0185 0214 0120 0.149 0353  0.490
P2:R6 0302 02095 0424 0242 0199 0157 0195 0307 0.514

TABLE E.1: The complete measured cross sections in 2?Mg. See the body text for further
details.
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