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Abstract

This thesis presents the first double Dalitz plane analysis of B
0 ! DK

+
⇡

� decays at

LHCb, utilising data collected by the LHCb experiment in Runs 1 and 2 of the LHC,

corresponding to an integrated luminosity of 9 fb�1. This is the first ever use of this novel

analysis method. In this analysis D refers to an admixture of the states D
0 and D

0,

reconstructed in the final states D ! K
0
Sh

+
h

�, D ! h
+
h

�, and D ! h
+
h

�
h

+
h

�, where

h is either a kaon or pion. The primary goal of this analysis is to measure the CKM

angle �, the central value of which is currently blinded. The statistical uncertainty is

determined to be �� = 6.8� and the total systematic uncertainty is yet to be determined.

The penultimate chapter of this thesis presents the first feasibility study of measure-

ments of the branching fractions of b ! s⌫⌫ decays at the FCC running electron-positron

collisions at the Z pole center of mass energy. This study shows that for B
0 ! K

⇤0
⌫⌫ and

B
0
s ! �⌫⌫ decays the branching fractions could be measured with a relative uncertainty

of O(1%), and O(3%) and O(10%) for B
0 ! K

0
S⌫⌫ and ⇤

0
b ! ⇤⌫⌫ decays, respectively.
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1 Introduction

“The Big Bang created the Universe in one mad explosion

... and it was so long ago now it’s probably best not to keep dredging it up.”

Philomena Cunk

The observation of the Higgs boson in 2012 [1,2] marked the end of decades of work to

observe all fundamental particles in what had become known as the Standard Model (SM)

of particle physics. The SM has time and again proven itself as the most successful theory

of the fundamental behaviour of the Universe but it is incomplete, to quite a significant

degree. One issue is that the observed matter-antimatter asymmetry within the Universe

is several orders of magnitude greater than that predicted by the SM [3]. This poses a

question – how is it that we exist in a universe that is vastly dominated by matter?

There must be some as-yet-unknown additional source of asymmetry, physics beyond

the SM (BSM), that allowed the Universe to evolve to its current state. Discovering the

nature of this physics is a central goal of modern particle physics, and it is fraught with

di�culty. To date the SM is consistent with all measurements of the fundamental behaviour

of the Universe, some potential anomalies have been seen but are yet to convincingly

exceed the typical 5� threshold for discovery. One can approach the search for new physics

in two ways, direct and indirect measurements. For example one can search for evidence

of dark matter candidates or supersymmetric particles produced at collider experiments,

this is limited by the maximum collision energy one can achieve. Indirect measurements

however allow one to probe for these and other BSM phenomena across a vast range

of energies thanks to their virtual contributions to high order calculations. Precision

measurements can be compared to SM predictions or other measurements to search for

deviations caused by new physics.

The Large Hadron Collider (LHC) [4] has allowed for a vast array of direct and indirect

searches, however it has known limitations and will eventually be decommissioned by

CERN. Ideally a new collider at CERN would allow for precision measurements orders of

magnitude more sensitive than is possible with current experiments and serve as a Higgs

factory to allow for a thorough exploitation of this unique particle. One such candidate is

1



CHAPTER 1. INTRODUCTION

the Future Circular Collider (FCC) which is proposed to first run as an electron-positron

collider (FCC-ee) and subsequently a hadron collider (FCC-hh) [5].

The remainder of this thesis presents the results of a precision flavour measurement

at the Large Hadron Collider beauty (LHCb) experiment, the first double Dalitz plane

analysis of B
0 ! DK

+
⇡

� decays, and the first feasibility study of b ! s⌫⌫ decays at

the FCC-ee. It is organised as follows. A short introduction to the theoretical physics

on which this work relies is given in Chapter 2. This introduces the SM parameter �, a

measurement of which is the primary goal of the LHCb analysis. The value of � measured

is currently blinded as the analysis is not yet complete. The origin of the data used in

this analysis is presented in Chapter 3. Chapters 4 to 9 explain the LHCb analysis in

detail starting with Chapter 4 which explains the overall methodology of the analysis.

Chapter 5 explains the full selection applied to the data to obtain a high-purity data

sample. Chapter 6 explains the methods used to reweight simulated data to model the

distribution of background sources in LHCb data. Chapter 7 describes the invariant

mass fits which are used to estimate the total presence of backgrounds within the fully

selected data sample obtained in Chapter 5, using the results of Chapter 6. Chapter 8

then explains how all of the work presented in Chapters 5 to 7 is combined to allow for an

extraction of �. Chapter 9 completes the explanation of this analysis with a description

of the methods required to determine the systematic uncertainties associated with the

obtained measurements. Chapter 10 discusses the current status of measurements of

b ! s⌫⌫ decays, the motivation for their measurement at the FCC-ee and the expected

sensitivity one could obtain under the proposed nominal conditions. Chapter 11 concludes

with a discussion of the significance of the work presented and the future developments it

motivates.
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2 Theory

“Physicist and professional tongue model Albert Einstein came up with his theory

of relativity, E equals McTwo, which to this day nobody understands. I’m only

mentioning it because it turns out to be important later.”

Philomena Cunk

This chapter presents the theoretical background necessary to put the experimental

contributions of this thesis into their proper context. It features a concise explanation of

the weak mixing of quarks, introduces the Cabibbo-Kobayashi-Maskawa (CKM) matrix

and summarises the current status of measurements of CKM parameters. The definition

of Dalitz planes is given and finally the basics of weak e↵ective field theories are presented

to introduce the topic of “electroweak penguin” decays.

2.1 The electroweak interaction and CP violation

Symmetries are fundamental to our understanding of particle physics and the phenomena

we study. For a given symmetry the predictions one can make about a system are invariant

under the operation of that symmetry. Noether’s theorem states that any symmetry of

a continuous Lagrangian of a system corresponds to a conservation law, for example a

system with translational symmetry conserves linear momentum [6]. Three fundamental

discrete symmetry operations of the Universe are charge conjugation (C), parity (P )

and time reversal (T ). The C and P symmetries are preserved by the strong interaction

however the electroweak interaction exhibits a maximal violation of them. For example

W bosons couple only to left-handed matter and right-handed antimatter [7]. One can

also consider the symmetries corresponding to a simultaneous application of these such as

simultaneous time and parity reversal. The combination of all three, CPT , is required to

be conserved by any Lorentz invariant field theory [8]. The electroweak interaction violates

the symmetry of the simultaneous combination CP , this is known as CP violation. Under

CP a particle is transformed to its antiparticle state, i.e. the electroweak interactions of

matter and antimatter exhibit slightly di↵erent physics. CP violation was first observed

3
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in 1964 in the decay of neutral kaons and has been studied by a variety of experiments

ever since [9].

2.1.1 Types of CP violation

CP violation can be classified into three di↵erent categories with the following definitions

[7].

CP violation in decay

For the decays of a hadron
( )

H to a final state f with amplitude
( )

A f and
( )

H to a final

state f with amplitude
( )

A f , CP violation is present if
��Af/Af

�� 6= 1. The asymmetry can

be quantified as

A( )

f
=

�
�
H ! f

�
� � (H ! f)

�
�
H ! f

�
+ � (H ! f)

=

��Af/Af

��2 � 1
��Af/Af

��2 + 1
. (2.1)

If one writes

Af = |a1|ei(�1+�1) + |a2|ei(�2+�2), (2.2)

where the amplitude Af has two contributions with the amplitudes ai, strong phases �i

and weak phases �i. It can be shown that

Af ⇠ |a1a2|sin(�2 � �1)sin(�2 � �1), (2.3)

i.e. the observation of a CP asymmetry requires both a non-zero strong phase and weak

phase di↵erence between the contributing amplitudes. This is the kind of CP violation

that is exhibited by the B
0 ! DK

+
⇡

� decay, where D is an admixture of D
0 and D

0,

and is further discussed in Chapter 4.

CP violation in mixing

This occurs when the probability per unit time of oscillation between a matter and

antimatter state is greater in a given “direction”, ı.e. P
�
H ! H

�
6= P

�
H ! H

�
.

This requires that |q/p| 6= 1, where q and p are the proportions with which the flavour

eigenstates contribute to the mass eigenstates.

CP violation in interference between a decay with and without mixing

This occurs when a final state is commonly accessible by corresponding matter and

antimatter states such that the amplitude depends both on the direct decay, H ! f , and

the indirect decay, H ! H ! f .
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2.1. THE ELECTROWEAK INTERACTION AND CP VIOLATION

This requires that

arg(�f ) + arg(�f ) 6= 0, where �f ⌘ q

p

Af

Af
. (2.4)

2.1.2 CKM and the origin of CP violation in the SM

The Lagrangian of the charged-current weak interaction can be written as

Lq = � gp
2
W

�
µ u

j
L�

µ
d

j
L � gp

2
W

+
µ d

j
L�

µ
u

j
L, (2.5)

where u
j
L (dj

L) are the flavour eigenstates of the up-type (down-type) quarks, g is a coupling

constant and W
±
µ represents the charged W boson.

To write this in terms of the quark masses one must transform Eq. (2.5) from the

flavour basis to the mass basis. This is achieved by the unitary transformations

u
j
L 7! u

j
L

0 = ULu
j
L, (2.6)

d
j
L 7! d

j
L

0 = DLd
j
L. (2.7)

It therefore follows that

Lq = � gp
2
W

�
µ u

j
L

0
UL�

µ
D

†
Ld

j
L

0 � gp
2
W

+
µ d

j
L

0
DL�

µ
U

†
Lu

j
L

0
, (2.8)

from which one can infer that the strength of the weak-interaction of quarks is proportional

to ULD
†
L (DLU

†
L) in the case of d ! W

�
u (u ! W

+
d), where u and d refer to all

generations of the up and down type quarks respectively. This is referred to as the CKM

matrix [10, 11]

VCKM ⌘

0

B@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

CA = ULD
†
L = (DLU

†
L)†

. (2.9)

In general a complex 3 ⇥ 3 matrix has 18 degrees of freedom. Unitarity reduces this to

nine since V
†
CKMVCKM = 1 yields nine relations of the form

Vi↵V
⇤
j↵ + Vi�V

⇤
j� + Vi�V

⇤
j� = �ij. (2.10)

Of these remaining degrees of freedom, five can be absorbed by arbitrary rephasing of

the quark fields. Therefore the CKM matrix can be represented by four real independent

parameters. One standard choice of parameterisation is in terms of three mixing angles,

5
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✓ij and one complex phase, �CP [12]. This can be written as

VCKM =

0

B@
1 0 0

0 c23 s23

0 �s23 c23

1

CA

0

B@
c13 0 s13e

�i�CP

0 1 0

�s13e
i�CP 0 c13

1

CA

0

B@
c12 s12 0

�s12 c12 0

0 0 1

1

CA , (2.11)

where sij ⌘ sin(✓ij) and cij ⌘ cos(✓ij). This clearly illustrates the presence of CP violation

in weak mixing since if one considers Eq. (2.8), if this complex phase, �CP , enters a

decay amplitude as A = |A|ei(�+�CP ) then it enters the CP conjugate decay amplitude

as A = |A|ei(���CP ), where � is a CP conserving phase arising from other SM e↵ects,

which is typically referred to as a strong-phase [7]. Another useful parameterisation is the

Wolfenstein parameterisation [13]

VCKM =

0

B@
1 � �

2
/2 � A�

3(⇢ � i⌘)

�� 1 � �
2
/2 A�

2

A�
3(1 � ⇢ � i⌘) �A�

2 1

1

CA+ O(�4), (2.12)

where A, �, ⇢, ⌘ are real valued parameters whose values according to experiment are

A ⇠ 0.810, � ⇠ 0.22548, ⇢ ⇠ 0.149, ⌘ ⇠ 0.352 [14]. Given that O(A) = 1 and ⇢ and

⌘ appear only in the o↵-diagonal corner elements one can consider the structure of the

matrix in orders of � from which a striking pattern can be observed. Why the CKM

matrix takes this exact form is one of the many puzzles of modern flavour physics which

it is hoped that measurements at the LHC, and perhaps the FCC, will help to answer.

Equation (2.10) reveals six relations in which the sum of three complex numbers is 0, i.e.

the relations can be represented by triangles in the complex plane. These are known as

unitarity triangles, one of the most famous of which is the “db” triangle defined by

VudVub
⇤ + VcdVcb

⇤ + VtdVtb
⇤ = 0 (2.13)

and shown in Fig. 2.1. Note that the sides of the triangle are not each term of Eq. (2.13)

but are scaled by 1/(VcdVcb
⇤) such that the vertices are exactly (0, 0), (1, 0) and (⇢, ⌘). A

measurement of its angle � is the central focus of this thesis.

The parameters ⇢ and ⌘ are defined according to

A�
3(⇢ + i⌘) =

A�
3(⇢ + i⌘)

p
1 � A2�4

p
1 � �2[1 � A2�4(⇢ + i⌘)]

, (2.14)

such that (⇢ + i⌘) = �(VudVub
⇤)/(VcdVcb

⇤) regardless of the chosen phase convention and

so that the CKM matrix is unitary in all orders of � if written in terms of ⇢, ⌘ [7].

The non-zero area of these triangles is another consequence of the complex phase of the

6



2.1. THE ELECTROWEAK INTERACTION AND CP VIOLATION

Figure 2.1: The rescaled “db” unitarity triangle which is commonly used in measurements of
CP violation in B hadron decays. From Ref. [7].

CKM matrix and is proportional to the total CP violation in the quark sector predicted

by the SM. All of the unitarity triangles, when not rescaled, have the same area, J/2,

where J is the Jarlskog invariant [15]. This is a phase-convention-independent measure of

CP violation defined as

Im
⇥
VijVklV

⇤
il V

⇤
kj

⇤
= J

X

m,n

✏ikm✏jln. (2.15)

where ✏ijk is the Levi-Civita symbol. Predictions for the matter-antimatter symmetry

based on the experimentally observed value of this quantity compared to cosmological

observations show that the CP violation in the SM is several orders of magnitude too

small to account for the observed matter-antimatter asymmetry in the Universe [3]. This

is one of many sources of evidence that motivate the search for BSM physics.

Since the CKM elements are fundamental parameters of the SM there is no prediction

of the exact dimensions of the unitarity triangles and therefore one goal of modern flavour

physics is to perform as many measurements related to them as possible to overconstrain

their determination. This allows for comparisons between the various angles and side

lengths via direct and indirect determinations of each to search for any inconsistencies

which may point to signs of BSM physics. For example, measurements resulting in an

open unitarity triangle could suggest the existence of a fourth generation of quarks. An

example of such a comparison performed by the CKMFitter group is shown in Fig. 2.2.
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Figure 2.2: Fit of the “db” unitarity triangle to CKM measurements. From Ref. [14]

2.2 The CKM angles

The analysis described in this thesis, the first double Dalitz plane analysis of B
0 ! DK

+
⇡

�

decays at LHCb, is a novel analysis which provides a direct measurement of the CKM angle

�. Amongst the other CKM angles of the “db” triangle, ↵ and �, � is unique in that it is

accessible via tree-level only decays. The consequence of this is that direct measurements

are associated with relatively small theoretical uncertainties [16] making � an ideal SM

benchmark parameter against which other parameters can be compared to search for BSM

e↵ects. Measurements of the other angles rely on higher order processes for which BSM

e↵ects could enter the loop processes and break unitarity under the SM hypothesis. Until

recently � was the least precisely measured of these angles; the uncertainty has fallen

below that of ↵ but is yet to reach sub-degree uncertainty like �. If one compares the

value of � in world averages obtained indirectly by fitting together other CKM parameters,

� = (66.3+0.7
�1.9)

�, and from world averages of direct measurements, � = (65.9+3.3
�3.5)

�, the

current sensitivity is not su�cient to reveal possible discrepancies [14]. In general the

significance with which fits such as that of Fig. 2.2 can constrain contributions from BSM

is limited by the direct measurements of the CKM angles. It is therefore a priority of

LHCb to perform as many precise measurements of CKM parameters as possible. In
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Figure 2.3: One dimensional profile likelihood scans of the 1 – CL (confidence level) for �
obtained by LHCb in the simultaneous combination of beauty and charm measurements for all
beauty measurements and per-B species. From Ref. [17].

the case of �, such measurements are all combined together to obtain a single LHCb

determination of �. The latest combination from LHCb, performed in 2022, obtained

a value of � = (63.8+3.5
�3.7)

� [17]. The 1 – CL for � is shown in Fig. 2.3. Currently the

measurements from B
+ mesons lead the sensitivity to � and have a small tension with

those from neutral B mesons. However given recent measurements at LHCb since this

combination it is expected that the measurements from B
0 mesons will become more

competitive with that of B
+ mesons and with a reduced tension between them in future

combinations [18, 19].

The values of the CKM angles from world averages of direct measurements are shown

in Table 2.1, the sum of which is (175 ± 5)� and is consistent with the expectation of 180�

in the SM.

CKM angle Value
↵ (86.2+3.9

�3.5)
�

� (22.5+0.5
�0.4)

�

� (65.9+3.3
�3.5)

�

Table 2.1: Values of the CKM angles from world averages of direct measurements [14].
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2.3 Multi-body decay kinematics

The decay of a particle to a multi-body final state can in general occur via a number of

di↵erent intermediate resonances, each of which can be associated with its own amplitude

dependent on the phase space of the decay. To consider the dynamics of these decays

and their resonant amplitudes it is required to first introduce the Dalitz plane [20]. The

“Dalitz coordinate” of a pair of particles i, j, i.e. the pairwise invariant mass squared of

two particles, is defined as

m
2
ij ⌘ (pµ

i + p
µ
j )(pµ,i + pµ,j). (2.16)

From energy and momentum conservation one can then write for a decay P ! c1c2c3

m
2
P + m

2
1 + m

2
2 + m

2
3 = m

2
12 + m

2
13 + m

2
23, (2.17)

where mi (mP ) is the mass of ci (P ). Given the masses of these particles are known,

Eq. (2.17) defines the kinematic phase space of the decay with two degrees of freedom. That

is to say that if one considers two Dalitz coordinates, for which the common convention is

to use m
2
13 and m

2
23, there is a finite physically allowed plane of (m2

13, m
2
23) values that

this decay can result in. An example in terms of arbitrary particles is shown in Fig. 2.4,

which illustrates how the boundary of the plane depends on the relations between the

various particle masses. In particular it is useful to note that (m2
ij)max = (M � mk)2 and

(m2
ij)min = (mi + mj)2 where i, j, k index each child uniquely.

(m23)max

0 1 2 3 4 5
 0

 2

 4

 6

 8

10

m12  (GeV2)

m
2
3
  

(G
e
V

2
)

(m1+m2)2

(M−m3)2

(M−m1)2

(m2+m3)2

(m23)min
2

2

2

2

Figure 2.4: A Dalitz plane associated with a decay P ! c1c2c3 where M is the mass of P and
mi is the mass of ci [7].
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The di↵erential decay rate is

d� =
1

(2⇡)3

1

32m3
P

|A|2dm
2
13dm

2
23, (2.18)

where A is the total decay amplitude [21]. If A is independent of the Dalitz coordinates

then the distribution of decays across the Dalitz plane will be uniform. However, in general

this is not the case due to the presence of intermediate resonances and their interference

in 3-body decays. Interference e↵ects between the amplitudes of each resonance can be

observed in regions of phase space where resonances coincide. For example one could

consider a decay B
0
s ! D

0
K

⇤(892)0
, K

⇤(892)0 ! K
�
⇡

+. The invariant mass of the

combined kaon and pion 4-momenta would be consistent with that of the K
⇤(892)0

resonance, therefore repeated measurement of such a decay would not result in a uniform

distribution across the B
0
s ! DK

�
⇡

+ Dalitz plane but rather a band of points across the

Dalitz plane. In the case of non-spin-0 resonances the amplitude density of the resonance

would vary as a function of the helicity angle between the corresponding decay children [21].

This variation is described by functions of the form of Legendre polynomials of the cosine

of the helicity angle, PL(cos(✓), this results in nodes/gaps in the resonance lineshape.

Figure 2.5 shows the lineshapes of a spin-1 resonance (yellow) and two spin-2 resonances

(red, blue) in a mock B
0
s ! DK

�
⇡

+ decay model.

The total amplitude of a decay can be modelled in terms of its resonances using the

isobar model formalism [22–24]. The amplitude at a given Dalitz coordinate can therefore

be defined as

A(m2
13, m

2
23) =

NX

j=1

cjFj(m
2
13, m

2
23), (2.19)

where j is an index associated with each resonance, cj is a complex coe�cient and Fj

describes the resonance dynamics. Although this is not a complete analytical representation

of the decay amplitude it is a useful way to think about the resonant structure of a decay.

The analysis presented in this thesis is model–independent, however in Section 6.2.1 the

isobar formalism is used to model the Dalitz distribution backgrounds in LHCb data.

These models are created with the Laura++ software package which is developed for the

modelling of spin-0 3-body decays [21].

While it is often useful to envision multi-body kinematics in terms of the conventional

Dalitz plane there are often times when another description is more practical. For instance

for a generalised definition of a multi-body phase space it is convenient to be able to map

any conventional Dalitz plane into a unit square. The resulting Dalitz plane is referred to

as a “square Dalitz plane”. Given a decay P ! c1c2c3 the square Dalitz plane coordinates,
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Figure 2.5: A simple example of a model for a B0
s ! DK�⇡+ decay in both the conventional

(left) and square (right) Dalitz plane parameterisations. This shows a D⇤
s2(2573)� resonance

(red), a K⇤(892)0 resonance (yellow), a D⇤
2(2460)+ resonance (blue) and an S-wave contribution

(green). From Ref. [21].

(m0
, ✓

0), are defined as

m
0 =

1

⇡
arccos

✓
2

m12 � m
min
12

m
max
12 � m

min
12

� 1

◆
and ✓

0 =
1

⇡
✓12, (2.20)

where ✓12 is the angle between the momenta of c1 and c3 in the rest frame of c1c2 [21]. This

parameterisation is particularly useful when generating simulations, or using discretised

mappings of the phase space as is seen in Sections 6.2.2 and 6.2.3. Figure 2.5 illustrates

how resonances in a conventional Dalitz plot map to a square Dalitz parameterisation.

2.4 Electroweak penguin decays

The topics covered in the previous sections of this chapter are su�cient to understand

the double Dalitz plane analysis which is the topic of the majority of this thesis, however

Chapter 10 discusses a study performed to estimate the feasibility of measurements of

b ! s⌫⌫ decays at the FCC-ee which requires some additional theoretical context. These

decays belong to a class of decays known colloquially as “electroweak penguin decays”,

which are flavour changing neutral current (FCNC) decays [25]. FCNCs are forbidden at

tree–level in the SM since the only known mechanism that can change flavour at tree–level

is the charged electroweak interaction. Therefore the simplests Feynman diagrams for

a b ! s⌫⌫ decay are those shown in Fig. 2.6. The requirement of loops for the decay

suppresses the probability of such a decay due to the additional EW factors, such as

the dependence on the CKM elements, that enter the amplitude. The GIM mechanism

further suppresses these decays [26], i.e. the existence of multiple up-type quarks with

di↵ering masses results in amplitudes that contribute to the total amplitude of the decay

with opposite signs resulting in a lower amplitude. The small branching fractions of
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these decays is a double–edged sword. Due to the small expected values of the branching

fractions (BFs), detailed study of these decays can be a powerful way to probe for signs of

BSM physics as any unexpected contributions to their amplitudes could result in relatively

large deviations from the SM BFs. However, the rarer a decay is the harder it is for

experiments to produce significant datasets with which to measure the BFs and other

observables of interest.

Figure 2.6: The simplest Feynman diagrams for a b ! s⌫⌫ decay.

In the study of such decays a weak e↵ective field theory (WEFT) approach is used

to factorise out the short-distance and long-distance phenomena. The short-distance

phenomena are the electroweak interactions within the decay and the long-distance

phenomena are the quantum chromodynamic (QCD) interactions between the initial and

final state hadrons. The use of WEFTs therefore allows theorists to handle the calculations

of these phenomena separately, which greatly simplifies their methods of prediction. The

electroweak parts can be handled with perturbative methods and the QCD parts can be

handled with lattice QCD methods.

In the case of b ! s⌫⌫ decays the WEFT Hamiltonian, which accounts for the

short-distance processes, can be written as

He↵ = �4GFp
2

�t

X

i

CiOi + h.c., (2.21)

where GF is the Fermi constant, �t = VtbV
⇤
ts is a CKM factor [27]. Oi is a WEFT operator,

each of which correspond to a di↵erent physics process that contributes to the b ! s⌫⌫

decay. Ci is the Wilson coe�cient associated with Oi, this encodes how much the process

defined by Oi contributes to the total Hamiltonian.

In the SM the only non-zero Wilson coe�cient for Eq. (2.21), CL, corresponds to

OL =
e
2

16⇡2
(s�µPLb) (⌫�

µ (1 � �5) ⌫) , (2.22)

With next to leading order (NLO) QCD and next to next leading order (NNLO) electroweak

contributions accounted for CL can be determined to be CL = �6.32 ± 0.07 [27].

The study in Section 10.3 focuses on B
0 ! K

0
S⌫⌫, B

0 ! K
⇤0

⌫⌫, B
0
s ! �⌫⌫ and

⇤
0
b ! ⇤⌫⌫ decays, the decay rates of which can be written in the SM as [28,29]
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dB(B0 ! K
0
S⌫⌫)SM

dq2
= 3 ⌧B0 |NB0 |2|CSM

L |2|�t|2⇢
K0

S

+ , (2.23)

dB(B0 ! K
⇤0

⌫⌫)SM

dq2
= 3 ⌧B0 |NB0 |2|CSM

L |2|�t|2(⇢K⇤0

A1
+ ⇢

K⇤0

A12
+ ⇢

K⇤0

V ) , (2.24)

dB(B0
s ! �⌫⌫)SM

dq2
= 3 ⌧B0

s
|NB0

s
|2|CSM

L |2|�t|2(⇢�
A1

+ ⇢
�
A12

+ ⇢
�
V ) , (2.25)

dB(⇤0
b ! ⇤⌫⌫)SM

dq2
= 3 ⌧⇤0

b
|N⇤0

b
|2|CSM

L |2|�t|2(⇢⇤
fV
?

+ ⇢
⇤
fA
?

+ ⇢
⇤
fV
0

+ ⇢
⇤
fA
0

) , (2.26)

where

NBq =
GF ↵em

16⇡2

r
mBq

3⇡
. (2.27)

and ⇢i ⌘ ⇢i(q2) are functions of the hadronic form factors, which account for the long-

distance processes. Further details of these, namely their leading uncertainties, and

b ! s⌫⌫ phenomenology can be found in Ref. [27]. Table 2.2 shows the current SM values

of the BFs for the decays of interest which are used as inputs to the feasibility study in

Section 10.3. The two main sources of uncertainty in the prediction of the BFs are the

CKM factor and the hadronic form factors.

Decay mode B/|�t|2 [10�3] B [10�6] Source

B
0 ! K

0
S⌫⌫ 1.33 ± 0.04 2.02 ± 0.12 Ref. [30, 31]

B
0 ! K

⇤0
⌫⌫ 5.13 ± 0.51 7.93 ± 0.89 Ref. [30]

B
0
s ! �⌫⌫ 6.31 ± 0.67 9.74 ± 1.15 Ref. [30]

⇤
0
b ! ⇤⌫⌫ 5.55 ± 0.56 8.57 ± 0.97 Ref. [32]

Table 2.2: Current SM prediction for integrated decay rates summed over the three neutrino
flavors. In the second column the exclusive determination of |Vcb| = (40.0 ± 1.0) ⇥ 10�3 is used,
which yields |�t| = (39.3 ± 1.0) ⇥ 10�3, as described in Ref. [27].

2.5 Summary

In order to understand the importance of the analysis presented in this thesis it is necessary

to derive the CKM matrix from the EW Lagrangian and explain the origin of CP violation

within the SM. This led to a discussion of the Wolfenstein parameterisation of the CKM

matrix, the definition of unitarity triangles and the CKM angle �. The current status of

CKM angle measurements and the motivation for further developments was discussed.
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2.5. SUMMARY

Finally the basics of multi-body kinematics and Dalitz planes are summarised. To prepare

for the discussion of the FCC-ee feasibility study detailed in Chapter 10 it was necessary

to explain the basics of electroweak penguins.
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3 Data acquisition and processing at

LHCb

“Can you explain how they work without resorting to science?

... I think they run on belief.”

Philomena Cunk

The analysis presented in this thesis was performed using data collected by the LHC

beauty (LHCb) experiment, which receives proton-proton collisions from the LHC, at

CERN. This data was collected during the first two data taking periods of the LHC,

Runs 1 and 2, which occurred during the years 2011–2012 and 2015–2018. Since my work

in LHCb can be described entirely in the context of the LHC and LHCb as they were

configured during Runs 1 and 2 I will not make reference to the upgrades made to LHCb

for Runs 3 and 4 of the LHC.

3.1 The Large Hadron Collider

The LHC is a circular collider with a circumference of 26.7km [4]. It is located in a

tunnel ⇠ 100m underground in which the Large Electron Positron (LEP) collider was

originally located. A schematic of the LHC is shown in Fig. 3.1. Proton-proton collisions

are delivered to four collision points located around the ring, at one of which the LHCb

experiment is located. The collisions are achieved by accelerating two counter-rotating

beams in separate rings that intersect at each collision point. The protons for the beams

are obtained from ionised hydrogen and first accelerated in the LINAC2 linear accelerator.

They then proceed through a number of stages of acceleration in circular accelerators of

increasing size until they are at a su�cient energy, 450 GeV, for injection into the LHC.

They are then accelerated to their nominal collision energy of 3.5 TeV, 4 TeV and 6.5 TeV

per beam, where the di↵erent energies correspond to the years 2011, 2012 and 2015–2018,

respectively. The period of time for which the LHC has beams present is known as a “fill”,

and in nominal conditions can last for several hours. The radio frequency (RF) system
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Figure 2.1: Schematic layout of the LHC (Beam 1- clockwise, Beam 2 — anticlockwise).

systems. The insertion at Point 4 contains two RF systems: one independent system for each LHC
beam. The straight section at Point 6 contains the beam dump insertion, where the two beams are
vertically extracted from the machine using a combination of horizontally deflecting fast-pulsed
(’kicker’) magnets and vertically-deflecting double steel septum magnets. Each beam features an
independent abort system. The LHC lattice has evolved over several versions. A summary of the
different LHC lattice versions up to version 6.4 is given in ref. [20].

The arcs of LHC lattice version 6.4 are made of 23 regular arc cells. The arc cells are 106.9 m
long and are made out of two 53.45 m long half cells, each of which contains one 5.355 m long
cold mass (6.63 m long cryostat), a short straight section (SSS) assembly, and three 14.3 m long
dipole magnets. The LHC arc cell has been optimized for a maximum integrated dipole field along
the arc with a minimum number of magnet interconnections and with the smallest possible beam
envelopes. Figure 2.2 shows a schematic layout of one LHC half-cell.
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Figure 3.1: Schematic of the LHC layout, from Ref. [4].

located in the 4th octant of the LHC is used to accelerate the beams, and magnets located

around the LHC control the paths of the beams. As shown in Fig. 3.2 the two beam pipes

are encased in a single cold mass. This results in a complicated magnet structure but

allows for a lower overall cost for the magnets and a smaller machine design to fit within

the limited space in the LHC tunnel.

The beams are arranged not as a continuous stream of protons but in discrete bunches

of O(1011) protons separated by 25 ns allowing a maximum collision frequency of 40 MHz.

Due to the presence of empty bunches in the LHC fill scheme the actual collision rate

is ⇠ 30 MHz. The instantaneous luminosity delivered to LHCb was 1032cm�2s�1, 1%

of what is possible at the LHC. This is because the LHCb detector [33] is designed for

performing precision measurements of beauty, and charm, hadron decays and therefore

requires low pileup, i.e. few interactions happening per unit time, in order to be able

to accurately resolve primary vertices (PVs). This instantaneous luminosity results in

⇠ 1 interaction per collision which is compatible with the expected performance of the

LHCb detector. Over the duration of a fill the maximum instantaneous luminosity that

the LHC can deliver to any given collision point decreases. Since LHCb only requires

1% of the nominal LHC instantaneous luminosity, luminosity levelling can be used to

deliver a constant instantaneous luminosity to the detector. This is achieved by varying

the beam–beam overlap as the luminosity decreases. This constant luminosity allows

LHCb to have a constant trigger configuration throughout a fill, and a uniform detector
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Figure 3.3: Cross-section of cryodipole (lengths in mm).

an important operation for the geometry and the alignment of the magnet, which is critical for the
performance of the magnets in view of the large beam energy and small bore of the beam pipe.
The core of the cryodipole is the “dipole cold mass”, which contains all the components cooled
by superfluid helium. Referring to figure 3.3, the dipole cold mass is the part inside the shrinking
cylinder/He II vessel. The dipole cold mass provides two apertures for the cold bore tubes (i.e. the
tubes where the proton beams will circulate) and is operated at 1.9 K in superfluid helium. It has an
overall length of about 16.5 m (ancillaries included), a diameter of 570 mm (at room temperature),
and a mass of about 27.5 t. The cold mass is curved in the horizontal plane with an apical angle of
5.1 mrad, corresponding to a radius of curvature of about 2’812 m at 293 K, so as to closely match
the trajectory of the particles. The main parameters of the dipole magnets are given in table 3.4.

The successful operation of LHC requires that the main dipole magnets have practically iden-
tical characteristics. The relative variations of the integrated field and the field shape imperfections
must not exceed ⇠10�4, and their reproducibility must be better than 10�4after magnet testing and
during magnet operation. The reproducibility of the integrated field strength requires close control
of coil diameter and length, of the stacking factor of the laminated magnetic yokes, and possibly
fine-tuning of the length ratio between the magnetic and non-magnetic parts of the yoke. The struc-
tural stability of the cold mass assembly is achieved by using very rigid collars, and by opposing
the electromagnetic forces acting at the interfaces between the collared coils and the magnetic yoke
with the forces set up by the shrinking cylinder. A pre-stress between coils and retaining structure
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Figure 3.2: Cross section of an LHC cryodipole, from Ref. [4].

configuration. This simplifies both data acquisition and simulated data generation.

When the instantaneous luminosity decreases to a level such that it is no longer worth

providing collisions to the experimental points the beams are safely disposed of, “dumped”,

at point 6. They are diluted by kicker magnets by sweeping the beam in an “e” shape as

shown in Fig. 3.3 and directing them into a carbon target. The beams are also dumped in

cases where they can not be controlled safely due to faults in the LHC or the experiments.
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Figure 10.4: Dual branch generator circuit layout.

Figure 10.5: Beam spot figure on absorber block.

10.3.3 Fast-pulsed dilution magnets MKB

For each extracted beam, a set of four horizontal and six vertical fast-pulsed dilution magnets
(MKB) will sweep the beam along an “e”-shape path on the upstream face of the absorber graphite
core, with a minimum velocity of 10 mm/µs during the dumping process. The MKBH and MKBV
magnets will be based on the same technology as the MKDs, using similar C-cores, although no
ceramic vacuum chamber will be required for the magnet, which is installed directly in a vacuum
tank. Each magnet will be sinusoidally powered by a pulse generator via a low impedance trans-
mission line. Table 10.5 summarises the main parameters of the beam dump dilution kicker system,
and figure 10.5 shows the trace of the beam spot on the dump block.
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Figure 3.3: Beam spot pattern on the LHC dump block, from Ref. [4].
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3.2 The LHCb detector

The relatively low luminosity requirement of the LHCb detector is not the only consequence

of it being designed for precision measurements of beauty and charm hadrons. As shown

in Fig. 3.4 the vast majority of beauty hadrons at the LHC are produced in the forward

region, i.e. along the beamline, therefore one can save on material costs by designing

the detector as a single-arm forward spectrometer whose acceptance encloses the angular

distribution of one of the peaks in the bb angular distribution. This results in ⇠ 1/4 of

bb pairs produced being within the LHCb acceptance [34]. The detector, as shown in

Fig. 3.5, consists of a number of sub-detector modules which work together to provide a

dataset of precise measurements suitable for world leading flavour physics measurements.

The detector is shown in the (z, y) plane, the x axis points into the page.

3.2.1 Tracking

The LHCb detector utilises three tracking detectors and a magnet to determine the

kinematics of the charged particles produced by the proton-proton collisions and their

0
/4π

/2π
/4π3

π

0
/4π

/2π
/4π3

π  [rad]1θ

 [rad]2θ

1θ

2θ

b

b

z

LHCb MC
 = 7 TeVs

Figure 3.4: The angular distribution of the production cross–section of bb pairs from proton-
proton collisions in the LHC, and the LHCb acceptance (red). The distribution is similar for all
center of mass energies. Taken from Ref. [34].
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Chapter 2

The LHCb Detector

2.1 Detector layout

LHCb is a single-arm spectrometer with a forward angular coverage from approximately 10 mrad
to 300 (250) mrad in the bending (non-bending) plane. The choice of the detector geometry is
justified by the fact that at high energies both the b- and b-hadrons are predominantly produced in
the same forward or backward cone.

The layout of the LHCb spectrometer is shown in figure 2.1. The right-handed coordinate
system adopted has the z axis along the beam, and the y axis along the vertical.

Intersection Point 8 of the LHC, previously used by the DELPHI experiment during the LEP

Figure 2.1: View of the LHCb detector.
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Figure 3.5: Side view of the LHCb detector, from Ref. [33].

decay products. The tracking systems are called the Vertex Locator (VELO), Tracker

Turicensis (TT) and the T1, T2, and T3 (T) trackers [35–37]. Figure 3.6 shows a sketch

of the LHCb tracking system and the five track types. VELO tracks only have hits in the

VELO, upstream tracks only have hits in the VELO and TT, T tracks only have hits in

the T trackers, downstream tracks only have hits in the TT and T trackers and long tracks

have hits in all trackers. VELO tracks, T tracks and upstream tracks are not used in the

analysis discussed in this thesis as they do not contain momentum information. Each

event in data involving a K
0
S meson is categorised according to whether the subsequent

pion tracks are long (LL) or downstream (DD).

Figure 3.6: Sketch of the LHCb tracking systems and the track type definitions, from Ref. [38]

Vertex locator

As shown in Fig. 3.7 the VELO consists of two sets of 21 semi-circle silicon tracker modules.

Before the beams are declared stable the sensors are separated by several centimetres
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and then moved into position in the presence of the stable beams such that they are a

mere 8.2 mm from the beams. This enclosure of the collision point allows for a precise

determination of the initial tracks of the collision products and the primary and secondary

vertices. As shown in Fig. 3.7 each VELO sensor features both an r-sensor and a �-sensor,

the ordering of which alternates between each VELO sensor. An r-sensor consists of

concentric semi-circular silicon strips which allow it to measure the position of hits in

terms of the radial distance from the z-axis. A �-sensor instead consists of silicon strips

positioned perpendicularly to the z-axis such that a hit in the sensor translates to a

position in the azimuthal axis of the sensor.

The VELO sensors are positioned such that any particle within the LHCb acceptance

will deposit hits in at least four of the sensors. The first 16 VELO sensors on a given half

of the VELO are positioned with a separation in the z direction of 3.5cm, the sensors

further downstream have a greater separation to increase coverage for particles whose

momenta are close to parallel with the z-axis. When the VELO is closed the two halves

from each side have a separation in the z direction of 1.5cm, this allows for a slight overlap

between the two sides in the (x, y) plane to ensure particles with zero momentum along

the x-axis can be detected.
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Figure 5.1: Cross section in the (x,z) plane of the VELO silicon sensors, at y = 0, with the detector
in the fully closed position. The front face of the first modules is also illustrated in both the closed
and open positions. The two pile-up veto stations are located upstream of the VELO sensors.

5.1.1 Requirements and constraints

The ability to reconstruct vertices is fundamental for the LHCb experiment. The track coordinates
provided by the VELO are used to reconstruct production and decay vertices of beauty- and charm-
hadrons, to provide an accurate measurement of their decay lifetimes and to measure the impact
parameter of particles used to tag their flavour. Detached vertices play a vital role in the High Level
Trigger (HLT, see section 7.2), and are used to enrich the b-hadron content of the data written to
tape, as well as in the LHCb off-line analysis. The global performance requirements of the detector
can be characterised with the following interrelated criteria:

• Signal to noise1 ratio (S/N): in order to ensure efficient trigger performance, the VELO
aimed for an initial signal to noise ratio of greater than 14 [29].

• Efficiency: the overall channel efficiency was required to be at least 99% for a signal to noise
cut S/N> 5 (giving about 200 noise hits per event in the whole VELO detector).

1Signal S is defined as the most probable value of a cluster due to a minimum-ionizing particle and noise N as the
RMS value of an individual channel.
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Figure 3.7: Sketch of the VELO sub-detector in the (z, x) plane (top), and the (x, y) plane when
open (bottom right) and closed (bottom left). This also illustrates the r (red) and � (blue)
sensors. From Ref. [33].
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The silicon tracker

The TT and inner trackers of the T trackers were designed simultaneously and together

form the silicon tracker (ST) of the LHCb detector.

As shown in Fig. 3.5 the TT is located in between the RICH 1 sub-detector and the

magnet. This is essential for the measurement of decays of long lived particles such as ⇤
0
b

baryons and K
0
S mesons, in particular the momentum resolution of the DD K

0
S dataset

used in this analysis would be severely reduced without it. The TT consists of four layers

of silicon strip tracking detectors aligned with the (x, y)-plane. A schematic of the third

layer is shown in Fig. 3.8. The two inner layers are placed with a ±5� o↵set about the

z-axis to improve the spatial resolution in the (x, y) plane. The first (latter) two layers

consist of 14 (16) half modules as the columns of the layer, with an additional two in the

middle with a separation to leave space for the beams.

The T tracker modules, as shown in Fig. 3.9, are located between the magnet and the

RICH 2 sub-detector and consist of an inner (IT) and an outer tracker (OT). Each inner

tracker module, shown in Fig. 3.9, similar to the TT features four layers of silicon trackers

with a ±5� o↵set about the z-axis for the inner layers relative to the outer layers. The IT

however does not cover the full LHCb acceptance like the TT does as the cost would be

too great given that it is located much further from the collision point. The T stations

were therefore designed to have a high sensitivity tracker close to the beam, the area of

highest occupancy, and a lower sensitivity tracker to cover the remainder of the LHCb

acceptance.

The OT, shown in Fig. 3.10 in the T tracker modules, is a gas straw-tube design drift

time chamber. Similar to the TT and IT, each module of the OT features four tracking

layers with the middle layers o↵set by ±5� about the z-axis. Each layer of an OT module
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Figure 5.19: Layout of the third TT detection layer. Different readout sectors are indicated by
different shadings.

volume is continuously flushed with nitrogen to avoid condensation on the cold surfaces. To aid
track reconstruction algorithms, the four detection layers are arranged in two pairs, (x,u) and (v,x),
that are separated by approximately 27 cm along the LHC beam axis.

The layout of one of the detection layers is illustrated in figure 5.19. Its basic building block
is a half module that covers half the height of the LHCb acceptance. It consists of a row of seven
silicon sensors organized into either two or three readout sectors. The readout hybrids for all read-
out sectors are mounted at one end of the module. The regions above and below the LHC beampipe
are covered by one such half module each. The regions to the sides of the beampipe are covered
by rows of seven (for the first two detection layers) or eight (for the last two detection layers) 14-
sensor long full modules. These full modules cover the full height of the LHCb acceptance and are
assembled from two half modules that are joined together end-to-end. Adjacent modules within
a detection layer are staggered by about 1 cm in z and overlap by a few millimeters in x to avoid
acceptance gaps and to facilitate the relative alignment of the modules. In the u and v detection
layers, each module is individually rotated by the respective stereo angle.

A main advantage of this detector design is that all front-end hybrids and the infrastructure
for cooling and module supports are located above and below the active area of the detector, outside
of the acceptance of the experiment.

TT detector modules

The layout of a half module is illustrated in figure 5.20. It consists of a row of seven silicon sensors
with a stack of two or three readout hybrids at one end. For half modules close to the beampipe,
where the expected particle density is highest, the seven sensors are organized into three readout
sectors (4-2-1 type half modules).

For the other half modules, the sensors are organized into two readout sectors (4-3 type half
modules). In both cases, the first readout sector (L sector) is formed by the four sensors closest to
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Figure 3.8: Schematic of the third tracking layer of the TT, from Ref. [33]
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Figure 5.23: View of the four IT detector boxes arranged around the LHC beampipe.

Figure 5.24: Layout of an x detection layer in the second IT station.

IT detector modules

An exploded view of a detector module is shown in figure 5.25. The module consists of either one
or two silicon sensors that are connected via a pitch adapter to a front-end readout hybrid. The
sensor(s) and the readout hybrid are all glued onto a flat module support plate. Bias voltage is
provided to the sensor backplane from the strip side through n+ wells that are implanted in the n-
type silicon bulk. A small aluminium insert (minibalcony) that is embedded into the support plate
at the location of the readout hybrid provides the mechanical and thermal interface of the module
to the detector box.

Silicon sensors. Two types of silicon sensors of different thickness, but otherwise identical in
design, are used in the IT.17 They are single-sided p+-on-n sensors, 7.6 cm wide and 11 cm long,
and carry 384 readout strips with a strip pitch of 198 µm. The sensors for one-sensor modules
are 320 µm thick, those for two-sensor modules are 410 µm thick. As explained in section 5.2.4
below, these thicknesses were chosen to ensure sufficiently high signal-to-noise ratios for each
module type while minimising the material budget of the detector.

17The sensors were designed and produced by Hamamatsu Photonics K.K., Hamamatsu City, Japan.
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Figure 3.9: Schematic of a single tracking layer of the IT, from Ref. [33]

features two layers of drift-tubes filled with a mixture of Argon and CO2, chosen to allow

for a fast drift time. A potential di↵erence is applied to each tube and its central wire to

induce the drift of the gases when they ionise in the presence of the incoming charged

particles.

LHCb magnet

As shown in Fig. 3.5, the LHCb magnet [40] is located in the middle of the ST. This is

crucial for measuring the momenta of charged particles. If one considers a long track, as

a charged particle traverses the detector it will deposit hits in the VELO and TT, then

experience an acceleration proportional to its charge, velocity and the field strength of the

magnet, and then deposit hits in the T tracker. The hits in the VELO and TT, and the

T tracker allows one to determine the path of the particle through the detector to a high

precision from which one can infer the curvature of the particle path induced by traversing

the magnetic field. By combining this with a detailed knowledge of the magnetic field, for

which a map was obtained to a relative precision of 4 ⇥ 10�4 via the use of Hall probes,

one can determine the momentum of the particle.

The LHCb magnet is a warm dipole magnet with saddle-shaped coils in a window-

frame yoke. The maximum magnetic field strength is ⇠ 1T, parallel to the y-axis. The

photodetectors in the RICH sub-detectors are incredibly sensitive to magnetic fields so

the magnet was required to have a field strength of less than 2 mT in the region of

the RICH sub-detectors while having as high a field strength as possible between the

VELO and the TT, the photodetectors are further protected by iron cases to reduce

the risk of malfunction. The polarity of the magnet can be swapped between “Up” and

“Down”, during each year of data taking the roughly equivalent datasets are taken with

each polarity. This can be used to reduce systematic e↵ects from asymmetries in the

experiment.
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3.2.2 Particle identification

Several di↵erent kinds of final state particles are produced in the decays studied with the

LHCb detector. For the analysis presented in this thesis it is imperative that one can

distinguish between pions and kaons with a high level of confidence to construct each

dataset correctly. It is also necessary to identify any decays that contain final state particles

besides pions and kaons in order to veto them. Therefore a number of sub-detectors

are required to identify each type of particle with a high level of confidence. These are

shown in Fig. 3.5. Charged hadrons are identified by the Ring Imaging Cherenkov (RICH)

sub-detectors, muons are identified by the muon sub-detector (M1–5), and electrons

and photons are identified using the electromagnetic (ECAL) and hadronic (HCAL)
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Figure 3.10: Configuration of the OT tracker modules (top) and the cross section of a tracking
layer (bottom) with distances shown in mm, from Ref. [39]. T2 is shown open as if during
maintenance, the gaps around the beam pipe correspond to where the IT is located.
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calorimeters.

The RICH detectors

RICH 1 is located in between the VELO and the TT, and RICH 2 is located in between

the T tracker and the first muon station [41]. Together they perform particle identification

(PID) for charged particles in the momentum range of ⇠ 1 � 100GeV/c. The detectors

work by measuring the angle of Cherenkov radiation emitted as the charged particles pass

through a medium, also known as the radiator, at a speed greater than the speed of light

in the medium. The angle of the emitted light cone, ✓, depends on the refractive index of

the medium, n, and the velocity of the charged particle, v, according to

cos(✓) =
c

nv
. (3.1)

The relation between the Cherenkov angle and particle velocity is shown in Fig. 3.11 and

shows that for the di↵erent radiators used in the RICH sub-detectors by simultaneously

measuring the Cherenkov angle and the momentum of a charged particle one can achieve

a clear separation between each species over a substantial momentum range, assuming a

precise knowledge of the refractive index of the radiator material. The RICH 1 used aerogel

(in Run 1 only) and C4F10 radiators to cover the momentum range of ⇠ 1 � 60 GeV/c and

RICH 2 uses a CF4 radiator to cover the high momentum range ⇠ 15 � 100 GeV/c.

As shown in the schematic of the RICH 1 in Fig. 3.12 in each RICH sub-detector the

Cherenkov radiation is focused and reflected by spherical and flat mirrors into Hybrid

Photon Detectors (HPDs) located outside of the LHCb acceptance to reduce material

cost.

From Fig. 3.11 one can infer that although the RICH sub-detectors are powerful

PID detectors for charged hadrons, across the ⇠ 1 � 100GeV/c momentum range, addi-

tional detectors, namely the calorimeters and muon system, are required to ensure high

performance PID for the other charged particle species.

The calorimeters

The LHCb calorimeter system consists of four sub-detectors, the Scintillating Pad Detector

(SPD), the Pre-Shower (PS) detector, the ECAL and HCAL [43].

Each of the sub-detectors are designed around the same principle. An organic scintil-

lator emits light which is then transmitted to a Photo-Multiplier (PMT) by wavelength-

shifting (WLS) fibres. The basic design of the calorimeters is to have alternating layers

of scintillator, doped polystyrene, and lead absorber layers. Each detection layer has

concentric sections of varying sizes, as shown in Fig. 3.13, such that each section has

26



3.2. THE LHCB DETECTOR

2008 JINST 3 S08005

θ C
(m

ra
d)

250

200

150

100

50

0

1 10 100

Momentum (GeV/c)

Aerogel

C4F10 gas

CF4 gas

e
µ

p

K

π

242 mrad

53 mrad

32 mrad

θC max

Kπ

Figure 6.1: Cherenkov angle versus particle momentum for the RICH radiators.
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Figure 6.2: (a) Side view schematic layout of the RICH 1 detector. (b) Cut-away 3D model of the
RICH 1 detector, shown attached by its gas-tight seal to the VELO tank. (c) Photo of the RICH1
gas enclosure containing the flat and spherical mirrors. Note that in (a) and (b) the interaction point
is on the left, while in (c) is on the right.

• minimizing the material budget within the particle acceptance of RICH 1 calls for lightweight
spherical mirrors with all other components of the optical system located outside the accep-
tance. The total radiation length of RICH 1, including the radiators, is ⇠8% X0.

• the low angle acceptance of RICH 1 is limited by the 25 mrad section of the LHCb beryllium
beampipe (see figure 3.1) which passes through the detector. The installation of the beampipe
and the provision of access for its bakeout have motivated several features of the RICH 1
design.

• the HPDs of the RICH detectors, described in section 6.1.5, need to be shielded from the
fringe field of the LHCb dipole. Local shields of high-permeability alloy are not by them-
selves sufficient so large iron shield boxes are also used.
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Momentum (GeV/c)

2

Figure 3.11: Left: Plot of the relation between the Cherenkov angle and the momentum of
di↵erent species of charged particles for di↵erent radiator mediums, from Ref. [33]. Right:
Reconstructed Cherenkov angle and track momentum in the C4F10 radiator in Run 1, from
Ref. [42].

similar hit densities.

The SPD is used to select for charged particles which allows for separation between

electrons and photons or neutral pions. The large number of charged pions produced

are a significant background which is mitigated by the PS as it allows for longitudinal

segmentation of the electromagnetic shower. The energies of electrons and photons is

measured by the ECAL alone, whereas both the ECAL and HCAL measure the energies
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Figure 6.1: Cherenkov angle versus particle momentum for the RICH radiators.

(a)

250 mrad

Track

Beam pipe

Photon
Detectors

Aerogel

VELO
exit window

Spherical
Mirror

Plane
Mirror

C4F10

0 100 200 z (cm)

Magnetic
Shield

Carbon Fiber
Exit Window

(b) (c)

Figure 6.2: (a) Side view schematic layout of the RICH 1 detector. (b) Cut-away 3D model of the
RICH 1 detector, shown attached by its gas-tight seal to the VELO tank. (c) Photo of the RICH1
gas enclosure containing the flat and spherical mirrors. Note that in (a) and (b) the interaction point
is on the left, while in (c) is on the right.

• minimizing the material budget within the particle acceptance of RICH 1 calls for lightweight
spherical mirrors with all other components of the optical system located outside the accep-
tance. The total radiation length of RICH 1, including the radiators, is ⇠8% X0.

• the low angle acceptance of RICH 1 is limited by the 25 mrad section of the LHCb beryllium
beampipe (see figure 3.1) which passes through the detector. The installation of the beampipe
and the provision of access for its bakeout have motivated several features of the RICH 1
design.

• the HPDs of the RICH detectors, described in section 6.1.5, need to be shielded from the
fringe field of the LHCb dipole. Local shields of high-permeability alloy are not by them-
selves sufficient so large iron shield boxes are also used.
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Figure 3.12: Sketch of the RICH 1 sub-detector, from Ref. [33].
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Figure 6.21: Lateral segmentation of the SPD/PS and ECAL (left) and the HCAL (right). One
quarter of the detector front face is shown. In the left figure the cell dimensions are given for the
ECAL.

6.2.1 General detector structure

A classical structure of an electromagnetic calorimeter (ECAL) followed by a hadron calorimeter
(HCAL) has been adopted. The most demanding identification is that of electrons. Within the
bandwidth allocated to the electron trigger (cf. section 7.1.2) the electron Level 0 trigger is required
to reject 99% of the inelastic pp interactions while providing an enrichment factor of at least 15
in b events. This is accomplished through the selection of electrons of large transverse energy
ET . The rejection of a high background of charged pions requires longitudinal segmentation
of the electromagnetic shower detection, i.e. a preshower detector (PS) followed by the main
section of the ECAL. The choice of the lead thickness results from a compromise between
trigger performance and ultimate energy resolution [122]. The electron trigger must also reject a
background of �0’s with high ET . Such rejection is provided by the introduction, in front of the
PS, of a scintillator pad detector (SPD) plane used to select charged particles. A thin lead converter
is placed between SPD and PS detectors. At Level 0, the background to the electron trigger will
then be dominated by photon conversions in the upstream spectrometer material, which cannot
be identified at this stage. Optimal energy resolution requires the full containment of the showers
from high energy photons. For this reason, the thickness of ECAL was chosen to be 25 radiation
lengths [123]. On the other hand, the trigger requirements on the HCAL resolution do not impose
a stringent hadronic shower containment condition. Its thickness is therefore set to 5.6 interaction
lengths [124] due to space limitations.

The PS/SPD, ECAL and HCAL adopt a variable lateral segmentation (shown in figure 6.21)
since the hit density varies by two orders of magnitude over the calorimeter surface. A segmenta-
tion into three different sections has been chosen for the ECAL and projectively for the SPD/PS.
Given the dimensions of the hadronic showers, the HCAL is segmented into two zones with larger
cell sizes.

All calorimeters follow the same basic principle: scintillation light is transmitted to a Photo-
Multiplier (PMT) by wavelength-shifting (WLS) fibres. The single fibres for the SPD/PS cells are
read out using multianode photomultiplier tubes (MAPMT), while the fibre bunches in the ECAL
and HCAL modules require individual phototubes. In order to have a constant ET scale the gain in
the ECAL and HCAL phototubes is set in proportion to their distance from the beampipe. Since
the light yield delivered by the HCAL module is a factor 30 less than that of the ECAL, the HCAL
tubes operate at higher gain.

– 97 –

Figure 3.13: Quarter cross section of the lateral segmentation of the SPD, PS and ECAL (left)
and the HCAL (right). The cell dimensions on the left are only for the ECAL. From Ref. [33].

of hadrons.

The muon system

A muon has ⇠ 200 times the mass of an electron and does not interact strongly, therefore

it can typically penetrate material much further than the other final state particles studied

at LHCb. As shown by Fig. 3.11 the RICH sub-detectors are not su�cient to distinguish

muons from pions. The final PID sub-detector is therefore designed specifically to identify

muons and features five stations, one located between RICH 2 and the calorimeters with

the rest positioned at the end of the detector volume [44]. In between each of the last

four muon stations are muon filters, as shown in Fig. 3.14. Muon filters are 80cm thick

sheets of iron so it is highly unlikely that any charged particle besides a muon would

penetrate them, therefore the further a charged particle traverses the muon stations the

greater the likelihood it is that it is a muon. The muon stations are partitioned into

four concentric rectangles such that each section has the same hit density. Each section

consists of multi-wire proportion chambers (MWPCs), besides the inner most section of

M1 which uses triple gas electron multiplier (GEM) detectors due to the expected particle

rate of this region exceeding safety limits for detector ageing [45]. Stations M1-M3 have a

high spatial resolution along the x-axis in order to determine the transverse momentum

of muons with a resolution of ⇠ 20%. The latter stations have a worse resolution as they

are required only to verify the existence of tracks.

3.2.3 Detector performance

Track reconstruction is performed by first determining initial track candidates, seeds, in

the VELO and T stations with low magnetic field. The trajectories are then fitted with a

Kalman filter which accounts for multiple scattering and energy loss. For a long track

particle with momentum greater than 10GeV/c the reconstruction e�ciency is ⇠ 94%
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Figure 6.46: Side view of the muon system.

Appropriate programming of the L0 processing unit (see section 7.1.2) allows the muon trig-
ger to operate in the absence of one station (M1, M4 or M5) or with missing chamber parts, al-
though with degraded performance (worse pT resolution).

The layout of the muon stations is shown in figure 6.47. Each Muon Station is divided into
four regions, R1 to R4 with increasing distance from the beam axis. The linear dimensions of the
regions R1, R2, R3, R4, and their segmentations scale in the ratio 1:2:4:8. With this geometry,
the particle flux and channel occupancy are expected to be roughly the same over the four regions
of a given station. The (x,y) spatial resolution worsens far from the beam axis, where it is in any
case limited by the increase of multiple scattering at large angles. The right part of figure 6.47
shows schematically the partitioning of the station M1 into logical pads and the (x,y) granularity.
Table 6.5 gives detailed information on the geometry of the muon stations.

Simulation

A complete simulation of the muon system was performed using GEANT4. Starting from the
energy deposits of charged particles in the sensitive volumes, the detector signals were created and
digitized taking into account detector effects such as efficiency, cross-talk, and dead time as well as
effects arising from pile-up and spill-over of events occurring in previous bunch crossings [167].
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Figure 3.14: Schematic of the muon sub-detector. The Ri divisions delineate the vertical limits
of the partitions in each muon station, from Ref. [33].

and downstream tracks have an e�ciency of ⇠ 80% for a particle with momentum greater

than 5 GeV/c.

Measurements of the RICH, calorimeters and muon system are combined for each

charged particle track to determine a log-likelihood that a particle of species X is not

mis-identified as a pion. This is then maximised by varying the hypothesis for each track

in turn between electron, muon, pion, kaon and proton. The PID performance in LHCb

is illustrated by Fig. 3.17, one can see that for low momenta high e�ciency is achieved in

all cases. However, as one would expect from Fig. 3.11 low e�ciency is observed for kaon

to pion mis-identification at high momenta.

The nominal LHCb detector performance was first determined during Run 1 of the

LHC [46,47]. For long tracks the relative momentum resolution is < 0.8% for p < 100 GeV/c,

and reaches ⇠ 1.1% for p > 200 GeV/c, this is shown in Fig. 3.15. The B mass resolution is

⇠ 20 MeV/c2 which allows for good separation of B
0 and B

0
s mesons with a mass di↵erence

of 87MeV/c2 [7]. The primary vertex and impact parameter resolutions are shown in

Fig. 3.16.

For particles below 20 GeV/c the

It was found that in Run 2 the detector achieved similar performance, however thanks

to improvements in reconstruction and the removal of the aerogel from the RICH detectors

the PID e�ciency for kaons was found to be a few percent higher [48].
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From [46].

3.3 Triggering

The data collected from a single event at LHCb corresponded to O(10) kB, given a collision

rate of 30 MHz this corresponds to O(300) TB/s. However the majority of collisions at

the LHC result in inelastic collisions with no value for physics measurements. Therefore a

trigger system was required to ensure that the majority of recorded events are of value to

the experiment to allow for e�cient and responsible use of our data storage and computing

capacity.

As shown in Fig. 3.18 the LHCb trigger [51] had three levels, one hardware trigger

(L0) and two software high level triggers (HLT1 and HLT2) which is run on a server farm

near the detector. The maximum readout speed of the LHCb detector was 1.1 MHz, far

less than the collision frequency of the LHC of 30 MHz so the hardware trigger system

needed to reduce this rate by a factor of at least 30 by vetoing any events which did not

feature physics of interest. However this was still far too high for e�cient use of data

storage so further reductions are required. The L0 trigger first reduced the rate to 1 MHz,

30



3.3. TRIGGERING PoS(ICHEP2018)687
PID at LHCb in Run 2 Carla Marin Benito

4. PID performance

The performance of the charged PID high level variables is evaluated by comparing the effi-
ciency and mis-identification probability of a given species, extracted from the calibration data, as
a function of momentum. Fig. 2 shows the performance plots for the different charged species in
the two top rows. An excellent separation is obtained in all cases in a wide momentum range. The
performance of the neutral PID variables is presented in the bottom row, where the response of the
isNotE (isNotH) NN is shown for signal photons and background electrons (neutral pions) in the
left (right) plot. A good separation is achieved in both cases.
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Figure 2: Top: efficiency and mis-identification probability for the charged PID high level variables as
a function of momentum, for different species. Bottom: response of the isNotE (left) and isNotH (right)
classifiers for simulated signal photons (blue) and background electrons and neutral pions (red), respectively.
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Figure 3.17: PID e�ciency and mis-identification as a function of momentum in LHCb data for
charged particle species, from Ref. [49].
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of 4 µs (the L� trigger) determines which events are kept. Information from the electromagnetic
calorimeter, hadronic calorimeter, and muon stations is used in separate L� trigger lines.

The High Level trigger (HLT) is divided into two stages, HLT1 and HLT2. The first level of
the software trigger performs an inclusive selection of events based on one- or two-track signatures,
on the presence of muon tracks displaced from the PVs, or on dimuon combinations in the event.
Events selected by the HLT1 trigger are bu�ered to disk storage in the online system. This is
done for two purposes: events can be processed further during inter-fill periods, and the detector
can be calibrated and aligned run-by-run before the HLT2 stage. Once the detector is aligned and
calibrated, events are passed to HLT2, where a full event reconstruction is performed. This allows
for a wide range of inclusive and exclusive final states to trigger the event and obviates the need for
further o�ine processing.

This paper describes the design and performance of the Run 2 LHCb trigger system, including
the real-time reconstruction which runs in the HLT. The software framework enabling real-time
analysis (“TURBO”) has been described in detail elsewhere. The initial proof-of-concept deployed
in 2015 [2] allowed o�line-quality signal candidates selected in the trigger to be written to permanent
storage. It also allowed physics analysts to use the o�line analysis tools when working with these
candidates, which was crucial in enabling LHCb to rapidly produce a number of publications proving
that real-time analysis was possible without losing precision or introducing additional systematics.
Subsequent developments [3] generalized this approach to allow not only the signal candidate but
also information about other, related, particles in the event to be saved. These developments also
transformed the proof-of-concept implementation into a scalable solution which will now form the
basis of LHCb’s upgrade computing model [4].

– 2 –

Figure 3.18: Overview of the Run 2 LHCb trigger system, from Ref. [50]
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HLT1 would further reduce this to 110 kHz and finally HLT2 reduced it to 12.5 kHz. In

Run 2 thanks to improvements in the reconstruction software and the computing farm

the alignment and calibration step was performed in real time as shown by Fig. 3.18, and

the nominal HLT2 trigger rate was more than doubled [52].

The L0 had a fixed latency of 4 µs and used information from the ECAL, HCAL and

muon stations to perform the first basic vetoing to remove the majority of uninteresting

events. The HLT1 then performed an inclusive selection of events based on one- or

two-track signatures, muon tracks displaced from PVs or dimuon combinations in the

event. These events were then bu↵ered to disk storage in order to allow for alignment of

the detector before running the events through the HLT2. The HLT2 performed a full

reconstruction to allow for triggering on inclusive and exclusive final states.

3.4 O✏ine processing

After the initial data taking the recorded data is stored in files across the Worldwide

LHC Computing Grid (WLCG). For any given analysis the decays of interest will be

extremely diluted amongst the entire LHCb dataset so it is processed into di↵erent

streams of data based on the kind of decay observed in the event. This is referred to as

“stripping”. The stream definitions are broad, e.g. Bhadron refers to any event from a B

hadron decay, so will still require one final level of processing before the data is ready for

analysis. For each stream a number of stripping lines are defined with varying levels of

inclusivity. For example a stripping line used in the analysis described in this thesis is

named StrippingB02D0KPiD2HHBeauty2CharmLine which corresponds to simultaneously

building candidates for a B
0 ! DK

+
⇡

� decay followed by a D ! ⇡
+
⇡

�
, D ! K

+
K

� or

D ! K
±
⇡

⌥ decay. During stripping the decays are fully reconstructed and candidates

are built according to these stripping lines. Selection is applied to the data using loose

cuts that are known to remove the majority of data whilst maintaining a high e�ciency

for the decays of interest.

Following stripping the next step is to use the DaVinci software [53] to select events for

specific decays that were reconstructed under a given stripping line to be saved for analysis.

Despite the relatively small size of the output files of this final step it is still not insignificant.

Indeed when summed over all of the data and simulation used in even a single large

analysis, such as the analysis discussed herein, the storage requirements can become O(10)

TB. Across all LHCb analyses therefore the “analysis ready” datasets can correspond to

PBs of storage space. This will increase at an accelerated rate as the LHC progresses

with future runs. The non-centralisation of this final data processing step therefore poses

an issue – it requires all analysts to archive or delete all tuples that are not required for

analysis to ensure that LHCb utilises storage capacity e�ciently and responsibly. Another
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issue is that the processing itself is inherently computing intensive and time consuming,

particularly when transient errors occur that require manual intervention on the part of

the analyst. To mitigate these issues, the LHCb collaboration developed the Analysis

Productions (AP) software [54].

AP is a framework for analysts to configure tupling jobs such that they can easily be

submitted to the DIRAC transformation system [55]. AP provides a simple method of

job configuration and testing prior to full scale processing, this simplifies the preparation

of productions and prevents users from running problematic productions. Submissions

are reviewed by experts for each LHCb sub-group to facilitate knowledge transfer and to

prevent faults that can not be identified by automated testing, and productions are run

by experts to allow for e�cient use of person power. The AP framework also preserves

all output in a centralised location to enable easy preservation, reproduceability and

data sharing. Therefore the success of this framework relies on a large body of code,

documentation and training to which I contributed in many ways.

3.5 Summary

This chapter has summarised the origin of data and the entire workflow of its processing

from collisions to analysis in the LHCb experiment. Section 3.1 described the LHC and

how it delivers collisions to the LHCb experiment and Section 3.2 introduced the design

goals of the LHCb detector. Section 3.2.1 summarised each of the components of the

LHCb tracking system and Section 3.2.2 summarised the components responsible for PID

at LHCb. Section 3.2.3 presented the performance of the LHCb detector and Section 3.3

explained how the detector information is used to determine which collision events to

record. Finally Section 3.4 explained the o✏ine data processing to convert the full LHCb

dataset into smaller datasets ready for physics analysis.
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4 The double Dalitz method

“When you’re having a big idea, is it best to break it up into lots of little

thoughts, about the size of peas, and squeeze them through in quick

succession, or just bite the bullet and force it through your mind pipe in

one huge clod, like gritting your teeth and thinking for dear life?”

Philomena Cunk

Before detailing each analysis step in Chapters 5 to 9 this chapter describes the

overall method, and the motivation and general methodolodogy for each step. The

double Dalitz plane analysis is a generalisation of a single Dalitz plane analysis. This

can be seen by considering a decay for which the two children of the initial decay that

do not produce a 3/4-body decay can be considered as a single state. For example,

B
0 ! DK

⇤0
, D ! K

0
Sh

+
h

� is a single Dalitz decay but if the K
⇤0 is replaced with K

+
⇡

�

such that the decay is now B
0 ! DK

+
⇡

�
, D ! K

0
Sh

+
h

� then this can be treated as a

double Dalitz decay whose phase space contains the B
0 ! DK

⇤0
, D ! K

0
Sh

+
h

� phase

space.

The LHCb collaboration has performed several measurements of � using Dalitz plane

analyses, most notably the model–independent single Dalitz analysis of B
+ ! Dh

+ decays,

where h is either a kaon or pion, which is the most sensitive single measurement of � [56].

Charge conjugation is implied throughout, unless discussing asymmetries or otherwise

stated, and the di↵erence between model–independent and model–dependent analyses is

explained in the following section. The B
+ ! Dh

+ and B
0 ! DK

+
⇡

� analyses both

study the Dalitz distributions of D ! K
0
Sh

+
h

� decays using very similar methodologies,

therefore it is beneficial to first discuss the B
+ ! Dh

+ methodology and then extend the

discussion to a double Dalitz plane formalism.

4.1 Single Dalitz analysis of B
+ ! Dh

+ decays

This is a model–independent measurement of � using a single Dalitz analysis of B
+ !

DK
+, D ! K

0
Sh

+
h

� decays where h is either a kaon or a pion [57–61].
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The Feynman diagrams for B
+ ! DK

+ decays are shown in Fig. 4.1. This shows that

the D
0 decay amplitude is proportional to Vcb and the D

0 amplitude is proportional to

Vub, therefore the ratio of these amplitudes have a weak-phase di↵erence equal to �, up to

a very good approximation. Since the final state is accessible via either a B
+ ! D

0
K

+

decay or a B
+ ! D

0
K

+ decay there is no way to know the flavour of the D that took

part in the decay. Therefore in measuring the B
+ ! DK

+, D ! K
0
Sh

+
h

� decay one

must consider the sum of the D
0 and D

0 decay amplitudes. If one considers the Dalitz

plane defined by the pairwise invariant masses

s± = m
2
K0

S
h± , (4.1)

one can then write the B
+ decay amplitude as

A / AB+ |AD0(s�, s+)| + e
i�

AB+ |AD0(s�, s+)|ei��D(s�,s+)
, (4.2)

where

• AB+ is the B
+ ! D

0
K

+ amplitude

• AD0(s�, s+) is the amplitude of the D
0 ! K

0
Sh

+
h

� decay at point (s�, s+) in the

Dalitz plane,

• ��D(s�, s+) is the strong-phase di↵erence between the D
0 and D

0 decays at point

(s�, s+) in the Dalitz plane.

One can not directly measure the amplitude of a decay, only the square of its magnitude.

Figure 4.1: Feynman diagrams for the suppressed (left) and favoured (right) B+ ! DK+ decays.
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+ DECAYS

Figure 4.2: Optimal binning schemes for the Dalitz planes of (left) D ! K0
S⇡+⇡� and (right)

D ! K0
SK+K� decays [62].

Three terms appear in the equation for |A|2, two of which are simply the square of the

favoured and suppressed amplitudes and the third is an interference term which depends

on �. Therefore � can be measured by studying how the amplitude–squared density varies

across the Dalitz plane in data, both B flavours are required to access the weak phase

independently of the strong phase since the interference phase of the amplitude squared for

a B
± ! DK

± decay is of the form �� ± �, where �� is the total strong-phase di↵erence

between the B
± ! D

0
K

± and B
± ! D

0
K

± decays. This can be achieved by a number

of methods, the two most common are amplitude fits and binned analyses. Currently,

binned methods are the primary way that Dalitz plane � measurements are performed.

The benefits of a binned method over an amplitude fit method are discussed in Section 4.4

along with how the choice of binning is made. The binnings of the D ! K
0
S⇡

+
⇡

� and

D ! K
0
SK

+
K

� Dalitz planes are shown in Fig. 4.2 [62]. The distribution of these decays

in LHCb data is shown in Fig. 4.3. Due to the symmetry of the final state the Dalitz

plane is symmetric along the s+ = s� line, one can take advantage of this by splitting

the binnings across the line, where the indices are defined such that ±i bins are in the

s⌥ > s± region. Under the assumption that there is no direct CP violation in the D

decay, i.e. |AD(s�, s+)| = |AD(s+, s�)|, this doubles the number of observables without

increasing the number of free parameters. This is assumed since the e↵ect of direct CP

violation in the D decay is expected to be small in the SM [63]. Once a binning has

been defined Eq. (4.2) can be squared and integrated over each bin to obtain a per-bin

population expectation equation.

4.1.1 Binned signal population expectation

Since it can be trivially obtained from the double Dalitz plane binned signal population

derivation in Section 4.2.1, the derivation for the single Dalitz plane is omitted for brevity
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Figure 4.3: Dalitz distribution of D ! K0
S⇡+⇡� and D ! K0

SK+K� decays in fully selected
Run 1 and 2 data, with K0

S in the DD category.

and the result is simply stated here. For B
+ ! DK

+, D ! K
0
Sh

+
h

� the number of signal

decays expected in bin i of the D Dalitz plane is

N
±
i = h

±
DK,D[F⌥i + (x± 2

DK + y
± 2
DK)F±i + 2

p
F+iF�i(cix

±
DK ⌥ siy

±
DK)], (4.3)

where the ± corresponds to the B flavour, with Cartesian parameters

x
±
DK = rB,DKcos(��B,DK ± �), y

±
DK = rB,DKsin(��B,DK ± �), (4.4)

where the parameters can be interpreted as

• h
±
DK,D are normalisation parameters, the total number of B

± ! DK
± decays to the

chosen D final state,

• F±i is the fraction of pure D
0 decays in bin ±i,

• ci (si) is the amplitude-weighted cosine (sine) of the average strong-phase di↵erence

between the D
0 and D

0 decays in bin i,

• rB,DK is the magnitude of the ratio between the suppressed and favoured B decay

amplitudes,

• ��B,DK is the strong-phase di↵erence between the suppressed and favoured B decay

amplitudes.
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The formal definitions are

F±i =
1

ND

Z

±i

⌘D(s�, s+)|AD0(s�, s+)|2ds
2
, (4.5)

ci =

R
i |AD0(s�, s+)||AD0(s�, s+)| cos ��D(s�, s+)ds

2

qR
i |AD0(s�, s+)|2ds2

R
i |AD0(s�, s+)|2ds2

, (4.6)

si =

R
i |AD0(s�, s+)||AD0(s�, s+)| sin ��D(s�, s+)ds

2

qR
i |AD0(s�, s+)|2ds2

R
i |AD0(s�, s+)|2ds2

, , (4.7)

rB,DKe
i(��B,DK+�) =

A(B+ ! D
0
K

+)

A(B+ ! D0K+)
(4.8)

where

ND =

Z

D
⌘D(s�, s+)|AD0(s�, s+)|2ds

2
, (4.9)

⌘D is the experimental acceptance as a function of the D Dalitz plane variables and
R

ds
2 ⌘

R
ds�ds+ i.e. the integral over the Dalitz plane as a whole, D, or bin i of the

Dalitz plane.

The basic setup of the model-independent single Dalitz B
+ ! Dh

+ analysis is that

Eq. (4.3) is fitted to fully selected data, this is referred to as “the CP fit”. The values

of x
±
DK , y

±
DK are then used to extract �, this is referred to as “the interpretation”. The

same language is used in describing the double Dalitz analysis, although the CP fits have

a fundamental di↵erence which is explained in Section 4.5.

Given the binnings in Fig. 4.2 and the above parameter definitions one can count the

number of observables and parameters present in the fit.

The observables are:

• 32 binned D ! K
0
S⇡

+
⇡

� populations, since there are 16 bins per B-flavour.

• Eight binned D ! K
0
SK

+
K

� populations, since there are four bins per B-flavour.

The parameters are

• 20 F±i parameters (16 D ! K
0
S⇡

+
⇡

�, 4 D ! K
0
SK

+
K

�). Again, assuming there is

no CP violation in the D decay AD(s�, s+) = AD(s+, s�) means there is only one

F±i parameter per D bin,

• 20 ci, si parameters (16 D ! K
0
S⇡

+
⇡

�, 4 D ! K
0
SK

+
K

�), similar to above since

the strong-phase is invariant under CP transformation.

• Four Cartesian x
±
DK , y

±
DK parameters,
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• Four normalisation parameters h
±
DK,D.

Therefore there are 40 observables and 48 parameters to be measured, the B
+ ! DK

+,

D ! K
0
Sh

+
h

� decays alone are not su�cient to constrain all of these parameters. Two

additional sources of information are used. The first, discussed in Section 4.1.2, is the

introduction of B
+ ! D⇡

+, D ! K
0
Sh

+
h

� decays which are high-statistics control modes

with little expected CP violation and the second is measurements of the strong-phase ci,

si parameters from the CLEO-c and BES-III charm factories discussed in Section 4.1.3.

By fixing, or constraining, the ci, si parameters to the measured values and incorporating

the B
+ ! D⇡

+ data the number of observables can be increased to 64 and the number

of free parameters simultaneously decreased to 34 to overconstrain the system, where

external inputs are not counted as observables but their corresponding parameter is no

longer counted as a free parameter. The system has gained four normalisation parameters

and two Cartesian nuisance parameters associated with the B
+ ! D⇡

+ decay which are

defined in the following discussion.

4.1.2 B
+ ! D⇡

+ decays

B
+ ! D⇡

+, D ! K
0
Sh

+
h

� decays have very little sensitivity to � since the ratio

between the favoured and suppressed B
+ decay amplitudes is rB,D⇡ = 0.0049+0.0006

�0.0005

[17] resulting in a small interference term relative to the favoured amplitude squared

term. For contrast the value of the corresponding parameter for B
+ ! DK

+ decays is

rB,DK = 0.097 ± 0.002. However, the value of these decays is not their direct sensitivity

to � but rather their relatively high branching fraction. The branching fraction B(B+ !
D

0
⇡

+) = (4.6±0.1)⇥10�3 is ⇠ 13 times greater than B(B+ ! D
0
K

+) ⇠ (3.6±0.2)⇥10�4

[7]. This results in a larger dataset for B
+ ! D⇡

+ than for B
+ ! DK

+ which makes it

an excellent control mode to determine the values of the F±i parameters. Therefore both

datasets are fitted simultaneously to their corresponding expectation equations with the

F±i parameters being shared between the decays.

For B
+ ! D⇡

+, D ! K
0
Sh

+
h

� the expectation equation is

N
±
i = h

±
D⇡,D[F⌥i + (x± 2

D⇡ + y
± 2
D⇡ )F±i + 2

p
F+iF�i(cix

±
D⇡ ⌥ siy

±
D⇡)], (4.10)

where

x
±
D⇡ = x

⇠
D⇡x

±
DK � y

⇠
D⇡y

±
DK , (4.11)

y
±
D⇡ = x

⇠
D⇡y

±
DK + y

⇠
D⇡x

±
DK . (4.12)

Note that the x
±
D⇡, y

±
D⇡ parameters are not defined in exactly the same way as their

B
+ ! DK

+ counterparts but are instead parameterised in terms of the B
+ ! DK

+
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parameters. This parameterisation is used as it improves fit stability for low values of

rB,D⇡ and is possible since the CP parameters for the B
+ ! DK

+ and B
+ ! D⇡

+ decays

are not independent [64]. The definitions for all other parameters are the same as for

B
+ ! DK

+ besides trivial di↵erences due to mapping DK 7! D⇡.

4.1.3 Charm factory inputs

Using quantum correlated pairs of D
0 and D

0 decays the CLEO and BES-III collaborations

have measured the values of the ci and si parameters in D ! K
0
S⇡

+
⇡

� and D ! K
0
SK

+
K

�

decays [62,65,66]. In the latest BES-III papers these measurements are combined to yield

the most precise constraints of these parameters, performed with the same Dalitz binning

schemes as is used in LHCb measurements. Therefore in LHCb fits these parameters can

be fixed to the measured values and their uncertainty treated as a source of systematic

uncertainty in the CP fit. As in the measurement of � using B
0 ! DK

⇤0, D ! K
0
Sh

+
h

�

decays an additional systematic will be to determine the e↵ect of the non-flat e�ciency

profile across the D Dalitz plane in this analysis [67].

4.1.4 Recursive parameterisation

Since the F±i parameters are the fraction of decays that populate each bin they must

satisfy

X

�NiN ,i 6=0

F±i = 1, (4.13)

where N is the number of positively indexed D Dalitz bins for the given D final state.

It was found that in the B
+ ! Dh

+ analysis constraining the sum of these parameters

results in instability in the fits, so an alternate parameterisation was devised

Ri =

8
><

>:

Fi for i = �N ,

Fi/
�X

j�i

Fj

�
for � N < i < N ,

(4.14)

with the inverse relations given by

Fi =

8
>>>>>>><

>>>>>>>:

Ri for i = �N ,

Ri

Y

j<i

(1 � Rj) for � N < i < N ,

Z

Y

j<i

(1 � Rj) for i = N .

(4.15)
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Figure 4.4: Contour plot of the single Dalitz B+ ! Dh+ analysis result for the x±
DK , y±

DK , x⇠
D⇡

& y⇠
D⇡ parameters. From Ref. [56].

In the CP fit the F±i parameters are instead re-parameterised according to Eqs. (4.14)

and (4.15) for input to Eq. (4.3).

4.1.5 Analysis result

Using this method the LHCb collaboration has presented the results from an analysis of

data corresponding to an integrated luminosity of 9 fb�1 collected from the LHC with

the LHCb detector over the periods 2011-2012 and 2015-2018. Following data collection,

selection and fits to determine invariant mass PDF shapes the angle � is extracted from a

two-step fit.

1. The CP fit: A global per-bin mass fit is performed simultaneously with the fit of

Eq. (4.3) to the yield of the signal PDF within the signal window.

2. The interpretation: The Cartesian parameters x
±
DK , y

±
DK , x

⇠
D⇡, y

⇠
D⇡ are fitted together

in a multivariate Gaussian fit to extract �, rB,DK , rB,D⇡, �B,DK and �B,D⇡.

This analysis has been performed a number of times with slight variations, particularly

to the F±i measurement method, by the LHCb collaboration [56, 68–70]. The most recent

result is the most sensitive single measurement of � and yields the result, � = (68.7 +5.2
�5.1)

�.

The central values and 2D contours of the Cartesian parameters are shown in Fig. 4.4.
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Figure 4.5: Feynman diagrams for the suppressed (left) and favoured (right) B0 ! DK+⇡�

decays.

4.2 The double Dalitz analysis

The double Dalitz plane method can be used to perform a model-independent measurement

of � using B
0 ! DK

+
⇡

� decays, whose Feynman diagrams are shown in Fig. 4.5. This

was first proposed in 2009 [71]. In 2016 the first study of CP violation with an amplitude

analysis of B
0 ! DK

+
⇡

� decays was performed, from which a model of the resonance

structure was obtained [72]. A signal-only binning optimisation was then performed in

2018 [73], the resulting binning scheme is shown in Fig. 4.6. For comparison Fig. 4.6 also

shows the Dalitz distribution of this decay in fully selected LHCb data. It was found

during the analysis that because this binning is optimised considering only the signal decay

Dalitz distribution, it is not optimal in the presence of backgrounds since the distribution

of these can change the magnitude of the CP asymmetry of each bin relative to the total

population of the bin. It was found that merging bins four and five is su�cient to obtain a

stable fit. Therefore unless otherwise specified the binning with bins four and five merged

is referred to as the B Dalitz plane binning and the binning shown in Fig. 4.6 is referred

to as the signal-only optimal binning.

The heart of the analysis method lies in the consideration of B
0 ! DK

+
⇡

�, D !
K

0
Sh

+
h

� decays as a double Dalitz system. This means that the Dalitz planes are populated

simultaneously by each decay, e↵ectively coupling them together. In a binned analysis

this results in 2 ⇥ M ⇥ 2N observables per decay mode, where M (N ) is the number of

positively indexed bins in the B (D) Dalitz plane and the factors of two correspond to the

two B
0 flavours and the split bins in the D Dalitz plane. Furthermore this allows for a
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larger dataset to be used than in a “quasi-two-body” B
0 ! DK

⇤0, D ! K
0
Sh

+
h

� single

Dalitz analysis since decays across the whole B
0 ! DK

+
⇡

� Dalitz plane can be used

rather than just those within a cut around the K
⇤(892) resonance. This also allows one

to take advantage of the full set of B
0 ! DK

+
⇡

� resonances which introduces additional

sources of interference across the Dalitz plane. The B
0 ! DK

+
⇡

� decays themselves

are also inherently more sensitive to � than B
+ ! DK

+ decays since sensitivity to � is

proportional to the magnitude of interference between the D
0 and D

0 decays. This can

be quantified by the ratio of the magnitudes of each decay amplitude, for B
0 ! DK

⇤0

this is 0.233 ± 0.016 [19] whereas for B
+ ! DK

+ this is 0.0904+0.0077
�0.0075 [56]. In the case of

B
0 ! DK

+
⇡

� decays, both the favoured and suppressed decays are colour suppressed

whereas for B
+ ! DK

+ decays only one is colour suppressed which allows for this larger

ratio. However the branching fraction of B
0 ! DK

+
⇡

�, (8.8 ± 1.7) ⇥ 10�5, is lower than

that of B
+ ! DK

+, (3.64± 0.15)⇥ 10�4, and has a greater number of final state particles

to detect, so ignoring any further experimental e↵ects this results in a considerably smaller

B
0 ! DK

+
⇡

� dataset than B
+ ! DK

+ [7]. One great benefit of this analysis method is

the ability to utilise a vast number of additional decay modes. Given that the analysis

revolves around both the B
0 ! DK

+
⇡

� and D ! K
0
Sh

+
h

� Dalitz planes single Dalitz

decays related to either of the Dalitz planes can be incorporated, this analysis exclusively

uses B
0 ! DK

+
⇡

� decays with varying D final states. This results in greater sensitivity

to the hadronic parameters of each binned Dalitz plane and therefore greater sensitivity

to �. These decays in general also contribute their own direct sensitivity to � depending

on what particular final states are considered. Some of these additional decay modes are

incorporated by studying their data directly, this is motivated in Section 4.2.5, whereas

others are incorporated just by using previous measurements to provide external inputs

which are explained in Section 4.3. First the binned signal expectation equation must be

Figure 4.6: Signal-only optimal binning scheme (left) for the Dalitz plane of B0 ! DK+⇡�

decays and (right) the distribution of such decays in fully selected Run 1 and 2 LHCb data.
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derived.

4.2.1 Deriving the expectation equation for the general double

Dalitz binned signal population

Definitions The amplitudes of each decay must first be defined. The favoured and

suppressed B
0 ! DK

+
⇡

� decays can be written with the strong–phases explicitly stated

and the constant weak–phase di↵erence � assigned to the suppressed amplitude as

AB(sD⇡, sK⇡) = A(B0 ! D
0
K

+
⇡

�) ⌘ e
i�|AB(sD⇡, sK⇡)|ei�B(sD⇡ ,sK⇡)

, (4.16)

AB(sD⇡, sK⇡) = A(B0 ! D
0
K

+
⇡

�) ⌘ |AB(sD⇡, sK⇡)|ei�B(sD⇡ ,sK⇡)
, (4.17)

where sD⇡ (sK⇡) are the squared invariant masses of the D⇡ (K⇡) combinations, respec-

tively. The equivalent definitions for a B
0 initial state are obtained by the transformation

� 7! ��. In the case of a subsequent D decay to a 3-body final state, both the B and D

decay modes have a corresponding Dalitz plane. The D
0 ! K

0
Sh

+
h

� and D
0 ! K

0
Sh

+
h

�

amplitudes are defined as

AD0(s�, s+) = A(D0 ! K
0
Sh

+
h

�) ⌘ |AD0(s�, s+)|ei�D0 (s�,s+)
, (4.18)

AD0(s�, s+) = A(D0 ! K
0
Sh

+
h

�) ⌘ |AD0(s�, s+)|ei�D0 (s�,s+)
, (4.19)

where s± are the squared invariant masses of the Dh
± combinations, respectively.

Derivation In the following the (sD⇡, sK⇡) notation is omitted and the (s�, s+) is

replaced with ± superscripts for ease of reading. Note the following assumptions and

basic equalities. It is assumed that there is no direct CP violation in the D decay so one

can write

A
+�
D = A

�+
D , (4.20)

and because strong-phases are invariant under CP conjugation

��B ⌘ �B0 � �B0 = �B0 � �B0 , (4.21)

��D ⌘ �
�+
D0 � �

�+
D0

= �
+�
D0

� �
+�
D0 . (4.22)

For B
0 ! DK

+
⇡

�, D ! K
0
Sh

+
h

� decays one can write the amplitude of the decay given
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the admixture of the D flavour as

A = AB0A
�+
D0

e
i�B0e

i��+

D0 + e
i�

AB0A
�+
D0 e

i�B0e
i��+

D0 (4.23)

= AB0A
�+
D0

+ e
i�

AB0A
�+
D0 e

i��Be
i��D , (4.24)

|A|2 = AB0
2
A

�+
D0

2 + AB0
2
A

�+
D0

2 + 2
q

AB0A
�+
D0

AB0A
�+
D0 [cos(��D + (��B + �))] (4.25)

= AB0
2
A

�+
D0

2 + AB0
2
A

�+
D0

2 + 2
q

AB0A
�+
D0

AB0A
�+
D0

⇥ [cos(��D)cos(��B + �) � sin(��D)sin(��B + �)]

= A
2
B0A

�+
D0

2 + AB0
2
A

�+
D0

2 + 2
q

AB0A
�+
D0

AB0A
�+
D0 (4.26)

⇥ [(cos(��D)cos(��B) � sin(��D)sin(��B))cos(�)

� (sin(��D)cos(��B) + cos(��D)sin(��B))sin(�)].

Performing a similar derivation for B
0 decays and integrating the result and Eq. (4.26)

across each bin yields the expected population of
( )

B
0 ! DK

±
⇡

⌥ decays in each bin (↵, i),

with the superscript +(�) denoting a
( )

B
0 decay

N
±
↵,i = h

±
D{↵F⌥i + ↵F±i + 2

p
↵F+i↵F�i (4.27)

⇥ [(�↵ci ⌥ �↵si)cos(�) ⌥ (�↵ci ⌥ �↵si)sin(�)]},

where these parameters can be interpreted as

• h
+
D is a normalisation parameter, the total number of B

0 decays to the desired D

final state.

• ( )
 ↵ is the fraction of pure B

0 !
( )

D
0
K

+
⇡

� decays in bin ↵.

• �↵ (�↵) is the amplitude-weighted cosine (sine) of the average strong-phase di↵erence

between the suppressed and favoured B decays in bin ↵.

The formal definitions in analogy with Eqs. (4.5) to (4.8) are

( )
 ↵ =

1

NB

Z

↵

⌘B(sD⇡, sK⇡)|
( )

A B(sD⇡, sK⇡)|2ds
2
, (4.28)

�↵ =

R
↵ ⌘B(sD⇡, sK⇡)|AB(sD⇡, sK⇡)||AB(sD⇡, sK⇡)| cos ��B(sD⇡, sK⇡)ds

2

qR
↵ |AB(sD⇡, sK⇡)|2ds2

R
↵ |AB(sD⇡, sK⇡)|2ds2

, (4.29)

�↵ =

R
↵ ⌘B(sD⇡, sK⇡)|AB(sD⇡, sK⇡)||AB(sD⇡, sK⇡)| sin ��B(sD⇡, sK⇡)ds

2

qR
↵ |AB(sD⇡, sK⇡)|2ds2

R
↵ |AB(sD⇡, sK⇡)|2ds2

(4.30)
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where

NB =

Z

B
⌘B(sD⇡, sK⇡)(|AB(sD⇡, sK⇡)|2 + |AB(sD⇡, sK⇡)|2)ds

2
, (4.31)

⌘B is the experimental acceptance as a function of the B Dalitz plane variables and
R

ds
2 ⌘

R
dsD⇡dsK⇡ i.e. the integral over the Dalitz plane as a whole, B, or bin ↵ of the

Dalitz plane.

4.2.2 Re-parameterising the normalisation parameters

In the nominal fit configuration the total asymmetry between the two normalisation

parameters is exploited such that for each D final states besides D ! K
0
Sh

+
h

� there is a

single normalisation parameter hD such that the per-flavour normalisations are written as

h
+
D = hD(1 + A), (4.32)

h
�
D = hD(1 � A), (4.33)

where A quantifies the total production and detection asymmetry between B
0 and B

0

decays. The value of A is fixed from external measurements and its uncertainty treated

as a source of systematic uncertainty. Note that at the time of writing this has not yet

been implemented into the CP fit, it will be added alongside the remaining systematics.

The input values will be determined in the same way as in Ref. [19]. The e↵ect of B
0

mixing could also be incorporated though this is expected to have a negligible e↵ect. For

the D ! K
0
Sh

+
h

� decays however this shared normalisation would result in a bias to the

values of the CP parameters due to the e↵ect of CP violation and material interactions of

the K
0
S [63] so the per-flavour normalisation parameters are instead written

h
+
D = n

+
D(1 + A), (4.34)

h
�
D = n

�
D(1 � A), (4.35)

where n
±
D are the per-flavour normalisations in the absence of detector e↵ects.

4.2.3 The Cartesian parameterisation

Equation (4.27) is written with � appearing explicitly, however it is di�cult to include

explicit measurements of � in a combination as the uncertainty distribution is typically

non-Gaussian, therefore it is beneficial to use a Cartesian parameterisation instead [74,75].

Therefore, as in Eq. (4.3), it is beneficial to choose a parameterisation where Cartesian

CP parameters are fitted and then � is extracted from them in a second fit.
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Cartesian CP parameters can defined as

x
±
↵ = T↵ cos(��↵ ± �), y

±
↵ = T↵ sin(��↵ ± �), (4.36)

where

• T↵ is the coherence factor for bin ↵,

• ��↵ is the average strong-phase di↵erence between the suppressed and favoured B

decays in bin ↵.

This is inspired by the quasi-two-body analyses of, e.g. B
0 ! DK

⇤0 in Refs. [72, 76],

where these parameters are formally according to

T↵e
i��↵ =

R
↵

��AB(sD⇡, sK⇡)AB(sD⇡, sK⇡)
�� exp [i��B(sD⇡, sK⇡)] ds

2

qR
↵ |AB(sD⇡, sK⇡)|2 ds2

R
↵

��AB(sD⇡, sK⇡)
��2 ds2

. (4.37)

They can be identified with the B plane hadronic parameters in Eq. (4.27) by the relations

tan ��↵ = �↵/�↵, T
2
↵ = �

2
↵ + �

2
↵. (4.38)

Therefore one can now write

N
±
↵,i = h

±
D[↵F⌥i + ↵F±i + 2

p
↵↵F�iF+i(cix

±
↵ ⌥ siy

±
↵ )], (4.39)

in close analogy to Eq. (4.27).

4.2.4 Binned amplitude ratios

The sensitivity of various B decays to � is often discussed in terms of the ratios of their

favoured and suppressed amplitudes since this controls the magnitude of their interference

within the chosen phase space. It is therefore instructive to measure the r↵ parameter for

each B Dalitz bin. These are not measured directly in the analysis as this complicates the

implementation of the fits, however they can be calculated after the fits using the relation

r↵ =

r
↵

↵
. (4.40)

These are reported alongside the other measured parameters in the final result in Sec-

tion 8.2.
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4.2.5 The expectation equation for all D final states of interest

Since this is a generalisation of a single Dalitz analysis, whether the Dalitz plane of

interest is the B or D decay, one can use trivial mappings to obtain the expectation

equations for all the D final states used in the analysis from Eq. (4.27). These decay

modes are chosen either because they are known to have high sensitivity to � itself or to

certain hadronic parameters of the B Dalitz plane.

D ! K±⇡⌥ & D ! K±⇡⌥⇡+⇡�

The first additional decay modes to consider are the doubly Cabibbo favoured D !
K

±
⇡

⌥ and D ! K
±
⇡

⌥
⇡

+
⇡

� decays. These decays serve a similar purpose to the

B
+ ! D⇡

+ decays in the single Dalitz B
+ ! Dh

+ analysis since they have very little

interference e↵ects and high branching fractions so provide information about the hadronic

↵ parameters. To obtain the binned signal expectation for favoured B
0 ! DK

+
⇡

�,

D ! K
±
⇡

⌥ decays the D decay Dalitz coordinate dependent amplitudes are substituted

in Eq. (4.26) with A(
( )

D
0 ! K

±
⇡

⌥). Given the definition

rD,K⇡e
i�D,K⇡ ⌘ A(D0 ! K

±
⇡

⌥)

A(D0 ! K±⇡⌥)
, (4.41)

one can write

N
±
↵ = h

±
D[↵ + r

2
D,K⇡↵ + 2rD,K⇡D,K⇡⇡⇡

p
↵↵ (4.42)

⇥ (cos(��D,K⇡)x±
↵ ⌥ sin(��D,K⇡)y±

↵ )],

N
±
↵ = h

±
D[↵ + r

2
D,K⇡⇡⇡↵ + 2rD,K⇡⇡⇡D,K⇡⇡⇡

p
↵↵ (4.43)

⇥ (cos(��D,K⇡⇡⇡)x±
↵ ⌥ sin(��D,K⇡⇡⇡)y±

↵ )],

for the favoured D ! K
±
⇡

⌥ and D ! K
±
⇡

⌥
⇡

+
⇡

� decays respectively.

The equivalent equation for the suppressed D ! K
±
⇡

⌥ and D ! K
±
⇡

⌥
⇡

+
⇡

� decays

can be obtained by ↵ $ ↵. The values of rD,K⇡ and rD,K⇡⇡⇡ are O(0.06) therefore

one can infer from the above expressions that the favoured decays primarily provide

sensitivity to the ↵ parameters since the ↵ term dominates the expectation of each

bin [17, 77]. In contrast however the suppressed modes have larger interference terms

relative to the squared amplitude terms, resulting in greater inherent sensitivity to �.

The associated datasets of these final states are, however, relatively small.

D ! K+K� & D ! ⇡+⇡�

These CP -even eigenstates are known to provide good sensitivity to �, first motivated in

Refs. [78, 79] and shown for example in a recent analysis Ref. [19], and have the signal
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expectation

N
±
↵ = h

±
D[↵ + ↵ + 2

p
↵↵x

±
↵ ]. (4.44)

D ! ⇡+⇡�⇡+⇡�

This 4-body final state, if one ignores the multi-body dynamics, can be treated similarly

to the 2-body CP -even eigenstates up to the addition of a CP -even fraction, F
+
4⇡, resulting

in the signal expectation

N
±
↵ = h

±
D[↵ + ↵ + (2F+

4⇡ � 1)
p

↵↵x
±
↵ ]. (4.45)

4.2.6 Full observables and parameters list

Table 4.1 lists the number of observables and parameters associated with each decay mode.

As explained in Section 3.2.1 data containing reconstructed K
0
S mesons is split between

categories LL and DD. These di↵erent datasets therefore have slightly di↵erent e�ciencies

across the D Dalitz plane resulting in noticeably di↵erent F±i values for the LL and DD

categories, relative to their uncertainties. Therefore each category has its own independent

set of F±i parameters. The ci and si parameters are not split between LL and DD and all

subscript ↵ parameters are shared across all decay modes.
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Table 4.1: Modes included in the nominal fit with numbers of observables (NObs) and parameters
(NPar). The number of parameters is split into those which are fixed from external inputs (NFixed)
and those which have to be allowed to vary freely (NFree). The parameters column specifies the
groups of parameters associated with each decay in the CP fit. This assumes four bins in the
B decay plane, 16 bins in the D ! K0

S⇡+⇡� decay plane and four bins in the D ! K0
SK+K�

decay plane. 51
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4.3 External inputs

The introduction of additional decays introduces a number of new parameters. In principle,

all of them could be measured in this analysis, however many of these parameters have

already been measured by LHCb and/or CLEO-c & BES-III to greater precision than

would be accessible in this analysis. Since there would be little to gain by complicating

the CP fit by constraining these parameters according to these previous measurements,

these are fixed to the measured values and their uncertainties are treated as a source of

systematic uncertainty. All external parameters used in the analysis and their measured

values are specified in Table 4.2.

D decay Parameter Value ± Uncertainty Source

D ! K
0
S⇡

+
⇡

�
c1 �0.037 ± 0.049 Table 17 of Ref. [65]

c2 0.837 ± 0.067

c3 0.147 ± 0.067

c4 �0.905 ± 0.021

c5 �0.291 ± 0.041

c6 0.272 ± 0.082

c7 0.918 ± 0.017

c8 0.773 ± 0.033

s
⇤
1 0.829 ± 0.097

s
⇤
2 0.286 ± 0.152

s
⇤
3 0.786 ± 0.154

s
⇤
4 0.079 ± 0.059

s
⇤
5 �1.022 ± 0.064

s
⇤
6 �0.977 ± 0.176

s
⇤
7 �0.184 ± 0.065

s
⇤
8 0.277 ± 0.118

D ! K
0
S⇡

+
⇡

� LL R�8 0.0243 ± 0.0007 [56], Table 51 of Ref. [80]

R�7 0.1304 ± 0.0014

R�6 0.0734 ± 0.0012

R�5 0.0584 ± 0.0011

R�4 0.1281 ± 0.0017

R�3 0.2472 ± 0.0024

R�2 0.3147 ± 0.0033

R�1 0.2851 ± 0.0033
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R1 0.0906 ± 0.0024

R2 0.0224 ± 0.0015

R3 0.0204 ± 0.0013

R4 0.2638 ± 0.0039

R5 0.1752 ± 0.0039

R6 0.0316 ± 0.0021

R7 0.4541 ± 0.0062

D ! K
0
S⇡

+
⇡

� DD R�8 0.0240 ± 0.0004 [56], Table 51 of Ref. [80]

R�7 0.1362 ± 0.0009

R�6 0.0670 ± 0.0008

R�5 0.0537 ± 0.0007

R�4 0.1276 ± 0.0011

R�3 0.2470 ± 0.0016

R�2 0.3126 ± 0.0021

R�1 0.2879 ± 0.0022

R1 0.0842 ± 0.0016

R2 0.0229 ± 0.0010

R3 0.0179 ± 0.0009

R4 0.2649 ± 0.0026

R5 0.1452 ± 0.0024

R6 0.0238 ± 0.0012

R7 0.4402 ± 0.0040

D ! K
0
SK

+
K

�
c1 0.713 ± 0.032 Table 17 of Ref. [66]

c2 �0.758 ± 0.037

s
⇤
1 �0.107 ± 0.132

s
⇤
2 �0.394 ± 0.173

D ! K
0
SK

+
K

� LL R�2 0.2068 ± 0.0044 [56], Table 52 of Ref. [80]

R�1 0.2800 ± 0.0054

R1 0.5076 ± 0.0070

D ! K
0
SK

+
K

� DD R�2 0.2024 ± 0.0029 [56], Table 52 of Ref. [80]

R�1 0.2885 ± 0.0038

R1 0.5218 ± 0.0048

D ! K
±
⇡

⌥ ��D,K⇡ ⇤ [�] �190.2+2.8
�2.8 Table 3 of Ref. [17]

D ! ⇡
±
K

⌥
rD,K⇡ 0.05865+0.00014

�0.00015

D ! K
±
⇡

⌥
⇡

+
⇡

�
D,K⇡⇡⇡ 0.44+0.10

�0.09 Table 18 of Ref. [77]

D ! ⇡
±
K

⌥
⇡

+
⇡

� ��D,K⇡⇡⇡ ⇤ [�] �161+28
�18

rD,K⇡⇡⇡ 0.0550 ± 0.07
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D ! ⇡
+
⇡

�
⇡

+
⇡

�
F

+
4⇡ 0.735 ± 0.016 Section 6 of Ref. [81]

Table 4.2: Externally measured parameters, their values and uncertainties, and their source.
All uncertainties are the total uncertainties. Parameters marked with an asterisk have the
opposite sign to their value in the source measurement due to this analysis using a di↵erent
phase convention, see Section 4.3.1.

4.3.1 Phase conventions

There are many ways that one can define phases. The physics and outcome of the analysis

is independent of the convention used as long as it is consistent between all measured

parameters and any external inputs. How previously measured values need to be modified

to be consistent with the choice of convention is summarised here. In this analysis the

convention is that for some favoured D decay with amplitude Afav. and suppressed decay

with amplitude Asup., under the assumption of no direct CP violation between them, the

ratio and strong-phase di↵erence is always defined as

re
i�� =

Asup.

Afav.
. (4.46)

In the BES-III measurement of binned strong-phase parameters for D ! K
0
S⇡

+
⇡

�

decays the convention used is ��D ⌘ �D(m2
+, m

2
�) � �D(m2

�, m
2
+) [65]. This is equal to

�D(m2
�, m

2
+) � �D(m2

�, m
2
+) and therefore their phase convention is �fav. � �sup. so for the

binned strong-phase parameters si their sign is flipped when inputting them into the CP fit.

The same is true for all other BES-III measurements used as input for D ! K
0
SK

+
K

� [66],

D ! K
±
⇡

⌥ [17, 82] and D ! K
±
⇡

⌥
⇡

+
⇡

� [77].

4.4 Binning schemes

Sensitivity to � depends on bin size since the sensitivity depends on the CP asymmetry in

each bin. The amplitude densities of the decays vary across the Dalitz plane so the larger

a bin is the more likely it is that opposite asymmetries cancel out. Therefore the binning

must be defined such that the bins are small enough to maintain sizeable asymmetries.

However given the present size of the LHCb dataset one must consider the e↵ect of low

populations in each bin. A balance must therefore be found between having many small

bins that maximise the per-bin asymmetry whilst ensuring that they do not cause fit

instabilities.

As mentioned previously, one could also use an amplitude model to measure �, avoiding

binning altogether. For a single Dalitz system one could construct an amplitude model
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for the favoured and suppressed modes. As described in Section 2.3 this can be achieved

using the isobar model formalism. These models can then be fitted according to Eq. (4.27)

to extract � from the data. However the issue with this method is that the use of a model

assumes all resonances and other features of the decay have been correctly incorporated into

the model. This results in a hard to evaluate, and typically large, systematic uncertainty.

Furthermore many models violate unitarity and analyticity, breaking the link between the

amplitude magnitudes and phases resulting in another source of uncertainty [83].

Consequently as available datasets grow the model-dependent method is limited by

the systematic uncertainty associated to the choice of model. The advantage of a binned

Dalitz analysis is that assumptions are not made about the resonances present across the

Dalitz plane or what their particular shapes, amplitudes or weak/strong-phases are. So,

even though a binned method induces a greater statistical uncertainty due to the binning

this can “simply” be resolved by acquiring more data or by picking a binning that results

in as little associated statistical uncertainty as possible.

4.4.1 Binning definitions and optimisation

Thus far the binning of the Dalitz planes has been referred to but it has not yet been

explained how this is determined. For all Dalitz planes used in the double Dalitz analysis

the optimisation is performed by maximising a binning quality factor [62, 73]

Q
2 =

P
↵(�2

↵ + �
2
↵)N↵P

↵ N↵
, (4.47)

where N↵ is the number of decays in bin ↵ assuming rB is 0. i.e. assuming the suppressed

mode is non-existent. This is written in terms of the B Dalitz plane but the equivalent

expression for the D planes is obtained from ↵ 7! i, �↵ 7! ci, �↵ 7! si. This is derived in

Ref. [60] as the ratio of the statistical sensitivity between the binning and the unbinned

method. Therefore maximising this quantity corresponds to finding the binning scheme

for a given number of bins that achieves statistical sensitivity as close to an unbinned

method as possible.

4.5 Background decays

Following the data acquisition described in Chapter 3 there are still a considerable number

of background decays in the resulting dataset. Various methods are employed to obtain a

high signal purity data sample, full details are in Chapter 5. A short summary is that

PID cuts are applied to remove misidentified backgrounds, boosted decision trees (BDT)

are trained to remove combinatorial background and kinematic vetoes are determined to
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remove specific backgrounds by searching for peaks in the invariant mass spectra of various

combinations of final state particles. It is practically impossible to develop a selection

method that would result in a ⇠ 100% pure sample of B
0 ! DK

+
⇡

� decays, or at least

not without a tiny signal e�ciency. Therefore one cannot simply compare Eq. (4.39)

directly to the data to extract the CP parameters. The background that remains within

the data sample must be accounted for. To do this one can consider a total expectation

equation as the sum of the signal expectation and the background expectation. The

background expectation, for a background source b, is constructed as the product of the

total amount of that background that infiltrates the signal window, y
b, with the fraction

of that background that is expected to be present in bin (↵, i), f
b
↵,i. The total expectation

is therefore

N
±
↵,i = h

±
D[↵F⌥i + ↵F±i + 2

p
↵↵F�iF+i(cix

±
↵ ± siy

±
↵ )] +

X

b2B

y
b
f

b
↵,i, (4.48)

where B is the set of all backgrounds that infiltrate the signal window.

Per-flavour invariant mass fits are performed for each D decay, from which y
b is

determined as the yield of a given background PDF within the signal window. The

definition of which, along with the full methodology of the mass fits, is detailed in

Chapter 7. To determine f
b
↵,i the fraction of fully selected data in each Dalitz bin is found

separately for the B and D planes and multiplied together. Full details of the models and

the methods used to obtain the fractions are given in Chapter 6.

This handling of the background decays is a fundamental di↵erence between the latest

single Dalitz B
+ ! Dh

+ analysis and double Dalitz analyses, in the B
+ ! Dh

+ analysis

the CP fit is performed simultaneously with a per-bin mass fit from which the per-bin

background contributions are determined. On the other hand in the double Dalitz analysis

these contributions are determined prior to performing the CP fit motivated by the large

number of bins in the double Dalitz binning resulting in such sparsely populated Dalitz

bins that it is not practical to perform per-bin mass fits.

4.6 Extracting �

4.6.1 The CP fit

Now that it has been established that Eq. (4.48) gives the expectation for the number

of decays in each bin (↵, i) for each D decay this equation can be fitted to the fully

selected data. This is achieved by performing a binned likelihood fit to all decay modes

simultaneously. Every parameter with an external input value is fixed to that value and all

other parameters are allowed to float freely. The only constraint applied to any parameters
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is that the sum of all the ( )
 ↵ must equal 1. This is enforced by multiplying the likelihood

by a Gaussian of mean (1 �
P

↵
( )
 ↵) and width 0.001. One could also float all but one of

these parameters and calculate the value of the unfloated parameter as the di↵erence of

the sum of the others from unity, but including the Gaussian term was simpler and there

is negligible di↵erence expected between the methods. The total likelihood is therefore

given by

L =

 
Y

Decay

Y

↵,i

N
Exp.
↵,i

NObs.

↵,i e
�NExp.

↵,i

N
Obs.
↵,i !

!

| {z }
Poisson term comparing the

observation to the total expectation per bin

 
Y

p

e

�(1�
P

↵
( )
 ↵)

2

2⇥0.0012

!

| {z }
Gaussian constraint term

, (4.49)

where N
Obs
↵,i are the observed number of decays in bin (↵, i) and N

Exp
↵,i is the expectation

of the binned population from Eq. (4.48).

This likelihood can then be maximised using the MIGRAD algorithm implemented in

iMinuit [84, 85] to obtain values for all floating parameters.

4.6.2 Interpreting the result

The result of the CP fit is central values and covariance matrices for the x
±
↵ , y

±
↵ parameters.

In a subsequent step these values can be interpreted in terms of the physical parameters,

T↵, �↵ and �. A likelihood can be constructed for a multivariate Gaussian

f(x) =
1p

(2⇡)kdet(⌃)
exp

✓
�1

2
(x � µ)T⌃�1(x � µ)

◆
, (4.50)

where x are the values of the Cartesian parameters x
±
↵ , y

±
↵ according to Eq. (4.36), µ are

their central values determined in the CP fit and ⌃ is the covariance matrix.

4.6.3 Evaluating uncertainties

For the majority of parameters the statistical uncertainty is simply obtained as the

diagonal of the inverse of the Hesse matrix of the likelihood. There is potential for the

fits to have an inherent bias or under/overcoverage, therefore a parametric bootstrapping

is used to construct an ensemble of pseudo-experiment fits. Each pseudo-experiment fit

provides a central value and uncertainty for each parameter, from the ensemble of which

a distributions of central values and pulls can be constructed. The pull is

p =
(⌫ � ⌫)

�⌫
, (4.51)

where ⌫ is the value of the parameter used to generate the pseudo-experiments, ⌫ is

the value found for the given pseudo-experiment and �⌫ is its uncertainty. If the pull-
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distribution has a non-zero mean this implies a bias in the central value which can be

corrected for if necessary. A non-unit width implies under/overcoverage which results in

an incorrect value for the statistical uncertainty from the direct fit. To correct this the

statistical uncertainty can be obtained from the width of the distribution of parameter

values in the pseudo-experiment ensemble. Full details are in Chapter 8.

A number of studies are performed to determine the systematic uncertainties associated

with each parameter from a variety of sources, e.g. uncertainty on external inputs, uncer-

tainties associated with background modelling. A covariance matrix for the parameters in

the CP fit will be determined for each source. These can be summed, and their e↵ects

propagated to the interpretation to determine the systematic uncertainty on �.

4.7 Summary

The basic analysis procedure is as follows:

1. Data and simulation samples are collected and processed as described in Chapter 3.

2. The basic selection is applied, followed by requirements on the output of a BDT

algorithm to suppress combinatorial background, tighter PID cuts and kinematic

vetoes. This is described in Chapter 5

3. Simulated background samples are reweighted according to amplitude models. These

are then used to determine the expected Dalitz binned distribution of the backgrounds

in fully selected LHCb data and correct simulated the invariant mass distributions.

This is described in Chapter 6.

4. Global invariant mass fits are performed to determine the quantity of each background

present within the signal window for each D final state. This is described in

Chapter 7.

5. Equation (4.48) is then fitted to the fully selected data, described in Chapter 8.

6. The parameters �, T↵ and ��↵ are extracted from the values and covariance of x
±
↵ ,

y
±
↵ with uncertainties determined according to the pseudo-experiment studies and

systematic studies, described in Chapters 8 and 9.

The double Dalitz plane analysis is a novel method to measure the CKM angle �. The

B and D Dalitz planes of B
0 ! DK

+
⇡

�, D ! K
0
Sh

+
h

� decays are simultaneously binned

and the binned signal expectation of Eq. (4.48) is fitted to data to extract Cartesian

CP parameters from which � can be extracted. Additional two and four body D decays

are simultaneously fitted in the B plane to provide additional sensitivity to the fitted
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parameters. This method is a generalisation of the single Dalitz analysis which is already

used to great e↵ect in LHCb. This allows it to use the same external inputs from

Charm factories that the single Dalitz analysis uses, as well as the measurements of

the D ! K
0
Sh

+
h

� decay distribution hadronic parameters measured in that analysis.

It also benefits from the rich resonance structure of the B
0 ! DK

+
⇡

� Dalitz plane

and the greater ratio between the suppressed and favoured B decay which results in

larger interference e↵ects and therefore higher inherent sensitivity to �. However the high

number of Dalitz bins means it requires a detailed understanding of the Dalitz distribution

of prominent background decays since it is not possible to determine the binned signal

populations via simultaneous invariant mass fits. This thesis presents the first time this

analysis method has been used.
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5 Selection

“Oh, alright I’m go-, I’ll keep this.”

Sean Lock

This chapter presents the methods used to perform an optimal selection on the LHCb

dataset to remove as much background as possible and maximise statistical sensitivity.

Care is also taken to ensure the D Dalitz plane e�ciency is similar to that of the B
+ ! Dh

+

analysis such that it is valid to use the measured Ri values as external inputs to the

double Dalitz CP fit. Section 5.1 was performed by myself, Section 5.2 was performed by

my analysis partner Yuya Shimizu and Section 5.3 was a joint e↵ort.

5.1 Basic selection

The first stage of selection consists of basic rectangular cuts to ensure each event meets

basic requirements which are known to significantly reduce the presence of background

decays whilst maintaining a high signal e�ciency.

A recent LHCb measurement of � from a single Dalitz analysis of B
0 ! DK

⇤0,

D ! K
0
Sh

+
h

� decays [18] showed that the cuts in Table 5.1 result in a similar e�ciency

profile across the D Dalitz plane as in the single Dalitz analysis of B
+ ! Dh

+ decays.

The values of the recursive Ri parameters, which are fixed in the CP fit to the B
+ ! Dh

+

analysis values, depend directly on this e�ciency profile so it is essential that the selection

presented here results in a similar e�ciency profile. The primary di↵erence between this

selection and that of the B
0 ! DK

⇤0 analysis is that any cuts that target the K
⇤0(892)

resonance in the B Dalitz plane are omitted since this analysis utilises the full B Dalitz

spectrum. Other small di↵erences are illustrated in Table 5.1, the values in red are those

used in the B
0 ! DK

⇤0 analysis whereas in this analysis slightly looser cuts are used to

allow for background studies. These cuts are chosen to perform a relatively loose selection

since in later steps we perform more detailed studies to optimise the selection. The cuts

shown in orange are relaxed to allow for the study of charmless background contributions

in the sidebands of the D and K
0
S mass distributions, as discussed in Section 5.2.9. Due
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to these di↵erences in selection with the B
0 ! DK

⇤0 analysis the e�ciency profile across

the D Dalitz plane is checked for compatibility with the single Dalitz B
+ ! Dh

+ analysis

in Section 5.3.2.

In Table 5.1, m(X) refers to the invariant mass of the X particle candidate according

to the DecayTreeFitter (DTF) algorithm, which greatly improves kinematic resolution [86],

and mPDG(X) refers to the PDG value of the particle mass [7].

For the D
0 mass cut if a K

0
S is produced by the D decay then the mass of the K

0
S is

constrained to its PDG value, if no K
0
S is produced the invariant mass of the D

0 candidate

has no such constraint. Similarly for the K
0
S mass cut the mass of the D

0 is constrained

to its PDG value. The requirement “Has Rich Hits” ensures that each final state particle

candidate produced su�cient Cherenkov light in the LHCb RICH sub-detectors to ensure

accurate PID is available for each particle. “Solo XPIDY” refers to the PID variable

corresponding to whether or not the kaon or pion originating from the B decay is a Y

particle. Momentum cuts are applied to all final state particles as the RICH sub-detectors

can only perform high significance kaon-pion separation for particles with momentum

lower than 100 GeV/c.

In addition to the cuts in Table 5.1 the following trigger requirements are applied, the

same as in Ref. [18]. Run 1:

• L0 Global TIS or L0 Hadron TOS

• HLT1 TrackAllL0 TOS

• HLT2Topo2BodyBBDT TOS or HLT2Topo3BodyBBDT TOS or

HLT2Topo4BodyBBDT TOS

Run 2:

• L0Global TIS or L0Hadron TOS

• HLT1TrackMVA TOS or HLT1TwoTrackMVA TOS

• HLT2Topo2Body TOS or HLT2Topo3Body TOS or HLT2Topo4Body TOS

For a given trigger line an event passes as “triggered on signal” (TOS) if it is triggered

due to particles that correspond to a signal candidate passing the requirements, if it is

instead triggered by other particles passing the requirements it is passed as “triggered

independently of signal”.

The L0 hadron TOS requirement selects particles with high transverse energy in

the ECAL, however this has a low e�ciency so the global TIS requirement is added

to counteract this ine�ciency [87]. The global TIS requirement corresponds to events

where the other b of the bb pair hadronises to a hadron that satisfies any of the L0
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5.1. BASIC SELECTION

trigger lines. The HLT1 decisions require a high transverse momentum track(s) with a

significant displacement of all primary vertices, as these are typical properties of beauty

or charm decays, based on a partial event reconstruction. Given that the rate of events is

significantly reduced by the first two stages of triggering the HLT2 can use a more detailed

reconstruction of each event for selection. In Run 1 this included the reconstruction of

long tracks but in Run 2 it used a complete, fully aligned reconstruction. The N -body

topological trigger lines select events with N track vertices with large transverse momenta,

significant displacement from the primary vertex and a topology compatible with that of a

b hadron decay [50]. This selection is performed using a so-called bonsai boosted decision

tree (BBDT) trained on track transverse momenta and the perpendicular distance of

closest approach between each track and the PV (impact parameter) [88].

Base cuts
|m(D) � mPDG(D0)| < 25 MeV/c2

|m(K0
S) � mPDG(K0

S)| < 15 MeV/c2

DecayTreeFit converged True
Has Rich Hits True

Loose PID Cuts
Solo K

±
PIDK > �10 > 5

Solo ⇡
±
PIDK < 20 < 3

D–child K
±
PIDK > �10 > �5

D–child ⇡
±
PIDK < 20

K
± momentum < 100 GeV/c

⇡
± momentum < 100 GeV/c

Background suppressing cuts
D flight-distance significance > 0.5
K

0
S flight-distance �

2
> 49 (LL only)

Semileptonic suppressing cuts
D–child ⇡

±
PIDe < 0

D–child ⇡
±
isMuon = 0

D–child K
±
isMuon = 0

Table 5.1: Summary of the preselection cuts. Cuts written in orange are relaxed when studying
the impact of charmless backgrounds. Cuts written in red are used in the B0 ! DK⇤0 analysis
and given for comparison.

For each event the B, and where applicable D, Dalitz plane coordinates are calculated

from the four-momentum of each final state particle with appropriate DTF constraints

applied to improve the resolution. Using the Laura++ package [21] and PDG mass

values [89] the corresponding square Dalitz variables are calculated.

Table 5.2 shows the e�ciency of this initial selection on the truth-matched simulated

signal sample. This e�ciency is calculated relative to the number of events in the signal

simulated data after all data acquisition and processing steps prior to the selection detailed
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CHAPTER 5. SELECTION

in Table 5.1. The background rejection, estimated from the B mass sidebands in the data

sample, is ⇠ 90%.
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CHAPTER 5. SELECTION

5.2 Selection

PID cuts are first optimised and applied to the solo kaon and pion to remove a significant

amount of misidentified background. A BDT is then trained and an optimal cut on the

BDT response is used to remove combinatorial background decays. PID cuts are then

applied to the particles produced from the decay of the D meson. Kinematic vetoes

are used to remove specific backgrounds by searching for peaks in the invariant mass

distributions of various combinations of final state particles. Finally a study is performed

to reduce the contributions of charmless B decays.

5.2.1 PID cuts on B companion particles

The PID cut applied for a solo kaon is ProbNNK(1 � ProbNN⇡)(1 � ProbNNp) > 0.2 and

ProbNN⇡(1 � ProbNNK)(1 � ProbNNp) > 0.2 for a solo pion. A ProbNNX variable can

be interpreted as the probability that the associated particle candidate has the identity X.

These variables are an improved set of PID variables based on the likelihoods described

in Section 3.2.3. They are created via a multivariate method which takes into account

additional information such as correlations between the sub-detectors [46]. Typically the

distributions of these variables in simulated data does not su�ciently reproduce that

observed in data, therefore a correction is applied by resampling these distributions based

on the corresponding distributions found in LHCb data [90]. The cut value of 0.2 was

determined by maximising the S/
p

S + B figure of merit (FOM). A simple invariant mass

fit was used to estimate the values of S and B. Since the goal of these cuts are to remove

backgrounds such as B
0 ! D⇡

+
⇡

� and ⇤
0
b ! DK

+
p decays the value of B was taken as

the yield of these decays within the signal window and S is the yield of the signal decay.

The mass fit was performed for the cut value of 0.2 to obtain an initial FOM value which

was then extrapolated to other values based on the cut e�ciency in simulation. One

di↵erence between this cut and that in Ref. [72] is the addition of the ProbNNp variable

which was introduced here to suppress ⇤
0
b backgrounds.

5.2.2 Boosted decision tree

In order to remove combinatorial backgrounds, the XGBoost package [91] was used to

train a boosted decision tree (BDT). Using a separate BDT for each final state was tested

but found to have a negligible improvement on selection power compared to one for each

decay topology. For simplicity one BDT was trained for each of the following topologies,

D ! K
0
Sh

+
h

� DD, D ! K
0
Sh

+
h

� LL, D ! h
+
h

�, and D ! h
+
h

�
h

+
h

�. The final states

chosen as representatives for each topology were D ! K
0
S⇡

+
⇡

� DD, D ! K
0
S⇡

+
⇡

� LL,

66



5.2. SELECTION

D ! K
+
K

�, and D ! ⇡
+
⇡

�
⇡

+
⇡

� respectively as these are the most sensitive to �. The

same BDT response cut value is used for each final state of a given topology.

The training datasets consisted of the signal simulation to model the signal decay and

data from the B
0 candidate high invariant mass sideband, mB > 5.5 GeV/c2, to model

combinatorial backgrounds.

Since the data in the high mass sideband is used in the invariant mass fits it is

necessary to check the robustness of the BDT training. Therefore 4-fold cross-validation

was employed to obtain four independent BDTs such that it can be confirmed that the

training results in similar performance with di↵erent training samples and such that each

event can be filtered by a BDT that was not trained on it. This also allows for larger

training samples to be used. For four equally sized data groups, A, B, C, and D, a BDT

is trained on three of the groups and evaluated on the 4th.

The data from Run 1 and Run 2 were obtained under di↵erent experimental conditions

and had di↵erent stripping-level selection applied, to account for these di↵erences separate

BDTs were trained for each run.

Most of the input variables used for the training are common across the four D decay

topologies, apart from a couple of variables related to the D children. The input variables

are summarised in Table 5.3. The distributions of the BDT output for the training and

testing samples are shown in Fig. 5.1 for the D ! K
0
Sh

+
h

� DD decay. In all cases the

signal and background are well separated with negligible over-training as evidenced by

the good agreement in distributions between the training and test samples.

All of the data and simulation can then be processed by the BDTs and assigned a

response value. A cut on this response value is optimised with respect to the S/
p

S + B

FOM, where S is the number of expected signal candidates and B is the number of

expected combinatorial background candidates. Nominal values of S, B and the FOM are

determined by an invariant mass fit performed as described in Chapter 7 with a BDT

response cut of > 0.7. This is then extrapolated to other BDT response cuts according

to their e�ciency relative to the nominal cut in the signal simulation and the high mass

sideband data. This is performed with the data summed over the B flavours and Runs 1

and 2, a simultaneous optimisation with the runs fitted separately was attempted but

was determined to provide a negligible improvement in background rejection. Examples

of the results obtained are shown as BDT cut vs. S/
p

S + B plots in Fig. 5.2 with the

optimal cut shown as a red dashed line, and specified in Table 5.4. The distributions of

each input variable for the D ! K
0
S⇡

+
⇡

� DD BDT are shown in Figs. A.1 to A.4 and the

feature importances are shown in Fig. A.5.
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Common variables
DTF �

2 per degrees of freedom
B

0/D0 cylindrical distance between initial and final vertices
Asymmetry of the transverse momentum of non-signal associated tracks
in the vicinity of the candidate B

0

B
0/D0 impact parameter with respect to its primary vertex

Angle between the B
0/D0 momentum direction and the direction from

the previous vertex to the decay vertex
B

0/D0 maximum distance of closest approach of subsequent tracks
B

0/solo kaon/pion impact parameter with respect to its primary vertex
B

0 flight distance �
2 with respect to its primary vertex

B
0/D0/solo kaon/pion momentum

B
0/D0/solo kaon/pion transverse momentum

B
0/D0 vertex fit �

2 per degrees of freedom
D ! K

0
Sh

+
h

�

Angle between the K
0
S direction and the primary vertex

K
0
S flight distance significance

Largest non-K0
S decay product impact parameter with respect to the decay vertex

Smallest non-K0
S decay product impact parameter with respect to the decay vertex

D ! h
+
h

� & D ! h
+
h

�
h

+
h

�

Largest decay product impact parameter with respect to the decay vertex
Largest decay product transverse momentum
Smallest decay product impact parameter with respect to the decay vertex
Smallest decay product transverse momentum

Table 5.3: Summary of the variables used for BDT training.

Decay category Optimal BDT cut
D ! K

0
Sh

+
h

� LL 0.92
D ! K

0
Sh

+
h

� DD 0.92
D ! h

+
h

� 0.88
D ! h

+
h

�
h

+
h

� 0.96

Table 5.4: The optimal BDT cut values determined by maximising the S/
p

S + B FOM.
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Figure 5.1: The BDT response in Run 1 (left) and Run 2 (right) for the D ! K0
Sh+h�

DD topology for the respective samples A. The training (testing) samples are shown as solid
histograms (points with errors) for the signal (blue) and background (red). The p-value of the
Kolomogorov-Smirnov (KS) test between the training and testing samples are shown at the top
of the plots.

Figure 5.2: Summary of the FOM (S/
p

S + B) vs. BDT cut plots for D ! K0
Sh+h� DD (top),

D ! K±⇡⌥ (middle) and D ! K±⇡⌥⇡+⇡� (bottom). The value with a BDT cut at 0.7 is
calculated from the mass fit and the rest from the e�ciency. The working points chosen are
shown with a red dashed line.
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5.2.3 PID cut on D children

For the two-body D modes it is required that ProbNNK ⇥ (1 � ProbNN⇡) > 0.1 for

the kaon from the D and ProbNN⇡ ⇥ (1 � ProbNNK) > 0.1 for the pion from the D.

These selections were based on the studies in Ref. [92]. Studies based on the D ! K
±
⇡

⌥

simulation PID resampling showed that the ratio of events reconstructed as D ! K
+
K

�

(D ! ⇡
+
⇡

�) to those reconstructed as D ! K
±
⇡

⌥ after all the selection critera is

1.1⇥10�4 (1.5⇥10�4) and 1.8⇥10�4 (2.0⇥10�4) for Runs 1 and 2, respectively. Based on

the fitted yield of the D ! K
±
⇡

⌥ mode obtained from the mass fit in Chapter 7 (⇠ 5500

for each B
0 flavour), the number of expected D ! K

±
⇡

⌥ events mis-reconstructed as

D ! K
+
K

� or D ! ⇡
+
⇡

� would be ⇠ 1, which is considered to be negligible. For the

D ! K
0
SK

+
K

� mode, the kaon from the D decay is required to pass a very loose PID

cut of ProbNNK ⇥ (1 � ProbNN⇡) > 0.003. This cut suppresses the cross-feed from other

D ! K
0
Sh

+
h

�0 modes while keeping more than 98% of the signal. The cut value is chosen to

have a similar signal e�ciency as the PID cut in Ref. [80]. For the D ! K
±
⇡

⌥
⇡

+
⇡

� mode,

the kaon from the D decay is required to pass ProbNNK ⇥ (1 � ProbNN⇡) > 0.1, and the

two pions with opposite charge to the kaon must satisfy ProbNN⇡ ⇥ (1�ProbNNK) > 0.1.

Concerning the D ! ⇡
+
⇡

�
⇡

+
⇡

� mode, the pions with the same charge as the kaon from

the B must satisfy ProbNN⇡ ⇥ (1 � ProbNNK) > 0.1.

5.2.4 Double misidentification

Another source of background is a decay for which final state kaon and pion candidates

are simultaneously misidentified as each other. The most significant case of this is when a

favoured D ! K
±
⇡

⌥ decay is doubly misidentified and mimics its suppressed counterpart.

Although the likelihood of a double misidentification is low, the background contribution

could be significant given the relatively high BF of the favoured decay compared to the

suppressed decay. The magnitude of this e↵ect was studied using truth-matched simulated

data. Doubly misidentified solo kaons and pions were found to account for ⇠ 1% of the

suppressed D ! K
±
⇡

⌥ yield, and the proportion from doubly misidentified D children

was found to be even smaller, so this is considered to be a negligible e↵ect but could be

assessed as a source of systematic uncertainty.

5.2.5 D
⇤(2010)� veto

The decay B
0 ! D

⇤(2010)�
K

+ followed by D
⇤(2010)� ! D⇡

� makes a substantial con-

tribution to the decay of interest since it has the same final state and a large branching

fraction. These decays however are not of interest for this measurement as the peak of

the D
⇤(2010)� is too narrow to give significant sensitivity to �. In order to remove it,
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events with either m(D⇡) or m(DK⇡) within ±2.5 MeV/c2 of the known D
⇤(2010)� mass

are vetoed, where mass constraints on the D and K
0
S are applied where applicable. K⇡

denotes a kaon evaluated under the pion mass hypothesis. This veto is applied to all D

final states.

5.2.6 D
�, D

0, and D
+
s veto

Another source of background originates from particle tracks associated with the wrong

vertices. For example the decay B ! D
�
X, D

� ! K
+
⇡

�
⇡

� could be reconstructed as a

signal candidate if one of the particles produced from the D decay are reconstructed as

a solo kaon or pion from a B
0 ! DK

+
⇡

� decay. In order to identify such backgrounds

one can search for peaking contributions in the invariant mass distribution of various

combinations of the final state particle candidates. In the case of B ! D
�
X, D

� !
K

+
⇡

�
⇡

� one would expect a peak around the known mass of the D
� meson in the

distribution of m(K+
B⇡

�
B/D⇡

�
D), where ⇡

�
B/D is either a B or D child pion, K

+
B is

a solo particle from the B decay and ⇡
�

D is a D child. This background can then be

vetoed by removing decays within 15 MeV/c2 of the D
� mass. Table 5.5 presents the

full list of vetoed particle candidate combinations with the corresponding invariant mass

distributions shown in Figs. 5.3 and 5.4.

Final state Mass combination

D ! ⇡
+
⇡

�
m(K+

B⇡
�

B⇡
�

D)
m(K+

B⇡
�

D)
D ! K

0
S⇡

+
⇡

�
m(K+

B⇡
�

D)
m(K0

SK
+

B)
D ! K

0
SK

+
K

�
m(K0

SKBKD)
D ! ⇡

+
⇡

�
⇡

+
⇡

�
m(K+

B⇡
�

D⇡
�

D)
m(K+

B⇡
�

D)
m(K+

B⇡
�

D⇡
+

D⇡
�

D)
m(⇡+

B⇡
�

D⇡
+

D⇡
�

D)
D ! K

±
⇡

⌥
⇡

+
⇡

�
m(K+

B⇡
�

D⇡
+

D⇡
�

D)
m(⇡+

B⇡
�

D⇡
+

D⇡
�

D)

Table 5.5: All particle candidate combinations that are vetoed for certain D final states.
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(a) m(K+
B⇡�

D) (b) m(K+
B⇡�

B⇡�
D)

(c) m(K+
B⇡�

D) (d) m(K0
SK+

B)

(e) m(K0
SK+

BK�
D)

Figure 5.3: Distributions of mis-reconstructed masses for D ! ⇡+⇡� decays (top row), D !
K0

S⇡+⇡� decays (second row), D ! K0
SK+K� decays (third row). The dashed lines indicate

the known mass of the D0 (left and bottom), D� (top right), and D+
s (middle right). Vetoes of

±15 MeV/c2 are applied around the known D masses.
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(a) m(K+
B⇡�

D⇡�
D) (b) m(K+

B⇡�
D)

(c) m(K+
B⇡�

D⇡+
D⇡�

D) (d) m(⇡+
B⇡�

D⇡+
D⇡�

D)

(e) m(K+
B⇡�

D⇡+
D⇡�

D) (f) m(⇡+
B⇡�

D⇡+
D⇡�

D)

Figure 5.4: Distributions of mis-reconstructed masses for D ! ⇡+⇡�⇡+⇡� decays (top and
middle rows) and D ! K±⇡⌥⇡+⇡� decays (bottom row). The dashed lines indicate the known
mass of the D� (top left) and D0 (the others). Vetoes of ±15MeV/c2 are applied around the
known D masses.
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5.2.7 Double D
0 veto

Decays of B
0
(s) ! D

0
D

0 also contribute to the DK⇡ final state, which results in a peak

at the D
0 mass in the distribution of m(KB⇡B). In order to remove this background,

m(KB⇡B) is required to be more than 25MeV/c2 away from the D mass. This veto is

applied on all the D modes. The m(KB⇡B) distribution for the D ! K
0
S⇡

+
⇡

� DD mode

is shown in Fig. 5.5.

Figure 5.5: The distribution of m(KB⇡B) for D ! K0
S⇡+⇡� DD. The dashed line indicates the

mass of D0.

5.2.8 B
+ veto

A similar source of background is a B
+ ! DK

+ (B+ ! D⇡
+) decay where a random

⇡
� (K�) is mistaken to be a true solo ⇡

� (K�) to mimic a B
0 ! DK

+
⇡

� decay. This

is removed by vetoing events, for all D final states, within 25 MeV/c2 of the known B
+

mass in the m(D⇡) and m(DK) invariant mass spectra. These are shown in Fig. 5.6.
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(a) m(D⇡) (b) m(DK)

Figure 5.6: The distribution of m(D⇡) and m(DK) for D ! K0
S⇡+⇡� DD. The dashed line

indicates the known mass of the B+. A veto of ±25MeV/c2 is applied around the known B
mass.

5.2.9 Charmless suppression

Another source of background decays is a B decay to a charmless final state that mimics

one of the signal final states under consideration. This can be mitigated by a cut on

the flight-distance significance (FDS) of the candidate D meson as shown in Table 5.1.

It was found that although this requirement is su�cient for the D ! K
0
Sh

+
h

� decays,

a significant amount of charmless background remains for the other signal final states.

For the D ! K
+
K

�, D ! K
±
⇡

⌥ and D ! K
±
⇡

⌥
⇡

+
⇡

� final states a cut of FDSD > 3

is used, inherited from Ref. [19]. For the remaining final states a study was performed

using data for which the full selection was applied besides the D mass and FDSD cuts

in Table 5.1 and the BDT was retrained without the DTF �
2 per degrees of freedom,

which is a strong discriminant against sideband decays in the D mass spectrum. The

exact definitions of the sidebands in each final state are chosen to avoid contributions

from misidentified backgrounds and are stated in Table 5.6.

Final state Sideband definition

D ! K
0
SK

+
K

�
mD 2 (1770 MeV/c2

, 1820 MeV/c2)
D ! K

+
K

�
mD 2 (1895 MeV/c2

, 1920 MeV/c2)
D ! ⇡

+
⇡

�
⇡

+
⇡

�
mD 2 (1810 MeV/c2

, 1830 MeV/c2)
All others mD 2 (1910 MeV/c2

, 1960 MeV/c2)

Table 5.6: Sideband definitions for the various signal final states.

The yield of the charmless background contribution is then estimated using a fit

to the B candidate invariant mass distribution in the D sideband. The ratio of the

charmless background to the signal is then determined over a range of FDSD cut values

to ensure charmless backgrounds contribute less than ⇠ 5% of the events in the signal
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Figure 5.7: B/S as a function of FDSD for D ! K0
S⇡+⇡� (top), D ! K0

SK+K� (middle), and
D ! K±⇡⌥ (bottom).

region. The background to signal ratio as a function of the FDSD, and the chosen cut

value, is shown for each decay mode in Figs. 5.7 and 5.8. This optimisation results in cut

values of FDSD > 0.5 for D ! K
0
Sh

+
h

�, FDSD > 3 for D ! K
+
K

�, D ! K
±
⇡

⌥ and

D ! K
±
⇡

⌥
⇡

+
⇡

�, FDSD > 4.5 for D ! ⇡
+
⇡

�, and FDSD > 5 for D ! ⇡
+
⇡

�
⇡

+
⇡

�.

76



5.3. SELECTION RESULTS

Figure 5.8: B/S as a function of FDSD for D ! ⇡+⇡� and D ! K+K� (top), D ! K±⇡⌥⇡+⇡�

(middle), and D ! ⇡+⇡�⇡+⇡� (bottom).

5.3 Selection results

5.3.1 Multiple candidates

The multiple candidate rate in data after the full selection is shown in Table 5.7. The

obtained rate is in general low, particularly for the decays within the signal mass window

defined in Chapter 7. Therefore no selection is applied to remove the multiple candidates.
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Decay
Multiple candidate rate (%)

All In the signal window

D ! K
+
K

� 0.41 ± 0.04 0.13 ± 0.07

D ! ⇡
+
⇡

� 0.55 ± 0.08 0.12 ± 0.12

D ! K
±
⇡

⌥ 0.28 ± 0.02 0.09 ± 0.03

D ! ⇡
±
K

⌥ 0.46 ± 0.02 0.07 ± 0.03

D ! ⇡
+
⇡

�
⇡

+
⇡

� 2.04 ± 0.08 0.45 ± 0.16

D ! K
±
⇡

⌥
⇡

+
⇡

� 1.81 ± 0.04 0.89 ± 0.08

D ! ⇡
±
K

⌥
⇡

+
⇡

� 2.92 ± 0.04 1.02 ± 0.1

D ! K
0
S⇡

+
⇡

� DD 1.67 ± 0.07 0.56 ± 0.15

D ! K
0
S⇡

+
⇡

� LL 1.96 ± 0.1 1.23 ± 0.33

D ! K
0
SK

+
K

� DD 1.47 ± 0.16 0.29 ± 0.29

D ! K
0
SK

+
K

� LL 1.4 ± 0.21 1.02 ± 0.72

Table 5.7: Multiple candidate rate in data after the full selection.

5.3.2 The D Dalitz e�ciency profiles

As discussed in Section 4.3 the values of Ri from the single Dalitz B
+ ! Dh

+ analysis

are external inputs to this analysis and as the selection applied to data is slightly di↵erent

between the analyses it must be checked that the D Dalitz plane e�ciency profiles are

similar.

To obtain e�ciency profiles across the D Dalitz planes, simulated samples were

generated uniformly flat in the D ! K
0
Sh

+
h

� phase space for B
0 ! DK

+
⇡

� and

B
+ ! D⇡

+ decays and their respective selections applied as shown in Figs. 5.9 and 5.10.

The ratio of these simulation samples is shown in Fig. 5.11. In general these show that

the di↵erent selections result in similar e�ciency profiles. However this is not su�cient to

ensure that the use of Ri values from the single Dalitz B
+ ! Dh

+ analysis is valid. It must

also be checked with simulated data generated according to the amplitude distribution

of the D decays. This accounts for the possibility of a small variation in e�ciency at a

point with a high amplitude resulting in di↵erent Ri values that are valid for the di↵erent

analyses. Figures 5.12 to 5.13 show the distribution of the simulated data generated

according to an amplitude model for the D decay in the D Dalitz plane bins, demonstrating

good agreement. Small residual di↵erences will be assessed as a source of systematic

uncertainty.
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Figure 5.9: The distribution of the simulation samples in the D Dalitz plane for (top) B+ ! D⇡+

and (bottom) B0 ! DK+⇡� for D ! K0
S⇡+⇡� DD.

Figure 5.10: The distribution of the simulation samples in the D Dalitz plane for (top) B+ ! D⇡+

and (bottom) B0 ! DK+⇡� for D ! K0
SK+K� DD.

Figure 5.11: The ratio of the distribution of the simulation samples between the B+ ! D⇡+

analysis and this analysis in the D Dalitz plane for the D ! K0
S⇡+⇡� decay (top) and

D ! K0
SK+K� decay (bottom) when the K0

S is reconstructed with DD tracks.
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Figure 5.12: The fraction of simulated D ! K0
S⇡+⇡� DD decays, reweighted according to the D

amplitude model, in each of the D Dalitz bins. B+ ! D⇡+ decays with the selection from the
single Dalitz B+ ! Dh+ analysis are shown in red, B0 ! DK+⇡� decays with the selection
from this analysis are shown in blue.

Figure 5.13: The fraction of simulated D ! K0
SK+K� DD decays, generated according to the

D amplitude model, in each of the D Dalitz bins. B+ ! D⇡+ decays with the selection from
the single Dalitz B+ ! Dh+ analysis are shown in red, B0 ! DK+⇡� decays with the selection
from this analysis are shown in blue.
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Another assumption made in this analysis, which is cross-checked here, is that the

e�ciency maps across the B Dalitz and D Dalitz plot are independent. This is confirmed

by overlaying the distributions of the D Dalitz variables for each B bin in data simulated

according to the appropriate D amplitude model [93, 94] and reweighted according to the

appropriate B amplitude model after selection is applied [73]. Such plots are shown for

each D ! K
0
Sh

+
h

� DD decays in Figs. 5.14 to 5.16 together with the ratio with respect

to Bin 4, which has the largest entries in the simulation sample. They show no significant

di↵erence in the D Dalitz variable distributions for the di↵erent B bins.

Figure 5.14: The distributions of the Dalitz variables D ! K0
S⇡+⇡�m2

K0

S
⇡+

(left) and D !
K0

SK+K�m2
K0

S
K+

(right) for each B bin and their ratio with respect to Bin 4.
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Figure 5.15: The distributions of the Dalitz variables D ! K0
S⇡+⇡�m2

K0

S
⇡� (left) and D !

K0
SK+K�m2

K0

S
K� (right) for each B bin and their ratio with respect to Bin 4.

Figure 5.16: The distributions of the Dalitz variables D ! K0
S⇡+⇡�m2

⇡+⇡� (left) and D !
K0

SK+K�m2
K+K� (right) for each B bin and their ratio with respect to Bin 4.
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5.4 Summary

Following the initial data collection and preparation for analysis, as described in Section 3.4,

this chapter has described the full data selection that is applied. First the basic selection in

Section 5.1 is applied to remove a significant amount of background data whilst maintaining

a high signal e�ciency. Next an optimised PID cut is applied to the solo particles to

minimise the contributions from backgrounds associated with misidentified final state

particles. A BDT is then trained and its response cut optimised to minimise the presence

of combinatorial backgrounds. Another PID cut is then applied to children of the D decay,

based on previous studies of LHCb data, and the e↵ect of double misidentification is

determined to be negligible. Kinematic vetoes are used to remove backgrounds originating

from track-vertex misidentifications and finally a study is performed to estimate the

presence of charmless backgrounds. In Section 5.3 the results of the selection are studied,

in particular the e�ciency profiles across the D Dalitz planes are studied to determine

their compatibility with external measurements of the recursive Ri parameters. Now that

the full selection has been applied the data is ready for fitting of the B invariant mass

distributions, but first reweighting must be applied to the simulated datasets so that they

can be used to model the invariant mass and Dalitz distributions of background decays.
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6 Reweighting of backgrounds

“I don’t know if that’s a true statement, but let’s suppose it is.”

Caroline Konstnar

The work presented in Section 6.2.5 was performed by a postdoctoral research assistant

Luis Miguel Garcia Martin but it is crucial to understand where this input comes from in

the CP fit. Section 6.3 presents work of my analysis partner Yuya. The remaining work is

my own.

6.1 Background fractions

As described in Section 4.5 in order to account for the presence of background decays one

must determine how many decays each background contributes to each Dalitz bin. One

requirement for this is to understand what fraction of each background populates each

bin when reconstructed as the signal B
0 ! DK

+
⇡

� decay, denoted as f
b
↵,i in Eq. (4.48).

The other requirement is to determine the total number of each background decay present

in the signal window via the use of invariant mass fits. These yields are shown in

Tables 7.5 to 7.15. Estimates of these fractions are obtained from simulated datasets

that model the true amplitude distribution of each background as well as the e↵ects of

the mis-reconstruction and the selection that is applied to the data. The approach is to

first generate a simulated dataset that is flat in the square Dalitz plane of the B decay,

and in the case of D ! K
0
Sh

+
h

� decays is generated according to an accurate physical

model of the D decay amplitude distribution which is known to appropriately model

the data [93, 94]. Each simulated event can then be weighted according to the model

amplitude of the decay at its true Dalitz coordinates in the B Dalitz plane. The fraction

in each bin can then be calculated as the sum of the weights in the bin divided by the

total weight across all bins.

For D ! K
0
Sh

+
h

� decays the fractions are first determined for the B and D Dalitz

planes separately and then multiplied to obtain the fraction in bin (↵, i). This results in

a lower uncertainty on the fractions and therefore a smaller systematic uncertainty.

85



CHAPTER 6. REWEIGHTING OF BACKGROUNDS

6.2 Kinematic reweighting

As described above the simulated datasets are reweighted according to amplitude models

for each background decay. Due to the di↵erent properties and current knowledge of each

decay they are modelled in di↵erent ways and therefore weights are acquired via di↵erent

methods.

Not all of the backgrounds seen in the mass fits in Chapter 7 have reweighting applied

because there is no model available, however this modelling is only essential for the decays

that have significant contributions to the distribution within the B
0 mass signal window.

All reweighted decays besides the ⇤
0
b ! D

(⇤)
K

+
p and ⇤

0
b ! D

(⇤)
p⇡

� have models available

but thanks to the proton PID cuts applied in Chapter 5 their contribution is minimised.

The Dalitz distribution of ⇤
0
b ! DK

+
p and ⇤

0
b ! Dp⇡

� decays in LHCb data are used

as a proxy for their Dalitz distribution.

The various background modelling methods are summarised in Table 6.1 and described

in more detail below. Figure 6.1 shows the square Dalitz distribution for each background

decay model. All backgrounds are generated as flavour specific in the simulation. The

combinatorial background is a special case and is not modelled using reweighted simulation

but based on an extrapolation from sidebands in data as discussed in Section 6.2.5.

B Decay Model Type Source
B

0
s ! DK

+
⇡

�
Laura++ isobar Ref. [95]

B
0 ! D⇡

+
⇡

�
Laura++ isobar Ref. [96]

B
0 ! D

⇤
K

+
⇡

� Signal projection of LHCb data Ref. [97]
B

0
s ! D

⇤
K

+
⇡

� Signal projection of LHCb data Ref. [97]
B

0 ! D
⇤
⇡

+
⇡

� Signal projection of LHCb data Ref. [97]
⇤

0
b ! Dp⇡

� Selected LHCb data Ref. [98]
⇤

0
b ! D

⇤
p⇡

� Selected LHCb data Ref. [98]
⇤

0
b ! DK

+
p Selected LHCb data Ref. [99]

⇤
0
b ! D

⇤
K

+
p Selected LHCb data Ref. [99]

Combinatorial Polynomial extrapolation Sideband data

Table 6.1: Type of model used for each background and their source.

6.2.1 Laura++

Using this package LHCb has developed isobar models for B
0 ! D⇡

+
⇡

� and B
0
s !

DK
+
⇡

� decays. This can weight a sample generated flat in the square Dalitz plane

according to a given model, it accounts for the flat generation by multiplying the weight by

a Jacobian which corresponds to the appropriate coordinate transformation as explained

in Ref. [21].
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Figure 6.1: Square Dalitz plane distributions of the models used to reweight the background
simulation samples. Top: events generated from the Laura++ model of B0 ! D⇡+⇡� (left)
and B0

s ! DK+⇡� (right) decays. Middle: observed events for the ⇤0
b ! Dp⇡� (left) and

⇤0
b ! DK+p (right) decays. Bottom: signal projected data events for the B0 ! D⇤K+⇡� (left),

B0
s ! D⇤K+⇡� (middle) and B0 ! D⇤⇡+⇡� (right) decays.

For a given event in the simulation sample, with true square Dalitz position (m0
, ✓

0),

the weight is determined according to

w(m0
, ✓

0) = |J(m0
, ✓

0)||A(m0
, ✓

0)|2/|A|2max, (6.1)

where J(m0
, ✓

0) is the value of the Jacobian at the given position, A(m0
, ✓

0) is the amplitude

obtained from the model at the given position and |A|2max is the maximum amplitude-
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squared across the Dalitz plane.

6.2.2 Signal projected measurements

Laura++ can not be used to model decays with non-spin-0 final states, therefore e�ciency

corrected signal distributions from LHCb measurements is used to model the contributions

from B
0 ! D

⇤
K

+
⇡

�, B
0
s ! D

⇤
K

+
⇡

� and B
0 ! D

⇤
⇡

+
⇡

� decays. The relevant informa-

tion for the background channels of interest is available in Ref. [100], the distributions

can be seen in Fig. 6.1. As can be seen here these projections are provided as uniformly

binned histograms of the square Dalitz plane. A weight is obtained for each point in

the square Dalitz plane by comparing the entries in the corresponding bin of the signal

projection with the population of the same bin in a RapidSim sample [101], generated flat

in the square Dalitz plane.

This weight is defined as

w(m0
, ✓

0) =
P

S
i,j/S

S
i,j

P
F
i,j/S

F
i,j

P
j0

P
i0

P
F
i0,j0

P
j0

P
i0

P
S
i0,j0

, (6.2)

where i, j denotes the bin of the uniformly-binned square Dalitz plane corresponding to

a given (m0
, ✓

0), P (S) denotes the population (size) of the bin and a superscript S (F)

denotes the observed data (flat) histogram. The inclusion of an EvtGen-flat square Dalitz

histogram accounts for the non-uniform EvtGen generation at the boundaries [102].

6.2.3 Background polluted Dalitz distributions

For the background originating from a ⇤
0
b decay there are no complete amplitude model

descriptions available. There are also no signal projections (i.e. background subtracted)

distributions published. Consequently, the observed Dalitz distributions of the ⇤
0
b ! Dp⇡

�

and ⇤
0
b ! DK

+
p decays from Refs. [98, 99] are the only possible sources of information

about the amplitude distribution of these decays. The distributions are of fully selected

data but include some small level of background, this will also have the full LHCb

acceptance and e�ciency e↵ects already present in the distribution. The amount of the

⇤
0
b decays that infiltrate the signal window is relatively small so imperfect modeling is a

small e↵ect.

Measurements of the Dalitz distribution of ⇤
0
b ! D

⇤
p⇡

� (⇤0
b ! D

⇤
K

+
p) have not

been performed so it is assumed that the ⇤
0
b ! Dp⇡

� (⇤0
b ! DK

+
p) Dalitz distribution

is close enough to serve as a model for this decay as well, i.e. it is assumed that the D
⇤0

version of a D
0 mode has an identical B Dalitz distribution.
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An adaptive binning scheme is used to bin the square Dalitz plane such that each bin

contains an equal number of events. This results in a weight mapping that is detailed in

the regions of high amplitude density while maintaining statistical significance in each bin.

Figure 6.2 (Fig. 6.3) shows the square Dalitz distribution of ⇤
0
b ! Dp⇡

� (⇤0
b ! DpK

�)

and the adaptive binning derived from it.

For a given event in the simulation sample, with true square Dalitz coordinates (m0
, ✓

0)

its weight is obtained as

W =
PR(m0

, ✓
0)/SR(m0

, ✓
0)

PF (m0, ✓0)/SF (m0, ✓0)
, (6.3)

where PR(F )(m0
, ✓

0) is the population of the bin corresponding to the point (m0
, ✓

0) in the

square Dalitz plane in the resonance (flat) sample and SR(F )(m0
, ✓

0) is the size of that bin.
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Figure 6.2: Measured square Dalitz distribution of ⇤0
b ! Dp⇡� decays from Ref. [98] (left) and

the adaptive binning scheme derived from it (right).
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Figure 6.3: Measured square Dalitz distribution of ⇤0
b ! DK+p decays from Ref. [99] (left) and

the adaptive binning scheme derived from it (right).
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6.2.4 Model reweighting results

Figures 6.4 to 6.7 show a comparison between the e�ciency corrected models and the

reweighted truth distributions in m
0 and ✓

0 for each modelled background decay. This

verifies that the per-event reweighting has been applied correctly. These plots were made

using 2018 Magnet Up simulation for the D ! K
+
K

� final state but the results for the

other D decays are, as expected, extremely similar. Note that the uncertainty on the

e�ciency corrected model distributions depends on the method used to obtain the initial

model distribution. In the case of B
0 ! D

⇤
K

+
⇡

� decays the integral of the sweight

distribution is considerably smaller than that of the B
0
s ! D

⇤
K

�
⇡

+ and B
0 ! D

⇤
⇡

+
⇡

�

distributions, hence the larger uncertainties.

Figure 6.7 shows a slight discrepancy between the distribution of the reweighted

simulated data and the e�ciency corrected model, likely due to the low amount of

simulated data available after full selection. This is expected to have a negligible e↵ect

on the final result since the ⇤
0
b decay backgrounds are suppressed by the proton PID

rejection.
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Figure 6.4: Comparison between the reweighted simulation truth and e�ciency corrected model
m0 (left) and ✓0 (right) distributions for B0

s ! DK+⇡� (top) and B0 ! D⇡+⇡� (bottom)
decays.
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Figure 6.5: Comparison between the reweighted simulation truth and e�ciency corrected model
m0 (left) and ✓0 (right) distributions for B0 ! D⇤K+⇡� (top), B0

s ! D⇤K+⇡� (middle) and
B0 ! D⇤⇡+⇡� (bottom) decays.
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Figure 6.6: Comparison between the reweighted simulation truth and e�ciency corrected model
m0 (left) and ✓0 (right) distributions for ⇤0

b ! Dp⇡� (top), ⇤0
b ! D⇤p⇡� (bottom) decays.
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Figure 6.7: Comparison between the reweighted simulation truth and e�ciency corrected model
m0 (left) and ✓0 (right) distributions for ⇤0

b ! DpK� (top), ⇤0
b ! D⇤pK� (bottom) decays.
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6.2.5 Combinatorial background modelling

Combinatorial background events are those for which random combinations of final state

tracks happen to mimic B
0 ! DK

+
⇡

� decays. The majority of decays in the high mass

sideband of the B
0 candidate invariant mass distribution are combinatorial background

decays so can be used to gain an understanding of how these are distributed across the

Dalitz planes. However, the Dalitz plane phase space changes as a function of the B
0

candidate invariant mass so some attempt must be made to predict how this evolves from

the high mass sideband to the signal window.

A neural network method [103] was first attempted to perform this however it was

found not to be optimal due to the low amount of sideband data. Instead the Dalitz

binned distribution of combinatorial background is modelled with a first order polynomial.

For each D final state a set of seven adjacent sidebands is defined, each with the same

width as the signal window, starting at m(B) = 5442.4 which is su�ciently high to ensure

that each sideband in data contains almost completely pure combinatorial background. A

visualisation of the signal region and sidebands is shown for the D ! K
0
S⇡

+
⇡

� DD final

state in Fig. 6.8. The combinatorial extrapolation procedure is performed separately for

the B and D Dalitz planes in order to increase the statistics available for the extrapolation,

i.e. it is assumed that the B and D Dalitz plane combinatorial fractions factorise. This is

performed using the 5 bin binning for the B
0 ! DK

+
⇡

� Dalitz plane since the resulting

fractions can trivially be summed to obtain the nominal 4 bin binning. For each bin

individually a first order polynomial is fitted to the fraction of the total events in that

bin in each sideband window. Higher orders will be used for systematic studies. It is

recognised that this is not an ideal method, particularly given the large fluctuations in

these fractions along the sideband windows, however no alternative could be found and this

will have to be revisited in later iterations of this analysis method. Figures 6.9 and 6.10

show the extrapolation fits in the B and D planes respectively for the D ! K
0
S⇡

+
⇡

� DD

final state.

6.3 Helicity weighting

One of the most significant backgrounds in the analysis originates from partially recon-

structed B
0
s ! D

⇤
K

�
⇡

+ decays, which appear in the low-mass region when a soft pion or

photon emitted from the neutral D
⇤0 is missed in the reconstruction. The reconstructed

mass of the B
0 candidate depends on the momentum of the missing particle, which is

related to the helicity state of the intermediate resonance. The LHCb simulation does

not model the helicity states which results in an incorrect invariant mass distribution.

Therefore the simulation must be reweighted according to the expected helicity distribu-
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Figure 6.8: A visualisation of the signal window (blue) and the sidebands (red) used for the
combinatorial background extrapolation in the D ! K0

S⇡+⇡� DD final state.

Figure 6.9: Combinatorial background extrapolation fits in the B Dalitz plane for the D !
K0

S⇡+⇡� DD final state.

tions. Only the two dominant contributing resonant components are considered. These

are D
⇤0

K
⇤0 and D

�
s1⇡

+ for B
0
s ! D

⇤
K

+
⇡

�, and D
⇤0

K
⇤0 and D

�
1 K

+ for B
0 ! D

⇤
K

+
⇡

�.

In the case of the D
⇤0

K
⇤0 resonance, the helicity angle is defined as the angle between

the momentum vector of the K
+ in the K

⇤0 rest frame and the momentum vector of

the K
⇤0 in the B

0
s or B

0 rest frame. For the D
�
s1⇡

+ (D�
1 K

+) resonance it is defined as

the angle between the momentum vector of the � or ⇡
0 in the D

⇤0 rest frame and the

momentum vector of the D
⇤0 in the D

�
s1 (D�

1 ) rest frame. Given that the spin structure

of the resonant components is known, a per-event weight is derived based on the expected
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Figure 6.10: Combinatorial background extrapolation fits in the D Dalitz plane for the D !
K0

S⇡+⇡� DD final state.

distribution of the helicity angle(s).

6.3.1 B
0
s ! D

�
s1(! D

⇤0
K

�)⇡+

The helicity angle distributions for D
⇤ ! D� and D

⇤ ! D⇡
0 have been derived in the

B
0
(s) ! Ds1(2536)⌥

K
± LHCb analysis [104]. These distributions are in general dependent

on three decay angles. Integrating over the angles that are not relevant for this analysis

results in an expression with a dependence on the angle of interest, ✓. The relevant

distribution for D
⇤ ! D� mode can then be written as

d�

d cos ✓
/ k

2 + (1 � k
2) cos2

✓, (6.4)

and for the D
⇤ ! D⇡

0 mode it is

d�

d cos ✓
/ k

2 + 1 + (k2 � 1) cos2
✓, (6.5)

where k is related to the ratio of the di↵erent helicity couplings, measured to be

k = 1.93 ± 0.06 ± 0.08 [104].
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6.3.2 B
0 ! D

�
1 (! D

⇤0
⇡

�)K+

In this mode, the expression for the angular distributions is of the form

d�

d cos ✓
/ 1 + AD1

cos2
✓, (6.6)

where AD1
is the polarisation amplitude which is equal to 5.73 ± 0.25 [89].

6.3.3 B
0
s ! D

⇤0
K

⇤0(! K
�
⇡

+), B
0 ! D

⇤0
K

⇤0(! K
+
⇡

�)

These decays are a transition of a scalar to two vectors. In this case, the helicity states

of D
⇤0 and K

⇤0 can be (0,0), (1,1), or (-1,-1). The angular distribution of the D
⇤0 child

particles is the same for (1,1) and (-1,-1), so only four unique categories need to be

modelled: (0,0) or (1,1) with D
0
� or D

0
⇡

0. The dependence of the amplitude on the

helicity angle can be expressed as the following.

• (0,0), D
0
� mode

d�

d cos ✓
/ sin2

✓ (6.7)

• (0,0), D
0
⇡

0 mode
d�

d cos ✓
/ cos2

✓ (6.8)

• (1,1), D
0
� mode

d�

d cos ✓
/ 1 + cos2

✓ (6.9)

• (1,1), D
0
⇡

0 mode
d�

d cos ✓
/ sin2

✓ (6.10)

6.3.4 Reweighting procedure

Each event is classified as one of the decay categories above based on the final state

invariant masses, m(K⇡) and m(D0
K) or m(D0

⇡) with the following criteria:

• |m(K⇡) � mK⇤0 | < 100 MeV/c2 =) B
0
s ! D

⇤0
K

⇤0(! K
�
⇡

+) or

B
0 ! D

⇤0
K

⇤0(! K
+
⇡

�)

• |m(D0
K) � mDs1 | < 10 MeV/c2 =) B

0
s ! D

�
s1(! D

⇤0
K

�)⇡+

• |m(D0
⇡) � mD1

| < 40 MeV/c2 =) B
0 ! D

�
1 (! D

⇤0
⇡

�)K+

98



6.3. HELICITY WEIGHTING

If the event does not fall into any of these categories the weight is 1, i.e. no weighting is

applied, otherwise the weight is calculated based on the expressions above with normalisa-

tion taken into account. When the category is K
⇤0, the event is assigned a weight for the

(0,0) helicity state with a probability p = 1/3 and for the (1,1) state with p = 2/3.

6.3.5 Reweighted helicity angle distributions

The distribution of the helicity angle with and without the helicity reweighting for

D ! K
0
S⇡

+
⇡

� DD at the level of the basic selection described in Section 5.1 is shown in

Figs. 6.11 to 6.16.

(a) D� (b) D⇡0

Figure 6.11: The distribution of the helicity angle with and without the helicity reweighting for
B0

s ! D�
s1(! D⇤0K�)⇡+.

(a) D� (b) D⇡0

Figure 6.12: The distribution of the helicity angle with and without the helicity reweighting for
B0 ! D�

1 (! D⇤0⇡�)K+.
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(a) D� (b) D⇡0

Figure 6.13: The distribution of the helicity angle with and without the helicity reweighting for
B0

s ! D⇤0K⇤0 with the helicity state (0,0).

(a) D� (b) D⇡0

Figure 6.14: The distribution of the helicity angle with and without the helicity reweighting for
B0

s ! D⇤0K⇤0 with the helicity state (1,1).

(a) D� (b) D⇡0

Figure 6.15: The distribution of the helicity angle with and without the helicity reweighting for
B0 ! D⇤0K⇤0 with the helicity state (0,0).
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(a) D� (b) D⇡0

Figure 6.16: The distribution of the helicity angle with and without the helicity reweighting for
B0 ! D⇤0K⇤0 with the helicity state (1,1).
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6.3.6 Reweighted mass distributions

The B
0 invariant mass distribution with and without the helicity weights for each resonance

is shown in Figs. 6.17 to 6.24.
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Figure 6.17: The distribution of the B0 mass with and without the helicity reweighting for
B0

s ! D�
s1(! D⇤0K�)⇡+.
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Figure 6.18: The distribution of the B0 mass with and without the helicity reweighting for
B0

s ! D⇤0K⇤0 with the helicity state (0,0).
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Figure 6.19: The distribution of the B0 mass with and without the helicity reweighting for
B0

s ! D⇤0K⇤0 with the helicity state (1,1).
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Figure 6.20: The distribution of the B0 mass with and without the helicity reweighting for
B0 ! D�

1 (! D⇤0⇡�)K+.
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Figure 6.21: The distribution of the B0 mass with and without the helicity reweighting for
B0 ! D⇤0K⇤0 with the helicity state (0,0).
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Figure 6.22: The distribution of the B0 mass with and without the helicity reweighting for
B0 ! D⇤0K⇤0 with the helicity state (1,1).

5100 5200 5300 5400 5500 5600
]2 [MeV/cBm

0

0.01

0.02

0.03

0.04

0.05

A.
U

.

Dalitz weight

Dalitz + helicity weight

(a) D�

5100 5200 5300 5400 5500 5600
]2 [MeV/cBm

0

0.02

0.04

0.06

0.08

0.1

0.12

A.
U

.

Dalitz weight

Dalitz + helicity weight

(b) D⇡0

Figure 6.23: The distribution of the B0 mass with and without the helicity reweighting for
B0

s ! D⇤0K�⇡+ for all the modes included.
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Figure 6.24: The distribution of the B0 mass with and without the helicity reweighting for
B0 ! D⇤K+⇡� for all the modes included.
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6.4 Summary

This chapter has described all the methods used to reweight the LHCb simulation samples

such that they properly model the Dalitz and/or helicity distributions in LHCb data. This

is essential to model the invariant B mass distributions which are studied in Chapter 7

and correctly estimate distribution of the most prominent background decays within

the signal window for input into the CP fit described in Chapter 8. Dalitz modelling

is performed with a variety of input models utilising a number of di↵erent methods, a

data driven approach is applied to the combinatorial background Dalitz distribution, and

helicity reweighting is performed based on previous LHCb analyses.
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7 Invariant mass fits

“I never use mathematics, or statistics, or calculations,

or anything at all like that because I can’t do it.

So I just hope for the best.”

Dr Irving Finkel

The work presented in this chapter was not performed by myself but by my analysis

partner Yuya. Nevertheless this is a crucial part of the analysis so I have provided a

concise explanation.

7.1 Strategy

As explained in Section 4.5 since the selection does not eliminate 100% of all background

decays one must estimate how many remain in the data so that they can be accounted for

in the CP fit. Chapter 6 explained how the fraction of each background source within

each Dalitz bin is predicted. The global invariant mass fits account for the other factor of

the final term in Eq. (4.48), y
b.

7.1.1 Components of the fit

An invariant mass fit is performed by fitting an ensemble of PDFs via an unbinned extended

maximum-likelihood fit to the distribution of the B
0 candidate invariant mass in data.

The PDFs and their shape parameters are determined by considering the distribution of

each background decay and the signal decay in simulation, choosing an appropriate PDF

to model each one. Each component PDF is first fitted to the corresponding simulation

in order to determine the values of its shape parameters. The data are then fitted

simultaneously for both B
0 flavours, in each D final state. Some of the shape parameters

are fixed to the values from the fit to the simulation samples, some parameters are free

to float to account for di↵erences between the data and the simulation. A number of

di↵erent PDF shapes are used which are then summed to form the per-decay ensembles
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and the total ensemble,

• a Gaussian distribution, defined as

pG(x; µ, �) =
1p
2⇡�

exp


�(x � µ)2

2�2

�
. (7.1)

• a Crystal Ball distribution [105], defined as

pCB(x; µ, �, ↵, n) = N

8
<

:
exp

h
�(x�µ)2

2�2

i
, if x�µ

� > �↵

A(B � x�µ
� )�n

, if x�µ
�  �↵

(7.2)

where

A =

✓
n

|↵|

◆n

exp


�|↵|2

2

�
, (7.3)

B =
n

|↵| � |↵|, (7.4)

N =
1

�(C + D)
, (7.5)

C =
n

|↵|(n � 1)
exp


�|↵|2

2

�
, (7.6)

D =

r
⇡

2

✓
1 + erf


|↵|p

2

�◆
. (7.7)

• and a Horns distribution [106], defined as

pH(x; R, a, b, f, �, ⇠) =
Z b

a

✓
y � a + b

2

◆2 ⇣
fpG(y; x, �) + (1 � f)pG(y; x, R�)

⌘

⇥
✓

1 � ⇠

b � a
y +

b⇠ � a

b � a

◆
dy. (7.8)

RooDini [106] PDFs are also used to model the helicity structure of partially recon-

structed D
⇤0 decays. Table 7.1 details which backgrounds are included for which D

final states. Not every background is included for every D final state as some are not

expected to, or not seen to, contribute significantly. In the following, it is assumed that

the simulation samples have been weighted with the Dalitz, PID and helicity weights

where applicable.
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Component D decay modes for which the component is included

KK/⇡⇡/K0
Shh/⇡⇡⇡⇡ K⇡/K⇡⇡⇡ ⇡K/⇡K⇡⇡

Combinatorial X X X
B

0 ! D
⇤
K

+
⇡

� X X X
B

0
s ! D

⇤
K

�
⇡

+ X X X
B

0 ! D
(⇤)

⇡
+
⇡

� X X X
B

0 ! D
(⇤)

K
+
K

� X X X
B

0
s ! D

(⇤)
K

+
K

� X X X
⇤

0
b ! D

(⇤)
p⇡

� X X
⇤

0
b ! D

(⇤)
K

+
p X X

B
+ ! DK

+
⇡

+
⇡

� X X
B

+ ! D⇡
+
⇡

+
⇡

� X X X
B

0 ! DK
(⇤)
(1,2) X X

B
0
s ! DK

(⇤)
(1,2) X X

Table 7.1: Summary of background components taken into account depending on the D decay
modes.

7.2 Determining the PDF shapes

Unless otherwise specified in the fit to data all the parameters are fixed to values found

from fits to simulated data to model each decay mode separately, besides the mean of

each total PDF for the modelled decays which is allowed to move by a global mass shift

parameter, �m.

7.2.1 B0 ! DK+⇡� and B0
s ! DK�⇡+

The mass distributions of these decays are identical besides a di↵erent mean due to the

di↵erent initial B meson, therefore the PDF used for the B
0
s ! DK

�
⇡

+ decay is simply

the PDF used for the B
0 ! DK

+
⇡

� decay but shifted in mean by the PDG value of the

B
0–B0

s mass di↵erence, 87.42 ± 0.14 MeV/c2 [7]. As these modes are fully reconstructed

and the final state particles are correctly identified the invariant mass distributions can

be modelled as a sum of a double crystal balls (DCBs) and a Gaussian. The means of

all three PDFs and the widths of the crystal balls are also shared. The width of the

Gaussian is a fixed ratio of the crystal ball widths.
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7.2.2 B0 ! D⇤K+⇡� and B0
s ! D⇤K�⇡+

The final state particles of these decays are correctly identified however a ⇡
0 or � emitted

from the decay of the D
⇤0 is not reconstructed resulting in a broad helicity dependent distri-

bution in the lower mass region of the invariant mass distribution. A RooHornsDini [106]

PDF is used to model the helicity distribution of these decays by considering the D
⇤

!D⇡
0 and D

⇤ !D� contributions separately. As in the case of the B
0 ! DK

+
⇡

� and

B
0
s ! DK

�
⇡

+ decays the B
0 ! D

⇤(! D⇡
0)K+

⇡
� and B

0
s ! D

⇤(! D⇡
0)K+

⇡
� decays

should have similar mass distributions however due to the lower mass region of the decays

the distribution of the B
0 ! D

⇤(! D⇡
0)K+

⇡
� decay is cut o↵ by the lower limit of

the invariant mass. Therefore the B
0
s ! D

⇤(! D⇡
0)K+

⇡
� distribution is modelled with

a DCB function with independent means and widths but n1 fixed to 0. The yield of

B
0 ! D

⇤(! D⇡
0)K+

⇡
� is a free parameter, whilst that of B

0
s ! D

⇤(! D⇡
0)K+

⇡
� is

a fraction of the B
0
s ! DK

+
⇡

� yield, fB0
s!D⇤K+⇡� . These are shared among all the D

final states and B flavours. The yield of the D
⇤ !D� mode varies as a fixed fraction

of the floating D
⇤ !D⇡

0 yield according to their di↵erence in branching fractions and

e�ciencies. This is done for all D
⇤ background decays.

7.2.3 Partially reconstructed background with DK(⇤)
(1,2)(!

K±⇡⌥⇡0)

Decays of a B
0 or B

0
s to some excited kaon state can be mis-reconstructed as the signal

decay when the ⇡
0 from the excited kaon is missed during reconstruction. The main

contributions come from K1(1270), K1(1400), K
⇤(1410) and K

⇤
2 (1430) states. As some of

the branching ratios of B
0 or B

0
s decaying to DK

(⇤)
(1,2) are not known it is assumed that the

branching ratios are the same for all of the kaon excited states. The branching ratios of the

excited kaon to the relevant final state particles are taken from Ref. [7]. RapidSim [101]

with EvtGen [102] models are used to generate a “cocktail” of simulation samples for

these decays. Although these are possibly not as accurate as the full LHCb simulation, it

has been shown that for the partially reconstructed background B
+ ! DK

+
⇡

+
⇡

� in the

B
0 ! DK

⇤0 analysis [107] the mass distributions obtained from this are a good proxy

for those acquired from full simulation. These mass distributions are then modelled with

the RooHornsDini function. The yield of B
0 ! D

0
K

(⇤)
(1,2) varies as a fixed fraction of the

floating B
0 ! D

⇤(! D⇡
0)K+

⇡
� yield, f

B0!D0K
(⇤)
(1,2)

, as does the yield of B
0
s ! D

0
K

(⇤)
(1,2)

as a fraction of the B
0
s ! D

⇤(! D⇡
0)K+

⇡
� yield, f

B0
s!D0K

(⇤)
(1,2)

. These fractions are

floated and shared among all the D final states and B flavours.
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7.2.4 B0 ! D⇡+⇡�

The B
0 ! D⇡

+
⇡

� decay can be mis-reconstructed as B
0 ! DK

+
⇡

� when a pion is

mis-identified as a kaon. A PID selection is imposed on the reconstructed kaon to mitigate

this however there is still some residual contribution that needs to be accounted for in

the mass fit. A pion-kaon mis-identification results in the background peaking slightly

above the true B
0 mass. The mass shape is modelled with a DCB shape with shared

mean but di↵erent widths, n1 fixed to 0.9 and n2 fixed to 1.0. The yield of B
0 ! D⇡

+
⇡

�

is a free parameter for the D ! K
±
⇡

⌥, D ! K
0
S⇡

+
⇡

� LL, D ! K
±
⇡

⌥
⇡

+
⇡

� modes and

shared between the two B flavours, to increase the consistency of the fit, assuming no CP

violation. The yield for the D ! ⇡
±
K

⌥ mode is the same as that for the D ! K
±
⇡

⌥

mode since the only di↵erence is the charge of the mis-identified B child kaon. The same

constraint is applied for the D ! K
±
⇡

⌥
⇡

+
⇡

� and D ! ⇡
±
K

⌥
⇡

+
⇡

� modes. For the

other D modes, the yield of B
0 ! D⇡

+
⇡

� is related to the yield in a reference D mode,

D ! K
±
⇡

⌥ for D ! h
+
h

�, D ! K
0
S⇡

+
⇡

� LL for D ! K
0
Sh

+
h

� and D ! K
±
⇡

⌥
⇡

+
⇡

�

for D ! ⇡
+
⇡

�
⇡

+
⇡

�, by a fixed ratio according to their di↵erences in branching fraction

and e�ciency.

7.2.5 B0 ! D⇤⇡+⇡�

Similar to the B
0 ! D

⇤
K

+
⇡

� mode, the B
0 ! D

⇤
⇡

+
⇡

� decay appears in the B candidate

invariant mass distribution when a soft neutral particle from the D
⇤ decay is missed, and

a pion is misidentified as a kaon. A RooHornsDini function is used for the D⇡
0 mode

and a DCB function without shared mean or width for the D� mode. The yield of the

D
⇤ !D⇡

0 mode is varied as a fixed fraction of the B
0 ! D⇡

+
⇡

� yield according to their

di↵erences in branching fraction and e�ciency.

7.2.6 B+ ! DK+⇡+⇡�

This decay mode is reconstructed as B
0 ! DK

+
⇡

� when the pion with the same charge

as the kaon is not reconstructed. The distribution is described with a RooHornsDini

function. The yield is varied as a fixed fraction of the B
0 ! D

⇤(! D⇡
0)K+

⇡
� yield

according to their di↵erences in branching fraction and e�ciency.

7.2.7 B+ ! D⇡+⇡+⇡�

This decay mode is reconstructed as B
0 ! DK

+
⇡

� when one of the two pions of the

same charge is missed and one of the other pions is misidentified as a kaon. Although

the missing pion shifts the B candidate mass down, the pion-kaon mis-identification
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also shifts it up resulting in a distribution with a non-negligible presence in the signal

window. The mass distribution is described with a RooHornsDini function. Similar

to the B
0 ! D⇡

+
⇡

� background, the yield is a free parameter for the D ! K
±
⇡

⌥,

D ! K
0
S⇡

+
⇡

� LL, D ! K
±
⇡

⌥
⇡

+
⇡

� modes, and shared between the B flavours. For

the D ! ⇡
±
K

⌥ mode, the yield is varied as a fixed fraction of the D ! K
±
⇡

⌥ mode

according to their di↵erence in e�ciency. Since this e�ciency takes into account the

stripping level e�ciency this fraction incorporates the fact that the B
+ ! D⇡

+
⇡

+
⇡

�

background can pollute the D ! K
±
⇡

⌥ and D ! ⇡
±
K

⌥ data at di↵erent rates. The

same fraction is used to relate the D ! K
±
⇡

⌥
⇡

+
⇡

� yield and the D ! ⇡
±
K

⌥
⇡

+
⇡

�

yield. For the other D modes, the yield of B
+ ! D⇡

+
⇡

+
⇡

� is related to the yield in

the reference D mode, D ! K
±
⇡

⌥ for D ! h
+
h

�, D ! K
0
S⇡

+
⇡

� LL for D ! K
0
Sh

+
h

�,

D ! K
±
⇡

⌥
⇡

+
⇡

� for D ! ⇡
+
⇡

�
⇡

+
⇡

�, by a fixed fraction according to their di↵erences

in branching fraction and e�ciency.

7.2.8 Other peaking backgrounds

The following misidentified (and partially reconstructed for decays with a D
⇤) backgrounds

need to be taken into account in the mass fit. The decays with two kaons are reconstructed

as signal when one of the kaons is misidentified as a pion. ⇤
0
b ! DK

+
p requires a proton-

pion mis-identification and ⇤
0
b ! Dp⇡

� requires a proton-kaon mis-identification. These

backgrounds have small yields after selection so are modelled with histogram templates

for simplicity. The yields of all the mis-identified background components are varied

as a fixed fraction of the B
0 ! D⇡

+
⇡

� yield for each D mode. This incorporates the

fragmentation ratio in the case of B
0
s or ⇤

0
b decays [108], the branching fractions of the B

decays [89], and the e�ciency ratio. The yields of the partially reconstructed misidentified

background components are varied as a fixed fraction of the fully reconstructed mis-

identified background components according to their e�ciency di↵erences. Unlike for the

B
0 ! D

⇤
⇡

+
⇡

� background in Section 7.2.5, there is no branching fraction measured for

these partially reconstructed backgrounds so it is assumed that the branching fractions

are the same for the fully and partially reconstructed backgrounds.

7.3 Fit to data

The distributions of the B
0 candidate invariant mass, with the DTF constraints applied,

have been fitted simultaneously for each of the D final states and both B flavours.

The width of the DCB function for the signal mode and the slope of the exponential

combinatorial background are floated. All the other shape parameters are fixed to the

values obtained from the fit to the simulation samples. In addition to the shape parameters,
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a global mass shift �m is introduced in order to take into account di↵erences in the

track momentum scale between data and simulation. This is floated and shared between

all the mass fit components and the fit categories. The yields N are free parameters

for each flavour of the signal, B
0
s ! DK

�
⇡

+, B
0 ! D

⇤(! D⇡
0)K+

⇡
� for all the D

modes, and B
0 ! D⇡

+
⇡

� and B
+ ! D⇡

+
⇡

+
⇡

� for the D ! K
±
⇡

⌥, D ! K
0
S⇡

+
⇡

� LL

and D ! K
±
⇡

⌥
⇡

+
⇡

� modes. The yields of the other components are related to one of

the above yields by a fraction parameter. Gaussian constraining some of the fraction

parameters was found to result in inconsistent fits across the D categories. Consequently,

most of these parameters are fixed. Variations of the parameters within their uncertainties

is considered as a source of systematic uncertainty.

The fit results are shown in Figs. 7.1 to 7.9 for each D mode. Note that although the

fitted distribution shows some discrepancy in the partially reconstructed backgrounds,

mB . 5240 MeV/c
2, this is not expected to have a significant e↵ect on the final extraction

of �, since that depends on a fit to data in the signal window, and it can be assessed as

a source of systematic uncertainty. The fitted parameters are summarised in Tables 7.2

to 7.4. The signal window is defined as the interval µ ± 3�, where � is the fitted width

of the signal peak and µ is its mean. The yields within this window are computed by

integrating the PDFs. The computed yields are summarised in Tables 7.5 to 7.15. The

uncertainties include the errors propagated from the N (global yield) or f parameters.

Parameter Value

KK ⇡⇡ K⇡ ⇡K

�B[MeV/c
2] 11.7 ± 0.2 11.7 ± 0.3 11.28 ± 0.06

p0 �0.0036 ± 0.0003 �0.0018 ± 0.0004 �0.0049 ± 0.0001 �0.0019± 0.0001

NB0!DK⇡ 666 ± 36 219 ± 20 5827 ± 89 1074 ± 68

NB0!DK⇡ 646 ± 35 204 ± 20 5753 ± 88 1054 ± 67

NB0
s!DK⇡ 2100 ± 40 659 ± 22 267 ± 32 19220 ± 120

NB0
s!DK⇡ 1983 ± 39 668 ± 22 270 ± 32 19150 ± 120

Ncomb 1070 ± 130 390 ± 52 5980 ± 280 3420 ± 160

N comb 1120 ± 130 366 ± 51 5880 ± 280 3490 ± 170

NB0!D⇡0K⇡ 407 ± 41 158 ± 20 4000 ± 120 1 ± 60

NB0!D⇡0K⇡ 439 ± 41 162 ± 20 3780 ± 120 190 ± 190

NB0!D⇡⇡ 1421 ± 29

NB+!D⇡⇡⇡ 2390 ± 300

�m[MeV/c
2] �1.94± 0.05

fB0
s!D⇡0K⇡ 0.63 ± 0.01

fB0
s!K⇤ cocktail 1.56 ± 0.07

Table 7.2: Fit results for the two-body modes. The N and f parameters without (with) a bar
are the yields and fractions for B0 (B0), except for the kaon cocktails for which the yields are
shared between the two flavours.
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Parameter Value

K
0
S⇡⇡ LL K

0
S⇡⇡ DD K

0
SKK LL K

0
SKK DD

�B[MeV/c
2] 12.2 ± 0.3 12.2 ± 0.3 12 ± 1 12.5 ± 0.7

p0 �0.0025 ± 0.0003 �0.0030 ± 0.0002 �0.0025 ± 0.0004 �0.0030 ± 0.0004

NB0!DK⇡ 324 ± 25 631 ± 37 33 ± 10 95 ± 14

NB0!DK⇡ 291 ± 25 597 ± 36 47 ± 10 75 ± 14

NB0
s!DK⇡ 931 ± 27 1656 ± 42 123 ± 12 221 ± 14

NB0
s!DK⇡ 860 ± 27 1652.847 ± 40 120 ± 11 210 ± 15

Ncomb 670 ± 78 1891 ± 144 320 ± 48 324 ± 51

N comb 811 ± 88 1693 ± 131 247 ± 40 402 ± 62

NB0!D⇡0K⇡ 190 ± 34 238 ± 67 16 ± 13 22 ± 18

NB0!D⇡0K⇡ 234 ± 35 268 ± 67 26 ± 12 11 ± 20

NB0!D⇡⇡ 135 ± 8

NB+!D⇡⇡⇡ 403 ± 76

�m[MeV/c
2] �1.94 ± 0.05

fB0
s!D⇡0K⇡ 0.630 ± 0.008

fB0
s!K⇤ cocktail 1.56 ± 0.07

Table 7.3: Fit results for the three-body modes. The N and f parameters without (with) a bar
are the yields and fractions for B0 (B0), except for the kaon cocktails for which the yields are
shared between the two flavours.

Parameter Value

⇡⇡⇡⇡ K⇡⇡⇡ ⇡K⇡⇡

�B[MeV/c
2] 12.6 ± 0.3 12.04 ± 0.07

p0 �0.0029 ± 0.0002 �0.0047 ± 0.0001 �0.0023 ± 0.0001

NB0!DK⇡ 453 ± 32 4949 ± 86 1076 ± 67

NB0!DK⇡ 411 ± 31 4665 ± 84 847 ± 65

NB0
s!DK⇡ 1273 ± 34 223 ± 35 16420 ± 120

NB0
s!DK⇡ 1223 ± 35 252 ± 36 16490 ± 120

Ncomb 1568 ± 120 9160 ± 290 6820 ± 230

N comb 1714 ± 131 9300 ± 290 6980 ± 230

NB0!D⇡0K⇡ 256 ± 35 2980 ± 110 1 ± 54

NB0!D⇡0K⇡ 232 ± 36 2830 ± 110 300 ± 180

NB0!D⇡⇡ 1338 ± 32

NB+!D⇡⇡⇡ 1980 ± 250

�m[MeV/c
2] �1.94 ± 0.05

fB0
s!D⇡0K⇡ 0.630 ± 0.008

fB0
s!K⇤ cocktail 1.56 ± 0.07

Table 7.4: Fit results for the four-body modes. The N and f parameters without (with) a bar
are the yields and fractions for B0 (B0), except for the kaon cocktails for which the yields are
shared between the two flavours.
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Yield B
0

B
0

B
0 ! DK

+
⇡

� 631.3 ± 34.2 611.7 ± 33.3
B

0
s ! DK

+
⇡

� 32.9 ± 0.8 31.0 ± 0.8
Combinatorial 119.8 ± 14.7 125.5 ± 14.6
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.5 ± 0.0 0.5 ± 0.0
B

0 ! D
⇤(! D�)K+

⇡
� 1.0 ± 0.1 1.1 ± 0.1

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 20.6 ± 0.5 19.4 ± 0.4

B
0
s ! D

⇤(! D�)K+
⇡

� 210.8 ± 4.6 199.0 ± 4.5
B

0 ! D⇡
+
⇡

� 82.9 ± 1.7 82.9 ± 1.7
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 1.8 ± 0.0 1.8 ± 0.0
B

0 ! D
⇤(! D�)⇡+

⇡
� 7.1 ± 0.1 7.1 ± 0.1

B
0 ! DK

+
K

� 7.5 ± 0.2 7.5 ± 0.2
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 4.1 ± 0.1 4.1 ± 0.1
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.1 ± 0.0 0.1 ± 0.0
⇤

0
b ! DK

+
p 2.6 ± 0.1 2.6 ± 0.1

⇤
0
b ! D

⇤(! D⇡
0)K+

p 0.2 ± 0.0 0.2 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 0.3 ± 0.0 0.3 ± 0.0

⇤
0
b ! Dp⇡

� 62.9 ± 1.3 62.9 ± 1.3
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 6.6 ± 0.1 6.6 ± 0.1

⇤
0
b ! D

⇤(! D�)p⇡� 6.6 ± 0.1 6.6 ± 0.1
B

+ ! D⇡
+
⇡

+
⇡

� 6.2 ± 0.8 6.2 ± 0.8
B

+ ! DK
+
⇡

+
⇡

� 0.3 ± 0.0 0.3 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 15.9 ± 0.6 15.0 ± 0.6

Table 7.5: Yields per B flavour within µ ± 3� for D ! K+K�.
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Figure 7.1: D ! K+K� from B0 (left) and from B0 (right).
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CHAPTER 7. INVARIANT MASS FITS

Yield B
0

B
0

B
0 ! DK

+
⇡

� 207.0 ± 19.2 192.7 ± 18.8
B

0
s ! DK

+
⇡

� 10.7 ± 0.5 10.9 ± 0.5
Combinatorial 39.9 ± 6.6 37.4 ± 6.4
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.2 ± 0.0 0.2 ± 0.0
B

0 ! D
⇤(! D�)K+

⇡
� 0.3 ± 0.0 0.3 ± 0.0

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 6.9 ± 0.2 7.0 ± 0.2

B
0
s ! D

⇤(! D�)K+
⇡

� 70.0 ± 2.4 71.0 ± 2.4
B

0 ! D⇡
+
⇡

� 29.9 ± 0.6 29.9 ± 0.6
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 0.7 ± 0.0 0.7 ± 0.0
B

0 ! D
⇤(! D�)⇡+

⇡
� 2.5 ± 0.1 2.5 ± 0.1

B
0 ! DK

+
K

� 3.0 ± 0.1 3.0 ± 0.1
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 1.7 ± 0.0 1.7 ± 0.0
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
⇤

0
b ! DK

+
p 1.1 ± 0.0 1.1 ± 0.0

⇤
0
b ! D

⇤(! D⇡
0)K+

p 0.1 ± 0.0 0.1 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 0.1 ± 0.0 0.1 ± 0.0

⇤
0
b ! Dp⇡

� 24.9 ± 0.5 24.9 ± 0.5
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 2.7 ± 0.1 2.7 ± 0.1

⇤
0
b ! D

⇤(! D�)p⇡� 2.7 ± 0.1 2.7 ± 0.1
B

+ ! D⇡
+
⇡

+
⇡

� 2.6 ± 0.3 2.6 ± 0.3
B

+ ! DK
+
⇡

+
⇡

� 0.1 ± 0.0 0.1 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 5.0 ± 0.2 5.1 ± 0.2

Table 7.6: Yields per B flavour within µ ± 3� for D ! ⇡+⇡�
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Figure 7.2: D ! ⇡+⇡� from B0 (left) and from B0 (right)
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7.3. FIT TO DATA

Yield B
0

B
0

B
0 ! DK

+
⇡

� 5497.2 ± 83.6 5427.8 ± 82.8
B

0
s ! DK

+
⇡

� 4.0 ± 0.5 4.0 ± 0.5
Combinatorial 625.8 ± 27.0 615.6 ± 26.8
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 4.0 ± 0.1 3.8 ± 0.1
B

0 ! D
⇤(! D�)K+

⇡
� 7.4 ± 0.2 7.0 ± 0.2

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 2.2 ± 0.3 2.2 ± 0.3

B
0
s ! D

⇤(! D�)K+
⇡

� 26.3 ± 3.2 26.7 ± 3.2
B

0 ! D⇡
+
⇡

� 388.8 ± 7.9 388.8 ± 7.9
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 9.0 ± 0.2 9.0 ± 0.2
B

0 ! D
⇤(! D�)⇡+

⇡
� 21.0 ± 0.4 21.0 ± 0.4

B
0 ! DK

+
K

� 34.7 ± 0.7 34.7 ± 0.7
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 20.4 ± 0.4 20.4 ± 0.4
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.6 ± 0.0 0.6 ± 0.0
⇤

0
b ! DK

+
p 27.8 ± 0.6 27.8 ± 0.6

⇤
0
b ! D

⇤(! D⇡
0)K+

p 2.1 ± 0.0 2.1 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 2.7 ± 0.1 2.7 ± 0.1

B
+ ! D⇡

+
⇡

+
⇡

� 42.3 ± 5.2 42.3 ± 5.2
B

+ ! DK
+
⇡

+
⇡

� 1.2 ± 0.0 1.2 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 1.8 ± 0.2 1.8 ± 0.2

Table 7.7: Yields per B flavour within µ ± 3� for D ! K±⇡⌥
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Figure 7.3: D ! K±⇡⌥ from B0 (left) and from B0 (right)
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CHAPTER 7. INVARIANT MASS FITS

Yield B
0

B
0

B
0 ! DK

+
⇡

� 1013.4 ± 63.9 994.3 ± 63.6
B

0
s ! DK

+
⇡

� 287.4 ± 2.4 286.4 ± 2.3
Combinatorial 336.0 ± 19.8 342.9 ± 20.3
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.0 ± 0.0 0.2 ± 0.2
B

0 ! D
⇤(! D�)K+

⇡
� 0.0 ± 0.0 0.4 ± 0.3

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 155.1 ± 2.1 154.5 ± 2.0

B
0
s ! D

⇤(! D�)K+
⇡

� 1894.5 ± 24.9 1887.6 ± 23.4
B

0 ! D⇡
+
⇡

� 354.2 ± 7.2 354.2 ± 7.2
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 10.2 ± 0.2 10.2 ± 0.2
B

0 ! D
⇤(! D�)⇡+

⇡
� 23.6 ± 0.5 23.6 ± 0.5

B
0 ! DK

+
K

� 31.5 ± 0.7 31.5 ± 0.7
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 20.7 ± 0.4 20.7 ± 0.4
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.6 ± 0.0 0.6 ± 0.0
⇤

0
b ! Dp⇡

� 608.1 ± 12.3 608.1 ± 12.3
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 62.0 ± 1.3 62.0 ± 1.3

⇤
0
b ! D

⇤(! D�)p⇡� 70.2 ± 1.4 70.2 ± 1.4
B

+ ! D⇡
+
⇡

+
⇡

� 22.5 ± 2.8 22.5 ± 2.8

B
0
s ! DK

(⇤)
(1,2) 128.2 ± 4.2 127.7 ± 4.2

Table 7.8: Yields per B flavour within µ ± 3� for D ! ⇡±K⌥

0

1000

2000

3000

4000

5000

6000

7000

8000

9000 )2
Ev

en
ts

 / 
( 1

5 
M

eV
/c

Total Fit
πK(*) D→B 
πK(*) D→ sB

Comb. Bkg.
ππ D→B 

 DKK→B 
 DKK→ sB

π Dp→ bΛ
πππ D→B 

 K cocktailsB

5100 5200 5300 5400 5500 5600 5700 5800 5900
]2 [MeV/cBm

10−
8−
6−
4−
2−
0
2
4
6
8

10
0

1000

2000

3000

4000

5000

6000

7000

8000

9000 )2
Ev

en
ts

 / 
( 1

5 
M

eV
/c

Total Fit
πK(*) D→B 
πK(*) D→ sB

Comb. Bkg.
ππ D→B 

 DKK→B 
 DKK→ sB

π Dp→ bΛ
πππ D→B 

 K cocktailsB

5100 5200 5300 5400 5500 5600 5700 5800 5900
]2 [MeV/cBm

10−
8−
6−
4−
2−
0
2
4
6
8

10

Figure 7.4: D ! ⇡±K⌥ from B0 (left) and from B0 (right)
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7.3. FIT TO DATA

Yield B
0

B
0

B
0 ! DK

+
⇡

� 306.3 ± 23.9 275.2 ± 23.2
B

0
s ! DK

+
⇡

� 16.6 ± 0.7 15.3 ± 0.7
Combinatorial 75.4 ± 9.8 91.3 ± 11.3
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.2 ± 0.0 0.2 ± 0.0
B

0 ! D
⇤(! D�)K+

⇡
� 0.3 ± 0.0 0.3 ± 0.0

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 10.8 ± 0.3 10.0 ± 0.3

B
0
s ! D

⇤(! D�)K+
⇡

� 79.6 ± 2.5 73.6 ± 2.5
B

0 ! D⇡
+
⇡

� 43.8 ± 2.6 43.8 ± 2.6
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 0.9 ± 0.1 0.9 ± 0.1
B

0 ! D
⇤(! D�)⇡+

⇡
� 2.3 ± 0.1 2.3 ± 0.1

B
0 ! DK

+
K

� 4.1 ± 0.3 4.1 ± 0.3
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 1.7 ± 0.1 1.7 ± 0.1
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
⇤

0
b ! DK

+
p 1.5 ± 0.1 1.5 ± 0.1

⇤
0
b ! D

⇤(! D⇡
0)K+

p 0.2 ± 0.0 0.2 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 0.1 ± 0.0 0.1 ± 0.0

⇤
0
b ! Dp⇡

� 26.6 ± 1.6 26.6 ± 1.6
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 4.8 ± 0.3 4.8 ± 0.3

⇤
0
b ! D

⇤(! D�)p⇡� 3.6 ± 0.2 3.6 ± 0.2
B

+ ! D⇡
+
⇡

+
⇡

� 6.4 ± 1.2 6.4 ± 1.2
B

+ ! DK
+
⇡

+
⇡

� 0.1 ± 0.0 0.2 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 8.0 ± 0.3 7.4 ± 0.3

Table 7.9: Yields per B flavour within µ ± 3� for D ! K0
S⇡+⇡� LL
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Figure 7.5: D ! K0
S⇡+⇡� LL from B0 (left) and from B0 (right)
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CHAPTER 7. INVARIANT MASS FITS

Yield B
0

B
0

B
0 ! DK

+
⇡

� 598.4 ± 34.6 566.3 ± 33.7
B

0
s ! DK

+
⇡

� 28.6 ± 1.0 28.5 ± 1.0
Combinatorial 217.8 ± 17.8 195.1 ± 16.1
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.2 ± 0.1 0.2 ± 0.1
B

0 ! D
⇤(! D�)K+

⇡
� 0.6 ± 0.2 0.7 ± 0.2

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 17.6 ± 0.5 17.5 ± 0.5

B
0
s ! D

⇤(! D�)K+
⇡

� 153.9 ± 4.3 153.6 ± 4.2
B

0 ! D⇡
+
⇡

� 81.3 ± 4.9 81.3 ± 4.9
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 1.8 ± 0.1 1.8 ± 0.1
B

0 ! D
⇤(! D�)⇡+

⇡
� 6.8 ± 0.4 6.8 ± 0.4

B
0 ! DK

+
K

� 6.5 ± 0.4 6.5 ± 0.4
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 3.2 ± 0.2 3.2 ± 0.2
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.1 ± 0.0 0.1 ± 0.0
⇤

0
b ! DK

+
p 2.7 ± 0.2 2.7 ± 0.2

⇤
0
b ! D

⇤(! D⇡
0)K+

p 0.2 ± 0.0 0.2 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 0.3 ± 0.0 0.3 ± 0.0

⇤
0
b ! Dp⇡

� 47.5 ± 2.9 47.5 ± 2.9
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 9.8 ± 0.6 9.8 ± 0.6

⇤
0
b ! D

⇤(! D�)p⇡� 7.5 ± 0.5 7.5 ± 0.5
B

+ ! D⇡
+
⇡

+
⇡

� 15.0 ± 2.8 15.0 ± 2.8
B

+ ! DK
+
⇡

+
⇡

� 0.1 ± 0.0 0.1 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 14.1 ± 0.6 14.1 ± 0.6

Table 7.10: Yields per B flavour within µ ± 3� for D ! K0
S⇡+⇡� DD
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Figure 7.6: D ! K0
S⇡+⇡� DD from B0 (left) and from B0 (right)
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7.3. FIT TO DATA

Yield B
0

B
0

B
0 ! DK

+
⇡

� 30.8 ± 9.6 44.0 ± 9.6
B

0
s ! DK

+
⇡

� 2.1 ± 0.3 2.1 ± 0.3
Combinatorial 35.2 ± 6.0 27.1 ± 5.0
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

⇡
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 1.4 ± 0.1 1.4 ± 0.1

B
0
s ! D

⇤(! D�)K+
⇡

� 11.1 ± 1.1 10.9 ± 1.0
B

0 ! D⇡
+
⇡

� 6.0 ± 0.4 6.0 ± 0.4
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 0.1 ± 0.0 0.1 ± 0.0
B

0 ! D
⇤(! D�)⇡+

⇡
� 0.4 ± 0.0 0.4 ± 0.0

B
0 ! DK

+
K

� 0.5 ± 0.0 0.5 ± 0.0
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 0.3 ± 0.0 0.3 ± 0.0
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
⇤

0
b ! DK

+
p 0.2 ± 0.0 0.2 ± 0.0

⇤
0
b ! D

⇤(! D⇡
0)K+

p 0.0 ± 0.0 0.0 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 0.0 ± 0.0 0.0 ± 0.0

⇤
0
b ! Dp⇡

� 3.7 ± 0.2 3.7 ± 0.2
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 0.7 ± 0.0 0.7 ± 0.0

⇤
0
b ! D

⇤(! D�)p⇡� 0.5 ± 0.0 0.5 ± 0.0
B

+ ! D⇡
+
⇡

+
⇡

� 1.0 ± 0.2 1.0 ± 0.2
B

+ ! DK
+
⇡

+
⇡

� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 1.0 ± 0.1 0.9 ± 0.1

Table 7.11: Yields per B flavour within µ ± 3� for D ! K0
SK+K� LL
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Figure 7.7: D ! K0
SK+K� LL from B0 (left) and from B0 (right)
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CHAPTER 7. INVARIANT MASS FITS

Yield B
0

B
0

B
0 ! DK

+
⇡

� 89.9 ± 13.1 71.5 ± 12.9
B

0
s ! DK

+
⇡

� 3.9 ± 0.4 3.8 ± 0.4
Combinatorial 38.0 ± 6.4 47.2 ± 7.7
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

⇡
� 0.1 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 2.5 ± 0.2 2.3 ± 0.2

B
0
s ! D

⇤(! D�)K+
⇡

� 20.1 ± 1.3 19.2 ± 1.4
B

0 ! D⇡
+
⇡

� 12.9 ± 0.8 12.9 ± 0.8
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 0.2 ± 0.0 0.2 ± 0.0
B

0 ! D
⇤(! D�)⇡+

⇡
� 1.0 ± 0.1 1.0 ± 0.1

B
0 ! DK

+
K

� 0.9 ± 0.1 0.9 ± 0.1
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 0.5 ± 0.0 0.5 ± 0.0
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
⇤

0
b ! DK

+
p 0.4 ± 0.0 0.4 ± 0.0

⇤
0
b ! D

⇤(! D⇡
0)K+

p 0.0 ± 0.0 0.0 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 0.0 ± 0.0 0.0 ± 0.0

⇤
0
b ! Dp⇡

� 6.8 ± 0.4 6.8 ± 0.4
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 1.4 ± 0.1 1.4 ± 0.1

⇤
0
b ! D

⇤(! D�)p⇡� 0.9 ± 0.1 0.9 ± 0.1
B

+ ! D⇡
+
⇡

+
⇡

� 2.4 ± 0.5 2.4 ± 0.5
B

+ ! DK
+
⇡

+
⇡

� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 2.0 ± 0.1 1.9 ± 0.1

Table 7.12: Yields per B flavour within µ ± 3� for D ! K0
SK+K� DD
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Figure 7.8: D ! K0
SK+K� DD from B0 (left) and from B0 (right)
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7.3. FIT TO DATA

Yield B
0

B
0

B
0 ! DK

+
⇡

� 428.7 ± 30.0 389.1 ± 29.5
B

0
s ! DK

+
⇡

� 24.2 ± 1.0 23.2 ± 1.0
Combinatorial 185.8 ± 15.5 203.2 ± 16.9
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.4 ± 0.1 0.3 ± 0.1
B

0 ! D
⇤(! D�)K+

⇡
� 0.5 ± 0.1 0.5 ± 0.1

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 15.9 ± 0.5 15.2 ± 0.5

B
0
s ! D

⇤(! D�)K+
⇡

� 120.0 ± 3.5 115.3 ± 3.5
B

0 ! D⇡
+
⇡

� 63.3 ± 1.5 63.3 ± 1.5
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 1.9 ± 0.0 1.9 ± 0.0
B

0 ! D
⇤(! D�)⇡+

⇡
� 6.7 ± 0.2 6.7 ± 0.2

B
0 ! DK

+
K

� 5.1 ± 0.1 5.1 ± 0.1
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 3.0 ± 0.1 3.0 ± 0.1
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.1 ± 0.0 0.1 ± 0.0
⇤

0
b ! DK

+
p 2.3 ± 0.1 2.3 ± 0.1

⇤
0
b ! D

⇤(! D⇡
0)K+

p 0.2 ± 0.0 0.2 ± 0.0
⇤

0
b ! D

⇤(! D�)K+
p 0.3 ± 0.0 0.3 ± 0.0

⇤
0
b ! Dp⇡

� 38.7 ± 0.9 38.7 ± 0.9
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 7.7 ± 0.2 7.7 ± 0.2

⇤
0
b ! D

⇤(! D�)p⇡� 5.7 ± 0.1 5.7 ± 0.1
B

+ ! D⇡
+
⇡

+
⇡

� 5.7 ± 0.7 5.7 ± 0.7
B

+ ! DK
+
⇡

+
⇡

� 0.1 ± 0.0 0.1 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 12.2 ± 0.5 11.7 ± 0.5

Table 7.13: Yields per B flavour within µ ± 3� for D ! ⇡+⇡�⇡+⇡�
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Figure 7.9: D ! ⇡+⇡�⇡+⇡� from B0 (left) and from B0 (right)
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CHAPTER 7. INVARIANT MASS FITS

Yield B
0

B
0

B
0 ! DK

+
⇡

� 4678.2 ± 80.8 4409.7 ± 79.1
B

0
s ! DK

+
⇡

� 3.8 ± 0.6 4.3 ± 0.6
Combinatorial 1033.6 ± 30.6 1049.4 ± 30.6
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 2.1 ± 0.1 2.0 ± 0.1
B

0 ! D
⇤(! D�)K+

⇡
� 6.8 ± 0.3 6.5 ± 0.3

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 2.3 ± 0.4 2.6 ± 0.4

B
0
s ! D

⇤(! D�)K+
⇡

� 19.3 ± 3.1 21.9 ± 3.1
B

0 ! D⇡
+
⇡

� 359.9 ± 8.7 359.9 ± 8.7
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 12.1 ± 0.3 12.1 ± 0.3
B

0 ! D
⇤(! D�)⇡+

⇡
� 28.3 ± 0.7 28.3 ± 0.7

B
0 ! DK

+
K

� 26.1 ± 0.6 26.1 ± 0.6
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 15.0 ± 0.4 15.0 ± 0.4
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.3 ± 0.0 0.3 ± 0.0
⇤

0
b ! DK

+
p 23.0 ± 0.6 23.0 ± 0.6

⇤
0
b ! D

⇤(! D⇡
0)K+

p 2.2 ± 0.1 2.2 ± 0.1
⇤

0
b ! D

⇤(! D�)K+
p 2.5 ± 0.1 2.5 ± 0.1

B
+ ! D⇡

+
⇡

+
⇡

� 37.5 ± 4.6 37.5 ± 4.6
B

+ ! DK
+
⇡

+
⇡

� 1.0 ± 0.0 0.9 ± 0.0

B
0
s ! DK

(⇤)
(1,2) 1.8 ± 0.3 2.1 ± 0.3

Table 7.14: Yields per B flavour within µ ± 3� for D ! K±⇡⌥⇡+⇡�
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Figure 7.10: D ! K±⇡⌥⇡+⇡� from B0 (left) and from B0 (right)
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7.3. FIT TO DATA

Yield B
0

B
0

B
0 ! DK

+
⇡

� 1016.8 ± 63.5 801.0 ± 61.1
B

0
s ! DK

+
⇡

� 280.4 ± 2.8 281.6 ± 2.7
Combinatorial 746.3 ± 28.8 763.2 ± 29.4
B

0 ! D
⇤(! D⇡

0)K+
⇡

� 0.0 ± 0.0 0.2 ± 0.1
B

0 ! D
⇤(! D�)K+

⇡
� 0.0 ± 0.0 0.7 ± 0.4

B
0
s ! D

⇤(! D⇡
0)K+

⇡
� 168.8 ± 2.4 169.6 ± 2.3

B
0
s ! D

⇤(! D�)K+
⇡

� 1421.7 ± 19.9 1427.9 ± 18.7
B

0 ! D⇡
+
⇡

� 346.1 ± 8.3 346.1 ± 8.3
B

0 ! D
⇤(! D⇡

0)⇡+
⇡

� 13.3 ± 0.3 13.3 ± 0.3
B

0 ! D
⇤(! D�)⇡+

⇡
� 29.5 ± 0.7 29.5 ± 0.7

B
0 ! DK

+
K

� 27.5 ± 0.7 27.5 ± 0.7
B

0 ! D
⇤(! D⇡

0)K+
K

� 0.0 ± 0.0 0.0 ± 0.0
B

0 ! D
⇤(! D�)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! DK

+
K

� 15.5 ± 0.4 15.5 ± 0.4
B

0
s ! D

⇤(! D⇡
0)K+

K
� 0.0 ± 0.0 0.0 ± 0.0

B
0
s ! D

⇤(! D�)K+
K

� 0.3 ± 0.0 0.3 ± 0.0
⇤

0
b ! Dp⇡

� 428.2 ± 10.3 428.2 ± 10.3
⇤

0
b ! D

⇤(! D⇡
0)p⇡� 82.2 ± 2.0 82.2 ± 2.0

⇤
0
b ! D

⇤(! D�)p⇡� 60.4 ± 1.5 60.4 ± 1.5
B

+ ! D⇡
+
⇡

+
⇡

� 20.0 ± 2.5 20.0 ± 2.5

B
0
s ! DK

(⇤)
(1,2) 133.5 ± 4.3 134.1 ± 4.4

Table 7.15: Yields per B flavour within µ ± 3� for D ! ⇡±K⌥⇡+⇡�
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Figure 7.11: D ! ⇡±K⌥⇡+⇡� from B0 (left) and from B0 (right)
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CHAPTER 7. INVARIANT MASS FITS

7.4 Pseudo-experiment studies

The stability of the mass fit is verified with pseudo-experiments. Based on the fit results

to data, 250 pseudo-experiments are generated and fitted. Invalid fits are rejected as they

are deemed not to represent the real fit to data, Figs. 7.12 and 7.13 show the pull plots

obtained from the successful fits. The variable names listed correspond to the variables

shown in Tables 7.2 to 7.4. The means are consistent with zero and the widths are

consistent with unity for the majority of the parameters. The proportion of parameters

consistent with a mean of zero is 56.4%, 89.7%, 100% within 1�, 2�, 3�, respectively.

This result shows that for a dataset similar to that of the present data, within statistical

fluctuations, the fitting procedure is robust. The pull distribution means consistent with

zero show that the determined parameter values are typically unbiased and the pull

distribution widths consistent with unity show that the statistical uncertainties on these

parameters are correctly estimated.

7.5 Summary

This chapter explains the method used to determine how much signal and background is

present within the signal window of the B candidate invariant mass, i.e. the fully selected

dataset from which � will be extracted in Chapter 8. The yields of each background, y
b,

shown in Tables 7.5 to 7.15 are used in the background expectation term for the Dalitz

bin populations in Eq. (4.48). Together with the Dalitz bin distribution fractions, f
b
↵,i,

which are determined based on the modelling described in Chapter 6 this completes the

necessary information about the expected presence of backgrounds in the LHCb data.
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7.5. SUMMARY

Figure 7.12: Summary of the pulls obtained from the mass fits to the pseudo-experiments.
Showing all parameters in a single plot would be too dense so the remaining parameters are
shown in a second plot, Fig. 7.13. Solid blue is the mean and its uncertainty of the pull
distribution, translucent blue is the width of the pull distribution and red shows its uncertainty.
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CHAPTER 7. INVARIANT MASS FITS

Figure 7.13: Summary of the pulls obtained from the mass fits to the pseudo-experiments. This
plot shows the second half of all of the fit parameters, with the first set shown in Fig. 7.13.
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8 CP fit and interpretation

“One in 20 people have been a victim of crime,

which means that 19 out of 20 people must be criminals.

No wonder we need police.”

Philomena Cunk

This chapter explains the configuration of the double Dalitz fit to extract CP parameters

x
±
↵ and y

±
↵ , and the method to interpret these parameters in terms of � and related

parameters, T↵ and ��↵, is also explained. Previous LHCb measurements are reproduced

to help verify that the fitter is configured correctly. The results of the fit to data and

pseudo-experiment studies are presented, with the value of � blinded.

8.1 CP fit

8.1.1 Choice of parameterisation

The parameterisation of the signal expectation used in Eq. (4.39) is one of many possible

parameterisations for modelling the binned signal populations of the double Dalitz B
0 !

DK
+
⇡

� decay. It was not the first or simplest parameterisation considered for this analysis

so it is necessary to summarise the problems with other possible parameterisations.

The first parameterisation to be considered was the simple Cartesian parameterisation

where rather than having four unique Cartesian parameters per B Dalitz bin as in the

case of Eq. (4.39) there is a single pair of Cartesian parameters common to all B Dalitz

bins. They are defined as

x = cos(�), y = sin(�), (8.1)

with the general expectation equation being

N
±
↵,i = h

±
D

n
↵F⌥i + ↵F±i + 2

p
↵F+i↵F�i [(�↵ci ⌥ �↵si)x ⌥ (�↵ci ⌥ �↵si)y]

o
, (8.2)

One downfall of this parameterisation is the lack of knowledge of the strong-phase param-
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CHAPTER 8. CP FIT AND INTERPRETATION

eters of the B Dalitz plane, �↵, �↵. Equation (8.2) is invariant under the transformation

x 7! cx (8.3)

y 7! cy (8.4)

�↵ 7! c
�1

�↵ 8↵ 2 N5 (8.5)

�↵ 7! c
�1

�↵ 8↵ 2 N5, (8.6)

where c 2 R, c 6= 0. If this invariance is not broken by the addition of constraints then

for any given set of N
±
↵,i values there is an infinite number of values of x, y, �↵ and �↵

that correspond to a solution of Eq. (8.2). Since this is the first measurement of these

strong–phase parameters and their only constraint, �
2
↵ + �

2
↵  1 8↵ 2 N5, is not strict,

the only way to resolve this ambiguity is to not freely float y in the fits and instead

calculate it as y =
p

1 � x2. This removes the independence between x and y and therefore

o↵ers no benefit over simply using the polar form Eq. (4.27) to avoid the ambiguity.

Following this realisation the next parameterisation that was attempted was to fall

back on Eq. (4.27) where � itself is floated in the CP fit. It has been shown in other

analyses that a parameterisation such as this is problematic in cases where the values of

� and its uncertainty are such that � is close to the zeroes of the cosine or sine functions.

This results in unstable fits and poor quality pull distributions such that one can not

have confidence in the result. It was found that this particular analysis can indeed su↵er

from this. Consequently the next parameterisation to be considered is the Cartesian

parameterisation represented by Eq. (4.39), repeated here for ease of reading

N
±
↵,i = h

±
D[↵F⌥i + ↵F±i + 2

p
↵↵F�iF+i(cix

±
↵ ⌥ siy

±
↵ )]. (4.39)

This is the parameterisation used in this analysis however it does still have a few ambiguities

one should be careful of when developing the CP fit.

8.1.2 Ambiguities

There are certain transformations for which Eq. (4.39) is invariant. These result in an

infinite number of valid minima to which the fitter may converge instead of the true

minima. Without resolving these ambiguities one cannot be confident that the fit to

measure � finds the correct value of all parameters.
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8.1. CP FIT

h±
D and ( ) ↵

Equation (4.39) is invariant under the transformations

h
±
D 7! ch

±
D 8 D final states, (8.7)

( )
 ↵ 7! c

�1( )
 ↵ 8 ↵ 2 N5, (8.8)

where c 2 R, c 6= 0.

This ambiguity is resolved by enforcing the condition that the sum of all ( )
 ↵ is 1,

as explained in Section 4.6.1 this is achieved by multiplying the global likelihood by a

Gaussian term whose mean is the di↵erence between this sum and 1. Another way to

resolve this would be to use a recursive parameterisation similar to that described in

Section 4.1.4 but for the ( )
 ↵ instead. As explained in Section 4.1.4 this parameterisation

was motivated in the single Dalitz B
+ ! Dh

+ analysis by the fact that simply floating

the F±i parameters and enforcing their sum to be one resulted in fit instabilities and

high correlations between the F±i parameters, however in the double Dalitz analysis no

improvement was observed when the recursive parameterisation for the B Dalitz plane.

For the sake of simplicity therefore it was decided to float the ( )
 ↵ parameters directly.

This ambiguity is also possible between the h
±
D and F±i parameters however use of the

recursive parameterisation for the D planes resolves the ambiguity. Furthermore due to

the assumption that the D Dalitz plane e�ciency profile in this analysis is similar to that

of the B
+ ! Dh

+ analysis the relevant parameters are fixed in the CP fit.

↵ polynomials

Another source of ambiguity is one that is slightly more subtle and usually of little

consequence but can be confusing when first encountered. If one considers all the

parameters of Eq. (4.39) to be constant besides the ( )
 ↵ parameters then one can realise

that this is a bivariate polynomial in terms of (↵, ↵)

a↵ + b↵ + c
p

↵↵ � d = 0, (8.9)

where a, b, c, d 2 R. Therefore for a single set of values of a, b, c, d there can be an infinite

number of solutions to which the fitter may converge defined by the values of the a, b, c, d.

This is illustrated by Fig. 8.1 where the true values of ( )
 ↵ are such that 1 = 1 = 0.5,

i.e. only the first B Dalitz bin is populated, but the same argument applies for any choice

of true (
p

1,
p

1). However, the shape of this curve depends on the values of a, b, c, d

therefore each D decay mode and each D Dalitz bin of the D ! K
0
Sh

+
h

� decay modes

has a di↵erent shaped curve, each of which must pass through the true values of the ( )
 ↵

parameters. If multiple D final states are fitted at once then the fitter can only converge
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to points where these ambiguous curves cross each other, this means that to resolve this

ambiguity one simply needs to fit enough final states simultaneously such that there is a

unique crossing point. As shown by Fig. 8.1 it should be su�cient to include both the

favoured and suppressed D ! K
±
⇡

⌥ final states to resolve this ambiguity. This can be

understood by considering that given the known value of rD,K⇡ the expectation of the

favoured (suppressed) mode is dominated by the ↵ (↵) term such that a small deviation

from the polynomial curve results in a relatively large change in the expected population.

In the CP fit this ambiguity is of little concern since the D ! K
0
S⇡

+
⇡

� mode alone has

40 D Dalitz bins per B Dalitz bin, each with di↵erent D Dalitz parameter values, which

in addition to the constraint that the sum of ( )
 ↵ is unity is su�cient to resolve the

ambiguity.

Figure 8.1: Bands of ambiguous solutions when fitting only the favoured (left) or suppressed
(right) D ! K±⇡⌥ decay. The z–axis shows the absolute di↵erence between the expectation
and the true expectation.

8.1.3 Parameter constraints

As already explained, the sum of the B population fraction Dalitz plane parameters ( )
 ↵

must sum to unity which is enforced by the addition of a Gaussian term to the likelihood.

For the F±i parameters this is enforced by fixing them according to the values of the Ri

values measured in the single Dalitz B
+ ! Dh

+ analysis. There is one other class of

constraints that could be applied in the CP fit. These are the only physically motivated

constraints that can be applied to the strong–phase parameters, the unit-disk constraints

T
2
↵ ⌘ �

2
↵ + �

2
↵  1 8↵ 2 NM, (8.10)

c
2
i + s

2
i  1 8 ± i 2 NN . (8.11)
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However the central value of s5 from the external measurements in Table 4.2 is 1.022 and

therefore this constraint cannot be used for the D plane strong phases. For the B Dalitz

plane this constraint is not used as it is unlikely to provide any benefit to the fit based

on studies using a simple implementation, and to implement it in such a way to avoid

introducing bias is complicated.

8.1.4 Fitter verifications

A set of test fits have been determined that can be performed to test if the CP fit and

interpretation are producing valid results. This is done by reproducing the results of

previous LHCb analyses, albeit with slight modifications of the fit configuration to match

the method of implementation in this analysis. The primary modification is, as explained

in Sections 4.1.5 and 4.7, that the single Dalitz B
+ ! Dh

+ analysis uses a simultaneous

per-bin mass fit and CP fit whereas the double Dalitz analysis performs a global mass fit to

provide background decay event yields which are then fixed in the CP fit. This means that

a recreation of the B
+ ! Dh

+
CP fit can not be expected to exactly match the results

of the original analysis as the only information available to the CP fit in this recreation is

the signal yields according to the B
+ ! Dh

+ per-bin mass fit, not the mass distributions

or correlations themselves. Nevertheless it is encouraging that it can be shown that the

double Dalitz fitter can obtain a CP fit result close to the original B
+ ! Dh

+ analysis

result to prove that the expectation equations are implemented correctly.

Single Dalitz B
+ ! DK

+ CP -parameter-only reproduction

This check is performed by running the fitter assuming a single B bin and fitting the D

Dalitz plane population expectation equations to the binned signal populations found in

the previous B
+ ! Dh

+ analysis for the B
+ ! DK

+ mode only. The values used are

shown in Tables 8.1 and 8.2 and copied from Ref. [56]. The only parameters floated are

the normalisations and CP parameters for the B
+ ! DK

+ decay. The fitted expectation

is

N
±
i = h

±
n

F⌥i + r
2
BF±i + 2rB

p
F+iF�i [cix± ⌥ siy±]

o
, (8.12)

and the CP parameters are defined as

x± = rBcos(�B ± �), (8.13)

y± = rBsin(�B ± �). (8.14)

The recursive binned population fraction parameters, Ri, are fixed to the values found

in the B
+ ! Dh

+ analysis, and the strong-phase parameters, ci and si, are fixed to

combined CLEO-c and BES-III values. If the fitter is configured correctly it should be
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able to produce a measurement of � consistent with that found in the real single Dalitz

B
+ ! Dh

+ analysis. By default the fitter parameterises the likelihood distribution for

the signal yields as Poisson distributed. However, since the yields for the B
+ ! Dh

+

analysis are obtained from an invariant mass fit, a Gaussian likelihood is used for this

cross check.

Figure 8.2 shows the Cartesian CP parameters contours obtained from the cross-check,

along with the �2 ln L profile obtained when interpreting these in terms of �. Table 8.3

shows the values of the CP parameters extracted from this fitter compared to those found

in the B
+ ! Dh

+ analysis. There is extremely good agreement between the two which

gives high confidence that the fitter is working as expected.

LL DD
Bin i N

+
i N

�
i N

+
i N

�
i

-8 138 ± 13 66 ± 9 290 ± 19 123 ± 13
-7 70 ± 10 264 ± 18 197 ± 17 650 ± 29
-6 4 ± 3 137 ± 13 17 ± 5 286 ± 18
-5 61 ± 9 93 ± 11 111 ± 12 212 ± 16
-4 126 ± 12 180 ± 15 329 ± 20 390 ± 22
-3 6 ± 4 325 ± 20 18 ± 5 684 ± 29
-2 1 ± 2 353 ± 20 9 ± 4 735 ± 29
-1 47 ± 8 185 ± 15 84 ± 11 416 ± 23
1 196 ± 15 52 ± 8 451 ± 24 117 ± 12
2 310 ± 19 14 ± 5 730 ± 29 46 ± 8
3 349 ± 20 18 ± 5 758 ± 30 47 ± 8
4 228 ± 16 107 ± 12 507 ± 25 207 ± 16
5 96 ± 11 46 ± 8 209 ± 16 81 ± 10
6 137 ± 13 9 ± 3 236 ± 17 13 ± 4
7 253 ± 18 112 ± 12 585 ± 27 289 ± 19
8 44 ± 8 146 ± 13 91 ± 11 357 ± 21

Table 8.1: Binned signal populations observed in the B+ ! Dh+ analysis for B+ ! DK+,
D ! K0

S⇡+⇡� decays. From Ref. [56].

LL DD
Bin i N

+
i N

�
i N

+
i N

�
i

-2 100 ± 11 65 ± 9 212 ± 16 142 ± 13
-1 68 ± 10 84 ± 10 180 ± 15 174 ± 15
1 55 ± 9 89 ± 11 128 ± 13 221 ± 16
2 70 ± 9 87 ± 10 168 ± 14 164 ± 14

Table 8.2: Binned signal populations observed in the B+ ! Dh+ analysis for B+ ! DK+,
D ! K0

SK+K� decays. From Ref. [56].
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Figure 8.2: Cartesian CP parameters (left) and �2 profile for � (right) extracted from the CP fit
recreation of the B+ ! Dh+ analysis with the B+ ! DK+ data only.

Parameter B
+ ! Dh

+ Measurement Validation Result
x

DK
+ (�9.3 ± 1.0) ⇥ 10�2 (�9.5 ± 1.0) ⇥ 10�2

y
DK
+ (�1.3 ± 1.3) ⇥ 10�2 (�1.4 ± 1.2) ⇥ 10�2

x
DK
� (5.7 ± 1.0) ⇥ 10�2 (5.6 ± 1.0) ⇥ 10�2

y
DK
� (6.6 ± 1.0) ⇥ 10�2 (6.3 ± 1.2) ⇥ 10�2

�[�] 68.7+5.2
�5.1 69.0 ± 5.0

r
DK
B 0.0904+0.0077

�0.0075 0.0909 ± 0.0072
�

DK
B [�] 118.3+5.5

�5.6 118.5 ± 5.1

Table 8.3: Comparison between the B+ ! Dh+ analysis values of parameters of interest [56]. and
the values obtained by the double Dalitz fitter with only the B+ ! DK+ decay. Only statistical
uncertainties are shown for the CP parameters to allow comparison, the other parameters only
have total uncertainties quoted so it is expected that the uncertainties obtained should be slightly
smaller since systematics are not accounted for here.

Single Dalitz B
+ ! Dh

+ reproduction

This check uses the same procedure as above, but this time additionally including the

B
+ ! D⇡

+ mode as well as the B
+ ! DK

+. With the inclusion of the B
+ ! D⇡

+

mode the recursive population fractions, Ri, can be floated as well as the B
+ ! D⇡

+

normalisation parameters and CP parameters. The observed binned populations for

B
+ ! D⇡

+ decays are shown in Tables 8.4 and 8.5, also copied from Ref. [56]. The

e↵ective B
+ ! D⇡

+
CP parameters, x

D⇡
⇠ and y

D⇡
⇠ , are defined such that

x
D⇡
± = x

D⇡
⇠ x

DK
± � y

D⇡
⇠ y

DK
± , (8.15)

y
D⇡
± = x

D⇡
⇠ y

DK
± + y

D⇡
⇠ x

DK
± . (8.16)
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Figure 8.3 shows the Cartesian CP parameter contours and the �2 ln L profile of the

interpretation for �. Table 8.6 shows a comparison between the values of the CP parameters

and recursive population fractions obtained in the original analysis and those using the

double Dalitz fitter. The parameters r
D⇡
B , �

D⇡
B are not extracted as this would require

additional modifications to the fitter beyond the scope of this check.

Again the agreement between the original analysis and the double Dalitz fitter is

incredibly good which gives further confidence that the fitter is correctly configured and

can reproduce previous results with a high level of agreement.

LL DD
Bin i N

+
i N

�
i N

+
i N

�
i

-8 2056 ± 46 735 ± 28 5139 ± 73 1603 ± 42
-7 1760 ± 43 3914 ± 64 3968 ± 65 9028 ± 98
-6 121 ± 11 1867 ± 44 231 ± 16 3932 ± 63
-5 823 ± 29 1392 ± 38 1583 ± 41 2833 ± 55
-4 1667 ± 42 2909 ± 55 3819 ± 64 6553 ± 83
-3 134 ± 12 4904 ± 71 274 ± 18 11104 ± 107
-2 148 ± 13 4695 ± 69 376 ± 21 10461 ± 104
-1 655 ± 26 2958 ± 55 1384 ± 39 6714 ± 84
1 2859 ± 54 658 ± 26 6722 ± 84 1402 ± 39
2 4629 ± 69 154 ± 13 10653 ± 104 323 ± 19
3 4841 ± 70 129 ± 12 11146 ± 107 245 ± 17
4 2884 ± 55 1675 ± 42 6599 ± 83 3893 ± 64
5 1416 ± 38 818 ± 29 2988 ± 56 1546 ± 41
6 1924 ± 44 126 ± 12 3892 ± 63 207 ± 15
7 3868 ± 63 1673 ± 42 9373 ± 99 3938 ± 65
8 741 ± 28 2004 ± 45 1730 ± 43 4885 ± 71

Table 8.4: Binned signal populations observed in the B+ ! Dh+ analysis for B+ ! D⇡+,
D ! K0

S⇡+⇡� decays. From Ref. [56].

LL DD
Bin i N

+
i N

�
i N

+
i N

�
i

-2 1298 ± 37 888 ± 31 2674 ± 53 2005 ± 46
-1 1358 ± 38 971 ± 32 2987 ± 57 2284 ± 50
1 1051 ± 34 1304 ± 37 2265 ± 50 2853 ± 55
2 990 ± 32 1250 ± 36 1959 ± 46 2677 ± 53

Table 8.5: Binned signal populations observed in the B+ ! Dh+ analysis for B+ ! D⇡+,
D ! K0

S⇡+⇡� decays. From Ref. [56].
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Figure 8.3: Cartesian CP parameters (left) and �2 ln L profile for � (right) extracted from the
CP parameters in the B+ ! Dh+ validation with both the B+ ! DK+ and B+ ! D⇡+ data.
For simplicity this only shows the CP parameters for the B+ ! DK+ decay, the corresponding
parameters for the B+ ! D⇡+ decay are omitted although Table 8.6 shows that the double
Dalitz fitter reproduces the nominal B+ ! Dh+ result very closely.
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Parameter B
+ ! Dh

+ Measurement Validation Result
x

DK
+ (�9.3 ± 1.0) ⇥ 10�2 (�9.5 ± 0.9) ⇥ 10�2

y
DK
+ (�1.3 ± 1.3) ⇥ 10�2 (�1.4 ± 1.2) ⇥ 10�2

x
DK
� (5.7 ± 1.0) ⇥ 10�2 (5.6 ± 1.0) ⇥ 10�2

y
DK
� (6.6 ± 1.0) ⇥ 10�2 (6.3 ± 1.2) ⇥ 10�2

x
D⇡
⇠ (�5.5 ± 2.0) ⇥ 10�2 (�5.4 ± 2.0) ⇥ 10�2

y
D⇡
⇠ (0.7 ± 2.3) ⇥ 10�2 (0.7 ± 2.3) ⇥ 10�2

R�8 (D ! K
0
S⇡

+
⇡

� LL) 0.0243 ± 0.0007 0.0242 ± 0.0006
R�7 0.1304 ± 0.0014 0.1304 ± 0.0014
R�6 0.0734 ± 0.0012 0.0733 ± 0.0011
R�5 0.0584 ± 0.0011 0.0584 ± 0.0011
R�4 0.1281 ± 0.0017 0.1282 ± 0.0016
R�3 0.2472 ± 0.0024 0.2473 ± 0.0021
R�2 0.3147 ± 0.0033 0.3148 ± 0.0027
R�1 0.2851 ± 0.0033 0.2852 ± 0.0031
R1 0.0906 ± 0.0024 0.0907 ± 0.0024
R2 0.0224 ± 0.0015 0.0222 ± 0.0013
R3 0.0204 ± 0.0013 0.0205 ± 0.0013
R4 0.2638 ± 0.0039 0.264 ± 0.004
R5 0.1752 ± 0.0039 0.175 ± 0.004
R6 0.0316 ± 0.0021 0.0314 ± 0.0020
R7 0.4541 ± 0.0062 0.454 ± 0.006
R�8 (D ! K

0
S⇡

+
⇡

� DD) 0.0240 ± 0.0004 0.0240 ± 0.0004
R�7 0.1362 ± 0.0009 0.1362 ± 0.0009
R�6 0.0670 ± 0.0008 0.0670 ± 0.0007
R�5 0.0537 ± 0.0007 0.0536 ± 0.0007
R�4 0.1276 ± 0.0011 0.1277 ± 0.0010
R�3 0.2470 ± 0.0016 0.2470 ± 0.0014
R�2 0.3126 ± 0.0021 0.3125 ± 0.0018
R�1 0.2879 ± 0.0022 0.2880 ± 0.0021
R1 0.0842 ± 0.0016 0.0842 ± 0.0016
R2 0.0229 ± 0.0010 0.0229 ± 0.0009
R3 0.0179 ± 0.0009 0.0178 ± 0.0008
R4 0.2649 ± 0.0026 0.2649 ± 0.0026
R5 0.1452 ± 0.0024 0.1453 ± 0.0024
R6 0.0238 ± 0.0012 0.0237 ± 0.0012
R7 0.4402 ± 0.0040 0.440 ± 0.004
R�2 (D ! K

0
SK

+
K

� LL) 0.2068 ± 0.0044 0.207 ± 0.004
R�1 0.2800 ± 0.0054 0.280 ± 0.005
R1 0.5076 ± 0.0070 0.508 ± 0.007
R�2 (D ! K

0
SK

+
K

� DD) 0.2024 ± 0.0029 0.2023 ± 0.0029
R�1 0.2885 ± 0.0038 0.289 ± 0.004
R1 0.5218 ± 0.0048 0.522 ± 0.005

�[�] 68.7+5.2
�5.1 69.0 ± 4.9

rB 0.0904+0.0077
�0.0075 0.0909 ± 0.0072

�
DK
B [�] 118.3+5.5

�5.6 118.5 ± 5.2

Table 8.6: Comparison between the B+ ! Dh+ analysis values of parameters of interest [56]. and
the values obtained by the double Dalitz fitter. Only statistical uncertainties are shown for the
CP parameters to allow comparison, the other parameters only have total uncertainties quoted
so it is expected that the uncertainties obtained should be slightly smaller since systematics are
not accounted for here.
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8.1.5 Fit configuration

The fit configuration is as follows:

• As explained in Section 4.2.2 each decay mode has a single normalisation parameter,

hD, to allow for sensitivity to the total per-B-flavour asymmetries. The D !
K

0
Sh

+
h

� modes however have per-B-flavour normalisation parameters, h
±
D, to avoid

bias from K
0
S material interaction e↵ects [63].

• All parameters with externally measured values are fixed to the values in Table 4.2,

all other parameters float.

• The Cartesian parameters are defined as in Eq. (4.36).

• The fraction of each background expected in each bin is fixed to that predicted by

the background modelling in Chapter 6.

• The yield of each background is fixed to the global mass fit yield value obtained in

Chapter 7.

• The population fraction parameters in the B plane, ( )
 ↵, are constrained such that

they sum to unity.

It has been found in pseudo-experiment studies that when fitting with a large number

of parameters floating, if their start values are not close to the true values the fitter is

unable to converge on the minimum. To mitigate this a guided fit is used to try guide

the fitter towards a valid minimum. This is done by performing several fits with di↵erent

parameters fixed/floating:

1. Fix all parameters to their starting values and float only the population fraction

parameters of the B Dalitz plane.

2. Fix the population fraction parameters of the B Dalitz plane and float x
±
↵ , y

±
↵ .

3. Float all parameters besides the fixed external parameters.

8.1.6 Data CP fit results

Figure 8.4 shows the Cartesian parameters obtained in the fit and their 1 � 3� contours.

This illustrates that most of the sensitivity to CP violation originates from bins 1 and 2

of the B Dalitz plane as the CP violation observables are less compatible with the origin

than in bins 3 and 4. Figures 8.5 to 8.9 show a comparison between the data and the

fitted expectation for each decay mode. Uncertainties are shown for the populations in
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Figure 8.4: Cartesian parameters obtained in the CP fit and their 1�3� contours. For simplicity
of calculation the contours are plotted using a multivariate Gaussian distribution constructed
from the covariance matrix of the Cartesian parameters for the given bin i.e. the contours do
not account for correlations between the B Dalitz bins.

data, however for some modes they are miniscule due to being Poisson uncertainties of

large populations. It is noted that some bins show a significant departure between the

data and fitted expectation, however these are few of the many observables and typically

occur in bin 3 or 4 of the B Dalitz plane from which very little of the sensitivity to CP

violation originates. The overall fit quality is represented by the �
2 per degrees of freedom

for the nominal fit to data which is 1.22 (3 SF). Table 8.7 shows the central values of all

free parameters in the fit and their uncertainties. The corresponding correlation matrix

can be found in Appendix B.
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Figure 8.5: Comparison between the data (blue) and fitted expectation (green) for D ! K0
S⇡+⇡�

DD (top), D ! K0
S⇡+⇡� LL (bottom). The fixed background expectation is shown in red, and

the total fitted expectation is shown in green.
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Figure 8.6: Comparison between the data (blue) and fitted expectation (green) for D !
K0

SK+K� DD (top) and D ! K0
SK+K� LL (bottom). The fixed background expectation is

shown in red, and the total fitted expectation is shown in green.
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Figure 8.7: Comparison between the data (blue) and fitted expectation (green) for D ! K±⇡⌥

(top), D ! ⇡±K⌥ (bottom). The fixed background expectation is shown in red, and the total
fitted expectation is shown in green.
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Figure 8.8: Comparison between the data (blue) and fitted expectation (green) for D ! K+K�

(top) and D ! ⇡+⇡� (bottom). The fixed background expectation is shown in red, and the
total fitted expectation is shown in green.
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Figure 8.9: Comparison between the data (blue) and fitted expectation (green) for D !
K±⇡⌥⇡+⇡� (top), D ! ⇡±K⌥⇡+⇡� (middle) and D ! ⇡+⇡�⇡+⇡� (bottom). The fixed
background expectation is shown in red, and the total fitted expectation is shown in green.
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Parameter Value ± Uncertainty
x

+
1 �0.11 ± 0.10

y
+
1 �0.78 ± 0.24

x
�
1 �0.06 ± 0.10

y
�
1 0.44 ± 0.24

x
+
2 �0.06 ± 0.10

y
+
2 �0.60 ± 0.26

x
�
2 �0.11 ± 0.10

y
�
2 0.30 ± 0.27

x
+
3 0.38 ± 0.16

y
+
3 �0.24 ± 0.37

x
�
3 �0.02 ± 0.14

y
�
3 0.42 ± 0.39

x
+
4 0.05 ± 0.13

y
+
4 �0.27 ± 0.34

x
�
4 0.01 ± 0.14

y
�
4 �0.15 ± 0.36

h
+
D!K0

S
⇡+⇡�,DD

622 ± 32

h
+
D!K0

S
⇡+⇡�,LL

328 ± 22

h
+
D!K0

S
K+K�,DD

102 ± 13

h
+
D!K0

S
K+K�,LL

38 ± 9

h
�
D!K0

S
⇡+⇡�,DD

615 ± 32

h
�
D!K0

S
⇡+⇡�,LL

283 ± 22

h
�
D!K0

S
K+K�,DD

82 ± 12

h
�
D!K0

S
K+K�,LL

55 ± 9

hD!K±⇡⌥ 11119 ± 115
hD!⇡±K⌥ 2293 ± 93
hD!K+K� 1283 ± 48
hD!⇡+⇡� 421 ± 27

hD!⇡+⇡�⇡+⇡� 885 ± 41
hD!K±⇡⌥⇡+⇡� 9240 ± 110
hD!⇡±K⌥⇡+⇡� 2276 ± 89

1 0.0410 ± 0.0060
1 0.2947 ± 0.0079
2 0.0592 ± 0.0079
2 0.1110 ± 0.0038
3 0.0197 ± 0.0030
3 0.1356 ± 0.0041
4 0.0374 ± 0.0061
4 0.3015 ± 0.0081

Table 8.7: Central values and uncertainties determined for all floating parameters in the CP fit.
The �2 per degrees of freedom for the nominal fit to data is 1.22 (3 SF).
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8.1.7 Pseudo-experiment studies

The CP fitter was developed to generate ensembles of pseudo-experiments to test that

it provides robust and consistent results when fitting pseudo-experiments based on the

result from the fit to data.

Generation

A pseudo-experiment is generated by calculating the total population expectation of

each bin according Eq. (4.48) and then fluctuating each population according to its

corresponding Poisson distribution. If any parameters are constrained to external mea-

surements they are fluctuated within their constraint distribution prior to calculating the

expectation [109].

This method of pseudo-experiment generation is often referred to as a parametric

bootstrapping based on the data fit result. The model values used are the values each

parameter is fitted to in the corresponding data fit. The pseudo-experiments generated in

this way and their CP fit results are discussed in Section 8.1.7 and their interpretation

results are discussed in Section 8.2.1.

Pseudo-experiment pull studies

An ensemble of 1000 pseudo-experiments is generated and fitted to estimate any biases

inherent in the fit. A fit result is only included in the pull distribution if it has converged

to a valid minimum with a positive-definite covariance matrix. The distribution of pulls,

(x � x̂)/�x, where �x is the uncertainty of the parameter, should be a unit Gaussian if the

fit is unbiased and the uncertainty estimate has proper coverage. A deviation from a unit

Gaussian implies that the fitter is biased, so either the source of bias must be determined

and mitigated, or one can adjust the output of the fitter to account for this known bias

when fitting the real data.

The pseudo-experiment study results for the nominal fit configuration are summarised

below. The pull distributions for each fitted parameter when generating ensembles from

the nominal fit configuration are summarised in Figure 8.10. These pseudo-experiments are

generated based on the central values obtained for each parameter in the fit to data. This

shows that the fit is statistically well behaved, with negligible bias and robust coverage, as

all fitted parameters have pull means (widths) consistent with zero (unity). Consequently,

all central values and uncertainties presented for parameters determined directly by the

CP fit come directly from the fitter itself.
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Figure 8.10: Pull results for the double Dalitz fit using pseudo-experiments generated with
parameter values determined by the fit to data. Solid blue is the mean and its uncertainty of
the pull distribution, translucent blue is the width of the pull distribution and red shows its
uncertainty.
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8.2 Interpretation results

8.2.1 Pseudo-experiment studies

Figure 8.11 shows the pull results obtained from the interpretation of the same pseudo-

experiments presented in Fig. 8.10. Deviations from zero are visible for the coherence

factors in bins 3 and 4, and deviations from widths of one are seen, most significantly

for �. This is due to the known coverage issue [110] on � when the value of r↵ or T↵ is

close to 0. It is known that the Cartesian parameters, shown in Fig. 8.4, are statistically

well behaved. However extracting � from these (which is half the opening angle between

the two Cartesian points) is problematic when the circles are close to or consistent with

the origin. It can be seen in Fig. 8.4 that the sensitivity to � is incredibly low in bin

4, where the circles are both close to the origin. Bin 3 exhibits similar, albeit not as

severe, behaviour. This causes the inconsistency in the interpretation pulls in Fig. 8.11.

Fortunately the pseudo-experiment ensemble itself can be used to extract the statistical

uncertainty for each parameter. The bias in the coherence parameters is yet to resolved

however there remains a couple methods that may help. Fits will become unstable as the

parameter value approaches zero which, when T↵ is allowed to obtain negative values,

results in two distinct toy distributions above and below zero. Negative values of T↵

are unphysical, they also correspond to a shift of ⇡/2 in their corresponding ��↵ so one

method to resolve this could be to perform the following transformations for any toys

where T↵ is negative,

T↵ 7! �T↵ (8.17)

��↵ 7! ��↵ � ⇡. (8.18)

Alternatively the allowed limits for T↵ in the fit could be restricted only to the physically

allowed region, T↵ > 0, and the uncertainty determined using the Feldman-Cousins

method [111].

8.2.2 Data CP fit interpretation results (currently blinded)

Table 8.8 shows the values of (�, T↵, ��↵) obtained from the bootstrapped interpretation

of the CP fit to data. The most notable result being, � = (68.6 ± 6.8)�, where � is blinded

and the uncertainty is statistical only. Blinding is achieved by adding b
� to � immediately

after extraction, where b
� is a fixed value determined from a seeded random sampling of a

Gaussian of width 6�. In addition Table 8.8 provides r↵ values in each bin derived from

the ratio of ↵, ↵ values found in Section 8.1.6, with their uncertainty and correlation

propagated.
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Figure 8.11: Pull results following the interpretation to extract � for the double Dalitz fit using
pseudo-experiments generated with parameter values determined by the fit to data. Solid blue
is the mean and its uncertainty of the pull distribution, translucent blue is the width of the pull
distribution and red shows its uncertainty.

8.2.3 Sensitivity to �

Since the full systematics of the double Dalitz analysis are yet to be computed and the

analysis is still blinded with respect to the value of �, one can only interpret the meaning

of its statistical uncertainty.
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Parameter Value ± Uncertainty
�[�] 68.8 ± 6.8
�1[�] 178.6 ± 4.9
�2[�] 183.0 ± 6.9
�3[�] 248 ± 60
�4[�] 186 ± 60
T1 0.61 ± 0.18
T2 0.50 ± 0.17
T3 0.27 ± 0.12
T4 0.18 ± 0.13

r1 =
p

1/1 0.373 ± 0.028
r2 =

p
2/2 0.730 ± 0.050

r3 =
p

3/3 0.381 ± 0.029
r4 =

p
4/4 0.352 ± 0.029

Table 8.8: Central values and uncertainties determined for all floating parameters in the
interpretation of the CP fit result. � is blinded by shifting the central value by a random amount.

The statistical uncertainty on � from this first ever double Dalitz analysis of B
0 !

DK
+
⇡

� decays is 6.8�. The uncertainty obtained from a combination of the results of

the B
0 ! DK

⇤0, D ! h
+
h

� & D ! h
+
h

�
h

+
h

� and the B
0 ! DK

⇤0, D ! K
0
Sh

+
h

�

analyses results in a value of � = (63.3 ± 7.2)� where the uncertainty includes both the

statistical and systematic uncertainties [18,19]. Certainly once the systematic uncertainties

are fully calculated and taken into account the uncertainty on � from the double Dalitz

analysis will most likely be greater than 7.2�. This may seem surprising since this analysis

utilises a larger dataset and additional resonant e↵ects that should result in greater

sensitivity to CP violation e↵ects. However, as explained in Section 4.4, the statistical

sensitivity to � depends on the binning definition of the Dalitz planes and as is briefly

mentioned in Section 4.2 the B
0 ! DK

+
⇡

� Dalitz binning used in this analysis is not

believed to be optimal. In Ref. [73] the B
0 ! DK

+
⇡

� Dalitz binning was optimised by

maximising the binning quality factor of Eq. (4.47) and assuming that the data consists

of pure signal. Although it is possible that such a method can result in a binning that

is close to optimal even in the presence of backgrounds, it does not guarantee it as

clearly illustrated by the inability to fit the data without merging bins four and five of

the binning scheme. Figure 10.7 shows the distribution of the uncertainty on � in an

ensemble of pseudo-experiments based on the B
0 ! DK

+
⇡

� model of Ref. [73] with

no background decays present and the distribution with the same model but with the

background description in the nominal fit to data of this analysis present. This shows that

the sensitivity to � is significantly decreased due to the presence of these backgrounds. In

future analyses, to optimise the sensitivity to �, it will be beneficial to find additional

methods of background suppression and to optimise the binning with the distribution of
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the remaining background decays accounted for.

Table 8.9 shows the values of ↵, r↵, and T↵ predicted by the model Ref. [73] and

measured in this analysis. There is clearly some discrepancy between the model expectation

and the measured parameters. These are key observables as the per-bin sensitivity to CP

violation is proportional to combinations of these parameters, i.e. the per-bin magnitude

of the interference term in the signal expectation and population share. Figure 10.7 shows

the distribution of the uncertainty on � in an ensemble of pseudo-experiments based on

the B
0 ! DK

+
⇡

� model and the distribution corresponding to the result of the fit to

data, where both use the background description in the nominal fit to data of this analysis.

The model ensemble is generated with the original five bin B Dalitz binning to represent

the model in the original version of the analysis in Ref. [73]. This shows that due to the

slight di↵erence in hadronic parameter values, once the e↵ect of backgrounds is included,

this analysis has obtained sensitivity to � slightly better than expected based on the

model.

Parameter Model Value Value ± Uncertainty
1 0.3105 0.2947 ± 0.0079
2 0.1188 0.1110 ± 0.0038
3 0.1683 0.1356 ± 0.0041
4 0.3458 0.3015 ± 0.0081
r1 0.218 0.373 ± 0.028
r2 0.508 0.730 ± 0.050
r3 0.138 0.381 ± 0.029
r4 0.348 0.352 ± 0.029
T1 0.84 0.61 ± 0.18
T2 0.80 0.50 ± 0.17
T3 0.69 0.27 ± 0.12
T4 0.25 0.18 ± 0.13

Table 8.9: Model values and experimentally determined values of the ↵, r↵ and T↵ hadronic
parameters.

8.3 Summary

This chapter explains how all of the results of Chapters 5 to 7 are brought together

to extract � from the LHCb data. The choice of parameterisation of the Dalitz bin

population expectation equations is justified with greater detail than in Section 4.2.3

and it is explained how ambiguities inherent to these equations are removed. Studies

performed to validate the fit setup by reproducing previous LHCb measurements are

presented, followed by an explanation of the double Dalitz fit parameterisation. The

results of this fit are then presented, followed by pseudo-experiment studies to verify the
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Figure 8.12: Left: Distribution of the uncertainty on � in fits to pseudodata generated based
on the B0 ! DK+⇡� model of Ref. [73] with no background decays present (red) and with
the background decays observed in this analysis present (blue). Both ensembles are generated
using the 5 bin Dalitz binning from Ref. [73]. Right: Distribution of the uncertainty on � in fits
to pseudodata generated based on the B0 ! DK+⇡� model of Ref. [73] with the background
decays observed in this analysis present (red) and the distribution corresponding to pseudodata
generated based on the result of the CP fit to data with background decays present (blue).

stability of the result and identify biases. Finally the statistical sensitivity to � obtained in

this analysis is discussed and compared with the expectation based on the B
0 ! DK

+
⇡

�

model. The only remaining step of this analysis is to evaluate the systematic uncertainties,

this is explained in Chapter 9.
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9 Systematic uncertainties

“If we took maths out of the equation it would be much easier.

Couldn’t we use something else instead of numbers?”

Philomena Cunk

At the time of writing, the systematic uncertainties of this analysis are yet to be

fully computed. Section 9.1 summarises the sources of systematic uncertainty, those

discussed in Sections 9.1.4 to 9.1.11 have not had their associated uncertainty calculated

yet. Section 9.2 presents the results of those calculated thus far only in terms of the

uncertainty on x
±
↵ , y

±
↵ parameters. The determination of the systematic uncertainties is a

joint e↵ort between myself and my supervisor but has been put to the side while I finish

this thesis.

The main types of systematic uncertainties under consideration, in decreasing order of

the expected size of their contribution, are those originating from

• Background modelling and pollution

• Use of external inputs for CP fit parameters, and their interplay with the selection

e�ciency where appropriate

• PID corrections

• Invariant mass fit parameterisations

• CP violation in backgrounds

• Bin migration

Background modelling leading the systematics is based on the observation that the CP

fit is very sensitive to the background pollution, assessed by performing fits to ensembles

of pseudo-experiments with and without backgrounds included. The rest of this ordering

is motivated by the measurements of � using B
0 ! DK

⇤0 decays [18, 19].
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9.1 Systematic methodologies

The systematic uncertainties are determined by obtaining a covariance matrix for the

x
±
↵ , y

±
↵ parameters which is then propagated to the interpretation to determine the

systematic uncertainty on � and the other extracted parameters.

9.1.1 External inputs

As explained in Section 4.3 the CP fit uses a vast number of external input parameters

originating from a variety of measurements at the LHCb, CLEO-c and BES III experiments.

In the CP fit these parameters are fixed to the provided central values so the uncertainties

on these original measurements are yet to be taken into account. Therefore a systematic

uncertainty must be associated with each of these inputs, this is achieved by performing

the CP fit to data where the parameter of interest is fixed to a random value obtained

from an appropriate distribution instead of its reported central value. This is repeated a

number of times to obtain the covariance matrix for the x
±
↵ , y

±
↵ parameters according to

cov(x, y) =
1

N

NX

i

(xi � x)(yi � y), (9.1)

where N is the number of generated input values and xi, yi are the i-th values of the

fitted parameters x and y. For a single input parameter the appropriate distribution

from which to obtain the ensemble of input values is simply the Gaussian distribution

according to its reported central value and uncertainty. For a group of input parameters,

such as the ci and si parameters of the D ! K
0
Sh

+
h

� decays, the appropriate distribution

is the multivariate Gaussian according to the central values and covariance matrix of the

parameters.

Strong phases in D ! K
0
Sh

+
h

� decays

For the ci and si parameters of the D ! K
0
Sh

+
h

� decays the values and covariance

matrices are obtained from combinations of CLEO-c and BES-III results [65, 66]. These

same values are used as input to the LHCb single Dalitz B
+ ! Dh

+ analysis [56].

Given that both the single Dalitz B
+ ! Dh

+ analysis and this analysis can be used

as inputs to the LHCb � combination care must be taken to control any correlations

between these analyses, one source is the systematic uncertainties associated with these

ci and si parameters. Therefore the analyses use a common ensemble of ci, si values

when calculating systematic uncertainties, 1000 sets of (ci, si) values generated from the

multivariate Gaussian defined by their central values and covariance matrix, separately
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for D ! K
0
SK

+
K

� and D ! K
0
S⇡

+
⇡

�. This systematic appears in Table 9.1 under the

column labelled “ci, si”.

Binned Dalitz distribution in D ! K
0
Sh

+
h

� decays

The Ri values used are taken from the LHCb single Dalitz B
+ ! Dh

+ analysis and are

fixed in the CP fit [56]. The systematic is calculated using an ensemble of 1000 sets of

Ri values generated from the multivariate Gaussian defined by their central values and

covariance matrix. This systematic appears under the column labelled “Ri” in Table 9.1.

9.1.2 E�ciency variations across the Dalitz space

The statistical uncertainty on the Ri input parameters is accounted for as a source of

systematic above in Section 9.1.1. The correct values of Ri that correspond to a given

dataset depend on the selection e�ciency profile across the D Dalitz planes, therefore

the di↵erent selection criteria in the analysis from which the Ri values originate and

the criteria of this analysis could result in a systematic e↵ect. Section 5.3.2 shows that

the e�ciency profiles of the LHCb single Dalitz B
+ ! Dh

+ analysis from which the

input values originate is broadly compatible with those of this analysis, however any

residual di↵erences result in an additional source of systematic uncertainty. To compute

the systematic the Ri values are corrected to those that would have been computed in the

B
+ ! Dh

+ analyses had the e�ciency profile been the same as in this analysis. This is

done according to the ratios of the values shown in Figs. 5.12 and 5.13, i.e. the D Dalitz

bin population fractions in simulated B
+ ! D⇡

+ (B0 ! DK
+
⇡

�) data following the

selection of the single Dalitz B
+ ! Dh

+ analysis (double Dalitz) analysis. The CP fit to

data is performed with these new Ri values and the systematic uncertainty is determined

to be the di↵erence between the nominal and new fit results. This systematic appears

under the column labelled “Dalitz e�ciency” in Table 9.1.

A similar systematic can also be determined for the ci and si parameters.

9.1.3 Background yield uncertainty

The total amount of each background source present in the fully selected data in each

decay mode is fixed in the CP fit according to the values presented in Tables 7.5 to 7.15.

To the determine the systematic uncertainty associated with the uncertainty on these

values an ensemble of 250 variations in which the values are randomly varied according

to their covariance in the mass fit result is produced. The data fit is then repeatedly

performed with the yields fixed according to each variation and the x
±
↵ , y

±
↵ covariance

matrix is extracted from the fit results. This systematic appears under the column labelled
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“Background yield” in Table 9.1.

9.1.4 Background source binned distribution

In the CP fit the fraction of each background source present in each Dalitz bin is fixed

according to the distribution of weighted simulated data samples, therefore there is a

systematic uncertainty associated with the uncertainties of these fractions. The simulated

samples are reweighted according to the methods described in Chapter 6. The systematic

uncertainty is determined by generating an ensemble of 250 variations in which the

background fractions are randomly varied according to
pP

w2. The data fit is then

repeated with the background fractions fixed to each variation and the systematic is

computed from the covariance of the ensemble.

9.1.5 Factorisation of B plane and D plane

Another potential source of systematic uncertainty, which is expected to be small, is

the assumption that the Dalitz binned distribution of B
0 ! DK

+
⇡

� decays factorise

between the B and D Dalitz planes. This allows one to write Eq. (4.39) in terms of the
( )
 ↵ and F±i parameters rather than a combined distribution parameter and therefore

greatly simplifies the analysis. The plots shown in Figs. 5.14 to 5.16 demonstrate that the

D Dalitz distribution does not exhibit any di↵erences depending on the B bin, but the

residuals of these plots will be used to compute the associated systematic uncertainty.

9.1.6 PID correction

Within the invariant mass fit, from which the amount of background infiltrating the

fully selected data is determined, various relative contributions of backgrounds are fixed

according to PID e�ciencies computed using simulated data. The associated systematic

uncertainty can be determined by considering the statistical uncertainty on the values

obtained from the simulated data and the uncertainties on the PID corrections themselves.

9.1.7 Mass fit parameterisation

Within the mass fit, various shape and relative yield parameters are fixed. Shape parame-

ters are fixed from fits to simulated data and relative yields are fixed based on e�ciencies

calculated with simulated data and known branching fractions. For this systematic, each

fixed parameter in the mass fit is varied within its statistical uncertainty over an ensemble

of 250 pseudo-experiment ensembles. For each pseudo-experiment ensemble the mass and

CP fit is re-run and the systematic is computed from the covariance of the ensemble.

158



9.1. SYSTEMATIC METHODOLOGIES

9.1.8 Charmless contributions

In Section 5.2.9 cuts on the D flight distance significance are chosen in order to reduce

the level of charmless contamination to below 5%. Therefore there will be some residual

charmless contributions that are not accounted for in the nominal CP fit. In order to

compute a related systematic uncertainty, the size of the potential charmless contribution

is estimated from the study in Section 5.2.9 and ensembles of CP fit pseudo-experiment

ensembles with this charmless background present are generated. Since the charmless

contributions are heavily suppressed it is assumed that the charmless backgrounds populate

the Dalitz bins uniformly since we are unlikely to be sensitive to any resonant structure.

These pseudo-experiment ensembles are then fitted with the nominal fit configuration, i.e.

no charmless background is accounted for, to obtain the relevant covariance matrix.

9.1.9 CP violation in background decays

It is assumed that there is no CP violation in any of the backgrounds, i.e. the background

distributions are identical for both B flavours. This assumption is expected to be reasonable

as the background rates are generally small and the CP violation e↵ects within them are

also expected to be rather small. However, there will be some systematic e↵ect from this

which should be quantified.

9.1.10 Production and detection asymmetries

Currently the nominal fit sets the total production and detection asymmetry in each decay

mode to zero. Values for the detection and production asymmetry in each decay mode

can be computed which will then be fixed in the nominal fit. The systematic can then be

computed by generating ensembles in which the values of the production and detection

asymmetries are varied within their uncertainties and propagated through the CP fitter

to the parameters of interest. As discussed in Section 4.2.2 these values will be calculated

in the same way as in Ref. [19].

9.1.11 Bin migration

The e↵ect of bin migrations can be determined by comparing the Dalitz bins corresponding

to the true and reconstructed kinematic variables in simulated data generated/weighted

according to appropriate decay models. Given the excellent kinematic resolution of LHCb

this e↵ect is expected to be small.
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9.2 Results

Table 9.1 presents the systematic uncertainties of the x
±
↵ , y

±
↵ parameters calculated thus

far and compares them to the statistical uncertainties. Based on this it is expected that

this measurement of � will be statistically limited.
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Table 9.1: Summary of systematic uncertainty contributions. The total statistical uncertainty is
provided for reference. All uncertainties are quoted ⇥100 their actual values for ease of reading.
The last two columns show the quadrature sum of each individual systematic contribution and
the systematic uncertainty as a fraction of the statistical uncertainty, respectively.
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10 Rare decays at the FCC-ee

“So it’s all about sort of planting a seed, looking after each other

... but I’m sort of guessing he enjoyed gardening anyway,

part of the enjoyment was in planting that seed.”

Karl Pilkington

This chapter presents a study performed to estimate the potential of BF measurements

of b ! s⌫⌫ decays at the FCC-ee [27]. Sections 10.1 to 10.2 serve to introduce the topic

and features no original work of my own. Section 10.3 explains the study performed and its

results, which was developed alongside my supervisor Matt Kenzie with inspiration from

the method used in Ref. [112]. Section 10.4 discusses the phenomenological implications

of these measurements informed by the work of Méril Reboud in Ref. [27]. Note that as

the FCC designs are constantly evolving many of the exact values quoted with respect to

collider and detector design and operation may be outdated.

10.1 Current status, prospects and limitations of b !
s⌫⌫ measurements

Until recently there was no experimental evidence for any b ! s⌫⌫ decay however Belle

II has now provided the first evidence for B
+ ! K

+
⌫⌫ decays [113]. This measurement

has determined the BF to be [2.3 ± 0.5+0.5
�0.4] ⇥ 10�5, a significance of 3.5�. This is in

tension with the SM prediction of (5.58 ± 0.37) ⇥ 10�6 with a significance of 2.7�. For

other b ! s⌫⌫ decays of mesons only upper limits have been set [114–116]. According

to the predictions of the Belle II physics book, under the assumption of SM physics it

is expected that B
+ ! K

+
⌫⌫, B

0 ! K
⇤0

⌫⌫ and B
+ ! K

⇤+
⌫⌫ decays will be observed

after Belle II has collected 10 ab�1 worth of data and with the full dataset of 50 ab�1

they will obtain BF measurements with relative uncertainties of O(10%). Given that

Belle II primarily operates at the ⌥(4S) resonance it will not be able to perform searches

for b ! s⌫⌫ decays from any B
0
s , B

+
c or ⇤

0
b hadrons [117]. LHCb is unable to perform
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any measurement of b ! s⌫⌫ decays due to its inability to infer the presence of a double

neutrino final state with su�cient resolution.

To improve upon the measurements possible at current experiments a new facility must

be built. This study explores how such a set of measurements could develop at the FCC-ee.

It provides the first estimate of the sensitivity with which the BFs of B
0 ! K

⇤0
⌫⌫,

B
0
s ! �⌫⌫, B

0 ! K
0
S⌫⌫ and ⇤

0
b ! ⇤⌫⌫ decays could be measured at the FCC-ee, initial

detector performance requirements and provides an analysis framework which can be

developed to perform more detailed studies in the future.

10.2 The Future Circular Collider

The FCC collaboration is developing plans for construction of a circular collider at CERN

to come into operation after the end of the LHC. The plan is to first run an electron-

positron collider, the FCC-ee, and then upgrade it to a proton-proton collider, the FCC-hh.

The FCC collaboration is currently preparing a final feasibility study report to submit

to the CERN council in 2025 and has recently submitted a mid-term report [118]. To

contribute to these reports physicists have been performing studies with simulated datasets

to understand the potential physics reach of the FCC and to consider the detector design

requirements.

10.2.1 FCC-ee

The current FCC-ee proposal is a ⇠ 91 km long tunnel with four interaction points [5].

This will be operated over a course of 16 years starting in the late 2040s. It will have four

running periods exploiting di↵erent centre-of-mass collision energies, the Z pole, the WW

threshold, the Higgs factory ZH threshold, and the tt pair threshold.

As summarised in Ref. [119] the Z pole and WW threshold runs have garnered the

most interest from the flavour community. The Z pole run will produce a dataset orders

of magnitude larger than at any previous experiment which will allow greater statistical

sensitivity to be obtained in precision flavour measurements. The WW threshold run will

allow for more precise measurements of the CKM matrix thanks to the large quantity of

on-shell W bosons that will be produced. In the current baseline FCC-ee design these

runs will yield 6 ⇥ 1012
Z bosons and 2.4 ⇥ 108

WW pairs respectively, summed over

all four interaction points. As illustrated by Table 10.1, the FCC-ee can be viewed as

a “best of both worlds” scenario during the Z pole run when compared to the current

flagship flavour experiments, LHCb and Belle II [33, 117]. Given the beauty production

cross section in the LHCb acceptance ⇠ 1.5µb and the expected integrated luminosity

for the entire lifetime of the LHC 300 fb�1, it is expected that over the lifetime of LHCb
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O(1014) beauty hadrons will be produced in the LHCb acceptance [120, 121]. For Belle II,

the full 50 ab�1 with a beauty production cross section ⇠ 1 nb is expected to correspond

to producing O(1011) beauty hadrons [117]. Given the Z ! bb BF of 0.1512 the expected

FCC-ee dataset of 6 ⇥ 1012
Z bosons will correspond to O(1012) beauty hadrons [7].

Attribute ⌥(4S) proton-proton Z
0

All hadron species X X
High boost X X

Enormous production cross-section X
Negligible trigger losses X X

Low backgrounds X X
Initial energy constraint X (X)

Table 10.1: Advantageous properties of Belle II (⌥(4S)), the LHC (proton-proton) and the
FCC-ee (Z0). Reproduced from Ref. [122].

Note that although the FCC-ee will not have as high a production cross-section as the

LHC the instantaneous luminosity will be much greater and produce the expected large

dataset of Z bosons, this will result in the FCC-ee reproducing the LEP collider’s Z boson

dataset in just a few minutes of operation. Table 10.1 also highlights the di↵erence in initial

energy constraints between Belle II and the FCC-ee. Unlike the ⌥(4S) resonance, hadrons

produced from the Z decay do not have a known momentum although the distribution

of momenta is well understood and the per-event initial B energy be determined via an

iterative method as shown in Ref. [123]. Therefore the FCC-ee could fill the gaps in the

capabilities of LHCb and Belle II, whilst also performing many other complementary

measurements to a high precision.

10.2.2 The IDEA detector and simulation production

Since there will be four collision points it is sensible to expect that there may be one

detector designed with a focus on optimising sensitivity to flavour measurements. One

current detector idea from which a flavour experiment could be developed is the Innovative

Detector for Electron-positron Accelerators (IDEA) [5]. This is the detector concept used

for current flavour physics studies as it should provide the necessary PID performance.

The detector geometry is shown in Fig. 10.1. The inner detector features a silicon

vertex detector (VTX) based on the ALICE ITS upgrade vertex detector. The drift

chamber (DCH) provides tracking, momentum measurement and PID using a cluster

counting method and is based on the KLOE and MEG2 detectors [124,125]. The DCH has

been designed to be incredibly light to achieve high transparency. In the radial direction

the total material corresponds to ⇠ 1.6% of the radiation length, X0, and ⇠ 5% X0 in the

forward direction most of which is due to the end plates and front end electronics [126].
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Figure 10.1: Cross-section of the IDEA detector concept. From Ref. [5].

The DCH is surrounded by a layer of silicon micro-strip detectors to provide a final

spacial position measurement and a precise definition of the tracking acceptance. This is

then surrounded by a thin solenoid which provides a 2T magnetic field, and a preshower

detector. In between this and the solenoid return yoke is a dual readout calorimeter which

provides full coverage up to within 100mrad of the z axis [127]. The final sub-detector is

a muon system embedded in the solenoid return yoke, this is currently based on the CMS

phase-II upgrade detector as a cost-e↵ective solution to covering the large area required.

In simulation production for FCC studies the detector response is provided by DELPHES

[128] which models a tracking system, magnetic field, calorimeters and a muon system [129].

The K4SIMDELPHES [130] project is used to convert DELPHES objects to the EDM4HEP

format [131]. Simulated datasets of specific decays and inclusive background samples

are produced using Pythia with the leading order cross-section and no K-factor [132].

EvtGen is used to model the decays of unstable particles [102] and Photos generates

final-state radiation [133]. Primary vertex smearing is implemented corresponding to the

expected beam properties such that �
PV
x = 4.5µm, �

PV
y = 20nm, �

PV
z = 0.3mm, where

the axes are defined such that x is parallel to the radial direction of the collider, y is

the vertical direction and z is parallel to the beam. Secondary and tertiary vertices are

assumed to have perfect seeding and PID performance is assumed to be perfect, unless

otherwise stated. For inclusive background samples 1010 decays are generated for three

categories, Z ! bb, Z ! cc, and Z ! qq, where q 2 {u, d, s}. For each signal decay 107

decays are generated such that the B decay products kinematics are uniform in the phase

space. In the case of B
0 ! K

⇤0
⌫⌫ decays the K

⇤0 resonance is purely K
⇤(892)0 ! K

+
⇡

�
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and for B
0
s ! �⌫⌫ decays the � is purely �(1020) ! K

+
K

�. All signal decays are

generated with an equal admixture of b-hadron flavours.

10.3 Prospects for b ! s⌫⌫ measurements at the

FCC-ee

10.3.1 Basic sensitivity studies in an ideal detector

The analysis procedure is as follows:

1. For each event construct signal candidates, split the detector space into two hemi-

spheres based on the thrust of the Z ! qq products.

2. Apply basic selection requirements and cuts. This is referred to as the stage 0

selection.

3. Train a BDT on the di↵erence between the two hemispheres in terms of measured

energy, tracks, vertices, etc. This is referred to as the stage one selection.

4. Apply a loose BDT cut and candidate mass cut.

5. Train a second BDT on the candidate kinematics. This is referred to as the stage

two selection.

6. Optimise BDT cuts according to the S/
p

S + B FOM, this is the inverse of the

relative statistical uncertainty on the BF.

This analysis workflow is inspired by the analysis performed to study the potential of

B
+
c ! ⌧

+
⌫⌧ decay measurements at the FCC-ee however it deviates slightly after the

first stage BDT [112]. In the B
+
c ! ⌧

+
⌫⌧ study exclusive samples of selected Z ! bb

background decays are generated and used to optimise the BDT cuts. In the b ! s⌫⌫

analysis however bi-cubic splines are instead used to construct e�ciency maps in terms of

the BDT response values of the first and second stage BDTs. The full analysis workflow

was applied to B
0 ! K

⇤0
⌫⌫ and B

0
s ! �⌫⌫ decays. Throughout this discussion the signal

candidates, K
⇤0 and �, will be referred to as Y .

Candidate construction and basic selection

For each decay a candidate was constructed for any vertex that was not the primary vertex

and was followed by the correct number of tracks with PIDs and charge corresponding

to that of its expected children. The child identities for each signal decay are shown in
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Plane normal to thrust axis 
defines the hemispheres

Figure 10.2: A pictorial representation of the definition of the thrust axis and the two event
hemispheres for a B0 ! K⇤0⌫⌫ decay.

Table 10.2, it also shows the loose mass cuts that are applied later on. Each candidate

is identified within a given hemisphere of the detector, defined according to the plane

normal to the thrust axis. The thrust axis is defined as the unit vector, n̂, that maximises

T =

P
i |pi · n̂|P

i |pi|
, (10.1)

where pi is the momentum vector of the i
th reconstructed particle in the event. This is a

measure of the direction of the quark pair produced by the Z decay. Figure 10.2 shows a

representation of the reconstruction of a B
0 ! K

⇤0
⌫⌫ signal decay.

The stage 0 selection removes any events that don’t have a primary vertex and a Y

candidate whose momentum points towards the minimum energy hemisphere.

Decay Candidate Candidate Children Candidate Mass Range [ GeV/c2 ]
B

0 ! K
⇤0

⌫⌫ K
⇤0

K
±
⇡

⌥ [0.65, 1.10]
B

0
s ! �⌫⌫ � K

+
K

� [1.00, 1.06]

Table 10.2: The children PID and candidate mass range required for constructing the candidate
particle for each signal decay.

168



10.3. PROSPECTS FOR b ! s⌫⌫ MEASUREMENTS AT THE FCC-EE

First-stage BDT

The first BDT is designed to select for signal candidates based on the event topology and

energy distribution. The xgboost package [134] is used to train the BDTs. A k-fold

cross validation (with k = 4) is used to avoid over-training. Separate BDTs are trained

for each signal mode. The background training samples consist of inclusive background

decays with each category appropriately weighted according to the known hadronic Z

BFs: 0.1512 (Z ! bb), 0.1203 (Z ! cc) and 0.4276 (Z ! qq) [7].

The first stage BDT is trained using a sample of one million signal decays and one

million background decays with the following input variables:

• Total reconstructed energy in each hemisphere,

• Total charged and neutral reconstructed energies of each hemisphere,

• Charged and neutral particle multiplicities in each hemisphere,

• Number of charged tracks used in the reconstruction of the primary vertex,

• Number of reconstructed vertices in the event,

• Number of candidates in the event,

• Number of reconstructed vertices in each hemisphere,

• Minimum, maximum and average radial distances of all decay vertices from the

primary vertex.

Figure 10.3 shows the BDT response for each of the reconstructed decays and Fig. 10.4

shows how the e�ciency depends on the minimum BDT response when applying a cut on

the BDT response variable. This shows that the stage one selection is highly e↵ective

at rejecting the inclusive background decays. The integrated ROC score is 0.965 for

both the B
0 ! K

⇤0
⌫⌫ and B

0
s ! �⌫⌫ decays. The feature importance and plots of

the distribution in the signal and inclusive backgrounds, for B
0 ! K

⇤0
⌫⌫, is shown in

Table C.1 and Figs. C.1 and C.2

Second-stage BDT

The second-stage BDT is trained using a sample of one million signal decays and one

million background decays which pass the preselection criteria of Edi↵ > 5GeV and

BDT1 > 0.6. This additional requirement on the value of Edi↵ is motivated by Fig. 10.5

which shows that considerable background can be removed with little reduction in signal

e�ciency.

The second-stage BDT is trained using the following input variables:
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Figure 10.3: First stage BDT response for the B0 ! K⇤0⌫⌫ channel (left) and the B0
s ! �⌫⌫

channel (right). The relevant signal mode response is shown as the orange filled histogram, the
inclusive background sample responses are shown in red, blue and green for Z ! bb, Z ! cc
and Z ! qq (for q 2 {u, d, s}), respectively.
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Figure 10.4: First stage BDT response cut e�ciencies for the B0 ! K⇤0⌫⌫ channel (left) and
the B0

s ! �⌫⌫ channel (right). The relevant signal mode response is shown as the orange line,
the inclusive background sample responses are shown in red, blue and green for Z ! bb, Z ! cc
and Z ! qq (for q 2 {u, d, s}), respectively.

• The intermediate candidate’s reconstructed mass

• Number of intermediate candidates in the event

• The intermediate candidate’s flight distance and vertex �
2

• The x, y and z components of the intermediate candidate’s momentum

• Scalar momentum of the intermediate candidate

• Transverse and longitudinal impact parameters of the intermediate candidate

• Minimum, maximum and average transverse and longitudinal impact parameters of

all other reconstructed decay vertices in the event
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Figure 10.5: Distributions of the energy di↵erence between the two hemispheres, after a loose cut
on BDT1 > 0.6, for the B0 ! K⇤0⌫⌫ channel (left) and B0

s ! �⌫⌫ channel (right). The relevant
signal mode response is shown as the orange filled histogram, the inclusive background sample
responses are shown in red, blue and green for Z ! bb, Z ! cc and Z ! qq (for q 2 {u, d, s}),
respectively.
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Figure 10.6: Second stage BDT response for the B0 ! K⇤0⌫⌫ channel (left) and the B0
s ! �⌫⌫

channel (right). The relevant signal mode response is shown as the orange filled histogram, the
inclusive background sample responses are shown in red, blue and green for Z ! bb, Z ! cc
and Z ! qq (for q 2 {u, d, s}), respectively.

• The angle between the intermediate candidate and the thrust axis

• Mass of the primary vertex candidate

• The nominal B candidate energy, defined as the Z mass minus all of the reconstructed

energy apart from the candidate children

Figure 10.6 shows the second-stage BDT response for each of the reconstructed decays.

The integrated ROC scores are 0.961 and 0.959 for the B
0 ! K

⇤0
⌫⌫ and B

0
s ! �⌫⌫

decays, respectively. The feature importance and plots of the distribution in the signal and

inclusive backgrounds, for B
0 ! K

⇤0
⌫⌫, are shown in Table C.2 and Figs. C.4 and C.5
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Sensitivity estimate

The final step of the analysis is to optimise the BDT response cuts to maximise the

sensitivity to the BF of each decay. The FOM to maximise is defined as

FOM =
Sp

S + B
, (10.2)

where S is the expected number of signal decays and B is the expected number of

background decays based on the appropriately weighted sum of Z ! bb, Z ! cc and

Z ! qq decays. The signal expectation is defined as

S = 2 NZ B(Z ! bb) fB B(B ! Y ⌫⌫) B(Y ! f) ✏
s
pre ✏

s
BDTs, (10.3)

where NZ is the number of Z bosons produced, the factor of two accounts for the two B

flavours, fB is the hadronisation fraction for the relevant B hadron, B(B ! Y ⌫⌫) is the

BF for the given B decay, B(Y ! f) is the BF of the intermediate resonance to the final

state f , ✏
s
pre is the signal e�ciency of the initial selection, including the reconstruction

and the loose cut on the stage 1 BDT), and ✏
s
BDTs is the signal e�ciency of the two BDT

score cuts. The background expectation is defined as

B =
X

f2{bb,cc,qq}

NZ B(Z ! f) ✏
b
f,pre ✏

b
f,BDTs, (10.4)

where B(Z ! f) is the relevant hadronic BF, and ✏
b
f,pre, ✏

b
f,BDTs are the pre-selection and

BDT cut e�ciencies of the relevant background, respectively. This study assumed the

following values of the parameters in Eqs. (10.3) and (10.4):

• NZ = 6⇥1012, the total number of Z-bosons produced in all collisions at the FCC-ee

during the Z pole run.

• The hadronisation fraction of B-mesons from Z ! bb decays are fB0 = 0.43 and

fB0
s

= 0.096 [135].

• The SM predictions of the relevant decay BFs are provided in Table 2.2, although

the sensitivity is also shown as a function of these BFs in Fig. 10.7.

• The intermediate resonance BFs are B(K⇤0 ! K
+
⇡

�) = 2/3 and B(� ! K
+
K

�) =

0.491.

• The Z ! f BFs are B(Z ! bb) = 0.1512, B(Z ! cc) = 0.1203 and B(Z ! qq) =

0.4276 [7].
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Figure 10.7: The expected sensitivity of the Tera-Z run at FCC-ee to the BF of B0 ! K⇤0⌫⌫
(left) and B0

s ! �⌫⌫ (right). Note that the B0 ! K⇤0⌫⌫ plot corresponds to assuming
B(K⇤0 ! K+⇡�) = 0.9975.

Mode NS NB ✏
s

✏
bb

✏
cc

✏
qq

S/B
p

S + B/S

B
0 ! K

⇤0
⌫⌫ 144 K 1.13 M 3.5% O(10�7) O(10�8) O(10�9) 0.15 0.76%

B
0
s ! �⌫⌫ 61 K 0.48 M 7.4% O(10�7) O(10�9) O(10�9) 0.13 1.20%

Table 10.3: The expected number of signal and background decays of the Tera-Z run at FCC-ee
at the SM predictions for the B0 ! K⇤0⌫⌫ and B0

s ! �⌫⌫ decays. The signal and inclusive
background e�ciencies of the analysis chain are also shown along with the signal-to-background
ratio and the expected sensitivity.

Given the strength with which the two-stage BDT selection rejects background decays

one cannot simply optimise a cut on each BDT response score according to the e�ciency

directly from the inclusive background samples. Therefore a map of the selection e�ciency

is constructed, separately for the signal simulation and each inclusive background category,

as a function of the BDT response cut values. This map is then interpolated with a

bi-cubic spline which is used to find the BDT response cut values maximise the FOM.

Figure 10.7 shows the relative statistical uncertainty on the BFs as a function of the

BFs. Assuming SM BFs the expected sensitivities are 0.53% for B
0 ! K

⇤0
⌫⌫ and 1.20%

for B
0
s ! �⌫⌫. The expected number of signal and background decays, along with the

analysis chain e�ciencies are shown in Table 10.3.

Extrapolation to neutral modes

Studies of neutral reconstruction performance with IDEA at FCC-ee suggest that the

K
0
S and ⇤ reconstruction e�ciency could be ⇠ 80% in the momentum range relevant

for this analysis [136]. To estimate the sensitivity of BF measurements for B
0 ! K

0
S⌫⌫

and ⇤
0
b ! ⇤⌫⌫ this e�ciency and the SM BFs are used to extrapolate the results of the

B
0 ! K

⇤0
⌫⌫ and B

0
s ! �⌫⌫ studies using Eqs. (10.3) and (10.4).
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Figure 10.8: The expected sensitivity of the Tera-Z run at FCC-ee to the BF of B0 ! K0
S⌫⌫

(left) and ⇤0
b ! ⇤⌫⌫ (right).

The values used for Eqs. (10.3) and (10.4) are f⇤0

b
= 0.037, B(K0

S ! ⇡
+
⇡

�) = 0.692 and

B(⇤ ! p⇡
�) = 0.639. This results in expected sensitivities (signal-to-background ratios),

assuming SM BFs, of 3.37% (0.04) for B
0 ! K

0
S⌫⌫ and 9.86% (0.015) for ⇤

0
b ! ⇤⌫⌫. The

sensitivity as a function of the BF is shown in Fig. 10.8.

10.3.2 Detector performance requirements

The above sensitivity studies were performed with simulation and reconstruction assuming

perfect PID performance and vertex seeding. This provides a baseline estimate of the

statistical sensitivity that could be achieved with this analysis method but in order to

design a suitable experiment one must understand how this sensitivity will depend on

detector performance. The studies below are the first with respect to this particular class

of decays at the FCC-ee.

Study of particle-identification

Perfect PID implies all pions and kaons can be perfectly identified by the detector and

assigned the correct mass hypothesis. Clearly this is an unrealistic expectation for any

detector so this assumption is now relaxed by recomputing the signal e�ciencies, ✏
s
pre and

✏
s
BDT of Eq. (10.3)), after making random mass hypothesis swaps of kaon ! pion and pion

! kaon, based on an assumed mis-identification rate, fmisid. This incorporates the e↵ect

of double mis-identifications and will cause decays to fall outside of the mass window for

the intermediate resonance, listed in Table 10.2.

The results of this are shown in Fig. 10.9 in terms of the kaon-pion separation power

in standard deviations, �, vs. the expected degradation to the sensitivity. This shows that

K � ⇡ separation of ⇠ 2� would have a negligible impact on the uncertainty. The PID

performance of the DCH proposed for the IDEA detector concept is expected to provide
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Figure 10.9: Degradation of the sensitivity to the BF, with respect to the nominal sensitivity
assuming perfect PID, as a function of the kaon-pion separation power for the B0 ! K⇤0⌫⌫
decay (left) and B0

s ! �⌫⌫ decay (right).
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Figure 10.10: The correct secondary vertex association rate as a function of the expected vertex
resolution for the B0 ! K⇤0⌫⌫ decay (left) and B0

s ! �⌫⌫ decay (right).

K � ⇡ separation & 2� for particle momenta in the range [0.1, 0.850] [ [1, 100] GeV/c so

the baseline IDEA design should be su�cient for precise measurements of these decays [5].

Study of imperfect vertex seeding

Perfect vertex seeding assumes that each vertex is correctly identified. However in a

real experiment there will be a chance, depending on the vertex resolution, that an

incorrect vertex is chosen. The dependence of sensitivity on this is studied by randomly

selecting the wrong vertex during reconstruction, based on an assumed value of the vertex

resolution, and propagating its e↵ect through the analysis workflow. The results are

shown in Fig. 10.10, which gives the secondary vertex identification rate as a function of

the vertex resolution. This shows that the vertex resolution needs to be . 0.2 mm. This

is far above the expected vertex resolution of ⇠ 5µm [5].
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Potential systematic e↵ects

Systematic e↵ects beyond the simple PID and vertex seeding will have to be considered in

a real analysis. For example in the calculation of the BF from the signal yield, Eq. (10.3),

there will be systematics related to knowledge of the selection e�ciencies, hadronisation

fragmentation and production fractions, decay multiplicities, and related BFs. Many of

these quantities are currently best measured by the LEP experiments, but the FCC-ee

experiments will naturally be able to improve upon this.

The most significant systematic for this analysis is due to the uncertainty of the Z ! bb

BF and the b-quark fragmentation fractions, fB. The former is already known from LEP

to three per mille precision [7] and will likely improvements from FCC-ee measurements.

The latter, however, is currently only known to ⇠ 2% precision [7] but it is expected that

FCC-ee itself will be able to improve knowledge of the these by an order of magnitude or

more.

10.4 Implications of the FCC-ee prospects

10.4.1 SM implications

If one assumes these decays to be purely SM-like then their measurement can be used to

constrain related SM parameters. As mentioned in Section 2.4 the two main sources of

uncertainty in the prediction of the BFs is the CKM factor, �t, and the hadronic form

factors.

Extraction of CKM elements.

As a first illustration of the potential of these measurements at FCC-ee, the precision of

extracting |�t|2 from these decays is studied by using the form factors determined from

lattice QCD (LQCD) and Eqs. (2.23) to (2.26).

Figure 10.11 shows the uncertainties on �t obtained from each decay compared to

the recent determination from the flavour lattice averaging group. The form factors

used in these extractions are the current values with a factor of ten improvement on the

uncertainties since it is assumed that progress will be made in their determination over

the next few decades.

Ratio of charged and neutral lepton BFs

There is also interest in ratios of the form

R
`/⌫
Y =

B(B ! Y `
+
`
�)

B(B ! Y ⌫⌫)
, (10.5)
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0.037 0.038 0.039 0.040 0.041 0.042
|�t|

HFLAG 2021

B(B ! K
�
⌫⌫̄)

B(Bs ! �⌫⌫̄)

B(B ! KS⌫⌫̄)

B(⇤b ! ⇤⌫⌫̄)

EOS v1.0.10

NZ = 6 ⇥ 1012

Figure 10.11: 68% probability ranges of CKM factor extractions assuming the branching ratios
to be SM-like. Where the BF uncertainties are those determined in Section 10.3 and the form
factors uncertainties are assumed to have reduced by a factor of ten by the time of the FCC-ee
measurements. The results are compared with the value derived from |Vcb| = (40.0 ± 1.0) ⇥ 10�3,
extracted from B ! D`⌫ decays [137].

where the branching ratio is integrated over the full kinematic range. These ratios

benefit from numerous uncertainty cancellations which allow them to serve as sensitive

probes of NP. These cancellations originate both from experimental sources such as the

fragmentation fraction, BF of the normalization channel, and experimental e�ciencies

and from theory sources such as the CKM elements and local form factors [31].

Experimentally, R
µ/⌫
K+ can be reconstructed using the world average measurement of

B ! Kµ
+
µ

� decays [7] and the evidence for B ! K⌫⌫ decays presented by the Belle II

collaboration [113]. Assuming uncorrelated uncertainties

R
µ/⌫
K+ |2023 = 0.03 ± 0.01. (10.6)

Using world averages [7], at 90% CL

R
µ/⌫
K⇤+ |2023 > 0.02, R

µ/⌫
K⇤0 |2023 > 0.07, R

µ/⌫
� |2023 > 2 ⇥ 10�4

. (10.7)

Theoretical predictions of R
`/⌫
M are hampered by long-range e↵ects due to the charm

loops and can be handled in a variety of ways [138, 139]. A precise measurement of these

ratios at the FCC-ee would provide valuable information about these non-local e↵ects.

Assuming that the b ! s⌫⌫ mode will dominate the experimental uncertainties, the

sensitivities expected for FCC-ee will permit a direct extraction of the shift to C
`
9 with

an accuracy of 8.7%, 13%, 22% and 37% for the B ! K, B ! K
⇤, Bs ! � and ⇤

0
b ! ⇤

decays respectively.
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10.4.2 NP implications

In the WEFT one can introduce terms to the Hamiltonian to model the e↵ects of potential

NP such as right-handed neutrinos. These would then propagate to Eqs. (2.23) to (2.26)

such that the BFs of these decays can be used to probe for this NP. A full discussion of

the interpretation in terms of the the NP WEFT can be found in Ref. [27]. It follows that

measurements at the FCC-ee can be converted into constraints on the values of the left-

and right-handed Wilson coe�cients which can be combined to extract precise values.

Figure 10.12 shows the estimated constraints obtained at the end of the Z pole run

compared to the current constraint derived from the experimental average of B(B !
K⌫⌫) [113]. Clearly the measurement of b ! s⌫⌫ decays at the FCC-ee would provide a

powerful test of NP models, especially when the results of various b-hadron species are

combined.

10.5 Summary

This chapter has presented the current status of measurements of b ! s⌫⌫ decays and their

prospects at current experiments. The current nominal specification of the FCC-ee was

described and its general advantages for flavour physics were explained. The remainder

�12 �11 �10 �9 �8 �7 �6 �5 �4
CL

�3

�2

�1

0

1

2

3

C
R

EOS v1.0.10

NZ = 6 ⇥ 1012

SM

B(B ! K⌫⌫̄) 2023

B(B ! K⌫⌫̄)

B(B ! K
�
⌫⌫̄)

B(Bs ! �⌫⌫̄)

B(⇤b ! ⇤⌫⌫̄)

Figure 10.12: Comparison between the current constraint due to B(B ! K⌫⌫) measure-
ments [113] (cyan band) and the sensitivities predicted at FCC-ee in this study (blue, orange,
green and red bands). The experimental uncertainties are those determined in Section 10.3 and
the form factors uncertainties are again assumed to have improved by a factor of ten by the
time of the FCC-ee measurements.
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10.5. SUMMARY

of the chapter was devoted to a feasibility study for the measurement of b ! s⌫⌫

decays at the FCC-ee that shows that this new collider will allow for measurements

that significantly improve upon those from current experiments as well as measurements

that are currently impossible. Basic studies were presented to determine required PID

and vertexing performance followed by the impact of the measurements on SM and NP

interpretations. This forms a foundation from which future studies can be performed to

understand the potential of other measurements and inform the design of future detectors.

Ref. [27] will serve as an input to the upcoming update to the European Strategy for

Particle Physics via the FCC reports and ECFA notes such as Ref. [140].
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11 Conclusions

“What?”

Philomena Cunk

This thesis has presented the results of two studies. The first double Dalitz plane

analysis of B
0 ! DK

+
⇡

� decays at LHCb has successfully been used to extract a value

for the CKM angle �, this result is currently blinded. Although it is not yet finished

the majority of the analysis is complete and only a determination of the systematic

uncertainties remains. This is the first such analysis of its kind to ever be performed.

The feasibility study of b ! s⌫⌫ decay measurements at the FCC-ee is the first study

to determine the sensitivity with which the BFs of a variety b ! s⌫⌫ decays could be

measured at the FCC-ee and the required detector performance with respect to PID and

vertexing.

11.1 Double Dalitz

As the first analysis of its kind it is a great success to have successfully extracted � from

LHCb data using this method. Once the systematic uncertainties have been completely

determined this analysis will be ready for publication. As the first analysis utilising this

novel method it will form a foundation from which LHCb can optimise the method for

future runs of the LHC. In particular, now that the background Dalitz distributions are

known for the major background decays it will be possible to optimise the B Dalitz

binning with their presence taken into account using the method described in Ref. [62].

In addition to a fully optimised B
0 ! DK

+
⇡

� analysis one could also consider other

multi-body decays of beauty hadrons from which � could be extracted using this method.

The method of optimising the binning and extracting � could be developed in a general

manner such that it can be applied to study other decays such as B
+ ! DK

+
⇡

0 and

B
+ ! D⇡

+
K

0
S. Furthermore one could perform the first double Dalitz analysis of a 4-body

B decay, B
+ ! DK

+
⇡

�
⇡

+, and the first double Dalitz plane analysis of a baryon decay,

⇤0
b ! DpK

�. Alternatively it can be used to perform a time-dependent measurement of
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the CKM angle � [141].

This work is just the beginning of the utilisation of this novel analysis method which,

given proper development, has the potential to become one of the single most sensitive

methods for measuring � which will help LHCb achieve sub-degree sensitivity to �.

11.2 The FCC-ee

11.2.1 b ! s⌫⌫ at the FCC-ee

Table 11.1 shows the estimated relative uncertainty on certain b ! s⌫⌫ decay BFs if they

were to be measured at the FCC-ee. These will be world leading measurements and the

first, depending on the exact timelines of the FCC-ee and the Circular Electron-Positron

Collider proposed for construction in China [142], for decays from B
0
s mesons and ⇤

0
b

baryons. As explained in Section 10.4, they will enable highly sensitive extractions of SM

parameters and searches for new physics. As Fig. 10.12 illustrates the variety of decays

possible at the FCC-ee will allow for combinations of measurements to achieve incredibly

precise extractions of WEFT parameters. Given the number of Z bosons expected to be

produced at the FCC-ee, analyses beyond simple BF measurements will also be possible,

for example novel measurements of CP violation could be performed as noted in Ref. [143].

Decay Relative BF Uncertainty (%)
B

0 ! K
⇤0

⌫⌫ 0.76
B

0
s ! �⌫⌫ 1.20

B
0 ! K

0
S⌫⌫ 3.37

⇤
0
b ! ⇤⌫⌫ 9.86

Table 11.1: Estimated relative BF uncertainty for measurements of b ! s⌫⌫ decays at the
FCC-ee under nominal experimental conditions and assuming SM physics.

The naive PID and vertexing requirement studies presented in Section 10.3.2 show

that the nominal design of the IDEA detector concept is su�cient for highly sensitive

measurements of b ! s⌫⌫ decays. Given that the FCC-ee will have four interaction points

it is likely that the design of the detectors at each point could be optimised for di↵erent

kinds of physics analyses. Therefore it will be beneficial to determine the dependence of

the detector design on flavour physics measurements in a more detailed manner to guide

the designs.

11.2.2 FCC-ee flavour physics

The decays studied in Section 10.3 are not the only ones for which the FCC-ee will provide

new or vastly improved opportunities.
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11.2. THE FCC-EE

Other b ! s⌫⌫ decays such as B
+ ! K

+
⌫⌫ and B

+
c ! D

+
s ⌫⌫ are obvious candidates.

Furthermore, the charged-lepton counterparts of the b ! s⌫⌫ decays will provide com-

plementary probes of new physics. Studies of b ! s⌧
+
⌧

� will be of particular interest as

outlined in Ref. [140]. It is expected that LHCb and Belle II measurements will only be

able to set limits on the BFs at two orders of magnitude greater than the SM predictions.

Observations of these decays at the FCC-ee will provide probes of NP complementary

to existing b ! sl
+
l
� measurements and the b ! s⌫⌫ measurements. In particular

the combination of b ! s⌫⌫ and b ! s⌧
+
⌧

� measurements will enable searches for NP

exhibited by the third generation of leptons [144].

In addition to studies of rare decays the FCC-ee will allow for improved measurements

of the CKM sector. During the Z pole run BF measurements of B
+
(c) ! ⌧

+
⌫⌧ decays

will allow for extractions of |Vub| and |Vcb| significantly more sensitive than possible with

current experiments [112, 145]. Additionally, during the WW run of the FCC-ee the

large number of on-shell W bosons, O(108), will allow for sub-percent relative uncertainty

measurements of the magnitudes of the up and charm CKM elements [140].

This is not an exhaustive discussion of the potential of the FCC-ee with respect to

flavour physics, there is of course plenty of potential for Higgs flavour physics, tests of

CKM unitarity, ⌧ lepton property measurements and more to be explored in the future.

The construction of the FCC-ee is undoubtedly an exciting prospect with significant

potential to advance the field of flavour physics.
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A Double Dalitz BDT

The distributions of the training variables for the signal and background samples for the

KsHH DD topology are shown in the main text in Sec. 5.2.2. The distributions for the

other toplogies are shown here.
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APPENDIX A. DOUBLE DALITZ BDT

Figure A.1: Comparison between the signal (blue) and background (red) distributions for the
BDT input variables used in the D ! K0

S⇡+⇡� DD top1ogy for Run 1.
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Figure A.2: Comparison between the signal (blue) and background (red) distributions for the
BDT input variables used in the D ! K0

S⇡+⇡� DD top1ogy for Run 1.
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APPENDIX A. DOUBLE DALITZ BDT

Figure A.3: Comparison between the signal (blue) and background (red) distributions for the
BDT input variables used in the D ! K0

S⇡+⇡� DD top1ogy for Run 2.
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Figure A.4: Comparison between the signal (blue) and background (red) distributions for the
BDT input variables used in the D ! K0

S⇡+⇡� DD top1ogy for Run 2.
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APPENDIX A. DOUBLE DALITZ BDT

Figure A.5: Feature importance for the input variables to the BDT for the D ! K0
S⇡+⇡� DD

decay.
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B CP fit correlations

The statistical correlation matrix from the data fit is shown in Table B.1. Table B.2 shows

the correlations for just the x
±
↵ , y

±
↵ and ( )

 ↵ parameters for ease of reading.
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Table B.1: Statistical correlation matrix for the CP fit to data.
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Table B.2: Statistical correlation matrix for the nominal CP fit.
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C FCC-ee BDT inputs

To illustrate how each BDT input contributes to the BDT discrimination their feature

importance and distribution in signal and inclusive background simulated data are shown

in Tables C.1 and C.2 and Figs. C.1 to C.6. The background distribution is obtained from

a sum of the three background categories weighted according to their production fraction.

Similar performance is exhibited in the training for the other decays studied.

Variable Feature importance
Total energy in the minimum energy hemisphere 0.587132

Total neutral energy in the minimum energy hemisphere 0.166852
Number of reconstructed vertices in the minimum energy hemisphere 0.061202

Total energy in the maximum energy hemisphere 0.052493
Number of neutral particles in the minimum energy hemisphere 0.035719

Maximum radial distance between each vertex and the primary vertex 0.015352
Number of charged particles in the minimum energy hemisphere 0.013361

Minimum radial distance between each vertex and the primary vertex 0.010174
Vertex multiplicity 0.009899

Candidate multiplicity 0.009096
Number of tracks associated to the primary vertex 0.008849

Number of charged particles in the maximum energy hemisphere 0.006313
Number of reconstructed vertices in the maximum energy hemisphere 0.005186

Total neutral energy in the maximum energy hemisphere 0.005098
Total charged energy in the minimum energy hemisphere 0.004624

Average radial distance between each vertex and the primary vertex 0.003763
Number of neutral particles in the maximum energy hemisphere 0.002828

Total charged energy in the maximum energy hemisphere 0.002059

Table C.1: Feature importance for the input variables in the stage 1 BDT for the B0 ! K⇤0⌫⌫
decay.
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APPENDIX C. FCC-EE BDT INPUTS

Figure C.1: Distributions of the input variables for the stage 1 BDT in signal and inclusive
background simulated data for the B0 ! K⇤0⌫⌫ decay, in order of feature importance. Figure
one of three.
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Figure C.2: Distributions of the input variables for the stage 1 BDT in signal and inclusive
background simulated data for the B0 ! K⇤0⌫⌫ decay, in order of feature importance. Figure
two of three.
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APPENDIX C. FCC-EE BDT INPUTS

Figure C.3: Distributions of the input variables for the stage 1 BDT in signal and inclusive
background simulated data for the B0 ! K⇤0⌫⌫ decay, in order of feature importance. Figure
three of three.
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Variable Feature importance
Nominal energy of the B hadron 0.389404

Candidate mass 0.216474
Candidate angle with respect to the thrust axis 0.065637

Minimum transverse impact parameter of the reconstructed vertices 0.060161
Maximum transverse impact parameter of the reconstructed vertices 0.052633

Candidate transverse impact parameter 0.034654
Primary vertex mass 0.029098

Maximum longitudinal impact parameter of the reconstructed vertices 0.028863
Candidate flight distance 0.022973
Candidate momentum 0.021480

Average longitudinal impact parameter of the reconstructed vertices 0.016834
Candidate px 0.012371

Minimum longitudinal impact parameter of the reconstructed vertices 0.012317
Candidate py 0.011666

Candidate longitudinal impact parameter 0.008898
Candidate multiplicity 0.007141

Candidate pz 0.005312
Average transverse impact parameter of the reconstructed vertices 0.003719

Candidate vertex �
2 0.000365

Table C.2: Feature importance for the input variables in the stage 2 BDT for the B0 ! K⇤0⌫⌫
decay.
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APPENDIX C. FCC-EE BDT INPUTS

Figure C.4: Distributions of the input variables for the stage 2 BDT in signal and inclusive
background simulated data for the B0 ! K⇤0⌫⌫ decay, in order of feature importance. Figure
three of three.

198



Figure C.5: Distributions of the input variables for the stage 2 BDT in signal and inclusive
background simulated data for the B0 ! K⇤0⌫⌫ decay, in order of feature importance. Figure
three of three.
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APPENDIX C. FCC-EE BDT INPUTS

Figure C.6: Distributions of the input variables for the stage 2 BDT in signal and inclusive
background simulated data for the B0 ! K⇤0⌫⌫ decay, in order of feature importance. Figure
three of three. 200
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