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Abstract

The angular correlations of heavy-flavor and charged particles in high-energy proton–proton col-
lisions can be used for probing the charm-quark production and fragmentation. A study of the the
azimuthal correlation function of prompt D mesons with charged particles fitted with the Von Mises
function in pp collisions performed at ALICE detector at the center-of-mass energy of

√
s = 13

TeV is reported. The results are compared with the ones obtained using a Generalised Gaussian +
Gaussian fitting function.
Finally, the Von Mises function has been used for fitting the azimuthal correlation function of prompt
D mesons with charged particles also in pp and p-Pb collisions at

√
s = 5.02 TeV.
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1 Introduction

The fundamental properties of Quantum Chromodynamics (QCD) in hadrons collisions can be investi-
gated through heavy-flavour quarks [2]. Their production, occurring in proton-proton collisions, provides
a testing reference frame for the Quark-Gluon Plasma (QGP) in heavy-ion collisions.
In fact, in heavy-ion collisions, a deconfined state of matter of free quarks and gluons, the QGP, is
created. Heavy-quarks can be used as a probe for studying this state of matter. While heavy-quarks
pass through the medium, they interact with the QGP: these interactions make the heavy-quarks lose
their energy and change their original directions.
These modifications change the angular correlation function between heavy-flavour hadrons and their
associated charged particles compared to the angular correlation function in proton-proton collisions,
used as a reference.
Thus, the angular correlations of heavy-flavor particles and their associated charged particles in high-
energy proton–proton collisions can be used for studying heavy quarks production mechanism, and their
fragmentation and hadronization processes.

Specifically, the interest of this work focuses on the study of the azimuthal correlation function be-
tween prompt D mesons and charged particles obtained from pp collisions performed at ALICE detector
at center-of-mass energy of

√
s = 13 TeV. The ”prompt” D mesons are those produced from charm-quark

fragmentation and from the decay of excited charm-quark resonances.
This study has been already performed in [1], where the azimuthal correlation function was fitted using
a function made up of a Gaussian and a Generalised Gaussian, whilist, in this work, a different fitting
function, called Von Mises function, has been used for fitting the data.

A comparison between the two fitting functions is reported in order to see which one fits the best the
data.

Finally, a similar study on the fitting functions is performed also for the data gathered from pp and
p-Pb collisions at

√
s = 5.02 TeV [3] and the results are compared to the ones for pp collision at

√
s =

13 TeV.

2 Azimuthal correlation function

The typical structure of the azimuthal correlation function features two peaks: a near-side (NS) peak,
centered at (∆ϕ, ∆η) = (0, 0), and an away-side (AS) peak, centered at ∆ϕ = π and elongating over a
wide range of ∆η. ∆ϕ represents the azimuthal angle difference ∆ϕ=ϕassoc - ϕD and ∆η is the pseudo-
rapidity difference ∆η = ηassoc - ηD. Right below the two peaks there is a flat contribution, the baseline,
that will be subtracted from the correlation function since it is related to underlying events which are
uncorrelated to the charm fragmentation.

In this work, the azimuthal correlation function of D mesons with associated charged particles ob-
tained from pp collisions performed at ALICE detector at center-of-mass energy of

√
s = 13 TeV is stud-

ied. This azimuthal correlation function has been computed for five D-meson pT intervals 3 < pT
D < 5

GeV/c, 5 < pT
D < 8 GeV/c, 8 < pT

D < 16 GeV/c, 16 < pT
D < 24 GeV/c, 24 < pT

D < 36 GeV/c,
and for the following associated particles pT intervals 0.3 < pT

assoc < 1 GeV/c, pT
assoc > 0.3 GeV/c,

1 < pT
assoc < 2 GeV/c, pT

assoc > 1 GeV/c, 2 < pT
assoc < 3 GeV/c, pT

assoc > 2 GeV/c, pT
assoc > 3

GeV/c.

3 Fit of the azimuthal correlation function

3.1 Generalised Gaussian + Gaussian fitting function

The azimuthal correlation function was initially fitted using the following function:

f(∆ϕ) = a+
Y NSβ

2αΓ( 1β )
e(−

∆ϕ
α )β +

Y AS√
2πσAS

e
− (∆ϕ−π)2

2(σAS)2 (1)

This function is composed of a constant term a, representing the baseline, a Generalised Gaussian,
describing the near-side peak, and a Gaussian, describing the away-side peak.
The main parameters of this function are:

3



• β: it is the Generalised Gaussian parameter. It is related to the shape of the peak, so varying β it
is possible to change the shape of the peak. For β = 2, the Generalised Gaussian is reduced to a
regular Gaussian;

• YNS and YAS: they are respectively the near-side and away-side yields;

• α: it is related to the near-side variance; specifically, the near-side variance is given by the quantity
α
√

Γ(3/β)/Γ(1/β). It describes the width of the near-side peak;

• σAS: it is the away-side variance and it describes the width of the away-side peak;

• ∆ϕ: it is the mean. In the near-side peak, the mean is fixed to ∆ϕ = 0, while in the away-side
peak it is fixed to ∆ϕ = π.

This was the function used for fitting the data in [1].
In this work, the Generalised Gaussian + Gaussian fitting function has been used for performing a
comparison with the Von Mises fitting function.

3.2 Von Mises fitting function

The innovation brought by this work is that both the correlation peaks are described by the same
function, that is the Von Mises function.
Thus, the azimuthal correlation function has been fitted using the following function:

f = a+
Y NS

2πI0(kNS)
exp(kNS cos(x− µNS)) +

Y AS

2πI0(kAS)
exp(kAS cos(x− µAS)) (2)

This function is composed of the constant contribution of the baseline and by two Von Mises functions,
one for each peak. The main parameters of this function are:

• YNS and YAS: they are respectively the near-side and away-side yields;

• kNS and kAS: they are related to the variances of the near-side and away-side peaks and they
describe the width of the peaks;

• µNS and µAS: they are the means. In the near-side peak, the mean is fixed to µNS = 0, while in
the away-side peak it is fixed to µAS = π;

• I0: it is the Bessel function.

3.3 Possible advantages in using the Von Mises fitting function

There are some reasons to believe that the Von Mises function might be a better candidate than
the Generalised Gaussian + Gaussian for fitting the azimuthal correlation function. First of all, it has
already been successfully used for other azimuthal correlation analyses (like heavy-flavor hadron decay
electrons) [4]. In addition, it is more suitable for studying the azimuthal correlation function since it
is a periodic function, differently from the Gaussian function, which is defined in the range [-∞,+∞].
Finally, the greatest advantage is that it does not need the β parameter of the Generalised Gaussian,
which forces the function to fit the data well.

4 How to extract the results

In order to gather the results, several codes in C++ have been designed and compiled in ROOT. They
are based on those that have been already used for other analyses, like [1], but some new features have
been implemented for introducing the Von Mises as fitting function.
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4.1 Implementation of the Von Mises function

The AliHFCorrFitter.cxx macro is the official macro where the fit classes are implemented. Nine cases
were used for defining different fitting functions for the azimuthal correlation function. An additional
case, case 10, has been added for including the Von Mises fitting function. Thus, the Von Mises functions,
which describe the near-side and the away-side peaks, as well as the baseline, which is just a constant,
have been defined and the parameters of the functions are defined and initialized to their default starting
values.
In Figure 1, the core of the case 10 is reported.

Figure 1: Part of the code in AliHFCorrFitter.cxx where the Von Mises function is implemented

4.2 Production of the histograms

The histograms that plot the fitting function are defined in FitPlotsAndSaveOutputsFastVersione-
ScriptOutput.C. In Figure 2, the part of the code that produces the histograms for plotting the fitting
function is shown. In particular, from line 63 to line 78, the range in which the parameters are let to
vary is defined. It is possible to notice that, as already stated before, in the Von Mises case, only seven
parameters are necessary, two of which - the near-side and the away-side means - are fixed, while in the
other cases, including the one of the Generalised Gaussian + Gaussian, there is an additional parameter.
In the following lines, the histograms are produced.
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Figure 2: Part of the code in FitPlotsAndSaveOutputsFastVersioneScriptOutput.C where the histograms
that plot the fitting function are produced

The values of the parameters and their statistical errors are taken from AliHFCorrFitter.h, as shown
in Figure 3.
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Figure 3: The values of the parameters and of their errors, shown in the histograms, are taken from this
part of the code in AliHFCorrFitter.h

4.3 Plot of the fitting functions

The plot of the fitting function is obtained using the following commands in the ROOT terminal:

.L FitPlotsAndSaveOutputsFastVersioneScriptOutput.C

FitPlotsAndSaveOutputsFast(10,5,3,kTRUE,0.25*TMath::Pi(),0.5*TMath::Pi(),2,99,24,36)

The first line compiles the macro FitPlotsAndSaveOutputsFastVersioneScriptOutput.C, while the second
line sets the arguments of the macro, specifically: the first argument (10) represents the case, so case 10
is the Von Mises fitting function, while case 7 is the Generalised Gaussian + Gaussian fitting function,
the baseline fixed at average of the points in the transverse region | (π/4 − π/2) | is implemented with
the second argument of the macro set to 5, the near-side mean fixed to zero and the away-side mean
fixed to π is implemented with the third argument set to 3, and the last four values, (2, 99, 24, 36)
represents the first two the pT

assoc range and the last two the pT
D range.

A histogram of the fitted azimuthal correlation function and of the parameters of the fitting function
in the chosen bin is created and stored.

4.4 Comparison of the fit parameters

The comparison of the parameters of the Von Mises and of the Generalised Gaussian + Gaussian
functions is performed in BuildPredictionsAndFit.C, as reported in Figure 4.
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Figure 4: Part of the code in BuildPredictionsAndFit.C where the comparison of the fit parameters
between the Generalised Gaussian + Gaussian and the Von Mises functions is performed

5 Results

5.1 Comparison between the Generalised Gaussian + Gaussian and the Von
Mises fitting functions for pp collisions at

√
s = 13 TeV

In order to compare the Generalised Gaussian + Gaussian and the Von Mises fitting functions, the
azimuthal correlation function of prompt D mesons with associated particles for pp collisions at

√
s =

13 TeV has been fitted using the two functions and the systematic uncertainties evaluated accordingly.
Then, a parameter comparison of the two fitting functions has been performed.
In Figure 5, Figure 6 and Figure 7, the results for the pT

assoc intervals 0.3 < pT
assoc < 1 GeV/c,

1 < pT
assoc < 2 GeV/c, pT

assoc > 3 GeV/c for the pT
D ranges 3 < pT

D < 5 GeV/c and 24 < pT
D < 36

GeV/c are reported.
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(a) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 3 < pT
D < 5 GeV/c

(b) Von Mises fitting function for the pT
D interval

3 < pT
D < 5 GeV/c

(c) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 24 < pT
D < 36 GeV/c

(d) Von Mises fitting function for the pT
D interval

24 < pT
D < 36 GeV/c

Figure 5: Azimuthal correlation functions of D mesons with associated particles in pp collisions at
√
s

= 13 TeV in the pT
assoc range 0.3 < pT

assoc < 1 GeV/c.

(a) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 3 < pT
D < 5 GeV/c

(b) Von Mises fitting function for the pT
D interval

3 < pT
D < 5 GeV/c

(c) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 24 < pT
D < 36 GeV/c

(d) Von Mises fitting function for the pT
D interval

24 < pT
D < 36 GeV/c

Figure 6: Azimuthal correlation functions of D mesons with associated particles in pp collisions at
√
s

= 13 TeV in the pT
assoc range 1 < pT

assoc < 2 GeV/c.
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(a) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 3 < pT
D < 5 GeV/c

(b) Von Mises fitting function for the pT
D interval

3 < pT
D < 5 GeV/c

(c) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 24 < pT
D < 36 GeV/c

(d) Von Mises fitting function for the pT
D interval

24 < pT
D < 36 GeV/c

Figure 7: Azimuthal correlation functions of D mesons with associated particles in pp collisions at
√
s

= 13 TeV in the pT
assoc range pT

assoc > 3 GeV/c.

In order to make a more quantitative comparison, the fit parameters of the Generalised Gaussian +
Gaussian and of the Von Mises have been compared one by one. Specifically, the compared parameters
are the yields and the widths of the near-side and away-side peaks. In Figure 8, Figure 9 and Figure 10,
the parameters comparison for the pT

assoc intervals 0.3 < pT
assoc < 1 GeV/c, 1 < pT

assoc < 2 GeV/c,
pT

assoc > 3 GeV/c for the pT
D ranges 3 < pT

D < 5 GeV/c and 24 < pT
D < 36 GeV/c are reported.

(a) Fit parameters comparison for the pT
D interval

3 < pT
D < 5 GeV/c

(b) Fit parameters comparison for the pT
D interval

24 < pT
D < 36 GeV/c

Figure 8: Comparison of the parameters of the azimuthal correlation function fitted with the Generalised
Gaussian + Gaussian function (red) and with the Von Mises function (blue) in the pT

assoc range 0.3 <
pT

assoc < 1 GeV/c.
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(a) Fit parameters comparison for the pT
D interval

3 < pT
D < 5 GeV/c

(b) Fit parameters comparison for the pT
D interval

24 < pT
D < 36 GeV/c

Figure 9: Comparison of the parameters of the azimuthal correlation function fitted with the Generalised
Gaussian + Gaussian function (red) and with the Von Mises function (blue) in the pT

assoc range 1 <
pT

assoc < 2 GeV/c.

(a) Fit parameters comparison for the pT
D interval

3 < pT
D < 5 GeV/c

(b) Fit parameters comparison for the pT
D interval

24 < pT
D < 36 GeV/c

Figure 10: Comparison of the parameters of the azimuthal correlation function fitted with the Generalised
Gaussian + Gaussian function (red) and with the Von Mises function (blue) in the pT

assoc range pT
assoc >

3 GeV/c.

The results for the azimuthal correlation function of D mesons with associated particles for pp colli-
sions at

√
s = 13 TeV has a similar trend when fitted with both the Generalised Gaussian + Gaussian and

the Von Mises functions. In particular, it shows an increase of both the near-side and of the away-side
yields increasing pT

D in all the pT
assoc intervals. Also, the near-side and the away-side widths slowly

decrease when increasing pT
D in each pT

assoc interval; this peaks narrowing is caused by the increased
boost of fragmenting partons at higher pT

D.
The comparison of the fit parameters shows an overall agreement within statistical uncertainties of

the parameters of the Von Mises and of the Generalised Gaussian + Gaussian fitting functions.
In addition to that, the values of χ2/ndf are very similar in both the fits, where χ2/ndf is a parameter
that represents how well the calculated data describe the observed data. For χ2/ndf = 1, the calculated
data fit perfectly the observed ones.

In the end, it is possible to state that the Von Mises function is a good candidate for fitting the
azimuthal correlation function since it gives results comparable with those of the Generalised Gaussian
+ Gaussian fitting function and, most importantly, the Von Mises is way simpler thanks to the absence
of the β parameter, thus it has one less parameter than the Generalised Gaussian + Gaussian. In fact,
the β parameter not only is very hard to calculate - it has to be fixed to Monte Carlo value, inducing a
slight, but unwanted, model dependence - but it forces the function to fit the data, losing some physics
behind the processes. The main advantage of the Von Mises function is that it does not need to be forced
for fitting the data well.
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5.2 Comparison between the Generalised Gaussian + Gaussian and the Von
Mises fitting functions for pp and p-Pb collisions at

√
s = 5.02 TeV

A similar data analysis has been performed on the azimuthal correlation function of D mesons with
associated particles for pp and p-Pb collisions at

√
s = 5.02 TeV. These data have been already fitted

using the Generalised Gaussian + Gaussian in [3].
In this work, instead, the azimuthal correlation function has been fitted using both the Generalised

Gaussian + Gaussian and the Von Mises functions, then the results from the fit and from the comparison
of the parameters have been studied and compared to those of the pp collisions at

√
s = 13 TeV.

Figure 11 and Figure 12 show the results of the azimuthal correlation distribution with the superim-
posed fit functions for pp collisions at

√
s = 5.02 TeV in the pT

assoc intervals 0.3 < pT
assoc < 1 GeV/c

and 1 < pT
assoc < 2 GeV/c for the pT

D range 3 < pT
D < 5 GeV/c, while Figure 13 shows comparison

of the fit parameters in the same intervals of pT.

(a) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 3 < pT
D < 5 GeV/c

(b) Von Mises fitting function for the pT
D interval

3 < pT
D < 5 GeV/c

Figure 11: Azimuthal correlation functions of D mesons with associated particles for pp collisions at
√
s

= 5.02 TeV in the pT
assoc range 0.3 < pT

assoc < 1 GeV/c.

(a) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 3 < pT
D < 5 GeV/c

(b) Von Mises fitting function for the pT
D interval

3 < pT
D < 5 GeV/c

Figure 12: Azimuthal correlation functions of D mesons with associated particles for pp collisions at
√
s

= 5 TeV in the pT
assoc range 1 < pT

assoc < 2 GeV/c.
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(a) Fit parameters comparison for the pT
assoc in-

terval 0.3 < pT
assoc < 1 GeV/c

(b) Fit parameters comparison for the pT
assoc in-

terval 1 < pT
assoc < 2 GeV/c

Figure 13: Comparison of the parameters of the azimuthal correlation function fitted with the Generalised
Gaussian + Gaussian function (red) and with the Von Mises function (blue) in the pT

D range 3 < pT
D < 5

GeV/c for pp collisions at
√
s = 5.02 TeV.

Figure 14 and Figure 15 show the results of the azimuthal correlation distribution with the super-
imposed fit functions for p-Pb collisions at

√
s = 5.02 TeV for the pT

assoc intervals 0.3 < pT
assoc < 1

GeV/c and 1 < pT
assoc < 2 GeV/c for the pT

D range 3 < pT
D < 5 GeV/c, while Figure 16 shows the

results of the fit parameters comparison for the same intervals of pT.

(a) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 3 < pT
D < 5 GeV/c

(b) Von Mises fitting function for the pT
D interval

3 < pT
D < 5 GeV/c

Figure 14: Azimuthal correlation functions of D mesons with associated particles for p-Pb collisions at√
s = 5.02 TeV in the pT

assoc range 0.3 < pT
assoc < 1 GeV/c.

(a) Generalised Gaussian + Gaussian fitting func-
tion for the pT

D interval 3 < pT
D < 5 GeV/c

(b) Von Mises fitting function for the pT
D interval

3 < pT
D < 5 GeV/c

Figure 15: Azimuthal correlation functions of D mesons with associated particles for p-Pb collisions at√
s = 5.02 TeV in the pT

assoc range 1 < pT
assoc < 2 GeV/c.
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(a) Fit parameters comparison for the pT
assoc in-

terval 0.3 < pT
assoc < 1 GeV/c

(b) Fit parameters comparison for the pT
assoc in-

terval 1 < pT
assoc < 2 GeV/c

Figure 16: Comparison of the parameters of the azimuthal correlation function fitted with the Generalised
Gaussian + Gaussian function (red) and with the Von Mises function (blue) in the pT

D range 3 < pT
D < 5

GeV/c for p-Pb collisions at
√
s = 5.02 TeV.

It is possible to see from the results that the near-side and away-side yields and the near-side width
trends are compatible with those at

√
s = 13 TeV for pp collisions, while the away-side peak narrowing

is not observed due to less precision in lower
√
s collisions.

In addition to that, the Von Mises function gives results comparable to those of the Generalised
Gaussian + Gaussian for both pp and p-Pb collisions, thus it can be said that the Von Mises function is
a good candidate for fitting the azimuthal correlation function also for other collisions.

6 Conclusions

A study of the Von Mises function used for fitting the azimuthal correlation function of prompt D
mesons with associated charged particles, measured in pp collisions at

√
s = 13 TeV with the ALICE

detector, was presented.
The possible advantages of using the Von Mises function w.r.t the Generalised Gaussian + Gaussian
function for fitting the azimuthal correlation function, also at lower-energy collisions, have been reported.
Specifically, not only there is an overall agreement within the statistical uncertainties of the values
obtained for the fit parameters between both the fitting functions, but also the Von Mises is a more
suitable function for studying the azimuthal correlations thanks to its periodicity and, most importantly,
to the absence of the β parameter, which forces the function to fit the data; thus, the Von Mises function
has less parameters and less model dependence.

The study of the Von Mises fitting function might be relevant not only for understanding more deeply
proton-proton collisions, but also in view of future heavy-ions collisions, like Pb-Pb collisions, that could
be accessible during the Run 3 of LHC.
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