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Abstract

This thesis describes two complementary analyses related to the four-body D° —
KT*K-7ntn= and D° — nta~nt7n~ decays, where the ultimate objective is to
study CP violation and measure the CKM angle v. First, a model-independent
determination of parameters describing the strong-phase difference between the
DY and D° — K+*K-ntn~ decays is performed. The analysis uses a sample of
quantum-correlated DD pairs produced in eTe™ collisions at the ¢(3770) resonance.
The data sample corresponds to an integrated luminosity of 16 b, recorded by
the BESIII detector. The measurement is performed in bins of phase space, using
a five-dimensional binning scheme optimised for sensitivity to ~.

In the second part, a sample of pp collisions collected by the LHCb detector, cor-
responding to 9fb~! of integrated luminosity, is used to obtain a model-independent
measurement of v with the B* — Dh* decay, where h = K or m. The neutral
charm meson subsequently decays to the four-body D — Kt K ntn~ orntn wtn~
modes. This is the first binned measurement of v using these multi-body decays,
utilising strong-phase parameters from BESIII as external inputs. Additionally, a
study of the phase-space integrated CP-violating effects is also performed.

The result is v = (53.675%)°, which is a combination of both phase-space
binned and phase-space integrated C'P-violating observables. It is one of the most
precise stand-alone measurements of the CKM angle . The uncertainties are

currently statistically dominated.
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Introduction

If the Standard Model of Particle Physics (SM) had been correct, the world as we
know it could have been very different. In fact, all matter in the universe would
perhaps not exist, since it would quickly annihilate with the anti-matter that is also
present. The universe would end up as a large soup of energy, mostly in the form of
photons. Particles such as electrons or quarks could enter in and out of existence
through pair production, but never stay around long enough to form stable matter.
How can such a world be reconciled with the reality of a matter-dominated uni-
verse? The SM cannot answer this. Moreover, the SM has several other deficiencies.
For instance, it cannot explain the nature of dark matter or dark energy, nor is it
compatible with general relativity. Clearly, the Standard Model is incomplete!
An understanding of fundamental differences between particle and anti-particle
interactions is a potential first step towards a complete theory of particle physics.
Very precise measurements of key SM parameters can play a crucial role in revealing
the mechanism that generates an asymmetry between matter and anti-matter.
Throughout the history of particle physics, many discoveries have been guided
by existing precision measurements. In particular, precise measurements at low
energies can be sensitive to new physics at higher energy scales through loop-level
corrections. An example is the Glashow-Illiopoulos-Maiani mechanism [1], which

predicted the existence of the charm quark, and was motivated by the suppression of



2 1. Introduction

flavour-changing neutral currents, such as the K° — pu*p~ decay or K°-K° mixing.
A related example is the top quark mass, which was constrained before its discovery
by global fits [2] of electroweak observables and by B-B° mixing parameters |3, 4].

The work presented in this thesis follows the same theme of precision mea-
surements. Specifically, the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing
matrix |5, |6] was proposed in 1973 by Makoto Kobayashi and Toshihide Maskawa,
and it built on previous work by Nicola Cabibbo in 1963. It was developed as an
explanation for CP violation, which is one of the ingredients for understanding
matter and anti-matter asymmetry. The CKM matrix describes the quark flavours
and how they couple together through charged-current weak interactions.

By over-constraining the CKM parameters with precise measurements, potential
discrepancies may reveal hints to where new physics beyond the SM may lie. The
central topic of interest for this thesis is the CKM angle v, which is considered a
“standard candle” measurement for the SM. Precision measurements of this SM
reference, when compared with determinations that are sensitive to non-SM effects,
may indirectly reveal physics beyond the SM.

This thesis studies the decay B* — Dh*, where h = K or 7, and the neutral
charm meson subsequently decays into D — KTK nfx~ or #tn~ntn~. The
analysis is performed in bins of phase space, which requires external charm strong-
phase inputs. The analysis therefore benefits greatly from the complementarity
between hadron colliders and charm factories.

The thesis is structured as follows. Chapter [2 provides a general background to
CP violation and the strategies for determining . In Chapter 3] the optimised phase-
space binning is developed. The strong-phase inputs are measured with a data set
taken in ete~ collisions at the DD threshold, corresponding to 16 fb~" of integrated
luminosity. The data are collected by the BESIII detector, which is introduced in
Chapter 4] The subsequent analysis is described in Chapters [fland [ The final part
of the thesis concerns an analysis of a data set corresponding to 9fb™" collected by
the LHCb experiment, which is described in Chapter [7] In Chapters [§ and [9 one of

the world’s most precise stand-alone measurements of the CKM angle ~ is presented.
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2.1 The Standard Model of Particle Physics

The Standard Model of Particle Physics (SM) is one of the most successful theories
in fundamental science. To date, this theory of elementary particle interactions
has not been falsified, and it has been experimentally verified to a precision of
10712 . In addition to its impressive agreement with precision measurements,

the SM also predicted the existence of several elementary particles. These include



the W+ and Z bosons, top and charm quarks, and the Higgs boson, which were

all observed subsequently by experiment.

2.1. The Standard Model of Particle Physics

Standard Model of Elementary Particles

three generations of matter
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Figure 2.1: Elementary particles of the Standard Model. Illustration taken from Ref. [8].

The fundamental building blocks of the SM are presented in Fig. [2.1] and these
elementary particles can in general be categorised as either fermions, which have
half-integer spin, or bosons, which have integer spin. These particles interact with
each other through the electromagnetic, weak and strong interactionsﬂ There are
two classes of fermions. The quarks, which form the top two rows of fermions in
Fig. [2.1] participate in all three interactions. The last two rows of fermions are
known as leptons. The charged leptons, which are the electron, muon and tau,
interact through both the electromagnetic and weak interactions, while their neutral
partners, known as neutrinos, only undergo weak interactions.

The gauge bosons, which are listed in the fourth column in Fig. 2.1] are known
as exchange particles or force carriers. Particles interact by exchanging these gauge
bosons, as illustrated in Fig. [2.2] Specifically, the diagram on the top left in Fig. 2.2
shows an electromagnetic interaction through the exchange of a photon . Therefore,

photons are the force carriers of the electromagnetic interaction. Similarly, the top

LA fourth interaction, known as the gravitational interaction, is not described by the SM.
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right diagram in Fig. shows a strong interaction with a gluon exchange, while

the bottom diagrams show weak interactions mediated by the W+ and Z bosons.

e~ e~ U d
Y
g

e~ e~ U d

U U e~ e~

A
W+
3 et v, Vy

Figure 2.2: Feynman diagrams of (top left) electromagnetic, (top right) strong and
(bottom) weak interactions

The first generation of fermions, which form the leftmost column in Fig. 2.1}
make up almost all visible matter in the universe. The up and down quarks are
usually tightly bound by the strong interaction to form protons and neutrons.
Together with the electron, which is a first generation lepton, these make up all
atoms in the visible universe. Additionally, the electron is accompanied by a
corresponding neutral lepton, known as an electron neutrino, which only interacts
through the weak interaction.

The second and third generations of fermions can be considered as heavier
copies of the first generation of fermions. Apart from the heavier particle masses,
these fermions have the same charge and spin, and their interactions are found
experimentally to be identical to those of the first generation of fermions.

In technical terms, the SM is constructed as a gauge theory. Such theories
are characterised by a set of N fermion quantum fields ¢, and under the SU(N)

transformation b — V), where V1V = I the action is left invariant. Furthermore,
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it V' is allowed to depend on the spacetime coordinates z,, it is necessary to
introduce a massless gauge field A,, in order to keep the action invariant under
the local gauge transformation.

For N = 3, the gauge field is identified as a gluon field, and the three components
of ¢ are the three colour charges of the strong interaction. Furthermore, the gauge
theory with the symmetry U(1) x SU(2) is known as the electroweak interaction,
with four accompanying massless gauge bosons. Through the Higgs mechanism,
this symmetry is spontaneously broken into U(1), where one massless gauge field
is identified as a photon field, while the remaining three become the W+, W~
and Z bosons. Thus, the full SM is a gauge theory under the symmetry group
U(1) x SU(2) x SU(3).

While the photon and gluons fields are massless, the W* and Z gauge bosons
are observed to have mass. In order to preserve local gauge invariance, these
gauge fields obtain their masses through their interaction via the Higgs field. The
observation of the Higgs boson, which is an excitation of the Higgs field, was the
final elementary particle of the SM that was discovered.

The existence of the Higgs boson also has significant implications for fermions,
which obtain their masses through a coupling term in the SM Lagrangian of the
form ;y;;1;¢, where ¢ is the Higgs field. The complex 3 x 3 matrix y;; allows the
mass eigenstates to differ from the flavour eigenstates, and this allows for many

interesting phenomena that will be discussed further in Sections [2.2] and [2.3]

2.2 Symmetries in Particle Physics

Although gauge symmetries play a crucial role in the construction of the SM,
as described in Section [2.1] symmetries also have a much more important role
in physics. According to Noether’s theorem [9], every continuous symmetry of
the action of a system has a corresponding conservation law. Specifically, the
invariance of the SM action under temporal and spatial translations leads to the
conservation of energy and momentum, while gauge symmetries are responsible

for the conservation of charge.
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In addition, there are three discrete transformations that were originally thought

to be fundamental symmetries:

1. Charge conjugation C' changes the signs of all additive quantum numbers of a

particle, which include electric charge, lepton number and quark flavours.

2. Parity P inverts the direction of all vectors, such that a particle with

momentum p is transformed into a particle moving with momentum —p.
3. Time reversal T transforms time ¢ to —t.

Each of the operators C', P and T have eigenvalues £1, which are referred to as
even and odd eigenvalues, respectively. Any Lorentz-invariant quantum field theory
must be invariant under the combined CPT transformation [10]. The implications
of this symmetry is that all particles in the universe have the same mass and
lifetime as their corresponding anti-particles.

Experimentally, each of the C, P and T transformations are also found to be
symmetries of the electromagnetic and strong interactions, meaning that those
interaction terms in the SM Lagrangian are invariant under such transformations.
However, this is not the case in weak decays. In 1956 an experiment, proposed by
C. N. Yang and T. D. Lee [11] and conducted by C. S. Wu et al. [12], confirmed
the violation of P symmetry. Furthermore, in the weak interaction it is found that
both C' and P are maximally broken. In the framework of the SM, the violation of
C and P occur because the weak charged currents, which are mediated by the W=
boson, exclusively couple left-handed fermions and right-handed anti-fermions.

Although both C' and P are maximally violated, the combined operation CP
was initially expected to be a fundamental symmetry. This transformation turns
left-handed fermions into right-handed anti-fermions. In 1964, in an experiment by
J. W. Cronin and V. L. Fitch |13] involving neutral kaons, it was established that
CP was broken as well. This discovery also implies that T" must be broken such that
the combined CPT transformation is a symmetry. The violation of 7" symmetry has

also been explicitly observed in the kaon system by the CPLEAR experiment [14].
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The violation of CP has very important implications for baryogenesis, a process
during the early universe that produced a small asymmetry in baryonic matter.
Although this asymmetry was very small, around O(107?), its consequence is that
everything in the visible universe today consists of matter, and not anti-matter.
The role of CP violation in baryogenesis can be summarised with Sakharov’s three

conditions for baryogenesis [15]:

1. Baryon number must be violated, such that more baryons than anti-baryons

may be produced.

2. C' and CP symmetries must be violated. If only baryon number is violated,
for every process that produces excess baryons there is also a process that

produces the same excess of anti-baryons.
3. Interactions must occur out of thermal equilibrium.

Although both C' and CP violation are described by the SM, the observed size
of CP-violation effects are currently many orders of magnitude smaller than that
required to explain baryogenesis [16]. Therefore, it is essential to understand the
mechanism that generates CP violation and properly understand the origin of

CP-violation effects that is responsible for baryogenesis.

2.3 The CKM matrix and CP violation

In the SM, the origin of CP violation can be traced back to quark couplings with the
W= boson. An example is shown in the diagram at the bottom left of Fig. where
the W* boson couples quarks across different generations. In contrast to this, the
other diagrams in Fig. show processes with photon, gluon and Z boson couplings,
and these couple exclusively to quarks and leptons within the same generations.

This seemingly odd behaviour of W+ couplings with quarks occurs because in
general, the quark flavour eigenstates that couple to the W* boson are different
from their mass eigenstates. The up-type quark mass eigenstates (u,c,t), in

the conventional basis, are chosen to be identical to their flavour eigenstates
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(v, ,t"). The down-type quark eigenstates are then related by the unitary CKM

matrix Vexm [5, (17]

d’ d Via Vus Vi d
S =Vexm |5 = |V Vs V| 5],
v b Vie Vie Vi) \b

which allows the W boson to couple quarks between different generations. The
CKM matrix is directly related to the complex matrix y;; mentioned in Section [2.1}
The CKM matrix has 3 x 3 complex entries, or a total of 2 x 9 = 18 parameters.
However, the unitarity condition imposes 9 constraints on the elements. Furthermore,
since the six quark wavefunctions have five arbitrary phase differences, there are
only 18 — 9 — 5 = 4 free parameters.
In the parameterisation proposed in Ref. [18], the four free parameters are

identified as three rotation angles 65, 013, 623 and a complex phase dcp,

1 0 0 C13 0 8136—2'5013 C12 S12 0
Vekm = |0 caz a3 0 1 0 —s12 ¢z 0],
0 —S893  Ca3 —8136_260}_’ 0 C13 0 0 1

where ¢;; = cos(6;;) and s;; = sin(6;;). The angle 6, is identified as the Cabibbo an-
gle 6o [5].

The presence of a complex non-zero phase dcp in the CKM matrix has im-
plications for CP violation, as this phase swaps sign under CP transformations.
Such phases are referred to as weak phases and are to be compared with strong
phases, which do not change sign under CP. Strong phases are usually introduced
in processes that involve intermediate states due to QCD interactions.

In a process with strong phase ¢ and weak-phase d¢p, its amplitude A =
| Ale?€+9cr) transforms under CP into A = |A|e"¢%r). Hence, when both the
strong phase £ and weak phase dcp are non-zero, the amplitude will have a different
phase factor. In processes where there is another amplitude B for this to interfere
with, the combined decay rate “A|ei(5+‘5cp) + B ’2 differs from its CP conjugate,

2

‘|A\ei(5_‘5CP) + B|, which is a violation of CP symmetry. In fact, dcp is the only

observed CP-violating phase in the SM.
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The CKM matrix can be expressed using the Wolfenstein parameterisation [19)

in order to emphasise the relative sizes and phases of the CKM matrix,

1—\?/2 A AX3(p —in)
Vokum = —A 1—X/2 AN? + O\, (2.1)
AN(1 —p—in) —AN? 1

where s15 = A, 523 = AN? and s13 = AN*(p+i7n). In this parameterisation, it becomes

apparent that to leading order, the non-zero imaginary elements are V,, and V,,.

2.4 The Unitarity Triangle and the CKM angle ~

A convenient representation of the size of CP violation in the SM is found by using

the nine unitarity conditions of Vekn, which can be expressed as >, i Vis
Vi; are the components of the CKM matrix. The six conditions with i # k can
be visualised as closed triangles on the complex plane, all with the same area. It
can be shown that the level of CP violation is proportional to the area of these
triangles [20]. The triangle with i = 1 and k = 3 is particularly interesting from
an experimental point of view,

ViaVay | VidV

1
v v

as all three sides and angles of this triangle are of similar sizes. This particular
triangle is known as the Unitarity Triangle (UT) and is shown in Fig. . Experi-
mentally, by measuring the lengths of the sides and the size of the angles of the
UT, one can test the unitarity of the CKM matrix by overconstraining the UT.

(p.n)

ViaV,

u

Vea Vi

(0,0) (1,0)

Figure 2.3: The Unitarity Triangle. Source: Particle Data Group [21].
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The angle ~, which is also denoted ¢3, is the main topic of interest for this

thesis. It is defined as

v = —arg (“dvu*b), (2.2)

and by comparing Eq. and Fig. , the angle v is identified as the phase
dcp to order O(A\?).

In addition to its importance in the understanding of CP violation in the
SM, measurements of v are also crucial for precision tests of the SM, which may
reveal inconsistencies. In particular, v is the only angle in the UT which can be
measured in processes at tree level. Furthermore, direct measurements of v do not
require external inputs from theory, making it a clean observable with theoretical
uncertainties smaller than O(1077) [22]. Therefore, 7 is an ideal standard candle
for precision tests of the SM. Currently, the direct measurements have a world
average of v = (65.91733)°) [23].

The direct measurements can be compared with indirect measurements, which
are obtained by constraining the other angles and sides of the UT. By assuming the
unitarity of the CKM matrix, which implies that the UT is a closed triangle, the
angle v may be deduced. Several of these indirect measurements are performed on
loop-level processes, which may be sensitive to physics beyond the SM. Thus,
by comparing the indirect loop-level measurements of v with the direct tree-
level measurements, new physics effects where the CKM matrix is non-unitary

may be revealed.

2.5 Indirect loop-level constraints on ~

Figure shows loop-level measurements that are sensitive to v from Ref. [23].
The most important physics observables are the measurements of the CKM angle
$ and the measurement of |V,,V;;/V. V|, which is the length of the side opposite
of the CKM angle «. It can also be seen in Fig. that measurements of neutral
kaon mixing-induced CP-violation, encoded in the parameter €x, can to some

extent constrain v at loop level.
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Figure 2.4: Loop level measurements of v from CKMFitter [23].

Measurements of the angle 8 can be obtained through the study of time-
dependent CP violation in neutral B° mesons. Recently, LHCb published a world-
leading measurement [24] using decays of BY and B® mesons to J/K§ and ¢(25) K§.
Together with the HFLAV average [25], the result is § = (22.5 & 0.4)°, which is
the most precisely known CKM angle.

The measurement of the length |V,,V;i/V., V2| can be obtained from analyses of
B°-B° [26] and B%-BY [27] oscillations. However, while the mixing frequencies Amyg
and Am, are known to high precision, the interpretation of these observables in
terms of the CKM side length |V,,V;;/V., V.| requires external inputs from lattice
QCD that are dominated by theoretical uncertainties. Therefore, the combined
indirect loop-level measurement of v, which is (66.37-7)° [23], is dominated by
theoretical lattice QCD uncertainties. Nevertheless, it is more precise than the

direct measurements of ~.

2.6 Direct measurement of v in B¥ — DK%
decays

The golden channel for direct measurements of v is B* — DK?*, where D can

either be a D° or a D° meson. The Feynman diagrams of these decays are shown in
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Fig. [2.5] where the left diagram shows the favoured B~ — DK~ decay. The right
diagram shows B~ — DK ~, which is colour suppressed and also CKM suppressed.
The quark transitions of these diagrams are b — cus and b — ucs, respectively.
According to Eq. , the weak-phase difference between these diagrams is exactly
the angle . To observe interference effects between these diagrams, the D° and
D mesons must decay to a common final state. Thus, the CKM angle v can be

measured directly from the interference effects in B*¥ — DK* decays.

S b u _
} - p - - Do
U W c
w B- <
b - - cC S
~ - ~ \ - ~
U U U U

Figure 2.5: Feynman diagrams of B~ — DK~ decays at tree level.

Quantitatively, the decay amplitude of the B~ decay is a coherent sum of the
two amplitudes represented by the diagrams in Fig. 2.5

A(B~ = DK) = A(B~ — D°K")| A(D") + A(D")rg* exp (i(65" —7))], (2.3)

where rE% is the magnitude of the ratio between the B~ — DK~ and B~ — DK~
amplitudes and §5¥ is their strong-phase difference. Since ~y is the weak-phase
difference, under a CP transformation it changes sign, and the corresponding

expression for BT decays is
A(B = DE*) = A(B* — D'K*)| A(D") + A(D")r§* exp (i(55" +7))]. (2.4)

The prefactors A(B~ — DYK~) and A(BT™ — D°K™) in Egs. and
are the decay amplitudes when the charm meson decays to a flavour-specific final
state, such as D° — K~ putv,. Since these tree-level decays do not exhibit any
interference effects, these prefactors must be equal, and effectively they normalise the
decay rate. While normalisation factors are treated as free parameters, they are not

parameters of interest and will be referred to as nuisance parameters in this thesis.
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In Egs. (2.3) and (2.4), the three unknown parameters are v, 655 and rB%

OB and rBK,

The angle v is therefore measured together with the parameters
whose values are affected by unknown QCD effects. By treating these as nuisance
parameters instead of using external inputs from theory, the measurement of ~
becomes theoretically clean. From the CKM matrix elements, and the colour
suppression factor of three, it can be estimated that rB% ~ 0.1, which gives a
measure of the size of C'P-violation effects.

The diagrams of the decays B* — D%r* and B*¥ — Dr* are analogous to
those in Fig. 2.5 but with the s quark replaced by a d quark. These decays have a
branching fraction that is 13 times larger than that of the B* — DK* mode [21],
and the identical decay topology make these decays convenient for measuring ~v as
well, with different nuisance parameters 65™ and rE™. However, from CKM matrix
elements, it is estimated that rE™ ~ 0.005, making the CP-violating effects about
20 smaller than those in the B¥ — DK¥ decay. In addition, since the CKM matrix

elements of these B* decays differ by a relative minus sign, the asymmetries in the

B* — D7n* mode are usually opposite in sign to those in B* — DK®.

DOK - A(D")

Aprpe’® \\ DK~ /DO

Figure 2.6: Visualisation of the two decay paths in a B~ — DK~ decay, with D decaying
into a CP-eigenstate. The amplitude Ap is shorthand for the favoured B~ — DK~
decay.

The amplitudes of the charm meson decay, A(D°) and A(DV), take different
relative values depending on the type of D decay considered. In a strategy proposed
in Refs. [2829], which will be referred to as the GLW method, D meson decays to CP
eigenstates are considered. A visualisation of the two decay paths is shown in Fig.[2.6]

where the relative thickness of the arrows indicate the relative sizes of each amplitude.
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Important CP-even D decays are D — KTK~ and D — 77—, while D — K{n°
is an important CP-odd decay. The amplitudes in such decays are related by
A(D°) = £ A(D"), where the positive (negative) sign applies to CP-even (odd)
eigenstates. With these simplifications, the B* decay rates can be calculated

from Egs. (2.3) and (2.4) to be
['(BT - DKT) = h[l + ( DK) + 2r2% cos (63K F 7)}, (2.5)

where the normalisation constant h = T'(B~ — DK ~)T'(D°) is the decay rate of
the favoured decay path. The third term, which represents the interference effects,
is different between B~ and BT and is therefore responsible for CP-violation effects

when both the strong- and weak-phase differences are non-zero.

As DK~ “SDA(DO)

Figure 2.7: Visualisation of the two decay paths in a OS B~ — DK~ decay. The
amplitude Ap is shorthand for the favoured B~ — DK~ decay.

In the second method for determining 7, which is known as the ADS method [30],
D decays to final states with a net strangeness are studied. These final states,
such as the Cabibbo-Favoured (CF) decay D — Kt are very powerful due to
the existence of a corresponding Doubly Cabibbo-Suppressed (DCS) decay D° —
K7~ By parameterising the suppression as A(D° — K*7~) = rEme=#5" A(D° —

K*77), the decay rates of the B decays are

(BT - DKT) = h[(rﬁ“)Z + <T§K> + 2r 5 BT cos (6gK + 68" F 7)] (2.6)

The parameter 657 is the strong-phase difference between the CF and DCS charm-
decay amplitudes. Note that for these decays, the favoured B* decay is followed

by a DCS D decay, while the suppressed B* decay has a subsequent CF D decay.
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Thus, as illustrated in Fig. [2.7] the two decay paths are similar in magnitude, and
the relative interference effects are expected to be large. These “ADS” decays are
also known as Opposite Sign (OS) decays, as the kaon from the B* decay has the
opposite sign to that of the D decay. This is different from Same Sign (SS) decays,
where the favoured (suppressed) B* decay is further enhanced (suppressed) by a

CF (DCS) charm decay. The interference effects are therefore very small,
I'(B¥ - DKF) = h[l + (rgKrfD“)Q +2rp5r S cos (35 — 657 F 7)] (2.7)

making such decays convenient for the normalisation of observed yields.

w DK ww
.

DK~

ABrBei<<:”0\> DUK™ =" 1 (@)i0(®) A(DO) (@)

Figure 2.8: Visualisation of the two decay paths in a SCMB B~ — DK™ decay. The
amplitude Ap is shorthand for the favoured B~ — DK~ decay.

A third class of charm decays that are powerful for determining ~ are self-
conjugate multi-body (SCMB) decays. Such decays can proceed through intermedi-
ate resonances, which are localised in a multi-dimensional phase space. Generally,
the D° and D" decay amplitudes to a phase-space location ® will be different,
as illustrated by the different arrow patterns in Fig. 2.8l The differential decay

rate over some small region of phase space d® is
2
T(B¥ — DK)(®) = h||AD")(@) + (rp) |A(D")(®)[
2B A(D)(@)]AD)(@)] cos (35 ~ (@) F 7).
(2.8)
where the charm hadronic parameters rp and dp are now functions of . The total
decay rate is found by integrating Eq. (2.8) over d.

The parameter dp(®P) is the strong-phase difference between the decays of

DY and D at the phase-space position ®. Note in particular that external
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knowledge of dp and its dependence on phase space ® is desirable in order to
achieve competitive sensitivity to 7. In Section [2.7], three different methods on

how to treat rp and dp will be discussed.

2.7 Methods for measuring v in self-conjugate
multi-body charm decays

In this thesis, the focus will be on measuring the CKM angle v for the first time
using the four-body SCMB decays D° — KTK-ntn~ and D° — nfn—ntn™,
commonly denoted D° — h*h~7*7~. Such a measurement, known as the BPGGSZ
method [31-34], can be performed using an amplitude model to predict dp at every
phase-space location, and this approach is described in Section However, this

thesis aims to achieve a model-independent measurement by directly measuring

the strong-phase difference dp. Sections [2.7.2] and [2.7.3] outline the ideas and

strategies for this model-independent determination. While the descriptions target
the four-body D — h*h~mTm~ decays, the techniques listed are applicable to
any SCMB decay.

2.7.1 Model-dependent determination of ~

In a model-dependent determination of v, an amplitude model is used to predict
A(D®) at each phase-space point ®. This allows for an unbinned likelihood
function to be constructed from a data set of B*¥ — DK™ decays using Eq. (2.8).
With an unbinned maximum likelihood fit, the best possible statistical sensitivity
to v is achieved.

An amplitude model is conventionally expressed using the isobar formalism,

where the amplitudes of intermediate resonances are considered in a coherent sum,
A®) =) ape'® Fi(®), (2.9)
i

with real parameters a; and ¢ describing the magnitude and relative phase of

each resonance. The functions Fj, are lineshapes, such as Breit-Wigner functions,
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describing the resonances. To determine the parameters a; and ¢y, the model is

fitted to a sample of flavour-tagged D° decays.

50000 K*(892)~ p(770)0
_____ [{ﬂ S_Wave 12000 —— s w(782)
R | K3(1430)~ RS £>(1270)
40000 e ~~10000 |\ f] T e
> — — - K*(1680) >0 Ny ] e p(1450)°
VI | K*(1410)~ (% 8000 — — - 7m S-Wave
— 30000 —
o o
o S 6000
" 20000 o
= -2 4000
) )
W 10000 i
K 2000
0o 03 Lo 15 20 25 30 0o 0.5 10 15 2.0
2 2/ 2
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Figure 2.9: The (left) K7~ and (right) 777~ invariant-mass spectra of D* — K2 t7—,
with the projections of different components from the Belle 2018 amplitude model
shown in coloured curves. The data are shown as black data points.

Isobar models, constructed using Eq. , in general provide an accurate
prediction of the phase-space distributions. This is shown for the D® — K3rt 7~
decay in Fig. [2.9] where a clear K*~ — K37~ resonance is seen on the left, but on
the right several other resonances are also well described, such as the p® — 7+7~

and w — 7T resonances.

However, it should be emphasised that isobar models are only effective at
predicting invariant-mass distributions, which depend on the modulus squared of
Eq. , but the amplitude model has no direct information about the strong-
phase difference. For this reason, it is extremely challenging to evaluate a reliable
systematic uncertainty due to the model dependence, and the wrong choice of
model can potentially bias the measurement of . Thus, while the model-dependent
method for determining ~ using Eq. directly in an unbinned fit results in
the maximal sensitivity, such a method is not reliable as it can have systematic

biases that are impossible to assess.
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2.7.2 Phase-space binned analysis of four-body charm de-
cays

A strategy for obtaining a model-independent measurement of ~, with minimal
degradation of the statistical sensitivity, is to extract information about the strong-
phase difference in the charm system using charm-threshold data. These data are
readily available from ete™ charm factories and the information can be used as
external inputs in the study of B* — DK* data. The procedure for performing
these strong-phase measurements will be outlined in Section [2.§]

Unfortunately, without a model, the functional form of dp(®) is unknown, and
it would require a very large sample of charm-threshold data to determine the
value of dp at every single phase-space location. A more practical approach is
to divide the phase space ® into N discrete regions, which are labelled with bin
indices ¢ = 1,2,..., N, and the average strong-phase differences are determined
separately for each bin.

In addition, since CP violation in the charm system is known to be much smaller
than that in the B¥ — DK™ decay, it may be assumed that CP is conserved in the
D decay. In Ref. [36], a potential bias of (—2.7 4 3.2)° in - was determined, due to
CP-violation effects in the D° — K{n 7~ decay. The study used measurements
of CP violation in this mode from the CDF collaboration [37]. However, the
three-body decay D' — K7~ is dominated by CF amplitudes, which are less
affected by direct CP violation. Any presence of CP-violation effects are therefore
expected to have a larger effect on v measurements in four-body D — hth=mt
decays, which are Singly-Cabibbo Suppressed (SCS) decays. Nevertheless, the
constraints on CP-violation parameters have been measured with much greater
precision by the LHCb collaboration [38], and these effects on « are considered
to be outside the scope of this thesis.

Under CP conservation, for every D° decay at ® with strong-phase difference dp,
there must exist a corresponding C'P-conjugated decay at the phase-space conjugated
location ® with strong-phase difference —dp. Kinematically, ® is obtained from

® by swapping particle charges and reversing their momenta.
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Figure 2.10: The Dalitz space of B¥ — DK* with D — Kg7r+7r*. The B~ decays are
shown on the left and BT decays are on the right. The figure is taken from Ref. |\

Effectively, CP symmetry constrains the strong-phase difference in one half of
phase space to its CP conjugate. This can be exploited by splitting bin ¢ into
two bins 47 which are related by a CP transformation, making a total of 2/ bins
labelled ¢ = +1,42, ..., £/N. The exact choice of an optimised binning scheme for
the D° — K*K~7+7r~ decay is discussed in Chapter [3] while that of the decay
D° — wtr~ntr is obtained from Ref. [40).

The strength of this binned method is that CP-violation effects may be large
in local phase-space regions, but when averaged over all phase space these effects
are diluted. This is caused by the integration of Eq. over phase space, and
large variations in dp(®) will dilute the size of this interference term. This is
illustrated in Fig. [2.10, which shows the Dalitz plots of D — K37*7~ for the
B* — DK#* decays from the analysis presented in Ref. [39]. The prominent
resonance along the vertical is a K*~ — K37~ resonance, while that along the
diagonal is a p° — 7F7~ resonance.

The blue and cyan ellipses in Fig. highlight areas with large asymmetries
between BT and B~ decays. It is also important to note that there are more B~
decays than BT decays in the blue ellipse, while for the cyan ellipse there are more
B* decays. The difference in CP asymmetries is driven by the difference in the

strong-phase difference. Therefore, by carefully picking a binning scheme, large
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local CP-violation effects may be isolated and thus reduce the dilution effects. More
importantly, if a sub-optimal binning scheme is used, only the statistical sensitivity
is degraded, but no systematic biases are introduced to the measurement.

The phases of the interference term in Eq. (2.8)) can be simplified to

rB cos ((5BI?K —dp(®) F 7) =P cos (6§K F v) cos <6D(<I>))
+rEK sin (5§K F ’y) sin (5D(®))

=22% cos ((5,3(@)) + y2% sin ((5D(<I>)),
where the last line defines the Cartesian CP-violating observables
P = rP¥ cos (5§K + 7), yPE = rPX sin <5§K + 7), (2.10)

which contain all information about the physics parameters v, 655 and rE%. The
parameterisation in terms of the C'P-violating observables avoids trigonometric
relations and therefore possesses better behaved statistical properties. A geometric
illustration of this parameterisation is shown in Fig. [2.11} The wedge angle between
the points (x,,yy) and (z_,y_) is interpreted as 2, while the angle between the
bisector of this wedge and the horizontal is dp.

For the binned measurement, Eq. is integrated over each phase-space bin
i, which results in a relationship between the bin yield N;* of BT decays in bin

i, and the physics parameters v, 65% and rB¥,

2 2
N;F = hEK |:Kz + <($:'D:K) + (qu:K> )K_l + 2\/ KZK_l (ZE:,D:KCZ + y?Ksi)} . (211)
The parameter ¢; is the amplitude-averaged cosine of the strong-phase differences

between D and D decays in bin ¢, defined as
J; d®A(D°)|[A(D)] cos (3p(®))
Ci = —
VI dLA(DO)? [, dD|A(DO)

(2.12)

and the expression for sine of the strong-phase difference, s;, is analogous. The
parameters K, are the fractional yields of DY decays in 4, in the absence of
interference, defined as

_ S dPJADY)P

K= a0

(2.13)



22 2.7. Methods for measuring =y in self-conjugate multi-body charm decays

+|
> 01

0.08
0.06
0.04
0.02
0
-0.02
-0.04
-0.06

W
+

|
O
[EY
o
o
[EEY
X

I

Figure 2.11: A geometric visualisation of the Cartesian parameterisation x4 and y4, in
terms of the physics parameters ~, dp and 7.

which by definition is normalised such that Y-, K; = 1. The corresponding fractional
DO bin yields, denoted by K;, are defined analogously, but by CP conservation
they satisfy the relations K; = K_;. Similarly, the strong-phase parameters can
be shown to obey ¢; = ¢_; and s; = —s_; by CP conservation.

While Eq. in its current form can in theory be used for determining ~
from a sample of B¥ — DK™ decays, there are several experimental considerations
that alter its form. First, it should be noted that the normalisation constants
hi, are now split by charge, unlike Eqs. -, where it is necessary to have
a common normalisation in order to measure a difference in the global B~ and
B7 decay rate. The separation of h3, by charge has the effect of removing any
dependence on detection asymmetries between positively and negatively charged
particles. The production asymmetry between B~ and BT mesons may also be
absorbed into the separate hﬁK parameters. Additionally, any dependence on
the global CP-violation effects is removed, and the measurement is therefore only
sensitive to relative CP-violation effects in local regions.

The detection asymmetries arise because the nuclear-interaction cross sections
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differ between positively and negatively charged hadrons. This is particularly
significant for kaons, since s and § quarks interact differently with the detector
material. The size of this effect is around 1% for kaons [41]. The detection
asymmetry is expected to be smaller, but non-zero, for pions.

Although the LHC is a pp collider that produces an equal number of b and b
quarks through the strong interaction, the subsequent hadronisation is different
between B~ and B* mesons [42]. This phenomenon is understood by studying
the hadronisation process in the presence of other quarks, which at the LHC are
the valence quarks that do not participate in the hard pp interaction. Thus, since
the valence quarks influence the hadronisation of b and b quarks differently, a
non-negligible production asymmetry between B~ and B™ is induced.

The second experimental consideration is the treatment of the fractional bin
yields K;, which must be corrected for the non-uniform detector acceptance across

phase space. A modified set of fractional bin yields F; can be defined as

 dBy(®)LADO)P
B= T aelamoE (214)

where 7(®) is the phase-space acceptance due to detector effects. Equation. ([2.11])

must therefore be modified into
NF = hE, [F + ((xQKf + (ngy)F_i + 2/ FiFi (225, + yngsiﬂ. (2.15)

By allowing the F; to be free parameters, the detector effects may therefore
be absorbed into these parameters, which eliminates the need for any efficiency
corrections to observed bin yields. The necessity of this correction is demonstrated
by Fig. 2.12] which shows a comparison between LHCb simulation samples of
B* — DK* decays with D — KtKntn~, and the corresponding simulation
generated in AmpGen without detector effects. Several of the reconstructed
invariant-mass distributions are sculpted by detector effects, which has a direct
impact on the F; values. Furthermore, small effects such as D°-D° mixing and bin

migration can also be absorbed into the F; parameters to first order. In total there
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Figure 2.12: A comparison of five independent invariant-mass distributions of the
DY - Kt*K~ntn~ decay between the LHCD simulation samples and samples generated
in AmpGen without detector effects.

are 2\ such parameters that must be determined, but the constraint 3, F; = 1
reduces this to 2N — 1 independent parameters.

Third, for the mode B¥ — Dz, the bin yields will obey an equation almost
identical to Eq. , but with all DK superscripts replaced by Dm. Since these
decay modes have an identical topology with a common D decay, any phase-space

acceptance or other detector effects n(®) are expected to be similar between these
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modes. This is demonstrated in Fig. [2.13] where a comparison of five independent
invariant-mass distributions of the D° — KT K~7tn~ decay from LHCb simulation
is shown, and it is found that these distributions are nearly identical between

B* - DK?* and B* — Dn*.
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Figure 2.13: A comparison of five independent invariant-mass distributions of the
DY - KTK~ntn~ decay between B* — DK* and B* — Dn¥, obtained from LHCb
simulation samples.

The similarity in the kinematics of these decays therefore allows them to share

the same D hadronic parameters F;, ¢; and s; in Eq. (2.11). This is crucial for
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the measurements of Fj, which are mostly constrained by B¥ — Dz* since its
branching fraction is 13 times larger than that of B — DK® [21]. The sensitivity
to ¢; and s; from B* — Dh* decays is limited, and therefore these are almost

entirely constrained by charm-threshold inputs.

DK DK Dr
+ > Y, T

Unfortunately, as there are eight C'P-violating observables z
and yP™ but only five physics parameters v, 655, rE5 507 and rB7  such a
parameterisation can lead to highly unstable fits. To reduce the degeneracy in
the Cartesian CP-violating observables, alternative CP-violating observables for

the B¥ — Dr* decay are defined as

TDﬂ‘ .
wg" =RET), wT =9, 7= prew|ioy —opN)],  (216)

which can be expressed in terms of xP™ and y?™ using

D Dr, DK _ , Dmn, DK

Ty =Te Ty Ye Y+
D Dn, DK Dr, DK
yr" =T¢ Typt - Ye Ty

This parameterisation reduces the number of CP-violating observables to six
independent parameters 2?5 yPK x?’r and y?”. The :L’?” and yf” observables also
do not have a direct dependence on +y, which is advantageous since the B¥ — Dr*
decay has limited sensitivity to ~.

In summary, Eq. is the key relationship between the observed B* — DK®
yields in phase-space bins, and the CP-violating observables z?% and y?%| the
fractional bin yields Fj, the normalisations k5, and the strong-phase parameters
¢; and s;. Additionally, the B* — Dz decay will also have a set of equations,
with the DK labels replaced with D7 and the CP-violating observables expressed
in terms of x?“ and yf’”.

In total, Eq. provides each phase-space bin with four independent
equations, making a total of 8\ independent equations. These equations are
used to determine the six CP-violating observables, 2N — 1 fractional bin yields and

four normalisation parameters, which form a set of 2N + 9 unknown parameters.

For a unique solution, it is required that 8N > 2N + 9, which is true if NV > 2.
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2.7.3 Phase-space integrated analysis of four-body charm
decays

In Section , the normalisation constants h, are kept independent between
B~ and B" decays, which ensures that the binned BPGGSZ measurement is
unaffected by production and detector asymmetries. However, in fully charged
four-body charm decays, model-independent strong-phase studies have shown that
these decays are predominantly CP-even [43, |44, and useful constraints on v may
be extracted from the global CP-violating effects. Such a measurement will be
referred to as a phase-space integrated measurement, as the analysis considers the
total B¥ — Dh¥ yield over the whole phase space. When Eq. is summed

over all bins, the integrated yield becomes
T DK\ 2 DK
NF = h[l + (rB%)” +2(2F, — 1) cos (65 F 7)] (2.17)

where

2F+ —1= Z \/KiK—ici

can be considered to be the cosine of the strong-phase difference, amplitude-
averaged over all of phase space. The parameter F, is to be identified as the
CP-even fraction. Equation is to be compared with Eq. , and the two
expressions are found to be identical in the case of a CP-even (CP-odd) decay,
where F, = 1 (Fy = 0). The phase-space integrated method is therefore also
known as the quasi-GLW method [45].

In general, as the multi-body decay can proceed via both CP-even and CP-odd
intermediate states, its CP content will be a mixture that dilutes the sensitivity to
v, with 2Fy — 1 as the dilution factor. This was initially appreciated by Ref. |45],

where the channel D — 7tz =70

was identified as a promising decay mode for
improving the precision on . The CP-even fraction of this decay has been measured
to be F. = 0.973 + 0.017 |46], showing that this is an almost pure CP-even decay.

Experimentally, from the four phase-space integrated yields N* of B* — DK®*
and B* — Dr*, the CP asymmetry is determined,

4, = DB~ = Dh™) ~I(B* — Dh")
"TT(B- = Dh~)+ (Bt — Dht)’

(2.18)
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for h = 7 or K, and also the double ratio between the B* — DK* and B* — Dr*

yield,

Ruhrr (B~ = [flpK™) + I'(B" = [f]pK™)

Rep = M= TG S (M) 4 DB — flor)

2.19
RKﬂﬂ'ﬂ ( )

The double ratio Rep is normalised by the corresponding ratio of the SS four-body de-

cay D° — K~ m"n~ 7", which is obtained from Ref. [47]. By construction, the three

CP-violating observables Ak, A, and Rcp are independent of efficiency corrections.
From Eq. , it can be shown that the relationship between the CP-violating

observables and the physics parameters is

B 2rBh(2F, — 1) sin(65") sin(v)

L+ (M2 2rBR(2F, — 1) cos(68") cos(7y)’

Rep = 1+ (r5%)? 4 2rB%(2F, — 1) cos(655) cos(7), (2.21)

(2.20)

h

where terms containing 8™ have been left out in the expression for Rep, and
corrections from DY-DY mixing are also omitted from both equations. However,
such effects are readily included, using the formalism developed in Ref. [48].
Equations and have a four-fold degeneracy due to the invariance
under the transformations (v, dg) — (dp,7) and (v,dp) = (7 — v, ™ — dp), and the
GLW method can therefore not provide a unique solution for 7. Nevertheless, it
can provide interesting constraints that can be combined with the phase-space

binned measurement.

2.8 Quantum-correlated DD pairs

The model-independent measurement strategy described in Section [2.7.2] and [2.7.3

requires the knowledge of the strong-phase parameters ¢; and s;. Although these
can in principle be determined using B¥ — Dh* decays, in order to obtain a precise
determination of ~, it is desirable to measure these parameters directly at a charm
factory. Section describes the theoretical description of quantum-correlated
DD pairs, and in Section these ideas are applied to three categories of decay

modes to determine ¢; and s; in a model-independent manner.
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2.8.1 Double-tag analysis in phase-space bins

At charm factories, the ¢(3770) charmonium state is produced at threshold in

et

e~ collisions. The t(3770) meson, which has a charge-conjugation eigenvalue
C = —1, decays into a DD pair in a strong interaction that conserves the C
quantum number. Since no additional particles are produced at threshold, the
DD pair is in an entangled state, with charge-conjugation eigenvalue C' = —1.

Its wavefunction is therefore antisymmetric,

_ L

V2

and in the subsequent decays, there is a direct correlation between the two D mesons.

¥) (1D%1D°) - 1D%)|D%),

Such a DD pair is for this reason referred to as a quantum-correlated DD pair.
Experimentally, quantum-correlation effects can be observed as a suppression
or enhancement of decay rates, and these effects depend on the CP content of
the D-decay final states. The left plot in Fig. shows an example of such a
correlation effect, where the branching fraction of D — K~ 7" is enhanced when it is
reconstructed together with a C'P-even final state, but it is suppressed when the other
D decay is CP-odd. In the right plot, a similar effect is seen in the D — KT K 77w~

decay, but here it is the events tagged with CP-odd decays that are enhanced.
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Figure 2.14: An example of quantum correlation effects in the (left) D — K~ 7t [49)
and (right) D — KTK w7~ [43] decays. The horizontal axis shows the branching
fraction, which can be suppressed or enhanced when tagged with CP-even and CP-odd
decays.
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The D-decay modes are not necessarily limited to pure CP-even or CP-odd
decay modes, although the asymmetry effects in such decays are easiest to compare
and visualise. In principle any decay with known strong-phase information provides
useful constraints on strong-phase parameters. Furthermore, the analysis shown
on the right in Fig. is integrated over phase space, so the asymmetry effects
may be diluted. Generally, both D decays can be considered in phase-space bins,
which enhances the local asymmetry effects.

Therefore, to set up a generalised formalism for the analysis of strong-phase
parameters, the amplitude of both D decays need to be considered. If the first D
meson decays into a final state f, in the phase space bin labelled by 7, while the second
D meson decays into g in a phase space bin j, then the combined decay amplitude is

A(f.9) = 55 (A(D" = NAD" = ) =AD" > NAD" — ).

where A(D® — f) is the amplitude of the D® — f decay, and similarly for D° — g¢.
The combined amplitude of the D and D meson decays is denoted by A(f, g) and

it is normalised to unity. The amplitude squared becomes

AU 9)F = 5 LD = PIFIAD® > g)f
HAD = [)PIADC = g)P

“2R(AD = [)AT(D° = )AD — g)A (D" — g))]

Analogously to the approach described in Section [2.7.2] the total yield of events
where the first D meson decays into bin ¢ and the second D meson decays into bin

j is found through integrating over the phase-space bins, resulting in

My(f,9) =2 BPBF(D" — /)BF(D’ = g)

x| I/ K+ K] K — 2\ K] K KIRY (] e + s{sﬁ)} (2.22)

where M;;(f,g) is the double-tag yield of D — f and D — g¢ in bins ¢ and j,
respectively, the normalisation constant BF(D® — f) is identified as the branching

fraction of D® — f and N5 is the number of DD pairs produced. The additional
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factor of 2 in front is due to combinatorics, since there are two ways for one D
meson to decay to f and the other decay to g.

If CP is assumed to be conserved in the charm system, Eq. is invariant
under the transformation : — —i and 7 — —j. Therefore, the bin number of the
tag side can be restricted to be strictly positive, 7 > 0, since an event reconstructed
in bin (i, —j) will be equivalent to an event in bin (—i,+75). This eliminates the

factor 1/2, resulting in the expression

Mi;(f.9) =2NppBF(D" — f)BF(D’ — g)
x| K/ KY + K K9 — 2| K{ K] KRS (el o) + s{sg)]. (2.23)

In this thesis, a strong-phase study is performed using Eq. , and such an
analysis is referred to as a double-tag analysis. Each D-meson decay is known as
a tag, or tag mode. In the double-tag analysis, several different tag modes are
combined into double-tag events, which are ete™ — 1(3770) — DD processes
where both D mesons are reconstructed. An example is illustrated in Fig. [2.15]
which shows an eTe™ interaction that produces a 1(3770) that decays into a DD
pair. The dashed lines connecting the two D mesons indicate that they are quantum
correlated. The left meson is reconstructed as a D — Kn*m~ decay, while the
remaining four tracks are found to originate from a D — KTK w7~ decay.

The analysis performed in this thesis will be restricted to double-tag events
where one of the D mesons is always reconstructed in a specific final state, such as
D — hth w7, and this tag is referred to as the signal mode. The other D decay
is referred to as the tag mode, and different categories of tag modes exhibits different
types of quantum-correlation effects with the signal mode D — hth ntw~.

An important advantage of double-tag analyses is that systematic uncertainties
due to efficiencies and unknown branching fractions can be eliminated by normalising
Eq. by its single-tag yield. The single-tag yield of the decay D — g is
defined as the number of events where one of the D mesons is reconstructed in

the D — ¢ final state, while no requirements are imposed on the other D decay.



32 2.8. Quantum-correlated DD pairs

Kt
D ™
,” ——————— ~
.- === _
- - P m
/// ///’ //////
Ve /// ,/ / //
7 - P /
4 s - s !
// i W/ S
/ _
et i 75 Z\/i 7 e
7/ 7 /
/7 Pid e 7
/ - /7
e IC 1) IR
// e - 4
/ - - s
/ - -
- _-" Pid
K -t -
-_——-—— -
S iy -
T
ﬂ--‘r

Figure 2.15: An illustration of a double-tag event in a eTe™ collider, with the dashed
lines indicating a quantum-correlated DD pair that originate from the 1(3770) state in
the middle. The D-meson on the left decays into the final state D — K§W+ﬂ‘_, while the
D-meson on the right decays into D — KtK ntn™.

Specifically, the branching fraction D° — ¢ in Eq. (2.23)) is cancelled in the ratio
of double- and single-tag yields.
To obtain an expression for the single-tag yield from Eq. (2.23), one sums over

all phase space bins of ¢ and j, which results in
M(f,9) = 2NpsBF(D® — f)BF(D" — g)(1 — (2F] - 1)(2F{ - 1)).

Here, the fact that the sum of all K is unity has been exploited, while the terms
containing s; vanish because in the sum over ¢, s; and s_; will cancel. The parameters
F f: and FY{ are the CP-even fractions of the decay D — f and D — g, respectively.

If CP violation is neglected in the D system, D will have an equal probability
of decaying into a CP-even and CP-odd state. Thus, if one considers D — f for

all possible final states f, the sum of 2Fj: — 1 over f will vanish. One is left with

M(g) = 2N, 5BF(D° — g), (2.24)
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which is, by definition, the single-tag yield of DY — g. Note that in deriving
this expression, D-D mixing has been neglected. In Ref. [40], it is shown that
Eq. (2.24) has to be modified to

M(g) = 2N 5BF(D® = g)(1 = (2F¢ — 1)y), (2.25)

where y = (I'y — I'y)/2I'p is a mixing parameter [21].
Together with the single-tag yields, the double-tag yields, Eq. (2.23)) can be
conveniently expressed as

Mij(hhﬂ'ﬂ', g)

i - _
O BF(D° — hham) | K K¢ + K; K¢ — 2 KiKiK?K?(CiC?JFSiS?)]?

(2.26)
where the decay f = hth 7"7~ is the signal mode. Similarly, D — ¢ is denoted
as the the tag mode. The superscripts of K;, ¢; and s; have also been dropped,
and unless stated explicitly this will always refer to the decay D° — hth= w7,
In addition, the mixing correction in Eq. has also been dropped, but in
Eq. and all subsequent expressions it is implied that the single-tag yield

M(g) is corrected for mixing effects.

2.8.2 Extraction of D% D° strong-phase parameters

The tag modes g can in general be split into three categories. In the first category,
g is a flavour tag, which is not binned on the tag side. Pure flavour tags, such
as D' — K~ e'v,, provide unambiguous information about the flavour of the
signal D — hth™ntm~ decay. In this case, ¢ = sJ = 0 because A(D° — g) and
A(D® — g) are never non-zero simultaneously. If the D — hTh~ 7t 7~ decay is
reconstructed in bin ¢, with a D — K~ etr, on the tag side, then Kj-’ = 1 and
Kjg = 0 since the flavour has been tagged as D°. Eq. simplifies to

M;(hhrr, g)
M(g)

However, there are decays such as D — K~ 7", which are quasi-flavour tags.

= BF(D° — hhrr)K;. (2.27)

They are dominated by CF amplitudes, but also contain contamination from the

corresponding DCS amplitudes. In this case, the fractional bin yields are K jg = 1and
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- 2
K ]9 = (TID(”) , while the strong-phase parameters simplify to c? = RE™ cos ((VD(”)
and s7 = R*" sin ((55”). The parameters r5™ and 657 are identical to those used in
the ADS method to measure . The double-tag yield of flavour tags generalises to

Mi (hhﬂ-ﬂ-a g)

(o) =BF(D" — hhn)

X {Ki + (rf,f’f)QKi - 27‘5”RK7FM(CZ- cos (55”) + s; sin (55”))].
(2.28)
The parameter RE™, known as the coherence factor, describes the dilution of the
strong phase difference across the phase space of the flavour tag decay. For the
two-body decay D — K7+, RE™ is equal to unity, but for multi-body decays, such
as D - K—7t7% and D — K—7ntn 7, the coherence factors have been measured
to be RE™ = 0.78 & 0.04 and RE™™ = 0.527512 [50].
In the second category, the tag mode is a CP eigenstate, or a SCMB state with
a known F, value. The yield in bin ¢, after summing Eq. over all 7, is

Mi(hhﬂ-ﬂ-> g)

M) BF(D° — hhrr) [Ki + Ky — 2\ K Kei(2F — 1)}, (2.29)
g

which does not have a dependence on s;.

In the third category of tag modes, one has a SCMB decay that is also binned
in phase space, and this is described by Eq. . SCMB tags therefore provide
sensitivity to both ¢; and s;.

In summary, in a strong phase analysis of D° — hth~7T7~, Egs. ,
and describe the relationship between the ratio of the double tag and single
tag-yields, and the charm strong-phase parameters ¢;, s; and K;. The flavour tags
are generally CF decays with higher branching fractions and mostly constrain the
fractional bin yields K;. The interference effects in flavour tags are suppressed
by rp ~ tan?(6,), and therefore the sensitivity to the strong-phase parameters c;
and s; is limited. From Eq. , the CP tags are expected to provide important

information on the ¢; parameters. Similarly, SCMB tags are sensitive to both

¢; and s;, described by Eq. (2.23).
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Additionally, since all measured observables are expressed as a ratio of double
tag and single-tag yields, the measurement of ¢;, s; and K; will be independent of
efficiencies and branching fractions, to first order. Any systematic uncertainties
due to uncertainties in the efficiency from MC or unknown branching fractions are

fully contained in the measured branching fraction BF(D® — hhn).
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The measurement strategy outline in Section assumed the existence of
a binning scheme optimised for sensitivity to the CKM angle ~. In this chapter,
the design of such a binning scheme is discussed. Its performance is quantitatively
assessed using the maximum-likelihood method, which is a common data analysis
technique for estimating model parameters from measurements. The key principles
of maximum likelihood fits, which will be used repeatedly throughout this thesis,

are explained in Appendix [A]
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3.1 From amplitude model to binning scheme

3.1.1 An amplitude analysis of D - KTK—nTn~

The crucial tool in the construction of a binning scheme for the D — KT K-ntn~
decay is a recent amplitude model of this decay, developed by the LHCb collabora-
tion [38]. The amplitude analysis was performed on a sample of b-hadron decays
into D°u~ X collected in 2011 and 2012. The charge of the u* tags the flavour
of the D° decay. In total, the sample contained 1.6 x 10> D° — KTK rtr~
candidates. This section contains a brief summary of this analysis, while a more
detailed description can be found in Ref. [3§].

To describe the decay, the isobar model was used, as described in Section
Two main decay topologies are considered. In the first, the D° meson can decay to
a pair of unstable intermediate states, such as D° — ¢(1020)p, shown in Fig. ,
which subsequently decay into a pair of charged kaons and pions, respectively. In
the second, the D° meson can undergo a cascade of excited kaon decays, as shown
in Fig. [3.1b| where it first decays to D° — K;(1400)* K, with K;(1400)" — K*0x*

and K*° — Ktr—.

K-
$(1020)
KTt
DO
-
o°
Tt
(a) ¢(1020)(— KtK)pO(— ntn™) (b) K1(1400)(— K*(892)°(— K*t7~))K~

Figure 3.1: The two decay topologies considered in the amplitude analysis of D° —
KtK-ntr—.

In Table 3.1], the different resonances that are considered and their associated
quantum numbers are listed. Most resonances are described by a Relativistic Breit-
Wigner lineshape, but resonances that are broad or near a threshold have more
complex descriptions. In addition, when resonances have large overlaps the K-matrix

formalism is used [51]. This applies to the KK, 7w and K7 S-wave contributions.
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Table 3.1: Resonances considered in the amplitude analysis of DY — K™K~ 77~ [38].

KK T K= KKnr Knm
a0(980)
JP=0%  f,(980) ]{o((1938700)) K (1430)
fo(1370)  °
JP =17 a1(1260) ﬁgigg;
TN gen(g92) K*(1410)
P 11—
Jh=17 ¢(1020) ;(118520)) K*(1680) K*(1680)
JP =2t 5283583 f>(1270)  K3(1430) K3(1430)

To build the amplitude model, an iterative procedure is used. In each iteration,
an unbinned likelihood function £ is constructed following the procedure described
in Section [A.1], and minimised with respect to the magnitude a; and phase ¢y
of each component. The resonance that produces the largest decrease in L is
then added. This is repeated until the total fit fraction starts diverging, which
is caused by many overlapping resonances. The four largest components and
their parameters a; and ¢ are listed in Table [3.2] while the full model with 26
components can be found in Ref. [3§].

To implement and fit the the amplitude model of D° — K+*K 77—, the
AmpGen framework [52] was used. It is a library for fitting and generating
multi-body decays, designed specifically for models with very complex amplitudes
containing many combinations of propagators and spin matrix elements. AmpGen
achieves a fast amplitude evaluation by generating efficient low-level source, which
is compiled and dynamically linked to the executable. This also allows for flexibility
in constructing the amplitude model, and the generated source code can be used
directly without the need to rely on a specific software framework. For the analysis
presented in this thesis, the generated source code for the D° — K+tK - ntzn~

model can be found in Ref. [53].
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Table 3.2: The dominant components in the amplitude analysis of D° —
KTK~7nt7~ [38]. The uncertainties are statistical and systematic, respectively.

Amplitude ag or (rad)
D — [¢(1020)(p — w)°) =0 1 (fixed) 0 (fixed)
DY — K(1400)T K~ 0.614 £0.011 £ 0.031 1.05£0.02 £ 0.05
DO — [K~mt] o[ K 7 ey 0.282 £ 0.004 £ 0.008 —0.60 = 0.02 + 0.10
D° — K;(1270)* K~ 0.452 +0.011 £ 0.017 2.02+0.03 £0.05

3.1.2 The five-dimensional phase-space of D° — KTK—ntn—

The method for measuring the CKM angle ~ described in Section requires
a set of instructions for assigning B* — Dh* candidates to different phase-space
bins. This is referred to as a binning scheme, and it must be optimised for the
best possible precision on 7. In order to develop such a phase-space binning, a
mathematical description of phase space itself is required, as well as an understanding
of its dimensionality.

For an N-body decay, where all decay products are spinless particles, each
final-state particle is described by its four-momentum. This makes a total of 4NV

parameters. Furthermore, the N-body decay must obey the following constraints:

o The total energy and momentum must be conserved, which is a set of four

constraints;

« BEach particle must be on shell, E? — |p]?c? = m2c?, resulting in N constraints

in total;

e The arbitrary choice of reference frame requires two rotations and a boost

that provide three constraints.

In total, there are 3N — 7 degrees of freedom in an N-body decay. In particular,
for a three-body decay there are two degrees of freedom, and the corresponding
two-dimensional phase space is commonly referred to as a Dalitz plot.

In the three-body decays D — KJh*th™, the strong-phase parameters ¢; and
s; were measured, using two-dimensional binning schemes, by CLEO [54] and

more precise measurements were subsequently provided by BESIII [55-57]. The
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binning schemes are visualised in Fig. [3.2] on a Dalitz plot described by the variables
® = (m?%,m%), which are the squared invariant masses of the K3r* pairs. Under
CP transformations, m3 is transformed into m%. To ensure that each bin has a

corresponding CP-conjugated bin, the binning scheme is defined symmetrically about

2

the line mi =m?*, with mi > m?

(m?% < m?) defined as positive (negative) bins.
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Figure 3.2: Left: The “equal §” binning scheme for D° — KQn 7~ Right: The 2 x 2
binning scheme for D% — KgK TK~. The figures are from Ref. .

In four-body decays, which have an additional three degrees of freedom, the
five-dimensional phase-space cannot be easily visualised. Nevertheless, a binning
scheme may be defined analogously, with the help of an amplitude model. A possible
strategy, similar to that in Ref. for the D — K{nTn~ decays, is to use five
arbitrary parameters that describe the phase-space location ® and provide the
decay amplitude and bin number as lookup tables.

However, in five dimensions, a fine-grained lookup table is highly inefficient, and
previous analyses of four-body decays have sought more convenient binning schemes.
In an analysis of the decay D — K3n "7~ n°, described in Ref. [58], no amplitude
model currently exists, and so the known resonances were separated into different
bins. For the decay D — nr7~ 77—, described in Ref. , an efficient lookup table

using an optimised binary tree was developed. Finally, for the CF and DCS decays
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D — K*aFrTn~, described in Ref. [59], the binning scheme was solely based on
the model-predicted strong-phase difference between the CF and DCS decays.
The strategy developed for the decay D — KK w7~ in this thesis uses a
combination of the approaches developed for D — ntn~ntn~and D — K*nFrtn.
First, for each D decay candidate, which has its kinematics described by the four-
momenta of the four final-state particles, the model-predicted amplitudes A(D")
and A(D") are obtained using the amplitude model described in Section m The

ratio of these amplitudes can be defined as
- TD<(I))6MD((D)7

where 0p is interpreted as the strong-phase difference between the D° and D° —
K™K ~nt7~ decays at the phase-space location ®. Similarly, rp is the magnitude
of the ratio of these amplitudes. Effectively, this choice of variables projects the
five-dimensional phase-space ® onto a two-dimensional plane described by the
parameters 6p and rp. Note that this projection uses the model predictions of dp

and rp, and not their actual values, which are unknown.

3.1.3 Binning scheme using model-predicted hadronic pa-
rameters

In the design of an optimised binning scheme, Eq. (2.11)),

Kot ((229) + (08%)") i+ 2y KK (a5 2%s:) |, @TD)

must be considered carefully. Since this relationship between the bin yields and

Ni:F = hT)K

~v depends on the relative size of the interference term, the strategy must be to
maximise the size of this term. This can be achieved in two ways. First, the
magnitude of ¢; and s; must be maximised. Second, the values of K; must be chosen
to favour the interference term relative to the other two terms.

To maximise the magnitude of the strong-phase parameters ¢; and s;, the
integral in Eq. must be performed over a region which maximises the total

integral. If dp(®P) changes significantly within a bin, the sinusoidal oscillations
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will average to zero, and the sensitivity to v will be diluted. Thus, the integral
must be performed over a region where dp(®) has minimal variation in order to
maximise the magnitude of ¢; and s;.

A naive procedure for ensuring minimal variation in dp(®P) is to divide the

model-prediction of §p(®) into N equally spaced bins,

2 2
— ﬁ% — 1) < 0p(®) < —7 + W”z
such that candidates near dp(®) = —r are assigned bin ¢ = 1, while candidates

near dp(®) = +m are put into bin N.

To obtain values of K; that favour the interference term of Eq. , each bin
i should be split into a pair of conjugate bins +¢ and —i such that the difference in
the magnitude of K; and K_; is maximised. This can be achieved by noting that
under a CP transformation, (6p,rp) — (—=dp,1/rp). Therefore, bin i should be
split at the boundary rp = 1, or equivalently In(rp) = 0. Furthermore, because of
the sign swap of dp, the order of the bins need to be reversed in the conjugated

bins. In summary, the assignment of bins +: is

—7r+i7;(z'—1) <dp < —7r+3\7;z', i <0, (3.1)
7T—2N7T(—’i—1) <ép <7r—3\7/,r(—z‘), i > 0. (3.2)

The number of bins N is chosen to ensure a sufficient number of D candidates
in each bin in the charm-threshold data. For the analysis presented in this thesis,
a binning scheme with N/ = 4 is used, but a binning scheme with N' = 8 is
also determined for future analyses.

The binning schemes are visualised in two dimensions described by the pa-
rameters dp and In(rp) in Fig. 3.3] In summary, a D — KtK 7*n~ decay is
assigned a bin by calculating dp and rp using the amplitude model, and Fig. [3.3

is used to assign a bin number.
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Figure 3.3: A two-dimensional visualisation of the simple binning schemes for the
D - KtK—7nT7n~ decay.

3.1.4 Optimisation of the five-dimensional binning scheme

The choice of binning scheme described in Section [3.1.3| successfully assigns phase-
space regions with similar strong-phase content to the same bins, and by construction
it is expected that the large difference between K; and K_; will enhance the
interference effects used to measure . However, since the choice of bin boundaries
in 0p is arbitrary, the simple binning schemes presented in Fig. may not
necessarily provide optimal sensitivity to +.

In Ref. , where a phase-space integrated strong-phase measurement is
performed, it is found that the D — KTK n"n~ decay is predominantly CP-
even. It is therefore expected that the regions near dp = 0 have more dominant
resonances and a finer binning in this region will thus provide higher sensitivity to
~, while regions near dp, = +7 can have a more coarse binning without degrading
the sensitivity to « significantly.

A metric for describing the sensitivity to 7 is the Q-value [60]. It is defined
as the ratio of the v precision in an unbinned fit, which has maximal statistical
sensitivity, relative to that of a binned fit. To derive an analytical form of @),
it may be assumed that the measured bin yields N of B* — DK®* decays are
Poisson distributed and independent. With Eq. , a likelihood function is
constructed using the method described in Sections [A.T]and [A.2] with x5 and yy
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as model parameters. If these are assumed to be Gaussian distributed, it can be

shown that their uncertainties o(z4) are given by

1 1 dN; ’
o2(1s) ZZ: (\/Nif Az ) ) (3.3)

and similarly for o(y+). In the derivation of Eq. (3.3)), it has been assumed that

T4, Y+ < 1, and therefore only leading order terms in x4 and y. are kept.
Equation predicts the z4+ and y; uncertainties from a binned fit. The
predicted uncertainty in an unbinned fit of a sample of B* — DK¥ decays is

analogously derived from Eq. (2.8), resulting in

2
1 / 1 dI'(B+)

— = [ d® . 3.4

o%(xy) ( T(B*) dzs (3-4)

From these measurements of x4 and y4, which are assumed to be uncorrelated,

a new likelihood function is constructed, using Eq. (2.10) with v, dp and rp as

model parameters. Again, assuming that v is Gaussian distributed, it follows that

its uncertainty due to the measurement of B* bin yields is

1 r% 7’%
20) ) T o(y) (3:5)

Hence, from combining Egs. (3.3))-(3.5)), the analytical expression for the Q-

value of the BT decay is

L dvE\? L avE)?
qu)[( 1 dF(Bi)>2 n < 1 dr(Bi))Q]'
/F(Bi) dzy I'(B¥) dy+
The average Q-value from B~ and B* decays, Q* = (Q* + Q%)/2, is used as the
metric of the binning scheme performance. From Eqs. (2.8)) and (2.11]), Eq. (3.6))

can be written in terms of ¢;, s; and K; as

@ -

(3.6)

) Klel(l — C,L2 — 5?)

7 %

Here Ni* are calculated using Eq. (2.11]) with & set to unity. The calculation of

the parameters ¢;, s; and K;, which depend on the choice of binning scheme, is
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described in Section . Note that the value of Ni* depends on v, ép and rg, but
since the magnitude of rp is small, the dependence is very weak. In the binning
scheme optimisation, the values v = 75°, g = 130° and rg = 0.1 are used.

A simplified form of Eq. (3.6) is obtained in the limit x4, y. — 0,
QL =Y Ki(c +s)).

The Q-value can therefore be interpreted as a coherence factor, averaged over all
phase-space bins with K; as a weight. With an infinite number of bins, ¢ + s? — 1
in the absence of any dilution. On the other hand, a poor binning scheme will have
a low coherence and ¢ + s? < 1, resulting in a low @Q-value.

An optimal binning scheme for a measurement of v is obtained by adjusting
the bin boundaries in dp, while keeping the division line at In(rp) = 0 fixed.
Furthermore, since the region with strong-phase difference dp is related to that
at —dp by a CP-conjugation, the bin boundaries are adjusted symmetrically in
pairs around 0p = 0. The bin boundaries at dp = 0 and dp = +£m are kept
fixed during the optimisation.

In summary, to optimise the binning scheme with A" = 4, shown in Fig. [3.34] a
single pair of bin boundaries is varied until the value of () is maximised. The optimal
bin boundary position is found to be at 6p = 1.209rad, resulting in ) = 0.85.
Similarly, the binning scheme in Fig. with N/ = 8 is optimised by allowing
three pairs of bin boundaries to vary, and its performance is found to be @ = 0.90,
with bin boundaries at p = 0.458,1.155 and 2.096 rad.

The optimal binning schemes are visualised in Fig.[3.4] In comparison with those
in Fig. [3.3] the binning schemes in Fig. have finer bins near p = 0 and more

coarse bins near Adp = +, as expected for a decay that is predominantly CP-even.

3.2 An unbinned benchmark for ~

In the past, there have been several analyses that have studied the feasibility of
measuring v using the B* — DK¥ decay with the subsequent four-body decay
D — KTK-wtx~. This four-body decay was first proposed in Ref. [61] using a
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Figure 3.4: A two-dimensional visualisation of the optimised binning schemes for the
D - KtK—7nT7n~ decay.

model-dependent unbinned maximum likelihood fit, and it was predicted that a
sample of 1000 B¥ — DK* decays can achieve a precision of 14°. These studies
were based on an amplitude model by the FOCUS collaboration . In addition, a
more recent amplitude analysis by the CLEO collaboration predicted a precision
of 11° on ~ with a sample of 2000 B¥ — DK® decays.

It is desirable to perform the same study using the most recent amplitude model
by LHCb described in Section . To simulate a B — DK® decay from the
amplitude model of D — K*K~nt7n~, the amplitudes of the D° and D° decays
are combined in AmpGen according to Eqs. and , which is equivalent to
Eq. . For these studies, the parameters v = 75°, g = 130° and rg = 0.1 are
used to generate pseudo-experiments in AmpGen, each containing 2000 B* — DK®*
decays, with an equal number of Bt and B~ decays.

The AmpGen framework is also used to perform a maximum likelihood fit of each
pseudo-experiment, with v, dp and rg as free parameters. The LHCb amplitude
model is used to construct an unbinned likelihood function and the uncertainties
are assessed using the procedure outlined in Sections [A.IfA.3] An example of
the confidence regions obtained from a fit is shown in Fig. [3.5 where the 68.27%
and 95.45% confidence level regions are plotted. The black crosses indicate the

input parameters used to generate the data set.
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Figure 3.5: Results from an unbinned fit of a sample of 2000 generated decays of
B* — DK*. The plots show the Ay? = 2.30 and 6.18 contours, which correspond to a
68.27% and 95.45% confidence level, respectively. The crosses indicate the parameters
used to generate the data set.

In total, 1000 pseudo-experiments are generated and fitted. On the left in
Fig. [3.6] the distribution of fitted values of v is shown. By fitting a Gaussian
function, with its mean, standard deviation and normalisation as free parameters, it
is found that this distribution has a mean of (75.1£0.3)° and a standard deviation of
(10.51 4 0.26)°. Thus, with a sample of 2000 B* — DK=* candidates, the unbinned
maximum likelihood fit benchmark is around 10.5° and the maximum likelihood
estimators are found to be unbiased. The standard deviation of the left plot in
Fig. is consistent with the fitted v uncertainties shown on the right in Fig.

A well-known property of maximum likelihood estimators is that their distri-

butions are asymptotically Gaussian distributed [64]. It is therefore expected that
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Figure 3.6: On the left are the fitted values of v and on the right are its associated
uncertainties o(7), obtained from a set of 1000 fits to pseudo-experiments.

if the data set is sufficiently large, the pull, defined as

it — ,ugen’ 38)

(i)

obeys a normal Gaussian distribution, which has a zero mean and unit standard
deviation. In Eq. , plit 4+ o(p) is the fitted value of p and its uncertainty. The
parameter p®" is the input used to generate the data set. Thus, it is useful to
quantify the statistical properties of v, dg and rg by studying the extent in which
their pull distributions differ from a normal Gaussian distribution.

The pulls of v, 05 and rp are shown in Fig. Each distribution is fitted with a
Gaussian function and the fitted mean and standard deviations are listed in Table[3.3
No biases are seen in the parameters v and dp, and their standard deviations are
found to be consistent with unity. For that reason, the uncertainties on v and dp

are expected to be well behaved, with the correct 68.27% coverage probability.

Table 3.3: Mean and standard deviation of the pull distributions obtained from unbinned
fits to pseudo-experiments.

Variable Pull mean Pull standard deviation

0 —0.03 £0.04 1.043 £ 0.030
0B +0.01 £0.03 1.013 £ 0.029
rB +0.25 £ 0.03 0.955 +0.026

In contrast, the parameter rp is found to have a clear bias, and its pull

distribution has a standard deviation slightly smaller than unity. Such behaviour
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Figure 3.7: Pull distributions obtained from unbinned fits of 1000 pseudo-experiments
performed in AmpGen.

was also observed in similar analyses [39]. As outlined in Ref. [64], the convergence of
a maximum likelihood estimator distribution to a Gaussian distribution depends on
the size of the third derivative, or skewness, of the likelihood function. Intuitively,
the convergence is slower if the likelihood function differs significantly from a
parabola near its minimum.

It is understood that the physical requirement rp > 0 introduces a non-negligible
skewness to the profile likelihood of rg, therefore leading to a slower convergence to
a Gaussian distribution. Nevertheless, with larger sample sizes the pull distribution
of rg showed a reduced bias and its standard deviation approached unity. This
shows that despite the presence of the physical boundary, the distribution rg

is asymptotically Gaussian.
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3.3 Model-predicted strong-phase parameters

To perform a fit analogous to that described in Section in bins of phase space,
Eq. must be replaced with . However, such a fit does not use knowledge
of the amplitude .A(D?), but instead information about the four-body charm decay
is encoded in the parameters K;, ¢; and s;. Although it is desirable to constrain
these parameters in a model-independent manner, for this feasibility study they
can be obtained from the amplitude model using Egs. and (2.13).

In three-body decays, where the phase space ® is two-dimensional, the integrals
in Eqs. and can be determined numerically to arbitrary precision, using
methods such as the trapezoid rule, over the two-dimensional Dalitz plane within the
kinematic boundary. For four-body decays, the trapezoid rule is significantly more
challenging because the five dimensions of ® makes it computationally expensive.
Additionally, it is impossible to find a parameterisation ¥ of phase space where ®
is a flat space. Mathematically, this means that the measure d® = R(Z)d°Z will
always have a non-trivial phase-space density R(Z) # 1.

A more convenient approach is to perform a Monte-Carlo (MC) integration,
which effectively replaces the integral with a sum over points that are uniformly
sampled over the region that is integrated over. For instance, Eq. can
be approximated as

S AD)@)P
M S A @

(3.9)

where in the numerator, there is a sum over a sample of uniformly sampled points
Z that are in the region ®;, corresponding to bin ¢. Similarly, the denominator has
a sum over the whole phase space. The expression for ¢; and s; is analogous.
For three-body decays, such as D — KJh*Th™, the phase space is visualised in
Fig. , and an important property is that using the parameterisation # = (mi, m2_),
the phase space is flat. Thus, points that are uniformly distributed in ® are also
uniformly distributed in the Dalitz plane shown in Fig. The sums in Eq.
can therefore be interpreted as a sum over points that are uniformly sampled

in the regions shown in Fig. 3.2
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This method of MC integration can be generalised for the D — KTK ntn~
decay. Instead of using uniformly sampled data points, a sample of non-resonant
D — K"K 7ntwm~ decays are generated using an algorithm by Raubold and
Lynch [65]. The sums in Eq. are performed over the phase-space points
of these non-resonant decays, and this ensures that regions of phase space that have
a higher or lower phase-space density will be weighted appropriately. In addition
to being computationally efficient, in five dimensions or higher this method also

converges faster than the trapezoid rule.

Table 3.4: Model prediction of ¢;, s;, K;, A; for the optimised 2 x 4 binning scheme.

Bin number C; S; K; K_; Vi V_;
1 —0.3621 —0.6589 0.0312 0.1031 0.1148 0.1148
2 0.8082 —0.3263 0.1010 0.2554 0.1450 0.1450
3 0.8360 0.3370 0.1259 0.2718 0.1457 0.1457
4 —0.3804 0.6297 0.0253 0.0864 0.0945 0.0945

Table 3.5: Model prediction of ¢;, s;, K;, A; for the optimised 2 x 8 binning scheme.

Bin number C; S; K; K_; A; V.,
1 —0.7309 —0.4352 0.0149 0.0471 0.0558 0.0559
2 —0.0080 —0.8527 0.0176 0.0611 0.0635 0.0635
3 0.6426 —0.6028 0.0290 0.1004 0.0746 0.0746
4 0.9159 —0.1722 0.0707 0.1499 0.0658 0.0658
5 0.9253 0.1886 0.0842 0.1694 0.0750 0.0750
6 0.6869 0.6017 0.0405 0.0987 0.0672 0.0671
7 —0.0001 0.8492 0.0139 0.0474 0.0505 0.0506
8 —0.7366 0.4040 0.0125 0.0427 0.0475 0.0475

Using this method of MC integration, the parameters ¢;, s; and K; are calculated
for the 2 x 4 and 2 x 8 binning schemes, and the numerical values are given in
Tables and The fractional bin volume V;, defined as the fraction of non-
resonant decays in bin ¢, has also been calculated. The calculation uses a sample of
5 x 107 non-resonant D — KT K ~7nt7~ decays. As a cross check, the calculation
is performed using a second independent sample of 5 x 107 non-resonant decays,

and the differences are found to be of order O(107%).
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Figure 3.8: Model prediction of ¢; vs s; for the optimised binning schemes.
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Figure 3.9: Model prediction of F; for the optimised binning schemes.

The ¢; and s; parameters are also plotted in Fig. [3.8] and their values are
consistent with Fig. The points near (¢;, s;) = (1,0) are found to be closer
to the unit circle since these bins cover a smaller range in 0p, as seen in Fig. [3.4]
In general, the (¢;,s;) points are well separated from the centre, as expected
from the high @Q-value.

In Fig. 3.9 the model-predicted K; values are plotted, with ¢ > 0 in blue and
i < 01in red. By design, the i > 0 bins have D-decays with In(rp) < 0, so these bins
are expected to be suppressed, relative to the ¢ < 0 bins. In fact, these suppressed

bins behave similar to the ADS decays described by Eq. (2.6)), and the asymmetry
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between BT and B~ is therefore expected to be relatively large in these bins.

3.4 Performance of binned fit of ~

The performance of the optimised binning schemes described in Section [3.1.4] can
be predicted from the combination of the calculated @-value from Section [3.1.4]
and the unbinned benchmark obtained from Section [3.2] Based on Q-values of
@ = 0.85 and @ = 0.90 for the 2 x 4 and 2 x 8 binning schemes, the unbinned
benchmark of (10.51 £ 0.26)° results in a predicted sensitivity of (12.36 £ 0.31)°
and (11.68 4+ 0.29)° for the two binning schemes.

The performance can also be tested directly by performing a binned maximum
likelihood fit of the same pseudo-experiments as those used in the unbinned fit
described in Section To construct a binned likelihood function from Eq. (2.11)),
the D decays in all pseudo-experiments are binned according to Fig. [3.4] The bin
yields, N¥ 4 /N7, are assumed to be Gaussian distributed and independent, so

the likelihood function takes the form of Eq. (A.2).
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Figure 3.10: On the left are the fitted values of v and on the right are its associated
uncertainties o(7y), obtained from a set of 1000 binned fits to pseudo-experiments using
the optimised 2 x 4 binning scheme.

The fitted values of v for the 2 x 4 and 2 x 8 binning schemes are shown on the
right of Figs. [3.10] and respectively. The blue curve, which shows the fitted
Gaussian function, indicates a v precision of (13.0 £ 0.4)° and (12.2 £+ 0.4)° for

the two binning schemes, and this is consistent with the uncertainty distributions
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plotted on the right in Figs. and |3.11] These values are also consistent with

the sensitivity expected based on the ()-values.
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Figure 3.11: On the left are the fitted values of v and on the right are its associated
uncertainties o(7y), obtained from a set of 1000 binned fits to pseudo-experiments using
the optimised 2 x 8 binning scheme.

The pull distributions of v, 05 and rg are also studied in order to make sure that
the fits are unbiased with uncertainties that have the correct coverage probability.
The distributions for the 2 x 4 binning scheme are shown in Fig. [3.12] and those
for the 2 x 8 binning scheme are similar. The mean and standard deviation of the
fits with a Gaussian function are listed in Tables and [3.7] and the behaviour of
v, 0p and rg is very similar to that of the unbinned fit. The bias in rg is worse

in the 2 X 4 binning scheme due to the poorer statistical sensitivity.

Table 3.6: Mean and standard deviation of the pull distributions obtained from binned
fits to pseudo-experiments using the 2 x 4 binning scheme.

Variable Pull mean Pull standard deviation

¥ —0.02 £0.03 0.984 £0.029
0p —0.04 £0.04 1.063 £ 0.032
rB —0.23 £0.03 0.950 £ 0.024
Ty —0.02 £0.03 0.951 £ 0.024
Yt —0.04 £0.03 1.010 £ 0.026
T_ —0.05£0.03 0.984 £ 0.025
Y —0.02 £0.03 0.948 £ 0.024

Ultimately, the binned fit of B* — DK® decays will be performed using the

parameters x4 and yy instead of v, g and rg. Therefore, the binned maximum
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Figure 3.12: Pull distributions obtained from binned fits of 1000 pseudo-experiments
using the optimised 2 x 4 binning scheme.

Table 3.7: Mean and standard deviation of the pull distributions obtained from binned
fits to pseudo-experiments using the 2 x 8 binning scheme.

Variable  Pull mean  Pull standard deviation
v +0.02 +0.03 1.011 £ 0.030
0B +0.03 +0.03 1.006 £ 0.027
B +0.17 £ 0.03 0.951 £ 0.025
Ty +0.05 %= 0.03 0.975 £ 0.026
i +0.02 £ 0.03 1.002 + 0.028
T_ —0.01 4£0.03 0.966 + 0.025
Y —0.01 +£0.03 0.936 £+ 0.025

likelihood fits are also performed using this Cartesian parameterisation, and the
pull distributions are shown in Fig. [3.13] The numerical fit results are also listed in
Figs. 3.6] and [3.7} Since this parameterisation does not suffer from the physical
boundary at rg = 0, all the z and y4 pull distributions are found to agree much

better with a normal Gaussian function. Some of the standard deviations of the pull
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distributions are smaller than unity, which imply over-estimated uncertainties,

but the effect is minor.
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Figure 3.13: Pull distributions obtained from binned fits of 1000 pseudo-experiments
using the optimised 2 x 4 binning scheme.

In conclusion, the binning schemes presented in Section have been found
to perform within expectations, without introducing any biases. Some uncertainties
are found to over-estimate the coverage probability, but these effects are very small.
The expected precisions on v in a binned fit of 2000 B* — [K*K 77" |pK=*

candidates are 12.4° and 11.7° for the 2 x 4 and 2 x 8 binning schemes, respectively.
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The BESIII detector
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The Beijing Spectrometer IIT [66] (BESIII) detector enables studies of eTe™

collisions to be conducted in a low track-multiplicity environment. The electron

and positron beams are provided by the Beijing electron-positron collider 11 [67]

(BEPCII), which is multi-bunch storage ring with a 237.5m circumference, located

at the Institute of High Energy Physics (IHEP) in China. The e™ and e~ beams,

which circulate in separate rings, are provided by a 202 m long linear accelerator

that can accelerate each beam to 1.89 GeV.

BEPCII is designed to operate with a centre-of-mass energy range from /s =

2.00 GeV to 4.95 GeV. Under normal operation, each ring can store 93 bunches with

a bunch spacing of 8 ns. At the interaction point, the beams collide with a horizontal

crossing angle of 11 mrad. The BEPCII peak instantaneous design luminosity is 1 x

1033 cm—2s7!

, which is achieved at /s = 3.773 GeV with a beam current of 910 mA.
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During collisions, the beam current will decrease as the electron and positron
beams are depleted, until the collision rate is too low for efficient data taking.
To maximise the integrated luminosity, a top-up injection scheme is adopted,
which avoids the need to dump the remaining beams. Instead, newly accelerated
electrons and positrons are directly injected into the storage rings, which reduces
the detector dead-time significantly.

A schematic overview of the detector is shown in Fig.[£.1 The main subdetectors
that are discussed in this chapter are the multi-wire drift chamber, the time-of-flight

system, the electromagnetic calorimeter and the muon identifier.

Electromagnetic calorimeter

Multi-layer drift chamber
Time-of-flight system

Muon identifier

Figure 4.1: A visualisation of the BESIII detector, taken from Ref. . Between the
calorimeter and the muon identifier, shown in blue and red respectively, there is also a
superconducting solenoidal magnet, which is not shown.

The physics programme of BESIII covers a wide range of topics, such as the study

of light hadrons and exotic states, charmonium physics, QCD and 7 physics, and
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charm physics. In the charm analysis presented in this thesis, the samples collected at
the DD threshold, /s = 3.773 GeV, are considered. Data at this energy, also known
as the ¥ (3770) threshold, were collected during two different data-taking periods.

Initially, when data taking started in 2009, an instantaneous luminosity of
0.32 x 103 em 25! [66] was achieved, which allowed for a data set of (2.932 +
0.014) fb~" 69, [70] to be collected at /s = 3.773 GeV between 2010 and 2011.
In 2016, the BESIII detector reached a milestone, when it reached its peak
instantaneous design luminosity. Recently, during the data-taking period 2021
to 2024, a new data set corresponding to (17.34 + 0.04) fb~! at the DD threshold
was collected, bringing the total integrated luminosity to (20.28 4+ 0.04) bt

At the present time, data collected in 2024 are currently not available for
analysis. Therefore, only data collected between 2010-2011 and 2021-2023 are
analysed, which corresponds to (16.08 4= 0.04) fb™*.

4.1 Multi-layer drift chamber

The tracking system consists of a cylindrical multi-layer drift chamber (MDC),
illustrated by the green and blue wires in Fig. The outer radius is 0.81 m, while
the inner radius is 59 mm, which is only 2mm from the beam pipe.

The MDC volume consists of a cylindrical outer chamber, which has a length of
2.6 m and covers a polar angle range of |cos(6)| < 0.83, where 6 is the angle relative
to the beam axis, or z-axis. The inner chamber, which covers |cos(#)| < 0.93, has
conical end caps to accommodate the intrusion of the focusing magnets on either
side of the interaction point. Both chambers share a common gas volume, which
consists of 60% helium and 40% propane. This mixture ensures an optimal efficiency
while minimising multiple scattering, which limits the momentum resolution.

The drift chamber is divided into small square drift cells, each consisting of
a sense wire (anode) at the centre and eight field wires (cathode) surrounding it.
The sense wires are 25 pm in diameter, made from gold-plated tungsten with 3%

rhenium, while the field wires consist of gold-plated aluminium with a diameter
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of 110 pm. The inner chamber cells have a width of approximately 12 mm, while

the outer chamber size is 16 mm.
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Figure 4.2: Left: Relationship between the radial position r and the measured time ¢
of a particle detected by a wire in the MDC. Right: Average position resolution of each
MDC layer. Figures are taken from Ref. [66].

When a charged particle passes through a cell, the gas mixture is ionised along
the track. The positively charged ions and negatively charged electrons drift toward
the cathode and anode, respectively. On the left of Fig. a relationship between
the the drift time of ionised electrons and the radial distance of the charged particle
from the sense wire is shown. By using this relationship, together with timing
measurements of the ionised electrons at the anode, the radial distance of the
charged particle is determined. When measurements from multiple sense wires are
combined, a two-dimensional trajectory of the charged particle is reconstructed.

A prototype MDC consisting of twelve layers was tested and the single-wire
resolution was determined in each layer, shown on the right of Fig.[£.2] A resolution
of 100 pm is achieved in several layers, and the average position resolution is 112 pm.

In order to reconstruct the third dimension, which is along the z-axis, the cells
are arranged in 43 separate layers, where layers 9-20 and 37-43 are parallel to
the beam axis. The remaining layers, 1-8 and 21-36, are oriented with a small
stereo angle, such that the charged-track position along the z-axis can be measured
with a resolution of 3-4mm.

The momenta of charged particles are determined by the MDC with the help

of a 1T magnetic field provided by a superconducting solenoidal magnet. The
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magnet is not shown in Fig. but it occupies the volume between the muon
identifier and the calorimeter, which are shown in red and blue, respectively. The
expected momentum resolution is 0.5% at 1GeV/ec.

In addition to tracking, the energy deposits of charged particles in the MDC
also provide valuable information for Particle Identification (PID). Specifically, the
energy loss per unit length, dE/dz, is given by the Bethe-Block equation [21],
demonstrated on the left of Fig. [4.3] for different particle species. This energy-loss
information, which is determined by the pulse height of MDC hits, is particularly
important for pion-kaon separation at momentum below 0.6 GeV/c and electron-

pion separation above 0.4 GeV/ec.

4.2 Time-of-flight system

The PID capabilities provided by the MDC are greatly enhanced by a dedicated
Time-of-flight (TOF) system that surrounds the MDC. In Fig. 4.1 the TOF system
indicated in light yellow and is made up of plastic scintillation counters. The
barrel has two staggered layers of scintillators with 88 scintillation counters each.
This covers the radial region [0.81,0.93] m and has a total length of 2.3 m. Each
scintillator is 50 mm thick and the scintillation light is detected by Photon-Multiplier
Tubes (PMTs).
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Figure 4.3: Left: Normalised pulse heights from each charged particle species in the
MDC, as a function of momentum p. Right: Reconstructed invariant-mass squared as
a function of momentum, using information from the TOF system. The figure is taken
from Ref. [71].



64 4.3. Electromagnetic calorimeter

On the right, Fig. shows typical distributions of reconstructed particle mass
squared for different momenta, and these are determined using the flight path,
momentum and timing information from the TOF system. The time resolution
from the two barrel layers is 78 ps |72], which is dominated by the rise-time of
the scintillation light, fluctuations in the photon arrival time at the PMT and the
photoelectron transition-time spread of the PMT.

In the end-cap region, the TOF system initially consisted of a layer of scintillation
counters similar to those in the barrel. The time resolution, 110 ps, is worse than
the barrel since there is only a single layer of scintillators. In 2015, the end-cap
system was replaced by a multi-gap resistive plate chamber [73H75] (RPC) that has
36 modules in each end cap, split into two staggered layers. Each module has twelve
readout strips to ensure a high granularity, read out from both ends to improve
the timing resolution. The new upgraded end cap achieves a resolution of 60 ps,

which benefits 82% of the data set analysed in this thesis.

4.3 Electromagnetic calorimeter

The purpose of the electromagnetic calorimeter (EMC) is to provide accurate
measurements of photon energies from the decays of 7, n and heavier hadrons.
Furthermore, a finely segmented calorimeter allows for an accurate determination of
shower positions, which is necessary for reconstructing photon-momentum directions.
The EMC can also provide PID power to separate charged pions from electrons,
as the latter deposits a large fraction of its energy in the EMC.

In the BESIII detector, the EMC consists of Thallium-doped Cesium-Ilodide
scintillator crystals, or CsI(Th). The crystals are suitable for detecting low-energy
photons, which is crucial for studying radiative decays, and the light yield is high.
The light is read out by silicon photodiodes. In total, there are over 6000 crystals,
arranged into 56 rings in the barrel and six rings in each end cap. This ensures that
each crystal covers about 3° in both polar and azimuthal directions. The crystals

have a depth of 28 cm, which covers 15.1 radiation lengths.
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Figure 4.4: Energy of reconstructed Bhabha events in the EMC barrel on the left and
end cap on the right. The figure is taken from Ref. [76].

The photon energy resolution is 2.5% (5%) for 1 GeV/c photons in the barrel (end-
cap) region, which is determined by the shower-energy leakage, non-uniformity in the
scintillator-light production and dead areas between crystals. This is demonstrated
in Fig. [4.4] which shows a comparison of the shower energy reconstructed in data,
shown as points, and simulation, shown by the histogram. Good agreement is found
between data and simulation, however the resolution is worse in the end cap (right),
compared to the barrel (left). This is because there is more dead material in front
of the end cap. Both the barrel and end-cap showers show a significant tail on

the lower side of the energy distribution due to these effects.

4.4 Muon chamber

The muon chamber (MUC), shown in red in Fig. [4.1] consists of RPCs inserted into
the steel plates of the magnet return yoke. The MUC system has an octagonal shape,
with nine layers of RPCs in each octant of the barrel. The end caps consist of eight
RPC layers in each quadrant. The layers alternate between readout strips in the
polar and azimuthal directions. To reconstruct a muon, hits in both orientations are
combined and matched with a track reconstructed by the MDC. Since the position
resolution in the MUC suffers from multiple scattering by the EMC, magnet coil

and steel layers, the momenta of identified muons is determined by the MDC.
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4.5 The trigger system

The trigger system is a crucial part of the BESIII detector, and it ensures that
only interesting physics events are retained. The e*e™ collision rate at the BESIII
interaction point is 125 MHz, and it is expected that beam-related backgrounds,
mostly due to loss of electrons and positrons, could result in up to 13 MHz of
rate. In comparison, the maximum rate of physics events, which occurs at the J/i)
resonance, is only 2kHz. This is to be compared with the BESIII data acquisition
system, which can record events up to 4 kHz.

The trigger system consists of a hardware trigger and a software trigger. After
each eTe™ collision, signals from each subdetector are passed through the hardware-
trigger stage, which uses information such as tracks in the MDC, signals in the
TOF scintillators, clusters in the EMC and hits in the MUC to make a global
trigger decision.

Events accepted by the hardware trigger are transmitted to an online computer
farm that performs full event building. An event filter is applied, which is designed
to reduce the background rate by a factor two. The event filter also classifies events
into different categories, such as ete™, u™ ™, hadronic and cosmic rays. By design,

the total trigger efficiency is close to 100% [77] for events with two or more tracks.

4.6 Simulation of BESIII

Simulated data samples are produced with a GEANT4-based [78] Monte Carlo
package, which includes the geometric description of the BESIII detector and the
detector response. The simulation models the beam-energy spread and initial-state
radiation in e*e” annihilations with the generator KKMC [79].

Inclusive simulation samples are centrally produced, and they include the
production of DD pairs, non-DD decays of the (3770), production of the J/) and
¥ (29) states with initial-state radiation, and the continuum processes incorporated
in KKMC [79]. The purpose of these samples is to identify possible background

contributions in each reconstructed decay mode. Furthermore, large dedicated
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simulation samples are produced to accurately determine detection efficiencies
and background retentions.

All particle decays are modelled with EVTGEN [80, 81| using branching fractions
either taken from the Particle Data Group [21] when available, or otherwise estimated
with LUNDCHARM [82, |83]. Final-state radiation (FSR) from charged final-state

particles is incorporated using the PHOTOS package [84].
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This chapter describes the selection of charged particles and photons from
collisions recorded by the BESIII detector. Furthermore, the strategy for combining
these particles into a decay tree of neutral D mesons is presented. The selected
samples of ete™ — DD events are required for an analysis of strong-phase

parameters of the D° — KtK-ntn~ decay.
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5.1 Tag modes

The D-decay modes, or tags, which are of interest for measuring strong-phase
parameters, can be classified as flavour tags, CP tags and self-conjugate multi-body
(SCMB) tags. The list of tags considered for this measurement are listed in Table ,
and these are commonly referred to as tag modes. In addition, the signal mode
D — KTK 77~ is also listed in Table [5.1] and it is marked with a double dagger
T to distinguish it from the tag modes with known strong-phase information.
Although the tag mode D — 777~ 7 is a decay of mixed CP content, it is listed
as a CP-even decay in Table 5.1} Its CP-even fraction has been measured to be
0.97340.017 [46], making it predominantly CP even. Similarly, the CP-even fraction
of D — Kint7~n° has been measured by BESIII to be 0.235 4 0.010 + 0.002 [85],
and since this decay is predominantly CP-odd, it is grouped with the CP-odd tags.

Table 5.1: Tag modes used in this analysis. The flavour tags refer to DY decays, and
charge conjugation is implied. The signal mode has also been listed with a { superscript.
The modes with a t superscript are considered with a partial reconstruction of the signal
mode D — KTK~nt7~, in addition to the full reconstruction.

Tag mode type Tag modes
Flavour Knt, Kntn’, K-ntn—nt, K etu,
CP-even KYK=T atn= K{nO7% ntm— 70 KPx®
CP-odd K3, Knyy, KWery Kdlery, Kgmtm O
SCMB Kintr 1, Kintn KT K- ntnt

The decay D — K3n' is listed twice in Table with different subscripts, since
the ' meson is reconstructed in two different decay channels, ' — 777~ 7 and
7' — mt77 7, and each of these have separate selections. The decay D — K7 is
also shown with the subscript 77, indicating that it is reconstructed in the n — vy
decay channel. There exists another interesting decay channel of the n meson,

+tr-70 tag mode.

n — w77, which is considered as a part of the D — K7

The D-decay modes in Table [5.1] are reconstructed by first considering all
reconstructed tracks and showers. The selections of these are described in Section [5.2]
and [5.3] respectively. In each event, all possible combinations that result in D-decay

candidates consistent with those listed in Table [5.1] are kept for further analysis.
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Experimentally, the tag modes in Table can be categorised as fully or
partially reconstructed tags. In fully reconstructed tags, which include all tags in
Table without a K meson or an electron-neutrino v,, all particles in the final
state are reconstructed in the detector. The reconstruction of fully reconstructed
tags is described in Section [5.4]

In contrast, tags that are partially reconstructed contain a missing particle, such
as a K meson or an electron-neutrino v,, the presence of which is inferred from
the missing four-momentum. Furthermore, a novel reconstruction method where
the signal mode D — K™K w7~ is partially reconstructed is also considered in
this measurement, and the tag modes where such a reconstruction is attempted
are labelled with a dagger 1 in Table 5.1} Section describes all partially
reconstructed tags.

The signal mode D — KTK 7 x~ is considered in bins of phase space, using
the 2 x 4 binning scheme described in Chapter . The D — ngv T tag modes
in Table [5.5] are the only tag modes that are phase-space binned. These three-body
decays are binned according to the “equal §” binning scheme [54-56] with 2 x 8
bins. The values of ¢;, s; and K; for the K{n 7~ tag mode that are used in the
analysis are the combined BESIII and CLEO results from Appendix A in Ref. [56].
The numbers for the KP7Tn~ tag mode are obtained from the same table, but
the sign of all ¢; and s; parameters are swapped since they are defined with an

additional 7w strong-phase difference in Ref. [54-56].

5.2 Charged particle reconstruction

Charged particles that emerge from the eTe™ collisions are detected in the MDC as
a series of hits, which are analysed using the algorithm described in Ref. [86] to
reconstruct helical trajectories. Each trajectory is identified as a charged particle,
and these trajectories are referred to as tracks. Each track is required to be within
the MDC acceptance, which is cos(f) < 0.93. The polar angle € is defined with

respect to the z-axis, which is the symmetry axis of the MDC.
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The D° meson, which has a lifetime of 4.103 x 107'3s 21|, is expected to have
a mean decay length of less than 20 pm at the (3770) threshold. This is smaller
than the position resolution of the MDC, and therefore direct daughters of the
D meson will have tracks that originate from the IP. Furthermore, most of these
tracks will either be from charged pions or kaons, which must be distinguished
using PID information from d£/dz in the MDC and timing measurements by
the TOF detector system.

Thus, to reconstruct tracks that directly originate from a D meson, the transverse
impact parameter V4, and the impact parameter V, along the beam direction are
required to be within 1cm and 10cm, respectively, to ensure that the charged
particles originate from the IP. Additionally, several PID requirements, listed in
Table [5.2], are also imposed to ensure that charged pions, kaons and electrons are
correctly identified. The probabilities P,, Px and P, are determined from the
likelihood of each mass hypothesis, which is interpreted as a x? variable. The
tracks that satisfy these impact parameter and PID requirements are denoted as
good tracks, while those that do not satisfy these selection criteria are simply

referred to as tracks.

Table 5.2: The PID requirements on the reconstructed K=, 7+ and e*. The probability
of a particle being a charged pion, kaon or electron is denoted by Py, Pk, P., respectively.

Tt K+ et
P, >0 Pr >0 P.>0
PWEPK Pszﬂ' P€>P7T

P6>PK

The selection of electrons is also improved further by following the strategy in
Ref. [87]. For a track to be identified as an electron, it must deposit sufficient energy
in the EMC and information about the shape of the electromagnetic shower is also
used, in addition to the PID requirements listed in Table[5.2] The energy E measured
by the EMC, divided by the momentum p reconstructed from the MDC track, must

be above a threshold that is dependent on |cos(f)|, where 6 is the polar angle.
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The momenta of good tracks that are identified as electrons must also be
corrected for FSR by searching for showers within 5° of the electron momentum
direction. The momenta of these showers are added to the electron momentum.
Additionally, any event containing showers with energy greater than 300 MeV which
are not used in the D meson reconstruction are rejected. This suppresses background

events with additional photons that are not from FSR, such as D — K7 ",

5.3 Neutral particle reconstruction
5.3.1 Reconstruction of single photons

In this analysis, the only neutral particle that can be detected directly by the
BESIII detector are photons, which are identified using showers in the EMC. The
deposited energy of each shower must be more than 25MeV in the barrel region,
which corresponds to |cos(f)| < 0.8. In the end-cap region, 0.86 < |cos(f)| < 0.92,
the minimum shower energy is 50 MeV.

To suppress electronic noise and showers that are unrelated to the event, the
difference between the EMC time and the start of the event must be within [0, 700]ns.
Charged tracks that go through the EMC can also fake the signal of a photon by
leaving a shower, and therefore showers are required to be separated by more than

10° from the position of any charged track in the EMC, as measured from the IP.

5.3.2 Short-lived neutral particles

The remaining neutral particles used in this analysis, which are the short-lived K¢,
7%, n and 1’ mesons, are reconstructed by adding the four-momenta of their daughter
particles, which is some combination of photons and charged particles. The specific
decay channels of these particles are listed in Table [5.3] The invariant mass of the
daughter particles are required to be within the ranges listed in the second column in
Table These regions roughly correspond to a 3 ¢ window around the mass peak.

Although the K meson is short-lived, its lifetime is sufficiently long that the
separation between the D-decay and KJ-decay vertices is measurable in the MDC.

Thus, the pion daughter tracks are not subject to the requirements of good tracks,
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which are only appropriate for tracks originating from the IP. Instead, the only IP
requirement is that V, < 20 cm. Furthermore, no PID requirements are necessary

as the K decays have negligible background involving particles other than pions.

Table 5.3: Invariant mass and x? requirements in the selection of short-lived neutral
particles.

Particle Decay final state Invariant mass window x? requirement

KY —— (487, 511] MoV/c 100
0 vy (115, 150] MeV/c? 20
vy (505, 575] MeV/c? 20
n Tty (940, 976] MeV/ c? -
n' atry 940, 970] MeV/c? -

However, in the absence of IP requirements on the KQ-decay daughters, the

Tt

7~ invariant-mass resolution is poorer, compared to decays formed by good
tracks. This can be improved by constraining the charged pion tracks to originate
from a common vertex, which is allowed to be physically separated from the IP.
Such a vertex fit uses information from the hits in the MDC, but it also recalculates
the four-momenta while taking the vertex constraint into account. To ensure that
the two charged pion tracks are consistent with a common decay vertex, the y?
of the vertex fit is required to be less than 100.

Similarly, since the width of the vy invariant-mass distribution of 7° and 7
candidates is dominated by experimental resolution, the four-momentum resolution
of the 7 and 1 mesons in the two-photon decay channel can be improved by
constraining the ~v invariant mass to the 7% or n masses. The resulting x? of
this kinematic fit is required to be less than 20.

The x? requirements for the KQ vertex fit and the 7 and 7 kinematic fits
are also listed in Table [5.3] Since the number of degrees of freedom in these fits
is not readily available, a statistical interpretation of these requirements is not
straightforward to determine. Nonetheless, the criteria are sufficiently loose that it
is nearly 100% efficient on correctly reconstructed signal candidates. The refitted

four-momenta are used in the subsequent analysis.
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The invariant-mass distributions from the reconstruction of BESIII simulation
samples are shown in Fig. . For the K¢ invariant mass, a comparison of the
distribution before and after the vertex fit is also shown. For n’ decays, no fits

are performed.
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Figure 5.1: BESIII simulation of the reconstructed invariant masses of the 70, 7, Kg
and 1’ mesons. The top plot also shows a comparison between the Kg invariant-mass
distribution before and after a vertex fit.

In tag modes containing a K meson, there is potentially a background where

two oppositely charged pions originating directly from the D meson can fake a
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K3 candidate when the 7"7~ invariant mass is similar to the K§ mass. Since
they originate from a real D decay, this background peaks in the D invariant-mass
spectrum. Its invariant-mass shape is very similar to that of D decays with a
KQ meson, which could bias the signal yield.

To separate D decays with real K candidates from those without an intermediate
KQ meson, the K2 decay vertex is required to be separated from the primary vertex.
This is quantified by the K flight significance, defined as the flight distance of the
K before it decays, divided by the flight-distance uncertainty. The flight distance
and its uncertainty is calculated in a fit that combines the result of the K§ vertex
fit with the primary vertex position. In this analysis, all K candidates are required

to have a flight significance greater than two.

5.3.3 Rejection of KJ — wTn~ contamination

At the end of Section [5.3.2] the suppression of peaking backgrounds from 77~
decays that fake a K2 candidate is described. Conversely, a D decay with a 77~
pair could also be a K decay in disguise. The tag modes that are particularly
vulnerable to this peaking background are the D — ntn 7", K-nF 7 7t and
KTK-7"7~ tag modes, which are contaminated by D — K3r° K{K 7% and
KJK* K~ respectively. To reduce this background, the flight significance of all
pairs of oppositely charged pions in these tag modes is required to be less than two.

In the D — Kt K77~ selection, the flight-significance requirement is insuf-
ficient to suppress the K contamination, due to the larger branching fraction of
the D — K{K'TK~ decay. Therefore, D — KTK 77~ events where the 77~
pair has an invariant mass lying close to the K mass are also removed from the
analysis. Using a simulated sample of D — K{K ™K~ decays, reconstructed as
K+tK -7, it is found that a rejection of candidates in the asymmetric region
m(ntr™) € [477,507) MeV/c? is an optimal selection. The bias in the reconstructed
KQ mass is due to the good track requirements on the charged pions, as well as

the flight significance requirement. Both these selections are more likely to reject
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77~ pairs with higher invariant mass, since these pions have a higher momentum

and can fly further before they decay.

Table 5.4: Efficiency, or the fraction of D — KgK TK~ decays removed by the flight
significance and mass-window requirements, in the K™K -7+ 7~ mode.

K requirement Efficiency (1072)
No requirement 0

Flight significance 74.56
Invariant mass 92.18
Flight significance and invariant mass 95.42

Table shows the efficiency, defined as the fraction of D — KIK+TK~
events that are removed by the flight significance and asymmetric mass window
requirements, in the KTK 777~ selection. The numbers are obtained from

the simulation.

24
2.2

Normalised entries
[E=Y
(o]
Normalised entries
[
()]

==
N
RN RRR AR RN R RN RN AR AR AR R

o
S
:b \\\‘\\\‘\\\‘\\\‘\\\‘\\\‘\H‘\H‘\H‘H\‘\H‘\H‘\
o
~

0.8 0.8
0.6 0.6 IJ
0.2 0.2
L i | | " " " - f | \.I‘L"h—— | " "
8 0.45 0.5 0.55 0.6 87 0.45 0.5 0.55 0.6
M. (GeVic?) m . (GeVic?)
%) F 0 0.45F
Q E Q E
s % £ o4
o 0.7+ S o035
0.6F E
2 o 8 03
T 050 ‘T 0.251
E 04 € o020
o E o £
Z 03[ Z 0150
0.2)- 0.1
0.1- 0.050
VS0 o NRNY R I N IR NP N R M.
82 0.45 0.5 0.55 0.6 8.4 0.45 0.5 0.55 0.6
m,,, (GeV/c?) m,,, (GeV/c?)

Figure 5.2: The m,+,- invariant mass of a D — KJKTK~ simulation sample,
reconstructed as K™K ~n7~. Top left: No Kg rejection requirements applied. Top right:
Flight-significance requirement applied. Bottom left: Invariant-mass window requirement
applied. Bottom right: Both requirements applied.
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Fig. shows the corresponding 77~ invariant masses with the different
requirements. The asymmetric mass window is found to be effective when combined
with the flight-significance requirement. This is particularly clear in the bottom left
histogram in Fig. where the absence of a requirement on the flight significance
results in a smaller bias in the reconstructed K mass. In summary, the two

requirements remove over 95% of the K{K ™K~ background.

5.4 Fully reconstructed decay modes

5.4.1 Four-momentum constraints for fully reconstructed
decays

In fully reconstructed tag modes, two types of selection are performed. In the first
selection, one D meson is reconstructed in the D — K+ K~ 77~ signal mode, while
the other D meson is reconstructed as the tag mode. The data set of double-tag
events is analysed to determine the double-tag yields, but they must be normalised
by the corresponding single-tag yields, as mentioned in Section [2.8.1] Thus, in
the second selection, which is the single-tag selection, the tag mode is selected
without reconstructing the other D meson in the event.

To reconstruct a D meson, its invariant mass is determined from the four-
momenta of its daughter particles. However, since the D meson originates from
a 1(3770) decay at the threshold of DD production, no additional particles are
produced in the event. Therefore, by energy conservation, the D-meson energy is

equal to the beam energy Fpean- With this constraint, the D invariant mass is

Mpc = \/El?)eam - ’Zﬁz

which is referred to as the beam-constrained mass. The sum runs over all daughters

g (5.1)

of the D meson, and p; are their three-momenta.
In addition, since the D energy must equal the beam energy, it is useful to study

the difference between the reconstructed D energy and the beam energy, defined as

AE =) E; — Fyeam, (5.2)
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where the E; are the reconstructed energies of each daughter particle. For a perfectly
reconstructed event, AE = 0, but the finite detector resolution smears this into
a wider peak. By imposing appropriate selection requirements around AE = 0,
the level of background can be significantly reduced. This is mostly important for
combinatorial background, where random tracks combine to form fake D candidates,
and also misidentification background, which is from real D decays with daughter
particles that have been assigned the wrong mass hypothesis.

Since the resolution of AF depends on the final-state particles, the AE require-
ments are determined separately for each tag mode by considering the single-tag AE
distribution. Furthermore, detector resolution is generally underestimated by the
simulation, so the requirements need to be different between data and simulation.
The optimisation of the AFE signal windows are described in Section [5.4.2]

In many events, in particular those with a large number of tracks, it is possible to
build multiple D-decay candidates that pass the selection described in Sections [5.1]
and These are known as multiple candidates, and in the single-tag selection
the candidate with the AFE value closest to zero is retained, while the rest are
discarded. For the double-tag selection, the beam-constrained mass on both

signal

the signal and tag side, Mp2 "~ and M]gacg, respectively, are calculated and the

combination with the average Mpc closest to the D° mass is chosen.

To distinguish signal and background decays, both Ma&™ and M8 can be
used as discriminating variables, where correctly reconstructed signal events have
a distribution with a signal peak at the D mass in both M3E™ and M58 simulta-
neously. However, in this analysis, which has a limited sample size of double-tag

events, only the MiE™! variable is used to discriminate signal and background

decays, and it is simply denoted as Mpc.

5.4.2 Optimisation of AFE selection

To determine the appropriate AFE selection requirements, a maximum likelihood

fit is performed on the AFE distribution, and a 3 ¢ window is selected around the
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signal peak. The signal is modelled as two independent Gaussian functions, while
a Chebychev polynomial is used for the background.

In tag modes with fewer events, a second-order polynomial is found to describe the
background well. In tag modes with larger branching fractions, higher reconstruction
efficiencies and significant background levels, higher order polynomials are used to
ensure a good agreement between the fit and the model. This, however, opens up
the possibility of overfitting, where models with a superfluous number of parameters
can fit to random fluctuations in the data.

Nevertheless, it is found to be necessary in some tag modes. In particular, in
the selection of decays with neutral particles, polynomials up to order five are
required in the fit to data to describe small systematic effects in the background
distribution, such as partially reconstructed or misidentified decays. In simulation,
polynomials up to order eight are used.

In Fig.[5.3 the AE distributions of the K* K~ and K~7* tag modes are shown,
and the fit model is superposed. The D — KK~ mode, which is a SCS decay,
shows a smaller signal-to-background ratio, while the CF D — K~ 7t decay has
a much higher purity due to its larger branching fraction.

The fit model, which describes the signal as two Gaussian functions with mean

i1 and ps, and standard deviation o; and o9, has an average mean of

p=fur+ (1= f)us,

and a combined standard deviation of

o’ = foi + (1= flog+ f(1 = f)(p — p2)*.

The 3 o signal regions, which are calculated using p £ 30, are indicated in Fig. [5.3
by the vertical dashed lines. Events within this region are retained for the strong-
phase analysis. The same AF selection requirements are also applied to the
double-tag selection, where the AE requirements for D — KK ~wt7~ are applied

to the signal mode as well.
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Figure 5.3: The AFE distribution from (left) data and (right) simulation. The data
points are shown in black with uncertainties, while the fit model is the solid blue line.
The signal and background components are also plotted as a solid red curve and dotted
blue curve, respectively. The vertical dashed lines indicate the 3 o region that is selected.

In tag modes that require photon reconstruction, the resolution is worse compared
to fully charged final states. It is therefore expected that the AFE signal window
will be wider, and this is shown for the K7° tag mode on top of Fig. 5.4l In
addition, the AFE distribution has an asymmetric tail on the left because of material
effects where the photon energy can be deposited in the material in front of the
EMC, such as the TOF system [88].

In two- and three-body D decays, the combinatorial background is well described
by a smooth polynomial function. In four-body decays, it is found from simulation
that the presence of multiple candidates can alter the shape of the AF distribution.
Specifically, since the BESIII processing software by default picks the candidate
with the AF value closest to zero, events with a large number of tracks are more

likely to retain a combination with AE near zero. This effect is seen clearly in
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Figure 5.4: The AFE distribution from (left) data and (right) simulation. The data
points are shown in black with uncertainties, while the fit model is the solid blue line.
The signal and background components are also plotted as a solid red curve and dotted
blue curve, respectively. The vertical dashed lines indicate the 3 o region that is selected.

the lower plots of Fig. [5.4] which show the K™ K~7F7~ signal mode. This decay
is a SCS decay with many multiple candidates, and therefore the background is
found to have a sharp feature at AE = 0.

There are several alternative strategies for picking between multiple candidates
that do not introduce peaking structures in the AFE distribution. An example is
to choose a candidate at random. However, it is inevitable that adopting such
a strategy will reduce the reconstruction efficiency. Furthermore, the AFE and
Mg variables are found to be uncorrelated, and thus, the determination of yields
described in Section is not biased by picking a candidate based on its AE value.
Any alternative strategy is therefore unlikely to improve the analysis.

Instead, the solution is to directly model this effect by allowing the polynomial

background to float independently on either side of AE = 0, while constraining the
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polynomials to be continuous at AE = 0. This is found to fit the combinatorial
background well, and in fits to simulation samples it is found to reproduce the
correct signal shape. This piece-wise continuous polynomial function is used in
the K—ntn 7" and K{r"m 7° tag modes as well, but since these are CF decays,
the relative impact of this effect is smaller in these modes.

A summary of the AFE signal regions in data and simulation is shown in Table[5.5|

The regions determined in data are consistently wider that those in simulation.

Table 5.5: AFE signal regions for fully reconstructed tag modes.

Tag mode Data (MeV) Simulation (MeV)

K+*K-mtr~ [=16.5,13.1]  [-15.0,13.9]
Ko+~ [-25.6,23.1]  [~18.7,18.8]
K-t [-26.6,25.0]  [~22.4,22.1]
K-mtn® [—42.0,31.9]  [~36.6,28.7]
K-mtr—nt  [-222,185]  [-17.7,16.4]
KK~ [<21.0,19.7]  [~19.6,19.2]
s [-28.5,27.2]  [~23.9,24.0]
Kon® [~63.1,44.5]  [—59.9,42.8]
KYn%0 [~71.9,53.0]  [~59.6,43.8]
K [—40.9,38.7]  [~39.5,38.3]
K&, [<29.1,26.7]  [~26.9,25.9]
K%', [-43.9,34.3]  [-35.8,28.3]
ata [~49.6,40.7)  [~47.0,37.9)
Kdnta a0 [-386,31.2]  [—32.8,26.0]

5.5 Partially reconstructed decay modes

In the selection of fully reconstructed D decays described in Section [5.4], each D
meson is reconstructed separately, which allows for both a single- and a double-tag
selection. This is beneficial for the normalisation of double-tag yields, as mentioned
in Section [2.8.1] and the selection is also much cleaner since the total energy of
each D meson is constrained by the beam energy.

It is also possible to perform a partial-event reconstruction, where one particle in
the final state is not reconstructed. The selection starts with a fully reconstructed

single-tag selection of one of the D mesons, including the requirements on AFE.
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From the remaining tracks and showers, the other D meson is reconstructed, but
with a missing particle. The four-momentum of the missing particle, puiss, 1S
inferred from the reconstructed momenta of the other tracks and showers, and from
four-momentum conservation of the ete™ interaction.

Since information about the missing energy is required in order to calculate
the missing four-momentum, it is not possible to perform a single-tag selection
on partially reconstructed decay modes. Furthermore, the variable AE does not
exist for partially reconstructed D mesons. Therefore, double-tag selections with
partially reconstructed decays have a lower signal purity, but provide access to

decay modes that are otherwise inaccessible.

5.5.1 Decay with invisible neutrino

The tag mode DY — K~eTv, is partially reconstructed with a missing neutrino
Ve, which does not leave any signature in the BESIII detector. Since the tag
mode is partially reconstructed, the fully reconstructed D meson is the signal
mode K™K~ ntx~. To remove combinatorial background, only events where the
beam-constrained mass of the signal mode satisfies Mpc € [1.855,1.875] GeV/c?
are considered. From the remaining tracks and showers, only events with a good
charged track identified as a kaon and a good charged track identified as an electron
are kept for further analysis. Events with additional tracks are rejected.

The discriminating variable for the K~ e*v, tag mode is

Umiss = Emiss - ’ﬁmiss|7 (53)

where Elis and puiss are the missing energy and momentum, respectively. For
a missing neutrino, Uy has a signal peak at zero. A demonstration of such
a reconstruction performed using a BESIII simulation sample is shown on top
in Fig. 5.5l A small tail on the right of the signal peak is seen due to FSR

from the e lepton.
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5.5.2 Tag modes with missing K} meson

There are several important D-decay modes that involve a K meson, which
due to its long lifetime travels through the whole BESIII tracking volume. It is
possible to detect its presence by looking for showers in the EMC, which are in
fact hadronic interactions of the K meson with the detector material. However, it
has been found that treating it as an invisible particle provides a better selection
efficiency and a higher signal purity.

In this thesis, the only tag modes containing a K7 meson are the D — KPn°
and KYntm~ decays. The single-tag selection of the signal mode KTK - 7mTn~
proceeds in an identical manner to that described for the missing v, in Section [5.5.1]
including the requirements on Mpc and AE. From the other D decay, a single 7°
candidate is reconstructed in the KP7° tag, and any events containing additional
70 and 1 candidates are rejected. Furthermore, events with additional tracks
are also removed from the sample, and this requirement is effective at removing
decays with K§ — 77~ candidates where the charged pions do not obey the
good track requirements. The procedure for reconstructing the D — K{ntr~
decay is analogous to that of K mP.

The variable that discriminates signal and background decays is the missing-mass
squared,

Mriiss = Er2niss - |ﬁmiss‘27 (54)

which has a peaking distribution centred at the K mass. A reconstruction of
D — KP7° performed on BESIII simulation is shown on the left in Fig.[5.5] The

distribution has a large tail on the right due to imperfect reconstruction of photon

energies, and it is the same effect that causes the asymmetric distributions of

AFE in Fig. .4

5.5.3 Partial reconstruction of the D° - KTKntn~ de-
cay

The analysis in Ref. [87] performed a study of tracking efficiencies of charged pions

and kaons in momentum bins. It was found that for pion momenta greater than
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0.1 GeV/e, which is the momentum range of interest to this analysis, the tracking
efficiency of pions is over 90%. Kaons, on the other hand, have a tracking efficiency
of under 75% at 0.3 GeV/¢, which drops to 20% for kaons around 0.1 GeV/c.

The poor tracking efficiency of kaons has a particularly large impact on the
decay D — KTK - ntx~. The similar decays D — K 77 7" [89] and D —
7tr-n T~ [44] have selection efficiencies that are almost two and three times greater,
respectively. The reason is that the momentum spectrum of the kaons from D —
K*K~w"7~ is much lower than that of the other charged four-body D-decay modes.

To mitigate the low tracking efficiencies of kaons, a statistically independent
selection is performed where one of the charged kaons of D — KtK 77~ is not
reconstructed. Since this selection has a partially reconstructed signal mode, the
fully reconstructed single-tag selection is performed on the tag mode. Only the
tag modes KT K~, KJr° and K{n"m~ are considered together with a partially
reconstructed signal mode, because the poorer purity makes this analysis unfeasible
for other tag modes with lower yields.

For the K K~ tag, the single-tag selection of two charged kaons is performed first.
From the remaining tracks and showers, events with two good pion tracks of opposite
charge and a single kaon track of any charge are retained, but no requirement is
imposed on the number of tracks that do not satisfy the good track requirements.

The discriminating variable for the partial reconstruction of K™K -7t7~ is
also M2, as defined in Eq. (5.4). An example of a reconstruction of a BESIII
simulation sample is shown on the right in Fig. A clean and symmetric
distribution is seen, with a good mass resolution, since this final state only involves
charged-particle tracks in the reconstruction.

The dominant background in this K™K ~77~ selection are D — K- nta— 77
decays, where a 7t is misidentified as a K+ and the 7° is not reconstructed. This
background is mostly removed by the AFE requirements in the full reconstruction,
but for the partial reconstruction it is a challenging background to distinguish
from signal decays. The purity is found to improve by rejecting any events with 7°

candidates, or events where the kaons from K+ K~ 7~ have an energy greater than
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Figure 5.5: BESIII simulation of the U and M2, . distributions of partially
reconstructed D — KEWO, K~ etv, and KTK—7nT7n~. The label in the top right corner
indicates the signal mode on the top and tag mode at the bottom, with the missing
particle in square parentheses.

0.7GeV. Additionally, by requiring My € [1.86,1.87] GeV/c?, the combinatorial
background level is also reduced.

The samples of fully and partially reconstructed D — KTK 77~ are selected
in a mutually exclusive manner by requiring that the partially reconstructed mode
has exactly three good charged tracks. In the fully reconstructed mode, all four

D daughters are reconstructed from good charged tracks.

5.6 Kalman kinematic fit

In decay modes that are phase-space binned, it is crucial to minimise the level of
bin-migration effects, which happen when a D decay is reconstructed in the wrong
bin due to the finite momentum resolution of the D daughters. To improve the

momentum resolution, a Kalman kinematic fit [90] is performed on the charged
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D-daughter tracks. The fit recalculates the track momenta, under the constraint
that the reconstructed D-meson invariant mass is equal to its PDG value [21].
The improvement in the momentum resolution in the z-direction of the D —
KTK-ntn~ decay is shown in Fig. for each D daughter, and the other
momentum components show a similar behaviour. It is found that the charged
kaons initially have much worse momentum resolution than the charged pions, but

after the kinematic fit the difference is resolution is reduced.
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Figure 5.6: A comparison of the charged kaon and pion momenta before and after a
Kalman kinematic fit, using a sample of BESIII simulation of D® - KT K ntn~.

In fully reconstructed decay modes, each D meson is kinematically refitted
separately, since each D meson can be reconstructed independently of the other
D decay. However, in partially reconstructed events, the full DD event is refitted
together, since there is insufficient information from the partially reconstructed D
meson alone to perform the fit. After the fit, the recalculated D daughter momenta

are used in the phase-space bin determination.
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If the x? of the kinematic fit is greater than 200, the fit quality is poor and the
result is not used in the subsequent analysis. Instead, the non-fitted D daughter
momenta are used to determine the phase-space bin. In the BESIII simulation,
the occurrence of fit failures is negligible, but in the presence of background

decays this can occur.

5.7 Reweighting of phase-space distributions

One of the important uses of the BESIII simulation of D° — KT K77~ decays
in this measurement is the determination of selection efficiencies in each bin and
the level of bin-migration effects. However, these effects are highly sensitive to the
phase-space distributions of the D decay. Specifically, the tracking efficiencies of
kaons and pions are momentum dependent, and thus dependent on the resonant
structure of the decay.

The BESIII simulation is generated using the model from Ref. [38]. The
invariant-mass distributions of five independent combinations of D daughters from
a sample of generated events in the BESIII simulation sample, before detector
reconstruction, are shown in blue in Fig. 5.7 For comparison, the same model
is used to generate a sample of D decays in AmpGen, which is shown in black.
As expected, a perfect agreement is found.

The distributions in Fig. describe the decay of a pure D° decay. However,
in a double-tag event, the CP content of the tag mode can alter these phase-
space distributions. In particular, if the tag mode is CP-odd, the signal decay
D — K"K ntx~ will be that of a CP-even decay. Effectively, any CP-odd
amplitude of this decay will be suppressed, and this can indirectly affect efficiency
and bin-migration calculations.

To account for these effects, the BESIII simulation samples are reweighted such
that the phase-space distributions match those of the CP-even D decay. This is
performed using a Boosted Decision Tree (BDT) [91] implemented in the hep ml
framework [92]. The results are shown in blue in Fig. 5.8 with the AmpGen

CP-even model shown in black for comparison. A good agreement is found.
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Figure 5.7: A comparison of five independent invariant-mass distributions between a
sample of D® — K+ K~ nt7~ decays generated in AmpGen, shown in blue, and a BESIII
simulation sample before detector reconstruction, shown in black. Both generators use
the model from Ref. [3§].

An identical approach is also performed when the tag mode is C'P-even, which
projects out the CP-odd amplitudes of the D — KTK~7nt7~ decay. The results
are shown in Fig. [5.90 An important difference between Fig. and Fig. is
the 777~ invariant-mass distribution, which is shown on the left at the bottom.

In the CP-even D — K+ K77~ model in Fig. 5.8 a prominent p° resonance
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Figure 5.8: A comparison of five independent invariant-mass distributions between
a sample of CP-even D — K™K n"r~ decays generated in AmpGen, shown in blue,
and a BESIII simulation sample before detector reconstruction, shown in black. Both
generators use the model from Ref. [38] and the BESIII simulation is reweighted to match
the distributions of a CP-even D decay.

is seen, but it is mostly absent in Fig. [5.9

This has a direct impact on the reconstruction efficiency, since the 77w~
distribution of CP-odd D — K™K 7ntw~ decay is mostly concentrated towards
lower values of m?(7w+7~), or equivalently higher K* momenta. As discussed in

Section[5.5.3], the charged kaon tracking efficiency drops quickly at low momenta, and
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thus the CP-odd D — Kt K~ 77~ decay is expected to have a higher reconstruction
efficiency than that of the CP-even decay.

In simulation, it is found that CP-odd D — K+tK wt7~ decays are recon-
structed with an efficiency that is approximately 10% higher than corresponding
CP-even decays.
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Figure 5.9: A comparison of five independent invariant-mass distributions between
a sample of CP-odd D — KK mtn~ decays generated in AmpGen, shown in blue,
and a BESIII simulation sample before detector reconstruction, shown in black. Both
generators use the model from Ref. [38] and the BESIII simulation is reweighted to match
the distributions of a CP-odd D decay.
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This chapter uses the selection of single- and double-tag events described in
Chapter [5| to determine the strong-phase parameters of D° — K™K~ 7"7~, using

the formalism from Section 2.8l The analysis can be split into two parts. First, the

93
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single- and double-tag yields are determined for each tag mode. In the second part,
these yields are interpreted in terms of the strong-phase difference and other

nuisance parameters.

6.1 Maximum likelihood fit of single- and double-
tag yields

6.1.1 Invariant mass fit model

The single-tag yield of each tag mode is determined using a maximum likelihood
fit of the beam-constrained mass Mpc. The Probability Density Function (PDF)
that describes the Mpc distribution, which is referred to as the fit model, is
used to construct a binned likelihood function from the data set of single-tag
events, according to Eq. (A.4).

The fit model consists of three components. First, the PDF of signal decays
is obtained directly from a BESIII simulation sample, which is different for each
tag mode, using Kernel Density Estimation (KDE) [93]. The PDF obtained from
KDE is convolved with a resolution function to account for differences in the
resolution between data and simulation. An example of fit models using KDE
is shown in Fig. [6.1] with the model shown in blue. A good agreement is found
between the model and the data points, which is the simulation sample used to
construct the model. Additionally, the K37’ tag mode on the right is seen to
have a worse mass resolution due to the 7° reconstruction, compared to the fully
charged K™K~ 7ntn~ mode on the left.

In single-tag yield fits with a large number of events, which are the K7™,
K 77 K-ntn 7" and K{r"n~ tag modes, the resolution function is a double
Gaussian function. In the other tag modes, a single Gaussian function is found to
provide an adequate description of the resolution differences. In the fit, the mean
and standard deviation of the Gaussian resolution functions are free parameters.

The second PDF component is a combinatorial background without any peaking
structures. It is modelled with an Argus function [94], which is a smooth distribution

with a kinematic end point at Mpc = 1.8865 GeV/c? due to the fixed beam-energy
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Figure 6.1: Examples of a fit model derived from BESIII simulation using KDE, with
the D° - KT K771~ decay on the left and D° — K[S)TFO decay on the right. The model
is shown as a solid blue line, while the black data points show the simulation sample used
to construct the model.

constraint. The Argus distribution has a single parameter that describes its shape,
and in the fit this parameter is allowed to vary.

The third component of the fit model is referred to as the peaking background,
which has peaking structures that cannot be described by a flat distribution, such as
the Argus function. Each tag mode also has a different set of peaking backgrounds,
each with different peaking shapes that need to be modelled. The determination of
these PDFs is described in Section [6.1.3] and their shapes are kept fixed in the fit.

In order to normalise the fit model PDF, the likelihood function is extended
to include Poisson-likelihood terms, analogous to Eq. (A.4), which describe the
yield of each component. The yield of signal and combinatorial background are free
parameters in the fit, while those of the peaking backgrounds are fixed to the values
determined in Section [6.1.3] All yields are restricted to be strictly non-negative.

To determine the double-tag yield of fully reconstructed tag modes, an analogous
fit is performed to the beam-constrained mass Mg of the signal mode. The
resolution function is a single Gaussian distribution for all double-tag modes. The
data set of double-tag events is much smaller than that of single-tag events, and
therefore an unbinned likelihood function is constructed, using Eq. . Similar
to the single-tag selection, the combinatorial background is also modelled with

an Argus function.
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In partially reconstructed modes, the fit setup is similar, with Uy or M2,
being the discriminating variable. The absence of a beam-energy constraint results
in a combinatorial-background distribution which does not have a kinematic end
point. Therefore, a first-order polynomial function is used to model this background,
where both the slope and constant y-offset are allowed to vary in the fit.

The binning scheme of the D — K™K 7ntn~ decay is that described in
Chapter [3, which has 2 x 4 = 8 bins. Therefore, for each flavour tag, eight bin
yields are determined. In CP-tags, Eq. is invariant under the transformation
i — —1i, and therefore bins ¢ and —i can be merged, which results in only four
bin yields. Similarly, for SCMB tags, described by Eq. (2.23), the tag side bin

can be restricted to j > 0 due to the equivalence of bin (i,j) — (—i, —j), and the

total number of bin combinations is 2 X 4 x 8 = 64.

6.1.2 Calculation of efficiency and bin-migration effects

The single- and double-tag yields must be corrected for reconstruction efficiencies in
order to be interpreted. For single-tag yields, the efficiency €57 is simply determined
using large samples of BESIII simulation for each tag mode. The efficiency is
calculated by taking the number of events that pass the full selection, divided
by the number of generated events. The uncertainty is assumed to follow a
binomial distribution.

For the double-tag yields, the bin efficiencies are calculated analogously, but
the effects of bin migration must also be accounted for. These are both contained

in the efficiency matrix, which is defined as

pr _ Events reconstructed in bin ¢
ij =

€
Events generated in bin j

The diagonal elements of the efficiency matrix, which are interpreted as bin
efficiencies, may differ by 1%-2% between phase-space bins due to differences
in decay kinematics. The off-diagonal elements describe bin migration and are

all less than 15%.
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6.1.3 Peaking background estimation from simulation

In the fit of yields, peaking backgrounds must be carefully accounted for in order
to avoid biases in the signal yield. However, due to the similarity in the PDF shape
between signal decays and peaking backgrounds, these components are fixed in the
fit. The impact of the assumptions made in fixing these parameters is assessed
as a systematic uncertainty in Section [6.3]

The D-decay modes that contribute to the peaking backgrounds in each tag
mode are identified using the inclusive BESIII simulation sample, which contains all
known D decays. The tool TopoAna [95] is used to sort different decay topologies
and systematically categorise different peaking backgrounds. For decays that have
a non-negligible contribution, larger dedicated simulation samples are generated

for the accurate determination of the yield and PDF shape.

Table 6.1: Background-to-signal ratio and the shape of peaking backgrounds in the
single-tag yield fit.

Decay mode  Background decay  Ratio (1072)  Shape parameterisation

KTK-ntn~ K{KTK~ 1.41£0.12  Double Gaussian
K-rntr—nt  K{K'trn~ 0.95+£0.10  Double Crystal Ball
mta 0 K3n° 5.1+0.9 Double Crystal Ball
K3nO7° a0 0.44 +£0.07  Double Gaussian
K3rO70 KK 0.48 +£0.06  Double Crystal Ball
K2n070 K30y 0.042 4+ 0.006  Double Crystal Ball
Kir° w0 0.26 £0.05  Double Gaussian
Kdn Tty 0.0271 £0.0032 Double Gaussian
Kdn/(rtr~y) Kintr n° 3.1+£0.5 Crystal Ball
Kintm— LF I 0.235+0.018  Double Crystal Ball

To minimise any systematic dependence on the normalisation of peaking back-
grounds, the yield of each peaking-background contribution is fixed as a ratio

relative to the signal yield. This background-to-signal ratio is calculated as

¢(background) " BF (background)
e(signal) BF (signal)
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where BF is the branching fraction taken from the PDG [21] and e(signal) is the
signal efficiency, which is calculated using the approach described in Section [6.1.2]
The background retention e(background) is calculated analogously to the signal
efficiency, using a simulation sample of background decays that undergo the same
selection as that of signal.

Table [6.1] shows the resulting background-to-signal ratios. Most contributions
are smaller than 1.5% of the signal yield, with the exception of the K27° and
Kdr "7~ 7% contaminations in the 77~ 7% and KQn/(7"n~v) tag modes. These

particular backgrounds are CF decays with large branching fractions.

n
£ 6000

[2] £ ~
§ 70EKJKTK™ — S KK 7" —
> E > r
W 60F KK whn~ “-‘50005 K rnrn—nt
50 40001
40F 3000~
30F F
F 2000}
20; £
10 1000
E i e o I Eo 1 A T
P83 182 185 186 187 188 P83 184 Tes5 186 187 188
Mg (GeVic?) Mg (GeVic?)
£1400F 2] F
c C 0.0 c F 070
glzoo}KSW — QSOOOEKSKS —
w Fatgg wF K070
1000F 4000}~
800 3000}~
600 8
F 2000}~
400j C
2001 1000
| | L i R IR B L il FA TR S S
P85 T84 185 186 187 188 P83 184 185 186 187 188
Mg (GeV/c?) Mg (GeV/c?)

Figure 6.2: Examples of Gaussian and Crystal Ball functions fitted to simulated
background-decay Mpc distributions. The top left corner indicates the background decay
mode on top and the reconstructed tag mode below.

To model the Mg distribution of peaking backgrounds, a combination of Crystal
Ball functions, which are Gaussian functions with a power law tail, or Gaussian
functions, are fitted to the distributions obtained from the simulation samples. The

choice of model is empirical and the fit quality of each shape is checked to ensure a
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good agreement between the simulation sample and the model. The model used
for each peaking background is listed in the last column of Table [6.1] Figure|6.2
shows four examples of peaking backgrounds that are fitted with an empirical model.
In the top left plot, the K{K K~ background in the K+ K77~ signal mode
has been fitted with a double Gaussian function, while the other three plots show
similar fits to other background modes with a double Crystal Ball function. After
the PDFs of these backgrounds have been determined, the parameters describing
their PDFs are fixed in the maximum likelihood fit of the single-tag yields.

In the determination of double-tag yields, the peaking backgrounds are treated
in an identical manner, but the background-to-signal ratios are determined in each
bin. Since peaking backgrounds are small, bin-migration effects are neglected. Fur-
thermore, peaking backgrounds can occur on either the signal mode or the tag mode.
It is assumed that peaking background contributions in the signal mode and the tag
mode are factorisable, and these are therefore treated independently. Background

contributions from both signal and tag modes simultaneously are neglected.

6.1.4 Corrections to quantum correlation effects

The calculation of background-to-signal ratios in Section [6.1.3] uses branching
fractions of DY decays that are originally in a flavour eigenstate. In DD events
at the charm threshold, it is not always the case that the D mesons decay into
a flavour-specific decay, and in general the decay rate of a particular D-meson
decay mode can either be enhanced or suppressed, depending on the CP content
of the other D meson decay. These effects are not accounted for by the BESIII
simulation used in this analysis.

Thus, the yield of peaking-background contributions of double-tag events that
are calculated in Section [6.1.3] must be corrected for such quantum-correlation
effects. The correction factors can be determined from Egs. , and ,
using the same formalism that describes the quantum-correlation effects of the signal
mode D — KTK~-n"7m~. The calculation requires knowledge of the strong-phase

parameters ¢;, s; and K;, which are the parameters that this analysis is attempting
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to determine. To circumvent this circular dependence, initially the model predictions
from Table [3.4] are used. After preliminary results of ¢; and s; are obtained, the
calculations are updated using the model-independent measurement. Since the
peaking backgrounds are in general very small, any imperfections associated with

this iterative procedure have negligible impact on the measurement.

Table 6.2: Quantum-correlation correction factors for the peaking backgrounds on the
tag side in CP tags in bins 2 and 3.

Bin number — 2 3
Tag mode Background

atr w0 K3r° 524 1.0 7.6+2.0

K{r970 I 3.4+25 5+4

K3n70 K3n0y 3.4+£25 5+4
K)r® KYnO70 5.8£1.2 9.3+£2.38
K)n® K{m" 58+ 1.2 9.3+£238
K3n° ata 0.194+0.04  0.13+£0.04
K2n Tty 0.6+0.4 0.6+04

Kgnlei o, Kinta~ 7% 0.805+0.012 0.790 £ 0.012

Analogous to the background-to-signal ratios calculated in Section [6.1.3] the
quantum-correlation corrections are also calculated as ratios of yield enhancement
or suppression between the background and signal yields. To obtain the correct
background-to-signal ratio, the numbers from Section [6.1.3] must be multiplied
by these corrections, which by definition are equal to unity in the absence of
quantum-correlation effects.

To illustrate some extreme cases of such effects, the quantum-correlation
correction factors for the peaking backgrounds in the CP tags are shown in Table[6.2]
for bins 2 and 3. The CP content of pure CP-eigenstate decays are taken from
Ref. [21], while for the 777 ~7% and K{nt7~ 7" decays, their CP-even fractions are
obtained from Ref. [46] and [85], respectively. In decays of unknown CP content,
such as D° — 777~ 7%7% or D — K37%y, it is assumed that F, = 0.5 £ 0.5.

Many of the corrections in Table are very large, such as the KPm%7°
background in the KPn° tag, which are two decays of opposite CP eigenvalue.

The D° — K™K ~n"r~ amplitude model [38] predicts that bins 2 and 3 are mostly
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CP-even, and therefore the signal yield of CP-even tag modes are heavily suppressed,
while CP-odd backgrounds in these bins are enhanced. Similarly, the corrections
for the 777~ 7% background in the K7° tag are very small, as this background
is heavily suppressed by quantum correlations.

The quantum-correlation corrections of flavour tags are calculated in an analo-
gous manner. The D® — K~ntn~ 7t decay is the only flavour tag where quantum-
correlation effects must be accounted for due to the D* — KJK 7" background.
The non-trivial CP content of this background is taken from Ref. [96].

For the SCMB K{nTn~ and K7+~ tag modes, the dominant peaking back-
grounds are D — 7t~ 7wt~ and D° — KQm ™7™, respectively. In the latter case,
the decay K{ — %7 is not reconstructed, thus faking the behaviour of a missing
K? meson. Quantum-correlation corrections of these backgrounds are calculated
using strong-phase information from Refs. [46] 56].

Since single-tag events are not affected by quantum-correlation effects, it is not

necessary to perform corrections to peaking backgrounds in single-tag fits.
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Figure 6.3: Single tag Mpc fits of (left) DY — KTK 77~ and (right) D* — K7 ™.
The red line shows the fit model, and the solid blue and green shapes are the flat- and
peaking-background components, respectively. In fully reconstructed decays, the peaking-
background contribution is very small.

6.1.5 Single-tag yields

The single-tag yields of all fully reconstructed tag modes, which are determined

using the fit described in Section [6.1.1] are listed in Table [6.3] along with the
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single-tag efficiencies. The uncertainties on the single-tag yields are statistical
uncertainties, while the uncertainties on the efficiencies reflect the finite BESIII
simulation sample sizes.

Examples of single-tag yield fits are shown in Fig. [6.3] where the red line shows
the fit model and the solid blue shape is the combinatorial background. Peaking
backgrounds are shown as solid green shapes, but these are very small in fully
reconstructed tag modes. The K+ K~ 77~ decay, which is shown on the left, has a
low branching fraction and poor reconstruction efficiency, and since it is a four-body
decay there is also a large amount of combinatorial background present. The plot
on the right shows the single-tag fit of D° — K~7*, which is a CF decay with
a large branching fraction. Additionally, since this decay only has two charged

particles in the final state, the level of combinatorial background is much lower.

Table 6.3: Single-tag yields in data and corresponding efficiencies as determined from

simulation.

Tag mode Single-tag yield Efficiency (1072)
KtK-ntn~ 59057 + 380 18.75 + 0.04
K7t 3020110 4+ 1820 68.56 + 0.05
K-ntn0 5757990 £ 6240 36.92 4 0.05
K-nta—nt 3840200 + 2490 41.18 £ 0.06
K- ety 2396000 =+ 33800 58.22 +0.19
KtK~ 307164 + 805 63.12 4+ 0.05
T 113074 4+ 423 66.69 4+ 0.05
atn— 0 601480 + 1330 36.30 £+ 0.05
K3nO70 123796 £ 542 14.48 +0.04
K7 346900 + 12400 31.18 £ 0.13
K{r° 371507 + 654 37.47£0.05
Kn 50548 4+ 267 31.37£0.05
KW 18672 + 149 11.82 4+ 0.04
Kgn;ﬁr,w 46264 £+ 273 18.09 4+ 0.04
KgWJr?T*?TO 734250 + 2200 14.74 +0.04
Kdrtn~ 916760 + 1940 34.95£0.05
Kntr~ 1459500 +£ 40600 39.59 £ 0.10

For the partially reconstructed tags, which are K~ etv,, K?7% and KP7 7~ an

effective single-tag efficiency is calculated from epr/esr (K K7nm). To determine the
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single-tag yield, external inputs for the branching fractions, ete™ — D°DO cross
section [97, 98] and integrated luminosity [99] are required. The K~ e*v, branching
fraction is taken from the PDG [21], while the KPx° branching fraction is obtained
from Ref. [49]. The K7 7~ branching fraction is obtained from an internal BESIII
analysis, but since this result is currently not published, this number is not used

in the determination of ¢; and s;.

6.1.6 Double-tag yields

After the determination of single-tag yields of fully reconstructed tag modes in
Section an analogous maximum likelihood fit is performed on the the double-
tag selection of these modes. Ideally, a two-dimensional fit would be performed
on both the signal and tag side beam-constrained masses. However, due to the
limited sample size of double-tag selections, the fit in this analysis is restricted
to a one-dimensional fit of the beam-constrained mass Mg of the signal side. In
the analysis described by Ref. [43], it is demonstrated that the double-tag yields
obtained from a one-dimensional fit of Mpc are consistent with those obtained

from the full two-dimensional fit.
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Figure 6.4: Double tag Mpg¢ fits in bin +1 of the K~ 7t tag on the left and K~ e™v,
tag on the right. The red line shows the fit model, and the solid blue and green shapes
are the flat and peaking background components, respectively.

In addition to the fully reconstructed tag modes, a fit is also performed on
the partially reconstructed double-tag samples involving D° — K~ etv,, Kln°

and K{rtn~ tags. The D° — Kdrtn~, KTK~ and K{r° tag modes are also
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considered in a selection where the signal mode D° — K+tK w7~ is partially
reconstructed with a missing kaon. These six selections of partially reconstructed
decays provide valuable and complementary information on the D° — KT K- rw*r~

strong-phase parameters.
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Figure 6.5: Double tag Mpc fits of the K™K~ tag on top and the ngo tag at the
bottom in bins 1 and 2. The red line shows the fit model, and the solid blue and green
shapes are the flat and peaking background components, respectively.

The maximum likelihood fit of the double-tag selections uses a fit model
analogous to that of single-tag selections. While Mg is the discriminating variable
in fully reconstructed decays, the K~ e'v, tag uses Upiss and the remaining partially

reconstructed modes use M?

siss as fit variables. For each tag, all phase-space bins

are fitted simultaneously. The parameters describing the resolution function and
the combinatorial background shape are shared between all bins, while the yields
are independently varied in each bin.

Examples of double-tag fits are shown in Fig. [6.4. The fully reconstructed

two-body tag mode D° — K~7t, shown on the left, is found to have a very low
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background level, while the partially reconstructed K~ e*v, tag on the right has
a worse purity. The peaking backgrounds are mainly dominated by K- 7%"wv,,
K pty, and K-ntn? decays.

Figure shows a comparison in bins 1 and 2 between the D® — K*K~ and
K70 tags, which are tags of opposite CP content. On the top, the KT K~ tag is
seen to have suppressed double-tag yields in bin 2, relative to bin 1. At the bottom,
the K3m° tag shows the opposite behaviour, where bin 1 is suppressed relative
to bin 2. Since the overall DD wavefunction is CP-odd, Fig. indicates that
the phase-space bin 1 of the D° — K*K 77~ decay is predominantly CP-odd,
while bin 2 is dominated by CP-even amplitudes. These qualitative findings are

consistent with the quantitative results discussed in Section [6.2]

Table 6.4: Double-tag yields of CP tags. The uncertainties are statistical only.

Bin number — 1 2 3 4
Tag mode |

KtK- 39.0754  11.973%  1557%  35.0753
KtK-T 34.97%1  272%8L 240104 27088
Tt 8471 1.9%4d 4870 83738
ata a0 58.5T108  49.675%0 545700 61.6710%
KnOn0 10.6733  3.67%5 126733 10.7735
K070 30,9779 181747 11.5%3%  19.878%
Kn® 20.5745  92.070%°  124.8711T 975138
KO0 6.773%  92.1+123 113.2%132 122737
K 57727 217t 150742 2372l
K., 0.0  9.0%33 56139 29720
Kl 3.8722 12,0t 15.075% 1.9t
Kdntn—7n®  53.8%85 154.9713% 209.27139  43.477§

The double-tag yields of each CP tag are listed in Table[6.4] The top six tag

modes are CP-even, while the bottom six are CP-odd. All tag modes show the
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same enhancement and suppression effects as those seen in Fig. Generally, bins

1 and 4 show a CP-odd behaviour, while bins 2 and 3 are CP-even like.

Since many double-tag yields are very small, symmetric uncertainties that follow
a Gaussian distribution are found to provide an inaccurate statistical coverage.
Instead, for flavour- and CP-tag modes, Wilks’ theorem is used, as described in
Section [A.3] For each yield, the profile likelihood function of the invariant-mass fit is
scanned around the minimum to find AL = 1, from which asymmetric uncertainties
are assigned. In SCMB tags, however, Wilks’ theorem is found to be invalid due
to very small bin yields. Therefore, instead of obtaining numerical values of bin
yields, the profiled likelihood from the invariant-mass fit is used directly in the

strong-phase determination described in Section

It must be noted that £ is in fact the logarithm of the likelihood function,
multiplied by a factor —2. As explained in Appendix [A] taking the logarithm has
several practical advantages in maximum likelihood fits. The scaling by —2 allows
for a direct identification of £ as a x? distribution, by Wilks’ theorem. Henceforth,

in this thesis the function £ will be referred to as the “likelihood function”.

6.2 Determination of strong-phase differences

6.2.1 Strong-phase fit strategy

The single- and double-tag yields obtained in Sections [6.1.6| and [6.1.5] are subse-

quently input to a maximum likelihood fit to determine the strong-phase parameters

of the D° — K+*K~ntn~ decay mode. This fit, which will be referred to as the

“strong-phase fit”, uses Eqgs. (2.23)),(2.28) and (2.29). These equations are shown
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again below for the D° — KT K77~ decay, with efficiencies shown explicitly,

M;;(K K, g) 0 €ijab
22 =BF(D° - KKnn)-4%
M(g) ( st
x| Ko K§ + RuK§ — 2 K K KK (o + sasi’)}, (6.1)
M;(KKrm,g) 0 e)t
—— % =BF(D’ - KK 2
M (g) ( et
_ 2
X |:KJ + (Tgﬂ) Kj
—2r8"RET KK (cj cos (55“) + s;sin (55”))} : (6.2)
Mi(KKnm,g) € : I—

As mentioned at the end of Section each SCMB tag, described by Eq. [6.1]
has 64 bin yields. This makes a total of 3 x 64 = 192 bin yields, where the
K2n 7~ tag with a partially reconstructed KK~ nt7~ signal mode is considered
to be a separate tag mode, independent of the K{m*7~ and K77~ tags with a
full reconstruction of the signal mode. Similarly, there are four flavour tags with
4 x 8 = 32 bin yields and twelve CP tags with 12 x 4 = 48 bin yields. In total,
the strong-phase fit uses 272 bin yields as input.

The strong-phase parameters that must be determined by the strong-phase fit
are the four ¢; parameters and four s; parameters. In addition, there are eight K;
parameters, but since these are, by definition, normalised to unity, only seven
K; are independent.

An important motivation for normalising Eqs. — with the corresponding
single-tag yield is because there are systematic differences between the reconstructed
efficiencies obtained from the simulation and the actual efficiencies in data. The
form of Eqgs. —, where all yields and efficiencies appear in a ratio between
single- and double-tag selections, ensures that any systematic discrepancies in
the reconstruction efficiencies of the tag mode is cancelled between single- and
double-tag yields.

The only parameter affected by discrepancies in the signal mode is the branching

fraction BF(DY — KKnr), which takes the role as a normalisation constant.
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By allowing this to be a free parameter, the strong-phase parameters become
independent of these systematic biases. Additionally, since there currently exists no
published value for the branching fraction of DY — KP7w 7™, its single-tag yield is
calculated, in Section , using that of the D* — K{n 7~ decay. However, to
remove any systematic bias due to this choice of branching fraction, the branching
fraction BF(D® — K Kn7) is varied independently for this particular tag mode.

The values of the hadronic parameters rp, R and ép of the flavour tags D° —
K=nt7% and D* — K-7tn~ 7", which appear in Eq. (6.2)), are taken from the
combination of BESIII, CLEO-c and LHCb results reported in Ref. [50]. In the case
of D — K~7*, for which R = 1, the strong-phase fit has the potential to provide
interesting information about 057, with negligible degradation in the sensitivity to
the D° — K+K~—nt7n~ strong-phase parameters. Therefore, the strategy is to let

Km

rB™cos(65™) and rB7 sin(65™) be free parameters in the strong-phase fit. These

parameters are Gaussian constrained to the results of SCMB decays from Ref. |49].

Table 6.5: Summary of free parameters in the fit.

Fit parameter Number of parameters

Ci

Si

K;

rE™ cos(08™)

rBmsin(65™)

BF(D° — KKr)

BF(D° - KK7r) (for KPntm™)

Total 19

e e SN

In total, there are 19 free fit parameters in the strong-phase fit, and these
are summarised in Table [6.5]

The efficiencies and efficiency matrices in Egs. —, which are determined
from simulation, are fixed in the strong-phase fit. Similarly, external strong-phase
information, such as the ¢;, s; and K; parameters of the Kg, T tag modes, and

the single-tag yields M(g), are also kept fixed in the strong-phase fit.
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6.2.2 Fractional bin-yield parameterisation

In theory, it is possible to perform the strong-phase fit with the first seven K;
parameters as free parameters, while the final parameter is set to Ky = 1 —
> i1 K. However, such a parameterisation introduces large correlations between the
individual coefficients, resulting in an unstable fit. It is beneficial to reparameterise
the K; to a more convenient form that automatically accounts for this constraint.

The new parameterisation, known as the recursive fractions R;, is defined as

R — Kl 1=—4
K s Ky, —4<i < 44,
which automatically constraints the final recursive coefficient to Ry = 1. Therefore,
this parameterisation automatically removes the redundant degree of freedom.
The inverse transformation is
R;, 1=—N

In the remainder of this thesis, all fit results will be provided in terms of R;.
This form is more convenient because it reflects the correct number of degrees of
freedom in the fit, and it makes it easier for future strong-phase analyses to use

¢, s; and K; as an external inputs with a full covariance matrix.

6.2.3 Construction of likelihood function

To construct a likelihood function that accommodates the fit strategy described
in Section [6.2.1] a multi-dimensional Gaussian likelihood function, Eq. (A.3)), is
used as a starting point. The set of bin yields, which are denoted xg, x1, ..., with

a covariance matrix V;;, are combined into the likelihood function

L= Z‘Z(Vfl)ij (ZM - ii’i(pa)) (xj - ij(pa))y

where #;(p,) are predictions of x; obtained from Eqs. (6.1])-(6.3)). These predictions

are functions of the free parameters py, po, ..., which are listed in Table [6.5]
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For a likelihood function describing a set of Gaussian distributed measurements,
the covariance matrix takes the form V;; = p;;j0,0;, where o; are the symmetric
bin-yield uncertainties and p;; are the correlation coefficients. Unfortunately, as
shown in Table [6.4] many of the bin yields have highly asymmetric uncertainties
that cannot be described by a Gaussian distribution. Neither can they be described
by a Poisson distribution, since many of these tag modes have non-negligible
peaking and combinatorial backgrounds.

In Ref. [100], an alternative form of the covariance matrix was proposed, which
provides an approximate description of the likelihood function for measurements
with non-Gaussian distributions. It can be considered as a linear extrapolation of

the covariance matrix from the asymmetric uncertainties,

Vij =pijoi(x; — Ti)oj(x; — &),

oi(z; — ;) :\/0+0_ + (2 — &) (0o — 04), (6.4)

and in Ref. [100] it was shown that Poisson-like measurements are well described
by such an approximation. However, Eq. is limited to cases where (/o 0 >
|o_ — o], such that the term linear in x; — #; is small. Thus, the double-tag yields
listed in Table [6.4] as well as the yields of flavour tags, are suitable measurements
where Eq. is applicable. In the limit where 0 = o0,, Eq. reduces to
a conventional covariance matrix.

In SCMB tag modes, where many bin yields are close to zero, Eq. is found
to result in unstable strong-phase fits because o_ ~ 0. For these tags, the unbinned
profiled likelihood obtained from the invariant-mass fit provides the best possible

description of these bin yields, but at the expense of computationally intensive fits.

6.2.4 Strong-phase fit bias study

To assess the stability of the strong-phase fit, as well as potential biases in the
central values or uncertainties of the fit parameters, a set of fits to pseudo-
experiments are performed. Due to the non-Gaussian nature of the bin yields,

especially in the SCMB tags, it is found that drawing random numbers from a
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Poisson or Gaussian distribution provides an inadequate description of the bin
yield distributions. Therefore, for each double-tag mode, 1000 pseudo-experiments

are generated using the invariant-mass fit model.
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Figure 6.6: Pull distributions of s; obtained from strong-phase fits of 1000 pseudo-
experiments, shown as black data points. The blue curve is the Gaussian function fitted
to this distribution.

In order to generate pseudo-experiments with similar properties as those of data,
the bin yields are set using Egs. (6.1)-(6.3), with the D" — KK 77~ strong-
phase parameters set to those obtained in a fit to data. Similarly, the parameters
describing the invariant-mass shapes are also taken from the fit to data.

In an identical manner to what is done with data in Section[6.1.6] each of the 1000
pseudo-experiments in each tag mode is fitted to determine the double-tag yields.
The double-tag yields of all tag modes are used as inputs to the strong-phase fits, and
the pulls of the fitted values of ¢; and s; are plotted in Figs. and respectively.
The pull distributions of other parameters in the fit show similar behaviour. In

total, 93.4% of the pseudo-experiment fits converge with a full covariance matrix.
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Figure 6.7: Pull distributions of s; obtained from strong-phase fits of 1000 pseudo-
experiments, shown as black data points. The blue curve is the Gaussian function fitted
to this distribution.

The pull distributions are fitted with a Gaussian function, which is the blue
curve in Figs. and [6.7 The mean and widths of these functions are listed
in Table [6.6] and it is found that all the pull distributions have widths that are
consistent with unity. This indicates that the modified likelihood function, Eq. ,
provides a good description of the asymmetric uncertainties.

However, some of the pull distributions show biases in the central value that is
up to 14% of the statistical uncertainty. Although the mean of the pull distributions
from Table can be used directly to correct for the biases in the fit to data,
the assumptions behind the calculation of these corrections must be considered.
Specifically, in the generation of pseudo-experiments it is implicitly assumed that
the fit model described in Section [6.1.1] is the correct model. This includes the
choice of nuisance parameters in the model, such as the size of peaking- and

combinatorial-background components.
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The accuracy of the bias corrections therefore depend on whether or not the
corrections are sensitive to the exact values of nuisance parameters, which are
taken directly from the fit to data. Fortunately, even though the fits described
in Section [6.1] contain several backgrounds, the majority of these contributions
are very small and it may be assumed that the exact sizes of these backgrounds
have a negligible impact on the bias corrections.

Furthermore, it is also found that generating pseudo-experiments using model-
predicted values of ¢; and s;, instead of those obtained from the fit to data,
results in bias corrections that are consistent with those in Table [6.6] Hence,
despite the limitations in the method used to determine the bias corrections in
Table [6.6] it is deemed that a direct correction to the fit results in data using

these values is appropriate.

Table 6.6: Mean and standard deviation of the pull distributions obtained from strong-
phase fits of pseudo-experiments.

Variable Pull mean Pull standard deviation

c1 —0.14 £0.04 1.01 £0.03
Co —0.09 £0.04 1.03 £0.03
C3 —0.05+=0.03 0.95+0.03
4 —0.12£0.03 0.99 +0.03
51 —0.12£0.04 1.03 £0.04
S 0.00 = 0.04 1.00 £0.03
S3 0.11 £ 0.04 1.07 £ 0.03
S4 0.04 £ 0.04 1.07£0.03

6.2.5 Strong-phase fit results

The data are fitted with the procedure outlined in Sections [6.2.1}{6.2.3] The results
presented in this section are also corrected for biases in their central values. The
resulting ¢; and s; parameters are listed in Table 6.7 and they are also visualised
in Fig.[6.8] In general, the (c;, s;) points lie close to the unit circle, meaning that
the dilution of the strong-phase differences due to binning is minimal. Furthermore,

the model-independent measurements agree well with the model predictions.
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Table 6.7: Results of ¢; and s; from the strong-phase fit, after bias corrections. The
uncertainties are statistical only.

Parameter Fit result Parameter Fit result

c1 —0.28 = 0.09 51 —0.68 == 0.24
Ca 0.83 £0.04 S —0.18 £0.19
3 0.83 £0.03 S3 0.27+0.17
4 —0.28 £0.10 S3 0.54 £0.28
0 i
1_
05—
0
0.5
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7\|\\\\‘\\\\‘\\\\‘\\\\|\
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Figure 6.8: Fitted values of ¢; vs s;, which are shown as black data points. The blue
crosses mark the corresponding model predictions.

It is also interesting to study the other free parameters of the strong-phase fit.
Although several of these are considered to be nuisance parameters, they can still
provide interesting information and also serve as useful cross checks of the fit. In
particular, Table shows a comparison of the external inputs of r5™ cos(65™) and

Km

rE7sin(08™) from Ref. [49] and the fitted values, which are Gaussian constrained

to the external inputs. On the left of Fig. [6.9, an alternative strong-phase fit
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is performed where the Gaussian constraint on 5™ cos(65™) and r5™ sin(65™) is
relaxed, and the resulting contours are shown. They are in agreement with the
current world average from HFLAV [25].

While the improvements are minor, this analysis is the first study of quantum-
correlated DD pairs to simultaneously measure 657 together with ¢; and s;. The
results of Table demonstrates the possibility of a high-precision measurement of
SB™ in an analogous strong-phase analysis of three-body decays such as D° —
K{rtn~ and KPmtrn.

Table 6.8: A comparison of the 75™ cos(657™) and r57 sin(65™) parameters before and

after the strong-phase fit, where these are constrained to the measurements from Ref. [49).
The uncertainties are statistical only.

Parameter Before fit [49]  After constrained fit

rE7 cos(65™)  —0.0562 +0.0096  —0.0548 =+ 0.0086
rE7sin(687)  —0.0110 £0.0140  —0.0121 4 0.0137

On the right of Fig. [6.9] the fitted recursive fractions R; are shown as black data
points. The model predictions of R; are shown in blue, and a good agreement with
the fitted parameters is found. This agreement indicates that the efficiency and bin

migration corrections are sufficiently accurate for this strong-phase measurement.
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Figure 6.9: Left: The contours of r5™ cos(65™) vs r57 sin(65™) obtained from the strong-
phase fit. The solid and dashed contours correspond to Ax? = 2.30 and 6.18, respectively,
with the black dot indicating the central value. The data point with uncertainties is the
world average from HFLAV [25]. Right: A comparison of the fitted R; values, shown as
black data points, and their model predictions, which is the solid blue line.
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Finally, it is interesting to compare the fitted branching fraction of D —
KTK-nt7~, which is BF(KKnr) = (2.842 4+ 0.031) x 1073, to the PDG value
(2.4740.11) x 1073 |21]. Although the fitted value is around 3 ¢ higher than the value
reported by the PDG, it is significantly more precise. Furthermore, this branching
fraction determination is an absolute measurement, in contrast to previous studies
where it was determined relative to that of other decays. Thus, it motivates a

promotion of this nuisance parameter to a parameter of interest.

6.3 Systematic uncertainties of strong-phase pa-
rameters

There are several sources of systematic bias, which are split into three categories.
For each contribution, a covariance matrix of all 19 free parameters is calculated.
In this thesis only the numerical results of parameters related to the strong-phases

of D' — KTK-7n"7~, as well as the branching fraction, are reported.

6.3.1 Uncertainties of fixed parameters

In the first category of systematic uncertainties, which contains the majority of
contributions to the strong-phase systematic uncertainties, the uncertainties of fixed
parameters in the strong-phase fit are propagated to the final result. For each
contribution, the strategy is to repeat the strong-phase fit, each time smearing the
parameters according to their covariance matrices. The resulting distribution of
the 19 free parameters are used to build a sample covariance matrix.

The first contribution is the uncertainties on the single-tag yields, which are
listed in Table [6.3] For fully reconstructed tag modes, these are statistical in origin
and obtained directly from the single-tag fit. For partially reconstructed tags, where
an effective single-tag yield is used, the uncertainties originate from the knowledge
of branching fractions, eTe™ — DDP cross section and the integrated luminosity.
Therefore, the relative uncertainties of the K?7% and K ~etv, single-tag yields are

significantly larger than those of fully reconstructed modes.
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The next contribution of uncertainties are in the D* — K§ atn~, ntz 7"
and KJrTn~ 7" tag modes, where the uncertainties on the associated strong-phase
parameters are taken from Refs. |46] 56, 85|, respectively.

Similarly, there are uncertainties associated with the efficiencies and efficiency
matrices obtained from simulation due to the finite sample sizes. For each tag, the
uncertainty on the single-tag efficiency is assumed to follow a binomial distribution,
using the fraction of events that is reconstructed. For the efficiency matrices in
double-tag yields, each matrix element is assumed to follow a binomial distribution.

In the fit of single- and double-tag yields, there are uncertainties associated with
the size of the peaking backgrounds. These uncertainties arise from the knowledge
of the branching fractions and from the finite sample sizes of the simulation used to
obtain the relative efficiencies. In the double-tag fits, there is also an additional
uncertainty from the quantum-correlation corrections, which are propagated from
the strong-phase measurements used to determine these corrections. To propagate
these uncertainties to the strong-phase measurement, the fits in Sections [6.1.5] and
are repeated many times. In each iteration, the peaking backgrounds are
smeared according to their covariance matrices and the strong-phase fit is repeated.
The resulting spread and correlation between strong-phase parameters is used to

build the covariance matrix of systematic uncertainties from peaking backgrounds.

6.3.2 Systematic bias due to the exclusion of K‘S)K+K‘
candidates

The second category of systematic bias has a single contribution, which is the
bias in strong-phase parameters introduced by selection of D° — KtK ntrn~.
Specifically, as described in Section [5.3.3] an asymmetric mass-window rejection is
imposed on the 77~ invariant-mass spectrum in order to suppress contamination
from D° — KJKTK~.

The region of phase space that is excluded is relatively small, so its impact is

assessed by calculating the model-predicted strong-phase parameters, using the
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method described in Section with and without the exclusion. The difference

between the results is assigned as the systematic uncertainty.

6.3.3 Systematic uncertainties from tracking and PID ef-
ficiencies

Finally, the last category of systematic uncertainties are contributions that affect
the branching fraction BF(K Kn), but they do not impact on the strong-phase
parameters ¢;, s; or R;. These arise because of systematic discrepancies between
the tracking and PID efficiencies determined from simulation, compared to the true
efficiencies in data. This is assessed in momentum bins with a data-driven method
using a calibration sample of double-tag events where both D meson decay into
CF final states. The tables of efficiency differences between data and simulation
are available as internal BESIII results |101]

To apply the results from the calibration sample to the D° — K+ K ~nt7~ decay,
a weighted sum over momentum bins is evaluated, using the momentum distribution
of the charged kaons and pions from a BESIII simulation of this mode. For each
pion track, the tracking and PID efficiency systematic uncertainties are determined
to be 0.5% and 0.1%, respectively [101]. It is assumed each of these uncertainties
are fully correlated between both pions of this decay, so the combined systematic
uncertainties are 1.0% and 0.2%. However, since tracking and PID efficiencies are
independent, these must be summed in quadrature, resulting in 1.0%.

Similarly, for each kaon track, both the tracking and PID uncertainties are 0.4%,
or a combined systematic uncertainty of 1.1%. Since the selected calibration samples
are different for kaons and pions, these may be assumed to be independent. Thus,
the tracking and PID efficiencies of kaons and pions may be added in quadrature,

and a systematic uncertainty of 1.5% is assigned to BF (K Kr).

6.3.4 Summary of systematic uncertainties of strong-phase
parameters

The uncertainties of ¢;, s; and BF(KK#nm) are summarised in Tables and
6.10, where the total systematic uncertainty is obtained by adding the individual
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Table 6.9: Summary of systematic uncertainties on BF, with each entry multiplied by
10°. The abbreviations ST and DT mean single and double tag.

BF(K Kn)
ST yield 0.2
K" ST yield 0.1
K~ etvy, ST yield 0.6
External strong phases 0.2
Finite simulation size 0.4
ST and DT fit 0.4
K2 veto 0.0
Tracking and PID efficiencies 4.2
Total systematic 4.3
Statistical 3.1

covariance matrices. In the case of the strong-phase parameters in Table [6.10] the
total systematic uncertainties are all much smaller than the statistical uncertainties,
which are also shown for comparison. The leading systematic uncertainty is that
from external strong-phase inputs. This is expected to reduce in the future, since

more precise measurements from BESIII are expected with the full 20 fb™" data set.

Table 6.10: Summary of systematic uncertainties on ¢;, s;. Each entry is multiplied by
103. The ordering is identical to that in Table

C1 Co C3 Cy S1 S9 S3 S4

0.9 0.4 0.3 0.8 0.5 0.5 0.1 0.1
3.8 24 2.6 3.5 0.4 0.1 0.0 0.3
0.5 0.3 0.2 0.5 0.0 0.2 0.0 0.1
4.8 7.6 5.7 4.4 36.4 32.7 28.9 43.2
3.4 1.7 1.3 3.6 6.3 5.4 4.9 7.7
3.6 5.2 4.5 3.7 1.3 1.6 2.4 1.8
0.2 4.3 1.9 5.8 0.4 6.2 1.7 2.8
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

7.9 10.5 8.1 9.6 36.9 33.8 29.5 44.0
87.0 43.3 33.7 96.6 240.2  185.7 169.6  276.1
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6.4 Summary of strong-phase analysis

Table [6.11] summarises the parameters ¢; and s;, which describe the strong-phase
difference of the D° — K+ K ~n"7~ decay. The first uncertainty is statistical and it
is found to be much larger than the second uncertainty, which is due to systematic
uncertainties. These parameters are used as external inputs in a model-independent
measurement of the CKM angle ~y, which is the topic of Chapter [9

Also shown in Table is the branching fraction of D° — K™K ~n"7~, which
is fitted as a normalisation constant, but its uncertainty is less than half that
of the current world average [21]. This determination is currently dominated by

tracking and PID systematic uncertainties.

Table 6.11: Results from the strong-phase fit, after bias corrections. The first uncertainty
is statistical and the second systematic.

Variable Fit result
c1 —0.28 = 0.09 = 0.01
Ca 0.83 +£0.04 +0.01
C3 0.83 £0.03 £ 0.01
Cyq —0.28 £0.10 £0.01
$1 —0.68 £20.24 £0.04
So —0.18 £ 0.19 £ 0.03
S3 0.27+0.174+0.03
Sy 0.54 +0.28 +0.04

BF(KKmr) (2.842 4 0.031 +0.043) x 1073
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7.7 Simulation of LHCHD

The LHCb detector , is one of four main experiments at the Large
Hadron Collider (LHC), which is located at the European Organization for Nuclear
Research (CERN). The LHC is a 27 km synchrotron designed to collide protons and
heavy ions, and is built 100 m underground in the same tunnels as its predecessor,
the Large Electron Positron (LEP) collider.

The protons are provided by a long chain of accelerators, starting with the
Linear accelerator 2 (Linac 2), Proton Synchrotron Booster (PS Booster), Proton

Synchrotron (PS) and the Super Proton Synchrotron (SPS). Two beams of 450 GeV

121
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protons from the SPS are injected into separate beam pipes inside the LHC, where
they circulate in opposite directions.

To keep the particles in circular orbits, there are 1232 superconducting dipole
magnets placed around the ring. The two beam pipes share the same magnets, but
the vertical magnetic fields are oriented in opposite directions inside the two beam
pipes. The magnets are designed to provide a magnetic field of around 8 T, which
allows each beam to reach an energy of 7TeV, or a centre-of-mass energy of 14 TeV.
The protons are accelerated with superconducting radiofrequency cavities.

When the protons have been accelerated, they undergo collisions at four crossing
points where the beams intersect. At these locations, the four large LHC experiments
are situated: ATLAS, CMS, ALICE and LHCb. Of these, the LHCb experiment
is the only detector that is a single-arm forward spectrometer. It covers the
forward region, corresponding to a pseudo-rapidity range 2 < 1 < 5, where a large
number of hadrons containing b or ¢ quarks are produced. The LHCb detector
covers an angular range of +250 mrad in the vertical direction and 4+300 mrad
in the horizontal direction.

An overview of the detector layout is shown in Fig.[7.I] Near the interaction
point, which is on the left, the Vertex Locator (VELO) forms the first part of the
tracking system. Further downstream, the tracking system contains the Tracker
Turicencis (TT) in front of a dipole magnet, followed by three tracking stations
T1-T3 downstream of the dipole magnet.

The two Ring-Imaging Cherenkov (RICH) detectors, which are referred to
as RICH1 and RICH2, provide the detector with unique particle identification
capabilities. Finally, behind RICH2 are the electromagnetic and hadron calorimeters
(ECAL and HCAL) and the five muon stations M1-M5.

Originally, the LHCb experiment was designed to study mixing, CP violation
and rare decays in beauty and charm decays, but its physics programme has later
evolved to include electroweak physics, QCD, spectroscopy, semi-leptonic decays,

heavy ions and fixed-target physics.
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Figure 7.1: A visualisation of the LHCb detector, taken from Ref. ||

The detector started data taking at the end of 2010, and the analysis described in
the following chapters uses the data sets collected during Run 1, which ran between
2011 and 2012, and Run 2, from 2015 to 2018. The two runs recorded pp collisions

corresponding to integrated luminosities of 3fb™' and 6 fb™!, respectively.

7.1 The tracking system

The tracking system at LHCb is excellent at reconstructing the trajectory of charged
particles, which are commonly referred to as tracks. The different tracks considered
in the reconstruction are illustrated in Fig. [7.2] of which the long tracks are the
only tracks of interest for this thesis. In addition, downstream tracks are also
important in other CP-violation analyses that consider K{-meson decays to two

charged pions, since this often occurs downstream of the VELO.
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Figure 7.2: A diagram of track types that are reconstructed with the LHCb tracking
system, taken from Ref. [104].

7.1.1 Vertex Locator

The VELO is a silicon-strip subdetector that surrounds the interaction point. It is
essential for resolving the large number of tracks originating from the pp collision
and precisely determines the positions of primary and secondary vertices. The
sensors therefore sit only 7mm from the beams, and to protect the silicon sensors
the two halves of the VELO are free to move. During the injection and acceleration
of the LHC beams, the VELO is retracted, due to the larger beam-aperture size
required. Once the beams have reached their collision energy, with a stable beam
condition, the VELO closes.

On the left of Fig. [7.3] one of the VELO halves is shown. It has a semi-circular
shape, with an indentation in the middle where the beam enters. The silicon-strip
pitch varies from 40 to 100 pm, and each half contains 21 standard modules used in
physics analyses. Although tracks in the forward direction are the most important,
the VELO also detects particles moving in the backward direction, which improves
the primary vertex reconstruction (the pp collision point).

There are two possible orientations of the silicon-strip modules. A module
can either be an R module, where the strips are oriented azimuthally, and this

allows a measurement of the radial hit position. Similarly, a ® module has strips
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Figure 7.3: Left: A photograph of one half of the VELO during assembly. Right: An
illustration of the R and ® sensors of a VELO module. The figures are obtained from

Ref. .

oriented radially, such that the azimuthal hit coordinate can be identified. The

two module types are shown on the right in Fig. [7.3]

7.1.2 Tracking stations

Downstream of the VELO, there are four tracking stations. First, there is the
TT, which is in front of the dipole magnet and it consists of silicon-strip sensors.
Behind the magnet there are three additional tracking stations T1-T3. Each of
these downstream tracking stations is split into an Inner Tracker (IT), which is a
small cross-shaped region near the beam pipe, and an Outer Tracker (OT), which
covers the remainder of the spectrometer acceptance.

The IT has a similar layout of silicon-strip sensors to the TT. The four silicon-
strip tracking stations have four layers each in a z-u-v-z configuration, where
the x layers have vertical strips and the u and v layers have stereo angles of
—5° and 5°, respectively. The strips have a pitch of 183 pum in the TT and
198 pm in the IT. In total, the TT has an active area of 8m?, while the three
IT stations cover 4m? in total.

To cover the larger area, the OT consists of a drift-tube gas detector, where
each gas-tight straw-tube has a diameter of 4.9 mm. The straws contain a mixture

of 70% Argon, 28.5% CO, and 1.5% O,. Each module has two staggered layers, and
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Figure 7.4: Track reconstruction efficiency from the data-taking periods 2012 and 2015,
as a function of (left) momentum and (right) pseudo-rapidity. The figures are taken from
Ref. [104].

each tracking station has four layers of modules in the same x-u-v-x configuration
as the TT and IT. The working principles of these tubes is the same as that
described in Section [4.1] and the achieved spatial resolution is 200 pm in the
plane perpendicular to the wire.

The performance of the tracking system is demonstrated in Fig. [7.4] where the
track reconstruction efficiencies from the 2012 and 2015 data-taking periods are
shown as a function of momentum on the left and pseudo-rapidity on the right.
In general, the efficiency is greater than 95%, determined using a tag-and-probe
method with Jip — ptp~ decays.

The tracking performance can also be quantified by studying how well the
tracking system can identify primary vertices and measure impact parameters.
The performance is shown in Fig. along the x-direction, and the results along
the y-direction are very similar. On the left, the resolution of the primary vertex
position is shown as a function of the number of tracks. Naturally, with more tracks,
the vertex position can be determined more accurately, and this results in a falling
distribution. On the right, the impact parameter resolution is shown as a function
of 1/pr. The linear increase is due to multiple-scattering effects at low momentum.

At high momentum, an impact-parameter resolution of 12 pm is obtained.



7. The LHCb detector 127

—_ - =100 3
E 40 7§ 902017 3
= 35- 4 = 80:+=2016 E
X ant E E E
30 1 Tx 702015 E

<c:] o5 3 % 605~ 2012 3
2 200 7 © 50 ul LHCb=
2 15 E 40+ F&2017: 0= 11.0 + 23.6/p 3
ﬁ E E 30- 2016: 0 = 12.6 + 24.0/p 3
g = 20- E
5 E 107 2012: 6= 11.6 + 23.4/p -

Si
-
of
(6)]

"0 20 30 40 50 115 2 25 3
Number of tracksin Primary Vertex 1/p, [c/GeV]

Figure 7.5: Left: Primary vertex resolution along x, as a function of track multiplicity.
Right: Impact parameter resolution along z, as a function of the inverse transverse
momentum. The different colours show different data-taking years. The plots are from
Ref. [104].

7.1.3 The dipole magnet

The momenta of charged particles are determined from their deflection by the
magnetic field between the TT and the three downstream tracking stations T1-
T3. In Fig. [7.1] the particle trajectories bend in the horizontal direction, and the
angular acceptance in this plane, +300 mrad, is therefore larger than that in the
non-bending vertical plane, where it is 250 mrad. Although the original Technical
Proposal suggested a superconducting dipole magnet, for cost-reduction reasons
it was decided that a warm-magnet design was preferable.

The dipole magnet, which possesses some non-uniformity, has a bending power
of 4T m, defined as the field integral over the distance z = 0 to z = 10m along
the beam direction. As particles of different charge are deflected in opposite
directions, the magnetic field is regularly interchanged between pointing upwards
and downwards in order to cancel detection asymmetries. Together, the dipole
magnet and the tracking stations achieve a 0.5% momentum resolution at low

momentum, and at 200 GeV/c the resolution has decreased to 1.0%.

7.2 Particle identification of hadrons

Particle identification (PID) capability is provided by four subdetectors in the

LHCD experiment. The calorimeters, which are discussed in Section [7.3] can
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recognise the presence of electrons and photons, and hence neutral pions. Similarly,
charged tracks that reach the muon system, described in Section [7.4] are likely
to be muons. Moreover, in the analysis of hadronic B* decays, it is crucial to
distinguish between different species of hadrons. A Ring-Imaging Cherenkov (RICH)
detector is highly suitable for this task; the LHCb detector has two such detectors,
labelled RICH1 and RICH2. RICHI is located upstream of the dipole magnet,
while RICH2 is behind the tracking system.

The RICH working principles are based on the emission of Cherenkov radiation
by charged particles traversing a medium with index of refraction n. The Cherenkov
photons are emitted at an angle given by cos(f) = ¢/nv relative to the particle-
momentum direction, where v is the particle speed. The photons are uniformly
distributed in the azimuthal direction.

The key component of each RICH subdetector is a spherical mirror that
images the cone of Cherenkov photons into a ring, which are then detected by a
photon detector. Neglecting chromatic aberrations, photons emitted at the same
Cherenkov angle are mapped into a circle of the same radius. Therefore, from a
measurement of the photon hit position, combined with knowledge of the particle
track, the Cherenkov angle can be reconstructed. The formalism for doing so
is discussed in Ref. [106].

Figure shows the different components of the RICH subdetectors, with
RICH1 (RICH2) on the left (right). A charged particle entering the system from the
left emits Cherenkov photons, which are reflected by spherical mirrors. Additionally,
there are also plane mirrors that direct the photons away from the path of incoming
particles. The advantage of this design is that the photon detectors may be placed
outside the LHCDb angular acceptance.

The photon detectors are hybrid photon detectors (HPDs), which consists of a
photocathode deposited on the inside surface of a quartz window, which is sealed
into a vacuum tube. When a photon hits the photocathode, a photoelectron is

produced and accelerated towards a silicon sensor, which registers a hit.
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Figure 7.6: An overview of the RICH system, with RICH1 on the left and RICH2 on
the right. Note the difference is scale. The diagrams are taken from Ref. [107].

The main difference between RICH1 and RICH2 is the radiator medium. In
RICH1, a C4F;¢ gas with an index of refraction n; = 1.0014 is used, which is
suitable for particles at low momentum, up to approximately 60 GeV/c. In contrast,
RICH2 uses a CF, gas with index of refraction n, = 1.0005, which can extend
the momentum range up to about 150 GeV/c.

During Run 1, RICH1 also had an aerogel layer behind the entrance window,
which is a suitable RICH radiator at particle momenta below 10 GeV/c. However, it
was found during data taking that more photons than expected were scattered by
this material, reducing the overall performance. It was therefore removed during
the shutdown between Runl and 2.

The main factors affecting the PID separation power of RICH systems are the
emission-point uncertainty, chromatic aberration and HPD pixel size. The first
uncertainty is a consequence of using spherical mirrors which are slightly tilted with

respect to the interaction region, instead of pointing mirrors with a parabolic shape.
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This means that photons emitted from different positions along a particle track are
focused onto circles with slightly different radii. Shrinking the radiator thickness
can reduce this uncertainty, but this will also reduce the photon yield.

The second effect, chromatic aberration, is due to the variation of the index
of refraction with photon energy, which the HPD cannot measure without precise
timing capabilities. Finally, the HPD pixel size limits the precision of the photon
hit position measured by the HPDs, and this uncertainty propagates into an

uncertainty in the reconstructed Cherenkov angle.
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Figure 7.7: Left: An analysis of the Cherenkov angle resolution in (left) RICH1 and
(right) RICH2. The figures are taken from Ref. [107].

To measure the single-photon Cherenkov angle resolution, a sample of high
momentum tracks are considered, as these essentially travel at the speed of light.
The Cherenkov angle has therefore saturated at a value given by cos(f) = 1/n. In
Fig.[7.7, a data-driven study of RICH1 on the left and RICH2 on the right is shown,
and the resolutions are found to be 1.67mrad and 0.63 mrad, respectively. For
comparison, the pion-kaon Cherenkov-angle difference at a momentum of 30 GeV/c is
2.4mrad in RICH1, and a more generic comparison between several particle species
is shown on the left in Fig. [7.8, In RICH2, the separation is 0.56 mrad for pions
and kaons at 80 GeV/c, while at 150 GeV/¢, the separation reduces to 0.16 mrad.

In each pp event, there can be up to several hundred particles produced. Each
of these particles, if above the Cherenkov-radiation threshold, could be associated
with 20-30 photons. In such an intense environment, it is therefore unfeasible to

consider each track in isolation. Instead, a global pattern-recognition algorithm [106]
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is employed, which computes a likelihood of all tracks simultaneously. Initially,
all particles are assigned a pion mass hypothesis, and an iterative procedure is
performed. In each iteration, the likelihood is recalculated by changing the mass
hypothesis of a single track, leaving the other tracks unchanged. The hypothesis

that results in the greatest likelihood is retained.
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Figure 7.8: Left: A scatter plot of Cherenkov angles from different particle species in
RICH1, as a function of momentum. Right: The pion-kaon PID performance, which is
determined from calibration samples of D** — D%t with D° — K—7t. The figures
are taken from Refs. [107] [108].

Using large calibration samples of D** — D%7* decays, where D° — K77,
the performance of the kaon-pion PID separation power can be assessed. The charge
of the pion from the D** decay tags the flavour of the neutral D° meson, and it is
therefore possible to unambiguously identify the pion and kaon products of the D°
decay, without information from the RICH system. The results are shown on the

left in Fig. , and a good separation is found up a momentum of 100 GeV/c.

7.3 Calorimeters

In the LHCD detector there are four calorimeter systems. From front to back,
these are the Scintillator Pad Detector (SPD), Preshower (PS), Electromagnetic
Calorimeter (ECAL) and Hadronic Calorimeter (HCAL). A lead plate, with a
15mm thickness, is placed between the SPD and PS.

Figure shows each component of the complete calorimeter structure. The

calorimeters are segmented in the direction perpendicular to the beam, and cells
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Figure 7.9: An overview of the LHCb calorimeter system, obtained from Ref. ||

close to the beam pipe are smaller in size due to the larger number of particles
in this region.

The four subdetectors operate on the same principle of alternating layers of
absorber material and scintillator plates. Light is emitted when particles pass
through the scintillators, and optical fibres guide the light to photomultiplier tubes,
where the signal is converted into an energy measurement. The SPD, PS and ECAL
employ lead as the absorber material, while the HCAL uses iron.

The purpose of the SPD is separating electrons from photons. Since there is
no radiating material in front of the SPD, only charged particles such as electrons
will generate a signal, unlike neutral photons. Charged pions and electrons can
be separated by the PS, as only the latter will interact significantly with the lead
plate between the SPD and PS.
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For accurate energy measurements, electromagnetic showers from electrons and
photons are fully contained inside the ECAL, which has a 25 radiation-length
thickness. Due to space constraints, the HCAL only as a 5.6 nuclear interaction-
length thickness. Thus, the HCAL is not used for accurate energy measurements,
but it absorbs a sufficient amount of hadron energies to be used in the trigger

system, which is discussed in Section [7.5]

7.4 Muon system

The muon system has five stations, labelled M1-M5, with a total area of 435 m?.
Stations M2-M5, located behind the calorimeters, contain multi-wire proportional
chambers (MWPCs) interleaved with 80 cm thick iron absorbers. The MWPCs
contain gold-plated tungsten wires with a diameter of 30 pm and a wire spacing
of 2mm. Inside each chamber there is a mixture of 40% Argon, 55% CO, and 5%
CF, gas, which is ionised by muons passing through the MWPC. Since the anode
is at high voltage, electrons from the ionisation drift towards the anode, creating a
current. The iron absorbers ensure that only muons generate signals in the MWPC,
neglecting a small amount of hadronic punch-through.

The inner part of M1 consists of gas electron multipliers, due to the large
number of tracks near the beam pipe. The outer part of M1 contains MWPC
chambers, similar to the other four stations.

On the left in Fig. [7.10] the locations of the muon stations and the absorber
material are shown. The first station, M1, is located in front of the calorimeter
in order to achieve a better transverse momentum measurement. This is used in
the hardware trigger described in Section

In the plane transverse to the beam, the chambers are subdivided into four
regions, as illustrated on the right of Fig[7.10] Each region is segmented into pads,
where all pads within the same region have the same size. The segmentation of
the pads has a finer granularity near the beam pipe, and specifically, the ratio

between the linear size of pads in regions R1, R2, R3, R4 is 1:2:4:8. Furthermore,
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Figure 7.10: An overview of the LHCb muon system, obtained from Ref. |110].

the pads are smaller in the bending plane of the magnet, resulting in a more

accurate transverse momentum measurement.

7.5 Hardware and software triggers

One of the most important components of the LHCb detector is its sophisticated
trigger. The trigger ensures that the rate of collision at the LHC, 40 MHz, can be
reduced by several orders of magnitude to a rate that is manageable to write to
storage for later analysis. There are three trigger levels, starting with a hardware
trigger known as Level 0 (LO) and two software triggers, also referred to as High
Level Trigger 1 and 2 (HLT1 and HLT2).

Figure [7.11] shows a diagram of the hardware and software triggers used during
Run1 and 2, which are on the left and right, respectively. The maximum rate
at which the LHCb subdetectors can read out data is restricted by the front-end
electronics to around 1 MHz. Therefore, in both runs, the role of L0 is to reduce
the LHC bunch-crossing rate to approximately 1 MHz.

As indicated by Fig. [7.11], in Run1, the data pass through each trigger level

sequentially. Events passing the hardware trigger proceed to HLT1, where a partial
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Figure 7.11: Trigger diagrams showing the dataflow during the (left) Run1 data taking
and (right) Run2. The diagrams are taken from Ref. [111].

event reconstruction is performed. In HLT2, a full event reconstruction is executed.
Each of the HLT stages reduces the rate by over an order of magnitude.

A small disk buffer is used to temporarily store 20% of all events accepted by LO.
During periods without collisions, for instance during injection and acceleration, the
computing resources can be tasked with processing these events, which maximises
the use of available computing power.

Between Run 1 and 2, the software triggers were redesigned to become more
flexible and enhance the trigger efficiency, allowing for more physics events to be
selected. A key part of this upgrade was the installation of a large disk buffer, with
sufficient storage space to save events accepted by HLT1 for up to two consecutive
weeks of data taking. This provides the detector with the flexibility to perform
real-time calibration and alignment directly in the software trigger, after the partial

reconstruction in HLT1. When the events subsequently pass through HLT2, the
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full event reconstruction can take advantage of this calibration and alignment.
Effectively, the full offline selection for dedicated analyses can be run directly in
the software trigger. Thus, only information directly related to the signal candidate
needs to be recorded, while the rest of the event may be discarded. As this reduces
the size of each event that is written to disk by over an order of magnitude, this
allows for a much higher selection rate. Moreover, with a full event reconstruction
directly within the trigger, more efficient selection requirements may be imposed,

using all the available information from all subdetectors.

7.5.1 The LO hardware trigger

The LO hardware trigger uses information from the calorimeters and the muon
stations to provide a decision with a maximum latency of 4ps. In particular,
interesting physics events usually have particles in the final state with a large
transverse momentum pr or transverse energy FEr. Therefore, the calorimeter
identifies events with large Er based on the energy deposited in clusters of 2 x 2 cells
in the ECAL and HCAL. The transverse energy is calculated using the expression

4
ET == Z Ez sin(@i),

=1

where E; is the energy deposited in cell ¢ and 6; is the angle between the beam
axis and the cell position, as measured from the pp interaction point. In addition,
information from the SPD and PS can help determine if a hadron, photon or electron
was responsible for the energy deposit. Events with Er above a pre-defined threshold,
which varies between data-taking years, will be selected by the hardware trigger.

For the LO trigger to select muon events, a straight track is identified by the
muon stations. A crude estimate of the pr, precise to around 25%, is obtained by
assuming the particle originated from the pp interaction point, and that it received
a single “kick” from the magnetic field. The trigger decision requires either one
or two muons to have pr above a pre-defined threshold.

Finally, there is an upper limit to the number of hits in the SPD in order for an
event to trigger the L0. This is to reduce the complexity of triggered events and speed

up subsequent reconstruction, by rejecting unreasonably high-multiplicity events.
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7.5.2 The High Level Trigger

In the first stage of the software trigger, a partial reconstruction is performed.
The events of interest in this thesis are selected by an inclusive trigger in HLTT,
which only looks for a single track with high pr that is displaced from the primary
vertex. To do so, hits in the VELO are used to reconstruct straight tracks and
thence their primary vertices. Then these tracks are matched with hits in the TT
and downstream tracking stations to determine their pr. If a track is successfully
matched with a high pr, the different hits in the tracking stations are combined
into a long track, which must satisfy a set of requirements [112].

In Run 1, the above inclusive trigger is denoted “HIt1TrackAllLODecision” and
it is designed to select B decays. In Run2 it was reoptimised and assigned the
name “Hlt1TrackMVADecision”. Additionally, a new HLT1 trigger was also added
in Run 2 with the name “Hlt1TwoTrackMVADecision”. This also looks for tracks
that are displaced from the primary vertex, but it selects events with a displaced
two-track vertex with high pr.

Similar to HLT1, the analysis described in this thesis also relies solely on inclusive
triggers in HLT2. Instead of relying only on tracks with high pr, with a full event
reconstruction in HLT2 these “topological” triggers look for two-, three- or four-track
vertices with a large pr and significant displacement from a primary vertex. The
distance of closest approach between the tracks is required to be less than 0.2 mm.
Furthermore, a discrete multi-variate algorithm is applied [113]. In Run 1, these
topological lines are named “Hlt2Topo{2,3,4}BodyBBDTDecision”, and they were
reoptimised in Run 2, where they are known as “HIt2Topo{2,3,4}BodyDecision”.

In the D — K"K~ 7w~ decay, one of the most prominent resonances is the
¢ meson. It is therefore advantageous to also include an inclusive ¢ trigger line,
which is labelled “Hlt2IncPhiDecision”, for this decay mode. In simulation, it is

found to improve the signal yield by a few per cent.



138 7.6. Stripping

7.6 Stripping

When events have passed all three stages of trigger, they are written to disk with
the full detector calibration and alignment. Furthermore, a “stripping” stage
is performed where dedicated selections are applied to filter events into specific
decay channels interesting for physics. In total there are hundreds of user-specific
stripping lines. For instance, the decay B* — DK®*, where the D meson decays
to D = ntrntn, Kntnnt, KTn-ntn™ or KTK 7ntn~, is selected by a
single stripping line. This selection starts by forming charged tracks, which are
combined to form a D and a B* vertex.

The advantage of such dedicated stripping lines is that analysts are not required
to process the whole data set. Instead, the stripping is processed centrally by
the Worldwide LHC Computing Grid [114], and analysts who wish to perform a
particular physics analysis only need to request events that pass a few specific

stripping lines.

7.7 Simulation of LHCDb

Simulation is required to model the effects of the detector acceptance, and for
the study of possible background processes. In the simulation, pp collisions are
generated using PYTHIA [115,|116] with a specific LHCb configuration [117]. Decays
of unstable particles are described by EVTGEN [80], in which final-state radiation
is generated using PHOTOS [118]. The D° — K+*K 77~ decay is simulated using
the amplitude model from Ref. [38]. The interaction of the generated particles with
the detector, and its response, is implemented using the GEANT4 toolkit |78, 119]
as described in Ref. [120]. The underlying pp interaction is reused multiple times,

with an independently-generated signal decay for each event [121].
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The analysis of B¥ — Dh*, where D — K*K~ntn~ and D — ntn—ntn—, is
performed using proton-proton collision data collected by the LHCb detector in 2011
and 2012 during Run 1 at centre-of-mass energies /s = 7 and 8 TeV, respectively,

and in 2015-2018 during Run2 at /s = 13TeV. This sample corresponds to

159
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pp collisions with an integrated luminosity of 9fb™!. The selection procedure
described in this section was developed for the analysis of the D — KT K - 7t7n~
channel, and it was adapted for the D — w7~ 77~ channel at a later stage

with minimal modifications.

8.1 B* — [K*K-ntn~|ph® candidate recon-
struction

Charged BT mesons are produced in pp collisions, where a pair of bb quarks are
produced at the interaction point with a very large cross section in the forward and
backward directions, as demonstrated by Fig. 8.1} The angular acceptance of the
LHCb detector is indicated by a red histogram in Fig. and at /s = 14 TeV,
27% of all b or b quarks are within this acceptance. These quarks subsequently

hadronize into mesons or baryons, such as the B¥ meson.

LHCb MC
Vs =14 TeV

2
6, [rad]

Figure 8.1: Cross section of bb-production in a pp collider at a centre-of-mass energy of
14 TeV, as a function of the angle of the b and b quarks relative to the beam axis, §; and
02, respectively. The figure is taken from Ref. [122].

The topology of the B* decays of interest to this analysis is shown in which

shows a final state with five charged tracks in total, four of which originate from



8. Selection of B* — [KTK-ntn~|ph* and [x*n~ 77~ |ph* events 141

the D meson. From the primary vertex (PV), the B* meson flies about 1 cm before
it decays. The charge of the K* (or 7¥) meson of the B¥ — Dh* decay, which
is referred to as the companion particle, determines the charge of the B* hadron.
Furthermore, the D-decay vertex is also expected to be separated from the B*-decay
vertex by a few millimetres, before it decays into four charged particles.

It should be noted that the final state consists entirely of charged particles,
making it a suitable decay for the LHCb detector. Quantitatively, the combined
branching fraction of the B* — [KTK~nt 7~ |p K* process is (8.94:0.4) x 1075 [21].
The measurement presented in this thesis therefore requires a large sample of B*
decays to be feasible. Given the 9fb~! data set that has been collected, with a
high trigger and reconstruction efficiency of the LHCb detector, this condition

has been satisfied.

K+
p
o
D
e mt
PV B* i
p
h:t

Figure 8.2: Decay topology of a B~ — [K+ K~ ntn~|ph* event in a pp-collider.

8.2 Preselection

In the initial preselection stage, decay candidates are reconstructed centrally
in the stripping process, described in Section [7.6] The LHCb experiment has
several hundreds of stripping lines that perform a reconstruction of tracks and

vertices. Each stripping line, which has its own set of selection criteria to suppress
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background events, identifies well reconstructed signal candidates from a particular
physics process.

The stripping process starts with the identification of potential detector signa-
tures from particles. The particles considered in this analysis are either charged
pions or kaons, and additionally, there are different requirements for hadrons that
decay from a D meson or a B¥ meson. The preselection requirements for these

hadrons are listed in Table R.11

Table 8.1: Selection criteria applied to charged tracks during stripping. The values
indicated inside parentheses are the criteria used in Run 1, but in Run 2 they were loosened
to improve the signal efficiency.

From D From B*
Variable 7t K* ¥t K*
p [MeV/(] > 1000 > 5000
pr [MeV/c| > 100 > 500
XZaee/d.0.f < 4.0 (3.0) < 4.0 (2.5)
X3 (BPV) > 4.0 > 4.0
Pahost < 0.4 <04

EPID<K) < 20 > —10 —

The variables p and pp are the reconstructed momenta and transverse momenta
of the hadron, respectively, and they are determined using the dipole magnet
and the tracking system, as described in Section [7.1] The decay products of
the BT meson generally have higher momenta, which is reflected in the tighter
requirements imposed on these particles.

A fit is performed to determine the track parameters, and the resulting fit quality
is described by the X2, per degree of freedom. A track with a poor fit quality,
which has a large x2, . value, is likely to be a ghost. These are reconstructed tracks
that do not correspond to the trajectory of a true particle. Instead, it is likely to
be from detector noise or from hits of separate particles.

The impact parameter (IP) of a particle is the distance of closest approach
between a track and a given vertex, and it is determined by performing a fit. If
a track has a large IP with respect to a PV, the track may have originated from

a secondary vertex, for instance from the decay of a B* meson. For long-lived
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particles, such as B* mesons, the IP of its decay products is therefore a powerful
discriminator between real B* decays and background coming from random tracks.
The quantity x?p(PV) is called the significance of the IP, and it is defined as the y?
difference from a fit of the vertex with and without the track under consideration.
A large i (PV) value is therefore an indicator of a track that does not originate
from the PV, which makes this variable a very useful discriminator as well.

The variable Pyos is a used for identifying ghost tracks and it is known as
the ghost probability. It is determined from a fast neural net that combines
information from 22 input variables, including X2, ., as well as the individual
x? values from separate fits of downstream (IT and OT) and upstream (VELO
and TT) tracking detectors [123]. The output of the neural net is mapped to
the range Pynost € [0,1]. This is therefore interpreted as a probability, with 0
(1) corresponding to a real (fake) track.

The final variable in Table is the only variable that can discriminate between
charged pions and kaons. It combines information from the two RICH subdetectors,
described in Section From the photon hits in the RICH subdetectors, the log-
likelihood difference Lpip(K') between a kaon and a pion hypothesis is constructed.
It allows for a very powerful discrimination between signal and background decays
with misidentified particles, but it is also found that the loose requirements in
Table are highly efficient at rejecting combinatorial background. These are
fake B*-decay candidates formed from a set of random tracks, and it is one of
the most prominent sources of background at hadron colliders due to the large
number of tracks originating from the pp interaction.

It must be emphasised that all variables in Table [8.1, with the exception of
Lpip(K), are properties that describe particle tracks. Thus, for particles with
momenta much greater than their rest masses, these track variables possess no
information that can distinguish between different mass hypotheses associated
with the track.

More importantly, a selection requirement that is imposed on a variable de-

scribing the track of a pion is kinematically equivalent to applying the same
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requirement on a kaon track. For this reason, a crucial aspect of the requirements
in Table is that the selection criteria are identical for the kaon and pion
companion particles, and no information from the RICH subdetector is used at
this stage. Since it is assumed that the B* — DK®* and B* — Dr* decays are
kinematically identical, this preselection strategy ensures that the decay kinematics

of the two B* decays remain identical.

Table 8.2: Selection criteria applied to composite particles during stripping.

Variable D B*
m [MeV/c?]  [1764.84,1964.84] [4750, 7000]
S pr [MeV/d] > 1800 > 5000

By /doo.f <10.0 <10.0
DOCA [mm)] < 0.5 —

XD > 36

X2 (BPV) — <25
DIRA(BPV) — > 0.999
7(BPV) [ps] — > 0.2

After the selection of charged tracks, the composite D-meson candidate is
formed, and the stripping requirements are listed in the middle column in Table [8.2]
The first row is a selection window imposed on the reconstructed invariant-mass
m of this composite particle. The sum > pr on the second row runs over the
individual transverse momenta of its decay products. In the third row there is
a requirement on the quality of the decay-vertex (DV) fit of the D meson. A
true D-meson decay usually has a low value of the x3y per degree of freedom,
which is equivalent to a good fit quality.

Two tracks that originate from the same vertex have a small distance of closest
approach (DOCA), and the fourth requirement listed in Table is applied to
all combinations to decay products. Finally, the flight distance (FD) significance
of the D meson, x%p, is defined analogously to x#p(PV).

From the reconstructed D meson, which is combined with the companion hadron,
a composite B¥ meson is reconstructed using a similar set of requirements, listed in

the final column of Table 8.2l The variable x3(BPV) is required to be small, since
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the B* meson must originate from the PV. The variable DIRA is the cosine of the
angle between the momentum direction of a particle and the direction between a
pair of vertices in the lab frame. For perfectly reconstructed vertices, DIRA should
be equal to unity. Furthermore, similar to the FD requirements of the D meson,
a minimum B*-meson lifetime is imposed to suppress background contributions

from random tracks near the PV.

8.3 Rectangular cuts before BDT

The offline selection that is performed after the stripping process, which is specific to
this analysis, consists of a set of simple selection requirements, known as rectangular
cuts. These should be distinguished from the Boosted Decision Tree described in
Section[8.4] which is a multi-variate algorithm that targets combinatorial background.
It is important to note that all selection requirements prior to the BDT are
identical between the B* — DK* and Dr* channels, in order to ensure that
the BDT algorithm does not induce different phase-space acceptance effects in
the two channels.

In general, the acquisition of a decay candidate selected by a stripping line is
not necessarily prompted by the relevant triggers. Therefore, after the stripping
process, the candidates are required to pass a well-defined set of trigger selections,
which are described in Section [7.5] In each L0, HLT1 and HLT2 trigger stage, an
event is required to pass at least one of the listed trigger lines listed in Table [8.3]

At the hardware trigger, L0, it is required that a particle associated with the
signal decay triggered the hadron L0 trigger, and this is classified as a Trigger On
Signal (TOS) event. It is also possible for an event to be triggered by a particle that
is not associated with the signal decay, which is a Trigger Independent of Signal (TIS)
event. The inclusion of TIS events increases the data set by roughly a factor two.

In the software trigger, all events are required to be TOS events, and the trigger
lines listed in Table R.3] are discussed in Section [Z.5]

All candidates that pass the stripping selection must also undergo a Kalman

kinematic fit, using the DecayTreeFitter framework [124], and this allows for a
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Table 8.3: List of LO, HLT1 and HLT2 trigger requirements.

Trigger level Trigger requirements

LO LOHadronDecision TOS
LOGlobal TIS

HLT1 Run1l HIt1TrackAllLODecision TOS

HLT1 Run?2 HIt1TrackMVADecision TOS
Hlt1TwoTrackMVADecision TOS

HLT2 Run1 HIt2Topo{2,3,4}BodyBBDTDecision_ TOS
Hlt2IncPhiDecision  TOS (only K*K ~7t7n™)

HLT2 Run2 HIt2Topo{2,3,4}BodyDecision_ TOS
Hlt2IncPhiDecision_TOS (only K*K ~7t7™)

number of constraints to be applied. In particular, the D-meson invariant mass
is constrained to its known value [21], and the momentum of the B* candidate
is required to originate from its associated PV. In the subsequent analysis, the
constrained variables, such as the four-momenta of the D-decay products, are
used. The effect of using constrained kinematic variables is that the reconstructed
phase-space coordinates have improved resolution, which ensures that all D decays
are within the kinematically allowed region and bin-migration effects are reduced.

Table lists a set of simple rectangular cuts, which are applied directly after
stripping and trigger requirements. These are requirements on several common
variables to remove obvious background candidates. Specifically, the invariant-mass
windows are tighter than those in the stripping requirements. For the invariant-
mass window of the B* meson, the value from DecayTreeFitter is used for the

rectangular cut, which has a better resolution.

Table 8.4: Rectangular cuts applied before the BDT.

Particle Variable [Unit] Requirement
B* mp [ MeV/c?] 5080, 5700]
D mp [MeV/c?] [1839.84, 1889.84]
Companion p [GeV/(] < 100
Companion Has RICH information True

B* DecayTreeFitter Converged
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The third requirement in Table is added because the RICH system has
limited PID separation power at high momenta. Furthermore, to ensure that the
companion hadron is assigned the correct mass hypothesis, any B* candidates
where the companion hadron does not have information from the RICH systems is
discarded from the analysis. Similarly, any decays where the Kalman fit fails are

discarded from the analysis, as they are unlikely to originate from true D decays.

8.4 Boosted Decision Tree

A Boosted Decision Tree [125] (BDT) is a Multi-Variate Algorithm (MVA) with a
wide range of applications, such as classification, regression and reweighting problems.
The latter has already been encountered in Section [5.7} and in this analysis a BDT is
used to classify reconstructed B* decays as either signal or background candidates.
The advantage of an MVA algorithm is its ability to discriminate using a large set
of variables with non-trivial correlations. This makes it a suitable strategy for the
suppression of combinatorial background, which cannot be effectively discriminated

with simple rectangular requirements, such as those described in Section [8.3]

8.4.1 Working principles of a BDT

A BDT classifier is an ensemble of simple classifiers. Each classifier may perform
relatively poorly, perhaps only marginally better than random guessing, and hence
they are referred to as weak learners. The core is idea is, by combining a large
number of weak learners, the combined classifier has a very high accuracy. The
ensemble of decision trees are constructed in a process called training, which requires
large data samples that are representative of signal and background decays found
in the LHCDb data set. Thus, a BDT is a Machine Learning (ML) technique.
The weak learners in a BDT are binary decision trees. Figure shows
an illustration of such a tree, and it is the first tree of the BDT described in
Section The tree consists of nodes, which are the rectangular boxes, and

leaves, which are shown as ellipses.
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The working principles of a binary decision tree, by design, are relatively simple.
At each node, a single rectangular selection requirement is imposed, and any
candidate that satisfy this requirement move down to the right, otherwise it moves
to the left. The variables in the BDT nodes in Fig. [8.3] are explained in Tables
and [8.6] The tree terminates at a leaf, and the number inside each leaf is the
purity, defined as the number of signal candidates divided by the sum of signal
and background candidates that reach the leaf.

During training, the top node in Fig. starts with a purity of 0.5 since the
training data set is reweighted to have an equal weight of signal and background
candidates. As expected, the single decision tree in Fig. has limited classification
power and most leaves only show a small improvement in the purity. Due to its
simplicity, each tree only has a maximum depth of three, and a node is replaced

with a leaf if fewer than 2.5% of the training data set reaches the node.

log(Bu_RHO_BPV) > -1.01

log(Bu_constDOPV_chi2) > 2.29

log(Bu_IPCHI2_OWNPV) > 2.42

e : ere Fa/ \:e

log(Bu_constDOPV_chi2) > 2.79 log(Bach_PT) > 6.97 log(Bach_PT) > 6.98

False i True False True False i True

Figure 8.3: The first decision tree in the BDT algorithm developed for the suppression
of combinatorial background. The rectangles are nodes that contain a single selection
requirement, and the variables are explained in Tables and The ellipses are leaves,
and the number inside indicate their purity.
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During training, the variable and threshold value at each node in which the
selection requirement is imposed, must be determined. Before the data are passed
through a node, it is a mixture of signal and background decays that has a high
level of disorder. The variable and threshold value are therefore chosen to achieve
the best possible reduction of the disorder. A possible measure of disorder with
close analogies to physics is Shannon entropy [126], but the Gini index [127] is
more commonly used in ML applications.

At the leaves are the output values of the tree, which are directly related to its
purity, but transformed into the range [—1, +1]. An output of +1 (—1) indicates
a sample consisting solely of signal (background) candidates.

The special feature of a BDT is how the weak learners are combined into a
strong learner, in a process called boosting. In the BDT chosen for this analysis,
a gradient boosting technique [128] is selected, as it has been found effective in
several similar analyses, such as Ref. [39]. The method constructs a weighted
sum of all decision trees in a sequential manner by minimising a loss function.
Specifically, since this BDT aims to perform a binary classification, the loss function
is a (negative) log-likelihood function of the binomial distribution.

In the training process, the first tree will, by construction, attempt to assign
signal (background) candidates an output of +1 (—1), and any discrepancies, also
referred to as residuals, will increase the loss function. The second tree is not
constructed to discriminate signal from background candidates, but instead tries
to discriminate the residuals returned by the first tree. As implied by its name,
this is achieved using knowledge of the gradient of the loss function.

Effectively, the second tree attempts to correct the errors of the first tree by
assigning a larger weight to candidates from the first tree with large residuals.
The weight is obtained directly from the gradient. With a large number of trees,
where each tree corrects the errors of the previous tree, the weighted sum of all
trees can achieve an accurate classification.

A common problem in ML models is overfitting, where the MVA algorithm adapts

to fluctuations and noise in the training data set. To prevent this, the gradients are
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scaled by a factor 0.1, known as the learning rate, which in practice reduces the error
corrections of each tree. Therefore the number of trees must be increased accordingly,

and the BDT described in Section [8.4.2 uses a sequence of 1000 decision trees.

8.4.2 Setup of BDT

The gradient BDT used in this analysis uses the implementation in TMVA [129].
Simulated B* — [KTK~7"7~]ph* decays that undergo the selection requirements
listed in Sections and are used as a proxy for signal decays. Similarly, the B*
candidates from data in the upper sideband of the B* invariant-mass distribution,
mp € [5800, 7000] MeV/c?, form a proxy for the combinatorial background decays.
In total, the signal and background proxy samples contain approximately 5.4 x 10°
and 4.4 x 10° candidates, respectively, and these are evenly split into a sample
for training the BDT, and a sample for testing purposes. After training, the
importance of each variable in the BDT can be determined by counting how often
it occurs in the decision tree nodes.

The variables that are found to be useful in the BDT are variables describing
vertex positions and their vertex x3,,, the IP and flight distance significances x#p
and xip, DOCA, DIRA, and the momentum of the B*, D and D-decay products.
Additionally, a useful variable for suppression of combinatorial background is
an isolation variable,

A pr(B*) — Y pr
P pr(BE) + X pr

where the sum runs over all other tracks in a cone around the B* candidate. In
the (1, ¢) plane, which are the pseudo-rapidity and azimuthal angle, the cone is
a circle with a radius of 1.5. A B*-meson candidate with a large A, value is,
by definition, well isolated from other tracks in the event, making it less likely
to be combinatorial background.

Finally, the BDT also uses knowledge of the x? from the Kalman fit in DecayTre-

eFitter, which is denoted by x3rp. This variable is highly efficient at identifying
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events containing a real D meson. There were also attempts to include other variables
in the BDT, but variables of negligible importance were removed from the final BDT.

In summary, the BDT uses information from 28 variables. The distributions of
these parameters are shown in Figs. and [8.9] A detailed list of each variable,
with explanation, is shown in Tables[8.5]and [8.6] The variables are ranked according
to their importance.

Some variables in Figs. [8.8 and [8.9|show bimodal distributions, such as x? of the
companion hadron. Such distributions are likely to be composed of combinatorial-
background decays of different origins. For instance, events where a track from
the PV is identified as a companion hadron usually has a lower x% than that of

a track left behind by a decay product of a real b-hadron decay.

8.4.3 BDT performance

After training the BDT algorithm, its performance is illustrated by plotting its
response when applied to the test samples. This is shown in solid colours in Fig. [8.4]
where blue labels the signal candidates and red labels the background candidates.
The data points show the BDT performance on the training sample, and the good
agreement between training and test samples indicates there is no overfitting. The
vertical scale is linear on the left, where an almost perfect separation is found,
and on the right the vertical scale is logarithmic.

To verify that the BDT is agnostic to the particle species of the companion
hadron, the ratio between the signal yields of B* — DK* and B* — Dz* decays,
denoted Rpg/pr, is determined for different BDT working points in the range
[0,1]. The yields are determined in a simultaneous fit of both D — KT K~ 7nt7n~
and D — 7t7 7t7~ modes, using the setup described in Section m The
resulting values of Rpg/p, are shown in Fig. 8.5, The ratio Rpg,p. is found to
be very stable across the range of BDT working points, which suggests that the

BDT acts identically on both B* decays.
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Table 8.5: List of the first 14 variables used to train the BDT algorithm, ordered by importance. Variables with constDOPV in the name
are the results of a refit with DecayTreeFitter.

Variable name in code

Importance (1072)

Description

log(Bu_RHO_BPV)
log(Bach_PT)
log(DO_PT)
log(1-Bu_DIRA_BPV)
log(Bu_PT)
log(DO_RHO_BPV)
log(Bu_FDCHI2_QOWNPV)
log(Bu_constDOPV_chi2)
log(Bach_P)
log(Bu_IPCHI2_ OWNPV)
Bu_PTASY 1.5
log(DO_IPCHI2_QWNPV)
Bu_MAXDOCA
log(Bu_constDOPV_DO_P)

7.092
6.890
5.946
5.695
5.569
4.859
4.726
4.675
4.448
4.375
4.071
3.508
3.481
3.364

Radial distance between the B*-decay vertex and the best PV
Companion transverse momentum

D-meson transverse momentum

DIRA of B*

BT transverse momentum

Radial distance between the D-decay vertex and the best PV
B* FD significance, or 2

DecayTreeFitter x3p

Companion momentum

B* IP significance, or y?

Isolation variable

D 1IP significance, or x>

B*-vertex distance of closest approach

D momentum
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TMVA overtraining check for classifier: BDTG TMVA overtraining check for classifier: BDTG
5, I Signal (testsample) || - Signal (training sample) | ¥ [ Signal (estsample) - Signal (training sample)
z 00 Background (test sample) - Background (training sample) z T Background (test sample) - Background (training sample)
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Figure 8.4: A comparison of the BDT output when applied to the test and training
samples of (blue) signal and (red) background. The signal sample consists of simulated
Bt - [KTK 7ntn™] ph¥T decays, while the background sample uses the upper sideband of
the B invariant-mass distribution. The vertical axis is linear on the left and logarithmic
on the right.
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Figure 8.5: The ratio of signal yields Rpk/p, between B* — DK¥* and B* — Drn*
decay modes as a function of the BDT working point. Both the D — K™K 77~ and
D — mta~ 7t r~ modes are fitted simultaneously with a common Rp K/Dr Darameter.

8.4.4 Optimisation of BDT working point

As seen in Fig. , the BDT assigns a score in the range [—1,+1] to all B*
candidates, where candidates that are likely to be from a real B* decay obtain
a larger score. It should be noted that when applying the BDT to data, a clear
discrimination between signal and background, as seen in Fig. [8.4] is not expected.
This is because candidates from the upper sideband do not form a perfect proxy
for the combinatorial background. Therefore, the BDT working point, which is the

threshold for classifying a candidate as signal or background, must be optimised.
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Only candidates classified as signal are retained in the analysis.

In the optimisation, the yield of signal and background are first determined using
the global invariant-mass fit described in Section[9.2.1} This fit is performed at BDT
working points between 0 and +1, in increments of 0.05. Then for each working point,
a set of 5000 pseudo-experiments are generated, according to the invariant-mass
model described in Section Each pseudo-experiment is fitted to obtain 7, and
the average precision is obtained from the distribution of fitted values of 7. Due to

different background levels, the optimisation is performed separately for Run 1 and 2.

NUNE NI T
sk E e | N
32F | 3 : ]
a1 Runl | ; “F Run2 | :
300 0'?BDT working poi ntl ° 0'?BDT working poi ntl

Figure 8.6: A study showing the precision of v as a function of the BDT working point,
with Run 1 on the right and Run 2 on the right.

The resulting precisions on 7 are shown in Fig. 8.6} On the left, which
shows the study with Runl yields, no clear minimum is found due to poor
sensitivity, but the global minimum at 0.65 is chosen as the working point. On
the right, a clear minimum is found at 0.75, which is the chosen working point
for Run2. The same working points are used for the B — [KTK - ntr~|ph*
and BT — [rtr ntn~]ph® selections.

As a cross check, the signal significance, defined as S/v/S + B where S (B)
is the yield of signal (background) candidates, is plotted in Fig. 8.7 The solid
line shows the significance calculated from the yields found in data. The dotted
line is an extrapolation where the signal yield is taken from simulation samples
and the background yield is from the upper sideband in data, in the region mg €

[5400, 5600] MeV/c?. The dotted lines are normalised to equal the solid line at a
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Figure 8.7: Signal significance as a function of the BDT working point, with Run 1 on
the right and Run 2 on the right. The solid line shows that observed in data, while the
dashed line is the extrapolation from the signal retention found in simulation and the
yield of B* candidates in the upper sideband.

working point of 0.00. Although a perfect agreement is not found, the general
behaviour agrees well. Furthermore, the significance is found to plateau in the
region between 0.4 and 0.7 for Run 1, which would explain why no clear minimum is
found in the optimisation study. The Run 2 significance in Fig. has a maximum
that agrees with the minimum of Fig. [8.6

A comparison of the BF invariant-mass distributions is shown in Fig. [8.10] where
the selection before the BDT is shown in red, and the blue histogram shows the
selection after a BDT is applied. The BDT is found to have a high signal efficiency,

and it successfully removes the majority of combinatorial background candidates.

8.5 Particle-identification requirements

The selection procedure described in this thesis so far, including the BDT, has not
distinguished between the B¥ — DK®* and B* — Dn* modes, and their distinction
is solely based on the mass hypothesis assigned to the companion particle. It also
means that a candidate can appear in both selections. In order to separate two
decays into two mutually exclusive selections, the samples are split using the log-
likelihood difference £(K'), which is described in Section 8.2 A candidate with
L(K) = 0 has an equal probability of being a kaon or a pion, while larger (smaller)

values of L£(K) favour a kaon (pion) mass hypothesis.
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Figure 8.9: Distributions of variables used in the BDT, with the proxy of signal
candidates in blue and background candidates in red.

In the analysis of B¥ — Dh* from Ref. , with the subsequent three-body
D — KJh'™h™ decays, a threshold at £L(K) = 4 was used. The threshold must
necessarily be greater than zero, since the branching fraction of the B* — Dzt decay
is 13 times larger than that of B* — DK®*. Furthermore, since the B* — DK®*
mode contains the CP-violating effects of interest, it is important to reduce the
cross-feed contamination from the more abundant pion mode.

In Ref. [39], the £(K) working point was chosen such that the sensitivity to
~v was maximised. The optimisation study was determined by fitting an ensemble

of pseudo-experiments. In principle, the change from three-body D — K{h™h~
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Figure 8.10: A comparison of the B* invariant-mass distributions (red) before and (blue)
after a BDT is applied. In addition, the distribution after PID requirements have been
applied to the companion hadron is shown in black. The left plot shows the B* — DK+
selection, while the right plot shows the B* — Dn® candidates.

decays in Ref. [39] to four-body D — KTK ntn~ and D — 7ntn 7ntn~ decays
in this thesis requires an analogous optimisation study to be performed. However,
since both analyses consider B* decays that are kinematically similar, with a
large set of common background components, it may be assumed that the optimal
L(K) will also be very similar. Hence, in this thesis the threshold £(K) = 4
has been adopted from Ref. [39).

The effect of the PID requirement is clearly seen in Fig. [8.10, where the
distribution before and after this requirement is shown in blue and black, respectively.
In the B¥ — DK® selection on the left, the blue distribution is clearly dominated
by misidentification from B* — Dz*, which has a peaking structure that sits in the
upper sideband of the B¥ — DK™ signal peak. The PID information is found to
be crucial for suppressing this cross-feed background. The selection of B¥ — Dr*
candidates are affected by misidentification background to a lesser extent, and the
PID requirement is found to mostly suppress combinatorial background.

When different PID selections are applied to the B* — DK and Dr* selections,
the relative difference in selection efficiency must be accounted for. Unfortunately,
as the L(K) response is poorly modelled in simulation, the efficiencies must be
determined using data-driven methods. The strategy for studying the PID response

of charged pions and kaons is to use large calibration samples of D** — D%z+
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decays, with the subsequent D° — K7 decay. The soft pion produced in the
strong decay of D*t tags the flavour of the neutral D° meson, which allows for
an unambiguous identification of the charged kaon and pion from the D° decay.
Background components are removed using the sPlot method [130].

The PID response of the LHCb detector has a non-trivial dependence on several
kinematic variables and track multiplicity, and therefore the calibration samples are
partitioned into a three-dimensional binning scheme in momentum p, pseudo-rapidity

n and number of tracks Ni.,. The bin boundaries are defined by:

o Three p bins with boundaries at (3.0,9.3,15.6) GeV/c and then 15 uniformly
separated bins in the range 15.6-100 GeV/¢;

o Four uniformly separated 7 bins in the range 1.5-5.0;

 Five bins in Ny, with boundaries at (0, 50, 200, 300, 500).

The first three bin boundaries in p are the kinematic thresholds for Cherenkov
radiation of pions in RICH1, kaons in RICH1 and kaons in RICH2, respectively.

In each bin, the PID efficiency of the selection requirements £(K) > 4 and
L(K) < 4 on the calibration sample are calculated, and three-dimensional lookup
tables of PID efficiencies are constructed. To convert this set of numbers into
a combined PID efficiency, the large sample of B* — Dr® decays in a region
within 25 MeV/c? of the B mass, which is referred to as the reference sample, is
used as a proxy for both the B* — Dn* and B* — DK* modes. In simulation,
it is found that the p, 7 and Ny.q distributions are highly consistent between
B* — Dn* and BT — DKT decays.

Each candidate in the reference sample is assigned a PID efficiency from the
lookup table, such that the requirement on L(K) is effectively applied through
per-event reweighting. The total PID efficiency is then obtained as the average
efficiency of all candidates in the reference sample. The whole PID calibration

procedure is done using the PIDCalib2 framework [131-133].
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The statistical uncertainties are estimated by bootstrapping the efficiency
calculation 500 times. Each time, the reference sample is resampled with replacement.
The RMS of the resulting distribution is taken as the statistical uncertainty.

The calculation is also repeated using four alternative binning schemes with
uniformly spaced bins, and the standard deviation of the results is taken as the
systematic uncertainty due to the choice of binning scheme. Table shows the
PID efficiencies obtained with each binning scheme, together with the resulting
binning scheme systematic uncertainty. The second column lists the total number
of bins in (p,n, Nyack) for each binning scheme.

In addition to the systematic uncertainties listed in Table [8.7 a systematic
uncertainty of 0.1% is added in quadrature. This uncertainty represents the
breakdown of the assumptions of the sPlot method [130]. In particular, in the
invariant-mass fit of calibration samples, it is found that the mass resolution have
a correlation with p and 7. The size of this effect is discussed in Ref. [132]. The
average PID efficiencies are given in Table [8.8] with combined statistical and

systematic uncertainties.

Table 8.7: PID efficiencies estimated with difference binning schemes.

Decay mode

Binning K* efficiency (1072)

7% efficiency (1072)

B* = [KTK~7Tn~|ph* Default 86.40 + 0.08 97.102 £ 0.009
(14, 2, 2) 86.68 £ 0.08 97.148 £ 0.008
(16, 3, 3) 86.12 +0.09 96.991 + 0.011
(20, 5, 5) 86.22 £ 0.08 96.998 £ 0.011
(22, 6, 6) 86.17 £ 0.09 97.030 £ 0.012

Systematic uncertainty 0.23 0.07

B* — [rtn - ntn"|pht Default 87.01 £0.04 97.137 £ 0.005
(14, 2, 2) 87.19 +0.05 97.174 £ 0.005
(16, 3, 3) 86.87 £ 0.05 97.065 £ 0.006
(20, 5, 5) 86.94 £ 0.05 97.055 £ 0.006
(22, 6, 6) 86.91 £ 0.05 97.090 £ 0.006

Systematic uncertainty 0.13 0.05
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Table 8.8: PID efficiencies of the bachelor PID cut. The uncertainties are the combined
statistical and systematic uncertainties.

Decay mode K* efficiency (1072) 7% efficiency (1072)
B* — [KTK-ntn~|ph* 86.40 £ 0.26 97.10 £0.12
B - [wta-mta]ph* 87.01 +0.17 97.14 + 0.11

8.6 Background studies

There are several background decays which contaminate the B¥ — Dh* selections,
and they are not suppressed by the BDT since they are not combinatorial in origin.
In this section, a brief summary of each type of background is described, and the

requirements imposed to suppress these background decays.

8.6.1 Cloned tracks

A relatively common contamination are B* candidates where two of the recon-
structed final-state tracks are in fact from a single particle that has been duplicated
during reconstruction. The opening angle between such tracks is expected to be
small, as shown on the left in Fig. [8.11] and these are easily removed by discarding
any candidates where the opening angle 6;; < 0.03°. On the right of Fig. [8.11]
the invariant-mass distribution of these candidates is shown, and these are found

to be mostly combinatorial-background events.
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Figure 8.11: Left: Distribution of opening angles between all pairs of tracks from
D-decay products, where cloned tracks correspond to the peak at 6;; = 0°. The dotted
line shows the requirement imposed to remove these candidates. Right: The B invariant-
mass distribution of candidates that are removed by the requirement 6;; > 0.03°.
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8.6.2 Removal of Kg — w7~ candidates

In Section the decay D — KKK~ is discussed as a significant background
contribution in the strong-phase measurement. In LHCb, this background is much
smaller due to the larger boost of the B* mesons. However, since the measurement of
¢; and s; is performed without this region of phase space, it should also be removed
from the analysis of B* candidates. Therefore, any B* — [KTK ntr~|ph*
candidates with an invariant mass in the region m(n*7~) € [477,507] MeV/c? is
rejected. Similarly, following the requirement in Ref. [40], any pair of pions that are
in the region m(77~) € [480,505] MeV/c? in the B* — [rTn~ 777~ |ph* selection

are also removed from the sample to reject D — K{ntr~ decays.

8.6.3 Semi-leptonic B* decays

It is possible that the companion hadron is a muon misidentified as a pion or kaon.
This would lead to a contamination from a semi-leptonic B~ — D°u~v,, decay,
where the neutrino is not reconstructed. In events where the companion hadron
track has hits in the muon spectrometer associated with it, it is likely to be a muon
misidentified as a pion or kaon. This semi-leptonic background can therefore be
studied directly in data by looking at B* candidates where the companion hadron
is identified as a muon, and this is shown in Fig. [8.12]

In the B — DK™ selection on the left, the BT invariant-mass distribution of
candidates that are identified as muons, in blue, is almost consistent with those
that are not muons, shown in black. For candidates where the companion hadron is
identified as a muon, the peak at the B* mass is most likely from signal B* — DK*
decays where the companion hadron decays in-flight. However, in the B* — Dz*
selection on the right, the distribution is not consistent with in-flight pion decays. A
contribution from the B* semi-leptonic background is seen in the low-mass region.
There is a rapidly falling slope, which has also been verified with RapidSim [134]

simulation. Therefore it is necessary to remove these candidates from the selection.
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Figure 8.12: A comparison of B¥ — DK®* (Dzn%) candidates on the left (right) where
the companion hadron is found to not be a muon, in black, and where it has been identified
as a muon, in blue.

8.6.4 Flight-significance requirements

Direct decays of B* mesons to final states with five charged tracks, without an
intermediate charm meson, are referred to as charmless decays. The tracks of such

decays originate from the B*-decay vertex, and this background is suppressed with a

D—-B

Significances defined as the separation between

requirement on the flight significance Az,
the B* and D decay vertices along the z-direction. Due to the large number of these
background events, a detailed study of these decays is described in Section [9.1.4]

In the selection after the BDT, the phase-space binned analysis uses a requirement
at AzP-B > 2, while the integrated analysis has a tighter requirement at

significance

AzP—B > 4.

significance

8.6.5 Background from Cabibbo-favoured decays

In Sections [9.1.4] and [9.1.6] several CF decays that are present in the final

selection are discussed. While many of these are suppressed by other selection
criteria, an additional PID requirement is added to the B* — [KTK - ntr~|ph*
selection. In particular, a loose PID requirement, £(K) > 0, is imposed on the
kaon with opposite charge to the companion hadron, which removes a significant

number of CF D decays while still retaining most of the D — K™K~ 7~ decays.
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8.7 TFinal selection of BT candidates

Figure [8.13] shows the invariant-mass distribution of the final sample of selected
B* candidates, which will be analysed in Chapter [9]
x10°
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Figure 8.13: The BT invariant-mass distributions of the candidates in the final selection.

The left (right) plot shows the B¥ — DK* (Dr) selection and the top (bottom) plot
shows the D — K™K~ ntn~ (zTn ntn™) decay.
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This chapter describes the complete analysis chain used to obtain + from

the sample of B* — [hth 7" 7 |ph’* candidates. Important components in
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the process include the modelling of signal and background decays, as well as
phase-space binned and integrated CP-violation studies. The proper treatment
of non-Gaussian uncertainties introduced by BESIII inputs is discussed, using
the formalism discussed in Appendix [A] The result of the binned analysis is one
of the most precise measurements of v to date. The combined result of phase-
space binned and integrated measurements is finally presented, which will provide

powerful constraints to the world average of ~.

9.1 Building an invariant-mass fit model

The determination of the CKM angle v uses a series of unbinned maximum likelihood
fits. The ultimate goal of these fits is to discriminate between signal and background
contributions, and count the number of signal candidates. The discriminating
variable is the B*-invariant mass, which is reconstructed with the D-meson mass
constrained to its PDG value [21].

To perform such a fit, a fit model is constructed where the shape and relative size
of the different components are identified. The invariant-mass model described in
this thesis builds on that used in Ref. [39]. The D - KK 7 7~ and 77 7ntn~
decay modes share the same invariant-mass shapes, with the exception of the

background components that are studied in Section [9.1.4]

9.1.1 Signal shape

The main component of the invariant-mass fit is the shape of correctly reconstructed
B* - [KTK-ntn~|ph* and B* — [rTn ntn~|ph® decays. It is modelled as
fsignal(m|mB7 o,Qr, R, /87 k) =k x fMG(m|mB7 o,ar, R, 5)

+(1 — k) x fa(m|mp, o),

(9.1)

where fg is a Gaussian function and fyq is a modified Gaussian function,

Am2(14+BAm?2
exp (= Gataranr ), Am=m—mp <0,
mim g, (8] XX
fMG( ’ B,U, XL, R?ﬁ) Am2(14+8Am?) A . 0
eXpP | — Sorrapamz )2 Am=m—mp>0.

(9.2)
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The function fye has approximately Gaussian behaviour when Am? < o?/ay g or
Am? > 871 but it includes tails to better model the experimental resolution.

The parameters mp and o, which represent the mean position and the width
of the signal shape, are free parameters determined in the fit to data. The mass
mp is common between the B — DK* and B — Dz channels, while the width o
is different for the two decays due to the lower energy release in the B* — DK*
decay, which leads to a narrower width in this mode.

The tail parameters az, r and [, and the fraction k, are determined in a fit to a
sample of simulated B* — [K+*K~nt7~]ph* events. The two B*-decay channels
are fitted simultaneously, with both sample sizes approximately three times larger
than the number of B* — Dzt candidates that are present in data. The simulated
events undergo the same selection process as data, with the exception of the PID
cut on the companion hadron. Instead, the effects of these cuts are applied by
reweighting the simulated events, using the procedure described in Section [8.5| The
fitted signal shape is plotted in blue in Fig.[9.1] and the black data points show
the simulation samples. The vertical log scale emphasises the need for having a

modified Gaussian function which can account for the longer tails.
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Figure 9.1: The PDF describing the invariant-mass distribution of (right) B* — DK*
and (left) B* — Dr¥ is shown in blue. The black data points are from the simulated
sample used to fit the PDF.
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9.1.2 Cross feed between B* —+ DK* and BT* — Dn*

Near the peak of correctly reconstructed signal decays, there is a peaking structure
due to the cross-feed contamination between the two B* — Dh* channels, but the
peaks are displaced from the BT mass due to the particle misidentification. This
background is most significant in the B*¥ — DK® selection, since the B¥ — Dz*
decay has a much larger branching fraction. Nevertheless, it is accounted for in
both decay modes, and its shape is determined using a data-driven approach.

In principle, the shape can be obtained by recalculating the invariant B*-mass
distribution, after swapping the mass hypothesis of the companion particle, and
this will be referred to as the swapped B*-mass distribution. However, there
are two modifications that must be added in order to reproduce the correct
misidentification shape.

First, in the data selection there are several other background components, which

are well understood and described in Sections [9.1.3] [0.1.4] and [9.1.7] Assuming the

misidentification of B¥ — DK® decays in the B* — Dn™ selection is negligible, a
preliminary invariant-mass fit similar to that described in Section is performed
in order to use the sPlot method [130]. The resulting sWeights are applied to
the swapped BT-mass distribution.

Second, the different PID requirements on the companion particle in the
selections of B¥f — DK?* and B* — Dr* decays are accounted for by using
weights, as described in Section [8.5] Specifically, using the calibration samples, each
event in the sWeighted B* — Dz* data sample is assigned weights w according to
the PIDK < 4 and PIDK > 4 requirements. To transform the PID requirement of

the BT — Dn* selection to that of the B¥ — DK® selection, the combined weight

w(PIDK > 4)
w =——-—-—-—-——-
w(PIDK < 4)
is applied.
The resulting distribution is fitted with a sum of two Crystal Ball functions

and it is shown in Fig. 0.2l The procedure is also cross checked by using a
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simulated sample, instead of the sWeighted data sample, and the shapes are found

to be consistent with each other.
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Figure 9.2: The PDF describing the misidentification shape of the (right) B* — DK*
and (left) B¥ — D™ selections is shown in blue. The black data points show the swapped
BT invariant-mass distributions after applying sWeights and PID weights.

Finally, the misidentification-background shape in the B*¥ — Dz* selection
is obtained with an analogous procedure. To fit the swapped BT — DK*-mass
distribution, an additional component of misidentified B* — Dz* decays is added,
as this contribution cannot be neglected.

The shapes shown in Fig. are fixed in all invariant-mass fits. The total yield
of misidentified B¥ — Dz* decays in the B¥ — DK™ selection is fixed relative
to the signal yield of the B* — Dz signal yield,

N (Misidentification) 1 — epp
N(Signal) ~ ep

where eprp is the efficiency of the companion PID requirement, which is calculated in
Section The yield of misidentification background in the B* — DK selection

is also fixed, using a similar ratio of efficiencies.

9.1.3 Partially reconstructed B decays

In the selection of B* — Dh* decays, there is a low-mass background from decays
of the type B — Dh*X, where X is either a pion or a photon that is either
missed during reconstruction, or it is outside the angular acceptance of LHCDb.

These decays are therefore collectively referred to as partially reconstructed decays.
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Kinematically, since these are decays from real B mesons, they leave a detector
signature that is similar to that of B¥* — DA% decays, but the reconstructed
B*-invariant mass is lower.

The majority of partially reconstructed decays are processes that involve an
intermediate D* vector meson with spin J = 1, which subsequently decays to
DX. In the analysis described by Ref. [135], it was shown that the exact shape
of the invariant-mass distribution can be derived analytically for such decays by
considering the decay kinematics. In particular, the lower and upper end points
of the invariant-mass distribution, a and b, can be calculated analytically using
four-momentum conservation.

The invariant-mass shape in the range mpg € [a,b] is derived by considering
the conservation of angular momentum. Since the combined D*h* system has no
net angular momentum, the D* meson spin does not have a preferred direction.
Thus, without loss of generality, one may consider a decay configuration where

the D*-meson spin component in the z-direction is zero.

DO

D*O

Bi
h* - O'>~" -------------- ————-

w0

Figure 9.3: An illustration of the partially reconstructed B* — D*h* decay with
D — DO% The helicity angle @ is defined as the angle between the D*C and DY
momentum directions in the D*0 rest frame. The arrows indicate the relative momentum
directions, while the dashed lines show the direction of the D*® momentum. The dotted
line represents the missing 7°.

In the case where X is a spinless particle, the orbital angular momentum of
the DX system must therefore be in a (I,m) = (1,0) state, which has an angular
distribution given by the associated Legendre polynomial P/ with [ =1 and m = 0.

This function takes the form PP o cos(6), where 6 is defined as the angle between
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the D° meson and the D* meson in the D* rest frame, as illustrated in Fig. [9.3]
The Legendre polynomial P has maxima at # = 0 and 7, so when X is a spinless
pion, the D meson prefers to either travel in a direction parallel or anti-parallel
to the momentum direction of the D* meson.

Qualitatively, when the D meson is emitted parallel to the D* meson, correspond-
ing to 6 = 0, it carries a larger fraction of the four-momentum, leading to a larger
reconstructed B* invariant mass. Conversely, if it is emitted anti-parallel to the
D* meson, or § = 7, the reconstructed B* invariant mass is lower. This one-to-one
relationship between the helicity angle § and the reconstructed B*-invariant mass,
which can be analytically calculated, is shown on the left in Fig.

Using the decay BT — D*°h* as an example, where D*® — D7, the missing 7°
results in a |PP|* = cos?(6) distribution for the helicity angle. Thus, a double-peak
structure in the B* invariant mass is expected, and on the right in Fig. [9.4] in
black, this distribution has been transformed into an invariant-mass distribution,

using the relationship shown on the left.
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Figure 9.4: Left: Relationship between the reconstructed invariant mass mp and the
helicity angle §. Right: Invariant B*-mass distribution, assuming the helicity angle
follows a cos?(f) distribution.

The shape of the B¥ invariant-mass distribution can be, to leading order, be
approximated as a parabolic function, with end points at mg = a and mg = b.

The analytical form of such a distribution is

2
(mB—“;b>, a<xr<b

0, otherwise,

p(mB) =
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and it is shown as a dashed blue line in Fig. 0.4 There is a good agreement
between this distribution and the analytical shape in black, which is a parabolic
approximation. Therefore, in this analysis, partially reconstructed backgrounds
are modelled using such a parabola.

To account for resolution effects, the parabolic shape is convolved with a

double Gaussian function

poc(z) = pa(z|p, o) + fapa(z|p, Reo),

where o is the width of the first Gaussian, fg is the relative fraction between the
two Gaussians and R, is their relative width.

Finally, differences in selection efficiencies can lead to one peak being higher
than the other, and this possibility is accounted for with a linear polynomial with
slope parameter &, such that £ represents the height of the left peak, relative to the
right peak. The resulting distribution, called the HORNSdini shape, is

bdx(:v — a;b>2ng(m\x,o, fg,Rg)<1 — g:17 + - a).

pHORNSdini(m) = / b—a b—a

a

An example of a fit of the HORNSdini shape to a simulation sample, which is
taken from Ref. [39], is shown on the left in Fig. [9.5]

8 300F T 3 8 F ' ' ]
£ HORNSdini 1 £ 100F HILLdini -
D 250F 4 o ]
200} 1 % _:
150 E 6o E
100F 3 401 .
50f- 3 20F .
; L . 3 i . .

2800 5000 5200 2800 5000 5200

m(B) (MeV/c?) m(B) (MeV/c?)

Figure 9.5: Examples of HORNSdini and HILLdini shapes taken from the analysis in
Ref. [39]

It can be shown, with an analogous calculation, that if the missing particle is

a photon, which is a massless spin J = 1 particle, the orbital angular momentum
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must be in an m = =£1 state, such that the overall wavefunction has a P! o sin(#)
form. Therefore, qualitatively, for a decay such as B* — D*°h*, where D*® — D~y
and the photon v is missed, the D meson prefers to travel perpendicular to the
direction of the D* meson. This leads to a single-peak structure, shown on the
right in Fig. 9.5, with the analytical expression
{—(m—a)(z—b), a<x<b
0, otherwise.
Resolution and selection efficiency effects are accounted for in an identical manner
to the HORNSdini shape, resulting in a distribution named the HILLdini shape.
The process B¥ — Dh*, where the charm meson decays to a fully charged four-
body final state, is kinematically very similar to the three-body decay D — KQrn~
with K§ — 77—, In particular, since the missing particle in partially reconstructed
decays is not a part of the D decay, the differences in partially reconstructed
background shapes between different D decays are expected to be negligible. The
D — Kintrm~ decay was previously studied in detail [39], and in the current
analysis, many of the parameters describing these background components are taken
from Ref. [39]. A more detailed description of the treatment of these background
contributions can also be found in Ref. [136].
The dominant component of the partially reconstructed backgrounds consists of
real B mesons with a missing particle. In both the B* —+ DK* and B* — Dn*
channels, there are partially reconstructed backgrounds of the type B — D*h*

and their PDFs are:

o B* — D*(— DI[r°)h*, described by HORNSdini;

(—

. BY 5 D (= D[x¥])h*, described by HORNSdini;

o B* — D*°(— D[y])h*, described by HILLdini.

For these three partially reconstructed backgrounds, the mass resolution o'°% is

shared and varied in the fit to data, while all other shape parameters are taken

from Ref. [39], and they were determined using simulation samples.
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In the B* — Dz channel, there are also additional backgrounds from B* —
D7 [7% and BY - Dr*[rT], which are described by samples of simulated B* —
Dp* and ﬁ — Dp° decays. The PDF shape used is HORNSdini and all shape
parameters are fixed in the fit to data. Similarly, in the B* — DK¥ channel,
the decays B* — DK*[r% and BY = DK* [7F] contribute to the partially
reconstructed background and are modelled with a HORNSdini PDF. The simulation
samples use a Dalitz model [137] with smearing to account for resolution effects
in the LHCDb detector.

In addition to partially reconstructed background components where the com-
panion hadron is correctly identified, in the B¥ — DK™ selection there is also
a contribution of partially reconstructed background from the B* — Da® mode
where the companion pion is misidentified as a kaon. Such contributions can be
studied using the same simulation samples as those used for partially reconstructed
backgrounds with correctly reconstructed companion hadrons, but reconstructed
under a kaon mass hypothesis for the companion hadron. The PID requirements
are accounted for using the reweighting procedure described in Section [8.5, To
model these components, empirical mass shapes known as Mis-ID HORNSdini
and HILLdini PDFs, consisting of sums of HORNSdini and HILLdini PDFs, are
fitted to the simulation samples.

Finally, in the B* — DK%* channel, there is also a small contribution of
BY — D°K#*[n¥] decays. Despite its small size, this component can have a relatively
large impact in some phase-space bins since the flavour of the D meson is opposite
to that of signal. Thus, in bins where F; is small, this background has a yield
proportional to F_;, which can be large. Although the shape of this background is
well known from Ref. [39], in this analysis the yield of this contribution, relative to
that of the B*¥ — Dz signal yield, has been updated with a data-driven estimate
from Ref. [41]. After correcting for differences in selection and PID efficiencies,
the ratio is found to be (6.02 + 0.29) x 1073,

A complete summary of all partially reconstructed backgrounds is presented

in Table[0.1] In the B¥ — Dzn® modes, the total yield of partially reconstructed
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Table 9.1: List of all partially reconstructed backgrounds and their PDFs.

Number Background PDF

1 B* — D*(— D[x%))r* HORNSdini
2 BY - D*F(— D[x¥])r* HORNSdini
3 B D*(— D)) HILLdini

4 B — Dr*[x] HORNSdini
5 Bi — D*(— D[r"))K* HORNSdini
6 0, p**(=s Dlr¥]) K+ HORNSdini
7 Bi — D*(— DY) K* HILLdini

8 B — DK*[r] HORNSdini
9 BY s DOK*[n¥] HORNSdini
10 Cross feed from B — Dh*[X] Mis-ID HORNSdini/HILLdini

backgrounds is a free parameter. The yield of component 2 is fixed relative to
component 1 from branching ratios and selection efficiencies. The relative yield of
component 3 relative to components 1 and 2 is denoted as fD* , and it is varied
in the fit. Similarly, the yield of component 4, relative to that of components 1, 2
and 3, is denoted as f5T and it is a also a free parameter in the fit.

In the B¥ — DK™ channel, the total yield of partially reconstructed background,

with the exception of BY, is defined as

€
low K—K
NDK,]OW = RDK/DT[’ X NDTI’,]OW X )

Er—m

where RIg%. /pr 18 shared between all categories and floated. The PID efficiencies are
assumed to be identical between signal and partially reconstructed background. The

relative yields of components 5-10 are all fixed from selection and PID efficiencies.

9.1.4 Modelling of peaking backgrounds

There are two background components, specific to four-body D decays, which have
non-trivial peaking structures directly under the signal peak. The first contribution,
which only affects the D — KK ntn~ channel, originates from CF D° —
K-ntn~nt7n% decays that fake a D — KT K~ 77~ signal when the 7% meson is

missed during the reconstruction and one of the charged pions is misidentified as
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a kaon. Although events with missing particles or misidentified hadrons in the
D decay are generally rejected by the D° invariant-mass range, in this particular
charm decay the missing particle and the misidentified pion push the reconstructed
DY invariant mass in different directions. The resulting invariant-mass distribution
has a significant contribution inside the selected D° mass range, and must therefore

be accounted for in the B* invariant-mass fit.

8 8 F B KKk
E "E 600F Exponential background =
L L E ! ]
500 : Sideband data .
400F =
300F 3
200 3
. 100E 3
(Us A T vt I 0 E Fot ooy . e
5200 5400 5600 5600 5800
m(B) (MeV/c?) m(DK) (MeV/c?)

Figure 9.6: Fit of the invariant-mass shape of the D — K~ nt7~ 77" background on
the left and the charmless background on the right in the D — KT K77~ channel.

This background is studied using LHCb simulation samples that undergo
the same selection as that of data. The simulated decays are generated with
a uniform phase-space distribution, since no amplitude analysis of this decay has
been published. The PID cuts are accounted for through reweighting, analogous
to that described in Section [9.1.2] Finally, the B* invariant-mass distribution is
fitted with a sum of two Crystal Ball functions and the result is shown on the left
in Fig. As these candidates originate from real BT decays, they are found
to have a peaking structure in the low-mass region, with a long tail inside the
region under correctly reconstructed signal decays.

To ensure that the fit results are not biased due to having a uniform phase-
space distribution, the same decay is generated in RapidSim [134], first using a
uniform phase-space distribution and then with an intermediate D — K*°w decay,
where K** — K7t and w — 777 7% The reconstructed B* invariant-mass

distribution is found to be consistent between both samples, and therefore it is
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assumed that the choice of phase-space model of the charm decay has a negligible
effect on the invariant-mass shape. In the invariant-mass fit to data, the shape
of this background is fixed, while the ratio between the yield of this background
and that of the B — D*h* components, labelled Rys,0, is a free parameter that
is shared between the B* — DK¥* and Dr* channels.

The second peaking background considered in these four-body decays arises
from charmless decays, which are B* decays with the same final-state particles
as that of signal, but without an intermediate D meson. Such decays therefore
do not have a peak in the D invariant-mass distribution, and thus can be studied
using the sideband region of this distribution. However, in the D — KK -7t 7~
decay, the upper sideband is contaminated with CF D° — K-nt7~ 7t decays,
and therefore the lower sideband region mp € [1770, 1820] MeV/c? is used for these
studies. In the D — 7#t7#~ 77~ mode, this contamination is located in the lower
sideband, and therefore the upper sideband region mp € [1910, 1960] MeV/c? is
used. As mentioned in Section [8.6] a requirement on the D-meson flight significance

suppresses this background.

Table 9.2: Yield of charmless background in the lower D mass sideband for all B+
candidates, and also BT and B~ separately, in the D — KT K777~ mode. Both yields
with and without a flight significance cut are shown.

B charge No requirement Az2-B >2 AD-B >4

significance significance

B* 3387 £ 76 168 £ 26 3£ 22
B~ 1682 £+ 50 69 + 18 3+13
Bt 1705 £ 50 99 £19 0+14

An effect of constraining the D invariant mass, as mentioned in Section [8.3] is
that the y? distribution of this Kalman-kinematic fit is highly correlated with the
D invariant-mass distribution. This y? variable is used in the BDT described in
Section and therefore the BDT has the effect of removing charmless decays in
the sideband regions but not necessarily in the signal region. In order to obtain
an unbiased estimate of charmless backgrounds, an alternative BDT is trained

without the use of this variable. The overlap between the selections with these
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BDTs, defined as Niptersection/Nunion, 18 found to be 93.1%. Additionally, it is found
that the level of combinatorial background is higher with the alternative BDT, so
it may be concluded that both BDTs select the same signal candidates, while the
nominal BDT is more efficient at rejecting combinatorial background. However,
the alternative BDT, which does not rely on knowledge of the Kalman y?, does

not remove charmless background decays from the sideband regions.

Table 9.3: Yield of charmless background in the lower D mass sideband for all B
candidates, and also BT and B~ separately, in the D — 77777~ mode. Both yields
with and without a flight significance cut are shown.

B charge No requirement Az2-B >2 AD-B >4

significance significance

B* 11690 + 145 689 £ 48 31 £ 32
B~ 9799 £ 94 344 £ 34 15 £23
Bt 5891 £ 95 345 + 34 16 £ 23

On the right, Fig.[9.6|shows the B* invariant-mass distribution in the D sideband
region of D — KT K-t~ prior to the flight-significance requirement. The blue
line is the result of a fit of this distribution, using an exponential distribution
to describe the combinatorial background and a Gaussian function to describe
the signal. The fitted Gaussian function is also shown in red. Table |9.2 shows
the yield of charmless background of all B* candidates in the sideband region
of D — KTK 7ntn~. Results of fits split by charge are also shown, and no
CP asymmetry is found. Similarly, Table shows the equivalent numbers for
the D — wfr 7t7~ mode.

It should be noted that the yield of charmless decays is similar to that of signal,
but a flight significance requirement is highly efficient at rejecting this background.
In Fig. [0.7] the results of fits with a flight significance of two and four are shown for
the D — KT K~ wt7n~ selection. The yields are shown in Tables [9.219.3] For the

D—-B
significance

phase-space binned analysis the chosen requirement is Az, > 2, while in the

phase-space integrated analysis, which is more sensitive to backgrounds that affect

D-B

significance > 4, Which reduces

the signal yield, the requirement is tightened to Az

the charmless background yield to a very small level.
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Figure 9.7: Fit of charmless-background yields in the data sideband, with a flight
significance requirement at two on the left and a tighter requirement at four on the right.

In the fit to data, the shape of this background is fixed to that obtained from
the fit without a flight significance requirement. In the binned fit of C'P-violating
observables, the fraction of charmless background in each bin is determined from fits
similar to that shown on the left in Fig.[9.6] but split into phase-space bins, and it is
assumed that these fractions are independent of any flight significance requirement.

The presence of charmless backgrounds in the B* — D7n* selection is also inves-

tigated with an analogous procedure, but no evidence of such contributions is found.

9.1.5 Study of misidentified D° - K—ntn—nt decays

A potential source of background decays with a peaking structure in the signal
region is the CF decay D° — K~ntn~ 7+, which can be miscategorised as either
D —- K"K ntn~ or D — ntn ntn~ through a single misidentification. An
LHCb simulation of B — [K~ w7 nt]ph* is used to study the impact of this
background on the measurement. The sample undergoes the same selection as that
of data, except for PID selections, which are accounted for through reweighting.

In particular, for a single misidentification of Knnmm — K Knw, where one of
the pions is assigned a kaon hypothesis, has the effect of pushing the reconstructed
D invariant-mass distribution into the sideband region above the mass window.
This is illustrated on the left of Fig.[9.8] and it is found that a negligible number of
candidates remain in the signal region, which is indicated by the blue lines. The

effect in the D — 7 7~ 7ntn~ mode is similar.
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Figure 9.8: The D-mass distribution of B¥ — [K~7Tn~ 7| pr® decays, misidentified
as BY — [KT K- 777~ ]pr® decays. On the left is the single misidentification, on the
right is the triple misidentification.

However, in the D — KTK w7~ mode, there is also a second mechanism
in which this CF decay can contaminate inside the signal region. This is shown
on the right in Fig. [9.8 where a triple misidentification occurs, nn Km — K K.
Although three consecutive misidentifications is unlikely, the contribution from
this mode, which has a large branching fraction, has a non-negligible number of

background events inside the signal region.
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Figure 9.9: The B¥-mass distribution of B* — [K-nta~7nt|ph® decays, triple
misidentified as B* — [KTK - 7tn~]ph* decays. On the left is the B* — DK®*
mode, on the right is the B* — Dx® mode.

The triple misidentification background is also important due to its invariant-
mass shape, which is shown in Fig. for both B¥ — DK® on the left and

B* — Dr¥* on the right. Since the shape has a sharp peaking structure near
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the BT mass, these decays can easily fake a signal candidate, and the size of this
background must therefore be understood.

After correcting for differences in branching fractions, selection efficiencies
and PID efficiencies, it is found that this background is (0.868 + 0.030)% and
(0.89 £ 0.03)% of the signal yield, for B* — Dn* and B* — DK™ respectively.
This is considered to be too small to model in the invariant-mass fit, but it is

considered as a systematic uncertainty in Section [9.2.5]

9.1.6 Study of misidentified D° — K* £*Tv, decays

A different source of potential CF background decays is semi-leptonic decays of
the form D — K* ¢*y,, where K*~ — K 7nr~ is some excited kaon state.
The states considered in this analysis are the K;(1270), K;(1400), K*(1410),
K*(1680), K*3(1430) and K*(892) resonances. The lepton ¢ can either be a
muon g or an electron e.

The study of this background is first performed with the D — KTK 7ntx~
channel, where semi-leptonic decays can contribute in two ways. First, the lepton
can be misidentified as a kaon, K{mm — KKmm, or there can be a double
misidentification Knnl — KKnrm. To determine the invariant-mass shape of
this background and its size relative to the signal yield, large simulation samples
are generated with RapidSim [134].

A simulation sample with the intermediate resonance K;(1270) is shown in
Fig.[9.10[ On the left is the D invariant-mass distribution after a single misidentifica-
tion, and the blue lines indicate the signal region. On the left the B* invariant-mass
distribution is shown for the candidates that pass the D invariant-mass requirement.
The shape is found to contribute mostly in the low-mass region, but it also has
a large tail present in the signal region.

To obtain a total background yield, relative to that of signal, a full study
that accounts for differences in branching fractions, selection efficiencies and PID
efficiencies is performed. Both the muon and electron modes are considered, and the

contributions from single and double misidentifications are added together. Each
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Figure 9.10: An example of a semi-leptonic D decay background, where D° —
K1(1270) " ptvy,. On the left is the invariant-mass distribution of the reconstructed
D meson, with the selected candidates indicated by the vertical blue lines. On the right
is the corresponding invariant B*-mass distribution of the selected candidates.

kaon resonance is considered separately and their contributions are also added
together. The resulting BT invariant-mass distribution is shown in Fig. for
B* — DK% on the left and B* — Dz* on the right. The data points show
the RapidSim simulation samples and the blue line is a sum of two Crystal Ball

functions fitted to the simulation samples.
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Figure 9.11: Fit of all semi-leptonic D-decay modes that contribute to the semileptonic
D background contributions. On the left is the fit in the B¥ — DK®* channel and on the
right is the B¥ — Dz channel.

Both the shape and background yields relative to signal are found to be consistent
between the two B* decays, and the final ratio between background and signal is
found to be 0.8%. This small background level is considered to be negligible in
the fit to data. In Section [9.2.5] it is considered a systematic uncertainty in the



9. Model-independent measurement of -y 185

D — K"K~ 7ntx~ channel. The D — nmt7 77~ decay has a branching fraction
that is three times larger than that of D — K+*K ntn~, and the semi-leptonic
background can only contribute through double misidentification. Therefore, the
relative size of this semi-leptonic background is almost an order of magnitude

+

smaller in D — w7~ 77, compared to KT K~7"7~. Thus, it is not considered

as a systematic uncertainty in this channel.

9.1.7 Combinatorial background

The combinatorial background, which has no peaking structures in the B* invariant-
mass spectrum, is modelled with an exponential function. The parameter describing
the shape of this function is allowed to vary in the invariant-mass fits. In fits split
by bins, the exponential shape is assumed to be the same in all phase-space bins,

but the yield in each bin is varied independently.

9.2 Invariant-mass fits
9.2.1 Global invariant-mass fit

In the first stage of the analysis, an unbinned maximum likelihood fit is performed
on the invariant-mass distribution of reconstructed B* mesons. The fit is, at this
stage, performed integrated over all phase space and summed over both B* charges,
and therefore it will be referred to as a global fit.

The two BT decays and two D decays, which make a total of four categories, are
kept separate due to the different purities and background contributions, but the fit
is performed simultaneously with several shared parameters. The purpose of such
a fit, which is insensitive to any CP-violation effects, is to determine parameters
that describe the PDF of the invariant-mass distribution, including contributions
from both signal and background decays.

The fit is performed over the range mp € [5080, 5700] MeV/c?. The left limit
is chosen such that a sufficient amount of the partially reconstructed background
can be separated from the signal peak, while the upper limit ensures that the

combinatorial background is correctly constrained.
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Figure 9.12: Invariant-mass distributions for the (left) B¥ — DK¥ and (right) B* —
Dr*t selections, for the D — K+TK - ntn~ decay. The square brackets in the legend
denote particles that are not reconstructed.

The projections of the global fit are shown in Fig. [9.12| and [9.13| for the

D — K*"K-ntn~ and ntn~ 77~ modes, respectively. The fit model describes the

data well, and there is good discrimination between signal and background.
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Figure 9.13: Invariant-mass distributions for the (left) B* — DK™ and (right) B* —
D7 selections, for the D — 7~ 777~ decay. The square brackets in the legend denote
particles that are not reconstructed.

The numerical results of the free parameters that determine the invariant-mass
shapes are shown in Table [9.4) The parameters y and o describe the mean and
width of the signal shape, and the signal shape in B* — Dz* is found to be wider
than that of B¥ — DK¥ due to the larger energy released in the decay. The
parameter Rp/p, is the ratio between the B¥ — DK* and B* — Dr* yields,
and it is consistent with the flavour-specific branching fractions of B~ — DYK~

and B~ — D7~ from the PDG [21]. The ratio RS% /pr 18 defined analogously for
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Table 9.4: Parameters describing the invariant-mass shape, determined by the global
invariant-mass fit.

Signal shape parameters

opr (MeV/c?) 14.45 £ 0.04
oprx (MeV/c?) 13.89 £0.17
p (MeV/c?) 5277.80 + 0.04
Rpr/px (1072) 7.76 = 0.09
Combinatorial slopes
Decay mode Slope (1073 GeV~'¢?)
— [KTK~—nrn~|prt) —6.78 £ 0.26
— [rta~r T | pr¥) —4.45 4+ 0.09
— [KTK-ntn7|pK*) —4.79+0.19
= [T r T | pKY) —3.16 £ 0.09
Partially reconstructed background parameters
olv (MeV/c?) 13.56 £ 0.30
D 0.258 £ 0.015
BZ; 0.309 £ 0.007
Ry 37n0 0.18 +0.04
RE%/pe (1072) 6.95 + 0.16

the partially reconstructed background, but it is not necessarily equal to Rpg/px
due to the different partially reconstructed decay components in the two selections.

In addition to the parameters listed in Table [9.4] the total yield of signal and
partially reconstructed background are also free parameters in the B*¥ — Dz*
categories, and the same parameters in the B* — DK™* categories are related
through the Rpg/pr and Rlow DK/ D ratios, respectively. The combinatorial background
is allowed to vary freely in each category. The total yield of signal candidates, as well

as the total yield of each class of background contributions, are listed in Table [9.5]

9.2.2 Invariant-mass fit split by charge

In the second stage of the analysis, the phase-space integrated CP-violating
observables are determined. The fit uses an identical setup to the global fit
described in Section [9.2.1] but the candidates are separated by their B* charge,

which makes a total of eight categories.



188 9.2. Invariant-mass fits

Table 9.5: Yields of signal, companion misidentification background, partially recon-
structed background, background from D — K~ nT7 7t70 decays and combinatorial
background, obtained from the global invariant-mass fit.

Reconstructed as:

D decay Component B* - DK* B* - Dr*

D — KtK—rntn~ B* - DK* 3037 + 38 143 £ 2
B* — Dn* 239+ 1 44186 + 216
Partially reconstructed bkg 8§7+1 27T+1
D— K ntnntq® 43 + 10 572 + 132
Combinatorial bkg 451 + 20 1782 + 153
Charmless bkg 155 N/A

D — ntg~ntn~ B* - DK* 8452 + 101 377+ 4
B* — Dr* 654 + 2 122161 £ 368
Partially reconstructed bkg 248 +1 8+3
Combinatorial bkg 897 + 24 2211 £ 68
Charmless bkg 629 N/A

Instead of having the yield of each category as free parameters, the yields are
parameterised in terms of the CP-violating observables, A; and R¢p, defined by
Eqgs. and . This makes a total of six parameters, while the remaining
two parameters are the total yields of B — Dz™ decays, where D — K+*K - nt7n~
and 7wt

In order to interpret the measured charge asymmetries in terms of a CP
asymmetry, they must be corrected for the asymmetry in the production of B* and
B~ mesons Ag+, as well as the K* and 7% detection asymmetries. By definition,
charge asymmetries are defined as
where N4 are the yields split by charge. To apply the asymmetry corrections to

the measured yields, it is more convenient to express the asymmetries as a ratio

1+ A
«a=—-

1-A

such that the yield of positive and negative charges are related by N_ = a/N,. The

advantage of this parameterisation is that each individual source of asymmetry can
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be factorised into a = acpagetap+, where acp is the CP asymmetry of interest, ages
is the detector asymmetry and ag+ is the B¥ production asymmetry.

The asymmetry corrections are

Ap+ = (2.84+6.8) x 1074,

)
Ay =(—-64+£18)x 1074
Agr = (9.6 £1.3) x 1073,
)

Ao = (-1.7£0.8) x 1073,

which are taken from the analysis described in Ref. [41]. The pion detection
asymmetry A, is applied to each pion in the final state. The asymmetry Ay, is
the combined detection asymmetry of a K~ 7" pair, and it is combined with A, to
obtain the detection asymmetry for each kaon. The parameter Arg is an asymmetry

in the L0 hardware trigger, and in the subsequent analysis it is combined with Ag.

Table 9.6: Results of the phase-space integrated measurements. The first uncertainty is
statistical and the second systematic.

CP-violating observable Fit results
ARKmm 0.095 £0.023 =£0.002
AR Kmx —0.009 £0.006 =+ 0.001
AgFr 0.061 £0.013 =£0.002
A —0.0082 £ 0.0031 £ 0.0007
REL ™™ 0.974 +£0.024 +0.015
e 0.978 £0.014 £0.010

The projections from the phase-space integrated fit are shown in Fig. and
In the B* — DK™ mode, shown on the top, a surplus of B~ decays is visible
for both D-decay modes, while the B¥ — Dz mode at the bottom shows a much
smaller asymmetry, but with more B decays.

The final phase-space integrated CP-violating observables are listed in Table [0.6]
where the first uncertainty is statistical. The second uncertainty is systematic
in origin and will be discussed in Section [0.2.5] Non-zero values of Ax are seen,
which is consistent with Figs. and [9.15, Furthermore, both values of Rcp

are smaller than unity. This indicates that relative to the B¥ — Dr* decay, the
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Figure 9.14: Invariant-mass distributions and fit projections of (top) BT —
[K*K—nt7~|pK* and (bottom) B* — [KTK - 7tn~|pnT candidates, for (left) B
and (right) B~ decays.

B* — DK* mode is more suppressed than the equivalent process where the charm

decay is flavour specific, due to interference effects.

9.2.3 Strategy for determination of phase-space binned CP-
violating observables

The binned CP-violating observables are determined with an unbinned maximum

likelihood fit, similar to that described in Sections [9.2.1] and [9.2.2] where the

B* candidates are also sorted into phase-space bins. This fit is conventionally

referred to as a CP fit, since it relates the signal yields to the CP-violating
observables using Eq.({2.15),

NF = b [ o <<x£;<)2 n (ng)z) F .+ 2\FF.; (xﬁch,- + yngsi)}. [2.15)

To improve the fit stability, the invariant-mass shape is fixed according to

the parameters in Table 0.4, In addition, with the invariant-mass shape fixed,
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Figure 9.15: Invariant-mass distributions and fit projections of (top) BT —
[rtn~ 7t 7" |pK* and (bottom) BT — [t 77t 7~ |pnrt candidates, for (left) BT and
(right) B~ decays.

the fit range is reduced to mp € [5150,5700] MeV/c? to minimise the impact of
CP-violation effects in the partially reconstructed background.

Examples of CP violation in local phase-space regions are shown in Figs.
and for B¥ — DK®*, where the B~ and B™ yields in two conjugate bins are
compared. In Fig. which shows the D — KT K~ w7~ decay, there are visibly
more B~ decays in bin +3 compared to B decays in bin —3. Similarly, in Fig.|9.17]
an opposite asymmetry is seen. Although these asymmetries may seem small, the
simultaneous fit of all phase-space bins can place significant constraints on .

For the D — KK~ 7ntx~ channel, which has 2 x 4 phase-space bins, the two
B* decays and two charges make a total of 2 x 2 x 2 x 4 = 32 categories. Similarly, in
the D — w7n~ 7" 7~ channel there are 40 fit categories. In each category, the signal
yield is parameterised in terms of the CP-violating observables using Eq. .
Each BT decay has four CP-violating observables, but with the parameterisation

in Eq. (2.16)), the total number of CP-violating observables is six.
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Figure 9.16: A comparison of the invariant-mass distributions and fit projections of
B* — [KTK~nt7~|pK¥ in (left) bin —3 for B* and bin 43 for B~.
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Figure 9.17: A comparison of the invariant-mass distributions and fit projections of
B* = [rtn~rta~]pK¥ in (left) bin —5 for BT and bin +5 for B~.

The yield of cross-feed background, where the companion hadron is misidentified,
is parameterised in terms of the signal yield using ratios of PID efficiencies, analogous
to what is described in Section , and using Eq. to determine the yield
in each phase-space bin. Additionally, in the D — KTK 77~ selection, there
is also the partially reconstructed misidentification background contribution from
D — K-ntn 7t7° decays. The total yield of this background is determined in
the global fit through the parameter Rgs.0. In the binned fit it is empirically
found that setting the bin yields proportional to the bin volumes gives a good
description of this background component.

The combinatorial background in each category is allowed to vary independently,
but the exponential slopes are fixed to the values in Table 0.4 Studies of the

region mp € [5400,5700] MeV/c? show that the variation in the exponential slope



9. Model-independent measurement of 195

between bins is negligible. For the D — Kt*K ntn~ and 777~ 7"7~ decays the
combinatorial background yields adds 32 and 40 free parameters, respectively.
Finally, the total yield of partially reconstructed background is varied in-
dependently in each category, while the relative sizes of the different partially
reconstructed components are fixed to the values determined from the global fit.

This adds 32 and 40 free parameters to the fit for the D — K*K 777~ and

+o— ot

7T T~ modes, respectively.

In the B* — DK™ selection, there are also three additional background
components. First, the yield of charmless background is fixed, as discussed in
Section [0.1.4] Second, there is a component of partially reconstructed background
with a misidentified companion hadron, which is fixed with the same parameterisa-
tion as in the global fit. Third, the partially reconstructed decay B? — D°K*[r¥]
is treated separately due to the different charm-meson flavour. For instance, in
the B~ — DK~ selection, where the DY flavour dominates the amplitude of signal
decays, the yield of the BY background in bin 7 is proportional to F_;.

In Eq. (2.17), the fractional bin yields F; and the normalisation constants hf
are also free parameters in the fit. There are separate normalisation constants for
each BT charge and BT decay, resulting in four normalisation parameters. The
parameterisation of F; is identical to that used in the analysis of ¢; and s; described
in Section [6.2.2l This makes seven parameters for the D — K*K~w+tr~ mode
and nine parameters for the D — nt7~7t7~ decay.

A key difference between the strategy described in this thesis, and that of the
three-body analysis in Ref. |39], is the treatment of the strong-phase inputs. For
the D — KTK 777~ mode, these are taken from Table , while those for
D — ntn~ntn~ are obtained from Ref. [138]. This analysis treats the eight (ten)
¢; and s; parameters in D — KT K ntn~ (ntn 7ntn~) as fit parameters that are
Gaussian constrained by their covariance matrix. The motivation for this strategy
and the impact of this constraint is discussed in Section

In total, the fit of the D — K™K "7~ decay has 89 parameters, while that

of D — wtn ntw~ has 109 parameters. In a fit where both these decays are
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fitted simultaneously, the C'P-violating observables are shared, resulting in a total

of 89 + 109 — 6 = 192 free parameters.
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Figure 9.18: Fractional bin asymmetries for B¥ — [K*K~nt7~|ph*, with DK on
the left and Dx on the right.
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Figure 9.19: Fractional bin asymmetries for B* — [t 7~ a7~ |ph*, with DK on the
left and D7 on the right.

A nice visualisation is to plot the fractional bin asymmetries of each phase-space
bin, defined as the difference between the fractional B~ yield in bin +¢ and that of
BT in bin —i, divided by their sum. The fractional bin yields are obtained from
an alternative CP fit where instead of having the CP-violating observables as free
parameters, the individual bin yields are varied independently in each bin.

The asymmetries are shown as data points in Figs. and [9.19] In several
phase-space bins, non-zero asymmetries are seen in the B* — DK* mode, and
the difference in asymmetries between bins is driven by the variation of the D%-D°

strong-phase differences. The asymmetries in the B¥ — Da* mode are much
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smaller and not statistically significant. It should be noted that although the
interpretation of these bin asymmetries in terms of v and other physics parameters
requires external strong-phase inputs, the CP violation illustrated in Figs. |9.18
and do not rely on these inputs.

The solid line in Figs. and is the fit projection, or the predicted bin
asymmetry, and it is obtained from Eq. using the values of CP-violating
observables obtained in a fit to data. The good agreement between the prediction

and the individual bin asymmetries serves as a useful cross check of the quality

of the CP fit.

9.2.4 Statistical properties of measured CP-violating ob-
servables

In previous measurements of the CKM angle v at LHCb, the analyses have mainly
been dominated by the statistical uncertainties due to the limited size of the data
set. For instance, despite being the leading systematic uncertainty in the three-body
analysis described by Ref. [39], the statistical uncertainties on the CP-violating
observables are about 3-4 times larger than the systematic uncertainties. It is
therefore possible to fix the ¢; and s; parameters in the fit, and then propagate
the systematic uncertainties to the C'P-violating observables by repeating the CP
fit. In each iteration, the values of ¢; and s; are varied randomly according to
their covariance matrix.

Such a procedure is preferred since the correlation between analyses that use
the same ¢; and s; inputs can be evaluated without performing a simultaneous fit
of all analyses. Furthermore, it allows the statistical and systematic uncertainties
to be evaluated independently.

However, in the phase-space binned analysis of the four-body decay B* —
[KFrtrTrt|ph* [47], the magnitude of the systematic uncertainties due to BESIII
charm strong-phase inputs were in fact found to be similar in size to the statistical un-
certainties. In the analysis of B* — [KTK ~ntn~|ph* and B* — [xtr nTn~|ph*

described by this thesis, a similar behaviour is seen. Unfortunately, if the ¢; and s;
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parameters are fixed in the CP fit, it could bias both the central value of CP-violating
observables and their uncertainties. Hence, it is necessary to Gaussian constrain the
¢; and s; parameters, at the expense of mixing the statistical uncertainty due to the
LHCb data set with the systematic uncertainties due to the ¢; and s; uncertainties.

The statistical properties of the CP fit, with the ¢; and s; parameters Gaussian
constrained, are studied with a series of pseudo-experiments in order to establish
potential biases or non-Gaussian distributed uncertainties. Using the fit model
described in Section [0.1] the data sets are generated with values of v, 68X, r2K
6B™ and rB™ taken from Ref. [48]. The rest of the free parameters are set to those
obtained in a fit to data. Each data set is fitted using the strategy described
in Section [9.2.3] These pseudo-experiments are exclusively performed on the
D — KtK-nt7~ mode, which is less well behaved than the D — ntn ntn™

mode due to the smaller data sample and the larger uncertainties in ¢; and s;.

Table 9.7: Mean and standard deviation of the pull distributions of the CP-violating
observables.

Parameter Pull mean (1072) Pull standard deviation

zPK —0.10 £ 0.03 0.974 4+ 0.026
zDK —0.08 £+ 0.03 0.949 + 0.025
yPK 0.29 + 0.04 0.914 + 0.032
yPK —0.05 £ 0.03 1.007 + 0.025
" 0.16 £ 0.03 0.877 £ 0.022
yo" —0.04 £+ 0.03 0.907 + 0.021

The resulting pull distributions of CP-violating observables from 1000 pseudo-
experiments are shown in Fig.[9.20, and the fitted values for the mean and standard
deviation are shown in Table[9.7] All parameters are found to have small biases
in the central value, and some parameters have standard deviations that are lower
than unity, which indicates so-called over-coverage in the uncertainty estimation.

This behaviour is particularly significant in the x?” and yg” observables, and it
has also been seen in the analysis described in Ref. [39]. The origin of this effect

is the poor sensitivity to these observables due to the small value of rE™, and the
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effect is found to reduce when fitting pseudo-experiments with larger sample sizes.
Thus, it is a well-understood effect that is easily corrected for.

The small over-coverage in the yPX observables is not an artefact of poor
sensitivity, but it is an effect of the large uncertainties in s;. In fits where the
external inputs ¢; and s; are fixed, the pull distributions of 2% and y?* are in
fact consistent with a normal Gaussian distribution. By eye, the impact of the
large uncertainties in s; is seen to be much more severe in Fig. [0.20 While the pull
distributions of xP% are symmetric and close to a normal Gaussian distribution,
that of yP¥ is asymmetric and not well behaved.

It is therefore unlikely that symmetric uncertainties can accurately describe
the non-Gaussian distribution of all CP-violating observables, and doing so can
potentially bias both the central value and the uncertainty of . To study the
size of this effect, a profile-likelihood function is obtained for each DK observable,
and they are plotted in blue in Fig. [9.21]

The black curve illustrates what is known as the “Hesse” approximation, which
is a parabolic shape, from which symmetric uncertainties are determined in the
fit. For an observable that is Gaussian distributed, its profile-likelihood function
will coincide with the Hesse approximation, which is largely the case for the x?%
parameters. While the Hesse approximation works well for the y?® parameters
near the profile-likelihood minimum, it generally gives a poor description of the
true profile-likelihood function. In particular, its asymmetric shape makes it
inappropriate to assign symmetric uncertainties to ny .

It should be noted that in Eq. (2.15)), the parameters z2% are multiplied with
¢;, 80 generally an uncertainty in ¢; will be propagated into an uncertainty in z2%.
Similarly, if the uncertainties of s; are large, there will be a corresponding impact
on yPK. Tt is therefore interesting to study the effect of fixing the values of ¢;
and s;, instead of Gaussian constraining them. In Fig. these profile-likelihood
functions are shown in red.

In the plots of the 2% parameters, the red curves are found to mostly coincide

with both the full profile-likelihood function in blue and the Hesse approximation
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Figure 9.20: Pull distributions of CP-violating observables, for the D — KTK 77~
channel, obtained from a fit of pseudo-experiments that are generated using the CP-fit
model. The blue curve is a Gaussian function fitted to these distributions.

in black. This behaviour agrees with the numbers presented in Table where
the uncertainties of ¢; are found to be much smaller than those of s;. Therefore,
the uncertainties of the ¢; parameters have a very small impact on the CP-violating
observables, in comparison to the statistical uncertainties of z2%.

Similarly, in the plots of the y2X parameters, the red curves are symmetric

and similar to the Hesse approximation in black, with a well-behaved parabolic
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Figure 9.21: A scan of the profile-likelihood functions of the CP-violating observables
in the B* — [K*K~nt7~|DK® channel. The blue curve shows the nominal likelihood
function, while the red shows the same likelihood scan with ¢; and s; fixed. In black,
labelled Hesse, is the parabolic approximation, which models uncertainties that are
Gaussian distributed.

shape, and both the red and black curves differ significantly from the full profile-
likelihood in blue. It can therefore be concluded that the non-Gaussian behaviour
of the yPX uncertainties is entirely driven by the large uncertainties in s;, and not
by the limited sample size of B¥ decays. The proper treatment of this unusual

behaviour is discussed in Section [9.3

9.2.5 Systematic uncertainties of CP-violating observables

Although the systematic uncertainties due to the strong-phase inputs are currently
absorbed into the statistical uncertainties due to the Gaussian-constraint strategy, as
discussed in Section there are several other sources of systematic uncertainty

due to LHCDb detector effects or due to the analysis procedure. In this section,
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systematic uncertainties refer to these internal LHCb systematic uncertainties, and
not those from ¢; and s; uncertainties.

The systematic uncertainties are not evaluated directly in terms of v and other
physics parameters. As discussed in Section 2.7.2] the statistical behaviour of these
physics parameters is difficult to interpret due to complex trigonometric relations,
and this was the motivation for using the Cartesian CP-violating observables.
Although the uncertainties of s; do introduce non-Gaussian behaviour in the CP-
violating observables, the systematic uncertainties are sufficiently small that they
can be considered independent of the ¢; and s; uncertainties. Therefore, in the
evaluation of these systematic uncertainties, the values of ¢; and s; are fixed, which
result in statistically well-behaved uncertainties on the CP-violating observables.

The systematic uncertainties associated with the fixed invariant-mass shape
in the CP fit are propagated to the CP-violating observables by repeating the
global and CP fits with different choices of shape. Each shape is determined by
repeating the procedure in Section [9.1] after resampling the data and simulation
samples with replacement. In order to correctly propagate these uncertainties,
in each iteration the data set is resampled before the global fit is rerun. Then,
with the new invariant-mass shape, the CP fit is run without resampling. The
standard deviations of the resulting distributions of C'P-violating observables are
assigned as the systematic uncertainty.

To assess any bin-dependence on the invariant-mass shapes, the shapes of signal
and that of companion misidentification are fitted separately in each phase-space
bin. Using this alternative model, pseudo-experiments are generated, which are
subsequently fitted using the baseline model, where the same shape is used in all bins.
The shifts in the central values are taken as the corresponding systematic uncertainty:.

In the CP fit, the PID efficiencies determined in Section are fixed, and to
propagate these to the CP-violating observables, the CP fit is repeated, each time
varying these efficiencies according to their uncertainties. The standard deviation
of the resulting distributions are taken as the systematic uncertainty. The same

procedure is used to assign systematic uncertainties associated with the low-mass
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background model, where the fractions of different background components are
fixed. The charmless background is also treated analogously, using the uncertainties
determined in Section [9.1.4l

The partially reconstructed background described in Section [9.1.3] which is from
real B decays, is subject to similar CP-violating effects as that of signal decays.
Although the invariant-mass range mp € [5150, 5700] MeV/c? is chosen specifically to
remove these backgrounds components, the residual contributions could potentially
fake CP-violation effects in the signal region. The impact is studied by constructing
an alternative invariant-mass model which includes CP violation in the partially
reconstructed background. This model is used to generate pseudo-experiments,
which are fitted with the baseline model. The shift in the central values is taken as
the systematic uncertainty due to CP violation in the low-mass background.

Similarly, there are four small background contributions that are not modelled
in the baseline model that could bias the fit. Two of these contributions have
been studied in this thesis: the CF D — K~n" 77" decay in Section [0.1.5, and
the semi-leptonic charm decays in Section [9.1.6, Furthermore, there is a semi-
leptonic B~ — D%~ 7, decay and a baryonic decay A) — pD°w~, which were
studied in Ref. [39]. Each of these background decays are studied separately by
generating pseudo-experiments that contain these background decays, and running
the CP fit with the baseline model.

Finally, in Section the partially reconstructed misidentification background
D — K—ntr~nt 70 is studied. In the fit, it is assumed, from empirical observations,
that the distribution of this background in phase-space bins is proportional to the
bin volume. Due to the lack of amplitude model of this decay, the strategy is to
assign a conservative systematic uncertainty. Instead of distributing these decays
according to the bin volumes, the bin distribution is changed to be proportional
to the F; parameters of the D° — KK -7nT7~ decay. Pseudo-experiments are
generated with this alternative background model and fitted using the baseline

model. The shifts in the central values are assigned as the systematic uncertainties.



202 9.2. Invariant-mass fits

A summary of all systematic uncertainties in the phase-space binned analysis is
shown in Table[0.8] The statistical uncertainties of the CP-violating observables are
also listed, and these are obtained in a fit to data where the ¢; and s; parameters
are fixed. The total systematic uncertainty at the bottom is obtained by adding the
individual covariance matrices, and it is almost an order of magnitude smaller than
the statistical uncertainties. Similar systematic uncertainties are also evaluated for

the setup where the D — KK w7~ and 77~ 77~ modes are fitted separately.

Table 9.8: Summary of all systematic uncertainties of CP observables from the combined
fit of D - K*K—ntn~ and D — ntn~ 77—, multiplied by 102. The first row has the
statistical uncertainty in a fit to data where the ¢; and s; parameters are fixed.

Source e Ve l’fK ny w?” y?“
Statistical 1.80 1.72 1.68 1.61 3.82 3.58
Invariant-mass shape 0.02 0.02 0.03 0.02 0.01 0.01
Bin-dependent mass shape 0.10 0.26 0.06 0.01 0.17 0.09
PID efficiency 0.02 0.02 0.03 0.02 0.01 0.01
Background fractions 0.01 0.01 0.02 0.01 0.02 0.01
Charmless background 0.09 0.08 0.08 0.09 0.01 0.01
CP violation in low-mass background 0.14 0.04 0.03 0.01 0.06 0.07
Semi-leptonic charm decays 0.09 0.11 0.01 0.00 0.28 0.02
D — K- ntxmt background 0.12 0.04 0.03 0.03 0.28 0.13
Semi-leptonic b-hadron decays 0.10 0.00 0.02 0.03 0.12 0.15
A) — pD7~ background 0.16 0.01 0.14 0.03 0.19 0.06
D— K rntn atna® 0.06 0.05 0.18 0.03 0.10 0.12
Total systematic 0.32 0.30 0.26 0.11 0.50 0.26

There are also two other potentially important systematic effects that are studied,
but found to be too small to include in Table[9.8 First, it is checked whether or not
a non-uniform phase-space acceptance could affect the effective values of ¢; and s;.
This is evaluated by calculating the model-predicted values of ¢; and s;, as described
in Section |3.3] However, instead of non-resonant decays, the reweighting procedure
used in Section is applied to obtain an MC integration sample that contains
phase-space acceptance effects. The difference between these efficiency-corrected
values of ¢; and s; and the nominal values are all one or two orders of magnitude

smaller than their statistical uncertainties, and therefore this effect is neglected.
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Table 9.9: Uncertainties on the results of the phase-space integrated analysis.

Uncertainty (x10%)

Source A§K7r7r A?Kﬂ'ﬂ' A7]|'(7r7r7r Azﬂ'ﬂ'ﬂ' Ré(lg(ﬁﬂ 7Cr$7r7r
Statistical 23.5 5.5 13.3 3.1 24.2 14.3
Invariant-mass shape 0.3 < 0.1 0.2 <0.1 3.1 3.1
PID efficiency 0.1 < 0.1 0.1 <01 2.5 1.6
Background fractions 0.1 < 0.1 0.1 <0.1 1.3 1.4
Charmless background 1.2 < 0.1 04 <0.1 13.9 8.5
External parameters 1.5 0.7 1.5 0.7 4.0 4.0
Total systematic 2.0 0.7 1.6 0.7 15.1 10.1

The second effect is the impact of charm mixing, which can be studied analytically
using charm mixing equations from Ref. [21]. Using the amplitude from Ref. |3§],
the yield of B* — Dh* candidates in each phase-space bin is predicted, taking
D°-DY mixing into account, with mixing parameters from Ref. [25]. These bin yields
are fitted to obtain the CP-violating observables, and the shift in these observables
is found to be negligible. This is consistent with the discussion in Section [2.7.2]
where it is mentioned that to first order, mixing effects can be absorbed into the
F; parameters. To validate this claim, the fit is repeated with the F; parameters
fixed, and a shift of around 1072 in each observable is observed, which is of similar
size to the other systematic uncertainties.

In Table [9.9] the systematic uncertainties on the phase-space integrated CP-
observables determined in Section are listed. They are evaluated in an identical
manner to those in the binned analysis, but the contributions specific to the CP
fit are not included. In addition, the contribution labelled “External parameters”
are the uncertainties of the production and detection asymmetries, which have
been propagated to the CP-violating observables by repeating the fit, each time
varying these inputs. The systematic uncertainties are generally much smaller

than the corresponding statistical uncertainties.
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9.3 Interpretation in terms of ~

In the final stage of the analysis, the CP-violating observables must be combined
in a maximum likelihood fit to obtain the physics parameters «y, 5%, rBK §07

and rE™. This fit is referred to as the interpretation.

9.3.1 Parameterisation of ~ for interpretation

Following the discussion of Section [9.2.4] it is clear that constructing a likelihood
function using the formalism from Appendix , in particular Eq. , is inap-
propriate for this analysis since the CP-violating observables have uncertainties
that do not follow a Gaussian distribution.

Instead, the strategy is to obtain the likelihood function of the CP fit from
Section [9.2.3] and perform the interpretation directly. The advantage of such a
fit is that the interpretation makes use of all the available information, while the
disadvantage is that the interpretation also needs to include all nuisance parameters.

To be specific, let «; denote the CP-violating observables, while n; denotes
the set of nuisance parameters in the CP fit. This includes all the background
yields, F; parameters, ¢; and s; parameters, and the normalisation parameters.
The interpretation is effectively performed by doing a change of variables from
; to B3;, which is the set of physics parameters 7, 655, rB5 §E™ and rB™. This

relationship can be written as

o = fi(B) + Gy, (9.3)

where f; are the transformations given by Eq. . Note that although there are
six CP-violating observables, only five physics parameters exist. The consequence is
that when the likelihood function is minimised with respect to the new parameteri-
sation (f3;,n), the transformation in Eq. will constrain (z75)2 + (yP5)? =
(@2F)? + (y2F)2.

The term G, is a multi-dimensional Gaussian distribution with zero mean and a

covariance matrix that represent the systematic uncertainties on the CP-violating
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observables, determined in Section [9.2.5, Thus, this conveniently merges the internal

LHCh-specific systematic uncertainties into the interpretation.

9.3.2 Bias corrections in the interpretation

To check for biases in the central value of v and other physics parameters, pseudo-
experiments are generated, with an analogous procedure to those described in
Section [9.2.4] The input values are those obtained in a fit to data. After the
interpretation is performed, the pull distributions, which are shown as black data
points in Fig. [9.22] are fitted with a Gaussian function, shown in blue. The mean

and standard deviation of this Gaussian are shown in Table 0.10L

Table 9.10: Mean and standard deviation of the pulls of each floating variable in the
combined interpretation of D - KTK " ntr~ and D — nn ntn—.

Parameter Pull mean (1072) Pull standard deviation

¥ —33+4 1.077 £ 0.028
opK 1943 1.022 + 0.026
rbK 56 + 3 0.990 4 0.029
5B 1+£5 1.39 £ 0.04
rr 59.1 £ 2.4 0.737 4+ 0.016

There is a small, but non-negligible bias in v and 65%, which depends on the
central values of the physics parameters. The origin of this bias is understood
to be due to the large uncertainties of s;. In similar bias studies of a fit with
only the D — K+*K 77~ mode, the bias in 7 is (42 +4) x 1072, while that of
D — atr~rtn™ is (=19 & 3) x 1072, The different biases are driven by both the
different uncertainties on ¢; and s; between the two decays, and also by the different
input parameters used to generate the pseudo-experiments.

The two rp parameters have pull distributions which are not consistent with
a normal Gaussian function. However, they are consistent with the behaviour
observed in the signal-only pseudo-experiments in Fig. [3.7. This effect is expected,

and it is due to the physical requirement that rz > 0.



206 9.3. Interpretation in terms of

Entries

T

a0f E
TN
- A
10F 1 + —

0 — 2 4
(V) = (Ve BY

80F
70F
60F
50F
40F
30F
20F
10F

Entries
Entries

L 1 L
(), - (%) o<
B /it ‘B ‘gen B

100 ]l ]

30F 3 60

Entries
Entries

50F

40F

20k 3 40

10f Jr +Jr +— 20[- -

R
(2, - (2™ o3

| I P T P T P ol

O 2 . oh
(@, - (357, /A5

fit

Figure 9.22: Pull distributions of physics parameters in a combined fit of the D —
KTK-ntr~ and D — mt7~ 7 "r~ channels, obtained from an interpretation of pseudo-
experiments that are generated using the CP-fit model. The blue curve is a Gaussian
function fitted to these distributions.

Although the phase 5™ has a bias consistent with zero, its uncertainties are
highly underestimated. This is a consequence of the low sensitivity to this phase,
and it is expected to improve with a larger sample size.

In the interpretation results presented in this chapter, the central values of

physics parameters are corrected for using the mean of the pull distributions from
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Table 9.10 Their uncertainties are corrected for using the more in-depth study
presented in Section [9.3.4] The size of these bias corrections for  are approximately
6° and 2° for the D — K"K 77~ and 7" 7n~ 777~ modes, respectively, and for
the combined fit the correction is 3°.

The biases in the pull distributions presented in Table are in principle
subject to the same assumptions and limitations discussed in Section [6.2.4] To
a certain degree, the discussion at the end of Section [6.2.4] is more relevant in
the analysis of LHCb data, as there are a larger number of nuisance parameters
and background components.

Despite this, the fit described in Section has been, to a large extent,
tested for robustness and stability during the analysis. It is well understood that
the C'P-violating observables are only sensitive to differences in the fractional bin
yields between that of B~ and BT decays, which makes them fairly insensitive to
background decays. Hence, at the current precision, it is assumed that the choice of
nuisance parameters does not significantly impact the bias corrections in Table [9.10}
Nevertheless, in future studies it will be beneficial to study this dependence. A
brute-force strategy is to sample the nuisance parameters based on their fitted values

and covariance matrix, and examine the impact this has on the bias corrections.

9.3.3 Interpretation results with symmetric uncertainties
The fit results, with symmetric uncertainties, are shown in Tables and [9.12]
for the D - KTK ntn~ and D — nt7 777~ modes, respectively.

Table 9.11: Fitted physics parameters with D — KTK 77 ~. Fit biases have been
corrected for.

Physics parameter Fit result
v (°) 117+ 14
§EE () 80 £ 13
rBK (11.742.7) x 1072
68 (°) 297 £ 77

b (=0 +7) x 1073
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Table 9.12: Fitted physics parameters with D — 777~ 77 ~. Fit biases have been
corrected for.

Physics parameter Fit result
v (°) 41 £ 11
SPE (°) 120 £ 10
rbK (8.5+1.9) x 1072
dE™ (°) 210 + 46
rBm (4+6) x 1073

A striking detail of Tables and is the discrepancy of v and §5% between
the two decay channels. Furthermore, in the latest combination of v measurements
by the LHCb experiment, these parameters have been measured to be y = (63.8752)°
and 08K = (127.3733)°. While the results of the D — 7F7~ 7t 7~ channel is in
agreement with these numbers, the results of the D — KTK nt7~ decay differ
by around 3 0. However, these estimates are based on symmetric uncertainties,
which assume that their uncertainties are Gaussian distributed.

A more informative visualisation of the results are shown in Fig. [9.23] where
the contours from the profile-likelihood function of v and §5% are shown on the
left, and those of 78X and 65 are shown on the right. The contours correspond
to AL = 2.30 and AL = 6.18, which for a x? distribution with two degrees of
freedom results in a coverage probability of 68.27% and 95.45%. The contours for
the D - KTK ntn~ (nt7n 7n"x) mode is shown in red (blue). For comparison,

the LHCD average [48] from other measurements is shown in black.

Table 9.13: Fitted physics parameters with the combination of D — KTK 777~ and
D — ntn~nTn~. Fit biases have been corrected for.

Physics parameter Fit result
v (°) 54£9
SBE (°) 113+9
rPk (9.4+1.6) x 1072
6™ (°) 233 £53
rBm (2+4)x 1073

The 20 contour of the D — KtK 77~ mode in Fig. [9.23] in particular, is

slightly larger than expected from a two-dimensional Gaussian distribution. This
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confirms the findings discussed in Section [0.2.4] where the large uncertainties of s;
are shown to affect the profile-likelihood function in regions far from the minimum.
Hence, by correctly accounting for all correlations and non-Gaussian uncertainties,
the red and blue 2o contours in Fig. do in fact overlap. This allows for a
combination of these measurements, and this is shown in green. A good agreement

with the LHCDb average in black is found. The numerical results of this combined

fit of both modes is shown in Table [0.13|
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Figure 9.23: Two-dimensional scans of the profiled-likelihood functions of the interpreta-
tion. The 1o and 20 contours are shown, which correspond to AL = 2.30 and AL = 6.18,
respectively. The red contour is from of fit of the D — K™K -7 t7~ channel, while in
blue is the same fit to the D — 77~ 7 7~ mode. The simultaneous fit of both decays is
shown in green. Also shown, in black, is the LHCb combination from 2021 [48].

9.3.4 The PROB and PLUGIN methods

An assumption in the interpretation of Fig. [0.23is the fact that the profile-likelihood
function is x? distributed near the minimum. This method is known as the PROB
method in previous literature on the CKM angle v [48] and it makes use of Wilks’
theorem, which is described in Appendix [A.3] The PROB method is known to
underestimate uncertainties, in particular in fits with low statistical sensitivity or
fits with parameters near physical boundaries.

In order to validate the results presented in Section [9.3.3] a method known as
the PLUGIN method, described in Appendix [A.4] is performed on the parameter .

The method determines the p-value, or the confidence interval CL, at each value

of v, using a set of pseudo-experiments at each scan point.
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The result of PLUGIN scans of ~ for the fit of the D — KT K77~ is shown
in red in Fig. [0.24 The solid shape is that obtained using the PROB method,
while the PLUGIN results are shown as data points. The intersection between the
PROB or PLUGIN results with the two horizontal dotted lines denote the 68.27%
and 95.45% confidence regions. In general, for the D — KK ~7t7~ decay, the
PROB method is seen to underestimate the uncertainties significantly, and there
is also a long tail on the left hand side. Both these effects reduces the tension
with the D — 7t7~ 77~ result shown in blue, which has a better agreement
between the PROB and PLUGIN method.

Thus, from Fig.[9.24] it can be concluded that the size of the red contours in
Fig. are underestimated, and indeed there is a good consistency between the
two decay modes. The PLUGIN scan of a fit with these modes combined is shown
in black in Fig. [9.24] where the PROB method is found to underestimate the

v uncertainty slightly.

9.3.5 Binned result for ~

The true uncertainties on v are determined by interpolating the PLUGIN points in

Fig. by a cubic spline. From the intersection of this line with the horizontal

line corresponding to a 68.27% confidence interval, the final value of v obtained

from the D — K+ K~ n+m~ mode is v = (116.9775%)°, although the region outside

1o does have long tails that do not follow a Gaussian distribution. For the
10.4

D — mra~ 7t 7w~ decay, the result is determined to be v = (41.2+104)°, while the

combination of both decays results in
v = (54.014%%)°.

9.3.6 Combined model-independent measurement of ~

The final measurement of the CKM angle v from the four-body decays B* —
[K*K-7Tn~|ph* and B* — [rTn 7w 7 |ph*, using all available information,

is achieved by combining the results of the phase-space binned measurement in
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Figure 9.24: A comparison between the Prob and Plugin methods to determine the
correct uncertainties of . In red is the scan of v in D — K™K w7 ~, while in blue is
the D — 77~ w7~ decay. In black is the simultaneous fit of both decays.

Section with the phase-space integrated CP-violating observables from Sec-
tion 0.2.2

To do so, the interpretation is rerun with a Gaussian constraint term, using
Eq. , corresponding to the CP-violating observables. The formalism described
in Section is used to relate the phase-space integrated observables to the
physics parameters, and corrections due to charm mixing are also included. The
CP-even fractions of D — K™K~ ntn~ and 7#t7 777~ used in the constraint term
are I, =0.730£0.0374+0.021 [43] and F'y = 0.7354+0.015+0.005 [44], respectively,
and they are Gaussian constrained in the fit.

Although the phase-space binned results presented in Section [9.3.5 are obtained
from the same data set that is used to measure the phase-space integrated re-
sults presented in Section [9.2.2] they are assumed to be statistically independent

measurements in the combination. This is explicitly verified by performing both
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measurements on a set of pseudo-experiments, and it is found that most correlation
coefficients are around 1% or less. This statistical independence is understood
to be a consequence of using different normalisation parameters hj;h for the B~
and BT decays in the phase-space binned measurement, which makes it insensitive

to global asymmetry effects.

1 __ Binned II:)rO!:) __

i Binned & PSint. l Pl ugi nf
0.8 -

1-CL

0.6 y 1 -
0.4 -

0.2f , h

Figure 9.25: A comparison between the Prob and Plugin methods to determine the
correct uncertainties of 7. In green is the scan of v in the combined fit of D — KTK 77~
and D — 77~ 77~ decays. In blue is the same fit including constraints from phase-
space integrated CP-violating observables.

Another PLUGIN scan is performed where the phase-space integrated results are
included in the interpretation, and this is shown in blue in Fig.[9.25 For comparison,
the PLUGIN scan in green, which is identical to the black PLUGIN scan in Fig.[9.24]
shows the interpretation without these constraints. A clear improvement in the

precision of 7 is seen, and the value of ~ is determined to be

Y= (36759
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Equivalent scans can be conducted for the other physics parameters, §8%, rBK

§8™ and rB™. However, these scans are computationally very expensive, and since
the parameters 7% and rZ™ are close to the physical boundary at rz = 0, their
uncertainties are not expected to be well behaved. Instead, the strategy is to
determine a different parameterisation, such as that used in Ref. [47], which is
not limited by any physical boundaries. While this choice of parameterisation
will not affect this measurement of v, it will be advantageous for combinations

with other measurements of ~.
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Summary and outlook

A first model-independent measurement of the CKM angle v has been performed
with the B* — Dh* channels, with the subsequent four-body D — hth~ntm~
decays, where h = K or w. To interpret the observed CP-violation effects in
terms of v, the complex resonance structure of these decays must be understood.
Although amplitude models describe these decays well, reliable model uncertainties
are difficult to evaluate. Specifically, the prediction of the D°-D° strong-phase
difference can potentially generate a systematic bias in the determination of ~.
It is therefore desirable to obtain strong-phase information independently from
a charm factory. However, this approach had never been pursued previously with
the D - KtK 7ntn~ decay. To conduct this study, a binning scheme of phase
space that achieves the optimal sensitivity to v was developed in Chapter [3]
Once the optimised binning scheme had been acquired, data from BESIII at the
DD threshold, corresponding to 16 fb™!, was analysed to measure the amplitude-
averaged strong-phase difference of the D — K*K 77~ decay. Chapter [6] de-
scribes this binned analysis, which builds on that of other similar decays, but benefits
from an improved fit strategy. In particular, a new parameterisation allowed for
the determination of two auxiliary parameters. First, a world-leading measurement

of the D° — K*K~-n*7~ branching fraction has been achieved. Second, this
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analysis demonstrated that multi-body decays have interesting sensitivity to the

phase 05™. Finally, the results of interest are

¢ =—0.284+0.09£0.01, s; =—-0.68=+0.24=+0.04,
co= 0.83+£0.04£0.01, s9=-0.18%£0.19+0.03,
cs = 0.83£0.03£0.01, s3= 0.27+0.17£0.03,

¢y =—028+£0.10£0.01, s4= 0.54=£0.28+£0.04.

In all bins, the values of ¢? + s? were found to be close to unity, which suggests a
minimal degradation in the statistical sensitivity to v, compared to the optimal case.
However, the s; parameters are significantly less precise than the ¢; parameters
because of the limited sample size of data sets with the D — K¢ 77~ tag modes.

In Chapter @, a sample of B* — [hth ntn~|ph'® decays collected by the
LHCb detector, corresponding to 9fb™!, was analysed using two strategies. First,
phase-space integrated C'P-violating observables were determined from a study of
global B¥ yields. Second, CP-violation effects in phase-space bins were analysed
and interpreted in terms of v using the model-independent measurements of
¢; and s;. It was discovered that the larger uncertainties of the s; parameters
resulted in a non-trivial statistical behaviour in the CP-violating observables. The
analysis therefore proved to be challenging, as special care was required in order
to interpret these observables in terms of v with the non-Gaussian uncertainties
and correlations accounted for.

Nevertheless, the phase-space binned result for v was found to be
Y= (Lo

where the uncertainty is the combined statistical uncertainty of the LHCb data set,
the propagated uncertainties of ¢; and s;, and the internal LHCb systematic uncer-
tainties. The uncertainties are determined using an ensemble of pseudo-experiments,

and they are constructed to correctly represent a 68.27% confidence region.
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When the binned results are combined with the phase-space integrated ob-

servables, the final result is
7= (53.6759)"

This is one of the most precise stand-alone determinations of v to date, and it
brings important constraints to global CKM fits.

The measurement is currently statistically dominated and will benefit from the
larger data set expected with LHCb Upgrade I. In particular, the removal of the L0
trigger will greatly boost the trigger efficiency of interesting physics events, allowing
LHCD to fully benefit from the large production cross section of b-hadrons.

Currently the inputs of ¢; and s; dominate the systematic uncertainties, and
with their current uncertainties it will be challenging to improve the ~ precision
during Upgrade 1. Fortunately, the current BESIII analysis of the D — ntn~7t7~
decay, which is based on a 3fb~! data set, will be updated with the full 20 fb~!
data set in the near future. This will ensure that systematic uncertainties will
be sub-dominant in this mode.

However, in the measurement of ¢; and s; in the D — KTK 77~ channel,
which is analysed with a 16fb™" data set, only minimal improvements are expected
from the full 20fb~" data set. The strong-phase uncertainties would therefore limit
future precision measurements with this decay, and particularly the uncertainty
of s; will become the limiting systematic uncertainty.

There are several strategies that could improve the knowledge of s;. First, the
analysis described in Chapter [6] could be extended to measure ¢; and s; of additional
multi-body final states, such as D — ntn~7ta~, K¢ ntr~, and K{nTn~n’. A
simultaneous fit can extract more precise information from the data, and the
multi-body decays are particularly sensitive to s;.

Second, the complementarity between v measurements and D°-D° mixing studies
could be exploited. The behaviour of charm oscillations in each phase-space bin
is driven by the strong-phase difference, analogous to the different C'P-violation

effects seen in different bins. By combining the measurements of v and that of
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mixing, both of which require external ¢; and s; inputs, the overall precision on 7,
strong phases and mixing parameters could be significantly improved.

In summary, this thesis has explored the uncharted territory of four-body self-
conjugate charm decays in an effort to determine the CKM angle 7. The result,
which is one of the most precise measurements of its kind, is expected to improve
further with the large data set anticipated from LHCb. Although challenges due to
systematic uncertainties from strong-phase inputs are expected, there are several

possible avenues of improvement that will be interesting to pursue in the future.
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The method of maximum likelihood
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A.1 The likelihood function

Maximum likelihood is a method for estimating parameters of a Probability Distri-
bution Function (PDF). If a set of N independent measurements & = (x1, z, ..., Ty)
is described by the PDFs f: (fi(z), fa(x), ..., fn(x), the likelihood function L is

defined as the joint probability density of observing these data,

L= Hfl(xl)

In practice, it is more convenient to use the logarithm of L, which turns the

product into a sum,
L=-2In(L) = -2 In(fi(z,)), (A1)
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where the factor —2 is by convention. Henceforth, the “likelihood function” will
always refer to L.

The PDFs f;(z) are usually derived from a model described by M parameters
¥ = (y1,Y2, ---,yn), and L should be considered a function of these free parameters,
L = L(y). To determine the model that best describe the data, the joint probability
density should be maximised, or equivalently, £ must be minimised with respect to .

The values g? = (41, %2, -..,yu) that minimise the value of L are referred
to as Maximum Likelihood Estimators (MLE). The process of determining the
value of these parameters through numerical minimisation is referred to as a

“maximum likelihood fit”.

A.2 Likelihood function of the Gaussian and Pois-
son distributions

In most cases of interest, the measurements can be assumed to be Gaussian dis-

tributed,
1 (x—ﬂi)Q)
i\ iy 05) = —F=——exp| — —F55— |
il o) = o e (=g

where p; and o; are the mean and width parameters of the Gaussian distribution.

The likelihood function of a Gaussian distribution is

L o)) = (W 4 1n(a§)) + Nn(27). (A.2)

i i
It should be noted that the conventional factor of —2 transforms the first term into
a weighted sum of squared differences, and in cases where the o; parameters are
known, the minimisation of £ is equivalent to a least-squares optimisation.

If the measurements & are correlated, with a covariance matrix V;, Eq.

can be generalised to

L}, V) ZZ( uj)(v—wij) +1In (det(V)) + Nn(2m). (A.3)

Equation ({A.3]) reduces to Eq. (A.2)) in the case where V' is a diagonal matrix.
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In cases where the data are binned, the number of entries n; in each bin ¢ can

be considered as measurements which follow a Poisson distribution,

)\?ie_/\i
fi(ni§)\i) =7

where ); is the expected number of events. The likelihood function in this case is

L:JEX@mug—M—mWw. (A.4)

A maximum likelihood fit where the likelihood function is a sum over bins is
known as a binned fit. For large data sets, it is computationally less expensive
since the sum in Eq. runs over the number of bins, and not the number of
measurements. In maximum likelihood fits which are not binned, the likelihood

contains a sum over all measurements and is referred to as unbinned fits.

A.3 Wilks’ theorem

The method of maximum likelihood is useful for estimating parameters, and
additionally, it is particularly powerful because of its statistical properties. These
properties are derived from Wilks’ theorem [139], which states that for a null
hypothesis Hy with likelihood £(Hj) and an alternative hypothesis H; and likelihood
L(Hy), the test statistic

AL = L(Hy) — L(H)) (A.5)

will asymptotically approach a x3, distribution in the limit where the sample size is
large. The number of degrees of freedom, M, is given by the difference in the number
of free parameters between H; and H,. By definition, the alternative hypothesis
H, has more parameters than the null hypothesis Hy, so it will always describe the
measurements better. Furthermore, in order for Wilks’ theorem to be valid, it is
also a requirement that Hy is a subset of H;. Hence, AL > 0, and in the special case
where AL = 0, the alternative hypothesis H; reduces to the null hypothesis H,.

For a model that has a set of M free parameters i/, these parameters may be

fixed to some values ¥ = (y1, ¥, ..., yar) under the null hypothesis. On the other
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hand, under an alternative hypothesis H;, these parameters may be free to take on
any parameter values, and the best description of the observed measurements is

when the parameters i are equal to their MLEs gj The likelihood difference

AL() = L) = L), (A.6)

)

which should be considered a function of ¢, is x4, distributed, according to Wilks
theorem. Its statistical properties therefore provide an unambiguous determination
of the confidence intervals of y. Some of these statistical properties are provided
in Table , which show the values of x3, that cover a probability of 68.27%,
95.45% and 99.73%. They are commonly referred to as 1, 2 and 3¢ confidence

levels, respectively.

Table A.1: Values of AL corresponding to a coverage probability corresponding to 1, 2
and 3o.

Number of o Coverage probability (%) M =1 M=2 M=3

1 68.27 1.00 2.30 3.53
2 95.45 4.00 6.18 8.03
3 99.73 9.00 11.83  14.16

The cases where M = 1 or M = 2 are most straightforward to visualise and
interpret. In the first case, the confidence level of a single parameter y is determined
by solving the equation AL(y) = 1.00. In many cases, £ is symmetric around the
minimum and the assigned uncertainty represents a symmetric 68.27% confidence
interval. However, in general £ can have any arbitrary shape and the resulting
confidence interval may be asymmetric. Similarly, in the second case, the contour
that covers a 68.27% confidence region is found by solving AL(y1,y2) = 2.30. Under
ideal circumstances these confidence regions are ellipses, but generally they can take
any arbitrary shape. Nevertheless, under the conditions for which Wilks’ theorem
is valid, the coverage probability will be given by Table for all M.

In practice, not all parameters 7 in Eq. are of interest. It is sometimes
useful to consider two sets of parameters ¢ and 77, where ¢ are the parameters of

interest and 77 are “nuisance parameters”. Under the null hypothesis, the parameters
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 are fixed, but since the value of the nuisance parameters are irrelevant, they take
the value of their MLEs, under the condition that the parameters of interest are
fixed to y. The alternative hypothesis remains the same, where ¢ and 7 are equal

to their MLEs ¢ and 7. Equation (A.6) is modified into

where the MLE notation f?(gj) means that the likelihood has been minimised with
respect to 77 while keeping the parameters of interest fixed to ¢. By comparing
Eq. to Eq. (A.5), it can be concluded that AL(y) in Eq. is x3, distributed,
where M is the number of parameters in §. Equation (A.7)) is known as the

profiled likelihood difference.

A.4 Confidence intervals without Wilks’ theorem

Wilks’ theorem loses its validity when the parameters of the likelihood function are
near a boundary, or when the size of the data set is too small to provide sufficient
sensitivity to one or more parameters. In such cases, the coverage probabilities
provided in Table may no longer be applicable.

An example from the GammaCombo software framework [140] is shown in
Fig. [A.T], where a maximum likelihood fit is performed to determine a parameter
a near a boundary a > 0.4. The vertical axis shows 1 — CL, with CL denotes the
coverage probability. The filled graph shows the result of Wilks’ theorem, and
is also known as the Prob method. Since a cannot take any values below the
a = 0.4 boundary, 1 — CL is, by definition, zero for a < 0.4. Thus, the Prob
method predicts that 1 — CL abruptly drops to zero. This unphysical behaviour
nicely illustrates the limitations of Wilks’ theorem.

A strategy for assigning a confidence interval with the correct coverage proba-
bility is the Plugin method [141], which generalises the method by Feldman and
Cousins [142] for constructing confidence intervals in the presence of nuisance
parameters. For any arbitrary point ¢ in the parameter space, the Plugin method

can numerically determine the coverage probability at this point using the value of
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Figure A.1: A comparison of the (solid colour) Prob and (data points) Plugin methods
near a boundary of some example fit of a parameter a.

AL(y) in Eq. (A.7). By scanning over a range of points ¥/, the region with a coverage
probability of 68.27% (or any other confidence level of interest) is determined.
At each scan point ¥, a set of pseudo-experiments are generated using the
parameters gy and 7:1’(37) The pseudo-experiments are generated by drawing random
numbers from the PDF used to construct the likelihood £. From each pseudo-
experiment, the profile likelihood difference in Eq. is constructed, and
it is denoted ALpsendo(y) to distinguish it from the profile likelihood difference
constructed from the data set ALgata (7). From the full set of pseudo-experiments,
the fraction of pseudo-experiments p where ALqgata () < ALpseudo(¥) is determined.
By construction, the value of 1 — p is therefore the coverage probability at point /.
In the special case where M = 1, the confidence interval [y_,y.] of the parameter
y are such that p = 100% — 68.27% = 31.73%. This trivially generalises to

higher dimensions.
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In Fig. [AT] the result of the Plugin method are shown as black data points.
Near the boundary, the behaviour of the Prob and Plugin method diverge, and
the Plugin method shows a much more physical coverage probability. Although
the Prob method predicts the correct 68.27% CL, to provide the correct coverage
probability outside this region, the Plugin method offers a much more accurate

description near the boundary.
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