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Abstract

The underlying thesis on mathematical simulation methods in application and theory is structured

into three parts.

The first part sets up a mathematical model capable of predicting the performance and operation of
an accelerator’s vacuum system based on analytical methods. A coupled species-balance equation
system describes the distribution of the gas dynamics in an ultra-high vacuum system considering
impacts of conductance limitations, beam induced effects (ion-, electron-, and photon-induced de-
sorption), thermal outgassing and sticking probabilities of the chamber materials. A new solving
algorithm based on sparse matrix representations, is introduced and presents a closed form solution
of the equation system. The model is implemented in a Python environment, named PyVasco,
and is supported by a graphical user interface to make it easy available for everyone. A sensitivity
analysis, a cross-check with the Test-Particle Monte Carlo simulation program Molflow+ and a
comparison of the simulation results to readings of the Large Hadron Colliders (LHC) pressure
gauges validate the code. The computation of density profiles considering several effects (as men-
tioned above) is performed within a short computation time for indefinitely long vacuum systems.
This is in particular interesting for the design of a stable vacuum system for new large accelerat-
ors like the Future Circular Colliders (FCC) with 100 km in circumference. A simulation of the
FCC is shown at the end of this part. Additionally, PyVasco was presented twice at international
conferences in Rome and Berlin and has been submitted in July with the title “Analytical vacuum
simulations in high energy accelerators for future machines based on the LHC performance” to the

Journal “Physical Review Accelerator and Beams”.

The second and third part of the thesis study properties of quasi-Monte Carlo (QMC) methods in
the scope of the special research project “Quasi-Monte Carlo methods: Theory and Applications”.
Instead of solving a complex integral analytically, its value is approximated by function evaluation
at specific points. The choice of a good point set is critical for a good result. It turned out that
continuous curves provide a good tool to define these point sets. So called “bounded remainder
sets” (BRS) define a measure for the quality of the uniform distribution of a curve in the unit-

square. The trajectory of a billiard path with an irrational slope is especially well distributed.



Certain criteria to the BRS are defined and analysed in regard to the distribution error. The idea
of the proofs is based on Diophantine approximations of irrational numbers and on the unfolding
technique of the billiard path to a straight line in the plane. New results of the BRS for the billiard

path are reported to the “Journal of Uniform Distribution”.

The third part analyses the distribution of the energy levels of quantum systems. It was stated
that the eigenvalues of the energy spectra for almost all integrable quantum systems are uncor-
related and Poisson distributed. The harmonic oscillator presents already one counter example
to this assertion. The particle in a box on the other hand obtains these properties. This thesis
formulates a general statement that describes under which conditions the eigenvalues do not follow
the poissonian property. The concept of the proofs is based on the analysis of the pair correlations
of sequences. The former particle physicist Ian Sloan also exposed this topic and he became spe-
cialized as a skilled mathematician in this field. To honour his achievements a Festschrift for his
80th birthday is written and the results of the work of this thesis are published there. The book
will appear in 2018.
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Zusammenfassung

Die vorliegende Dissertation behandelt drei Themenschwerpunkte im Bereich der mathematischen

Simulation in Anwendung und Theorie.

Der erste Teil wurde am Kernforschungszentrum CERN erarbeitet und beschéftigt sich mit dem
Erstellen eines passenden mathematischen Modells um die Vakuumqualitdt in einem Teilchenbe-
schleuniger zu bestimmen. Am CERN werden Teilchen, meist Protonen, auf nahezu Lichtgeschwin-
digkeit beschleunigt und mit extrem hoher kinetischer Energie zur Kollision gebracht. Fiir diesen
Vorgang ist ein Vakuum in der Strahlréhre absolute Voraussetzung, dessen Erhalt aber durch
zahlreiche, dynamische Phinomene stindig beeintréchtigt wird. Ein System von gekoppelten Mas-
senbilanzgleichungen der residualen Gasteilchen beschreibt dessen Verteilung und beriicksichtigt
ebenso den Einfluss von Senken (Vakuumpumpen) und Quellen (Strahl induzierte Effekte). Dieses
wird bestmoglichst gelost und anschlieend unter dem Namen “PyVasco” in einer programmier-
spezifischen Python-Umgebung implementiert. PyVasco wurde anschliefend ausfiihrlich an Hand
von Sensitivitdtsanalysen, Monte-Carlo Simulationen und mit Real-Case Szenarien des Vakuum-
systems des Large Hadron Collider (LHC) getestet. Nun soll PyVasco ein vertrauenswiirdiges Si-
mulationsprogramm darstellen, um das Vakuumsystems von zukiinftigen Beschleunigern wie den
“Future Circular Colliders” (FCC) zu analysieren. PyVasco wurde zwei Mal auf einer internationa-
len Konferenz in Rom und in Berlin préisentiert und wurde mit dem Titel: “Analytical methods for
vacuum simulations in high energy accelerators for future machines based on LHC performances”

im Journal “Physical Review-Accelerator and Beams” eingereicht.

Der zweite und dritte Teil der Dissertation beschéftigt sich mit Eigenschaften von Quasi-Monte
Carlo (QMC) Methoden und wird von Univ.-Prof. Dr. Gerhard Larcher (JKU) im Rahmen des
SEB-Forschungsprojekts “Quasi-Monte Carlo Methods: Theory and Applications” betreut. Anstatt
komplexe Integrale analytisch zu losen, wird deren Wert mit QMC-Methoden durch Funktions-
auswertungen an Punkten angendhert. Die Wahl einer optimalen Punktmenge ist kritisch fiir ein
gutes Ergebnis. Es hat sich herausgestellt, dass stetige Bewegungen eine gute Mdoglichkeit bieten,
um diese Punktmengen festzulegen. Sogenannte Regionen mit beschréankten Restmengen (BRS)

definieren ein Maf, fiir die Qualitéit der Gleichverteilung einer Bewegung in einem Einheitsquadrat.
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Die Trajektorie einer Billardkugel mit irrationalem Anfangswinkel ist besonders gut gleichverteilt.
Bestimmte Kriterien an die BRS werden aufgestellt und detailgenau analysiert. Die Beweise ba-
sieren auf diophantischen Approximationen von irrationalen Zahlen und auf der Entfaltung des
Billiardpfades zu einer Geraden in der Ebene. Neue Resultate der BRS fiir Billiardbewegungen

wurden im “Journal of Uniform Distribution Theory” eingereicht.

Im dritten Teil wird die Verteilung der Energielevel von Quantensystemen analysiert. Es wurde
behauptet, dass die Eigenwerte der Energiespektra fiir beinahe alle integrierbaren Sytseme unkor-
reliert und Poisson verteilt sind. Der harmonische Oszillator stellt bereits ein Gegenbeispiel dieser
These dar. Das Teilchen in einer Box andererseits bestatigt die Behauptung. Es wird hier eine
allgemeine Aussage formuliert, die beschreibt unter welchen Bedingungen die Eigenwerte nicht
Poisson verteilt sind. Die Beweisidee basiert auf dem Studium der Paar-Korrelationen von Fol-
gen. Der ehemalige Teilchenphysiker und mittlerweile Mathematiker Ian Sloan hat sich ebenso mit
diesem Thema auseinander gesetzt. Thm zu Ehren wird eine Festschrift zu seinem 80. Geburtstag
erstellt und die Forschungsergebnisse von diesem Teil der Dissertation werden in dieser Festschrift

im Springer Verlag publiziert. Das eingereichte Paper dazu wurde bereits angenommen.
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List and Summary of Accompanying Papers

During my doctoral student time, I submitted three papers [1-3] to peer-reviewed journals. The
title, the abstract and the name of the journals are summarized below. The entire papers are

attached in Part II of the present thesis in their original version.

Paper 1 “Analytical methods for vacuum simulations in high energy accelerators for future ma-
chines based on LHC performances”,
submitted to: Journal Physical Review Accelerator and Beams,

by Ida Aichinger, Roberto Kersevan and Paolo Chiggiato

The Future Circular Collider (FCC), currently in the design phase, will address many outstanding
questions in particle physics. The technology to succeed in this 100 km circumference collider goes
beyond present limits. Ultra-high vacuum conditions in the beam pipe is one essential requirement
to provide a smooth operation. Different physics phenomena as photon-, ion- and electron- induced
desorption and thermal outgassing of the chamber walls challenge this requirement. This paper
presents an analytical model and a computer code PyVasco that supports the design of a stable
vacuum system by providing an overview of all the gas dynamics happening inside the beam
pipes. A mass balance equation system describes the density distribution of the four dominating
gas species Hy, CH,, CO and CO,. An appropriate solving algorithm is discussed in detail and a
validation of the model including a comparison of the output to the readings of LHC gauges is

presented. This enables the evaluation of different designs for the FCC.

Paper 2 “Sets of Bounded Remainder for the Billiard on a Square”
submitted to: "Journal of Uniform Distribution Theory*
by Ida Aichinger, Gerhard Larcher

We study sets of bounded remainder for the billiard on the unit square. In particular, we note that
every convex set S whose boundary is twice continuously differentiable with positive curvature at
every point, is a bounded remainder set for almost all starting angles o and every starting point

x. We show that this assertion in general does not hold for all irrational starting angles .
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Paper 3 “On Quasi-energy-spectra, pair correlations of sequences and additive combinatorics”
paper accepted to appear in a book that will be published with the title: ”80th birthday Festschrift
for Tan H Sloan*

by Ida Aichinger, Christoph Aistleitner, Gerhard Larcher

The investigation of the pair correlation statistics of sequences was initially motivated by questions
concerning quasi-energy-spectra of quantum systems. However, the subject has been developed
far beyond its roots in mathematical physics, and many challenging number-theoretic questions on
the distribution of the pair correlations of certain sequences are still open. We give a short intro-
duction into the subject, recall some known results and open problems, and in particular explain
the recently established connection between the distribution of pair correlations of sequences on
the torus and certain concepts from additive combinatorics. Furthermore, we slightly improve a

result recently given by Jean Bourgain.
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CHAPTER 1

Introduction

1.1. Simulation techniques - theory and applications

The European Organization for Nuclear research (CERN) is currently the largest particle physics
laboratory in the world. Particles are accelerated to extremely large energies (7 TeV) to later
collide them among each other in one of the four main experiments (collision points) as illustrated
in Fig. 1.1. The particle trajectories after the collisions are analysed and by doing so physicists
can have an idea of what happened moments after the big bang and therefore provide a deeper
understanding of the fundamentals of the universe. Despite the great success of the discovery of
the last piece of the Standard Model, the Higgs boson, in 2012 at the Large Hadron Collider (LHC)
there are still several important fundamental questions unanswered. Dark matter constitutes about
85% of the universe total mass and this mass is not described with the Standard Model. The theory
of super-symmetry is an attempt to go beyond the Standard Model and to find out about the link
between bosons and fermions in the field of space-time symmetry. This implies an upgrade of the
LHC at CERN in terms of an energy increase up to 100 TeV or an e+e- collider in the range of
500-600 GeV. Both solutions can be achieved by using a larger accelerator referred as the Future
Circular Colliders: FCC-hh and FCC-ee with 100 km in circumference [4]. A higher energy of
the beam particles comes along with the demand of a five times better vacuum quality inside the
beam pipes than in the LHC to guarantee the same beam life time of 100 hours. The vacuum
system in the LHC represents already the largest in the world with a H,-equivalent density of
10" particles/m® compared to 10?6 particles in the atmosphere for the same volume. In addition,
vacuum related beam-induced effects increase with a higher beam energy. Photons, electrons and
ions will bombard the chamber wall with a higher and more intense rate and consequently generate
molecular desorption that leads to an unwanted rise in the residual gas particle density [5-8].

To succeed in this very challenging task, good simulation programs are required, which combine all

influencing factors and give a realistic estimation of the residual gas particle density as an output.



1.1. SIMULATION TECHNIQUES - THEORY AND APPLICATIONS

ATLAS

EXPERIMENT

Run: 312837
Event: 135456971
2016-11-14 07:42:28 CEST

p+Pb \/snn = 5.02 TeV
High-multiplicity event with 319 reconstructed tracks.
The shown tracks are from a single vertex and have pr > 0.4 GeV

Figure 1.1.: Collision event in the ATLAS experiment.

Setting up a suitable simulation program addressed to large scale-accelerators is the content of
the first paper [1]. Different scenarios for surface conditioning and beam energy increase can be
analysed with it. The layout of the pumping system can be studied and the prevailing residual
gas particle density can serve as a background noise indicator for particle physics analysis in
the experimental zones. There exist several approaches to describe the simulation of residual
gas particles. The most general one is the nonlinear integro-differential Boltzmann equation.
However, the solution of the Boltzmann equation requires excessive computational effort due to
the complicated structure of the collision integral. This is a formidable task in many cases. The
present thesis and paper [1] suggest an analytic closed form solution by asymptotically approaching
the model with a diffusion equation. Probabilistic Monte Carlo simulations present another good
alternative to simulate the trajectories of each single particle. A realisation of this approach is

given with the program Molflow+, developed as well at CERN.

In general, Monte Carlo simulation gained prominence in the field of numerical solution methods,
especially due to the rapid development of computer power. An analytical solution of high dimen-
sional integrals cannot be found in many mathematical applications and must be fast approximated

by function evaluation at different points.

N-1
[ r@az~ < Y ) (1.1
n=0

Monte-Carlo integration uses independent (pseudo-) random samples for the quadrature points @,

in the numerical integration in (1.1). Quasi-Monte Carlo integration on the other hand describes a



1. INTRODUCTION

Figure 1.2.: Selecting a point set for QMC-simulation from a continuous motion in the unit
square.

computing method for high-dimensional numerical integration, where deterministic most carefully
chosen quadrature points @, (that do not imitate randomness) are used (illustrated in Fig 1.2).
The second paper [2] focuses on the establishment of this deterministic point sets, by following a
motion in a unit square and extract points from it. It is very interesting to conclude that deriving
a point set from a continuous motion may deliver under good conditions a very small error term
in dimensions 2 and 3 compared to other well-verified methods [12]. The continuous motion is in

this thesis represented by the trajectory of a typical billiard ball in a square.

Billiard path present in a completely different context another very important simulation tool to
support the understanding on the quantum mechanics (QM) from integrable to chaotic systems
[13]. The propagation of a particle in a box that follows a billiard motion is equivalent to the
stationary wave equation (Helmholtz equation). In the context of this thesis, we study the discrete
energy spectra of integrable quantum systems. It was stated once that these spectra are all obeying
the Poissonion distribution law [14]. The spectrum of the quantum harmonic oscillator however is
equi-distributed and thus is not coinciding with this assumption. The paper [3] analyses in a general
framework when mathematical sequences obey the Poissonian property and this thesis extends the
paper with concrete examples of quantum mechanic systems. One of these examples discusses also
the energy spectra of the hydrogen atom. Ian Sloan, to whom the paper [3] is dedicated, analysed
in his early research year how to derive information of the spectra of an ionized helium atom from

the hydrogen atom [15].

1.2. Organization of the thesis

The present thesis is organized in a cumulative style consisting of three peer-reviewed papers
[1-3], that are attached as Part 2 at the end of this document. The most fundamental scientific
contributions are found in these papers. The time and work investigated in the paper has to be

. . 11 1
seen with a ratio of 3, 5 and 3 among the papers.



1.2. ORGANIZATION OF THE THESIS

In addition one chapter of this thesis is dedicated to each paper to introduce its content, give
scientific background, extend the proofs with technical details and present further examples for
a better understanding. Chapter 2 considers an analytic method, that describes the vacuum
dynamics in the beam chamber of an accelerator. The mathematical model is more specifically
described and the results of the paper are extended with simulations for the design of a new 100-km
long accelerator. Chapter 3 deals with properties of quasi Monte Carlo methods. The methodology
of this numerical method is introduced and a new concept that analyses uniformity of curves instead
of point sets is discussed. Chapter 4 studies statistical properties of the distribution of energy levels

in quantum systems. The framework of quantum mechanics is introduced.



CHAPTER 2

Vacuum simulations in high energy accelerators

The Future Circular Collider (FCC) study develops concepts for a 100 km circumference accel-
erator, which brings hadrons (FCC-hh), leptons (FCC-ee) or hadron-lepton (FCC-he) into colli-
sion [4]. High luminosity proton-proton collisions are the main focus of the study with an energy
frontier up to 100 TeV in the centre of mass to address some of the most fundamental open issues
in particle physics. The first conceptual design report has to be ready by the end of 2018. Up
to this time, scientists and engineers from 32 different countries gather together to explore new
challenges. This is also the time, in which new simulation codes are developed. My task was to
provide a code to predict the performance and operation of the FCC’s vacuum system, taking
several static and dynamic effects into account. The code also had to be flexible with respect
to modifications of the input parameters and to provide results within a reasonable computation
time. These demands are met in the PyVasco (VAcuum Stability Code written in Python) software
that predicts the performance and operation of any accelerator’s vacuum system. The core of the
code is founded on the idea of VASCO [16] and it presents a mathematical model of four coupled
differential equations to describe the mass-balance of the four dominating gas species H,, CH,, CO
and CO,. The theory and a preliminary design of the collision points was presented at the FCC
week in 2016 and 2017, respectively [17,18] and a compact over-all description of the model will
be published in “Physical Review Accelerators and Beams” [1]. A comparison of the simulation
outputs to similar models and in particular to gauge readings of the Large Hadron Collider (LHC)
validates the implemented theory of PyVasco, that is as well described in detail in [1].

The following text, should give supplementary information to [1] on vacuum, the calculation meth-
ods used and the FCC-study. The latter is in particular extended with a PyVasco simulation of
the Interaction Point of the FCC.



2.1. ULTRA HIGH VACUUM

2.1. Ultra high vacuum

Ultra-high vacuum (UHV) in the beam pipes of particle accelerators is crucial to circulate particles
at high energies and to minimize the nuclear scattering of the proton beam with the residual gas
molecules. Low background noise enables high precision measurements of the particle collisions.
Furthermore it is the basis to maintain the superconducting state in the cryogenic regions, it avoids
activation of accelerator components and it minimizes radio-protection issues for the personnel. A
lower residual gas particle density, or equivalently a lower prevailing pressure of the vacuum cham-
ber, means a higher-quality vacuum. In addition to the gas composition, a lower atomic number
of the gas species generate less nuclear scattering. Some characteristic data and a classification

are summarized in the Table 2.1 below and derived from [19,20].

Table 2.1.: A typical classification of vacuum [20], valid for a room temperature system. Pressure
and density are related via the ideal gas law and the mean free path describes the
average distance that a particle travels before it hits the wall.

vacuum quality abbreviation | pressure [mbar] | particle density [1/m?3] | mean free path [m]
atmospheric pressure 10 2.7-10% 68 - 1077
high vacuum HV 1073 —1077 1019 — 10" 1072 — 103
ultra high vacuum UHV 1077 — 10712 10 — 1010 103 — 108
extreme high vacuum XHV < 10712 < 1010 > 108

2.1.1. Specification of beam chamber:

Temperature, geometry and the material specify the beam chamber characteristics. These para-

meters define the so called static-vacuum, where no beam circulates in the chambers [6,21-25].

Temperature: The operating temperature in accelerators is mainly at room-temperature. Only
high energy circular hadron accelerators as the LHC and the FCC-hh are kept partly at cryogenic
conditions to allow the installation of superconducting magnets. Temperature influences the speed

of the residual gas particles and the material properties in terms of desorption rates.

Geometry: Accelerators tend to comprise long narrow beam tubes, just large enough in diameter
to accommodate the beam-stay-clear aperture. The counter rotating beams circulate mainly in
separate beam pipes (LHC, FCC) that join into one common chamber in straight sections close to
the beam-collision points. The geometry defines the conductance [26] of the vacuum chamber and

the impact of material effects due to the size of the lateral surface.



2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

Figure 2.1.: Beam pipe of an accelerator, different colours correspond to different materials.

Material: The vacuum chambers are made out of a variety of materials illustrated for the LHC
in Fig. 2.1. Most typically they are made out of copper due to its lower electrical resistivity,
its superior opacity to high energy photons and related radio-protection issues. A beamscreen’
made out of stainless steel with internal copper coating is implemented in the cryogenic areas to
protect the cold bore (at 1.9 K) from beam-induced heating effects [27]. Additionally, a thin-film
coating, or special material treatments may improve the materials characteristics in regards of its

distributed pumping property.

2.1.2. Sinks and Sources

The ultimate goal in the vacuum systems design is to get enough pumping to cope with the gas

load generated by desorption. Here are the most common sinks and sources reviewed:

Thermal outgassing: The material of the beam chamber randomly releases gas molecules. Thermal

outgassing is the only source in absence of the beam.

Desorption due to residual gas ionization: The particle beam ionizes the molecules of the residual
gas in the beam chamber producing free electron ion-pairs (ion induced desorption).The local ion

production rate per unit volume in the beam chamber is given by [8,28,29]:

dnion

dt - Hion : jbeam O Ngygqs, (21)

lan additional perforated pipe inside the beam chamber



2.1. ULTRA HIGH VACUUM

Figure 2.2.: The photons are generated in a sharp forward direction.

where o describes a component-wise multiplication and Hj,, is the ionization cross section matrix

of the residual gases,

M, ton,  Mlen,ton,  "lcot—H,  Tlco,toH,
o — Mi,t—cu, "len,*—cu, "lcot-chH, Tlco,t—cH,
on
i, t»co  Tlen,f—»co  "lcot—co  Tlco,t—co

,*-co, "lcn,*—co, "lcot—co, 'lco,*—co,

where the the entry 7;+_,; describes the probability that an ion of species ¢ desorbs a molecule of
species j. The cross section differs for the different residual gases. The desorption of H, is most
probable, because H, dissolves in the bulk of all metals as HT and becomes available on the surface

for recombination as H," and desorption.

Desorption due to photon bombardment: Synchrotron radiation is the emission of photons that
occurs when a particle beam undergoes a transverse acceleration [7,30-33], in particular in bending
magnets and also in quadrupoles, when the beam circulates in an off-axis position. The photons are
emitted in the direction tangent to the beam direction (see Fig. 2.2). Consequently, the generation
of the photons and its impingement on the wall can spread over several meters.

The effect of the desorption depends on the amount (photon flux I') and on the energy (power P)
of the photons per time [34,35]. The power and the flux can be calculated for a bending magnet

and an ultra-relativistic beam by the following term:

E A4
- GW;pQ : (%) I (2.2)

Py,

and

: 5v/3 E
ry=—m—-—-1 2.3
ph 24meghpc  my (2:3)
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2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

Both sizes depend in particular on the rest-mass mg and the energy E of the beam-particles, on
the beam current I and on the bending radius p of the magnets. All other variables describe
constants that are listed in Table 2.11. Particles with low-mass and high-energy produce the most
radiation, hence circular electron machines are limited in their energy by the energy losses due to
the emission of synchrotron radiation. That is why FCC-ee gets to only 175 GeV maximum energy,
while the FCC-hh is designed for 50000 GeV. A part of the impinging photons is reflected, others
are absorbed and therefore can cause a photon-induced desorption. These are photons that have
an energy larger than the work function of the beam chamber’s material?>. The energy spectrum

from the synchrotron radiation is characterized by the critical energy (see also Fig. 2.3),

15 _%hC(E)?’

mo
i.e. the median of the power distribution. The impinging photons, depending on their energy,
have a probability of generating gas desorption. For a E. > 4 the following relation could be

experimentally observed:
Mph ~ B2, (2.5)
where 8 assumes values close to one (8 =1+ 0.2) [36].

Desorption due to the electron cloud phenomena: (cited from [1]) The beam can generate some
electrons from synchrotron radiation, impinging ionized gas molecules and spontaneous desorption
induced by sufficiently high electromagnetic fields [39]. These primary electrons may be accelerated
by the bunched charged beam that hit the chamber wall and may produce a cascade of secondary
electrons (see Fig. 2.4). The electrons are accelerated towards the positively charged beam, they
cross the chamber and hit the wall again on the opposite side - producing more electrons and lead
eventually to beam instabilities and gas desorption. This phenomenon depends in a complex way
on the beam and chamber parameters and also on the bunch filling pattern. A CERN proprietary
software PyECloud [40] addresses this phenomenon. Based on observations, it can be concluded
that the bigger the aperture of the vacuum chamber, the longer is the duration that an electron is
accelerated, the bigger is the surface where desorption can take place and the higher is the electron
induced desorption. In addition, it has been observed in the LHC that the reduction of the bunch
spacing to 25ns causes a significantly increased electron cloud effect in comparison to 50ns or to
100ns [41].

Distributed pumping: The surface of the vacuum chamber may provide sticking probabilities for
the residual gas particles. Special coating techniques and material treatments have been developed

to increase this factor. For instance, room temperature areas are additionally coated with a mi-

2> 4 eV for copper, the most common material in accelerators

11



2.1. ULTRA HIGH VACUUM

Comparison of SR Photon Spectra of FCC-ee Z (45.5 GeV, 1280 mA),
LHC (7 TeV, 580 mA), FCC-hh (50 TeV, 500 mA)
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‘é = | LHC | I PCC-bh FCCece Z
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Figure 2.3.: Photon density of the synchrotron radiation as a function of the photon energy.
This example presents the spectra of a dipole of the LHC and FCC obtained with
Molflow [37,38].

Figure 2.4.: Illustration of the electron cloud phenomenon (a similar plot can be found in [40]).
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2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

crometric layer of Non-Evaporable-Getters (NEG) that traps the impinging residual gas particles,
photons and electron and provide thus a distributed pumping and a reduction of the desorp-
tion [42—44]. Recently, there are several ongoing studies on further material treatment techniques
aiming especially for the distributed pumping in the cryogenic areas (amorphous carbon coating,
laser treatment "LESS®). So far, only the physisorption process is observed as a pumping in the
cryogenic area. This means that particles stick on the wall due to the low temperatures, and drop
off in one of the holes in the beam screen. The pumping through the holes is not depending on the
lateral surface and is rather described with a linear distributed pumping (the LHC beam screen

and a prototype of the FCC beam screen can be seen in Fig. 2.12).

Locally concentrated pumping: There exist many different vacuum pumps that are most efficient
in different pressure ranges. Once ultra high vacuum is achieved,turbo-molecular pumps and ion-

pumps are generally used to maintain its quality.

2.2. Mathematical model

Ficks’s first and second laws of diffusion define the fundamental balance equation of the kinetics in a
UHYV system [21,45]. Considering additionally the flow in and out of the system, gives the following
mass-balance equation for each species with the particle density n = (ny ,» NCH, > NCO; NCO 2) as

unknown:

on 9°n

5 = 2° 2 +r(x,t) —s(x,t), (2.6)

wheras r € R* and s € R?* describe the impact of sinks and sources and a € R* defines the specific

conductance, given by

I‘(.%,t) = nph(@) 'th+ne(®)'Ne+ Hzon(@) 'jionon + A'qth
——

Desorption by electrons Ionization by beam thermal
by photons and desorption by ions outgassing
Multigasmodel
A-v
S(l‘,t) = Oé(@) o 1 o (Il - Xcryone) + pion
line
wall distributed pumping puléll%aiflg
Br

The desorption (1) and the sticking («) coefficients strongly depend on the surface history (©)
(dose, conditioning) and need to be considered for each domain of an accelerator separately. Fur-
ther variables are defined in Table 2.9.
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2.2. MATHEMATICAL MODEL

Remark 2.1. The symbol o indicates a component wise multiplication of two vectors, lower case

bold symbols refer to vectors, upper-case bold letters to matrices and dotted variables to fluz.

2.2.1. Assumptions

Distinction in Segments We divide the domain into a finite number of segments. Each segment
is characterised by a constant set of parameters. Pumps and local gas sources can be set at the
end or the beginning of each segment. Eq. (2.6) is solved for each segment and connected in a next

step with intersection conditions to a global solution (see also Fig. 2.6).

Model-reduction Since most accelerators and components have one dimension which is much
bigger than the others (length of the beam line vs. cross-section of the beam pipe), one-dimensional
approximations in space produce good results. The characteristic parameters that are used for the

calculations have to be transformed to values appropriate for a circular pipe-shape.

Stationary flow After a long pump-out process the vacuum system reaches an equilibrium status,
so that the beam pipe vacuum varies rarely in time. We consider therefore time-invariant segment

parameters. However this assumption is not true for all the parameters, e.g.:

o Induced gas desorption and photoelectron yields depend on the surface history (wall precon-
ditioning, particle bombardment). For the cryogenic surfaces the parameters change with

the amount of gas already condensed on the surface.

e NEG distributed pumping varies with the quantity of gas already pumped and the activation
history.

With respect to these parameters the residual gas density estimation is relevant to a specific

moment in time.

Gas species The dominant gas species, which are present in a vacuum system are hydrogen (Hs),
methane (CH,), carbon monoxide (CO) and carbon dioxide (CO,) as seen in a mass spectrum of
a UHV system, (see Fig. 2.5). Parameters are set according to the properties of these species. For

example CH, is a non-getterable gas, thus NEG pumping has no influence on its density.

Maxwell-Boltzmann distribution for velocity of particles The Maxwell-Boltzmann distribution
describes particle velocities v for ideal gases, which have already reached thermodynamic equilib-
rium. The distribution function f(v) describes the probability that a particle has the velocity v.
It depends on the temperature 1" of the system, the mass m of the particle and the Boltzmann

constant kg. v, and U describe the most probable velocity and the mean velocity respectively. For

14



2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

CO,

Ion current [A]

Figure 2.5.: Mass spectrum of a UHV system.

the simulation we assume that all particles attain the mean velocity.

—mv2

probability distribution f(v) = 4n( ZWZBT ) 302 exp( kT )
[2kpT
most probable velocity v, = B
m
) _ 2
mean velocity v = —=v,

Vi3

For instance the mean velocity v of the particles at room temperature 293 K (=~ 20°C) is the

following:

(vs, ven, vco weo,) = (175424 621,849 470.613 375.446)%

2.2.2. Schematic of the model

In the graphic of Fig. 2.6 a schematic of the domain is plotted. A detailed description of the
variables is listed in Table 2.9. S are the pumps, z the spatial coordinates and n is the particle

density. The index specifies the segment.

2.2.3. Single-gas model

The equation system (2.6) becomes decoupled, if the gas species do not interact with each other.
This is the case, when the ion-induced desorption matrix H;,, is diagonal or zero. Thus, we

solve the equation system individually for each gas species, giving us the following 1-dimensional

equation for the density n of one species:

0=a-n"(z)+b-n(z)+c, (2.7)
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2.2. MATHEMATICAL MODEL

51 SN11

AR
TN+1
—_
. Segment
Segment y_

—_—
Segment

Figure 2.6.: Schematic of the PyVasco model.

where the coefficients a,b and ¢ € R are expressed in terms of the physical properties of the

medium, the diffusion rate, and the strength of the sinks and sources:

a = Cspec
. A-v
b = _771(9) -0 Lion — Oé(@) : T — DI
i . A-v
c = nph(e)) ‘th+ne(@) 'Ne +Xcryo Oé(@) : 7ne+A‘ch

4

Solution for Eq. (2.6) for particle density We find three solutions for n(z), depending on the
sign of the coefficient b, and considering that a is, from the context, always positive. C and Cs

describe the integration constants, that are obtained later with the boundary conditions:

Cl-eXp(\/—Sx)—i—Cg-exp(—\/—gx)—% forb<0
= 2.
n(w) Cy - cos (\/Ea:) + Cy - sin (\/Ea:) - g for b > 0 (28)

Cl+Cga:—£a:2 forb=10
2a

Derivation of (2.8) for b <0 The following approach is used:

n(z) =eM XeR

16



2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

Plug in the approach of n(x) in the homogeneous differential equation of (2.7) , i.e.: ¢(z) =0 and

normalize, so that the coefficient in front of the highest derivative is equal to one.

)\2€Am+ée>\x -0

This implies that we need to find a root of the characteristic polynomial p(\):

b
A2 =E4/——
a

Given that —2 > 0, we get two real solution for (2.7)
Az

e , xT e

Therefore we obtain the following homogeneous solution of (2.7) with arbitrary constants Cy and

Cs.
n(x) = C1eM? 4 Che2®

The inhomogeneous solution, i.e. ¢(x) # 0, can be found by adding a particular solution of (2.8)
to the homogeneous one. The following approach is used: n,(x) = ¢ considering the form of ¢(x).

Plugging in ny, in (2.7):

Therefore
co = — 7

And we obtain n(x) as in (2.8) for b < 0.

Boundary and intersection conditions For the first and last segment £ = 1 and £k = N Robin

boundary conditions describe the flux continuity acting only on half of the pumping speed and half

17



2.2. MATHEMATICAL MODEL

of the gas release. The other half is assumed to be taken by the neighbouring unknown segment.

S
aini(z1) = ?lnl(xl) - % (2.9)
/ _ SN+1 gN+1
—anny(zn+) = —oonn(ENen) - =5 (2.10)

Notice the change of sign in front of the term involving the derivative. That is because the normal
points in the positive direction at the beginning of the segments, while at the end it points in the

negative direction.

At the intersection points of two segments the continuity of the density function is imposed and
the sum of the flux of molecules must equal the amount of molecules pumped or generated by a

local source:

For the intermediate segments k£ = 2,..., N Dirichlet and Robin conditions are defined:
np—1(zk) = ni(ak) (2.11)
—ap_1ny_q(zr) + apni(zr) = Spng(xr) — gk (2.12)
Boundary and intersection conditions (2.9) - (2.12) for all segments £k = 1,..., N can be sum-

marized in the following sparse equation system with band structure, considering the Sol. (2.8)

*x x 00 00 0 0 O0O0 o *
* x x x 0 0 0 0 0 0 ! *
Co
¥ x x x 0 0 0 0 0 O *
00 «x = x «x 0 0 00 *
0 0 * x 0 0 0 0
0 0 O * x *x *x 0 0 = ,
0 0 O x % x x 0 0
*
0 0 O *  x k% *
0 * % o *
000000 0 0 * = 2NSeg *
——
SM w

where: SM € R2VX2N ¢ ¢ R2N w € R2V
Values for SM and w For a better representation we save the terms in front of the coefficients
Cy and Cy of Solution (2.8) in the variables a, 8 and v € R summarized in Table 2.2.
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2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

SM =

BC{
Ic
C

1

| b | b | b
exp ({/ ——x) b <0 ——exp ({/ ——2x) b <0
a a a
a(r) = b o () = b b
(@) cos([a:) b >0 (@) —\/78111(\/»33) b>0
a a a
1 b=20 0 b=20
| b | b | b
exp (—{/——x) b <0 —/——exp(—{/——x) b <0
a a a
B(a) = #(e) =
sin ( é56) b >0 Qcos( gaz) b>0
a a a
x b=0 1 b=0
—S b £0 0 b #£0
W@ =1 .0 V(@)= e
_ L2 b=0 o b=0
2a, a
The matrix SM and the right-hand side w are assembled in the following way:
a% —ad/ %B —af’ 0 0
« I3 —« - 0 0
—ac/ —af acl — Soar af’ — S8 0 0
0 0 o B -« —p
0 0 —ad! —af  ad — Sa af — Sp
0 0 a%qLao/ %ﬁqLaﬁ’

|
|

BC

Remark 2.2. For readability reasons the segment-indices of the parameters a, ...

included in the matriz SM. However, two columns always describe the properties of one segment,

i.e.

always located at the beginning of each segment, i.e. Sy is located at the beginning of segment one.

Table 2.2.:

Model parameters for physical description.

in the first and second column the parameter values of segment one are used. Pumps are

were not



2.2. MATHEMATICAL MODEL

—Sly 4+ g+ ay]
—Y1 + 2
a1y — agvs + Sy — g1

—YN-1T YN

aN—1YN_1 — aNYNy + SNIN — 9N
SN

S YN T 9 — AV }BC’

The solution of this linear equation system is obtained by using a Gauss-Jordan elimination al-
gorithm (further iterative solvers are described here: [46,47]). The exactitude of the implemented
algorithm for small domains ( N<5 ) was cross-checked with the command ”Solve“ in Mathemat-

ica. By default Mathematica uses inverse functions to calculate a solution.

The solution n describes the only satisfying values for the constants C7,Cs (see Sol. (2.8)) that
fulfils also the boundary conditions.

In the end it only remains to combine the local solutions nj of each segment to a global solution

n:
ny(z) 1 <z < T9
na(z) 9 < x < x3

n(z) =
ny(z) TN < T < TNyl

2.2.4. Multi-gas model

The previous model is extended and interactions between the different gas species are also taken
into into account. More precisely this interaction occurs in the ion-induced desorption term. An
incident ion can desorb gas of any species and thus H;,, presents a fully occupied matrix. E.g.,
the column j of H;,,, describes the probability of the desorption rate when a particle of gas species

7 impinges on the wall.

M,*—n, "o, f—H, "lcot—H, lco,t—mH,

H.  erixt— | M=o, Mo t—on, Ylcot—en,  flco,tcn,
on _—

T, t»co  "len,t—co  "lcot—co  Tlco,t—co

a,*~co, 'lcn,*—co, 'lcot—co, 'lco,*—co,
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2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

The balance equation (2.6) including interaction among the gas species can be written as follows:

A(z)

it
dx?

+ B(z)n + c(z)

(2.13)

with A,B € R*** and ¢ € R* being the matrix and vector assemblies of the parameters (4-

dimensional analogy to a, b, ¢ of the single gas problem) :

A
B

—Xecryo * X O

A
4

<l

— O
A-
4

— b

<l

one+nph'th+ne’Ne+A'qth

Remark 2.3. Note, that all variables mentioned in this section are listed in detail in Table 2.10.

The major challenge in solving this system lies therefore in the fully occupied matriz B.

Two key ideas to solve the equation system:

1. The beam pipe usually provides constant coefficients over a specific domain. The domain is

therefore split into a finite number of elements and the solution is computed on each element

(as it was done for the single-gas model). The local solution functions are combined then

with boundary conditions to a global solution. The following boundary conditions describe

density and flux continuity:

Boundary and intersection conditions for segment k — 1 and k:

—ag_1 ony_q(xx) + ag o ny (v

!
—ay ony(TN41

n;_i(xg

a; on’(x;

)
)
)
)

ny ()

sk o ng(Tk) —

S1 g1
5 oni(zy) — £l
SN2+1 onn(zNp1) — gl\;ﬂ

2. Transform the equation system to an equation system of first order, by using the trans-

n
formation identity y = ( /) obtaining the following equilibrium equation (see also further
n

description in [48-51]:

dr

Ci—y(m) = My(z) + b

(2.18)
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2.2. MATHEMATICAL MODEL

with the corresponding modified boundary conditions:

Hi_1y,—1(L) — (Hy 4+ Sp)yx(0) = gy (2.19)
Flyl(O) = —81 (220)
Fyyn(zni1) = gni1, (2.21)
where:
M - 0454 I b 0454
—A"'B O4x4 —Alc
F, = (_51214 A), Fyn = (_SN5114 —A)
%
o Is  O4xa [ 0Oaxa O4x4 N
Hk = s Sk = and gr =
O4xa —Ayg sels  Ogxs —8k

The fundamental Theorem of Picard Lindelof gives a solution for each segment as of the

form:

y(@)= My / e EIMp 7 (2.22)

fundamental solution P(z) k

particular solution z(x)

for z;, < x < xk4+1. M and b are determined by material, beam and geometry specifications

and u defines the integration constant, verified below with the boundary conditions.

The matrix SM c R(Q'Ngas'Nscgmcnts)X(Q'Ngas'Nscgmcnts) and a l“lght—hand Side wW € R(Q'Ngas'Nscgmcnts)
compress all information of the boundary conditions in a a system of (2 Ngas - Nsegments )-€quations

(note: different structure to the paper [1], but describes the same algorithm, see also Fig. 2.7)

Fq 0 0 0 0 —81
H.P, —Ss 0 0 0 uy gy — Hiz,
0 H>P, -—-Sj3 0 0 us g: — Hozo
c = S (2.23)
0 0 0 Hy_1Pny-1 —Sn uy gv —Hy_1zv1
0 0 FyPy gni+1 — Fnzy
=:SM =W

This equation system is solved with the solution method of the "Gauss-Jordan"-algorithm. We
take the sparse-occupied property of the matrix SM into account, this allows us to save storage

space and speed up the computation time (further described in Section 2.3).
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2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

The global solution n is obtained as a piecewise function of the local solutions ng for each segment,

which we get with a backward transformation of y and the substitution of u from Eq. (2.23) into

Sol. (2.22):
n(z) = [w@))a = Prla)u,+z(2)
and
n;(z) x1 <z < a9
ny() To <x < I3
n(zr) =
ny(x) TN < T < TN11

2.2.5. Appendix to Multi-gas model

Solving the integral from z(z)

T

z(x) = / @M pgr — M le#M

k

Tk
= M M p M mOM (T4 P(z)) M
=1 P()

= (P@-1)M'b

Verify solution (2.22) of eq. (2.18) by differentiation

P(z)u+z(z) bdt = ( Plug in definition of P(z) and z(x))
el My (e(m_“)M - Ig) M~ 1b

y(x)
= mIMui Mb) - M b

y(r) = Me(x_x’“)M(u—i—M_lb)
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2.2. MATHEMATICAL MODEL

Figure 2.7.: Representation of the sparse matrix SM € R%0%40 in the case that the domain is
split into 5 segments; 320 of the 1600 entries are occupied. Note, that the simulation
of the FCC consists of more than 600 segments.

1 10 20 20 40
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20 -

30+

40+ 140
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( Plug in y(z) and y'(z) in Eq.(2.18) ):
y'(z) = My(x)+b
M =M (wy Mb) = M- [0 M(ut M'b) — M7'b| +

— Me@—x) M(u + M—lb) ~MM 'b+b
I

Structure of the matrix exponential of P(x)

Definition 2.4 (Matrix exponential). For a (n x n) matriz A is the matriz exponential given by :

X, AF
A _ E

k=0

where the matriz products of the first elements are defined as: A° =1, Al = A, AF1 = AFA

04x4 Iy
P(z) = "M where we defined: M = —A7T'B 0444
M

Since the matrix-exponential is defined as the sum of its matrix products, it is important to know
the structure of M", where M € RNGasxNGas — _ A—1B describes the submatrix of the left lower

corner of M.

MO L (T O ap o L(0 I\ e LM 0) s 1[0 M
or\o 1 M 0 20\0 M 3LA\M2 0
N M2 0 Ao L[ O M? N M2 0

a\o M S50\M3 0 6\ 0 M3

This development leads to the following general form for P(z) (can be shown by induction):

P(z) =
B i <($i+1—t)2"+1]1(4x4) O(ax4) ) % ‘(2241:1)1 _
= n+1 n -
=0 O(ax4) (ig1 — 1) Taxa) 7(5?1+1)3 %
oVilo | o~ Vi | VHz_ M

_ ( T VM 2 )

@e\/ﬁw_efx/Mw e\/Mav_i_ef\/Ma;

x 2 2

P(z) is implemented in the form of the above expression in the programming code PyVasco.
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Base items and unit crosscheck of PyVasco

The equations of the analytical model have to be consistent with their units, and this is carefully

checked in the following. ¢ corresponds to the different gas species Hy, CH,, CO and CO,.

Equilibrium Equation

4 1 2
m 3 1 1 B 1
— o t— =+ =

s m s m m- S m- S
~ T T ~——
A B n c Ve

43 |7RyT
@ =
" 3\ 2M,,
J
m74 - m3 K-mg;.K:mg. ki:m?’.@
s e \ kg s
Matrix B
bii = (771 + 77;(@ ) - 1) 01— Swall(@) SC'I‘yO (2'25)
m? A, m  m? A 5 m?  m?
mwoo_ 4 _ A - 2.2
. e m°—m S S 1 s 5 5 (2.26)
Vector C
i = =Seryone(©,T)) + (mph + Mpn (©))pn + (e + e (©))Ne +a - g
1 m 1 1 1 1
m-s sm m-s m-S me-s
Thermal Desorption ¢y,

Number of Particles  Pressure - Volume 1

Bthi = Area - Time kg - Temperature "Area - Time
Ideal Gas Law
molecules  Pa-m? I nfz 5 - m3 1
m2.-s kB'T.mz's_@.K'mls
2K
_ 103 mbar - [
T kg K cm? - s
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Number of Particles Pressure . Volume 100 -10-3 1 1
Area - Time Area - Time ~~ =~ 10 kp-T
mbar—Pa |—-m3 S~~~ ——
Input g;muiation—Code [mbarl] User-Input PyVasco L, L Pressure—Density
s-cme cme m

Localized Gas Source g

Number of Particles  Pressure - Volume 1

9 - Time - kg - Temperature "Time

Ideal Gas Law
1 = 103 mbar - [
- similar to q .
kg - K s

~———
User-Input PyVasco

2.3. Computer implementation

PyVasco is a 1D code that calculates vacuum profiles in a particle accelerator based on analytical
methods following the concept of Section 2.2. Its acronym stands for "VAcuum Stability COde
implemented in Python“ and is supported by a graphical user interface embedded in PyQt [52-55].
The evolution of the project is managed with the CERN internal version control software Git.

Functions are occasionally tested with unit-testing.

Handling of input data Several effects, summarized in 54 input variables per segment, influence
the vacuum model. However, a strong correlation among them can be observed. For instance the
choice of the material defines the desorption yield of synchrotron radiation, electron cloud and ion
induced desorption, as well as the thermal outgassing properties. It stands therefore to reason to
implement a Python class "material®. Following the same idea, we summarized the pumping speed
and the gas release in a python class "Pump® and ”Gas-source®, respectively. The main program
uses csv-files as input to set all configuration variables for the simulations. This allows the user
to organize the input values and use them for several simulations. A sample of the configuration

variables can be seen in Table 2.3-2.6.

Implementation of the solving algorithm An efficient implementation of the data structure is
crucial for the codes’ performance since the matrix dimensions grow rather fast. For the simulation
of the FCC we had in total 676 segments, which yield a 5408 x 5408 matrix. The concept of a sparse
matrix implementation was therefore considered and instead of saving a 8- Nyus- Ngeg X8 Nyas- Ngeg
matrix, we stored the information in a 8- Nyqs - Nseq X 17 array. The memory storage was therefore
reduced from O(N?) to O(N). Considering that N can reach large values (> 1000), this step is
of high importance (see also Fig. 2.8).
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Table 2.3.: Template for the input file of the simulation domain. The placeholder % indicates the
users’s input; an equivalent diameter indicates a cylindrical chamber having the same
conductance; a material shortcut means e.g. NEG -NEG Coating, CM - ColdMass,
Cu - baked copper.

Segment id /name Segment 1  Segment 2 description

d [mm)] % % equivalent diameter

L [mm)] % % length

T [K] % % temperature

Material % %o material shortcut (from material folder)
Pump % % Pump shortcut (from Pumps folder)
Gassource % % Gassource shortcut (from gas-sources folder)
Photon flux [photons/s] % % Number of photons impinging the wall
Electron flux [electrons/s] % % Number of electrons impinging the wall

Table 2.4.: Template for the input file for one pump. The place holder % indicates the users’

input.
Pump id/name Pump 1 Description
Su, [1/s] % Pumping speed for hydrogen
Scu,[1/s] % Pumping speed for methane
Scoll/s] % Pumping speed for carbon monoxide
Sco,[l/$] % Pumping speed for carbon dioxide

Special importance must also be paid to the implementation and robustness of the algorithm
with respect to precision issues, which may arise when the matrix entries of the fundamental
solution (exp M- x) present very large values and thus causes in a next step an overflow error in
Python. Since the matrix values M reflect units per unit length, we can only manipulate x in the
solution. The idea is therefore to split the segments equally into smaller fractions and consider
them as separate segments. Additional boundary conditions are implemented in between these two
segments that present the density continuity ngeg1 = 7seg2 and a flux continuity of zero pumping

and zero gas sources.

Table 2.5.: Template for the input file for one gas-source. The place holder % indicates the users’

input.
Gassource id/name Gassource 1  Description
gn, [1/s] % Gas release of hydrogen
gcn,[l/s] % Gas release of methane
gcoll/s] % Gas release of carbon monoxide
gco,ll/s] % Gas release of carbon dioxide
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I
|
xXua =
H
H
0

Figure 2.8.: Memory arrangement of final matrix equation in PyVasco.

Solution in programming code:

y(z) = P@)u+ (P(x) - IS)M_lb
= P@u+Px)-M'b-M'b
= P(z)- (u+M'b)-M"'b
“::PS”
VASCO in Python The mathematical model was already implemented in a Matlab environment
[16] in 2004. The passage from VASCO to PyVasco had a significant impact on the performances
both in terms of memory storage and in computational efficiency. Furthermore, the new code has
been designed in order to offer an increase usage flexibility, providing the user a better overview of
the simulation domain in the input data and extend the possibility to include external data of the
impinging synchrotron radiation and electron flux in the longitudinal direction of the accelerator
from codes as PyECLOUD [40] and SynRad+ [56]. Additionally, a graphical user interface built
on PyQt4, SciPy and NumPy increases the user friendliness and enables a post-analysis of the
data (see Fig. 2.9 and Fig. 2.10).The old Input-files of VASCO can be automatically transformed

into the new object oriented format by using the optional button "Transform*.

This Python project is structured into three subcategories:
e Data Loader: reads in all the data from a csv-file and stores them in a memory-friendly way.

o Core: Solves the mathematical problem from Eq. (2.6), strong use of libraries as SciPy and

NumPy.
o Plotter: Gaphical realisation of the results, supported the scientific plotting library PyQt.

e It-Safety: unit tests.

2.4. Simulation results for the FCC

PyVasco was especially developed to predict the vacuum performance for the FCC. Many changes in

its input parameters probably take place until the year of its construction and many more iterations
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Figure 2.9.: A screenshot of the graphical user interface PyVasco that shows the final residual
gas density profile.

in its design, material choice and beam related parameters are still required. The simulations of
PyVasco should provide an aid to choose among the different solution options and to identify the
range of the key-input parameters to guarantee the needed vacuum quality.

The FCC describes a circular ring, that is divided into eight arcs with long straight sections (LSS)
inbetween. Four LSS host beam collision points, the other four are dedicated to beam acceleration,
longitudinal and transversal collimation and extraction, see a schematic of the layout in Fig. 2.11.
The vacuum systems of the FCC-ee and -hh distinguish basically in all aspects, except of the
circumference of the machine [57,58]. We present two separate preliminary design examples for
their vacuum systems. Both simulations focus on the interaction region of the machine. The choice
of the material is crucial, and the conditioning time of the beam chamber surface should be as short
as possible, so that the nominal luminosity with low background can be reached quickly. Beam
instabilities and beam blow-up due to excessive electron clouds, synchrotron radiation and fast-
ion instabilities should be avoided. Despite these high requirements we need easy-to manufacture
vacuum chambers and efficient and cost-effective pumping systems. We initiated the design with
using existing and proven technologies from the LHC and LEP? and improved further the design
to the requirements for the FCC.

2.4.1. FCC-hh

The fundamental design of the hadron version of the FCC has been derived from the LHC 4 based
on the the information from the LHC design report [36,60]. However, the FCC-hh brings hadrons

3Large Electron-Positron Collider: predecessor of the LHC in the same tunnel.
“For the reference, a detailed simulation for the LHC has been carried out in the paper [1].
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Figure 2.10.: A screenshot of the graphical user interface PyVasco that shows the configuration
window of the input data.
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2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

Figure 2.11.:

Layout of the FCC: FCC-hh (green line), FCC-ee (red and blue line) with a zoom
on the asymmetric layout of the FCC-ee in the figure in the middle. The LSS
are marked with letters. A and G describe the two main collision points, D and
J the specific experiments and the other letters describe the injection, extraction,
collimation and acceleration LSS, similar graphic found in [59].
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into collision at 100 TeV in the centre of mass that rises a number of issues which need to be
analysed and optimised. The required average pressure in the machine is determined by the beam
lifetime of 100 h. This implies a five times better vacuum quality compared to the LHC, which

corresponds to a total density of
n =2 - 10"particles/m®

In Fig. 2.13 we can see a simulation example of the LSS of the FCC-hh with a collision point in
the middle. For this simulation the following main changes have been made in comparison to the
LHC:

The main parameter, that causes all further changes is the increase of the beam energy from 7 TeV
to 50 TeV. Hence the impact of the beam-induced parameters on the vacuum quality increases,
in particular the synchrotron radiation. Its flux and its critical energy present a challenge. The
formula for the generated synchrotron radiation from the bending dipoles calculated with Eq (2.2)-

(2.3), yields (see also spectra in Fig. 2.3) a photon flux of
I' = 1.9-10'7 photons / (m s)

and a critical energy of
E. = 4269 eV,

with a bending radius of p = 10500 m, a beam current of 0.5 A and a beam energy of 50 TeV.

The higher photon flux and the much higher critical energy with respect to the LHC lead to an
improved design of the beam screen in the cryogenic area. A slot opening on both sides of the
screen should extract the generated photons and reduce interactions between the beam and the
photons. Moreover, the operation temperature in the cryogenic area will be 50 K instead of 10 K,
because the heat deposition due to the synchrotron radiation is significant higher. The aperture
of the beam screen is much smaller, just approximately 34 mm in diameter compared to 48 mm

at the LHC. Fig. 2.12 shows a photography of the first prototype of the beam screen.

The length of the magnetic region is four times longer in the FCC and the magnets are stronger,
for instance the bending dipoles provide a magnetic strength of 16 T instead of 8 T. The separation
and recombination dipoles installed in the chamber, where the two beam pipes join, will be kept

at cryogenic temperature (in contrast to the LHC).

New coating and material treatments are under research to reduce the desorption yield of photon-
electron or ion bombardment (e.g. amorphous carbon coating, LESS). The goal actually would be
to suppress the build-up of electron clouds completely with sophisticated surface material treat-

ments.

Summing up, the development of the beam screen, has influenced the simulations in the size of
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2. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

Figure 2.12.: Right-hand side: LHC beam screen [61] and left-hand side: Prototype of a FCC-hh
beam screen; the generated photons can escape through the slot on the side [62].

the diameter, the operating temperature, and thus the conductance (see Eq. (2.6)), as well as the
value of the photon flux due to the additional pumping from the slots and the higher magnetic
field. A concrete value for the latter is still under discussion and results are awaited from a similar
experimental setup®. I set therefore the value, that is calculated above. The room temperature
system in the long straight sections will mainly consist of NEG coated vacuum chambers, as it was
done for the LHC. Additionally, also machine equipment such as collimators and beam instruments
should be coated with NEG. However, the latter still provide a higher outgassing compared to
normal copper NEG coated chambers. The cryogenic system relies on the physissorbtion on the
beam screen. Due to the higher temperature, H,y is not pumped efficiently anymore. The new
developed material has to compensate that and I assumed therefore an additional sticking factor
for H,.

Table 2.7 summarizes the main mentioned differences in the accelerator parameters of the LHC
and the FCC and adds some further interesting characteristics as bunch intensity, synchrotron
power, or the peak luminosity, that influence vacuum indirectly in for example the electron cloud-

parameter.

5Synchrotron radiation flux spectrum at 50 TeV is comparable to that of the 3" generation light source in ANKA
[63].
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2.4. SIMULATION RESULTS FOR THE FCC

Table 2.7.: Characteristic parameters for the FCC-hh from [64] and Eq. (2.2)-(2.3)

parameter FCC-hh | LHC
residual gas particle density [1/m] 2-10" 10%
circumference [km)] 97.75 26.7
bending radius [m] 10500 2963
collision energy [TeV] 100 14
beam energy [TeV] 50 7
dipole field [T] 16 8.33
beam current [A] 0.5 0.58
bunch intensity [10%!] 1 1.15
bunch spacing [ns] 25 25
photon flux [photons/(m s)] 1.9-10'7 | 9.10'6
synchrotron radiation power [W/m] 40 0.2
critical photon energy [eV] 4270 41.5
peak luminosity [103*cm=2s71] 5 1
temperature of beamscreen [K] 50 5-20
aperture of beamscreen [cm?] 30 x 24 | 46 x 30
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2.5. VALIDATION AND ERROR ESTIMATION

2.4.2. FCC-ee

The Fcc-ee is an eTe™ circular collider designed to accommodate four different operations modes in
a beam collision energy range from 91 GeV to 350 GeV in the centre of mass to obtain unprecedented
precision in Z, W, Higgs and top measurements (summarized in Table 2.8). One of the most critical
aspects of this machine is again the very high and powerful synchrotron radiation production, which
challenges the maintenance of a stable ultra high vacuum system. The most challenging operation
mode for vacuum, will be the 91 GeV machine (also referred to Z-pole machine) with a current
of almost 1.4 A. The photon flux and the synchrotron radiation power respectively yields from
Eq (2.2)-(2.3) (synchrotron radiation in LEP is summarized here: [65]),

I' = 7.7-10'7 photons / (m s)

E. = 20000 eV

So far, it was decided to keep the beam pipes at room temperature as in the case of KEKB, Su-
perKEKB and other lepton colliders. The cross-section of the vacuum chamber is a circle made
of copper and without NEG coating, due to resistive-wall instability reasons. Therefore two small
winglets in the plane of the orbit are implemented that provide space for a small distributed pump-
ing surface to cope with the synchrotron radiation induced desorption, see Fig. 2.14. Otherwise,
the pumping system consist only of lumped pumps. The experimental area close to the collision
point is asymmetric to prolong the straight section of the incoming beam and to reduce the photon
bombardment on the detectors. Additionally, absorbers close to the collision point are considered
in the simulation, to shield the synchrotron radiation. The simulation in Fig. 2.15 shows an ex-
ample of its vacuum system with a photon flux of O(10%) and zero electron flux. Their concrete
values for the four energy ranges still need to be defined. Optimally, they are close to zero since the
chamber does not provide a significant surface pumping. The interaction region of the simulation
is very short, in total less than 2 m and typically made out of beryllium with a diameter of 40 mm.
The diameter increases in the recombination chamber to 70 mm, decreases to 24 mm, where the
focusing quadrupoles are located and increases again in the arcs to 70 mm. Roughly 85 % of the

100 km circumference is made up by the arcs.

2.5. Validation and error estimation

The model has been tested for validation by a cross-check to similar simulation programs as
LTSpice, Molflow+ [38,56] and a parameter sensitivity analysis. In the second step the simulation

outputs of PyVasco were validated with a comparison to LHC gauge readings (real-time values of
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Figure 2.14.:

. VACUUM SIMULATIONS IN HIGH ENERGY ACCELERATORS

Water-cooled SR
absorber
absorber

High-Z shielding|
around absorber

7

Pumping slots

Circular cross-section of the FCC-ee with winglets on the side to cope with the

impinging synchrotron radiation [66].

Table 2.8.: Characteristic parameters for the FCC-ee from [67] and Eq. (2.2)-(2.3)

parameter 7 W H tt
beam energy [GeV] 45.6 80 | 120 | 175
bending radius of arc dipole [km] 11 11
beam current [A] 1.45 | 0.152 | 0.03 | 0.0066
bunches / beam 30180 | 5260 | 780 81
particles per bunch[10!}] 1.0 06 | 0.8 1.7
bunch spacing [ns] 7.5 50 | 400 | 4000
synchr. rad. power [W] 728 724 | 723 | 720
luminosity / IP [103*cm 257! 207 | 19.1 | 5.1 1.3
critical photon energy E. (keV) 20 104 | 349 | 1080
photon flux [1017] 7.7 1.4 | 042 | 0.14
power/beam [MW] 50 50 50 50

gauges and beam chamber layout from the offical databases [68-70]). The crosscheck of Molflow
and the LHC is published and described in [1].

2.6. Physics at the FCC

In 2012, two experiments, CMS and Atlas at the LHC confirmed the discovery of the Higgs, the

final missing puzzle piece of the Standard Model to describe all of the known fundamental particles.

This was a remarkable scientific achievement, that lifted particle physics into a new era. A new

(particles per m3)

Density

le+15
le+14
le+13
le+12
le+11
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le+09

NANN

Distance from IP (m)

Figure 2.15.: Simulation example of the vacuum system for the FCC-ee.
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larger, more powerful accelerator is now needed to address new frontier of fundamental questions.
Firstly, the motivation lies in the further understanding of the Higgs that should dictate some
clear physics targets. Today, there exist many parallel theories beyond the Standard Model. To
understand better which one to follow, every aspect of the Higgs must be understood. Moreover,
the Higgs boson is uncharged and carries no spin, so it can interact readily with uncharged dark
matter. The FCC-ee machine would provide high-accuracy measurements to analyse the quantum
mechanics of the Higgs boson, whereas FCC-hh would produce Higgs bosons with a high produc-
tion rate, which allows to explore the structure of the Higgs potential and observe related extremely
rare decays. The potential indicates more than one minima and any modification of its form would
imply huge consequences on the physics-theory.

Secondly, dark matter constitutes about 85% of the matter in nature and despite overwhelming
evidence for its existence, the particle nature of dark matter is unknown and not included in the
Standard Model. The theory of super-symmetry is one attempt among several to further under-
stand the inequality between matter and anti-matter.

Thirdly, the motivation for the FCC lies in the understanding of the neutrino masses. The standard
model cannot explain this and it is already a long-outstanding question in fundamental physics.
Lastly, there is a strong motivation for the existence and discovery of new particles and new weak

forces in the multi TeV-range.

The design study of the FCC, indirectly implies development in technology to meet the construction

requirements.

2.7. Summarized parameter and variable acronyms

Table 2.9-2.11 summarize all variables, parameters and constants of the physical and mathematical

description.
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Table 2.9.: Model parameters for physical description.

Symbol Dim Unit Description
P R eV Power of photons
E R eV beam energy
p R m bending radius of a dipole
E. R eV critical energy; median of synchrotron radiation spectrum
n R4 Particles/m? vector-valued particle density function of
H,, CH,, CO and CO,
(S} R* Particles/m? density on lateral surface of beam chamber
a R* m*/s Specific conductance
r Sinks of a UHV-system
q Sources of a UHV-system
Nph R4 1 Photon induced desorption yield (n > 0) describes
the number of molecules desorbed per photon
| R photons/(s-m)  Emitted photon flux by the bended beam
in the magnetic areas
Ne R* 1 Electron induced desorption yield (n > 0) describes
the number of molecules desorbed per electron
N, R electrons/(s-m) Electron flux impinging on the chamber wall
due to the electron cloud phenomena
o ion/proton - m?  Tonisation cross section of residual gas molecules
by high energy protons
H,,. R4 1 Ion induced desorption yield, probability that ion of species ¢
desorbs molecule of species j for i,j € {Hy, CH,, CO, CO,}
Tion R ion/(s-m) Ion flux, it is proportional to n
g % Number of high energy protons passing per second
A R m Lateral surface per unit-length of beam chamber
dth R* 1/(m?s) Thermal outgassing rate; the unit of [q] = [%] is more common.
@ R* 1 Sticking coefficient
v R4 m/s Average Maxwell-Boltzmann velocity of the four gas species
Xeryo N x = 1 for cryogenic areas and 0 for room temperature areas
ne R* 1/m? Background density without beam (static density)
187 R* m?/s Linear pumping per unit-length
N R 1 Number of segments
d R m Diameter
L R m Length of segment
T R K Absolute temperature of segment; K] = [°C] + 273.15
Sk R4 m? /s Pumping speed of pump located
at the beginning of segment k
X R m Spatial coordinate along beam line
Tk R m Intersection point of segment k£ — 1 and &
g R4 1/s Local punctual gas source (e.g. gas leak)
P R Pa Total pressure
P R* Pa Equivalent pressure for particle density n

using ideal gas equation
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Table 2.10.: Variables used in the mathematical model.

Symbol Dim Description

n(x) R Particle density for one gas species
(Single-gas framework)

a,b,c R Coefficients of balance equation for one gas species
(Single-gas framework)

Cq,Cy R Integration constants of balance equation

a, B,y R Coefficients in front of integration constants C7, Cy

Sk, Gk R Pumping speed and gas release for one gas species
at the beginning of segment k

SM REZN)x(2N)  Matrix containing information of the boundary conditions
(single-gas framework)

w REN) Vector containing information of the boundary conditions
(single-gas framework)

y R vector-valued function describing the residual gas particle density
and its derivative

1y R4x4 Identity matrix

0454 R4x4 Zero matrix

6)4 R* zero vector

T R Spatial coordinate along beam line

Ty R Intersection point of segment k — 1 and k

A'B R4x4 Coefficients of balance equation , e.g. A1 = a from
the single-gas framework

c R4 Coefficients of balance equation

M R8*8 Coeflicients of transformed balance equation

M R4*x4 Is equal to -A™'B

b R Coefficients of transformed balance equation

P(x) R8*8 Fundamental system of transformed balance equation

z(x) R3 Particular solution of transformed balance equation

u RS Integration constants of balance equation

a R® Integration constants of balance equation with
an artificial extra vector entry at the end.

F,,Fn R*x8 Coefficients of boundary conditions

H,S R8%8 Coefficients of intersection conditions

Hin R4x4 Ton- induced desorption matrix

g R4 Local lumped gas source (e.g. leak)

Sk R* Pumping speed of lumped pump located at the beginning
of segment k

g R8 Coefficients of intersection conditions

SM RGN)X(8N)  Matrix that contains information of the boundary conditions
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Table 2.11.: Values for most common physical constants.

Symbol Description unit  Value

h reduced Planck’s constant eV -s 6.58 - 10710
c velocity of light m/s  2.998 108

e elementary electric charge C 1.6-1071°
m proton rest energy MeV 938

m elctron rest energy MeV  0.511

€0 vacuum dielectric constant F/m  8.854 - 10712
kp Boltzmann constant J/K  1.3806488 - 1023
eV electronvolt J 1.6-1071
TeV tera-electronvolt eV 10'2

GeV giga-electronvolt eV 10°

MeV mega-electronvolt eV 106

mbar millibar Pa 0.01

Torr torr Pa 133.3

43



44



CHAPTER 3

Sets of Bounded Remainder for the Billiard on a
Square

A billiard path describes the trajectory of a billiard ball, that moves in a straight line until it hits
a boundary of the unit square. The reflection off the edge is elastic, meaning that it rebounces,
such that the incident angle is equal to the angle of reflection. After the reflection it continues its
linear curve with the new direction and the same total velocity until it hits the boundary again,
and so forth. A starting point x and an initial slope a uniquely determine an infinite piecewise
linear billiard path X (t) = (x(t), y(t)), 0 < t < oo in the unit square (see Figure 3.1).

slopd «

>4

Figure 3.1.: Billiard path wit starting point x and slope a.

This simple continuous and piecewise linear path presents a powerful tool in challenging topics
of quantum mechanics (simulation of particle in a box, see this thesis in the next Chapter 4.4)
and in Quasi-Monte Carlo (QMC) methods. The latter is investigated in this chapter and the
corresponding paper [2]. Specific properties of the billiard path are analysed in favour of selecting

a point set that is appropriable for QMC-methods.
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3.1. MONTE-CARLO VS. QUASI MONTE CARLO METHODS

3.1. Monte-Carlo vs. Quasi Monte Carlo methods

Monte Carlo (MC) and QMC describe a numerical method to approximate integrals of the general

form

f(z)de, (3.1)
Rd

commonly found in various applications of physics, economy, industry, medicine and biology that
can not be calculated analytically. These methods aim to reduce the integrals complexity and
approximate its value by function evaluation to any prescribed level of accuracy. Definitions and
basic principles are revised from [9-11,71]. The general idea is first to restrict the integral to a

bounded region and to transform it into standardized form:

1 1
/ : / flz1,...,xq)dxy - -dag = / f(x)dx (3.2)
0 0 [0,1)¢

The next step uses the strong law of large numbers from probabilistic theory. This law guar-
antees for integrable functions f and independent and identically distributed random variables

xg,...xn_1 that the term

1 N-1
¥ 2 @), (33)

converges to the integral in (3.2) almost surely as N — oc.

We call this method MC' integration, if the quadrature points @, used in (3.3) are independent
random sample points. The generation of random samples is a fundamental difficulty, which is in
practice overcome by the use of pseudo-random numbers, i.e. a deterministic sequence of numbers
characterized by statistical properties, that mimic randomness.

A computing method for numerical integration is the so-called QMC' integration, where determin-
istic very carefully constructed quadrature points @,, (that do not imitate randomness) are chosen
to improve the convergence rate of the approximation. Measures for the quality of point sets

xo,...xN—1 are the extreme discrepancy Dy and the star discrepancy Dy .

Notation. The expression {x} denotes the fractional part of x :< {z} =z — |x] and

||z|| denotes the distance of a real number x from the nearest integer: < [|z| = min ({:L’}, 1— {a:})
I? is commonly used to describe the unit square [0, 1] x [0,1]; x is the characteristic function and
A describes the Lebesque measure.

We will refer to these abbreviations in the following text.

Definition 3.1 (Discrepancy). Let xo,...,xy_1 be a finite N-element point set in [0,1)¢ and let
J be an interval in [0,1), then A(N,J) :=#{n€Ng:0<n <N —1 and x, € J} describes the
number of indices n € {0,..., N — 1} for which z,, € J.
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The extreme discrepancy of the point set xq,...,xN_1 1S defined as
A(N, J
DN = DN(CC(),...,.’DN_l) = Sup (]Vl) _/\d(Jl) (34)
J1€[0,1)¢
with Jy = [a,b) = 1%, [a:, b)) € [0,1)%,
The star discrepancy considers a slightly simplified notion of Dy and is defined as
% X A(N, J.
DN :DN(wo,...,ZBN_l) = Sup (]\[2) —AS(JQ) (35)
J2€[0,1)d

with Jo = [144]0, os) € [0,1)%.
The distribution error An of the point set xq,...,xn_1 for an arbitrary Lebesgue measurable

subset J3 € [0,1)? is defined by:

An(J3) = A(N, J3) — N - A\g(J3)

For an infinite sequence (&, ),>0 the discrepancy Dy is the discrepancy of the first N elements of

the sequence. The same holds for the star discrepancy D};.

When using numerical integration one is usually interested in the integration error,

N-1
error = ‘ /Md F(@)da — % nz:% F@n) (3.6)
made by this approximation. We obtain the following error bounds [11] for MC
E(error) = O<\/1N> (3.7)
and for QMC, if xg, ...,z n_1 presents a good point set (Dy — 0, see Th. 3.2)
error = < M (3.8)

N b
where d defines the dimension of the integral.

This concludes that for large N and small d, we obtain clearly the following relation of the error

bounds (see also Fig. 3.2):

log(N)4—1 1
0g(N) < ’
N VN

which motivates the investigation of QMC methods and of the corresponding problem to find

(3.9)
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Error

1 10 100 1000 104 N
Figure 3.2.: Error bounds of numerical integration for MC (blue) and QMC (red) in a loglinear
scale.
appropriate point sets xg,...,TN_1.

The relation between the integration error of a QMC method and the discrepancy of the chosen

point set is described in following theorem, also known as the Koksma-Hlawka inequality:

Theorem 3.2 (Koksma-Hlawka inequality). Let f : [0,1]? — R be a function with bounded vari-
ation” V(f) on [0,1]% in the sense of Hardy and Krause, then for any point set xq,...,Tx_1 €
[0,1)¢, we have

error <V (f)Dy. (3.10)

The nodes x,, for a QMC method should come therefore from a low-discrepancy sequence that is
described within the theory of Uniform Distribution Modulo One.

Definition 3.3 (Uniform distributed point-sets). An infinite sequence (x,,)n>0 in the d-dimensional
unit-cube [0,1)¢ is said to be uniformly distributed modulo one, if for every interval [a,b) C [0,1)%
we have

lim A(N,[a,b))

Jim S = A ([a,b). (3.11)

It can be proven (see, e.g., [72]) that a sequence (x,,)n>0 € [0,1)? is uniformly distributed modulo

one if and only if lim Dy(xo,...,xn—1) =0 (or equivalently, lim D} (xo,...,xn_1) =0).
N—oo N—o00

Wariation of a function describes its arc length.
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Theorem 3.4. A sequence (x,)nen, i [0,1)? is uniformly distributed modulo one if and only if

or every Riemann integrable function f :[0,1]* — R we have
f y g

i iN_l = x)dx
i - 3 f(e) = /[Oﬁl]df( )d (3.12)

n—oo [NV

The proof is given for instance in [11].
The 1-dimensional Kronecker sequence turned out to be a good choice for a very large class of
functions (continuous, Riemann, Lebesgue integrable) to create a uniformly distributed point set

in the unit interval, if & € R\ Q, shown by Kesten in [73]:

Definition 3.5. The discrete Kronecker sequence in the unit interval is defined as

({na + 6})n21 (3.13)

where a € R describes the spacing in-between the nodes and B € R defines a starting point.

Theorem 3.6 (discrete Kronecker-Weyl Theorem). For every Lebesgue measurable set S C [0, 1]
and for every irrational « and almost every B defining a Kronecker sequence, we have that,

Jim %A(N, ) = \(S), (3.14)

N—o0

where A(N, S) is defined as in Definition 3.1.

The proof is given for instance in [11].

3.1.1. Uniformly distributed curves

Instead of putting the focus on uniformly-distributed point-sets, we explore in this thesis the
properties of well-distributed curves, in particular of the billiard path and the continuous rotation.
First we review the framework of the distribution error in the continuous case:

The distribution error of a curve X (t) in the unit square is defined by the time that the curve

spends in a given subset S in comparison to the size of S:

Definition 3.7. Let T be a given finite time of the curve X(t) € I2. Then the distribution
error Ar for a subset S C I? is defined by:

Ar(X(t),8) == /OT Xs(X(£)dt — T - Ao(S) (3.15)

Definition 3.8. A continuous curve X (t),t > 0 in I? is said to be uniformly distributed modulo

one if and only if

lim sup %AT(S, X(t)) =0. (3.16)

T—00,S
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for any Lebesgue measurable subset of the unit square.

Remark 3.9. Regarding Definition 3.7: The time that the curve spends in the set S tends to
infinity, when the time T goes to infinity. The second expression of the distribution error will
also converge to infinity in this case. So the distribution error is only bounded, when these terms

converge with the same speed.
We want to study now, when the distribution error Ar is bounded:

Definition 3.10. For a curve X(t) € [0,1] x [0, 1], we define the set of bounded remainders

S. It contains all sets S that provide a bounded distribution error:

S(X(8) == {S € [0,1] x [0,1] | limsup Ar(X(#), S) < oo} (3.17)
T—o00

The discrete Kronecker sequence (Def. 3.5) has a continuous analogue defined as the continuous

rotation on the torus. It describes a linear curve, but in contrast to the billiard path, when the

curve hits the boundary, it comes back on the opposite of the boundary. The continuous rotation

and the billiard path are mathematically described as:

Definition 3.11. Let s= (s1,s2) be a start point and let d = (dy,d2) be a unit vector, that
describes the initial direction. The initial angle o is given by: o = arctan (%) [rad]. Then we can

define two curves: RT — I?

e The continuous rotation on the torus R(t):
R(t) ={s1+di-t},{sa+da-t}) 0<t<o0 (3.18)

If the initial angle is irrational, then we refer to it as the continuous irrational rotation.
e The billiard path X (t):

ot ds
X(t) := (z(t),y(t)) 0<t<oco with the j"coordinate equal to: 2||8]+#|| (3.19)
Similar to the discrete case (Theorem 3.6), the torus line and the billiard path describe a uniformly
distributed curve in the unit square for irrational slopes a. The similarity of the discrete and the

continuous case is illustrated in Fig. 3.3:

Theorem 3.12 (continuous Kronecker-Weyl Theorem). The time that the continuous rotation
R(t) spends in any aves-parallel box S = Iy x - -- x I; C [0,1)? is in the limit equal to the Lebesque
measure of S for any irrational o:

T

Tlgréo% i xs((R(1) dt = Ma(S). (3.20)
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- arctan ()

ko

Figure 3.3.: Similarity of the Kronecker sequence and the torus line.

Observe that the discrete and the continuous Kronecker-Weyl Theorem have the same equidistri-
bution properties from a qualitative point of view. Despite of this similarity, the speed of the
convergence rates are different. The billiard path, which is via unfolding just a general continu-
ous rotation (technique described in Subsection 3.2)- estimates the area of an arbitrary but fixed
(measurable) subset A C [0,1]? with error O(vInT), where T is the length of the time interval
(shown by Beck in [12]). This result is based on the slightly weaker Theorem, also shown by Beck:

Theorem 3.13 (Beck, [12]). Let S be an arbitrary Lebesque measurable set in the unit square
[0,1)% with positive measure. Then for every e > 0 and almost all o and every starting point
x = (w1, 79) € I?, we have

Ar < O((InT3%))

Hence, comparing the error estimates for a billiard curve and a typical random sampling of a

Monte Carlo method presents a big difference between the sizes of “distribution-errors”
VInT and VN (3.21)

for large T and N. Beck refers to this continuous property as the “super-uniformity”. We are
investigating therefore the idea to replace the point sample by a “curve® sample, where the curve
sample describes a billiard path. We are especially exploiting the statement of Beck posed in

Theorem 3.13 about the logarithm error term and whether it is possible to improve it.

3.2. Summary of paper and an expanded detailed proof description

In the following, we were investigating, if certain regularity conditions on the test set S implies an
even better convergence rate of the error, and indeed, we could show that polygons (with no slope
«) or more general convex sets, with a twice differentiable boundary and with positive curvature

everywhere, represent bounded remainder sets. This statement implies immediatly the weaker
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/A K

Figure 3.4.: Billiard path that repeats itself after a short time.
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Figure 3.5.: Time evolution of a billiard ball with a) irrational and b) rational slope a.

statement that the distribution error for the mentioned sets is zero.

In addition, we will show, that the condition on the slope cannot simply be omitted.

These theorems are true for almost all @ and we will show, that it cannot be generalized for all.
In both cases we will explicitly present test-sets S that are not bounded remainders although the
initial slope is irrational.

Fig. 3.4 illustrats three examples of a billiard path with rational initial slope. The curve spends no
time in the subset S and hence the distribution error tends to infinity, if the time T goes to infinity.
In the next example (Fig. 3.5), we show the evolution of two billiard paths, that distinguish only
in a slightly different initial angle: The first one is irrational, the second one is rational.

At the beginning the plots seem to be equal, however, after some time the first differences can be
identified .

Unfolding technique

A billiard path inside a unit-square can be unfolded to a straight line in the entire plane (see
Fig. 3.6). The concept is simple: each time when the trajectory of the billiard path hits a boundary,
the square itself is reflected to the corresponding side, so that the the piecewise continuous billiard
path becomes a straight line. In other words, the problem of the distribution of a billiard path

in the unit square is equivalent to the distribution of the respective continuous rotation in the

52



3. SETS OF BOUNDED REMAINDER FOR THE BILLIARD ON A SQUARE

Figure 3.6.: Unfolding technique transforms the billiard path to a continuous rotation.

2 x 2-square.

A paper by D. Koénig and Sziis from 1913 introduces first this geometric trick of the unfolding
technique and it was reviewed recently again in [74].

The unfolding procedure is described in more detail here:

We define a new domain @ = [0,2] x [0, 2] that consists of four unit squares: @Q1,Q2,@3,Q4 €
[0,1] x [0,1]. @1 describes the original square, where we observe the billiard path. Q2, @3, Q4

describes its reflections, s.t.:

Q2=<_01 ?)-Ql, Q3=<_01 _01>-Q1, Q4=<(1) _01>-Q1

Q4 Q3>
Q1 Q2

Summing up, all these squares describe the same billiard path in different views. We will follow

We arrange these squares (J; now in the following order: @ = (

the curve now in one of these squares - depending on its slope in the original square Q.
(z,y) describe the x and y coordinate of the billiard path X (¢).

R(t) describes a new curve:

X(t) in Q1 for‘fl—f>0/\%>0
X(t) in for 2 <oA% >
R(t) := () in Q2 dt dt for 0 <t<T
X(t) in Q3 for‘fl—f<0/\%<0
X(t) in Q4 for%>0/\%<0

R(t) describes a continuous rotation on the [0, 2] x [0, 2] square, since:

1. The direction vector of the curve R(t) is always pointing to the right side and up. In other
words, it is equal to the one, which is characterized by the initial angle.

Let us concretely validate this statement for Qs :
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- (41U )
0 1 {y} {y} {y}

X(t) in Q1

It can be shown in the same way, that the slope of R(t) in Q3 and Q4 is equal to <ij}r>
2. The discontinuity points of R(t) represent the jumps from a continuous rotation. It
only remains to show, that the reflection is always in the right square: When R(t) hits the
boundary 0@, then this results in a change of the sign of a derivative, e.g.: When R(t) hits
the right boundary then the sign of the x-derivative of the billiard path X (¢) changes from
negative to positive. The slope of X (¢) in the vertical direction remains the same. This means
that the curve R(t) in Q2 will be continued in 1 and @3 in Q4. The same considerations
can be done for the upper boundary, which implies a change in the y-derivative. A bounce
at the upper boundary of Q; and )2 results in the continuation of the curve in Q4 and Q9

respectively.

The next step is to shrink the domain @ to a unit square. This is observed by @ +— 0Q = {dx :
x € Q}, where § = % It is easily feasible since the Lebesgue measure is linear and invariant to
reflection.

(n = 2 describes the dimension of the domain)

A(S) = /\(U Si) = A(S1) + A(S2) + A(S3) + A(Sy) =4 - A\(S) (3.22)
AGS) = 15"+ 4- A(S1) = A(S)) (3.23)

Moreover it holds that, the time that the curve 0 R(¢) remains in the set S is the same as for X (¢)

in S, since we are only reflecting the original domain:
Vte[0,T]: JR(t) €S < X(t) €Sy (3.24)

When the distribution error Ap of the continuous irrational rotation R(t) is bounded then the

same holds for the billiard since the finite sum of finite elements is finite:

Ar(X(1),81) = ’/ o, (X(£)dt — T - \(Sh) ’/ Nos(OR())dt — T - A(8S)| (3.25)
(5

(0R(t),65) (3.26)

Continued fraction

The sometimes tiny difference between rational and irrational numbers can have a great impact on
the results, as we have seen in Fig. 3.5. The billiard path for example is periodic only if the initial

slope is rational. In the field of uniform distribution, irrational numbers are preferred, however
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diamonds on the other hand are thanks to their symmetric periodic structure of their fractals so
beautiful.

Continued fractions present an interesting and powerful tool to approximate irrational numbers
by rational numbers, that will appear as a main technique in the following proofs. The principal

is briefly reviewed here [75]:

Definition 3.14 (Continued fraction). Let o € R, then there exist a unique set of numbers

a; € N = [ap;a1,a,as,...], where ag € Z and a; € N for i > 0, such that
1
o = agp + —T (327)
ay + PP —
ag+

The a; are calculated by the Fuclidean Algorithm.
Proposition 3.15. If « is rational, then the continued fraction expansion of FEq. (3.27) is finite.

Definition 3.16 (Diophantine approximation). The truncated continued fraction g—:

a=aqy+ —— 3.28
0 ay+ ( )

is as close as possible to o, meaning that there exist no better approrimation Zi: with 0 < ¢’ < q.

Proposition 3.17. An estimate for the approximation error is given by:

1
PO LS (3.29)
dn qn - An+1

The truncation index n indicates the degree of accuracy. The larger n, the closer is o to 7;—;‘. It

holds, that convergents with odd indices are larger than o and those with even indices are smaller.

Example 1. For a being rational:

a=2=—" (3.30)

The continued fraction expansion can be periodic for irrational numbers:

a = V2 =[1;2,2,2,2,...]
o = V42 = [6;2,12,2,12,...]
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OX o 2522 o

ﬁ

~—
Unfolding technique

Figure 3.7.: Polygons and convex sets present BRS for the billiard path with irrational slope.

3.2.1. BRS for the billiard in a square

The first achievement of the paper is to improve the convergence rate on the distribution error
for a specific class of sets (every polygon, every convex set) for almost all billiard paths with an

irrational slope . The theorem is revised here:

Theorem 3.18. 1. For almost all a > 0 and every x € I?, every polygon S C I? with no edge
of slope a or —a is a bounded remainder set for the two-dimensional billiard with starting

slope a and starting point x.

2. For almost all o > 0 and every x = (x1,12) € I?, every convex set S C I? whose boundary
dS is a twice continuously differentiable curve with positive curvature at every point is a
bounded remainder set for the two-dimensional billiard with starting slope o and starting

point X.

To prove that S is a set of bounded remainder, we have to show that the distribution error is
bounded:

S €S« limsup Ar < 00 (3.31)

T—o00
In a related paper [76], it was shown that exactly these sets are of bounded remainder for the
continuous rotation. The derivation of the same statement to hold for the billiard path can be

observed and verified with the unfolding of the billiard path to the continuous rotation (Fig. 3.7).

3.2.2. Exceptions: Not BRS for the billiard in a square

The statement of Theorem 3.18 is only true for almost all «. We were wondering therefore, if it
could be extended firstly for all polygons and secondly to hold for all irrational slopes «, instead
of almost all. However, we found out, that by an explicit construction of « the distribution er-
ror diverges in the sense that there exist polygons with slope a and disks that are not bounded

remainder sets for the billiard path, despite of its irrational initial direction. Consequently the
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a) b) c)

ac

Figure 3.8.: Analogy of the distribution characteristics in the framework of a) a point set, b) the
torus line and ¢) the billiard path.

Theorem 3.18 can not be improved to be valid for all directions, only for almost all. The theorem

containing this negative result, states:

Theorem 3.19. 1. For every a > 0 there is a polygon S with an edge of slope o or —a such that
S is not a bounded remainder set for the billiard with starting-slope o and for any starting

point X.

2. For every m € [0,1)? there are uncountably many radii v, dense in an interval of positive
length, such that there is a slope o and a starting point x such that the disk with midpoint m
and radius v is not a set of bounded remainder with respect to the billiard with starting slope

a and starting point x.

The proof of the first part of this Theorem goes back to a proof shown by Kesten [73] for a one-
dimensional sequence. He showed, that the distribution error of the Kronecker sequence with an
irrational o and an interval of length ac # {ka} is unbounded, and analogously this negative
result holds for the billiard path (compare Fig. 3.8).

To prove the second part of the Theorem requires a bit more work. Again we derive the statement
by adopting the proof of the continuous rotation of the equivalent Theorem in [76]. The idea
in [76] is to approximate o with a continued fraction %. We know already that the distribution
error converges for rational slopes. The idea is therefore to approximate « up to a carefully chosen
error to |a — %] (compare size of the squares in Fig. 3.10), for which the distribution error (with
support of further error bounds, and techniques of number theory) finally diverges.

The summarized constraints on « for the torus line are the following;:
11
e (xC [Z’ 5]

e Every irrational o can be approximated by a rational % determined by its continued fraction

expansion of a = [0;a1, a2, as, ..., a;,a.41,...] , we demand a;1 > ¢f%.

o The index [ is odd, this means that % > q.
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o = 0.25

Figure 3.9.: Size of the disks for the irrational rotation.

o The numerator p; = 2m is even (m € N).

One can show that there are uncountably many «, that fulfil these requirements.
The diameter of the disk is defined by a term depending on «. The possible size of the disk
is illustrated in Fig. 3.9. The same negative statement to hold for the billiard path, can not

straightforwardly be derived due to two reasons:

e There exist disks for the torus line that can not be transformed to equivalent sets for the
billiard path.

e The transformation to the billiard path reveals four disks. It has to be guaranteed that at
least one of them has the size and the position of the disk for the torus line. In addition, it
has to proven that the distribution errors of the four equivalent sets do not cancel themselves

out.

The mapping from the torus line to the billiard path requires some stricter error estimates (shown
in several Lemma and Propositions of the related paper [2]), that are mainly related to the two
considerations from above.

Fig. 3.10 illustrates the construction of the intervals of positive measure that finally defines those

sets that are not of bounded remainder. The paper [2] describes the full proof.
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Figure 3.10.: Ray of the disks has to start in one of the black squares.
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CHAPTER 4

Distribution Properties of Quasi Energy Spectra
in Quantum Mechanics

Random matrix theory is of particular interest to classify quantum systems according to physical
properties [13,77,78]. The underlying paper [3] of this chapter analyses mathematical sequences
(0r)n>1 that are used to describe the energy levels of integrable quantum systems. The behaviour
of these sequences provide then an indication of the type of motion of the quantum system. We
start with a short introduction to quantum mechanics, that hence introduce straightforwardly the
importance of the energy levels of a quantum system and continue with a mathematical analysis

of the required properties of a sequence (6,,)n>1.

4.1. Introduction to Quantum Mechanics

“At first I found particle physics very cold. But then when you look at it from

the mathematical perspective and you realize the incredible connection there is

between mathematics and the structure of the universe, well that gave it an incredible appeal.”
Michelangelo Mangano (theoretical physicist at CERN) [79]

Quantum mechanics (QM) exists now for more than 70 years and has probably become the best
tested physical theory ever concieved. It describes the behaviour of particles on the atomic scale,
and the behaviour that light causes when it hits these particles. Completely different laws are valid
in this domain. For example energy, momentum and other quantities are often restricted to discrete
values (quantization). Objects have characteristics of both particles and waves (wave-particle
duality) and there are limits to the precision with which quantities can be known (uncertainty
principle). In the classical limit !, the correspondence principle states that QM continuously

develops into classical mechanics.

'Planck’s constant i = 1.0545718 x 10 — 34m>kg/s vanishes.
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QM is formulated in special developed mathematical formalism based on fundamental axioms and
equilibrium equations. Only by studying theoretical implications and using mathematical trans-
formations, particle physicist are able to derive astonishing results about the behaviour of particles.
The theoretical existence of a Higgs boson for instance was already announced in the 1960s. Fifty
years later, on the 4th of July of 2012 the two experiments ATLAS and CMS, the two main ex-

periments at CERN in the LHC, could for the first time confirm its experimental observation.

The most relevant equation in QM is the energy conservation in the form of Schrédinger’s equation:

o

where 7 is the Hamiltonian operator that describes the total energy (kinetic+potential), and v is
a wave function, that provides information about the probability amplitude of position, momentum
and other physical properties of a particle. If 57 does not explicitly depend on time, then we can
use a separation approach of time and space to solve Eq. (4.1). The energy of the system describes
in this case a constant of motion, that can only assume certain discrete values F,,, presented by

the eigenvalues of 2.

with this specific form of the wave function:

Un(@,t) = Pn(z) exp (%Ent) (4.3)

In words the equation (4.2) states:
When the Hamiltonian operator acts on a certain wave function v, and the result is proportional
to the same wave function v, then 1 is a stationary state, and the proportionality constant, F,,

is the eigenenergy of the state .

A transformation of Schrédinger’s equation to a matrix representation, by expressing the eigen-

functions 1, (x) to
lbn(x) = Zanmq)m(fz), (4.4)

where ®,,,(x) are arbitrary, but orthogonal and leads to the matrix representation of the stationary

Schrédinger equation

ZHnmam =FE,a, (4.5)

The Hamiltonian of many quantum systems is not known and very difficult to set up. An ensemble
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of random matrices assuming certain statistical properties (e.g. Poissonian property) is instead
frequently used to describe the Hamiltonian. Examples of frequently discussed quantum systems

are:
e harmonic oscillator
e particle in a box
o excitation of a hydrogen atom

further described in Section 4.4.

4.2. Distribution of eigen-energy levels in integrable quantum systems

Berry and Tabor showed in a frequently cited paper of the Proceedings of the Royal Society of
London A [14], that the energy levels E, are uncorrelated and Poisson distributed for nearly all

integrable systems.

Definition 4.1 (Poisson distribution). A Poisson distribution is a discrete probability distribution
that expresses the probability of finding a given number of k events in a fized interval of space.
These events occur with a known average rate A and independently of the time since the last event

occurred [80]. The probability of observing k events in an interval is given by:
P(k events in interval) = e ¥ /k! (4.6)

fork€{0,1,2,...} and X € R is the average number of events per interval. An event describes in

this context the locating of an energy level in the interval.

The spacing p(s) in between Poisson distributed eigenvalues is exponential distributed. p(s) is
called the nearest neighbour spacing function, and the probability of the distance s of adjacent

eigenvalues is expressed in the following equation:

p(s) = exp(—s), (4.7)

where s describes the distance between the energy levels (see also Fig. 4.1).

Figure 4.2 shows experimental results of the nearest neighbour spacing distribution of a particle in a
box, studied by Casati [81] and it looks fairly close to the Poisson distribution of the corresponding
energy levels.

Concluding, this experimental result (Fig. 4.2) confesses, that the energy level distribution, and
consequently the nearest neighbour spacing levels for a particle in a box behave more or less like a
sequence of random numbers. The harmonic oscillator on the other hand, presents an exception.

The eigenvalues of the harmonic oscillator form an equidistant sequence, which obviously does not
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Figure 4.1.: Nuclear scattering of a hydrogen atom: The probability of finding k energy levels in
a distance of radius r from the origin is expressed by a Poisson distribution. The
spacings in between follow an exponential distribution. The yellow dots describe
instable and hence not measurable energy states.

obey a Poisson level spacing distribution. Soon further exceptions to the behaviour predicted by
Berry and Tabor for integrable systems were found. A lot of attention is therefore focused on
the analysis of sequences that describe integrable quantum systems on whether or not they obey
the Poissonian property. We were investigating this issue in the paper [3] to formulate a general

statement, when a mathematical sequence obeys the Poissonian property and when not.

4.3. Mathematical aspects of the nearest neighbour spacing problem

We revise the distribution of the nearest neighbour spacing of quantum system with studying the
pair correlation of sequences. The pair correlation function Ra(s) of a sequence, describes how the

density of its elements vary as a function of distance between the elements.

Definition 4.2 (Pair correlations). Let [—s, s| be an interval in [0,1), let (6,)n>1 be a sequence

modulo one and let N be a truncation index of the sequence:
1 . S
Ra([=5,5], (On)n>1, N) = N#{l <JjFESN |0 =0k < N}’

Note, the index of Ry only gives an additional hint, that we are analysing properties between two

elements of a sequence.

p = ~ is the average number density of particles, in the interval [0, s].

Definition 4.3. We say that the distribution of the pair correlations of a certain sequence is
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Figure 4.2.: Level-spacing distribution, comparison of experimental analysis and the Poisson dis-
tribution (dashed line), for the insert see the text to the source: [81].
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asymptotically Poissonian, when
R2([_875]7 (Gn)’rLZlaN) — 2s. (48)

Proposition 4.4. Any random distribution fulfils this property with P = 1.

Example 2 ( to make heuristically clear Prop. 4.4). We assume a uniformly distributed random
sequence (6y,),>1 in the unit interval (see Fig. 4.3), that is truncated after N elements. The total
number of pair correlations is described with the number of possible combinations of N elements,

subtracting the identical tupels, which yields N2 —N ~ O(N?) spacings. Consider now for instance

1
an interval [—s, s] = [_Z’ Z] The number of elements 6;, that find a ; within a distance of %, has

to be approximately half of all possible combinations for a uniformly distributed sequence. For

the general interval [—s, s] we assume therefore 2s - N2,

When we now normalize the upper bound of the spacing by 3 and divide the result by N, then

we end up with the definition of the pair correlation and its expected value of 2s in the limit.
1/2

0 | ) 1

P‘—LH4—H4—H‘—H—M—H—H—|—H—HJ-|-H4—H—O—H—H—H1—M—H—H4—HJ-‘—“-9

Figure 4.3.: Distribution of a sequence 6 in the unit interval; interval for pair correlations found

in [—Z,Z]

Remark 4.5. Informally speaking, a sequence that obeys the Poissonian property may be seen as
a sequence showing random behaviour. The investigation of sequences that have this property is
equivalent to studying the pseudo-randommness properties of sequences. This provides a strong link
to the current SFB-project at the JKU of "Quasi-Monte Carlo Methods: Theory and Applications®

[82].
With regard to the classification of quantum systems, we analyse first the energy spectrum of the

harmonic osciallator and then the particle in a box.

4.3.1. Pair correlation statistics for certain sequences

In the following, we analyse the pair correlation statistics of certain sequences. We will see, that the
energy spectrum for the harmonic oscillator does not obey the asymptotically Poissonian property
whereas it does for the particle in the box. The energy level distribution in case of the harmonic

oscillator (see Eq. 4.18 later) is equivalently described with the Kronecker sequence.

Definition 4.6 (Kronecker sequence).

(On)n>1 = ({na})n21 with o € R\ Q,
or equivalently: 0, = {(n—1)-a+ 61}
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If a describes a rational number, then the sequence is periodic and obviously does not obey
the Poissonian property. In the case that « is irrational, Weyl showed already in 1916 that the
Kronecker sequence is uniformly distributed; a proof is for example written in [11,72]. Hence we
are interested if uniform-distribution is already a sufficient statistical property for a sequence to
obey the Poissonian property. Fig. 4.4 illustrates the Kronecker sequence on the unit circle. For
a € R\ Q and for N large, the elements of the sequence 6 cover the whole unit ring. Hence, first

consideration, may let us guess, that this sequence is asymptotically Poissonian distributed.

Figure 4.4.: Kronecker sequence on the unit circle.

Theorem 4.7. The energy levels of the harmonic oscillator and hence the Kronecker sequence do

not obey the asymptotically Poissonian property for any value of .

Sketch of proof. The idea is to approach « with the continued fraction % (see also Section 3.2)

with an error approximation of .

a2

|a—2|<
q q

Without loss of generality, we set the truncation index N = q.

It hOldS7 that:
q n=1,...,q q n=1,...,q

Following, it is true that:

({nal}),—y, & (1 : ""q_l)

qq q
Hence, we can choose an interval [—s, s] with length: % - q% (see Fig. 4.5), so that:

Ro =0 # 2s.

An extended remark to the proof can be found in [83] with a hint to the well-known Three-Distance
Theorem. O

The other way round is true. A sequence that has the asymptotically Poissonian property is also

uniformly distributed. This statement was shown recently by Grepstadt and Larcher in [84].
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Figure 4.5.: Specific selection of interval [-s,s] on the unit circle for the sequence.

Therefore, we can conlcude:

Lemma 4.8. A uniform distributed sequence in general does not imply to have the asymptotically
Poissonian property, whereas an asymptotically Poissonian sequence (0y)n>1 obeys the uniform

distribution:

Uniform * Poissonian (4.9)

Poissonian = Uniform (4.10)
Grepstad+ Larcher,2017

Further sequences have already been studied whether or not they have the Poissonian property.

The following table should give a brief overview of the current state of the art.

Table 4.1.: Survey of studied sequences in literature wrt the Poissonian property.

Sequence (0,),>1 Comments Poissonian property References
({na}),>1 harmonic oscillator No [83]
({n%a}), -, particle in a box for almost all « [83]
({nda})n>l for d > 2 for almost all « [85—88]
({a(n)a}), >, a(x) € Z[x] and deg(a(x)) > 2 for almost all « [89]
({a(n)a}), - a(n) is a lacunary sequence for almost all « [90-92]

Example 3 (Lacunary sequence). A Lacunary sequency is a sequence of numbers (6,),>1 such

that
a(n+1)

a(n)

Vn > ngdd >0 : >1409.

The sequence a(n) = 2" is a lacunary sequence and hence

(t7a1)

n>1

is Poissonian for almost all .
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4.3.2. Conditions for a sequence to have the asymptotical Poissonian property

This subsection investigates under which conditions a sequence in the general form ({a(n)a}),~;
obeys the Poissonian property. Table 4.1 introduced already two subclasses (a(n) being integ;r
polynomials, or a lacunary sequence) for which the assertion is true.

The concept of the additive energy of the coefficients (a(n)),~; will be introduced and it will

provide in Theorem (4.10) a link between
» distribution of pair correlations of ({a(n)a}),~; and
o the additive energy of the truncations of the integer sequence (a(n)),,;-
The additive energy, see for example the book about additive combinatorics in [93], is defined as :

Definition 4.9 (additive energy).

with (a,b,c,d) € A

The lower and upper limits of the additive energy of the truncated sequence A,, are given by
A]2 < B(4) < AP

since for the lower bound, we can always

choose a; and set arp = a;
! * b = at least N2
choose a; and set a; = a;

This implies at least N2 possible combinations of the sequence elements.

For the upper bound, we can:
choose a;,a;,a and set a; = —a; —aj; —ap = at most N3,
The above defined a; may not exist, hence we observe maximal N3 possible tuples.
Example 4 (Additive energy). A sequence with a "high® energy is
M)p>1=1,2,3,...,N
There are approximately ¢ - N2 tuples that satisfy:

ai+aj:ak+al<:>i+j:k+l
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The following theorem provides a condition, when the sequence obeys the Poisonian property. It
states that if the additive energy of the coefficient-sequence (a(n)),>1 satisfies E (Ay) < N37¢

for some € > 0, then the sequence has asymptotical Poissonian pair correlations:

Theorem 4.10. Let (a(n)),>1 be a sequence of distinct integers, and suppose that there exists a
fizxed constant € > 0 such that

E(Ay) < N*° as N — . (4.11)
Then for almost all o one has
Ry (s,a,N) = 2s as N — o0 (4.12)

for all s > 0.

This theorem has been shown in [94].

Informally speaking, this result implies that nearly all sequences have asymptotically Poissonian
pair correlations, since the condition (4.11) is very close to the trivial upper bound of the additive
energy. We are therefore especially interested in which cases the sequence does not obey this
property (as for instance harmonic oscillator). The following negative result has already been
worked out by Bourgain in [94]. He states that if the additive energy is "high“, then there always
exists a set of a of positive measure so that the sequence does not obey the Poissonian property.
The classification of high energy has to be understood in the sense of the Hardy-Littlewood [95]

definition.

Definition 4.11. The asymptotic notation 2 (g), in the sense of Hardy-Littlewood, characterizes
functions according to the growth rate of the function f(x) compared to g(x) when the argument

tends towards infinity. We say that:

f(x) = Q(g(x)) with (x — o) < limsup ‘gég‘ >0

T—00

The negative result of Bourgain states that:
Theorem 4.12 (Bourgain). If
E(Ay)=Q (N3) , (4.13)

then there exists a subset of [0,1] of positive measure such that for every o from this set the pair

correlations of the sequence ({a(n)a}), s, are not asymptotically Poissonian.

We investigated in this result and we will show a partial proof of the following much stronger

conjecture:
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Conjecture 4.13. If E(Ay) = Q(N3) then the pair correlations of the sequence ({a(n)a}), >

do not have the Poissonian property for almost all c.

The condition (4.13) implies a strong linear substructure of the sequence. The definition of a
quasi-arithmetic sequence is revising all of those implied properties of a sequence and we use them
to proof partially the concerning conjecture in the case of quasi-arithmetic sequences in dimension
1. The definition of a quasi-arithmetic sequence will also include a d-dimensional arithmetic

progression, that we first introduce here:

Definition 4.14 (d-dimensional arithmetic progression). We call a sequence of integers a d-
dimensional arithmetic progression, if it is constructed as an arithmetic progression, but

allowing several possible differences:

d . .
Pi={ b+ > k0 <y < s
j=1

Definition 4.15 (Quasi-arithmetic sequence of degree d). A sequence (a(n)),~, is quasi arith-
metic of degree d € N, if:

e (a(n)),>; is a strictly increasing integer sequence T

e I(N;)n>1 strictly increasing sequence of truncation indices of positive integers
e JC, K > 0 constants

e VN;3 sub-sequence A% C (a (1)) 1<n<n, with:

- ‘A(i) > CN; (Condition that subsequence is not too small.)

— AW s contained in a d-dimensional arithmetic progression P(®

_ ‘p(i)

< KN; (Condition that arithmetic progression is not arbitrary big.)

Example 5 (Example of a quasi-arithmetic sequence of degree 1). Consider a strictly increasing
sequence (a;)i>1:
a(l) <a(2)<a(3)<---<a(N—-1) <a(N)

then we look for a constant K and for indefinitely many truncation indices IV, so that the following

holds:

a(N)
N

<K (4.14)

For instance, only each truncated sequence of the following fulfils the requirement (4.14), starting
with the first one:

e 1,2,3,|... (yes)
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e 1,2, 3,10.000, |... (no)

e 1,2, 3,10.000, 10.001, 10.002, ..., 20.000, |... (yes)

e 1,2, 3,10.000, 10.001, 10.002, ..., 20.000, 200 Mio., 200 Mio.+ 1, ...,

..., 200Mio. + 300Mio., |... (no)

Two theorems, namely the statements of the "Balog—Szemeredi—-Gowers-Theorem* and the "The-

orem of Freiman* (can be looked up in [93]) imply that:
Lemma 4.16. A sequence (a(n)),, is quasi arithmetic of degree d, iff
E(Ay) =0 (N%).

We can therefore reformulate our statement to the following conjecture that we show for the case
d=1:

Conjecture 4.17. The pair correlations of ({a(n)a}),s, is not Poissonian for almost all o, if

(a(n)), >y is a quasi-arithmetic sequence.

More precisely, we can formulate the following Theorem:

Theorem 4.18. If the sequence of integers (a(n)),~, s quasi-arithmetic of degree 1, then the
set of a’s for which the distribution of the pair correlations of ({a(n)a}), s, is not asymptotically

Poissonian has full measure.

The proof of this theorem is the main content of the paper [3]. Generally speaking, we can say
that the proof is very technical. It uses a stronger version of a theorem of Cassels about diophant-
ine approximations. However we refer the reader to study the whole proof in the context of the
paper [3], that is listed in Part IT of this thesis.

4.4. Examples of integrable quantum systems

We revise here three typical examples of quantum mechanics and derive to each of them the wave
function and the corresponding energy spectra. For further details see any introductory book on

quantum mechanics, as for example: [13,96].
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4.4.1. 1-dimensional harmonic oscillator

As an application of the Schréodinger equation, we now calculate the states of the particle in an

oscillating potential.

The behaviour of many quantum systems near their equilibrium can be described by the harmonic
oscillator. This assumption is motivated by the idea to expand a potential V(x) in a Taylor series.

In the following we shall consider the one-dimensional case

V(z) = V(ia+ (z—a)) (4.15)
= V(a)+V'(a)(z —a) + %V“(a)(w—a)2+.... (4.16)

If a stable equilibrium exists for z = a, V() has a minimum at * = a, i.e. V'(a) = 0 and
V'"(a) > 0. We can choose then a as the origin of the coordinate system and set V(a) = 0; then

an oscillator potential is indeed a first approximation in the vicinity of the equilibrium point.

The classical Hamiltonian function of a particle with mass m oscillating with frequency w takes

the form:

2
P2 m
=L 4 —w¥y?

2m 2

and the corresponding quantum mechanical Hamiltonian reads

PN h? d?

g4 mo2o

2mdz? = 2

Since the potential is constant in time, the time-independent (stationary) Schrodinger’s equation
determines the stationary solutions v, and the corresponding eigenvalues (energies) E,. The

stationary Schrodinger equation takes the form:

h? d?

(@) + Twla(e) = Buth(a). (4.17)

A solution of (4.17) can be looked up in any introductory book of QM (see for example in
[96]). Hint: Transform ¢ to a hypergeometric function, by using the approach of (Ax?) =
exp (%3”2)¢(Ax2) with A = 7 and further by expanding ¢ into terms of a power series.

Finally, conditions for the break off of the hypergeometric series lead then to the quantization of

energy.

1 h
En:ﬁw(n—|—§) = (2n+1)§w forn=0,1,2, ... (4.18)

As we see, the energy spectrum of the harmonic oscillator is equidistant with the spacing hw and
has finite value in the ground state (n= 0), the zero-point energy %hw (see Fig. 4.6). The zero-point

energy is a direct consequence of the uncertainty relation. And eigenfunctions can be expressed
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w(x)

b)

X : X

Figure 4.6.: Comparison of the probability density for finding a particle moving in an oscillator,
classically (red line) and quantum-mechanically (blue line) with the energy corres-
ponging to a) n =1 and in b) n =15 .

with the following:

1 mwi  mwe? muw
Unle) = oy ¢ )
with n =0,1,2,... and H,, describes Hermite polynomials.

In Fig. 4.6, some of the 1, are plotted together with an energy diagram. The energy eigenvalues
are represented as horizontal lines. For each of the lines there is a corresponding eigenfunction
¥ (x) drawn on an arbitrary scale. In addition, the figure contains the function of the potential
energy

1
V(z) = imw2$2.

The agreement between classical and quantum probabilities improves with increasing n (quantum
numbers), see Fig. 4.6. The mean value of the quantum distribution approximates the classical

limit.

4.4.2. Particle in a box

The wave-particle duality can be illustrated with the propagation of a point-like particle in a
box with indefinitly high walls. These systems are called billiards. We give the example for a
1-dimensional box of length 2a.

The potential V(z) assumes either the value —Vj inside the box, or zero outside out of the box.

Schrodingers’ equation in stationary state is given by:

" 26

- 2m da?

+V(z)¢(z) = E¢().

We see that the free field Schrédinger equation is the same as the Helmholtz equation, which

represents a time-independent form of the wave equation:

1
(VK =0 with & = 55 2m (E+W)
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The solution of this equation implies the following energy spectrum:

n? 2

E,=—(— —W
" 2m ( 2a 0)

Enlarging the box or the mass of the particle causes a decrease between two neighbouring energy

eigenvalues. Equivalent to the previous example, we observe a zero-point energy in the ground

state n = 0.

4.4.3. The hydrogen atom

The example of the hydrogen atom discusses the motion of a single-particle system in a potential
field. The following description chooses the proton to be the centre of the coordinate system and

the use of spherical coordinates. The stationary Schrodinger equation is then:

]/52 62

Hy =By = (32— - =)y,

2m r

with p being the momentum operator, m the reduced mass of the electron, e the elementary charge
and r the coordinate of relative motion.

The momentum operator p depends on a radial and angular motion of the electron. For the
solution of the already stationary Schrodinger equation, we assume a separation approach of these
two sizes. For the energy spectra, it is already sufficient to deal only with the radial part (also
consider that the problem is radially symmetric, the energy can only depend on the radial part
of ¥). The solution of energy levels and the wave function of the hydrogen atom can be obtained
by making again use of hyper-geometric functions, in particular of the solution of the Kummer
differential equation (a derivation of the solution can be looked up in [96,97]):

met 1 1 €2

" TR

2 agn?’

where ag = mh—zz is called the Bohr radius.

The binding energy of the hydrogen atom in the ground state is

1 €2
Ey=——2 — _13.6 V.
0= 7994 ¢

The wave function ,;,, depends on three quantum numbers, where n corresponds to the eigen-
energy, | with 0 < [ < (n — 1) indicates the magnitude of the angular momentum and m with
—I < m < [ describes the magnetic quantum number, that gives the size of the z component of
the angular momentum.

The solution for the wave function for the first quantum numbers can be seen in Fig. 4.7.

The paper [3] of this chapter was dedicated to Ian Sloan, a famous mathematician, who was
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Figure 4.7.: Probability density of the hydrogen atom for quantum numbers n =1, 2, and 3
(left-hand side) [98] and a section through the density distribution, source: [99].

active in particle physics during his early career, particularly in the field of calculating the energy
spectra of atoms. On his very first research paper, in 1964, he studied in the proceedings of the
Royal Society (London) the wave like behaviour of an ionized helium atom [15]. In his studies, he
bombarded the atom with an electron and the goal was to measure the scattering cross-section in
particular instead of measuring the atoms’ wave function, he wanted to determine the scattered
electrons wave function and to derive results for the helium atom. Schrodinger’s equation for the
atoms’ electron is in this case very difficult to compute since the electron will also interact with the
scattered electron. Thus, the potential cannot simply be assumed to be %, as it was the case for
the above described hydrogen atom. Instead he came up with a few possible "ansatz* with limiting
conditions, that he assembled together to obtain in the end a particular solution of Schrédinger’s

equation.
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(Dated: June, 2017)

The Future Circular Collider (FCC), currently in the design phase, will address many outstanding
questions in particle physics. The technology to succeed in this 100 km circumference collider goes
beyond present limits. Ultra-high vacuum conditions in the beam pipe is one essential requirement
to provide a smooth operation. Different physics phenomena as photon-, ion- and electron- induced
desorption and thermal outgassing of the chamber walls challenge this requirement. This paper
presents an analytical model and a computer code PyVASCO that supports the design of a stable
vacuum system by providing an overview of all the gas dynamics happening inside the beam pipes.
A mass balance equation system describes the density distribution of the four dominating gas species
H,,CH,4, CO and CO,. An appropriate solving algorithm is discussed in detail and a validation of
the model including a comparison of the output to the readings of LHC gauges is presented. This
enables the evaluation of different designs for the FCC.

PACS numbers: 02.70.-c, 47.45.-n, 02.30.Hq, 29.20.db

I. INTRODUCTION

The computation of residual gas particle (RGP) den-
sity profiles in particle accelerators is an essential task
to optimize beam pipes and vacuum system design. In
the last two decades, some software have been devel-
oped [1, 2]. They have been used for most of the high-
energy accelerators presently in activity, including the
Large Hadron Collider (LHC) at CERN.

There exists several approaches to evaluate gas den-
sity profiles [3-5]. The most general one would be to
tackle directly the nonlinear integro-differential Boltz-
mann equation[6]. However, the solution of the Boltz-
mann equation requires an important computational ef-
fort due to the complicated structure of the collision
integral. To reduce the complexity of the computa-
tion, gas density profile calculations have been performed
by probabilistic Monte Carlo simulations, either by Di-
rect Simulation Monte Carlo method (DSMC) [3] or, in
a simpler way, by the test particle simulation Monte
Carlo method (TPMC) [7]. Among the latter methods,
MolFlow+ [1] is largely spread in the vacuum technol-
ogy community. However, although such methods have
found applications beyond particle accelerators [8], their
extensions to time-dependent behaviours and multiple
gas species phenomena are difficult, in particular for long
vacuuin sectors.

Analytical models can overcome such obstacles if the
evaluation of one-dimension gas-density profiles is suf-
ficient, preferably in simple geometries with cylindrical
symmetry. A typical example is VASCO [2, 9], which
was developed at CERN in 2004 for the interaction re-
gions of the LHC. Recently, the preliminary design-study
of the Future Circular Colliders (FCC) [10] with unprece-
dented high energy and vacuum requirements offers to ex-
tend the application of analytical methods. As an exam-

* ida.aichinger@cern.ch
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ple, the hadron-hadron version of the FCC with around
100 km circumference and 100 TeV centre of mass en-
ergy, requires a gas density in the arcs that is five times
lower than the one in the LHC. In this paper, we re-
vise and update the previous models, present the un-
derlying theory and introduce a new elaborated software
PyVASCO. In this new analytical method, we combined
multiple effects due to material outgassing, beam induced
desorption, conductance limitations, and different pump-
ing mechanisms. A coupled differential equation sys-
tem describes the mathematical framework of the model.
Each equation represents the mass balance of one of the
four dominant gas species H,, CH,, CO and CO,. These
equations are coupled due to interaction of the different
gas species among each other. For example, COQJ“fafter
ionization by the beam-may desorb H, from the beam
pipe materials. Mathematically, the problem translates
into a large sparse matrix equation system of first or-
der, as in [2]. We developed a new optimized solving
algorithm and implemented the model in a Python envi-
ronment. This resulted in a significantly improved per-
formance in speed and memory storage allowing to simu-
late 100 times longer vacuum systems than those achiev-
able by the previous work [2] in less than 30 seconds.
We benchmarked the simulation output with MolFlow+
and cross checked it to the readings of pressure gauges
installed in accelerators. The latter verification is pre-
sented for the Long Straight Section (LSS) 4 and 5 of the
LHC with a total length of over 1000 m along the beam
line.

The focus of the simulation in this paper lies on circu-
lar hadron accelerators, since LHC’s gauge reading are
available for verification and additionally the FCC-hh
presents the ultimate goal of the design study. Never-
theless, the code PyVASCO is applicable to any other
type of particle accelerators, like lepton machines, linacs
and heavy-ion accelerators.



II. SETTING UP THE PHYSICAL VACUUM
MODEL

This section provides an introduction to the physical

quantities and laws that form the equation system of
the vacuum dynamics with the particle density n as un-
known. The variables introduced here are summarized
at the end of this section in TABLE I.
Mathematically, n represents the vector-valued density
function of the four dominating gas species Hy, CH,, CO
and CO, as observed in a mass spectrum for a ultra-high
vacuum (UHV) system (see Fig. 1).

n = (nm,,ncH,, Nco, 1CO,) " (1)

The framework of the Frenet-Serret coordinate sys-
tem [11] is an appropriate choice for circular colliders,
and the Cartesian coordinate system for straight linear
colliders. In any case, we will refer to the vector point-
ing in the direction of the beam as x. The horizontal
and vertical coordinates are noted by y and z, the time
is noted by t. UHV systems are characterized by a high
Knudsen number Kn > 10 with:

_ kpT
- V2r82pd’

where kp is the Boltzmann constant, T' the temperature,
d the beam pipe diameter, § is the particle hard shell
diameter and p the total pressure.

The pressure p of the gas and the particle density n in a
UHV-system are correlated via the ideal gas law:

Kn (2)

p=n-kp T 3)

For clarification, the total pressure is the sum of the par-
tial pressure values of each gas specie i:

The Maxwell Boltzmann distribution describes the par-
ticle speed v for ideal gases [7, 12]. The corresponding

10-10]
10—11
10—12

10713

Ion current [A]

10—14

1070775710 15 20 25 30 35 40 45 50
Mass [g/mol]

FIG. 1. Mass spectrum in a UHV system. The four peaks
correspond to the presence of Hy, CHy, CO and CO, gas par-
ticles. The measured ion-current can be converted to the gas
density with appropriate calibration coefficients.

mean velocity is given by

8kpT
mm

V= (4)
depending on the molecular mass m and T. Fick’s first
and second laws of diffusion [3, 13] define the fundamental
balance equation of the gas kinetics in a UHV-system.
We get the following equation for an isotropic medium
with a constant diffusion coefficient a:
2

o _an )

ot Ox?
if diffusion is one-dimensional. This assumption is ap-
propriate since most of the time the length of the vac-
uum chamber is much bigger than its cross section, thus
diffusion occurs mainly along the beam line. Further-
more, experimental data from the laboratory is also one-
dimensional since they measure the gradient of gas con-
centration along the x-axis.

The diffusion coefficient a depends on the particle’s
speed, its mass, and on the beam pipe geometry. Under
molecular flow conditions, a is given for cylindrical vac-
uum chambers by the specific conductance based on the
calculations of Knudsen [7, 14]:

d\2z d d3r

a_(2)” 3 VT2 Y (©)
In order to generate a correct mass balance, continuous
flow into and out of the system (see also subsection A,
B) , e.g. in terms of desorption or pumping, at a rate q
and r per unit volume, must be added to the right side
of Eq. (5):

on 0%n

a2

ot Ox?
Note, that the flow out of the system is always propor-
tional to the prevailing density n, whereas the flow into
the system can act independently of n. Local sinks and
sources, e.g. due to lumped pumps or outgassing related
to possible tiny leaks are considered in the boundary con-
ditions.

The idea is now to fragment the domain into a finite
number of elements, where q, r and a can be taken as
constant vectors. This allows to solve the equation sys-
tem (7) locally on each element. The piecewise solution
concept is identified by an additional index k (see Fig. 2).

Accordingly, appropriate intersection conditions com-
bine the solutions to a global model. The conservation

+q(z,t) —r(z,t)-n (7)

—_— TN+1
n; n;_1 Ng ny

FIG. 2. Segmenting domain in N parts. Solution nx describes
density on segment k.
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principle applied at the interface between two elements
k and k + 1 leads to density and flux continuity condi-
tions. Thus, it holds at the intersection point x; with a
lumped gas source g and a lumped pump s (ion-pumps,
turbomolecular pumps) that:

ng_ 1 =ng (8)

an—l an
_ = — 9
Dt Dt Sk — &k, 9)

where the total derivative for a space-and-time dependent
variable is given by [15, 16]:
Dn  On On
Dt ot Yor
Note, the change of sign in front of the term involving
the total derivative: The derivative at the beginning of

segment k points in the positive direction, while at the
end of segment k — 1, it points in the negative direction.

(10)

At the extremities of the vacuum chamber open bound-
ary conditions are assumed, hence only half of the pump-
ing speed and half of the gas release is considered.

Dn, S1 g1

Dt = S for x = z¢ (11)
D
l;ltN = SN2+1 ny — g]\;_l forz =xny11 (12)

Note, also periodic boundary conditions at the extremi-
ties present a possible choice that set n; and ny in the
sense of (8) and (9) in relation.

A. Flow into the vacuum-system q

There are four main phenomena, where particles are
added to the system. The first three phenomena, de-
scribed in the following subsections, are due to beam dy-
namic effects and are considered as the main impact on
the dynamic gas density. In these cases, energetic parti-
cles as photons, ions and electrons bombard the chamber.
If the energy spectrum of the impinging particles is in
the electronic structure of the beam pipe material, then
molecular desorption from the chamber walls may take
place. The desorption probability is described by the
parameter 7. Its value is mainly specified by experimen-
tal data. In general, we consider three different types of
impinging particles as photons, ions and electrons which
lead to different desorption phenomena:

1. Photon-induced desorption

Accelerated charged particles emit photons in the pres-
ence of magnetic fields. This process is called synchrotron
radiation (SR) [17]. Its impact on vacuum systems is
common for electron-positron circular colliders as for
LEP [18] and could also be observed for high energy-
proton ciruclar colliders as the LHC [19]. The total num-
ber of photons emitted per second and per meter is de-
scribed with the photon flux I'. It depends on the energy
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of the accelerated particle expressed by the relativistic
factor v and the strength of the magnetic field in terms
of the bending radius p:

5v/3y

I'=—" 13
24meghpc’ (13)

where £ is the reduced Planck constant, ¢ the speed of
light and €y the permittivity of vacuum. The process
of the photon-induced desorption depends on the energy
spectrum of the impinging photons and on the material
of the vacuum chamber. Nearly a linear dependence has
been observed between the critical photon energy E. in
the range from 10-1000eV and the desorption yield for
Nph, for the most commonly used materials of the beam
chambers [20]. E. is the median of the photon energy
spectrum:

3 he
Ec =5 3a
2p K
The derived desorption yield for a copper-lined chamber,
e.g. is given by [20]:
n(H,) ~ B
1(CO) ~ E; %,

n(CHy) ~ B,
1(COy) ~ Eg-'?

Note, that photons below 4 eV do not provoke desorp-
tion, consequently the previous formula is valid, when
the integral up to 4 eV presents only a small fraction of
the total integral. In [20], the photon induced desorption
was studied for a E, up to 300eV.

2. Ion-induced desorption

The beam can ionize the RGP [21]. Consequently
the generated positive ions are repelled by the positive
space charge of the proton beam and imping on the vac-
uum chamber walls, where they may cause desorption of
tightly bounded molecules from the surface. This phe-
nomena was observed for example in the Intersecting
Storage Ring (ISR) at CERN [22].

In this process the different gas species may influence

each other. The interaction is described by the desorp-
tion yield matrix

+ + + +
Tt »u, len,t-u, "Cot-H, Tco,*-H,
He — T, *»cn, len,t—»cn, "cot—cH, Tco,tcH,
on —
Ta,*»co  len,f»co "cot—co Moo, -co

+ + + +
T, *»co, "len,*—»co, "cot—co, Tco,*-co,

For clarification, the entry Hy; = Moo, —H, describes

the probability that a CO," ion desorbs a H, molecule.

The process of desorbed particles is thus described with
the product of the desorption yield matrix Hj,, and the
ion flux Ij,:

4
. 1
Hion . Iion 1N = E Hi,j . gO’j . l'lj,

j=1



where the summation runs over all impinging species j
that desorb particles of species i. The summand de-
scribes the product of the ion-induced desorption ma-
trix entry (H; ;) with the number of ionized particles
(L0, -n;), where I is the beam current, e the elementary
charge, o the ionization cross section and n the RGP den-
sity. The ionization cross section for energies greater than
100 keV for a gas particle is calculated in [23]. Addition-
ally, it is worth mentioning that o is also depending on
the ion energy, which in turn, depends on the beam cur-
rent, making the ion-induced desorption term quadratic
dependent on the beam current.

8. Electron-induced desorption - Electron cloud

The beam can generate some electrons from syn-
chrotron radiation, impinging ionized gas molecules and
spontaneous desorption induced by sufficiently high elec-
tromagnetic fields [24]. These primary electrons are ac-
celerated by the positively charged beam, that hit the
chamber wall and may produce a cascade of secondary
electrons. The electrons are accelerated towards the pos-
itively charged beam, they cross the chamber and hit
the wall again at the opposite side - producing more
electrons and lead eventually to beam instabilities and
gas desorption. This phenomenon depends in a complex
way on the beam and chamber parameters and also on
the bunch filling pattern. A CERN proprietary software
PyECloud [25] addresses this phenomena. Based on ob-
servations, we can conclude that the bigger the aperture
of the vacuum chamber, the longer is the duration that
an electron is accelerated, the bigger is the surface where
desorption can take place and the higher is the electron
induced desorption. In addition, it has been observed in
the LHC that the reduction of the bunch spacing to 25ns
causes a significantly increased electron cloud effect in
comparison to 50ns or to 100ns [26].

4. Other sources and summary of the total flow into the
system

Thermal desorption generates what is usually called
the static vacuum, which is present even in the absence
of the beam. For example, chamber walls and the
components within the chamber randomly release gas
which was adsorbed at the surfaces or entrapped into

the bulk of the material. Air and water vapour may
enter the system through leaks or permeate through
seals. Gauges and beam instrumentation provide an
additional source of outgassing.

Summarizing the flow into the vacuum system, gives
the following expression for q:

q(ac, t) = Hion . Iion n + Tiph th

ion-induced desorption photon-induced desorption

+ ne'Ne +
——

electron-induced desorption

7 d-Qin
——

thermal outgassing

B. Flow out of the vacuum-system r

Particles are continuously added to the UHV-system,
as we have seen in the previous section. Therefore suffi-
cient pumping systems have to be installed, in terms of
distributed and spatially localized pumps. The latter one
is mainly provided by conventional pumps e.g. ion pumps
or turbomolecular pumps. Apart from this, impinging
RGP may also stick on the wall due to thermodynamic or
chemical binding at the surface of the chamber. This de-
scribes then distributed pumping. For example, a special
surface coating of the vacuum chamber of Al Zr, Ti,V
and Fe, better known as Non-Evaporable Getter (NEG)
[27] induces distributed pumping. The RGP of H,, CO
and CO, are first chemically trapped by the NEG coating
and then adsorbed into the bulk of the material. After a
surface coverage of about one monolayer of adsorption of
CO and CO, on the surface, the NEG saturates and the
pumping efficiency drops down to negligible values. CH,
and noble gases are not adsorbed by NEG [28].
Distributed pumping also occurs in cryogenic areas, when
a gas-particle hits the wall and immediately condenses.
This phenomenon is known as cryo-pumping [29]. Gen-
erally, the number of molecules impinging on the wall
under molecular flow equilibrium conditions is given by

AV

4 )

where A describes the lateral surface of the vacuum
chamber, and Vv the mean velocity of the RGP as de-
fined in Eq. (4). In contrast to the distributed pumping
particles sometimes get pumped only at an orifice on the

beam pipe wall. For example, the holes in the LHC beam
screen provide a linear pumping [30].

(14)
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C. Problem description

The central part of the model are the balance equations and the boundary conditions, summarized here:
Mass-Balance equation for segment &k (discarding here the index & for each coefficient):

On 9’n . . - A-v
. =ao 2+77ph’]:1ph+ ne'Ne + Hion'-[ionon + A'ch — Qo O<n*Xcryone)7plon
ot dx _—  — —_— N 4 N
. - o Desorption by electrons Ionization by beam thermal — - linear
Time variation Diffusion p : : t i wall distributed pumpin i
of particles by photons and desorption by ions outgassing pumping pumping
Multigasmodel
Boundary and intersection conditions for segment £ — 1 and k:
ng_1(zx) = ng(zg) (16)
’ ’
—ag_qonj_,(z) +ar onl(zg) = sk o ng(zk) — 8k (17)
S1 g1
I
ayomy(a1) = o om(z1) — 5 (18)
SN+1 EN+1
’
—ayony(en41) = —5—ony(en4) - 7 (19)

Remark. The symbol o indicates a component wise multiplication of two vectors. The symbol’ indicates the normal

derivative at the boundaries.

Vectors are presented by lower-case bold letters (with the exception of Greek symbols) and matrices are presented by

upper-case bold letters.

III. ANALYTICAL SOLUTION METHOD

The introduced physical description of a vacuum sys-
tem provides us now a model, that needs to be solved.
We focus here on the solution concept from a mathemati-
cal point of view. The differential Eq. (15) has a solution
that can be written in an exact and closed form under
stationary assumptions. This assumption is applicable
after a specific amount of pump-down time or when the
accelerator operates at stable beam, then time variations
are negligible and a stationary solution delivers accurate
results. This leads to an elliptic partial differential equa-
tion with piecewise constant coefficients.

Introduced variables are summarized again at the end of
this section in Table II.
An equivalent stationary problem description of the bal-
ance equation is given by:
2

Ty = A(m)% + B(z)n + c(x)
with A,B € R*** and ¢ € R* being the matrix and
vector assemblies of the parameters from the previous
section:

(20)

A:a~I4
. A-v
B:Hion'Iion_ao 4 — P
AV . .
C = —Xecryo &0 One+nph'rph+ne'Ne+A’qth

The major challenge in solving this system lies in B. A
fully occupied matrix B couples the balance equation of
each specie with each other. The idea is to transform
Eq. (20) to a system of first order equations, for which
a solution concept is known [13, 31, 32]. Additionally,
the idea is to split the domain into a finite number of
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segments as it was already done in the previous section
(see also Fig. 2), so that Eq. (20) provides constant coef-
ficients on each segment. We solve the equation system
independently on each segment and connect the obtained
solutions with transformed intersection conditions. Thus,
we can finally formulate a global solution n:

n; () 11 <2< X9
ny(x) ro <z < a3

n(z) = (21)
ny(z) Ny <z < TNy1

A. Transformed problem description

The problem description (21) is converted to a system
of first-order linear equations with a change of variable.
This modification reduces the order by one, but also dou-
bles the amount of equations posed.

L n
Y=\ dn
dz

M — 0454 I, bo— 04x4
—A"B 04%4 ’ —A~ ¢
F, = (—51214 A) Py = (—SNglh A)

H, — O4x4 Sy = O4x4 Ogxa and
0454 —Ayg sply O4xq

(15)



TABLE I. Model parameters for physical description.

Symbol Dim Unit Description

n R* Particles/ m? vector-valued particle density function of Hy, CHy, CO and CO,

a R* m*/s Specific conductance

Tpn R photons/(s-m) Emitted photon flux by the bended beam in the magnetic areas

N, R electrons/(s - m) Electron flux impinging on the chamber wall due to the electron cloud phenomena

Tion R ton/(s - m) Ton flux, it is proportional to n

é é Number of high energy protons passing per second

Nph R* 1 Photon induced desorption yield (n > 0) describes the number of molecules desorbed per photon

Ne R* 1 Electron induced desorption yield (n > 0) describes the number of molecules desorbed per electron

Hion R**4 1 Ion induced desorption yield, probability that ion of specie ¢ desorbs molecule of
specie j for 4, j € {H,, CHy, CO,CO,}

A R m Lateral surface per unit-length of beam chamber

r Sinks of a UHV-system

q Sources of a UHV-system

dth R*  1/(m?s)* Thermal outgassing rate

«@ R* 1 Sticking coefficient

v R* m/s Average Maxwell-Boltzmann velocity of the four gas species

P R* m?/s Linear pumping per unit-length

N R 1 Number of segments

d R m Diameter

L R m Length of segment

T R K Absolute temperature of segment

Sk R* m®/s Pumping speed of lumped pump located on the beginning of segment k

b R m Spatial coordinate along beam line

Tk R m Intersection point of segment k — 1 and k

g R* 1/s Local punctual gas source (e.g. gas leak)

o ion/proton - m?  Ionisation cross section of residual gas molecules by high energy protons

ks m?’kg/(s*K) Boltzmann constant kg = 1.3806488 - 10~ 2

p R Pa Total pressure

P R* Pa Equivalent pressure for particle density n using ideal gas equation

Xeryo N x = 1 for cryogenic areas and 0 for room temperature areas

Ne R* 1/m® Background density without beam (static density)

2[q]= [%] is more common in practice. qi, = q - leOST

The problem description reads now as follows: is posed by the fundamental Theorem of Picard Lindelof

[33-35]. The index k is again discarded for readability.

dy For each segment k, the solution y(z) can be stated as
Y (r) = My(w) + b (22)
y(z) = @My 4 / G (26)
Hy_1yk-1(L) — (Hg + S)yr(0) = g, (23) P(z) <
F1y1(0) = —g1 (24) z(x)

Fyyn(@ni1) =8gn+1, (2D) for o, <o < xpqa.

The integration constant u needs to be determined from
the boundary and intersection conditions, demonstrated
in subsection C. P(z) describes the fundamental system
and z(z) represents a particular solution of Eq. (22). The
integral in z(z) can be solved to

z(z) = (P(z) — Is)M~'b (27)

where (22) describes the balance equation, (23) the in-
termediate condition, (24) the initial condition and (25)
the end condition.

B. Solution for segment £

The existence and uniqueness of a solution y(z) for
segment k to the Eq. (22) with an arbitrary constant u

The solution for an invertible matrix M, in case of a no-
beam simulation, where B equals a zero-matrix, is shown
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later in section D.
The validity of the solution (26) can be easily verified by
differentiation.

C. Global solution by implementing boundary and
intersection conditions

The local solutions yx(x) are now connected with
boundary and intersection conditions to form the global
solution y(x) (similar to expression (21)) and to deter-
mine the integration coefficient uy.

Some algebraic transformations of the boundary con-
ditions are needed to proceed. We know that:

y(0) = P(0) - u +2(0) (28)
y(L) = P(L) -u+z(L) (29)

We use (28), (29) to transform (23) to the form

( 1’f> =TM(k — 1,k) ( ’“1—1> , (30)

where TM € R%? describes the transformation matrix
that maps the unknown u from segment k-1 to segment
k. TM has the following form for 2 < k < N:

TM(k — 1,k) =

[(Hi + Sk) - Pr(0)] "
H;,_P,_1(L)

-8, +Hp_12,1(L) —
(Hg + Sg) - Zk(0>

0uvnen 0 | 1

This form can be deduced by the transformation of the
intermediate conditions and further elementary algebraic
calculations. For more details see Appendix A.

We observe with this the following expression that
maps the integration coefficient of the first segment to
the last segment.

N
( 1N> = IgTM(k,k -1)- ( 11) (31)
— —

=:SM

The transformation product defines a new matrix SM.
In the same way we use (28),(29) to modify (24) and
(25):

Let Fi,Fy € R*? and uy, uy € R, then we can write:

—_ =y

o —— 0

(BP0 | Fiz0) +e )(1111>: 8
0

0

(FNPN(L) ‘ FNZN(L)—gN+1) <u1N>— 8
=Fx —— \0
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Note, that the additional vector entry of Ty is required in
order to also describe constant algebraic transformations
in the boundary conditions.

We rewrite the boundary conditions now to the final
system of equations:

0
SM —I(9x9) .
f Ouxo) (T =] e
0(4x9) Fy uy :
0...01] 0...0-1 ) 277 8
cR18x18
cR18x1

Solving Eq. (32) with a Gauss-Jordan elimination algo-
rithm [36], using the transformation-identity of Eq. (30)
and evaluating (26), gives us the solution y(z). The back-
ward transformation of y defines the particle density n
at each axial point of the simulation domain.

D. Special case: Single-gas model

The equation system (20) becomes decoupled, if the
gas species do not interact with each other. This is the
case when the ion-induced desorption matrix H;,, is di-
agonal, or if H;,, describes the zero-matrix in the case
of no beam.

Note, that a diagonal matrix of H;,, can be forced
to approximate the solution by the following transforma-
tion:

YSH o
l

2.0

!

We solve the equation system individually for each gas
species using an exponential approach n(z) = exp(Ax)
for a A € R. This gives us the following real solutions
n;(z) of Eq. (20) for the gas specie i: n;(z) =

I'_'Iion —

single

(33)

b b c
Cl-exp(\/—ax)—i—Cg-eXp(— —Ex)—g forb<0
b b c
C’l-cos(\/;x)—i-Cg-sin(\/;m)—b forb >0
C’l—l—ng—ixQ forb=0
2a

a,b and c are in this case one dimensional coefficients of
gas specie ¢ and n; is its one-dimensional density func-
tion. The integration constants C; and Cy can be easily
obtained with the boundary and intersection conditions,
following the simplified solution concept from the previ-
ous subsection.

IV. VALIDATION OF THE MODEL BY
BENCHMARK EXAMPLES

The model has been thoroughly tested in the frame-
work of benchmark examples and real-case scenarios for



TABLE II. Model parameters for mathematical description.

Symbol Dim Description
y RS vector-valued function describing the RGP density
and its derivative
I R**4 Identity matrix
O4x4 R**4 Zero matrix
04 RrR* Zero vector
T R Spatial coordinate along beam line
T R Intersection point of segment £ — 1 and k
A, B R*** Coefficients of balance equation
c R* Coefficients of balance equation
M R8*X8 Coefficients of transformed balance equation
b RS Coeflicients of transformed balance equation
P R8*® Fundamental system of transformed balance equation
z RS Particular solution of transformed balance equation
u RS Integration constants of balance equation
u R® Integration constants of balance equation with
an artificial extra vector entry at the end.
Fi1,Fn R**® Coefficients of boundary conditions
F1,Fn R**? Coefficients of homogenized boundary conditions
H,S R3*® Coefficients of intersection conditions

Hion, Hion R**? Ion- induced desorption matrix wrt multi-

and single-gas framework

g R* Local lumped gas source (e.g. leak)

Sk R4
of segment k

g R® Coefficients of intersection conditions

T™™ R9%9 Transformation matrix: maps coefficients
from segment (k-1) to k

SM R%9 Transformation matrix: maps coefficients from
the first segment to the last one.

n(x) R Particle density for one gas specie
(Single-gas framework)

a,b,c R Coefficients of balance equation for one gas specie
(Single-gas framework), e.g. a = A1

Cp,Co R Integration constants of balance equation

(Single-gas framework)

the Large Hadron Collider (LHC) at CERN. We give five
representative examples out of the many used as bench-
mark for this study.

The analytical model presented in this paper is referred
to as “PyVASCO?” in the following section.

A. Crosscheck with Molflow+

Molflow+ uses a stochastic approach to simulate the
RGPs with Test-Particle Monte Carlo methods for one
gas specie at a time. Molflow+ traces the trajectory of
virtual particles from the gas source to the pumping loca-
tion and derives from this the RGP density in the vacuum
chamber. The advantage of Molflow+ is that it can con-
sider complex geometries. PyVASCO, on the other hand,
can consider multiple gas species at a time and beam in-
duced effects. As a side-note, Molflow+ can also consider
photon induced desorption by coupling Molflow+ with
the closely related program SynRad+ [8]. To meet the
assumptions of both models, we choose a simple cylin-
drical geometry and put the ionization matrix to zero to

avoid intermolecular dependencies. We explicitly tested
variations of outgassing rates q, sticking coefficients «,
conductances and diameters. In these benchmark ex-
amples both models show a very good agreement. For
readability reasons, all figures and tables are inserted at
the end of the subsections.

The geometry for the first three examples is visualized
in Fig. 3. It is one single beam pipe consisting of two
materials M; and My defined in Table IV-VI.

1. Example - Variation of mass

The first example represents the influence of the par-
ticle’s mass to the density distribution. Explicitly, the
conductance depends on the mass of the RGP, hence dif-
ferent gas species provide different conductances. Ta-
ble IIT lists the molecular masses of H,, CH,,CO and
CO,. Fig. 5 presents then the simulation output for
the distribution of the particle density assuming the
same outgassing q and sticking « properties for each gas
species. The results confirm the well-known fact that the
higher the molecular mass of the specie, the lower is the

Pumping speed of lumped pump located at the beginnin%onductance and the higher is the RGP density.

2. Ezxzample - Variation of outgassing rate

This and the following two examples simulate only the
density distribution of H, particles for the geometry of
Fig. 3. Example 2 focuses on the behaviour of different
outgassing values q to the simulations. The results are
presented in Fig. 6 and they clearly show a linear relation
among the different outgassing coefficients q. This is an
expected result.

8. Ezample - Variation of sticking coefficient

Example 3 determines the effect of different sticking
factors to the density profile. Fig. 7 shows that its ef-
fect can not be as easily deduced as it was in Example 2
for the outgassing rate. The reason is that the amount
of particles removed from the system due to the stick-
ing coefficient is depending on the prevailing density, see
balance Eq. (15) from the previous sections.

4.  Example - Variation of diameter

Example 4 is applied to the geometry of Fig. 4 of ma-
terial M3 and My listed in Table VII to test the effect of
different geometries. The vacuum chamber is described
by four segments with an increasing diameter from 100
- 400mm. The results in Fig. 8 show a good match ex-
cept for the last case that assumes a very high sticking
factor a > 0.1 and zero outgassing. We want to note
here, that this is an hypothetical test case and there
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are barely domains in the LHC where this configura-
tion could be found. The explanation of the underes-
timation of the density profile is due to the beaming ef-
fect. This means, that particles from a gas source may
propagate along the vacuum chamber direction and these
particles do not experience the sticking coefficient at all
and increase the density in a domain several meters fur-
ther away. The piecewise solution implemented in our
simulation-method cannot capture such an effect [37].

A solution to this problem is to set an additional very
small outgassing rate q = 10_14% in the correspond-
ing domain, here it is set at the first segment that has a
diameter of 100mm. The result is plotted in Fig. 9.

5. Observations - PyVASCO vs. Molflow+

All benchmark examples show a good match between
the analytic code PyVASCO and the Monte-Carlo code
Molflow+. The fact that two models with different ap-
proaches give the same result increases the credibility of
both simulation codes.

Mo Mo

FIG. 3. Geometry for Example 1-3: One beam pipe with
two materials M; and Mo

Mj

My My My

FIG. 4. Geometry for Example 4 with materials Ms and My

TABLE III. Mass of the four main gas species in a UHV
system [38].

\ H, CH, Cco co,
mass|g/mol] ‘ 2 16 28 44

TABLE IV. Material M1 and M2 specifications for Example 1.

\ a q x 10 12[mbar]
M; 8.1072 3.97
Mo 10712 39.8

TABLE V. Material M; and M2 specifications for Example 2
(only H,).

TABLE VI. Material M1 and M3 specifications for Example 3
(only H,).

‘ (31 (o) s HX 10~ 14
My 10~° 1074 1073 8
Ma 10713 10712 10~ 11 800

‘ a [Ch 92 qs q4] x 10714 [mbar]
M, 8.1072 1000 100 10 1
Mo 10712 10000 1000 100 10
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TABLE VII. Material M3 and My specifications for Example 4
(only Hy) .

‘ a as o3 Q
Mg 1078 10~2 10~ 10~10
My 1073 1072 1071 0

]

Particles
m3

02
N
! ! ! !
0 5 10 15 20 25
Axis along beam line [m]
FIG. 5. Example 1: Conductance variation in comparison

with PyVASCO (solid line) and Molflow+ (dashed line) for
the geometry of Fig. 3.
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FIG. 6. Example 2: Outgassing variation for Hy in compar-
ison with PyVASCO (solid line) and Molflow+ (dashed line)
for the geometry of Fig. 3.
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FIG. 8. Example 4: Sticking variation for H, in comparison
with PyVASCO (solid line) and Molflow+ (dashed line) for
the geometry of Fig. 4.

B. Sensitivity of the ion-induced desorption

We study in this subsection the sensitivity of the ion-
induced desorption phenomena (see subsection I11.A.2) on
the simulation output. A high beam current and a fully
occupied matrix Hjo, imply that the different gas-species
influence each other and hence mathematically one nu-
merical instability of one gas-specie can map to the other
gas species. Hence, an emphasize lies on a stable influ-
ence of this phenomena.

We study therefore the variation in the output, when
we use a multi-gas framework (Hpuyi), a single-gas
framework ( Hgingle) and a zero-beam framework ( Hyero)
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FIG.9. Example 4: A high sticking factor makes beaming ef-
fect visible; comparison PyVASCO (solid line) and Molflow+
(dashed line) with corrected outgassing q.

with:

0.54 0.1 01 0.1

g _ |01 0501 01
multd 01 0.1 054 01|’

0.1 0.1 0.1 0.54
Hsingle = diag(Hmulti)7 Hzero =0- Hmulti

Fig. 10 shows the 6 m long cylindrical vacuum chamber
that we use for this analysis and Table VIII lists the
parameter of pumping speed and outgassing rate. The
material has no sticking property in this case to illustrate
the ion-induced desorption dynamics better.

We compare all three frameworks in Fig. 11, with
the presence of a weak beam (I = 0.01A). The matrix
entries of H°" are therefore all close to zero and we
expect, as shown also in Fig. 11, three times the same
result.

In Fig. 12 we see, how a higher beam current of
I = 10A influences the output for the single-gas frame-
work; the result is as expected. A higher current implies
more collisions of beam particles with RGP, which
consequently get ionized. They impinge on the wall and
hence increase the ion-induced desorption. The heavier
CO, molecules present a higher ionization cross-section
than for example H,. The density increase for a higher
beam current is therefore stronger for CO, than for H,.

Fig. 13 reflects the difference between the multi-gas
framework and the single-gas framework at a high beam
current (I = 10A) and hence especially analyses how
the off-diagonal entries influence the result. Firstly,
we observe a different values in the density profiles.
The additional cross-desorption probability from the
off-diagonal entries causes this reasonably small increase.
Secondly, the shape of the profile remains the same, as we
expect from a stable model, when the input parameters
are changed only by a small quantity. Thirdly, H, shows
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FIG. 10. Beam-pipe with three pumps to test the ion-induced
desorption sensitivity.

TABLE VIII. Parameters for pumps and material properties
of Fig. 10.

\ H, CH, co Co,
s1[1/s] 1100 1100 1100 1100
s21/s] 550 550 550 550
qfmbarl] 10710 1 1 1 1
o 0 0 0 0
o x 10728 4.45 31.8 27.5 42.9
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FIG. 11. Comparison of zero-beam (solid line) and single-

gas (dashed line) and multi-gas (dotted line) framework with
current [ = 0.01A

the biggest increase in its density. The reason is that the
ion-induced desorption is proportional to the prevailing
density n. This means that the higher density of CO,
has a stronger influence on the density of H, than inverse.

Concluding, the results for testing the sensitivity of the
model to the coupled equation term of the ion-induced
desorption reflects a stable model and gives no indication
to any instabilities.

V. VALIDATION OF THE MODEL IN
COMPARISON TO LHC GAUGE READINGS

The last step to validate the model lies in the com-
parison of the simulation results with measured data
from gauges in the LHC. The LHC containes eight long
straight sections (LSS) consisting of two parts of about
265 meters with a point of interest (detector) in the mid-
dle. The CMS experiment is installed in one LSS and we
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FIG. 13. Difference between single-gas with Hsingle (solid

line) and multi-gas with Hwyui (dashed line) simulations,
both at I = 10A.

compare the pressure gauge readings in this area for a
beam of 6.5 TeV with our simulations.

The simulations contains a combination of many dif-
ferent density regimes driven by the 14 varying input
of geometries, materials and beam induced effects. We
divided the domain into 464 segments on which we as-
sumed constant values for the parameters. The segments
are connected with the intersection conditions (16) de-
scribed previously.

The collision point is at the centre of the simulation do-
main. This area is dedicated to provide the lowest possi-
ble gas density. The components of the vacuum chamber
on both sides of the collision point are roughly symmet-
ric: The inner triplets, with high magnetic gradients to
focus the beam for the collisions; the normal-conducting
separation magnets, that splits the vacuum chambers in
two separate parts for each beam; the so called disper-
sion suppressor that is connected then to the arcs (see
Fig. 14).



FIG. 14. Sketch of the CMS experimental area: 1: Arc, 2: Dis-
persion surpressor, 3: Long Straight Section, 4: CMS experi-
mental area, 5: Inner triplet, 6: Recombination chamber

A. Geometry and material assumption

The LHC database stores all the parameter specifica-
tions of the vacuum chamber [39-41]. For our calcula-
tions, we have extracted from the database the diameter,
length and material specification, that affect the conduc-
tance, thermal outgassing and sticking probability.

1. Arc

The bending arcs consist of a repetitive structure
of three times 15m long chambers for dipole magnets
and of shorter 6m long chambers for focusing magnets
and beam instrumentation measurements. The vacuum
chambers or so-called cold bores are joined by a short
stainless steel bellow. The diameter of the cold bores
are small about 40-60mm and additionally, a racetrack-
shaped beam screen is implemented inside the chamber
[307 ]. To avoid multiple reflections of the photons on
the wall a so-called sawtooth surface is indented on the
internal side of the beam screen, where the primary syn-
chrotron radiation photons hit. The sawtooth profile is
characterized by a reduced photon reflectivity which al-
lows localisation of the molecular desorption and of the
photoelectrons (see e-cloud effect in subsection 3). In the
strong magnetic regions (as in the arcs) the cold-bores of
the superconducting magnets are cooled by liquid helium
at 1.9-4.5 K. They act as distributed cryogenic pumps,
via the pumping slots on the beamscreen.

2. Transition area

The vacuum chambers of the straight sections are gen-
erally kept at room temperature. All transitions from
cryogenic to room temperature chambers happen within
half a meter containing usually a valve, a vacuum mod-
ule with beam instrumentation equipment and flanges at
their extremities. These chambers are connected with
bellows that compensate thermal expansions due to the
large temperature gradients during the commissioning of
the system.

3. Straight Section

The vacuum chambers in the straight sections are at
room temperature and are principally made out of cop-
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per with an additional NEG coating, in order to reduce
photon-induced desorption and the generation of sec-
ondary electrons. In between NEG coated parts, there
can be short higher outgassing parts found, e.g. vacuum
modules with beam instrumentation or beam collimation
equipment. Collimators are often located before sensitive
instruments, close to the detectors and at the end of mag-
net assemblies to intercept stray particles. The most crit-
ical area, the vacuum chamber in the centre of CMS, is
made out of beryllium. This material has a higher radia-
tion length than copper to provide a higher transparency
to, and lower absorption of, the exotic particles resulting
from the beams’ collisions. Generally, the diameter in the
straight section varies from 80 to 230mm. It reaches its
maximum aperture in the recombination chamber, where
two beam lines combine into one common chamber.

4. Material properties

The realistic outgassing rates and desorption coeffi-
cients for the materials are estimated on the basis of
laboratory results measured by the BVO section of the
vacuum group[42] or by reference values from literature
[43-45], [38, 41]. However, material treatment for ultra-
high vacuum, like vacuum firing, bake out, activation and
beam-conditioning are special treatments, and therefore
parameters may vary in time and from standard values
in the literature.

5. Beam induced parameters

During the operation, beam induced effects are the
predominant factor that influence the RGP density and
hence increase it by orders of magnitude. Fig. 15 shows
the correlation between the dynamics of the beam energy
and the readings of one specific pressure gauge.

Photon and electron induced desorption take place es-
pecially in the magnetic areas of the LHC, which present
about 90% of the total accelerator.

Formula (13) implies a photon flux generated by the
dipoles in the arcs of

1.5414 - 10%
Ipp=——F——=8.77- 10'Photons/(m s) (34)
2pm
—_ S
5 x10710 2
E 8 © &
e 6 4 2
a 4 v
g 2 e
Time
FIG. 15. Time dynamics of gauge VGI.220.1R5.X (blue

curve) in the common beam chamber close to CMS from
25.09.2016 to 28.09.2016, derived from [46] and compared to
the time-dynamics of the beam energy (red curve).
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FIG. 16. Distance s between the generation of a photon and
its impingement on the wall in the relativistic case.

where p = 2795.84 m, I = 0.5 A and F = 6.5 TeV. Addi-
tionally, we consider that synchrotron radiation emitted
by the beam travels tangentially to the orbit, deducing a
spread between the location of the generation of the pho-
tons and their impingement on the chamber wall. This
distance can be up to 20 meters and it depends on the
geometry of the beam chamber (see Fig. 16).

This implies two consequences for the input param-
eters: Firstly, there may be photons impinging on the
following chambers downstream of the radiation source
points even if there is no magnetic field present. Thus,
we must take into account a longitudinal shift of the im-
pinging photon flux at the appropriate spot in our sim-
ulations. Secondly, a change in the geometry may cause
a high spike of impinging photons, when a chamber is
smaller than the previous one. Beam collimators for ex-
ample provide a small variable chamber aperture to re-
move the beam particles in the halo and consequently
are subjected to a high photon bombardment [47]. Ad-
ditionally, synchrotron radiation is also produced by an
off-axis beam in quadrupoles and orbit correctors. How-
ever the magnetic strength of these magnets is much less
compared to the bending magnets in the arcs. The crit-
ical energy E. for dipoles in the LHC can be estimated
with 40eV, whereas the strong focusing quadrupoles be-
fore the experiments provide a maximum of 9eV.
Summarizing, the distribution of the photon flux in the
arcs is characterized by a more or less continuous dis-
tribution, whereas in the straight sections it consists of
distinct peaks.

The electron cloud is strongly depending on the cham-
ber diameter, the material, bunch spacing and the beam
energy and intensity.

Moreover, two beams are present in the common cham-
bers of the LHC, that leads to a significant beam-induced
density increase especially in the quadrupole triplets close
to the detector.

In addition, the study of the evolution of the heat dis-
sipation @ on the vacuum chambers may also give a hint
for values of the beam induced parameters. These pa-
rameters are as well logged in [46]. It holds that:

Qneat = Qsr + Qic + Qrc, (35)
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where SR refers to synchrotron radiation, IC to image
current and EC to electron cloud.

B. LHC gauges

There are a total of 98 gauges installed in the area of
CMS that monitor the vacuum dynamics. The final goal
now is to compare the simulation output with the read-
ings of the installed gauges. Most of the LHC gauges
are inverted-magnetron penning gauges (IKR 070, Pfeif-
fer), which mainly measure down to 10~ !'mbar. However
for beam lifetime and radiation background reasons, the
pressure in the LHC is in some parts lower than this
value, and therefore they serve mainly as an alarm sys-
tem that indicates potential vacuum degradation. This
explains the rather high gauge reading in the NEG-coated
recombination chamber in Fig. 19, located about 100 m
left and right from the CMS interaction point. Bayard-
Alpert ionization gauges (SVT 305) are also employed.
These measure down to values of the order of 10~?>mbar
[48].

For our discussions here, we derived the gauge’s read-
ings of four very similar runs from mid-August to the
end of October in 2016 indicated with a fill number
of 5211, 5338, 5416 and 5451 from the LHC logging
database [46]. In Fig. 17 the time evolution of the gauge
VGPB.242.7L5.B is plotted for the Fill 5211 and 5338.
This graphic should visualize that fills with similar pa-
rameters provide similar results. The slight difference
is due to a higher monitored emittance for beam of Fill
5211. The monitored pressure value of the gauges is ni-
trogen equivalent and therefore the gauges’ sensitivity to
different gas species must be taken into account in our
calculations. Unfortunately, the harsh radiation environ-
ment of the LHC tunnel does not allow the installation
of residual-gas analysers and their delicate electronics.
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FIG. 17. Time evolution of penning gauge VGPB.242.7L5.B
for Fill 5211 (orange line) and Fill 5338 (blue line).



FIG. 18. Screenshot of the simulation program “PyVASCO”.

C. Results and discussion

The RGP density in the experimental area around
CMS provides many different characterizing aspects,
that are visualized as our main result in Fig. 19.

We implemented the model in a Python environment
and embedded it in a graphical user interface based on
the library of PyQt [49-52] (see Fig. 18). Results are
calculated within less than a minute.

Fig. 19 shows that the general goal is fulfilled, that the
maximum density in the LHC should not exceed 101°H,-
equivalent gas particles per m® in the presence of the
circulating beams. The RGP density in the experimental
area is even by orders of magnitude lower to minimize
the background noise to the experiments. Hence, a beam
lifetime in the order of 100 hours supports an efficient
operation of the high energy experiments with respect to
vacuum requirements.

The four different graphs in Fig. 19 represent the pre-
vailing densities of Hy, CH,, CO and CO,. Their different
shapes symbolize their different behaviours. Hydrogen
constitutes the major part of the gas load. Hydrogen’s
low mass and low binding energy compared to the other
gas species results in a higher probability of beam in-
duced desorption and a higher thermal outgassing of the
vacuum chamber walls.

The shape of the plot of Hy, CO and CO, show a sim-
ilar structure. CO and CO, are of the same order of
magnitude. The biggest difference of each gas specie’s
value can range of three orders of magnitude.

The different materials are represented by different
colours in the geometry sketch of CMS in Fig. 19. As
an outline, cryogenic areas are marked in dark blue with
a grey background, room temperature areas are marked
in red.

The biggest density gradient can be observed in the
transition areas from room temperature to cryogenic
area. The following relation holds:

ny o TQ
ne VT (36)

This tells us that the RGP density in areas with lower
temperatures is higher than in areas with higher temper-
atures, assuming the same material specifications. Ad-
ditionally, the high density has to be related with beam
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induced effects that occur mainly in the arcs. The den-
sity profile also visualizes the importance of the beam
direction. The density is slightly higher, when the beam
travels from the arcs to the Straight Section, because of
the fact that emitted photons can travel several meters
until they imping on the wall (see Fig. 16).

The density plot for hydrogen shows some peaks in the
arcs. They appear exactly at the interconnects between
two vacuum chambers. In this part the liquid helium
cooling pipe on the beam screen is usually absent for a
few centimetres, which leads to a slight temperature rise
and hence the hydrogen equilibrium density goes up.

Otherwise, cryo- and NEG pumping results in a flat
line, at the equilibrium of surface pumping and degassing.
Lumped pumps are only located in room-temperature
areas.

Thin-film NEG coating deposited along all room-
temperature chambers, capture getterable gas species
such as H,,CO and CO,. This configuration provides
very efficient distributed surface pumping. Methane is,
due to its closed-symmetric atomic structure, not react-
ing with the surface and is not pumped [28]. This is
the main reason, why the density profile of methane is
clearly different from the other gas species. Methane is
only pumped by lumped ion pumps. Its pressure pro-
file therefore resembles a parabola from one pump to the
next. This can be seen very well between the quadrupoles
Q4 and Q7 in Fig. 19 about 250 m right of the CMS-
interaction point. Its should be added that there are
indications that CH, is also pumped by beam-ionisation,
and therefore if this effect is not taken into account the
density curves for this gas are to be intended as worst
case scenario [23]. The low RGP deunsity in the collision
area is due to the outgassing characteristics of beryllium
and the extremely low photon bombardment in this area.

VI. CONCLUSION

This article introduces a mathematical model and a
computer code to calculate and efficiently forecast the
residual gas particle density in a particle accelerator.
This quantity should be kept as low as possible to sup-
port an efficient operation of the machine. Several ef-
fects influence it and make this requirement challenging.
Among them are beam-induced effects as well as thermal
outgassing, diffusion inside the chamber and interactions
among the different residual gases. The idea was to com-
bine all of them in one mathematical model which gives
as output the density distribution of the four dominating
gas species Hy, CH,, CO and CO, inside a beam pipe.
A mass-balance equation system of second order serves
this purpose. Based on mathematical theorems a solu-
tion was found and the fundamental steps to this goal
have been shown.

The validation of the model was established by a cross
check with the Test-Particle Monte Carlo code Molflow—-,
a sensitivity analysis of the ion-induced desorption term
including a comparison between the single-gas and the
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FIG. 19. Vacuum simulation of the Long Straight Section with the CMS detector located in the middle: a) total pressure plot,

b) density plot of the four gas species and ¢) a geometry sketch.
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multi-gas framework, and finally by a comparison to
gauge readings in the LHC. The latter cross-check was
presented for the Long Straight Section close to the CMS
experiment. All these simulations show reasonably mean-
ingful results and consequently suggest realistic replica-
tion of the vacuum environment. The knowledge on how,
where and why these values influence the vacuum qual-
ity provides consequently a great aid in the design and
analysis of vacuum systems. In addition, the results are
computed rather fast in less than 30 seconds, even for
large simulation domains.

This model provides the potential to undergo detailed
parameter variation studies, hence to understand the
main influencing effects at different locations and there-
fore to detect critical configurations in advance that could
lead to vacuum degradation.

Nowadays, CERN’s new challenge is to develop con-
cepts for post-LHC circular particle colliders (FCC) [10]
and the next step is to use this simulation model to
present a variety of possible designs and to choose among
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them, in agreement with further specifications, the best
possible solution.
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Appendix A: Algebraic transformation of intermediate boundary condition

The value of the unknown y is posed once at the end of segment k-1 and once at the beginning of segment k. For the
posed solution function y by the Theorem of Picard Lindelof, we always need to know the value of y at the beginning

of each segment.
We start with the initial conditions

Hyyyr—1(xr) — (Hg + Sk)yr(zx) = Gy,

and use the identity (28) and (29), we receive:

Hy 1 (qu(L) “Yo(k—1) + Qk71(L)) — (Hy + Sk) - (Pk(o) Yok + Qk(O)) = Gy

(Hy + Sk) - (Pk(o) Yok + Qk(o)) =—Gr+ Hi—1 (Pk—l(L) “Yo(k—1) T Qkfl(L))

=i(+)

Pr(0) - yor + qr(0) = —(Hg + Sk)_le + (Hk + Sk)_lHk_l(*)

=: (%)

yor = P (0) (Hy + )7 G+ PH(0) - () — Py i (0)

=:MeR®*®

Yok :’ PY(0) - (Hy + Sk) " Hy—1Py—1(L) ‘ Yo(k—1) +

=:weR®

—Pgl(O)(Hk + Sk)_le- + PEI(O) . (HK + Sk)_lHk_lqk_1(L) — Pglqk(())

Some more algebraic transformations give finally:
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Sets of Bounded Remainder for the Billiard on a
Square
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Abstract

We study sets of bounded remainder for the billiard on the unit
square. In particular, we note that every convex set S whose boundary
is twice continuously differentiable with positive curvature at every
point, is a bounded remainder set for almost all starting angles « and
every starting point x. We show that this assertion for a large class of
sets does not hold for all irrational starting angles .

Keywords: Bounded remainder set, billiard path, discrepancy, distribution
modulo 1, unfolding-technique.

1 Introduction and Statement of results

In this paper we will be concerned with bounded remainder sets for the
two-dimensional billiard on the unit-square I? = [0,1)2.

Definition 1. Let x = (z1,22) € I? and let « € R\Q. We say that the
function Y : [0,00) — I? defined by

x1+ 1t
2

To + at
L2-=5—I)  0=t<eo, (1)

Yt)=©2-|

where ||z := mi% |z — al, is the two-dimensional billiard with starting slope
ae

a and starting point x.

*The first author is supported by CERN, European Organization for Nuclear Research,
Geneva, as part of the Austrian Doctoral Student Programme.
**The second author is supported by the Austrian Science Fund (FWF): Project F5507-
N26, which is part of the Special Research Program "Quasi-Monte Carlo Methods: Theory
and Applications".



It is easily checked that this definition indeed coincides with our image
of a real billiard-path in the unit interval.

slopg «

Figure 1

Definition 2. Let S C I? be an arbitrary measurable subset of the unit
square with Lebesque measure \(S). We say that S is a bounded remainder
set for the two-dimensional billiard with starting slope o and starting point
x = (w1, 32) € I? if the distribution error

T
AX(S, o, x) = /O Xs(Y(£) dt — TAS) (2)

is uniformly bounded for all T > 0. Here, Xg denotes the characteristic
function for the set S.

Distribution properties for continuous motions in an s-dimensional unit
cube were studied for example by Drmota in [3] (see also [4] or [7]) and quite
recently by Beck [1]. Beck ([1], [2]) especially studied continuous irrational
rotations and billiard paths.

For the two-dimensional billiard path for example he showed the following
surprising result:

Theorem. (Beck) Let S C I? be an arbitrary Lebesque measurable set in the
unit square with positive measure. Then for every e > 0, almost all « > 0
and every starting point x = (x1,x2) € I? we have

AY(S a,x) = O((logT)?“Le). (3)

As pointed out by Beck, the poly-logarithmic error term is shockingly
small compared to the linear term TA(S). Moreover, it holds for all mea-
surable sets S.
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It is thus natural to ask if imposing certain regularity conditions on S could
give an even lower bound on the error term.

We will show in the following that the estimate of Beck indeed can be sig-
nificantly improved for a large collection of sets S. We show:

Theorem 1.

a) For almost all o > 0 and every x € I?, every polygon S C I?* with
no edge of slope o or —« is a bounded remainder set for the two-
dimensional billiard with starting slope o and starting point X.

b) For almost all o > 0 and every x = (x1,22) € I?, every convex set
S C I? whose boundary 08 is a twice continuously differentiable curve
with positive curvature at every point is a bounded remainder set for
the two-dimensional billiard with starting slope o and starting point X.

We will see in the proofs of these results that this Theorem easily follows
from an analogous result shown in [5] for the continuous irrational rotation
X(t) := ({z1+t},{z2a+at})i>0, and by the “unfolding-technique” suggested
by Beck in [2].

It is obvious that the results given in Theorem 1 do not hold for a rational
slope a.

However one could ask whether the results can be improved first by omit-
ting the condition on the slopes of the edges of the polygon S in part a) of
the Theorem and, second, whether both results maybe are valid even for all
irrational slopes «.

We will give an easy argument that indeed the condition on the slopes of
the edges cannot be omitted in general. Moreover, we will prove - and this
will be the main effort in this paper - that the results of Theorem la and
1b in general do not hold for all irrational a.

Le., we will show:

Theorem 2.

a) For every a > 0 there is a polygon S with an edge of slope o or
—a such that S is not a bounded remainder set for the billiard with
starting-slope . and for any starting point x.

b) For every m € |0, 1)2 there are uncountably many radii r, dense in an
interval of positive length, such that there is a slope a and a starting
point x such that the disk with midpoint m and radius r is not a set



of bounded remainder with respect to the billiard with starting slope «
and starting point x.

In Chapter 2 we prove Theorem 1 and Theorem 2a. In Chapter 3 we
carry out the main work, namely the proof of Theorem 2b.

2 Proofs of Theorem 1 and of Theorem 2a

The proofs of these two results can be traced back to the results given in [5]
via the technique of unfolding.

As was pointed out in detail for example by Beck in [2] the technique of
“unfolding” a billiard path ( see Figure 2 )

Figure 2

shows that the problem of uniformity of a billiard path in the unit square
with respect to a given test set S is equivalent to the problem of uniformity
of the corresponding continuous rotation in the 2 x 2 square, where each one
of the four unit-subsquares contains a reflected copy of the given test set
(see Si,S3,853,S5s in Figure 3) Of course this again can be reduced to the
problem of studying continuous irrational rotation in [0, 1)? with respect to
a factor 1/2 reduced versions of Sp, S2,S3,94.
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2

s

Figure 3

So in all the following, when studying the distribution error A%(S, a, X)
for the two-dimensional billiard this task can be traced back to the inves-
tigation of the distribution error A% (S, a,x) for the continuous irrational
rotation where S consists of four mirrored and by a factor 1/2 reduced copies
of S lying symmetrical to (1/2,1/2).

Proof of Theorem 1.
Theorem 1 follows immediately from the above considerations on the un-
folding technique and from Theorem 1 and Theorem 2 in [5]. O

Proof of Theorem 2a.

Let o > 0 be given. Consider first a triangle S (see Figure 4) with corners
in (a,1), (1,1 —aa), (1,1), where a is such that 0 < aar < 1 and such that
a # 2{ka} for all k € N.

a

&
1—oaa

Figure 4

So one side of S has slope —a. Unfolding leads to the investigation of



the continuous irrational rotation with slope a with respect to the
parallelogram S ( see Figure 5 ) with corners in

2t

aa i

Figure 5

G.9 G5, Grg D G )

Note that two sides of S have slope «, the other two have slope —a. The
length of the interval [A, B] is aax # {ka} for all k£ € N. We show that for
no starting point x the set S is of bounded remainder for the irrational con-
tinuous rotation with slope o. Hence the set S is not of bounded remainder

for the billiard with starting slope a (and any starting point x).
Indeed, it is easy to see that for this set S we have

T (T]
| [Xstr Aottt —b- Y- Xam({nah)| < 1
0 n=1

It was shown by Kesten in [6] that

[T]

>~ Xap({na}) - aa - (1)

n=1

is unbounded since B — A = aa # {ka} for all k € N. Hence (note that

A(S) =aa-b)

T
| [ Xs{t) dathde =T AS)
0

is unbounded.
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3 Proof of Theorem 2b

The proof of Theorem 2b will need the most work. We start with some
auxiliary results. Especially we will have to deal with functions of the form

gm () = o 1—(1- oo )2 (4)
k=0

for x € [0, %], where m is a given positive integer. The function g, is illus-
trated in Figure 6.

Im(z) 1

1 1 .
2m m x
Figure 6

Let now m be fixed, and h,,(z) := gm(x) — gm(0). It is easy to see that
hn(0) = hin (L) = 0, hyy, is arbitrarily often differentiable on (0, 1), contin-

uous on [0, -], symmetric around 5~ and strictly convex on [0, 1]
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Further we have

Lemma 1.

a) There exist ¢, " with 0 < ¢ < ¢’ such that for all m large enough we

have
i hm(;n) < ”.mﬁh. (5)
b) There exists ¢ > 0 such that
o) 2 ()

for all z € [0, 5-].

Proof. This is shown by some tedious but elementary analysis. We do not
give all details but just give two hints:

To prepare part a) note that

hn(z) = gm(z) —gm(0) =
1 2m—1 k 2 kN2
= - kz_o (\/1—(1—m—x) - 1—(1—%) )

=: b Z W, (k, x)
k=0

2m
and note that simple calculation shows that for £ > 0 there are absolute

constants ¢}, ¢4 > 0 such that

U m'2max(k,1)°%2  —
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always.

To show part b, note that for x small, only the first summand of h,,, i.e.,

the summand for k=0,

;\/1—(1—36)2 ~ 7711\/5

is of relevance.

Lemma 2.

a) There exists ¢y > 0 such that

h;n(x)‘ < - 1
vm

19

for all x € [15—, 15,] and all m large enough.

Especially it holds that

1
hi(z) > —c-—

vm

for all z € |0, I()Lm]'

b) There exists co > 0 such that for all m large enough we have
1
h%(l’) 2 501%
for all x € (0, 62%).

(Here ¢y is the constant from part a).)

Proof. This follows immediately from Lemma 1 and the convexity of h,,

]

Let m large enough be fixed. Moreover in the following let a, b, ¢ be given

realswith0§a§b§c<%,and

Gm(x) == gm (w) + gm<(x + a) mod ;)
+ gm((x + b) mod 7711) + gm ((ac + ¢) mod ;)

Then we have:



Lemma 3. There are c3,cqy > 0 such that for all m large enough and all
a, b, c as above there is an xg € {0,a,b, c} such that G, is strictly increasing
on [rg, 20 + ¢4 - =] and

1
Gm(wo +cy - 37’1) — Gm(z0) > c3- i (10)
G 2 G L L 11
m(To + ¢4 - %> — Gm(zo+c2- %) s Ry (11)
1 2 1
Gm(zo + ¢4 - a) — G0 + 2 - 37m) > c3- " (12)

Proof. At least one of the following relations holds:

1 1
5m? 5m?

4 1
c<g-. oOr b<c— or a<b-— or a>gz-.

Assume for example that ¢ < % holds (the other cases are treated quite
analogously). Then set zo = 0. Let ¢4 := min(cy, 75) where ¢, is like in
Lemma 2 b). Then for any x € [0, cs--) it holds that:

(@+z)mod =, and (b+2z)mod =, and (c+x)mod L
are all in [0, mim):

Hence by Lemma 2a) we have that g/, at these places is at least —¢; - ﬁ By

Lemma 2b) for z € [0, c4=] we have g/, (z) > 5c1 - \/% and hence G/, (z) >

201\/% for all those z.

From this the assertions of Lemma 3 immediately follow.
m

Lemma 4. For all m large enough there is a sub-interval A, of [0, %] of
length at least - - % such that either

2
c3 C3
G(z) > 20/ Ji— =y dy+ = o (13)
or
2
C3 C3
Gm(a:)<20/ 1—(1—y)2d9—m:”_m (14)

10
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holds for all x € A,,.
Proof. This follow immediately from Lemma 3. 0

Proof of Theorem 2b. For the proof we proceed in analogy to the proof of
Theorem 1.7b in [5] where the corresponding result was shown for the con-
tinuous irrational rotation, and in the following we sometimes refer to this
proof.

Fix an irrational o € (%, i) with continued fraction expansion a = [0; aq, ag, . . .
and convergents Z—: satisfying a;41 > ql100 and p; even, for infinitely many
[. There exist uncountably many such a. Let S be a disk with diameter
d :=2a/v1+ a?. (Note that the set of o with the above properties is dense
in (3, 1), hence the set of diameters d is dense in (\/%, %))

Studying the billiard path with respect to S means to study the continuous
rotation with respect to four copies of S with diameter «/v/1 4+ o each (see

Figure 7)

Figure 7

For such « and one copy of such disks it was shown in Theorem 1.7b in
[5] that the continuous rotation is not of bounded remainder for all starting
points x.

In the proof of this Theorem the result was shown by studying the function
gm as defined in this current paper at the beginning of Section 3 (in [5]
our g, is denoted by G,,), and it was shown that the validity of the result
of Theorem 1.7b in [5] is due to the fact that for every m there exists a
subinterval A, C [0, -] of length at least - such that either

11



2
1 c T c
- — — )2 N
gnl@) > 5 [VI= (=g dy+ =T+ (15)
0

or

2
1 c T c
- — — )2 — -
gnle) <5 [V1- =y dy—Sn =T (16)
0

holds for an absolute constant ¢ > 0 and all x € A,,.

By following the proof of Theorem 1.7b in [5] it becomes obvious that study-
ing now four copies of disks instead of one copy means to study

Im (a:) + gm((x + a)modé) + gm((z + b)mod;) + gm((a: + c)modé),

for some a, b, c, i.e., to study the function G,, as studied in Lemma 3 and
Lemma 4 of the current paper. In Lemma 4 it was shown that for G,,
an analogous property (independent of the choices for a, b, and ¢) holds as
stated above for g,,.
Again by following the proof of Theorem 1.7b in [5] it is obvious that from
this property for G, (Lemma 4) the result of our Theorem 2b follows.

]
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ON QUASI-ENERGY-SPECTRA, PAIR
CORRELATIONS OF SEQUENCES AND
ADDITIVE COMBINATORICS

Ida Aichinger, Christoph Aistleitner, and Gerhard Larcher

Abstract The investigation of the pair correlation statistics of sequences was ini-
tially motivated by questions concerning quasi-energy-spectra of quantum systems.
However, the subject has been developed far beyond its roots in mathematical
physics, and many challenging number-theoretic questions on the distribution of
the pair correlations of certain sequences are still open. We give a short introduction
into the subject, recall some known results and open problems, and in particular
explain the recently established connection between the distribution of pair corre-
lations of sequences on the torus and certain concepts from additive combinatorics.
Furthermore, we slightly improve a result recently given by Jean Bourgain in [1].

1 INTRODUCTION

Some of Ian Sloan’s first published papers dealt with topics from mathematical
physics, in particular with theoretical nuclear physics. Later he moved his area
of research to applied mathematics and numerical analysis, and in particular Ian’s
ground-breaking work on complexity theory, numerical integration and mathemati-
cal simulation is well-known and highly respected among the scientific community
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of mathematicians. The techniques developed and analyzed by Ian in these fields are
often based on the use of deterministic point sets and sequences with certain “nice”
distribution properties, a method which is nowadays widely known under the name
of quasi-Monte Carlo method (QMC). In the present paper we will combine these
two topics, mathematical physics and the distribution of point sets.

Ian’s first research paper appeared 1964 in the Proceedings of the Royal Soci-
ety (London), entitled “The method of polarized orbitals for the elastic scattering
of slow electrons by ionized helium and atomic hydrogen” [24]. In the same jour-
nal, but thirteen years later, Berry and Tabor published a groundbreaking paper on
“Level clustering in the regular spectrum” [4]. This paper deals with the investiga-
tion of conservative quantum systems that are chaotic in the classical limit. More
precisely, the paper deals with statistical properties of the energy spectra of these
quantum systems, and Berry and Tabor conjectured that for the distribution function
of the spacings between neighboring levels of a generic integrable quantum system
the exponential Poisson law holds. That means, roughly speaking, the following.

Let H be the Hamiltonian of a quantum system and let 4; < A; < ... be its
discrete energy spectrum. We call the numbers A; the levels of this energy spectrum.
If it is assumed that

#{i: 4 <x}~cx¥

for x — oo and some constants ¢ > 0, ¥ > 1, then consider X; := c?Ll-y. The Berry—
Tabor conjecture now states that if the Hamiltonian is classically integrable and
“generic”, then the X; have the same local statistical properties as independent ran-
dom variables coming from a Poisson process. Here the word “generic” is a bit
vague; it essentially means that one excludes the known obvious (and less obvious)
counterexamples to the conjecture. For more material on energy spectra of quantum
systems and the following two concrete examples see the original paper of Berry
and Tabor [4] as well as [5, 9, 16] and Chapter 2 in [7]. For a survey on the Berry—
Tabor conjecture see [17].

Two basic examples of quantum systems are the two-dimensional “harmonic os-
cillator” with Hamiltonian

H = pi+p;+w” (x> +y%)

and the “boxed oscillator”. This is a particle constrained by a box in x-direction and
by a harmonic potential in y-direction; the Hamiltonian in this case is given by

H=—pi—pj+w

The investigation of the distribution of the energy levels in these two examples leads
to the investigation of the pair correlation statistics of certain sequences (6,),~, in
the unit interval. More specifically, one is led to study the pair correlations of the
sequence ({noac}),~; in the case of the 2-dimensional harmonic oscillator, and the
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pair correlations of the sequence ({nz(x})n>1 in the case of the boxed oscillator;
here, and in the sequel, we write {-} for the fractional part function. In particular,
for these sequences one is led to study the quantity R,, which is introduced below.

Let (6,),>1 be a sequence of real numbers in [0, 1], and let || - || denote the dis-
tance to the nearest integer. For every interval [—s, s| we set

Ry ([=5,5], (On)n=1,N) = %#{1 <j#k<N:|6;— 6 < %}

The subscript “2” of “R,” refers to the fact that these are the pair correlations,
that is, the correlations of order 2 — in contrast to triple correlations or correlations
of even higher order. Note that the average spacing between two consecutive ele-
ments of {0,...,6y} (understood as a point set on the torus) is 1/N, and thus for
an “evenly distributed” point set one would expect to find roughly 2s other points
within distance [—s/N,s/N] around a given point 6;, causing R>([—s, ], (6,)n>1,N)
to be approximately 2s for such a point set (after summing over all elements of the
point set and then normalizing with division by N). Actually, for a sequence of in-
dependent, [0, 1]-uniformly distributed random variables 6;,6,,... one can easily
show that for every s > 0 we have

Ry([—s,s],(6n)n>1,N) — 2s,

almost surely. If this asymptotic relation holds for the distribution of pair correla-
tions of a certain sequence we say that the distribution of the pair correlations is
asymptotically Poissonian. Informally speaking, a sequence whose distribution of
the pair correlations is asymptotically Poissonian may be seen as a sequence show-
ing “random” behavior, and the investigation of the asymptotic distribution of the
pair correlations of a deterministic sequence may be seen as studying the pseudo-
randomness properties of this sequence.

The systematic investigation of the asymptotic distribution of the pair correla-
tion of sequences on the torus (motivated by the applications in quantum physics)
was started by Rudnick and Sarnak in [20] for the case of sequences of the form
({nd o })n>1 for integers d > 1. In the case d = 1, the distribution of the pair cor-
relations is not asymptotically Poissonian (independent of the value of «); this was
remarked for example in [20] with a hint to the well-known Three Distance The-
orem, which goes back to Swierczkowski and Sés [25]. For d > 2 the distribution
of the pair correlations is asymptotically Poissonian for almost all a, which has
been proved by Rudnick and Sarnak [20]. The case d = 2 (which corresponds to the
energy levels of the boxed oscillator) has received particular attention; see for exam-
ple [14, 18, 21, 29]. A generalization from ({n?a}),>1 to the case of ({a(n)ot}),>
with a(x) € Z[x] is obtained in [6]; again the pair correlations are asymptotically
Poissonian for almost all a, provided that the degree of a(x) is at least 2. Another
case which has been intensively investigated is that of ({a(n)a}),>; for (a(n)),>1
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being a lacunary sequence; see for example [3, 11, 22].

In [1] a general result was proved which includes earlier results (polynomial se-
quences, lacunary sequences, and sequences satisfying certain Diophantine condi-
tions) and gives a unifying explanation. This result links the distribution of the pair
correlations of the sequence ({a(n)cat}),~ to the additive energy of the truncations
of the integer sequence (a(n)),~, a well-known concept from additive combina-
torics which has been intensively studied. Recall that the additive energy E(A) of a
set of real numbers A is defined as

EA):= Y 1, (1
a+b=c+d

where the sum is extended over all quadruples (a, b, ¢, d) € A*. Trivially one has
the estimate |A|* < E(A) < |A|*, assuming that the elements of A are distinct. The
additive energy of sequences has been extensively studied in the combinatorics liter-
ature. We refer the reader to [28] for a discussion of its properties and applications.
To simplify notations, in the sequel whenever a sequence A := (a(n)),~, is fixed we
will abbreviate R; (s, ,N) for Ry ([—s,s], ({a(n)a}),~, ,N). Furthermore we will
let Ay denote the first N elements of A. The result states that if the truncations Ay
of an integer sequence A satisfy E (Ay) < N>~¢ for some € > 0, then ({a(n)a}),~,
has (asymptotically) Poissonian pair correlations for almost all ¢. More precisely,
the following theorem is true.

Theorem 1. Let (a(n)),>1 be a sequence of distinct integers, and suppose that there
exists a fixed constant € > 0 such that

E(Ay) < N* % asN — oo, 2
Then for almost all o one has
Ry (s,0t,N) =25 asN — oo 3)

forall s > 0.

Note that the condition of Theorem 1 is close to optimality, since by the trivial
upper bound we always have E (Ay) < N3; thus an arbitrarily small power savings
over the trivial upper bound assures the “quasi-random” behavior of the pair corre-
lations of ({a(n)a}),>1. On the other hand, in [1] Bourgain showed the following
negative result.

Theorem 2. [f E (Ay) = Q (N3), then there exists a subset of [0,1] of positive
measure such that for every  from this set the pair correlations of the sequence
({a(n)a}), are not asymptotically Poissonian.

We conjecture that actually even the following much stronger assertion is true.

Conjecture 1. If E (An) = Q (N3) there is no Q for which the pair correlations of
the sequence ({a(n)a}),, are Poissonian.
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In this paper we will prove a first partial result which should support this con-
jecture. However, before stating and discussing our result (which will be done in
Section 2 below), we want to continue our general discussion of pair correlation
problems. As one can see from the previous paragraphs, the metric theory of pair
correlation problems on the torus is relatively well-understood. In contrast, there are
only very few corresponding results which hold for a specific value of «. The most
interesting case is that of the sequence ({n?a}),>1, where it is assumed that there is
a close relation between Diophantine properties of o and the pair correlations distri-
bution. For example, it is conjectured that for a quadratic irrational ¢ this sequence
has a pair correlations distribution which is asymptotically Poissonian; however, a
proof of this conjecture seems to be far out of reach. A first step towards a proof of
the conjecture was made by Heath-Brown [14], whose method requires bounds on
the number of solutions of certain quadratic congruences; this topic was taken up
by Shparlinski [26, 27], who obtained some improvements, but new ideas seem to
be necessary for further steps toward a solution of the conjecture.

It should also be noted that the investigation of pair correlation distributions
is not restricted to sequences of the torus. For example, consider a positive def-
inite quadratic form P(x,y) = ax®> + Bxy + yy?, and its values at the integers
(x,y) = (m,n) € Z2. These values form a discrete subset of R, and one can study
the pair correlations of those numbers contained in a finite window [0, N]. See for
example [23, 30]. Another famous occurrence of the pair correlation statistics of
an unbounded sequence in R is in Montgomery’s pair correlation conjecture for the
normalized spacings between the imaginary parts of zeros of the Riemann zeta func-
tion. The statement of the full conjecture is a bit too long to be reproduced here; we
just want to mention that it predicts a distribution of the pair correlations which is
very different from “simple” random behavior. For more details see Montgomery’s
paper [19]. There is a famous story related to Montgomery’s conjecture; he met
the mathematical physicist Freeman Dyson at tea time at Princeton, where Freeman
Dyson identified Montgomery’s conjectured distribution as the typical distribution
of the spacings between normalized eigenvalues of large random Hermitian matri-
ces — an observation which has led to the famous (conjectural) connection between
the theory of the Riemann zeta function and random matrix theory. The whole story
and more details can be found in [8].

2 New results

In the sequel we give a first partial result towards a solution of the conjecture made
above. Before stating the result we introduce some notations, and explain the back-
ground from additive combinatorics. For v € Z let Ay(v) denote the cardinality of
the set

{(x,y) € {1,...,N}2,x;£y:a(x)—a(y) :v}.
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Then
E(Ay) =2 (N°) )
is equivalent to
Y AL(v) =2 (N), o)
veZ

which implies that there is a k > 0 and positive integers Ny < Ny < N3 < ... such
that
Y AL ()= kN),  i=1.2,.... (6)
vEZ
It will turn out that sequences (a(n)),> satisfying (4) have a strong linear sub-
structure. From (6) we can deduce by the Balog—Szemeredi—Gowers-Theorem (see
[2] and [13]) that there exist constants ¢,C > 0 depending only on Kk such that for

all i =1,2,3,... there is a subset Ag) C (a(n));<,<p, such that

‘Afﬁ <CN,.

>eNy and [ad Ay

<clay

The converse is also true: If for all i for a set Ag) with A(()i) C (a(n));<p<y, With

A | = eNi we have [a) + (| < C[a). then

3
C
N3

1 NE
ZAIZV,-(V)ZE‘A((;) ZEZ

vEZ

and consequently ZVEZAIZ\J(V) =0 (N3) (this an elementary fact, see for example
Lemma 1 (iii) in [15].)

Consider now a subset A(()i) of (a(n));<,<y, With

Q| zen ana Al +af)

<clay

By the theorem of Freiman (see [12]) there exist constants d and K depending only
on ¢ and C, i.e. depending only on k in our setting, such that there exists a d-
dimensional arithmetic progression P; of size at most KN; such that A(()l) C P.. This
means that P; is a set of the form

d .
P =< b+ Z rjkﬁ.l)

Jj=1

0§I’j<S§»i)}, @)

with b, k) kD 9 s € 7 and such that s\sY) st < K.
In the other direction again it is easy to see that for any set A(()i) of the form (7)
we have

)+ 45| <2k,
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Based on these observations we make the following definition:

Definition 1. Let (a(n)),-, be a strictly increasing sequence of positive integers.
We call this sequence quasi-arithmetic of degree d, where d is a positive integer, if
there exist constants C,K > 0 and a strictly increasing sequence (&;);~ of positive

integers such that for all i > 1 there is a subset A¥) C (a (1)) 1<n<n; With ‘A(i) >CN,;

such that A®) is contained in a d-dimensional arithmetic progression P{) of size at
most KN;.

The considerations above show that a sequence (a(x)), is quasi-arithmetic of
some degree d if and only if it satisfies (5).

So our conjecture is equivalent to

Conjecture 2. If (a(n)),~, is a quasi-arithmetic sequence of integers then there is no
o such that the pair correlations of ({a(n)a}) -, are asymptotically Poissonian.

In the remaining part of this paper we will prove a theorem which slightly improve-
ments the Theorem 2 of Bourgain for the subclass of sequences (a(n)),~; which are
quasi-arithmetic of degree 1.

Theorem 3. If the sequence of integers (a(n)),, is quasi-arithmetic of degree 1,
then the set of s for which the distribution of the pair correlations of ({a(n)a}), -
is not asymptotically Poissonian has full measure.

Remark. The class of quasi-arithmetic sequences (a(n)),, of degree 1 contains
all strictly increasing sequences with positive upper density, i.e.

N

1
limsup — Z 1>0.

Noe N n=1

me{a(n)|n>1}

In particular this class contains all strictly increasing sequences which are bounded
above by a linear function.

We will first state two auxiliary results in Section 3, and then give the proof of
Theorem 3 in Section 4.

3 Auxiliary results

Lemma 1. Let (A,) 1>1 be a stricily increasing sequence of positive integers. Let [l
be the number of fractions of the form jA, ' (0 < j < A,) which are not of the form
kkq’l with some q < n and k < A;. Furthermore, let (,),~| be a non-increasing se-
quence of positive reals such that y.,._| W, = oo and with the following property (*):
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There exists a sequence (T,),~, of positive reals tending monotonically to zero,
but so slowly that Y ,._, WnT, still diverges, and such that there exist a constant ¢ > 0
and infinitely many positive integers N with

N N
Y A vt > e Y vt
n=1 n=1

Then — if (*) holds — for almost all 0 € R there exist infinitely many positive integers
n, and integers m, such that

0< 1,0 —m < .

Proof. This lemma is essentially the divergence part of Theorem IV in [10]. It is
shown there that the assertion of our Lemma 1 is true under the slightly stronger
condition that (,),~, —as in our Lemma — is a non-increasing sequence of positive
reals with Y| W, = oo, and that (A,),~, satisfies

liminf — Z A >0.

N—o0

If we follow the proof of Theorem IV in [10] line by line we see that our slightly
weaker condition (*) also is sufficient to obtain the desired result. In fact replacing
Cassel’s condition by our condition (*) is relevant only in the proof of Lemma 3 in
[10], which is an auxiliary result for the proof of Theorem IV in [10]. O

Lemma 2. For all 0 > 0 there is a positive constant ¢(0) > 0, such that for every
infinite subset A of N with

1
d(A) :=liminf —#{n <N|ne€A} >
N—oo N

we have

liminf — Z P(n >

N—c0 n<N n
neA

Here ¢ denotes the Euler totient function.

Proof. Let
{n < N‘ s z} ‘ .
¢(n)

Then by the main theorem in [31] the limit B(#) exists and satisfies

B(t) = exp (eftefy(”o(’fz)))

—>00

for ¢ to infinity and with ¥ denoting Euler’s constant. Here, and in the sequel, we
write exp(x) for e*.
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So there is a constant L > 0 such that

B(t) < exp (e’”(lfz)>

for all + > 1. Hence
1, —
B(t) <exp (e_?’e Y)

for all + > max (1 V2 ) Now assume that 6 > 0 is so small that

1)
1o := 2e"log <—10g 4> > max (1,\/2L) .

Note that it suffices to prove the lemma for such § . We have

B(tp) = li 1 <N|-1 >4
VNN o) =

and
)

B (tp) < exp (e 3¢ Y’O) =1

Hence there exists Ny such that for all N > N

vl =~gi =0} =3

Therefore, since d(A) > &, for all sufficiently large N we have

AR (p(n_0 —3

—Z(p gl—:c(5)>0.

and consequently also

N,y n fo
neA
O
4 Proof of Theorem 3
Let (a(n)),>; be quasi-arithmetic of degree one and let C,K > 0, (Ni);> , ( (i)> -

and (P(’)) o be as described in Definition 1. In the sequel we will define induc-
1z
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tively a certain strictly increasing subsequence (M;),~; of (N;);~-

Set My := Ny and assume that My, M>,...,M;_; already are defined. If M; = N;,
(where i; still has to be defined) to simplify notations we write A; := Al ), P = plin,

We set
P = {Cll+rKl’0§F<KMl}

and
A= {a,+r§.’)m‘j: 1,2,...,5,}

with certain fixed rﬁ.l) with 1 < rgl) < rg) <...< rﬁf) < KM; and s; > CM,. Of course
we have s; < KM;.

We consider
V= { (ﬁ”—é”) Kl‘l §j<i§sl},

the set of positive differences of A;. Here V; is the set itself, whereas by 171 we will
denote the same set of positive differences but counted with multiplicity (so strictly
speaking V; is a multi-set rather than a set). Hence |V;| < KM;, whereas

~ —1
’Vl‘ = M chMlz-

Here and in the sequel we write ¢; for positive constants depending only on C and
K. We note that a value u € V; has multiplicity at most s;.

Let x be the number of elements in V; with multiplicity at least coM; where
¢y := min (K £l ) . Assume that x < ¢coM;. Then

) 2K
M < [7)| < xs+ (V| = x) 2
< xKM; + (KM; — x) caM;
= M (x(K —c2) + KcaM;)
< M; (c2(K —¢2) +Kc»)
< Mlzcl,

a contradiction.

So there are at least coM; values u € V; with multiplicity at least coM;. We take
the 3 M; largest of these values and denote them by Tl(l) < Tz(l) <...< Tvgf) with
w; > FM; and Tj(l) = Ry) k;. Note that

%M, <RV <. <RV < kM, (8)
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Remember that we still have to choose i; > i;_; and to define M; as N;. We
choose now i; so large that

1 wp
<Z ) T ) . 9)
p=lg=

So altogether we have constructed a strictly increasing sequence A; < Ay < A3 <

.. of integers given by Tl(l) <...< Tvg ) < T1(2) < Tvg) < T1(3) <

Furthermore we define a decreasing sequence (Y),>; of positive reals in the

following way. If 4,, is such that T <A < nﬁl), then y, := Mz

Obviously we have

and

We will show below that (4,,) and (y,,) satisfy the condition (*) of Lemma 1.

We choose N := wy +...+w; and first estimate } <y A, Ly, from below (for
the definition of u, see Lemma 1). We have

N
Yok > Y kv
n<N n=N—-w;+1

In the following we estimate p,, from below for n with N —w; +1 <n <N, i.e.,
An = T = Rl(l) K; for some i with 1 < i< wy.

1

Consider first A, with ¢ <wj +...+w;_;. Then the number of j with0 < j < 4,
such that j/l,{l is of the form k?L,; Lwith0 <k < A, trivially is at most 4.

Now consider A, with g > w1 +...+w;_j and 4, < 4, i.e.,
A =1 =RV

for some 4 with 1 < & < i. Then the number of j with 0 < j < 4, such that jA ! is
not of the form kkq_ Pwith 0 <k < 7Lq, 1.e., such that

J_k gk
M A Rl(l K R;I)K[
Jj k
<:>7—7
Rl(l) R}(ll)
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does not hold, is at least ¢ (Rl(l)) k;. Hence by (8) and by (9)
Wit +wi_q

wze(®R)m- ¥

q=1
I 1 I
> ¢ (R,( )) K —/M; > 79 (R,( )> K;
for all / large enough, say [ > [y (note that REZ) > ZM)).

Therefore for [ > [

N
Y owd v > Y mA (10)
n<N n=N-w;+1
1 &1 0
& M,i_IZ(I)(Ri )
()
N TA/[li:] Rl(l) '

Later on we will use the same chain of inequalities starting from the second expres-
sion in (10).

We recall that w; > 2 +M;, and R( ) < KM, foralli= 1 .,w;. Hence Rgl) yen ,Rsvl)

1
form a subset of {1,2,...,KM;} of density at least c3 := 5%. Hence by Lemma 2 we

have for / large enough and with ¢ from Lemma 2 that

K
I l,l/n_—c< )—C4>0 (11
n;N 2 \2K
This holds for al N =w;+...+w; and all [ > .
Finally we have to choose the function (1’,,)n21 from condition (*) in Lemma 1
in a suitable way. If A, is such that Tl(l) <A, < T,gf), ie., if v, = Mi] then we set
Ty = % Then

ZWnTn>Zwl—72 ;32 le — oo,

Finally, on the one hand for all N = w; + ...+ w; we have by (10) and (11) that

1
Z :unA YTy > Z C4l, > cslogl

n<N
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for all [ > [.

On the other hand we have

! !
11 1
Z YnTp < zgﬁwﬁJ :12'11(7 < cglogl.

n<N

Consequently

Ytk Yt > eslogl > 2 Yy,
n<N €6 n<n

and the conditions of Lemma 1 are satisfied for (4,),~, and (¥,),,~,. We conclude
from Lemma 1 that for almost all ¢ there exist infinitely many 7 such that ||A,¢|| <
¥, holds. Let such an ¢ be given, and let n; < np < n3 < ... be such that |4, a| <
y,, for all i = 1,2,3,.... For any n; let [ (n;) be defined such that wi +wy + ...+
Win)—1 < i SWi+wa+ ...+ Wy, then Yy, = W, hence

0 < [[ A, || My < 1
for all i.

Let p with 0 < p < 1 be a limit point of (||, || M;,))
now between two cases.

i1 - We distinguish

First case: p = 0.

Then there exists a subsequence m; <my <mz < ...of ny <ny <nz <...such
that
1 c

0 < [|Am 0t < —— -2

for all i. 4,, is an element of Vi(m;) with multiplicity at least c2M;(,,,). Hence there
exist at least coMj(,,,) pairs (p,q) with

i

1 < p<q < sim) < KM,

and
Ha(q) e} —{a(p)a}] < M:HK

Let now s = 7% then for all M = KM,y we have

#{1<pra<m:{a@al—{ap)a}] <} =2 =4

and hence
R, ([—S,S] ,(X,M) 7L> 2s.
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Second case: p > 0.

Let € := min <%, ;ﬁ) > 0. Then there exists a subsequence m; < my <m3 < ...

of ny <ny <nsz < ...such that
0< |Ml(m,~) Ha‘mia” _p| <E€

for all i. Hence there exist at least coM;(,,) pairs (p,q) with 1 < p < g < sy, <
KMl(mi) and

iy p—€ p+eE
IHa(q) o} —{a(p) e}l € {Mum,«)’Mumi) '

Let s; := K(p—€) and 55 := K (p +¢€), then s, —s; = 2Ke < 7%. Let for M :=
KMl(mi) and ] = 1,22

; 1 5
AV = {1 <pq<M:|{alg)a}—{a(p)a}| < 3}
Then A® — A > icz% = % Hence at least one of
‘A@) —2s2) > 5%2{ or
‘A“)—zsl)zgﬂ holds,

since otherwise

672 @ _ A _ _
<
2 ‘A A ‘ 2(S2 Sl)

IN

‘A@) 25— AW +2s1‘ < ‘A@) 72S2‘ + ’A(') —2s1‘
sz
K’

IN

which is a contradiction. Therefore either
Ry ([—s1,81],00,M) /251 or

R2 ([—SZ,SZ] s OC,M) 7L> 2S2,

which proves the theorem.
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