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Die richtige Methode der Philosophie wire eigentlich die: Nichts zu sagen, als
was sich sagen lisst, also Sitze der Naturwissenschaft - also etwas, was mit
Philosophie nichts zu tun hat -, und dann immer, wenn ein anderer etwas Meta-
physisches sagen wollte, ihm nachzuweisen, dass er gewissen Zeichen in seinen
Sitzen keine Bedeutung gegeben hat. Diese Methode wire fiir den anderen un-
befriedigend - er hitte nicht das Gefiihl, dass wir ihn Philosophie lehrten - aber
sie ware die einzig streng richtige.

Ludwig Wittgenstein

Tractatus logico-philosophicus







Abstract

The decay amplitudes for Ky, — ntn~n° are studied on the basis of a Dalitz-
plot analysis of the complete selected 7+ 7~ 7° data sample (508°032 events) of
the CPLEAR experiment at CERN. The Dalitz-plot density is conventionally
parameterized as [M|? oc 1+ gY + AY? + jX + kX2 + fXY, where X and ¥V
are the Dalitz-plot variables. Our fit yields g = 0.6823 =+ 0.0044 stat. +0.0044
sys., b = (6.13 + 0.38 stat. +1.45 sys.) - 1072, j = (0.10 £ 0.24 stat. +0.30
sys.)-1072, k = (1.06 £0.17 stat. +£0.24 sys.)-10~2 and f = (0.45 +0.24 stat.
+0.59 sys.) - 1072
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Chapter 1

Introduction

Since its discovery in 1946[1][2] the weak interaction has always been one of the
most valuable sources for a deeper understanding of elementary particle inter-
action. Weak decays of hadrons containing heavy quarks are employed today in
various ways to test the Standard Model and its parameters. In particular, this
is the only direct way to measure the CP violating parameters.

CP violation was first discovered in the K9, R system[3]. The fact that the
mass matrix eigenstates of K9, K° mesons are different from their CP eigenstates
leads to CP violation in the KO,KO mixing. Another CP breaking mechanism
called direct CP violation or CP violation in the decay originates in the decay
matrix elemets with non-zero imaginary parts independent of phase conventions.
Up to now no experimental proof exists for the latter effect.

The neutral kaon system is the only system in which CP violation has so
far been observed. Today, it belongs to the interesting questions of particle
physics, whether CP violation effects can also be seen in the bottom meson
BO,EO system{4]. In the bottom meson system direct CP violation effects are
expected to be more evident. Another question is whether the CP violation as
introduced by the & phase of the Cabibbo-Kobayashi-Maskawa (CKM) model
can explain the observations.

The CPLEAR experiment[5] at the Low Energy Antiproton Ring (LEAR) at
CERN is designed to study CP, T and CP7 violation in the neutral kaon system.
CPLEAR is a new way to measure CP violation in the neutral kaon system. The
CPLEAR experiment uses initially well defined KO,RO states produced in pp
annihilation at rest, instead of Ky, or Kg beams like common experiments [6] [7)
[8]. From all the pp annihilation channels the experiment selects the reactions:

_ KK —#t
(PP)rest — { BOR+ -

The strangeness of the neutral kaon is tagged by identifying the charged kaon.
The CP violating parameters are extracted from the time dependent asymme-
tries between the decay rates R(K® — f) and R(I_{O — f) of a neutral kaon into
the final state f of the form:

400 = RE = f) - R(K® = f)
f{ RE’ = )+ R(KO — f)




Introduction

This work focuses on the study of the Dalitz-plot slope parameters of the
decay Ki, — 77 7% done with the complete data sample of 508’032 selected
events by the CPLEAR experiment after the final run in summer 1996. The
Dalitz-plot density is conventionally parameterized[9] using |M|? o 1+ gY +
hY? 4+ jX + kX? + fXY, where X and Y are the Dalitz-plot variables. The
slope parameters g, h, j, k and f allow the extraction of the decay amplitudes
a, B, ¢ and ( of the neutral kaon to the different isospin eigenstates of the
7T~ 0 final state. The existing predictions of the decay amplitudes up to the
sixth order of Chiral perturbative theories make a precise cross-check against
the values derived in the fit to our experiment possible. Qur results are also
compared to the values of previous experiments. These two consistency checks
of the CPLEAR data sample and the CPLEAR data selection criteria provide
an important basis for the other measured parameters as e.g. Re(n4-o) or
Im(ny_g) by the 7+ 7~ n%group at CPLEAR.

The accuracy of today’s experiments[10] allows us to measure the quadratic
terms of the Dalitz-plot parameterization, i.e. the slope parameters h and k.
This means that, within the framework of Chiral perturbative theory, higher
order Lagrangian terms with higher derivatives must be taken into consider-
ation in order to account for non-vanishing quadratic coefficients. At present
calculations[11] of the decay amplitudes of Ky, — ntn~ 7" exist using Chiral
perturbative theory up to O(p®) in order to eliminate the discrepancy between
theory and experiment. Yet, these calculations show some weak points. First,
the standard approach by the vacuum-saturation method, i.e. by calculating the
effective weak Hamiltonian in conjunction with the vacuum-insertion method,
fails to explain the nonleptonic weak decays of charmed and strange mesons[12].
Second, the coupling constants of high order strong and weak Chiral Lagrangians
are not very well known, since they must be empirically determined from vari-
ous low-energy hadronic processes together with Zweig-rule arguments[13]. Our
precise measurements of the decay amplitudes are an important test of the cal-
culations of the Chiral perturbation theory and can serve as new input to the
theory. In this paper we will establish the world best value for one of the decay
amplitudes.

A detailed introduction to CP violation and the phenomenology of the neu-
tral kaon system is given in chapter 2. The different decay channels are discussed
with emphasis on the Dalitz-plot analysis of the 7t 7~ 7° channel.

In chapter 3 the CPLEAR detector and trigger environment is described.
In particular, the development of a fast online trigger step based on artificial
neural network algorithms is treated in detail. This trigger step is designed and
tested on the CPLEAR experiment and its data.

Finally, chapter 4 is dedicated to the data analysis of the CPLEAR ex-
periment for the decay channel KO,KO — w7~ 7% The fit procedure of the
Dalitz-plot parameters uses an unbinned maximum likelihood method. The
large data sample as well as the high order of the fitting polynomials require
a special treatment of the fit, which is also discussed. Finally, after a careful
study of the systematics, the results for the slope parameters g, h, j, k, f
and the decay amplitudes a, B, &, ¢ of the 777~ #° channel are presented and
compared to other work published so far.




Chapter 2

Phenomenology

2.1 CP symmetry and the Standard Model

In the Standard Model several common discrete symmetries exist. These are:
charge conjugation (C), parity (P), and time reversal (T). The free quark
fields possess these symmetries separately, but interaction may break them. A
special position is taken by the combination of all three transformations CPT.
It is shown in the CP7-theorem or Liders-Pauli-theorem({14][15] that, for any
local Lorentz-invariant field theory in which the observables are represented
by Hermitian operators, CP7 invariance must hold. R. Jost showed[16}[17]
that even a weaker condition, the Weak Local Commutativity(WLC), is already
sufficient to derive CP7 invariance in a theory.

CPT invariance has important implications for the Standard Model. As-
suming CPT invariance masses, total lifetimes, and gyro-magnetic ratios of a
particle and its anti-particle should be equal, which is in complete agreement
with the observations up to now({9]. Thus it is common sense to believe that the
CPT symmetry is not broken in any interaction. However it should be men-
tioned that a tiny violation of CP7T is conceivable in extensions of quantum field
theory, such as quantum gravity[18] or string theory[19].

In the Standard Model P or C violation come in through the V-A or v, (1—1s)
structure of the charged weak current, whereas the origin of CP violation is still
not clear. Many speculations have been proposed since 1964, the year of the
discovery of CP violation in the neutral kaon system/[3].

As an example I mention here a well-known theory by L. Wolfenstein[20],
where CP violation is produced by a new kind of interaction. He calls this
interaction ‘very weak’ or ’super weak’. The interaction has AS=2 character
and would only be observable in the KO,KO system. Another possibility of
explaining CP violation is to assume the existence of additional SU(2) complex
scalar doublets, i.e. extra Higgs bosons. Since W and Z° already have mass
because of the original Higgs, the new scalar fields can not be eliminated by
gauge transformation. This creates the possibility to introduce CP violation in
many ways[21] [22)].

Despite all these different models, there is a completely natural and straight-
forward way to explain CP violation within the frame of the minimal gauge
symmetry SU(2)®U(1) of the Standard Model without adding new particles or
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forces, other than those already appearing in the Standard Model. There, CP
violation in the neutral kaon mass matrix is provided by the complex phase &
of the CKM (Cabibbo-Kobayashi-Maskawa) matrix in the Kobayashi-Maskawa,
version[23] of the Weinberg-Salam gauge theory SU(2)®U(1).

CP violation in the Standard Model

The Weinberg-Salam SU(2)®U(1) theory contains three left-handed doublets of
quarks and leptons in the standard model. The three quark doublets are (u,d') L,
(¢,8")r and (¢,b') and the gauge group eigenstates d, s7, and b are linear
combinations of the left-handed mass eigenstates dr, sp and br. The quark
mass eigenstates g(—1/3) are related to the gauge group eigenstates ¢(—1/3);
according to the unitary transformation, described by the CKM unitary 3x3
quark mixing matrix V:

d Vud Vus Vub d
'] =V Vs V) |s (2.1)
b I Via Vis Vi b L

We get the (V-A) charged weak current for the free two-quark transition of
the form J, = ¢;(2/3)rv.(1 — v5)Vijq;(—1/3) L, where ¢;(2/3) = (u,c,t) and
¢:(-1/3) = (d,s,b) for i=1,2,3. Le. the component Vj; of the CKM matrix
multiplied by g/v/2 is the coupling constant of the ¢; and the g; quark field
to the W-bosons. The relation between the coupling constant g and Fermi’s
coupling constant G is given by g2/2m%, = 4Gr/+/2. To derive the complete
AS=1 weak Hamiltonian in the usual current-current form at the one loop level
for quark transition we have to replace the single quark fields by a six-component
field for each colour given as ¥ = (u,c,t,d,s,b) and ¥ = (4,5,1,d,5,b). The
Hamiltonian is written as:

H=—\/1/2GpJ}J™* (2.2)

where the weak current J ff is now:

JF =g, - %)Uy
J; =Py, (1— %)UY (2.3)

Colour indices are suppressed here. The 6x6 matrix U has the form

U= (? ‘6) 2.4)

and V is the CKM matrix mentioned above.

Five out of nine free real parameters in the unitary CKM matrix can be
absorbed by phase transformations. Three of the remaining four parameters can
be regarded as Cabibbo-like rotation angles. As a consequence of the additional
fourth parameter at least a few of the CKM matrix components can become
complex. In other words, the transformation V can no longer be regarded as a
pure rotation. The fourth parameter § can now be interpreted as a CP-violating
phase.




2.1 CP symmetry and the Standard Model

In the standard parameterization by Kobayashi and Maskawa[23] the matrix
V depends on three CP-conserving rotation angles ©1,2,3 and one phase 4:

1 81C3 5183
V= | —s1co cieacs — s2s3e®®  ciegss — spcze® (2.5)

—8182 C182C3 — 02836i6 C18283 — czc;;e“s

where ¢; = cos(©;), s; = sin(©;) etc. The original Cabibbo-angle is ©; = O¢,
which is easy to see by decoupling the third quark family (62 = @3 = 0).

The occurrence of CP violation introduces several conditions[24] governing
the CKM matrix as well as the mentioned mass mixing matrices M, M’ appear-
ing in the Lagrangian of the Yukawa coupling of the fermions to the Higgs-field.

u d
Lx( ¢ M (c) + (E 3 B’) VM'VT (s) (2.6)
b

i.e. M and M’ refer to charge 2/3 respectively -1/3 quarks. Next we write down
the commutator of M and M’

M, M'] = iC (2.7)

and get for the determinant of C

detC = —2FF'J (2.8)

with: F = (my — mc)(mg — my)(me — my)/m3 (2.9)
and: F' = (my —my)(mp — ma)(ms —ma)/mj

and : J = Im(Vi1Va:V13Va1) (2.10)

The factors m? and m are introduced through the convenient normalization of
M by the top quark mass and M’ by the bottom quark mass. The determinant
of C (2.8) becomes 0 if and only if there is CP invariance in the theory[24].
Furthermore, it can be shown that all CP violation effects in the Standard
Model are proportional to J and that J is independent of phase-conventions.
Therefore, in the CKM parameterization (2.5), with

J = s28983¢1¢¢3 5in(0) (2.11)

CP violation occurs if the angles ©; 23 and the phase § are neither minimal
nor maximal, i.e. @123 # (0,£n/2,%+m,...) and § # (0,=%m,£2m,...), since
otherwise J vanishes. Condition (2.10) includes the demand for complexity of
the CKM matrix in the case of CP violation. In the Cabibbo model with two
quark generations, the CKM matrix can always be chosen to be real. Therefore
at least three quark generations are needed to explain CP violation this way.
With F and F’ (2.9) we find another important condition for CP violation, which
is that all quark masses have to be different to get detC # 0.

Beyond the Standard Model

Two major difficulties of the CKM description of CP violation in the Standard
Model have to be mentioned, since they are still not very well understood.
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Whilst CP violation is a necessary part of baryogenesis[25] in the early universe,
it is believed that CP violation, as described by the Standard Model due to the
phase 4, is too small to explain the observed cosmological baryon asymmetry[26].
The other difficulty arises due to the axial anomaly of the U(1) current and the
nontrivial vacuum structure in QCD[27]. This introduces a new ¢ dependent
term in the QCD Lagrangian, which violates both P and 7 invariance:

03—;TrG,“,c~;ﬂ” (2.12)

where @ is the dimensionless vacuum angle of the QCD vacuum states. The
additional CP violating term (eq. 2.12) in the QCD Lagrangian can be observed
with precise measurements of the electric dipole momentum of the neutron.
The upper limit given by such experiments is |§| < 107°[9]. The search for the
mechanism producing not necessarily vanishing value of 8 is referred to as the
strong CP problem. The theory so far seems to require an extreme fine-tuning
to derive the correct value of 8, which is seemingly unnatural.

There are at present two main theories which offer a way out of the problems
mentioned. Peccei and Quinn[28] suggest the introduction of an additional Higgs
doublet in the electroweak Lagrangian. The two Higgs doublets acquire non-zero
vacuum expectation values and the Upg(1l) symmetry is spontaneously broken.
This creates a new additional pseudoscalar Goldstone boson, which is known
as the axion. Although Peccei-Quinn Upg(1l) symmetry solves the strong CP
problem new difficulties arise. For example the axion, with an expected mass
m, > 180 keV/c?, could not be discovered so far and not understood domain-
wall structures at large scales of the universe{29] appear.

The other type of favoured models came up in the last years[29]. They create
the possibility to trace back the two apparently different CP violation effects,
the cosmological baryon asymmetry and the low energy K decay into two
charged pions, to the same source of CP nonconservation. In these models the
CP symmetry is spontaneously broken at the grand unification scale and then
transmitted down to the low energy sector either by fermion mixing effects or by
radiative corrections[29]. In both cases it is easy to construct realistic models
to satisfy the constraint 0 < |f] < 107°. In these theories the magnitude of
the observed baryon asymmetry and the € parameter, which is a measurement
for the CP violation in the KO,KO mixing, are linked together, since they find
their origin in the same source of CP nonconservation. This is the real beauty
of these models.

Experimental limits for GUT

Today, two types of measurements of CP violating parameters can essentially
be distinguished. The measurements of the electric dipole moment of the neu-
tron has already been mentioned, where electric dipole moments of elemen-
tary particles are in general sensitive probes of CP violating effects. The cur-
rent experimental upper limit of the electric dipole moment of the neutron is
|dn| < 1.1 x 10~%Pecm (95% CL)[9]. But with the experimental value of €'/e
* from K;, — 27, every AS=1 theory of CP violation, such as the CKM version of
the Standard Model, leads to a |dy| &~ 10~3%ecm[30]. Therefore an observation
of a non-zero electric dipole momentum with today’s technology would indicate
a CP violation source other than the CKM 4§ phase.




2.1 CP symmetry and the Standard Model

Apart from the measurements of electric dipole moments, the most inter-
esting observables for CP violation are provided by the weak decay of KO,KO
and BO,EO, where CP violation in the neutral B system has not so far been
measured. In the neutral kaon system the only evidence for CP violation are
the parameters 7 _, oo and the semileptonic decay charge asymmetry for Kp..
The current best values[9] are listed below and will be carefully introduced in
the next section.

A(Ky, = 7°70)

= |22 T T (o ) 1073 2.13
|00} ‘ A(Ks = 7970) ‘ (2.275+0.019) x 10 (2.13a)
Ay = 7t7-) _3
= 22T T T (2,985 +0.019) x 10 2.13b
-1 = | G e | = (2285 £0019) (2.130)
70 | — 0.9956 + 0.0023 (2.13¢)
-
€' /e~ Re(e [e) = %(1 — oo, ) =(1.5+0.8) x 1073
T~ (2.13d)
¢ =43.7+£0.6 (phase of 1;_) (2.13¢)
$oo =43.5+1.0  (phase of 7o) (2.13f)

_ (T(Ky = 7 etv) — (KL = 7r+e—7)>
V() = (I‘(KL = 7~e+v) + 'Ky — mte—7)
= (0.333 +0.014)% (2.13g)
() = 'Ky —» 7~ p+v) —=T'(Ky — w+p—ﬁ))
7w = (I‘(KL S r- ) + DKy, — 77 p—7)
= (0.304 + 0.025)% (2.13h)
AR® - e+
Re(z) = Re(AEKO = :—ﬁg) =
__ [AAS = -AQ)
= R"( ARS =AQ)
Im(z) = —0.003 + 0.026 (2.13))

) = 0.006 £0.018 (2.13i)

Problems, such as the cosmological baryon asymmetry and the strong CP prob-
lem, demand to be solved within the contents of Grand Unified Theories as
extensions to our present Standard Model. Such an extension would be for ex-
ample the Peccei-Quinn Upg(1) symmetry. Only precise measurements of those
CP violating observables which are accessible by experiments, are able to verify
or reject the different existing models or at least to stem the incoming flood of
new models. Up to now the neutral kaon system still allows the only unambigu-
ous measurement of CP violating parameters, which shows the importance of
their precise measurements.

This thesis focuses on the neutral kaon system, especially on the decay mode
of the neutral kaon to 77~ 7°. The determination of slope parameters and the
decay amplitudes of Ky, = 77w~ 70 allows an independent consistency check for
the CPLEAR data sample and the CPLEAR data selection criteria by compar-
ing the extracted values to theory and other experiments. Although we dispose
of too few statistics to become sensitive to CP violation effects by using the
Dalitz-plot analysis described later, this measurement of the slope parameters

10
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creates an important basis for the remaining work done by the 77~ #0-group
at CPLEAR, which measures e.g. the CP sensitive parameters Re(n4+—o) and
Im(ny_o). Also, our independent measurement of the complete set of slope pa-
rameters at an accuracy not reached so far can serve as test and new input to
the Chiral perturbative theories, which provides the necessary conditions for a
deeper understanding of the weak decays.

I like to end the introductory discussion by adding a quotation of the famous
physicist M. Schwarzschild[31]: ‘If simple perfect laws uniquely rule the universe,
should not pure thought be capable of uncovering this perfect set of laws without
having to lean on the crutches of tediously assembled observations? True, the
laws to be discovered may be perfect, but the human brain is not. Left on its
own, it is prone to stray, as many past examples sadly prove. In fact, we have
missed few chances to err until new data, freshly gleaned from nature, set us
right again for the next steps.’

2.2 Phenomenology of the neutral kaon system

Discrete symmetries

In nature there are four pseudoscalar K mesons, namely the charged K+ and

K~ and the neutral K° and K'. They can be arranged into a complex two-
component vector (K*,K%) which transforms as a doublet under isospin trans-
formation, its isospin thus being I=1/2. Together with the complex conjugate

doublet (K“,KO) they are each eigenvectors of the strangeness operator which

possess by convention the eigenvalues:
SIK()) = ’KO) 8|KO> = _‘K()) (2.14)
SIKF) = [KT) S|K~) =—|K")

Under parity P, charge conjugation C and time reversal 7 the pseudoscalar
mesons show the transformations!:

PIK(#) = % |K*(—5)) PR’ @) = e 7K’ (—p))
CK(®) = e¢ K" (7)) CIR* (7)) = e~ |K()) (2.15)
TIK(-)) = e*"K°(-5)  TIR (@) = e 7 |[K°(5))

0p.,0¢ and 01 are arbitrary phases. Thus the combined transformation CP acts
on the neutral meson states as follows:

CPK@) =" [K'(~7)  CPIK (@) = e™°7 [K*(~)
(2.16)
The assumption that all commutations of the three operators P, C and 7, i.e.

the six operators 7CP, TPC,..., PCT commute equally with the Hamiltonian
H puts a condition on the phases 8p, ¢ and p:

efr  — gifoeifr — 41 (2.17)

1t is worth mentioning that most of the formalism introduced in this and the next sections

holds equally well to K0, K°, B®, B® and D%, D°, although I will only use the kaon state vectors
in the equations and only the particularities of the kaon system are elucidated in this context.

11
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Since the commutation relation above is required by the CPT theorem, it is a
necessary condition for CP7T conservation that, if C, P or T is not conserved,
at least one other must also not be conserved or all three not conserved sep-
arately. According to the conventional transformation properties of the quark
fields under C and P in the Standard Model, conventionally the phase is chosen
to be

CPIK'(@) = —[K(-7)) CPIK () = —IK°(-9) (2.18)

and the CP eigenstates can be constructed as

Ko == K- K] ¢poy

(2.19)
1) = — [k + &) P=-

1
V2
where the mass difference of |[K;) and |Ks) is induced by the strangeness vio-
lating component of the weak interaction. In the weak interaction isospin and
strangeness are no longer conserved quantum numbers. Therefore K° and K
do not have a definite lifetime and do not have definite mass. Instead, two inde-
pendent linear combinations of the states |[K°) and |K0) exist, namely, |Ks) and
|Ky}, which are associated with the particles of definite and distinct mass mg
and my, and the mean lifetimes I'g' and T';'. If CP were an exact symmetry,
|Ks) and |Ky) could by identified as |K;) and [Ks).

Two pion final states 77~ and #%7° are even under the CP operator irre-
spective of isospin considerations. The three neutral pion final state n%7%x° is
CP odd. The final state 777~ 7% can only be CP even if the 77~ subsystem
possesses an odd angular momentum. Since the decay amplitude of the |K;)
into three pion states with £ # 0 is kinematically suppressed, we expect the |K;)
to decay mainly into two pion final states. In fact the experimental values are
for the |Ks) decay a fraction I'y+,— /Ttotar = 68.61 £ 0.28% and I'zoro/Ttotal
= 31.39 + 0.28%]9]. All other decay modes are negligible.

Considering the |K;) decay modes it was in 1964, when Cronin et al.[3]
observed that, besides the fully allowed decay channels I';0,0,0 /Tiotar = 21.12
+0.27% and ' y+ -0 /Ttotar = 12.56 + 0.20%, where the latter is predominantly
an eigenstate of the CP operator with eigenvalue +1, there is a small but finite
probability for the CP forbidden decay Ky — w*#n~. The branching ratio of
Ky — nta~ is found to be Tyt /Tiotar = (2.067 £0.035) x 1073, Therefore
|K2) can not be associated with |K1,) and the CP symmetry has to be slightly
broken in nature.

Because of phase-space volume consideration Ky, is expected to have a much
smaller decay rate than Kg. This is indeed the case as experiments show and
explains the name Ki, for the long-lived meson and Kg for the short-lived meson.

CP violation in the mixing

In the following it is assumed that for the strong and electromagnetic mteractlon
C, 'P and T i 1nvar1ance holds separately. In general, the neutral mesons K° K

BO,B and D°,D , which are eigenstates of the strong and electromagnetic in-
teraction, mix under the weak interaction via common decay channels. In the

12




Phenomenology

casc of ncutral kaons the presence of the weak interaction induces strangeness
changing decays |AS| = 1 and they can oscillate into each other through |AS]|
= 2 processes over e.g. the C even two pion final states:

K% = rr = [K)) (2.20)

Thus we can consider the neutral kaon state as a superposition of the flavour
eigenstates

T(t) = a(t)[K°) + b(®)[K") (2.21)

By assuming the validity of the Wigner-Weisskopf[32][33] type of treatment, the
time evolution of the neutral kaon system in its rest frame is described by the
perturbation theory up to the second order of the weak interaction with the
time-dependent Schrédinger equation

i%\ll(t) = HU(t) (2.22)

where the effective Hamiltonian is H = Hy + Hw. Hp is the Hamiltonian of the
strong and electromagnetic interaction and Hw the Hamiltonian of the weak
interaction. In this approximation H is represented by a non hermitian 2x2
mass matrix A, which can be decomposed into a hermitian mass matrix M and
a hermitian decay matrix I':

A=M-— %r (2.23)

Using perturbation theory[33]{34] we get the matrix elements of M and I in the
form

ilelf)(leWU>)

. . (
i = mobi
M] mo0s;; + (ZIHWU> +P;( mo _Ef

(2.24)
Ty = 2 3 (i[Hwlf){f[Hwl)5(mo — Ey)
b

P stands for the Cauchy principal value and my is the rest mass of the K°. The
second term of M;; denotes AS = 2 transitions, whereas the Hamiltonian in
the third term stands for AS = 1 transitions. The Hamiltonians of I';; both are
AS =1 transitions. For M;; the sum index f runs over all possible intermediate

states, whereas for I';; f denotes all final states. KO,KO are substituted by 4, j.
Due to the hermiticity of M and I we get

My, M2o,T11, 92 real ’ (2.25)
and
Mo = M3, T2 =T3; (2.26)
If we assume additionally CPT invariance, Hw = (CPT) 1Hw (CPT)

Myy = M2,Ty1 =T (2.27)

13




2.2 Phenomenology of the neutral kaon system

and further for invariance under time-inversion 7, Hw = (T) " *Hw(T)
M12 = M21,F12 = F21 real (228)

which means that the mass eigenstates become equal to the CP eigenstates and
A becomes hermitian.

Equation(2.23) can be solved and we get the time dependence of the real
physical particles, which are the eigenstates |[Kg) and |Ky,) of the effective Hamil-
tonian 7(

|®(2)) = age st Ks) + are™ e Ky) (2.29)

where ¢ is the time since production in the kaon rest frame and Ag, Ar the
eigenvalues.

The Ks and Ky, states show the exponential time dependence as required by
the Wigner-Weisskopf approximation. Since the Hamiltonian H is not hermi-
tian, its eigenvectors

1
[Ks) = ————(psIK%) — g5|K"))
VIpsl* + Ipz| (2.30)
1 =0 )
IKy) = —————=(pr|K®) +¢s|K))
VIps|? + |pL|?
with
gs Ax qr Ao
gs _ o __Aa 2.31
ps  Aaa—As d pr A —Ar 231)

are not orthogonal, {Kr,|Ks) # 0, and the eigenvalues
Ag = ms — %rs (2.32a)
= %(An +Az) -y
AL =mp — %I‘L (2.32Db)
= %(An +A22) +y

with

1
y= \[Z(A” —A22)? + Ag1Arp (2.33)

are complex. Their masses mg and my and their mean lifetimes I‘gl and I“Zl
are represented by the real and imaginary part of the eigenvalues As and Ar.
With (2.32) we can write the differences of the masses and mean lifetimes of
IKs) and |Ky) as

Am =mp — ms = 2Re(y) (2.34a)
AT =Tj, - Ig = —4Im(y) (2.34b)

It is an interesting experimental fact that for the neutral kaon system

ATl ~ —2Am (2.35)

14
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An alternative common notation is to define

1—e€sr 1+e€sr
PSL = —mmmm—te—, (5 = e (2.36)
V2(1+ |es,L]) V2(1+ es,Ll)
and (les L] <€ 1):
gs _ l1—est (2.37)

psL  l+ess

In the following we will use the fact that |eg 1| « 1 and neglect terms which are
proportional to the square of 7 or CPT violating quantities. eg and €, can be
taken as a measurement for the fraction of the CP-not-allowed CP eigenstate in
|Ks) and |Ky), respectively.

IKs) = [K1) + es|K2) (2.382)
IKL) = [K2) + e |K1) (2.38D)

In terms of eg and ¢, eq. 2.30 become

|Ks) = % ((1 +€5)|K®) — (1~ es)|K°)) (2.39a)
|Kr) = \/ii ((1 +er)|KO + (1 - eL)lﬁo)) (2.39b)

and the scalar product is
(Ks|Kr) = €5 + €L (2.40)

Introducing a phase convention according to [35] €s and €L can be split into the
two parameters € and dgpr

€s = e + bepr (2.413,)
€r, = €1 — bepr (2.41b)
The formalism so far is not a consequence of the CPT theorem. If we now

assume CPT invariance we get gs = qr, and ps = pr, and the ratio(2.31) can be
written as

2 * i T
| My — 3T
Mz - 5T2

q

(2.42)
D

Equation(2.42) is independent of phase-conventions and therefore physically
meaningful. The validity of equation 2.43

‘%‘ #1 <= CP violation in the mixing (2.43)

would be a proof for CP violation in the mixing. Further under CPT invariance
we can write now equation 2.41 as

Sepr =0 (2.442)
€s =€, = €T (2.44b)
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2.2 Phenomenology of the neutral kaon system

and
(Ks|KL) = 2Re(e) (2.45)
where as under 7 invariance
er =0 (2.462)
€s = —€L = dcpT (2.46b)
and
(Ks|Ky) = 2Im(3cpr) (2.47)

Since CPT noninvariance and/or 7 noninvariance implies CP noninvariance, no
further parameters have to be introduced.

For the rest of this work, CP7 invariance is assumed, i.e. dcp7=0.

Due to equation 2.29 the time evolution of initially pure K% and K can be
written as

|T(t)) = 1—\'7_2-61 (e_”‘stIKs) + e‘”‘LthL)) (2.48)
Lo (e_i’\sths) - e-“Lt|KL>) (2.49)

As mentioned, initially pure K° and R states oscillate (eq. 2.20) over virtual
intermediate states into each other. These strangeness oscillations with an os-
cillation frequency Am are clearly visible before they are dumped away by the
decay of the Kg component. Fig. 2.1 shows the strangeness fraction S(K°(t))
and the anti-strangness fraction S(K°(¢)) of an initially pure K° beam. S(K°(t))
and S(K°(t)) are defined as

0 o (EID) .
0 R+ o) 50
S(K% t) = Ko19) (2.51)

&' |T) + (KO[T)

If we take the small value for € derived from experiments into account, we can
write

SKO(£)) ~ %(1 - Re(e))1—_121‘5,'6]‘—((6—';)?E (2.52)
S(KO(t)) ~ %(1 + Re(e))i—_rlé—-i]_%—ig—)m (2.53)

with

2e~AT't cos(Amt)

o g Tt (2.54)

f) =
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A

i SOK°1)
5 v/
KoL)

0.2 F /
0.1 E

Figure 2.1: Strangeness oscillations for a initially pure K° beam. The strangness
and anti-strangeness fractions S(K°(t)) and S(K°(t)) are plotted against the
decay time.

Since CP is violated, S(K°(¢)) and S(K°(¢)) do not oscillate around the value 0.5,
but instead around 0.5-(Ks|Ky) for K° and 0.5+(Kg|Ky) for K. Responsible

for this is the fact that the transmission probability of K° to R’ and K to K°
differ sightly as a result of the violated 7 symmetry. This fact is also known as
violated microreversability.

CP violation in the decay

Two decay processes shall be related to each other by CP transformation. |M)
and |M) shall be the conjugated pseudoscalar meson states, and |f) and |f)

some CP conjugated final states both with the freedom of choosing a phase

CPIM) = ™ |M
D ; }_ ) (2.55)
CP|f)y =e¥*|f)

Applying a phase convention the CP conjugated decay amplitudes A and A are
given as:

A= (fIHIM) =) A
o . (2.56)
A= {fHM = eilem—o5) Z Aze¥ig—id:

A; are the real partial amplitudes, which are described by different Feynman
diagram contributions, and H is the effective Hamiltonian. There are two ad-
ditional phases in the decay amplitudes. The weak phases ¢; are introduced by
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2.2 Phenomenology of the neutral kaon system

the Lagrangian which violates CP, whereas the strong phases d; from rescatter-
ing effects due to the strong interactions of the final states. Although the weak
phases ¢; and the strong phases §;, which are convention dependent, appear one
can show that the ratio

A0 pidi
| Zadieme ™ (2.57)
> Ajetdiemid

A
A

is phase convention independent and therefore physical meaningful. The condi-
tion

%‘ #1<«<= direct CP violation (2.58)

implies CP violation resulting from the interference of decay amplitudes leading
to the same final states.

The processes [K*) ~ |7%7%) may serve as example for the above. It is
common to define the CP asymmetry

DK+ - ata®) —T(K~ — 7% 11— |4/A
T(K+ = 770 + T(K~ — 7~ x9) T 14 ]Z/AP (2.59)

Aniwo =

Therefore a value A, + .o # 1 would indicate CP violation in the decay for these
processes.

The 27 channel

In the neutral meson decays, where the presence of mixing is unavoidable, the
access to the CP violating parameters of the decay is not so straightforward.
In this section the parameter €, which indicates CP violation in decay of the
neutral kaons, is carefully introduced by discussing the two pionic final state
atr~ and 707°.

Since the neutral kaons as well as the pions are spinless particles, the two
pionic final state can occur just with CP = +1, i.e. the observation of the
processes Ki, = 77~ and K;, = 7%70 is a clear indication for CP violation
either in the mixing with € # 0 or in the decay or in both. The isospin operator
commutes with the Hamiltonian of the strong interaction and therefore simul-
taneous eigenstates exist for the different possible isospin values. The isospin
decomposition of the two pionic final states into I = 0 and I = 2 states can be

written as
|7tz ~) = \/%]ﬂ"fﬂ“,[ =0)+ \/§|7r+7r_, I=2) (2.60a)
|7070) = \/g |7%70, I = 0) - \/ghr%", I=2) (2.60b)

We define
poe = et = LTI (261a)
Moo = |mo0le*®® = %—E%ﬁ—g (2.61b)
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N+— and 7gp can be composed of the two isospin contributions I =0 and I =2
(eq. 2.60). To parameterize the CP violation in the isospin amplitude I = 0
and I = 2 we introduce the new parameters ¢; and €3 as

AKXy = 7, I =0)
" A(Ks = 7w, I = 0)
o = 1 AKy = am, [ =2)
2T V2 AKs = 7w, I = 0)

(2.62a)

€0

(2.62b)

Both decay channels are normalized to the 77 decay channel with I=0. The Kg
channel with =0 is due to the AI=1/2 rule dominant. The =2 decay channel
with AI = 3/2 is suppressed by the factor[36]

AKg — #nw, I = 2)

o~ 2.
AKs = 7w, I =0) 1/25 (2:63)

|l =

which is a measure of the AI=1/2 rule. With the eq. 2.60 we can write

€ + €2
= —t 2.64a,
M 1+w/V2 ( )
€g + 2¢2
== "—° 2.64b
oo 1— V2w ( )

A measure of the different strength of CP violation in the channels I=0 and
I=2 is the new variable

¢ = —5_2— (\/5% - eo) (2.65)
with
¢
Ny— = €0 + m (2.66a)
2¢ (2.66b)

- — ——

oo 0 1—vow
Applying the common Wu-Yang phase convention[37], the dominant decay am-
plitude A(Ky, — @, = 0) is chosen to be real (6 = 0) and therefore CP in-
variant. This is coterminous with fixing the relative phase of [K°) and IKO)[38]

to CP|KO) = |K0) in contrast to eq. 2.18. In the Wu-Yang phase convention we
get ¢ = € and eq. 2.66 becomes

!

€ '
= + —_~ + 2.67a
O N, LA (2.672)
—e—m%—e:——- ~e—2¢ (2.67b)
oo = 1-vVow — -
2.34 and 2.40 become
Am = 2Re(M12) (2.68a)
AT = 2Re(T2) (2.68b)
{Ks|KL) = 2Re(e) (2.68c)
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2.2 Phenomenology of the neutral kaon system

with
co LA An (2.69)
2Am — AT
€’ can now be written explicitly as
! Z Im(A2) iéz—ﬁo
€ = ———""¢ 2.70
75 A (2.70)

Unlike the ¢, which depends on the hermitian mass matrix M as well as on the

decay matrix T, € depends only on the decay matrix I and thus is finally the

searched measure for direct CP violigion. As we will see €’ can also describe the

rate difference of K® — nt7n~ and K — «t7~. Finally combining the eq. 2.67
Too

we derive
€ 1
— ) ~—11- 2.71
Re( 6) 3 ( N4— ) @)

For the experimental approach we define the decay rates in the neutral kaon
system according to the Schroedinger equation(2.22) as

R¢(t) ~ [{(FITIZ@) (2.722)
Ry (t) ~ KFIT@)I (2.72b)

T is the transition operator in the specific final state |f). With [39] and eq. 2.67
and 2.68 the decay rates can be written as

|As|?
B:(t) ~ 13 3Re(9
[e—rst + [y [2e7T5t + 2y _|e"T* cos(Amt — ‘I’+—)] (2.73a)
2.73a
- |[As|?
By (t) 1 — 2Re(e)
I:e_rst + In+_|26—FLt _ 2|77+—|6—Ft cos(Amt — ‘§+—):I (2 73b)

with T(T'z, + I's)/2. Thus the decay rates decrease exponentially in time with
I's and T'; and possess an exponentially decreasing interference term of the
frequency Am. In the neutral kaon system these interference terms can be
distinctively seen due to the relation 2.35. CP violation becomes apparent with
this interference term, which is known as the Seghal-Wolfenstein theorem[40]:

For any possible nonleptonic decay mode of the K® meson the observation of
an interference effect between Ky, and Kg in the partial decay rate of this mode
is a clear evidence for CP violation.

We define particle-antiparticle asymmetries as

R;(t) — Ry (t)

Af(t) = = (2.74)
Ry (t) + Ry (2)
With equation 2.73 2.74 takes the form
~Tt _
As_ () = 2Re(e) + 2&_Ina-|cos(Amt — &) 2.75)

TS+ Jyy P
Under the assumption of CP invariance the asymmetry vanishes.
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Figure 2.2: Feynman diagram contributions of the semileptonic decay channels

The semileptonic decays

Before passing to a careful discussion of the neutral kaon decay to the 7t x~ =0 fi-
nal state a section about the semileptonic decay channels is applied here to com-
plete the different channels studied at the CPLEAR experiment. The semilep-
tonic decay channels #+1~¥; and n~ 1"y, (fig. 2.2) deserve a special care and
attention in the neutral kaon system, since semileptonic final states are not
eigenstates of the CP operator. However, in these channels it is possible to
observe the strangeness of the decaying kaon via the AS = AQ rule,

Ay = AK® — =11y
A= AR - nti-7l)
A_ = A(K® = 7+1-m)
A, = AR’ = 7 lty)

} AS = AQ allowed (2.76a)

} AS = —-AQ forbidden
(2.76b)
which allows AS= AQ decays and forbids AS = -AQ decays. Assuming that
the AS = AQ rule, is not violated it is possible to directly compare |(K° |7'II_{O) |2
with |(B|T1K)|2 or |[(K°|TTK®)[? with |[(K°|T|R")|2. In the first case we mea-

sure 7 noninvariance, in the second case we measure CP7 noninvariance.
To consider a possible violation of the AS = AQ rule we define the parameter

X as

o= J[dQA AL [ [dQA*A_
JJaQALP [ [doAP?

(2.77)

where CPT invariance is assumed, ie. Ay = —A. and A_ = —Z:_. The

enumerator describes the forbidden AS = -AQ decays, whereas the denominator
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2.3 The decay Ki,Ks = ntn~n°

describes the AS = AQ decays. Applying the CP operator to the states we find
as condition for CP invariance A, = —A_e!® and A_ = —A e with ¢ being
the relative phase between K® and K°. Direct CP violation induces a violation
of the AS = AQ rule through a value Im(x)#0. A violation of the AS = AQ
rule independent of CP violation would be manifested in Re(x)70.

To obtain experimental access to the parameters above, we define the asym-
metry Aam(t) as

_ (R-(®) + B4 () — (B (t) + B-(1))
(R-(t) + R+ (1) + (B4 () + B-(1)

_ 2¢~Tt cos(Ami)
" (1 —2Re(z))e~Trt + (1 + 2Re(z))eTst

AAm (t)

(2.78)

This asymmetry compares the AS=AQ forbidden to the allowed semileptonic

decays of K° and K® and is sensitive to Am and Re(x).
The asymmetry A;(t)

R_(t)+ R+(t)

A0 =5 TR0

4Tm(z)e~Tt sin(Amt) (2.79)

(1 — 2Re(z))e~Trt + (1 + 2Re(x))e-Tst + 2e~Tt cos(Amt)

compares the AS=AQ allowed semileptonic decays of K and K and is sensitive
to Im(x).
The asymmetry A7 (t) finally takes the form
R_(t) + R (1
AT(t) _- ( ) +( )
R_(t) + R4(t)
- (2.80)
_ 4Re(e)(e7Ts + e Tr — 27Tt cos(Amt))
(1 + 2Re(z))e~Tst + (1 — 2Re(x))e-Trt — 2e~T¢ cos(Ami)

which is sensitive to Re(e). Therefore this asymmetry measures 7 violation in
these channels.

2.3 The decay Ki,Kg — mtn— 70

Considering the neutral kaon decay into the states |7°7%7%) and |x+ 7~ 70), it is
in principle possible to choose the analogous formalism as in the 27 case. Just
for completeness the |7%7%7%) state is also introduced in this context. The CP
operator acts on the states as follows

CPn%n70) = (=1)|x°7x®) (2.81a)
CPlntn~ 70 = (1) ata—x0) (2.81b)

where as £ is the angular momentum of the n+7~ subsystem. The isospin
decomposition of the |7%7%#x%) state can be denoted as

|707070%) = \/ghrowovro,I =3) - \/gkrowoﬂo,I =1) (2.82)
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The decomposition is derived with regard to angular momentum conservation
and bose symmetry by first coupling two of the pions to a state and then adding
the third pion. For the state [r%7%7%), which exists only with the CP eigenvalue
(-1), the proof of the decay of Kg — |7%7%7?) would be a clear indication for
CP violation.

As mentioned it is possible to use the same formalism as in the two pionic
case. We define the parameter 7ggo, which is a measure for CP violation for

—0
KO K — 7%%#9, as

(r°7°r°\HIKs) [ [ dQAG0 Algo
(rO070mOH[KL) [ [ dQAGl? (2.83)

Tooo = |1ooo}e??o° =

The decay rates of K9(K") — n°n%7° are

|As|
Rt) m ——2
(® 1+ (Ks|Kvp)
(|n000|2e_rst +e ety Inooole_ﬂ cos(Amt + ¢000))

(2.84a)
= |As]

RO ~ TRy

(|n000|2e_rst +e7Tet _ lnooole‘ﬂ cos(Amt + 45000))
(2.84b)

Thus the particle-antiparticle asymmetry of equation 2.74 takes for the n%7%7°

channel the form

Ze_ﬁ|77000| cos(Amt + ¢ooo)

Aooo = 2Re(€) - |7700012€_P5t +eTit

(2.85)

The interference will be observable mainly in the region of 0-87¢ as it is expected
for CP violation in the Kg channel.

2.4 The isospin final states

In the |77~ 7%) case the 7" and the 7~ are first coupled to a subsystem, which
is later coupled to the remaining #°.

[wta~x% = (|11, 1) ® |1,-1)) ® |1,0) (2.86)

where we used the notation |I,I,). There are seven possible isospin states[39]
with total isospin = 0,1,2 and 3. The notation is |I,I;)r , _. I. is the third
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2.4 The isospin final states

component of the isospin being 0 and I+, the isospin of the 7t 7~ subsystem.

13,0)5 =—— <|7r+7r07r_) B Pt 1

V10

2
|x= 7t 7% + |nln 7ty + |7r_7r07r+)) + \/_-5:|7I'07T07r0)

(2.87a)
12,0)2 =% (|7r+7r07r_) — |7~ 7%y + |77y + |77 o) ))
(2.87b)
1 - 0, + _~ [ J -0+
12,001 =\/—1_2(|7r+7r07r Y= |7 try + |77 wt) — |nTn0w )) +
% <I7T+7r_7r0) - |7r”7r+7r0)) (2.87c)

l1,0>2 =\/%<¥7r+7r07r_) + |7r07r+7r_) + |7r07r_7r+) -+ |71'—7r01r+)) —
\/——11—;5— (|7r+7r_7r0) + l7r—7r+7r°)> - %Mowoﬂ'o) (2.87d)

|1,0); =% (|7r+7r07r') + |7 7%y — |70t rT) — |7r°1r_7r+))

(2.87¢)
|1,0) 2% ([7r+7r_7r0) + |7~ a0 — |7r°7r°7r0)> (2.87f)
|0,0)0 :\/if—i (|7r+71'07r_) + 7% 7t + 7wt %) —

|70 T 7™y — |xta— 70y — !7r_7r0ﬂ'+)) (2.87g)

The states with total isospin I=3 and I=0 already have a totally symmetric or
antisymmetric form. The I=1 states possess mixed symmetries in symmetric
and antisymmetric form. The I=2 states can not be symmetrized alone or in
combination. To derive the complete wave functions the unsymmetric states
have to be symmetrized together with their orbital wave functions. The orbital
wave functions take the form[39]

Prmnp = 512mﬁ22n512pf @12522512) (2.88)
in the rest frame of the K°, K°. For m, n and p we get the relations
2m+2n+2p=4Ls+Lp (2.89)

£4 denotes the relative angular momentum of the two pions in the subsystem
and £p is the angular momentum of the remaining pion. Angular momentum
conservation of the spinless particles implicates that £4 + £p = fison and in the
rest-frame of the kaon £4 = fg = 4.

The largest decay probabilities will be in decay states with the lowest orbital
excitation. Therefore we first look at orbital wave functions with £ = 0, which
is in the lowest possibility the symmetric orbital wave function ¢ogo. [3,0) is
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totally symmetric anyway and the |1,0) states can be symmetrized without
vanishing.

2 5
1,005 = 511,002 + —\g—_|1,0)0 (2.902)
1,000 = 211,002 — 211,0) (2.90b)

The label S and M denote the states with symmetric and mixed symmetric
form. Therefore we get three states with £ = 0, CP = —1 and in the first case
with AI =5/2 and in the later cases AI =1/2.

_ 1
|1r+71' '/To)gzo =—“‘~—(P1 +p2 2p3)|1 0) M

\/—|1 0)s+[l3 0)2

For the CP = 1 states the symmetrization of the I = 2 states gives zero.
Therefore there must be a non-zero orbital excitation. The lowest possibility is
m+n+p=1. With £ = 1 we can form a fourth state by using the state {2,0);

(2.91)

_ 1
]7T+7T 7r0)£=1 = M(P% —Pg)|2, 0)1 (2.92)

The antisymmetric state |0,0); needs an antisymmetric orbital wave function to
be symmetrized. The lowest angular momentum where this is possible is £ = 3
with ¢210 and m, n and p each being different from each other.

\/E;m?,{ (0} (03 — p3) + P3(p3 — p}) + P50} — )0, 0)(12-93)

|t 7% m3 =

Recapitulating the results from the symmetrization of the complete wave
functions, we get three states with angular momentum ¢=0 and CP=-1 out
of the seven |7Tn~#%) isospin states. Two of them possess isospin I=1 and
one with I=3. One isospin state has an angular momentum ¢=1 and CP=1
with I=2. Two states which possess I=1 and I=2 disappear due to cyclic
permutation and the last isospin state has an angular momentum ¢=3 and CP=1
with I=0. /=3 becomes necessary since for the antisymmetric state |0,0); needs
an antisymmetric function ¢mnp.

CP=-1 I=3with Al =5/2

£=0 CP=-1 I=1with AI=1/2

CP=-1 I=1with AI =1/2 (mixed sym.) (2.94)
=1 CP= 1 I=2with AI =3/2
£=3 CP= 1 I=0with AT=1/2
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2.5 The decay amplitudes

2.5 The decay amplitudes

To write down the decay amplitudes in terms of kinematic variables, it is com-
mon to introduce the kinematic Lorentz-invariant variables X and Y

X = Sin; S1
i (2.95)

83 — 8¢

Y =—
m; .,
where the s; are given by:
i = (K — Pri)u(Pk —Pr)*  for 1=1,2,3

(2.96)

1
8 = 5(81 + 89 + 83)

pk and p,, are the four-momenta of the kaon and the pions, respectively. The
indices 1,2,3 correspond to 7+, 7~ and 7°. For a given angular momentum ¢
and isospin I the decay amplitudes (7*7~n%|H|K®) and (rt - mOH[K) are
given by[80]

Apr = ay,1e®?

Ayr = (=1)*a} e

The &; phase shifts arise due to the strong interaction of the final state and are
considered to be small because of the small kinetic energies of the pions[41]. a; r
are the decay amplitude contributions of the weak interaction and depend on
the kinematic variables of the system. The decay amplitudes for K, and Kg are
derived according to the eigenvalues of the effective Hamiltonian for the 77~ °
final state. Therefore (7 tn~7°H|Ky) and {nt 7~ n°|H|Ks) can be written as

(2.97)

1 ,
Ab = 7 ((1 +ep)apr — (-1 - eL)a;ﬁ,> i1
2 (2.98a)
1 .
App = 7 ((1 +es)ar + (1) (1 - 55)“7,1) e
2 (2.98b)

Due to the AT=1/2 rule the state with I=3 of the isospin decomposition (eq.
2.87 a) can be neglected. Additionally, states with £ > 3 can be neglected too,
since the mass of the neutral kaons is only slightly larger than the mass of the
three pions and they are kinematically suppressed:

Afy = V2a0,1(1 —ig1)e (2.992)
‘ 3/ mx\° .
AGiy = 2 (m—;) a0, 1 (1 —id1ar)e ™Y (2.99b)
1 =\° o
A1L,2 = E (Z—K> a1 2(er + idg)e2 X (2.99¢)
A§, = V2a0,1(es +ig1)e™ . (2.99d)
3(m\° , .
AZim = 3 (Z—K> ao,10(€s + id1ar)e MY (2.99)
1 (me\® )
Afy= 7 (a-;—;-) a1,2(1 — idr)e™2 X (2.99f)
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The phases ¢; are known to be small due to the small value of the fraction
€'/€[9].- The first index in the amplitudes denotes the angular momentum £
and the second stands for the isospin I. There appear two states with the total
Isospin equal to 1. The addition of M’ denotes the states with mixed symmetry,
i.e. their total wave function contains a symmetric and an antisymmetric part.
Neglecting direct CP violation the decay amplitudes [11] are given by

As(X,Y) =es(ae® — Y eiiim) CP=-1

(2.100a)
As(X,Y) =yXe — £xy XYt CP=+1

(2.100b)
AL(X,Y) =aei — BY M 4

E(Y? - %Xz) + (Y2 - %Xz) cP=-1

(2-100c)
ApL(X,Y) =epyX el CP = +1

(2.100d)

a, B and v are proportional to the isospin decay amplitudes ao,1, ao,1as and
a1,2, where £, £xy and ¢ are contributions due to higher angular momentum,
isospin and final state interactions. CP violation may occur in the decay Kg —
atn~x0 with the final state possessing CP eigenvalue (+1) and in the decay
K — 7t 7~ ® with the final state possessing CP eigenvalue (-1). As mentioned,
the strong interaction phase shifts are assumed to be small[41] and therefore will
be neglected here. The decay amplitudes become

As(X,Y) = es(a— BY) +4X — Exy XY (2.100a)

AL(X,Y) = a+eyX — BY + (V2 — 2X2) +£(Y? - 1X?)
3 (2.100b)

The integration over the whole phase space allows the observation of the inter-
ference between the CP conserving Ky, decay amplitude and the CP violating
Kg decay amplitude through the measurement of 94 .

Ymax X {(Yborder *
Ymin f—X(-(;,bc:'de)r) deXAS (X’ Y) AL (X, Y)
_dYdX]AL(X,Y)P? (2.101)

T+-0 = Vorax [ Xrmox
Ymin ~Xma:

In the integration the CP conserving Kg decay amplitude vanishes, since this
amplitude is antisymmetric in X. The contribution of the CP violating part of
K1, can be neglected and 74— becomes a measure for CP violation in the decay
Kg = nta—x0.

The CP conserving Kg decay amplitude, which is antisymmetric in X, can
only be observed by separating the events with X > 0 and X < 0. This can be
achieved by defining the CP conserving parameter A as

| _ S X AV dX As(X, ¥) A5 (X, Y)

e [Xeex QY dX|AL(X,Y)P?

(2.102)

With A it is also possible to measure the CP conserving Kg decay amplitude.
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2.6 The asymmetry Ap+,-z0

a, B and v are proportional to the three considered isospin states with £ < 1.
The contributions of higher angular momentum, isospin and final state in-
teraction give the additional terms ¢ and ¢ proportional to X2 and Y? for
AL, _ . and {xy proportional to XY for AS, _ ,. With the decay rates

KO(—I—(CO) — ntr 70
R(X,Y,t) ~(1 — 2Re(es)|AL(X,Y)|?e7 T2t +
(1 — 2Re(er)|As(X,Y)[2e~Tst -
2(Re(As(X,Y) A% (X,Y)) cos(Amt) —
Im(As(X,Y) A% (X,Y)) sin(Amt))e T

(2.103a)
R(X,Y,t) ~(1 + 2Re(es)|AL(X,Y)|2e 1Lt +
(1 + 2Re(er)|As(X,Y)|Pe~Tst +
2(Re(As(X,Y)A}(X,Y)) cos(Amt) —
Im(Ag(X,Y)AL(X,Y)) sin(Amt))e T
(2.103b)

we obtain the particle-antiparticle asymmetry (eq. 2.74) for the 7+7~n° final
state.

A(t) = 2Re(es) — 2(Re(q) cos(Amt) — Im(g) sin(Amt))
(2.104)

with

_ [ [dXdY AS(X,YV)AM*(X,Y)
- [ fdXdY|AL(X,Y)|?

Since it is used in later parts the complete asymmetry is written down here with
all the X and Y terms. A term proportional to €L« in the A7 (X,Y’) amplitude
has been neglected.
A(X7 Y, t) = 2Re(65) -
(Re(k(X,Y)) cos(Amt) — Im(x(X,Y)) sin(Amt)) e~ 34Tt (2.105)
1+ 4(X,Y)e 2AT

with k defined as

o(X,7) = es —2slY +2X — (& - £)XY
’ 1-28y 4 (8)°y2 4 25 (V2 + 1X2) + 25 (V2 - 1X?)
and ¢ as
1)2 x2
L(X,Y)= (a) X

1-28Y 4+ (8)°v2 4+ 25 (V2 + 1x2) + 2§ (V2 - 1 X2)
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2.7 The slope parameters g, h,j,k and f

)
The Dalitz-plot density represents the time integrated rates of K® and K~ added
together. By omitting shorter life times, i.e. only events above 27g are consid-
ered in the fit, the Ag contribution becomes negligible. Under this condition we
derive

.fwmxxn+mxxma~muxym (2.106)

t2

Then we can write with eq. 2.100
[AL(X, V)P ~ 1+ gY +RY? + X + kX + fXY (2.107)

where as usual second order terms are pooled in the new variables g, h, 7, k and
f, which are called slope parameters[42]. Higher order terms can be neglected
in this context due to kinematic arguments. By convention eq. 2.107 is the
standard parameterization of the Dalitz-plot density in the Ky, — ntx—#°
analysis as it is also referred by the Particle Data Group[9]. The relations
between the decay amplitudes and the slope parameters are given by

j= 2Re(eL)% f= —2Re(eL)-Z—Z

B _2¢-¢ h_g(__-l-_f_ﬁ(é) (2.108)

a 3 « T3 a a

Therefore in the first order terms j # 0 would indicate CP violation, where as
f # 0 would stand for CP violation in the second order terms. g only has £=0
contributions, whereas j and f also have £=1 contribution. k and h possess
beside the #=0 contributions, contributions of angular momenta £ > 1.

2.8 Regeneration

A pure |K1) beam converts into a mixture of |[Kp) and |Kg) as it passes through
matter. This effect is called regeneration. We again denote |¥) to be the
two-component neutral kaon state, as in equation 2.21. The change in |¥) with
respect to its proper time 7 as the beam propagates through matter has vacuum
and nuclear components

o

vac 67-

o¥ 0¥

nuc

Direct scattering of a Kp(Ks) at a single nucleon in beam direction (©=0)
is expressed by the nuclear components. Cumulative scattering effects due to
the whole medium are considered via the vacuum components. Remembering
eq. 2.39 |K% and ]KO) are the eigenstates of the strong and electromagnetic
Hamiltonian and we get the two appropriate scattering amplitudes f(6) and
7(8). The nucleon components can be treated analogous to optical phenomena.

The index of refraction n and 7 for |K°) and |K0) can be expressed in terms of
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2.8 Regeneration

the forward-scattering amplitudes f(0) and f(0) as
2aN

n=14+——f(0) (2.110a)
Pk
27N —
7=1+ 250 (2.110b)
Pk
where N is the number of scattering centres per unit volume and px the kaon
momentum.
.0 2rN (f(0) O )
i—¥ =—— = ¥ 2.111
ot (7') e mi ( 0 f(O) ( )

For the vacuum contribution the two mass components do not mix and the time
evolution is given by

0

ib—;\y(t) = (M- 51“)\1: (2.112)

vac
Thus we get a modified effective Hamiltonian[43] for eq. 2.22

bt bri g G 2aN (£(0) 0O
M =M'—3I"=M T mm(o f(O)) (2.113)

The mixing of the mass components is specified by the regeneration parameter
"1, which is only dependent on the properties of the medium.
AsN  §(0) - f(0)

-y 2.114
"2 iAmrs px (2114

By adding together the contributions of all scattering centres in lowest order we
derive the geometry-dependent regeneration parameter o(L), which is a measure
for the regeneration power of a given medium[44].

o(L) = z"frAsNG(L)-Jip)p—T?(Q (2.115)

In terms of r we get:

olly=r (1 - exp(iAAL/yv)) (2.116)

L=+yvtg is the thickness of the regenerator with the Lorentz transformation
coefficient v = /(1 — (v/c)?). Ag is the mean decay length of the Ks and G(L)
is a geometrical factor. We assume CPT invariance, but not CP invariance.
Equation 2.113 with the modified M’ can be solved. Its eigenvalues A s and

eigenvectors |Ks') and |Ki') can can be expressed in terms of the vacuum states
[Kg) and |Ki). They are given by

IKs') = [Ks) — o|KL) (2.117a)
IKL') = |KL) + olKs) (2.117b)

and
Ns/p = As/p = i—gg(f (0) = 7(0)) (2.118)
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Figure 2.3: box diagram contributions for A S=2 processes

With this we can construct the decay rates and interference terms, which now
include the regeneration effects. In our data analysis the regeneration correc-
tions are evaluated event by event and added. As we will see the regeneration
effects play a negligible role in the analysis of the 7t~ 7% channel.

2.9 The CKM ¢ phase and the mixing parame-
ter ¢

To conclude the discussion of the phenomenology of the neutral kaon system the
relation between the J phase and the mixing parameter ¢ shall be given here.
Yet to keep this section within an acceptable frame various assumptions have
to be made to simplify the calculations.

We assume that the observed CP nonconservation arises solely from the
CKM phase angle 4. In the six-quark scheme the charged hadronic current
takes the form of eq. 2.3. To show how § contributes to CP violation we
introduce a parameterization of the CKM matrix[2.1] by Wolfenstein[45], which
takes the observed smallness of CP violation into account.

—ix A AX3(p —in)
V= A 1-1x2 AN? + 0O\
AX(1 = (p+in)) AN 1—1X2 (2.119)

A=V = 0224, A ~ 0.79 and /p? + 1% ~ 0.36. Ounly the off-diagonal ele-
ments V;4 appear complex and CP violation occurs due to V4 coupling. But
since appropriate decays are twice Cabibbo suppressed, the partial decay width
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2.9 The CKM § phase and the mixing parameter ¢

Figure 2.4: Penguin diagrams contribution for A S=1 processes

is small and measurements are difficult. In the standard CKM form the Wolfen-
stein parameters are given by

A=s; (2.120a)

AN = (83 + 85 + 25253 cos(é))l/2 (2.120b)
A*X*n? = 5383 5in(0) (2.120c)

AN (P +7?) /2 =53 (2.120d)

A (1= p?? +77) =5 (2.120e)

In this parameterization J, as defined in eq. 2.11, becomes
J = A%)8sin(n) (2.121)

The neutral kaon decay can be described by Feynman graphs, as shown in fig.
2.3 and 2.4. The calculation of these diagrams will give us the relation between
Vig and the parameters € and €’. CP violation in the mass matrix with € # 0
and AS = 2 is described by the box diagrams (fig. 2.3), which are second order

contributions to K® — K°. Contributions to CP violation through direct CP
violation with € # 0 and AS=1 are described by the penguin diagrams. Penguin
diagrams require that i, c¢ or & are created over gluons in the final states.
Therefore penguin diagrams are strongly suppressed by the Zweig rule[46], which
forbids final-state hadrons, whose quark lines are all created inside a diagram.
The exact amount of suppression is difficult to estimate, since details of the
gluon exchange are not understood. Limits for the suppression can be given by
the experimental fact, that Im(T'12) < Im(Mi2) due to the small fraction of €' /e

[91.
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Figure 2.5: Four fermion diagram with mwy — oo

Due to the Zweig-rule suppression we neglect the contribution of penguin
diagrams in a first approximation and assume that only e contributes to CP
violation according to eq. 2.69. Eq. 2.69 can be written as

e - mMiy) (2.122)
Am — EAT

with Am = 2Re((K0|H|K°)). The CP violating mass term Im({M;s) is related
to the K® — K_ transition amplitude by

Tm(Miz) = Im((K"|H|K®)) (2.123)

The conventional calculations[47][50] of the amplitude A(K® — KO) begin with
the determination of the free-quark transition amplitude

A(3d — sd) = (2.124)
B (@57 (1 = ¥5)902) @7 (1 — 75 )ba) [KO) 2 (2.125)

in the Fermi-limit of point interaction. First order contributions to the ampli-
tude tend to cancel[47] and we will only consider the second order contributions
of the diagrams 2.2. In the Fermi-limit the box diagrams of fig. 2.3 becomes the
four fermion diagrams of fig. 2.5. The amplitude of figure 2.5 takes the form
of the current-current interaction (eq. 2.2). The coefficients of the transition
amplitude can be parameterized by the quark masses and by the mixing angles,
which characterize the matrix V (eq. 2.1). To compute the physical K° — K

transition amplitude, the matrix element (KO|’H|K°) must be estimated by for-
mally inserting a complete set of intermediate states in all possible ways, which
can be achieved by saturating the set with the contribution of only the vacuum
state. This method is called vacuum-insertion calculation. Finally the following
expression is found[47]

Im(Mlg)/Re(Mlz) = 2826283 sin(&)P(G)z, T)) (2126)
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with
n=m?2/m? (2.127)
and

3 (1+ (egntn)) - &1 eZpinto))

163 (c%n + 8%~ ngcgt—fgg)—ln(n)) (2.128)

P((‘)%U) =

s; = sin(0;) and ¢; = cos(©;) as defined in the CKM parameterization of eq.
2.5. Eq. 2.126, 2.122 and 2.68a give the desired relation between the mixing
parameter € from the neutral kaon system and the CKM 4§ phase.

o = 52283 sin(8) P(02,7)
- (iAl" _ 2)

Am

(2.129)

With eq. 2.129 we can calculate the theoretical predictions for e. The present
experimental values are

Am = myg, —mg, = (3.510 £0.018) - 10~ 2MeV

(2.130a)

T'ks = (0.8927 £ 0.0009) - 10~1% (2.130b)
Tk, = (5.17+0.04) - 10785 (2.130c)
me = 1.0 to 1.6GeV (2.130d)
m; = 180 & 12GeV (2.130e)

©1, ©, and O3 are established from measurements of the matrix elements of
the CKM matrix. The present best values[9] are

0.9745 to 0.9757 0.219 to 0.224  0.002 to 0.005
0.218 t0 0.224  0.9736 to 0.9736  0.036 to 0.046
0.004 to 0.014 0.034 t0 0.046  0.998 to 0.9993 (2.131)

The three real CKM angles 01, ©; and O3 are

0, = 12.6568° to 12.9669° (2.132a)
0, = 0.9715° to 1.0223° (2.132b)
03 = —0.9760° to — 1.0223° (2.132¢)

To derive a value for ¢ the CKM phase § is chosen within its present permitted
regions once within 0.34 < § < 0.73 and once within 2.78 < & < 3.04[48].
In both cases it is possible to reproduce the correct order of magnitude for
Re(e) ~ 1073, which is required by the measurements. The limitations of the
calculations above must be seen. The cancellation of the first order contributions
are imperfect because of the t-¢c quark mass difference. Direct CP violation is
neglected as well as diagrams of higher than the second order and the whole
calculations are done in the Fermi-limit.

It is also possible to calculate the contributions of direct CP violation by
considering Feynman graphs such as fig. 2.4. The general features of the calcu-
lation of direct CP violation are described by [49]. To simplify the calculations
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Figure 2.6: First order penguin diagrams with mwy — 00

we again use the Fermi-limit of point interaction. In the Fermi-limit the dia-
grams of fig. 2.4 become the diagrams of fig. 2.6. In addition, we assume the
approximation m. s > m, and use the fact that m, < k ~ mgo and m.¢ > k.
Within these limits the desired ratio[49] is given as

In(m?/k?) — In(m2/k?)

) Eln(m2/k?) + seln(m2/k?) (2.133)

l€'] > sacas3 sin(

where k is the gluon momentum transfer. In this approximation first order
contributions other than those diagrams shown in fig. 2.6 again are neglected.
In more precise calculation they are considered too, and we would get € =
€Penguin + other first order diagrams. The diagrams of fig. 2.6 require that cc
or #f annihilate into gluons in the final state. As mentioned such processes are
suppressed by Zweig’s rule. The suppression is caused by the dynamics of the
strong interaction, which is not understood in detail. Theoretical estimation of
the suppression reduce the amplitude by a factor 0.1 to 0.01.

There are calculations[50] which do not use the above approximations, i.e.
they consider both, CP violation in the mixing and direct CP violation. Still
the uncertainties concerning the different parameters are so large that it is not
possible to derive firm values for the CP violating parameters € and €. Nev-
ertheless, the CKM model seems to yield approximatively the right magnitude
of CP violation[47] or at least is not in contradiction with the experimental
measurements.
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Chapter 3

Fast neural network online
trigger for CPLEAR

3.1 Introduction

The high luminosity of 106 Hz p and the large background are two major factors
to be considered when designing the first level triggers for the CPLEAR exper-
iment. High energy physics (HEP) experiments have to deal with analogous
problems [51] providing an additional challenge to the study and development
of first trigger steps for CPLEAR. The requirements for such a trigger are speed
and selectivity. Trying to cope with the large luminosity soon revealed the ad-
vantage of highly parallel architectures. Trigger processors using artificial neural
network algorithms (ANN) provide a possible approach to this problem [52].

The ANN-trigger stage presented here is based on a 3-layer feed-forward arti-
ficial neural network with two neurons in the hidden layer. This simple structure
was chosen to keep the trigger decision time to a minimum. The network was
trained using the error back propagation algorithm [52]. The purpose of this
project was to realize the ANN proposed by G. Athanasiu et al. [52] as a very
fast hardwired first trigger step and to test its performance with CPLEAR[5]
data.

Feed-forward network architectures are well suited for hardware implementa-
tion, since they are certain to reach their decision within fixed time limits. This
facilitates their integration into a sequential trigger hierarchy. The trigger was
supposed to be upgradable to other experiments. In future HEP-experiments
detectors are expected to become very complex and the number of signals to
be processed will become larger as will the number of connections from the
front-end to any other system [53]. With their simple structure feed-forward
neural networks are well suited to minimize the number of connections, espe-
cially since they do not need any control mechanism to look for equilibrium
conditions within them.

The error back propagation algorithm [54] was chosen to train the network,
since it is simple to implement, faster than many other ‘general’ approaches, well
tested in the field, and many efficient implementations exist. Additionally feed-
forward networks trained with that algorithm are able to store a vast number
of patterns far larger than their vector dimensionality [55].
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CPLEAR Detector
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Electromagnetic calorimeter

1
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Figure 3.1: Layout of the CPLEAR detector

3.2 The CPLEAR detector

The cylindrical CPLEAR detector [56] is built up of several layers of wire cham-
bers around a gaseous hydrogen target (fig. 3.1).

Starting from the target, i.e. the centre of the detector, there are first two
layers of proportional chambers (PC), 6 layers of drift chambers (DC) and 2
layers of streamer tubes (ST), followed by a scintillator (S1) Cerenkov (C) scin-
tillator(S2) sandwich [57]. A gas sampling calorimeter surrounds these tracking
detectors. The whole detector is placed inside a solenoid providing a uniform
magnetic field of 0.44 T along the beam axis. The solenoid possesses a length
of 326 cm and a inner radius of 100 cm.

The beam axis also defines the coordinate system used: The origin of the co-
ordinate system is chosen to be the centre of the target. The z-axis is equivalent
to the beam axis with positive values pointing in the beam flight direction. The
y-axis points upwards and the x-axis is given by the right handed coordinate
system. In the following the various components are briefly described.

The antiprotons are cooled down to 200 MeV /¢ in the LEAR(Low Energy
Antiproton Ring at CERN) and extracted with a intensity of about 1 MHz.
The beam, after passing the beam-monitor and beam-counter, is stopped inside
a spherical gaseous hydrogen target with a radius of 7 cm and a pressure of
15 atm. There the antiprotons and protons form protonium before their final
annihilation.

The beam-monitor consists of two multiwire proportional chambers and is
needed to adapt the beam profile and focus the beam position towards the
centre of the target. The beam-counter consists of a 1 mm thick scintillator. It
is situated close to the entrance window of the target and produces the start
signal for the trigger electronic. The target walls are 0.8 mm thick kevlar and
the entrance window is 0.12 mm thick mylar.

Different types of wire chambers are used as tracking system. First there are
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two layers of proportional chambers (PC1, PC2) at a radius of 9.7 cm and 12.7
cm followed by six layers of drift chambers (DC1,..,DC6) at a radius of 25.5 cm,
30.6 cm, 35.7 cm, 40.7 cm, 45.8 cm and 50.9 cm. The chambers are equipped
with cathode strips for z readout. The proportional chambers as well as the drift
chambers are used for momentum determination of the charged particles. Two
layers of streamer tubes (ST1, ST2) at a radius of 58.2 cm and 60 cm allow the
online z determination of the tracks. Additionally, using the information of the
PCs a first classification of the tracks is done by the trigger. Tracks with at least
one hit in one of the PCs are taken as primary tracks, as they are assumed to
originate from the annihilation vertex. Tracks with no hit in a PC are taken to
be secondary tracks, i.e. that they originate from the decay vertex of a neutral
kaon. The efficiency of both PC layers is 99.9% and their transverse spatial
resolution is &~ 340um. The DCs show a slightly lower efficiency of 96% and
a transverse spatial resolution of ~ 300pum. Each streamer tube has a central
anode wire. Measuring the time difference of the propagation of the pulse along
the wire to each end of the streamer tube allows to determine the z position of
the track online with an uncertainty of about 1.4 cm. The efficiency of both
ST is 98.2%. In 1994 the target was exchanged for a smaller one, which made
it possible to place an additional proportional chamber PCO at a radius of 1.8
cm in the detector. The information of PCO mainly helps to suppress the pionic
annihilation background, which minimizes the dead time for the detector.

The particle identification detectors (PIDs) allow us to distinguish between
the charged pions and the charged kaons. The PIDs consist of a 3 cm thick
scintillator (S1) at a radius of 63.8 cm, a 8 cm thick Cerenkov counter (C) at
a radius of 69.4 cm and a second 1.5 cm thick scintillator (S2) at a radius of
74.2 cm. The Cerenkov medium is the liquid radiator CgF14 (fluorinert FC72).
PPO (2.5 Diphenyl Oxazole) is used as a wave length shifter to get a Cerenkov
threshold at $=0.84, which is the maximum velocity of the kaons. Thus the
Cerenkov detectors produce no light for kaons but they will produce light for the
faster pions. A charged kaon possesses the signature S1CS2, which means that
the two scintillators gave a signal while the Cerenkov had no signal, whereas a
charged pion carries the signature S1CS2. To improve the particle identification
the energy loss of the particles in the scintillators and the time of flight is also
considered.

To detect photons an electromagnetic calorimeter consisting of 18 lead-
streamer tube layers is used. It is placed at a radius of 77 cm to 99 cm. The
wires are equipped with cathode strips at an angle of 30° and -30° to allow
the determination of the position of the electromagnetic shower parallel to the
wires. The resolution of the calorimeter is 4.7 mrad in the azimuthal angle and
8 mm in z direction. The energy resolution is 0.15/+/E(GeV). The efficiency
for electrons above 150 MeV is measured to be 90%, while below 150 MeV the
efficiency decreases significantly down to 50% at 50MeV.

3.3 The CPLEAR trigger

The CPLEAR trigger processors [58, 59] have to identify 2 or 4 track events
and provide the location of the different tracks on the detector’s hitmap. Two
tracks of a good (‘golden’) event belong always to the (K*,xF) pair originating
from the annihilation point (primary vertex). Remaining tracks originate from
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the decay of the K° (secondary vertex).

The signal is overlapped by a pionic background 200 times larger. The
CPLEAR trigger reaches the desired reduction rate of the background by using
a multi-level architecture (fig. 3.2). It has been custom designed in fast ECL
electronics. The decision time of the different levels varies from 60ns up to
70us. The first level of the CPLEAR trigger takes its decision within 60ns.
All bigher levels, e.g. calculating the transversal momentum, fine tracking,
parameterization and kinematics of the tracks or particle identification (dE/dx,
time of flight etc), have decision times higher than 0.5us.

The task of the first trigger level, the Early Decision Logic (EDL), is to iden-
tify events containing a K* candidate and at least one other charged particle. A
hit in both scintillators and the lack of a corresponding hit in the Cerenkov for
a given sector identifies the charged kaon candidate. This is the PID signature
S1CS2 mentioned earlier.

Slow pions faking a kaon pattern are rejected by a cut on the transverse
momentum which demands pr > 270 MeV/c. The pr is calculated by using the
informations of DC1 and DC6.

In the intermediate decision logic (IDL) a rough classification of the tracks is
performed and the tracks are counted. At this level it is possible to distinguish
between kaons, primary and secondary tracks. Kaons have to fulfil the PID
signature S1CS2 and the pr cut. Primary and secondary tracks have either
hits in the PCs or no hits. The kaon candidates are also counted as primary
tracks. An event is only passed to the the next trigger step if the following
characteristics are fulfilled: The event has to possess at least one kaon candidate
and the number of primary tracks has to be either 2 with a total number of tracks
of at least 2, or 3 or 4 with a total number of tracks of at least 4.

The track follower (TF) completes the track reconstruction by assigning the
fired wires to the different tracks. With the information of the steamer tubes
the z direction of the track is calculated. The track is completely parameterized
and the signature for a good event at this level becomes as follows: there has to
be at least one primary pion with the charge opposite to the kaon. If there are
two more tracks one of them has to possess the same charge as the kaon, which
means that it descends from the neutral kaon decay.

Parallel to the track follower, the longitudinal and transversal components
of the momenta are computed and a cut on the sum of the the momenta of the
kaon and the associated primary pion is applied with px + p, >750 MeV/c.

If an event has only two primary tracks and no further secondary tracks,
the HWP2.5(HardWired Processors) trigger process is started, which counts
the number of showers in the calorimeter. HWP2.5 is a special trigger step for
decays of neutral kaons into exclusive neutral pions.

Finally, in the last trigger step HWP2 the kaon hypothesis is confirmed
by using dE/dx information from S1 and the amount of Cerenkov-light. A
momentum cut px >350 is applied on the charged kaon. In addition the S1
information is used to compare the time of flight difference of the kaon and the
associated primary pion with opposite charge to the expected value.
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Figure 3.2: Layout of the CPLEAR trigger
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Figure 3.3: Typical CPLEAR event hitmap.

3.4 The artificial neural network

There are 55 input nodes to the ANN, i.e. a 11x5 matrix, corresponding to
a 5 column hit-map of the CPLEAR detector. The 11 rows correspond to
the number of detector layers, which are considered by the neural network.
The 5 rows cover about 12% of the whole 27 detector angle, which is divided
into 64 angular sectors. A typical event hitmap is shown in fig. 3.3. The
learning set consisted of 400 events. The hitmaps were hand-selected by human
experts, thus defining which object should be identified by the neural network as
tracks. Imperfection of any existing pattern recognition algorithm was therefore
avoided.

Since in a hardware implementation of an artificial neural network(ANN)
one layer corresponds to one execution step (memory cycle), it was the intention
when designing the ANN to keep the number of the layers as low as possible.
Even the coordination of a reference frame costs time and should be avoided
if possible. Therefore the simplest neural network configuration, the percepton
with just an input and an output layer, was tested first.

The input-output neurons of the system were chosen as a binary threshold
unit. Le. each input and output neuron computes the weighted sum of its
inputs. If the sum is above or below a certain threshold or bias, the output T/
becomes 1 or -1.

77 = oS win; - ) (3.1)

where a step function or Heaviside function is used as transfer function ©(z)

m@={1 ifx20, (3.2)

-1 otherwise.

T} is the output of the neuron ¢ for the input pattern p. The weight w;;
represents the strength of the synapse connecting neuron j to neuron ¢ and n;
is the j input to the neuron. The cell specific parameter b; is the threshold or
bias value for neuron i. In terms of our network -1 and 1 in the input layer
stand for no hit or hit and -1 and 1 in the output neuron stand for track or no
track. The weights themselves were allowed to take any real value, initialized
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Hidden layer

Input

Figure 3.4: The three layered feed-forward structure of the neural network.

by random numbers in the range of -1 and 1. The adaption of the weights of
the single layer perceptron during the learning phase was done according to

AW; =€) (T — O*)zk (3.3)

I

where z!' are the input hits of the example hitmap p, O¥ = Y, Wf'z}' — b and
the constant b the arbitrary bias of the output neuron. T* is the expected
answer of the network and ¢ is a constant, which determines the learning speed.
The time evolution of the net during the learning phase is given by the cost
function

C =) (T"-0*) (3.4)

The purpose of the learning algorithm is now to minimize the cost function C.
The performance[52] of the trained two layer network was 10% inefficiency of
track detection and 3% probability of false track identification. Inefficiency of
track detection is the probability that a real track is not detected by the neural
network. The probability of false track identification is the probability that the
neural network finds a track where there is no real one.

To get a better performance a three layered feed-forward neural network was
introduced, with two hidden nodes in the hidden layer, a single output neuron
and the 11 x 5 input neurons. The whole net has full local connectivity between
the layers (fig. 3.4). Standard error back propagation [54] was used as training
algorithm. The cost function is again defined by eq. 3.4 and the output O* for
the test sample u is now given as

o =®(Zj:wjf(w£jwé‘)) (35)

The weights from the hidden nodes to the output node are w; and the weights
from the input neurons to the hidden nodes are wj;. The indices i,j run over the
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Figure 3.5: The on-cell distribution of the hidden node 1.

number of input and of hidden neurons. The response function f of the hidden
neurons is chosen to be the typical sigmoid function

et —e™®

= tanh(z) = ——— 3.6

f(@) = tanh(z) = S (3.6)
Each event in the learning sample, which is presented to the neural network,
consists of 4 tracks. As mentioned, such an event (fig. 3.3) accords with the
chosen CPLEAR, detector segmentation input for 64 equivalent ANNs, i.e. for
the learning phase we get 60 non-track examples and 4 track examples with one
event. This implies that most of the times the weights were pulled in a region
where they force the system to respond there was no track. To compensate for

that particular distribution of examples the learning constant € was replaced by

the expression
_ TE — Ok TE — Ok
€= <1+m)€r+ (1— m)el 3.7

Therefore with €, and ¢; we get different learning constants for the cases, where
the network answer should be 1 and those where it should be -1. In addition, a
temperature factor 8 was introduced to the argument », Wzt of the response
function f, which is now given as 8y, Wiz!. The temperature factor is able to
accelerate the learning by allowing easier transition between classes of misclas-
sified examples. The weights derived from the learning phase are real numbers.
In view of the later hardware implementation they are appropriately stretched
and truncated to the closest integer numbers. The net with the integer weights
was compared to the original net with the real weight. No deterioration of the
system’s performance could be observed.
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Figure 3.6: The off-cell distribution of the hidden node 2.

With the final performance of this neural network there was no observed
inefficiency of track detection with the test sample of 400 CPLEAR events used
as learning sample. False track identification was found to have a probability
of 6%. The examples where the neural network identified a track incorrectly,
can be subdivided into two categories. They are either noisy patterns which
the network considered as tracks, or patterns of strongly bent tracks, such that
adjacent networks recognised the track too. As we will see below topological
constraints, as a special cluster treatment of the output neurons, achieve a
further reduction of the later effect.

Tt is interesting to observe the behaviour of the final weights from the input
to the hidden layer of the neural network. They show a structure described in
fig. 3.5 and 3.6, which represents the averages over the 11 weights for each of
the 5 columns plotted for each node. The two hidden nodes perform obviously
complementary functions. The first hidden neuron serves as a so-called on-cell
filter, whereas the second serves as an off-cell filter. The on-cell nodes manage
to gather scattered hits, lying close together, to form a single track out of them,
while the off-cell nodes pull apart slightly displaced hits to make well separated
tracks out of them. The strong influence of the off-cell decision is origin of the
high multiple counts of tracks mentioned. The off-cells drastically increase the
discriminating power of the neural network. '

On-cell and off-cell structures are actually also found in the first processing
layer of neurons in the retina of mammals (ganglion cells). This structure[60] is
responsible for an important data reduction and facilitates feature extraction,
such as line recognition, before the transmission of the signal to the back of the
brain for further processing. It is encouraging that the proposed algorithm con-
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a single ANN-card

sector number (1..64)

Figure 3.7: Sector segmentation of the detector by overlapping ANN-cards.

verged intrinsically to a solution that is observed in nature by natural selection
too.

3.5 Hardware implementation

The purpose of the ANN-trigger presented here is to determine the number and
location of the tracks in a event.

Eleven of the detector layers are used for the ANN trigger as input for track
identification: PC1, PC2, DC1...DC6, ST1, ST2 and S1. For practical purposes
the read-out of the detector is segmented into 64 angular sectors (1..64). 5 ad-
jacent sectors are processed by one ANN-card. 64 ANN-cards, each one shifted
by 1 segment with respect to the previous one, are needed in total to process the
full detector. 16 such ANN-cards are packed in a CP-VME crate [61]. Therefore
to cover the whole detector 4 such crates are required.

A single ANN-card is fed by 5 sectors with 11 layers, i.e. there are 5x11
input bits, starting with the detector layer PC1 and ending with S1. A set
ANN decision-bit means that there was a track found in the central of the 5
sectors. For example ANN-card 15 has the sectors 16 to 20 as input and is
assigned to tracks centred at sector 18 (see fig. 3.7).
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Figure 3.8: Hardware realization of the ANN-trigger card. For details see text.

One ANN-card represents one independent artificial neural network, pro-
cessing its own part of the detector. All ANN cards execute precisely the same
algorithm, i.e. they all have the same weight. The relation between the hard-
ware and the applied neural network structure is presented in fig. 3.8 in a
simplified block-diagram. If a track is recognized in a 55 bit input pattern, the
corresponding ANN-card fires (i.e. the ANN-decision output goes high).

Complicated arithmetic operations could not be executed within the desired
time scale. To keep the decision time short the nonlinear part of the arithmetic
as well as the multiplications with the weights are therefore stored in look-
up tables (LUT), i.e. in fast SRAM chips. LUT 1A,...,1D and LUT 2A,...,2D
hold the sum of the input pattern already multiplied with the corresponding
weights at the input addresses (fig. 3.8). To keep the size of the look-up tables
reasonable, the inputs for hidden neuron 1 and hidden neuron 2 are distributed
into four LUTs. Their output is added and compressed to 8 bits. The nonlinear
part of the activation function for neuron 1 and 2, the summation of their output
and the activation function for neuron 3 are included in LUT 3. All LUTs are
loaded over a VME-bus, which is also used for testing the ANN-card logic.

High-speed additions are executed by standard fast TTL chips. However
it is surprising that specially adapted FPGA-chips (Field Programmable Gate
Arrays) were not considerably faster[62]. Other high speed adders, which were
able to handle 12- or 16bit words, were mostly delivered together with multipli-
ers or arithmetic units at a prohibitive price and were therefore not considered
further.

It is important to note that the structure of the artificial neural network
obtained on the PCB-board (fig. 3.8) is the most general. Fig. 3.9 presents a
view of the complete hardware concept with the 64 ANN-cards divided into 4
crates. One of the advantages of this architecture is that the overall delay is
obviously independent from the detector size.
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Figure 3.9: Hardware overview of the complete ANN-trigger stage. The
schematic view of the sectors of the detector (containing 4 tracks) is on the
left, signal distribution into the crates is on the right.

3.6 Performance of the ANN cards

Eighteen ANN-cards have been built and completely tested, i.e. a full crate (16
cards), which covers a quarter of the CPLEAR detector. These 18 ANN-cards
underwent 32 different hardware tests [63] to ensure that they were working
properly. Most tests were made with a PC connected via a VME-bus to the
ANN-cards. The maximum overall time delay for each of the eighteen ANN-
cards was measured using a pattern generator and a fast digital oscilloscope.
For all 18 ANN-cards the measured power consumption in the working mode is
in the range of 30W-34W. The maximum overall time delay of these 18 ANN-
cards varies less than 10% from the fastest (56ns) to the slowest (60ns). Most
of the ANN-cards have a maximum overall decision time of 59ns [61].

The maximum decision time of a complete ANN-crate is less than 75ns. The
decision time of a crate increases due to the signal buffering and distribution on
the crate. The detector data have to be present for a minimum of 10ns before
the common data-driven ANN-clock is activated. The decision time is measured
from the clock signal to the latest ANN-decision of the crate. The total power
consumption of a single full ANN-crate is about 700W.

3.7 The ANN trigger

The two most interesting aspects of the ANN-cards’ performance are: to what
degree does the ANN-trigger decision with limited precision compare to the
mathematical neural network model by G. Athanasiu et al.[52] and how well
does the ANN-trigger perform in comparison to other tracking methods.
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A software simulation of the ANN-trigger hardware was developed in an
object oriented language in order to ensure a one to one representation of the
hardware modules in the simulation. This enables the direct comparison of the
mathematical artificial neural network model to the actual ANN-trigger card.
Despite the data compression in the actual hardware, the ANN-trigger decision
differs in less than 0.06% of all events from the decision of its model. Looking
at these events, it was observed that the ANN-trigger tends to accept an event
more easily than the ANN model.

Concerning the comparison with other tracking methods, the ANN-trigger
was compared with the present trigger and the offline pattern recognition of the
CPLEAR experiment. The offline pattern recognition provides reliable decisions
and is therefore used as reference standard. However its dedicated algorithms
can never compete with the first level triggers discussed earlier in terms of
execution time. On the other hand the sequential CPLEAR trigger is regarded
as an example of a conventional well performing trigger setup.

The ANN-trigger starts evaluating an event as soon as the EDL identifies a
good event candidate, and it completely identifies and locates the tracks. The
number of tracks is obtained by counting the clusters of fired ANN-cards for the
event. A cluster is defined as one or more consecutive ANN-cards, which have
set their ANN-decision bit. Whenever a cluster consists of one or two fired ANN-
cards, it is counted as one track, whereas clusters consisting of three or more
fired ANN-cards are counted as two tracks. For comparison the corresponding
pattern recognition of the CPLEAR experiment, the IDL (Intermediate Decision
Logic), needs about 0.4us. In order to compare the quality of the ANN decisions
with the decisions of the CPLEAR trigger in the next session, we have to use the
more complete information of the third trigger level of the CPLEAR experiment
(called ‘track follower’). At this level fine tracking is already completed; this
gives the number of tracks for a specific event.

3.8 Track recognition

For the evaluation of the system’s performance on track recognition, Monte
Carlo data from the CPLEAR experiment were used. From Monte Carlo data
it is exactly known which hitmaps originate from which processes, and thus
which hits belong to each track. This allows us to compare the different trigger
methods with the ‘ideal’ recognition. Since at least three hits of a track are
required for fitting the track parameters, only Monte Carlo tracks producing at
least three hits in the hitmap of the detector were considered.

In this section we discuss recognition of single tracks. The performance in
track recognition of the ANN-trigger has been evaluated and compared to two
other pattern recognition procedures, namely the present equivalent CPLEAR
trigger and the offline procedures to recognize tracks. The performance is de-
scribed by the following criteria:
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a) The inefficiency of track detection, i.e. the probability that a real track
(a Monte Carlo track with at least 3 hits in the hitmap) is not detected by the
system (table 3.1).

trigger system inefficiency
CPLEAR trigger system 0.136
CPLEAR offline pattern recognition 0.035
ANN-card trigger 0.063

Table 3.1: Inefficiency of simple track recognition.

b) The false track identification, i.e. the probability that the system finds a
track (from hits, which belong to real tracks) where there isn’t any in reality
(table 3.2).

trigger system false track identification
CPLEAR trigger system 0.025
CPLEAR offline pattern recognition 0.012
ANN-card trigger 0.010

Table 3.2: False identification of single tracks.

A comparison of the performances shows that the ANN-trigger identifies
tracks almost as efficiently as the sophisticated offline pattern recognition.

3.9 Event identification

In following we want to correlate the track identification strength with the over-
all density of hits in a event. The track identification system has to recognize
2 or 4 tracks in the event (good event). There are three relevant performance
criteria:

a) The inefficiency of event detection, which is the probability that a good
event is not detected by the system (table 3.3).

trigger system 2 track events | 4 track events
CPLEAR trigger system 0.218 0.544
CPLEAR offline pattern recognition 0.083 . 0.217
ANN-card trigger 0.144 0.296

Table 3.3: Inefficiency of detecting 2 or 4 tracks in a sample of 2 or 4 track

events respectively.

b) The false event identification, which is the probability that the system
falsely finds a good event where none actually exists (table 3.4).

trigger system 2 track events | 4 track events
CPLEAR trigger system 0.393 0.331
CPLEAR offline pattern recognition 0.207 0.225
ANN-card trigger 0.327 0.344

Table 3.4: False identification of 2 or 4 tracks in a sample of 2 or 4 track events

respectively.
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c) The signal enhancement over the background, in a mixture of good events
and background (table 3.5).

trigger system 2 track events | 4 track events
CPLEAR trigger system 6.055 2.708
CPLEAR offline pattern recognition 15.004 4.614
ANN-card trigger 8.086 3.188

Table 3.5: Signal enhancement for 2 track events in a sample of 20.3% 2 track
events and background, and for 4 track events in a sample of 42.7% 4 track
events and background.

The performance figures for the ANN-trigger are in general significantly su-
perior to those of the equivalent CPLEAR trigger stages. The offline selection
is always better, with one exception, namely the loss of efficiency in event de-
tection when going from 2 to 4 tracks. In this case the offline selection performs
similarly to the CPLEAR  trigger, while the ANN-trigger has the lowest loss and
thereby demonstrates its capabilities of handling high hit densities.

The performance in selecting good events deteriorates, when passing from 2
to 4 tracks, by a factor 2 to 3 for all 3 recognition systems, reflecting the better
separation of 2 tracks in the hitmap.

The performance of false event identification depends only moderately on
the number of tracks. The false event identification is the only case where the
ANN performs slightly worse than the other two systems in 4 track events. The
reason is that the ANN-trigger is conceived so as to reject as few good event
candidates as possible.

3.10 Future of the ANN trigger

Despite the many published proposals and NIM papers the CPLEAR ANN-card
as a neural network based online trigger step, is still[64] the only system, which
really got over the test phase and is included as a fixed part in a trigger system.
Due to its open architecture it could be easily adapted in the year 1996 from
the CPLEAR environment to the existing L3 trigger system[65, 66]. From June
1997 it will contribute to the online data selection of the L3 experiment. The
ANN trigger is also projected to be used in the multilevel trigger of the DIRAC
experiment[67][68].

L3 is one of the four experiments running on the LEP electron-positron
collider at CERN. It is a general purpose detector designed for both precision
measurements and rare new phenomena searches. The original trigger system
of L3 was optimized for selecting events when data were taken around the Z°
peak. Today LEP is being upgraded to run above the W+ W~ pair production
threshold. At these energies a considerable effort will be put into searches for
new processes which are not accommodated for the time being within the present
trigger decision. Therefore a new trigger stage was looked for to select the new
types of events and reject the different background sources. This new trigger
stage was designed on the basis of the CPLEAR ANN-cards. For a detailed
description see [69].

The L3 trigger will be the first time that a neural network based online
trigger step is used as a fixed part of a trigger system and it will therefore be
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very interesting to await the long time experience of the L3 collaboration with
the neural network trigger in a ’real’ world environment. It will help to show
the potential of this very fast and powerful technology as a reasonable tool for
fast online tracking in high energy experiments.

51




Chapter 4

r+tr~ 7V Dalitz-plot analysis

4.1 Introduction

This chapter is devoted to the study of the decay amplitudes of Ky, — 7+~ 0.
The motivation for precise measurements of the amplitudes has various sources,
even though a direct mesurement of CP violating parameters is not possible
with the analysis presented here because of too few statistics. An important
motivation is the fact that the measurements can serve as a consistency check of
the 77~ 7% data sample and of the data selection criteria which are used for the
atn~n® analysis. Tabulated values of previous experiments[10] and theoretical
prediction by calculation of the Chiral perturbation theory[11] exist up to the
6th order for the slope parameters as well as the decay amplitudes. Another
motivation comes from the calculation of the Chiral perturbation theory itself.
The precise measurements of the amplitudes are a test of the calculations of the
Chiral perturbation theory and can serve as new input to these calculations.

In the analysis presented here the decay amplitudes and the slope parameters
are extracted by an unbinned maximum likelihood analysis of the Dalitz-plot
distribution of the decay. This kind of analysis reconsiders the entire data
sample in each iteration step without losing any information. The use of such
most complete methods for our large data sample of 508’032 events and the
large parameter space is only made possible by the enormous development in
the computer sector in the recent years.

In the first section the data selection criteria of the 77~ 7° group are pre-
sented, which provided the data sample used for the analysis in this work. Since
the Dalitz-plot distribution for KO,KO — 7ntx~ 79 of the CPLEAR experiment
is affected by large acceptance effects, the acceptance has first to be eliminated
in order to parameterize the data by fitting the physical variables. In the case of
a sufficiently complicated acceptance it can be rather difficult to find an analytic
form to describe it. Therefore in the CPLEAR-experiment a Monte Carlo simu-
lation representing the acceptance is used. In the following the parameterization
of the acceptance and the background is presented.

Using the same fit engine and taking the parameterization of the background
and acceptance as input, the Dalitz-plot slope parameters were fitted. Then a
careful discussion of the systematics follows. The values derived by this method
for the slope parameters and the decay amplitudes are comparable or better

52




aT7~ 70 Dalitz-plot analysis

than the present world averages. To conclude this work the comparison with
the predictions of the Chiral perturbation theory up to the 6th order and with
the values of earlier experiments is made and discussed.

4.2 7tr~ 7% data selection

In this section the offline data selection criteria and the applied cuts are dis-
cussed. The #T 7~ 7% date selection can be divided into mainly three steps with

sequential cuts. The three steps are referenced[70] as the general 3~ filter, the

super3w filter and the hyper3w selection of K% K’ — atn—x°. It should be

noticed that in the first step some of the cuts used online by the trigger are
repeated offline, using the offline calculated qualities which provide better reso-
lution and ensures the minimal requirements for a good events used already by
the trigger.

4.2.1 The 3pi filter

This filter consists of a 4 track filter which requires that only events are accepted
with four reconstructible charged tracks. Each track must show at least 3 DCs
hits and two of them must have a 1 PC hit, i.e. they must be primary tracks.
All tracks must have at least 2 pieces of information in the z direction of the
detector, which is either two hits in the cathode strips or one hit in a cathode
strip and one hit in a streamer tube.

The two primary tracks must possess opposite charges and one of the tracks
has to show the kaon signature S1CS2 in the same cell of the PIDs. Its mo-
mentum must be 300 MeV/c < px+ < 850 MeV/c. For the associated primary
pion (1 PC hit) a momentum of 75 MeV/c < p,x < 750 MeV/c is required.

The secondary particles must be of opposite charges and their invariant
mMass M, must fulfil the condition m + .- < 600 MeV/c? under the assump-
tion that m+#~ are the two secondary tracks and the total missing momen-
tum belongs to the neutral pion. This cut suppresses background coming from
Ks ~ w77~ and to a lower degree background from the semileptonic Ky, decays.

To avoid badly reconstructed vertices, the separation between the primary
and the secondary vertex in the transversal plane must be greater than three
times its standard uncertainty. To avoid annihilation background the lower limit
for the separation of the two vertices is set to 1.2 cm.

4.2.2 The super3pi filter

The super3pi analysis contains additional conditions on the primary tracks as
well as on the secondary tracks. The two primary tracks must form a recon-
structed vertex that lies completely inside the target. To ensure this condition
the primary vertex radius is required to have r < 2 cm in the transverse plane
and |z| < 7 cm in its position along the beam axis. Additionally, the energy loss
dE/dz of the kaon candidate in S1 may not deviate by more than 3 times the
standard uncertainty from the expectation and its momentum must now fulfil
the slightly stronger condition of 300 MeV/c < px+ < 800 MeV/c. Also, the
primary pion undergoes a stronger momentum cut with 100 MeV/c < p <
680 MeV/c.
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For the secondary tracks the opening angle o, between the tracks at the
secondary vertex has to be larger than 8° and less than 172° in the transverse
plane. This corresponds to the condition | cos(a;)| < 0.99. The lower limit cut
is applied to reject secondary tracks from v conversion. The upper limit cut is
used to reject secondary tracks faked by primary tracks which are backscattered
from the outer detectors.

The 7% hypothesis is supported by series of cuts, which are applied to the
plane spanned by the total missing momentum ppiss and the total missing energy
Eniss- The missing energy is calculated from the missing momentum at the
secondary vertex. The cuts demand, that pmiss > 40 MeV/c, pmiss > 150 -
Eriss and Pmiss > 0.5%(Enmiss - 120). These conditions restrict the kinematic
allowed region of the 7y at the secondary vertex.

In addition at least one neutral shower and not more than three neutral
showers must be observed in the calorimeter. A shower is regarded to be a
neutral shower, if it cannot be associated with a charged track.

Finally a constraint kinematic fit is applied to the two primary tracks, de-
manding that the missing mass must correspond to the rest mass of the neutral
kaon with a probability higher than 5 % (1C fit).

4.2.3 The hyper3n selection

The third filter level, which is called hyper3x filter, mainly contains constraint
fits. There are also some cuts which have been already applied earlier, but
which are now repeated after verifying the association of the K* — ¥ and the
nt — . These cuts will no longer be listed from now on.

To verify the two possible associations K* — ¥ and 7t — 7~ both vertices
must be well defined and may not show chamber hits before the vertex. The z
position is verified. The two vertices must be separated in the transversal plane
by at least 1.2 cm to suppress annihilation background.

A further cut is applied in the Px — Py plane of the primary tracks to reject

background events pp — K:Fﬂ':tWOKO(—KO). This type of background has the
same particles in the final state as the signal events, but the correlation between
the momentum of the charged kaon and the momentum of the charged pion at
the annihilation vertex is different. The primary pions and the kaon of golden
events satisfy the relations p, < 26 px /21 + 180, p, < —0.856 px + 1171 and
Pr < —5 pi /6 + 650.

The vertex of the secondary tracks must now lie within |2] < 75 cm, ie.
it must lie within the volume of the tracking chambers. Stricter cuts on the
kinematic information in the Epmjes — Pmiss Plane demand, that pmiss > 40 Mev/c,
Pmiss > 150 — Emiss, Pmiss > 1.143 Emjss — 285.75 and Pmiss > 1.250 Eiss + 200.
A cut on the invariant mass of the two charged secondary pions, mZre > 285 °
MeV/c? rejects further events, where the charged secondary pions are faked by
an electron-positron pair from a 'y-conversion Badly reconstructed events are
rejected by requesting mZ™ < 400 MeV /c2.

The background is further suppressed by several constra.mt fits, using the
K° (K ) ~ 7+ 7~ 7® hypothesis with a probability of more than 5%. The missing
mass of the primary vertex has to correspond to the neutral kaon mass. The total
missing mass must be the 7° mass and the primary and secondary vertices must
be aligned in the transversal direction with the missing momentum dedicated
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to the neutral kaon. The information of the neutral showers has two cuts. The
neutral showers must show |2| < 150 cm and the number of neutral showers
may not be less than 1 and not more than 3.

Further it is demanded that the Dalitz-plot variables X and Y of the event
lie inside the kinematic boundaries. If there are more than 2 primary tracks, the
assignment of the primary tracks is not always clear. Therefore it is required
that only one K*7¥ combination survives the data selection, i.e. the assignment
of tracks to the primary and secondary vertices must be unambiguous. The
two cuts just mentioned do not only help to reject background, but also yield
momenta and vertices with an improved resolution.

It is important for the analysis that consistency is achieved between the
cuts applied by the trigger and the cuts applied offline. This problem is called
’matching’. For this an additional cut demands that all offline track assignments
must agree with the online trigger assignment.

4.2.4 Final selection

In the analysis some of the cuts undergo stronger conditions a last time, e.g. the
momentum of the px+ must now lie between 350 MeV /c< px+ <850 MeV/c.

The background events pp — KFntn0KO° (KO), where the primary pion is
mistakingly assigned to the secondary vertex, is further reduced by a constraint
fit. This constraint fit requires the 777~ invariant mass to be the neutral kaon
mass, using the primary pion which is assigned to the wrong track and the
secondary pion with its opposite charge. To keep as many of the good events
as possible this cut is only applied if the angle of the traverse plane between
the momentum of the neutral kaon and the vertex separation is less then 90°
where the kaon momentum is calculated from the secondary pions which is not
correctly assigned. An event is rejected if the secondary vertex of the wrong
combination is inside the radius of PC2 and the constraint fit yields a probability
of more than 0.01.

There remains some background pp — KtK~nTx~, where either a track
is badly reconstructed or a charged kaon undergoes decay shortly after its pro-
duction. This background is minimized by rejecting events where a three track
vertex is possible and where the missing momentum is ppiss < 600 - p,, MeV/c.
pm is the probability that a vertex with three or four tracks exists. Time of
flight considerations help to fortify this cut.

A last source of background are events at short decay times, where a Kg
decays into 7%7° and one of the 7° undergoes a Dalitz decay or a + conversion
into a eTe~-pair. Events are rejected if the invariant mass and the time of flight
of the secondaries agrees with the 7%7%-hypothesis.

CPLEAR took data from 1992 till 1996. After the last run period in August
1996, a total of 508’032 events survived the 77~ 70 selection criteria (fig. 4.1).
This complete sample of 508’032 events is the basis for the Dalitz-plot analysis
of this work. From Monte Carlo studies the acceptance for KO(K') — n+n=n®
is derived to be (2.464 £ 0.0006) -10~%. A large part of the loss comes from Ki,
decaying outside the volume of the tracking chambers. Another large factor is
the efficiency of the trigger and the offline data selection.
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Figure 4.1: Dalitz-plot distribution of the decay Ky, — nTn~ 70 of the complete
CPLEAR data sample of 508’032 selected events (1992-1996)
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4.3 Normalization

KO and K* are produced with the same rates R(t) and R(t) at the pp-annihilation
vertex. Because of the different strong interaction of the s quark of the K* and
the 5 quark of the K~ in the PIDs, the detector efficiency for K+(KO) and
K~ (K°) is not the same. Thus this effect has to be corrected for the data. The
measured rate Ruyes(t) and Riyes(t) are given as

Fmes(t) = 5(t) = R(2) + Y Bi(t) (41a)
l

Res(t) = (ORE) + > _Bi(?) (4.1b)
l

R(t) and E(t) are the K® and K rates and By(t) and B;(t) the various back-

ground contributions. x(t) denotes the detection efficiency for K, K’ and a
is the normalization factor accounting for the difference in detection efficiency
between K° and K'. :

The normalization factor « is a function of the kinematic variables of the
primary tracks. It is assumed, that « is completely determined by these variables
and has no dependence on the decay location of the neutral kaon in the detector.
a can be calculated from the decay time regions where the rate difference of
K, K° due to other effects is negligible, which is true in the 7*7~7° channel
above 6 7,. Because of the better statistics the value of a,+,- is taken instead
Of At 0. Qp+n— is calculated from the decay K°, R = oatr at decay times
below 4 r,

The exact way of calculating a can be looked up in [71]. This method is called
LUT (Look-Up Table) method. In these look-up tables the normalization is
corrected event by event. To keep the correction small, only the deviations from
the average normalization is corrected this way. The averaged normalization
value ag is found to be

adets = 11268 +0.0023 data (4.22)
of ™™ =1.122740.0016 77~ 7° MC acceptance (4.2b)
ag°ePE = 1.1223£0.0119 7*eTy, MC background  (4.2¢)

ol P& = 1.1209 +0.0176 7% pFy, MC background (4.2d)

4.4 Regeneration

Regeneration effects provide a further difference between K° and R’. To correct
for this difference the effect on the neutral kaon is calculated event by event[44].
Unlike the 27 channel the effect of the corrections on the measured parameters
in the 77~ 70 channels was found to be extremely small. The corrected rate
divided by the uncorrected rate of K°, K° versus the decay time is shown in fig.
4.2. For the Dalitz-plot analysis presented here it will turn out that regeneration
effects are completely negligible.
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Figure 4.2: The corrected rate divided by the uncorrected rate of KO, K’ Versus
the decay time. The dashed line shows the rate for K® and the solid line for .

4.5 Acceptance and background parameteriza-
tion

The acceptance and the semileptonic background generated by Monte Carlo
can be described by a polynomial of high order. In general, interpolation by
high-order polynomials tends to follow the data too closely, while low-order
interpolation may miss essential information. Therefore the x 2_value of the ﬁt
in dependence of the order of the fitting polynomial was minimized. The x*-
value becomes acceptable for polynomials of the order 10. Fit polynomials of
even higher order brought no significant improvement.

The events were generated uniformly over the whole phase space. The accep-
tance is obtained using CPGEANT][72]. To calculate the likelihood function of
the acceptance a sample of about 2°000°000 events was used. The initial Monte
Carlo sample is fitted in 27,-interval steps be sensitive to a possible dependence
of the acceptance of the different 75-interval.

The likelihood function

The Lorentz-invariant variables X and Y for the Dalitz-plot are defined accord-
ing to eq. 2.95. For a random sample of m events with phase space coordinates
(X;,Y;) the likelihood function[73, 74] is defined as the product of the proba-
bility densities.

m
m(1917"927 seey ﬂk) = HP(Xial/;aﬁla "'71916) (4’3)

=1

where 9 is a chosen set of parameters describing the acceptance. As discussed,
the acceptance is parameterized by a polynomial p with the coefficients J in the
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Dalitz-plot variables X and Y. P can be explicitly written as:

P(Xy, Y, 8) = — 2K tid) (44)
[ [ o(X,Y,9)dxXdy

The method of maximum likelihood estimates the k unknown parameters d

by maximizing the likelihood function L,,. Since probabilities and densities are

never negative and due to the monotony of the logarithm the negative logarithm

of the likelihood function

lm(8) = ~In(Lm(9)) (4.5)
is often minimized instead of maximizing Lp,(J). A minimum of the log-
likelihood function can be found by solving the following system of equations:

Alm(9) _
av;

-

The Hessian matrix #H(J) is the second partial derivative matrix of the log-

likelihood function ,,(99)

0 with:j=1,..,k (4.6)

82,
= — 4.
Hre 59,9, (4.7)

The matrix ’H,(J) is positive definite at the location 4;, if there is at least a local
minimum. The diagonal elements of the inverse Hessian matrix Cy, = [H];;} are
the variances. ’

a?(9;) = Cy (4.8)

In the CPLEAR data as well as in the Monte Carlo simulation the events
are weighted. Including the weights w; in the likelihood function, we get the
following probability distribution:

vy [ [o(X,Y,ddXdy

-

For the log-likelihood function 1, (¥) we get:

m

Im(®) = (wiIn(P(X;, Y;, 9)) (4.10)
=1
4.6 Bent-off problems of the Dalitz plot bound-

aries
By fitting the acceptance by a polynomial of the order 10 it gets difficult to con-
trol the fit polynomials at the boundaries of the Dalitz-plot due to the contribu-

tion of high order terms. This problem is known as so-called bent-off problem.
If it is possible to orthogonalize the polynomials over the considered region,
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the high order contributions will become controllable. Orthogonal polynomials
have, besides other very nice properties, the advantage that an improvement of
the approximation through addition of terms of higher order does not affect the
values of the parameters from lower degrees. Above all, the higher orders do
not worsen the fit-result of the lower orders.

In order to determine the orthogonal polynomials, the boundaries of the
Dalitz-plot have to be known, so that the scalar products of the orthogonal
polynomials can be calculated. The boundaries are given by:

S0 So S0 4
X(Y)=+ |v2— vy — - 4\ v —2
(¥) \l 4mfri (mfri 4) (Smfri 4) ( Y + S )

=t

2 _ .92 )2
with : V= M (4.11)
1
mo

For the minimum and maximum of ¥ we get:

2 10 2 2
Yonin = — s 3’";* ) 4 > (4.12)
m .+ mo+

2 (m} — 3mgmago +m2,
Yiaz = 5 5

3 mﬂ,i

2
_ So _ _ 8o _ _
“2(m;ii 1) \/ (3m 2) v

where sy is given by eq. 2.95.

(4.13)

Orthogonalization over the Dalitz-plot

The coefficients of the orthogonal polynomials for a certain region are often
simpler to calculate by the recursive formulas of Morris Weisfeld[75] instead
of the better known Gram-Smith algorithm. Yet, it is possible to show that
the Weisfeld formulas can be traced back to Gram-Smith orthogonalization,
which is described in appendix A of this work. Additionally, the coefficients of
the polynomials derived by either method are equivalent, which follows directly
from the derivation of the Weisfeld formulas.

For the Weisfeld orthogonalization we define ¢; = X7 - Y% as a set of
functions and o(j) as an order on ®. The exact definitions are given in appendix
A. The ¢}s in the order o use the indexing j; and ja, with j;=n-k and j2=k.
The elements 1; of the orthogonal base ¥ are constructed as follows:

Y0 =%o =1 (4.14)
For j > 0 we define subsets of J with Jyp = {j | 0(j) = d}, k=12 and d

= 0,1,... with d<n. We choose k=1 if jo=0 otherwise k=2. n is the highest
existing order in ®.
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Allj € Jar and j € J4,—1 are uniquely determined by d and k. Further we
define Vj > 0 and k=1: 5 = (§; — 1,72) and for k=2: § = (j1,j2 — 1). As the
scalar product for two functions f and g we define

(f.0) = / / Dalitz fg dxdv (4.15)

If the two functions are orthogonal, the scalar product becomes 0. In this case
we can write the ¢; for j > 0 as:

¢J = Xz—kyk—l . 1/),']\ _ Za;n,d)m (4-16)

where the sum goes over all m < j such that o(j) - 6(m) < 2 and:

(XY g )

a® = 4.17
S T ) 1
Since we can write each ¢; as
<i
vi=¢i+ Y Bids (4.18)
i=1

we have (1;,%;)7#0 due to the linear independence of the ¢;. The mapping
j— 9; induces an order in ¥. The choice of the o* ensures the orthogonality
of the set {¢u|n € J,n < j and o(j) — o(n) < 2}. For proof of this see [75].

As an example we will present the first three terms, i.e. g, %1 and %2, of
the polynomial over the Dalitz-plot in the variables X and Y:

1!)(0,0) =1 (419)
(1,X)
=X - == 4.2
1’/)(1:0) X (1, 1) ( 0)
o =Y —aflg) - X —afgy) (421)
(X,1)
with: a®D — (Y Y- 1))
T T (X )
(1 1 X
X

( ) ( ,1!
oy _ 1) @y (Y X - a5 )
(010) - 1 1 X1

( ’ ) (X (11 X — ;_l)

(1,1)

and :

4.7 The fit procedure

The fit polynomial for the Dalitz-plot fit of the Monte Carlo data was chosen to
be of the order ten. Due to the large amount of data and the high order of the
fitting polynomial it is not at all trivial to achieve a satisfactory minimization
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of the log-likelihood function. The usual minimization methods, e.g. gradient
methods, failed during minimizing the log-likelihood function either by getting
stuck in a local minimum or by never converging, even though the start-values
for the parameters were chosen carefully.

A method had to be found which is able to wander more freely among
different minima without being easily fooled by local minima. Being caught by
such minima mostly happens if the method urges fast convergence in order to
save iterations. This is typical for cases where the gradient methods fail. Badly
chosen start values, starting with too small a step size or decreasing the step
size too fast results in a insufficient search of the parameter space. One possible
way of evading this problem, still by using gradient methods, is by permanent
repetition with different start values. This does not help in our case, since it
only succeeds if the number of local minima is small compared to the number
of start values.

Simulated annealing is a so-called slow cooling’ method. One of its very nice
features is that it provides a kind of inherent parallelism in its search for the
best minima that other methods can not compete with. In other words, there
is always a finite probability of leaving a local minima and finding a better
one. This prevents the problems mentioned, but unfortunately at the expense
of speed. As we will see, we choose our minimization strategy in such a way as
to combine the advantage of the different methods.

4.7.1 Minimizing by simulated annealing

Unlike gradient minimization, which is a continuous method, simulated anneal-
ing [77] [78] is a discrete method. Therefore finding a minimum does not require
calculating the derivatives.

It can be shown that simulated annealing is a special case of genetic al-
gorithm [79]. Its analogy in statistical mechanics are systems trying to find
their lowest possible energy state, as e.g. in crystallization processes. This
is achieved by cooling down the system. If the cooling too fast takes place,
frustration-effects start to play an important role, i.e. the structure of the sys-
tem is irregular and no minimal energy is reached. A slow and careful cooling
can avoid these effects. In such slow cooling systems, nature normally is able to
find a minimum energy state, which is at least very close to the global one.

If a physical system of particles is in thermodynamic equilibrium, the prob-
ability P(T) to find a particle in an arbitrary energy state E(A) with the free
parameters );, i=1,2,... at a specific temperature T is given by the Boltzmann-
distribution:

P(E)  e(~E/FTD) (4.22)

If the temperature is lowered, states with lower energy become more probable.
But even at low temperatures, a finite chance always exists, although perhaps a
very small one, for a particle to attain a very high energy state. Therefore there
is always a possibility that the system will escape a local energy minimum and
find a better, more global one.

In analogy by simulating the slow cooling process it is possible to also find
states with low ’energies’ for non physical systems by choosing a certain state
function, which describes the system. While looking for the minima, states with
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lower energy are always accepted. States with higher energy are accepted only
with the probability of the Boltzmann distribution, i.e. lowering T means that
the number of minima to frequently visit is reduced till convergence is reached.
One of the advantages of this algorithm is that the space of the function values
is relatively well searched and local minima can easily be discarded by adapting
the speed of decreasing the temperature T to the problem. Of course the slower
the cooling the more iteration steps are needed to derive a certain convergence.
The algorithm can be described as follows:

1. Find the state function in the relevant parameters for the system, which is
in our case the log-likelihood function of the Dalitz-plot L, (¢¥) for a certain
parameter set . The energy of a given state is defined as the output of
the log-likelihood function.

2. Choose a set of start parameters J and calculate the ’energy’ of the initial
state Yo of the system. In our analysis the output of a least square fit of
the Dalitz-plot performed with a rough binning is used as start parameter
set. As we will see below this helps to speed up the fit procedure.

3. Choose the start value for the temperature T. This has to be done care-
fully since the algorithm depends heavily on T. Further, the criterion to
decrease the temperature is defined. To decide where to decrease the tem-
perature we use both the maximal number of iteration steps for calculating
the state function and a fractional convergence criterion of the state func-
tion. If the criterion is reached in the fit, the temperature was decreased
by 20%. This value was found to fit best to our problem. We tested other
strategies as well, but they proved to be less efficient.

4. The next state Y;y; is generated according a transfer rule. This rule de-
fines, how the next parameter set is calculated. We have chosen a stochas-
tic transfer function, i.e. a logarithmical distributed random value varies a
randomly chosen parameter of the state function. Logarithmic means that
the probability to get a certain random value decreases logarithmically for
bigger deviations from the start value.

5. Calculate the energy of the state. If the energy is lower than the energy of
state Y;, the new parameters are always kept. Otherwise, the parameters
are only kept with the Boltzmann probability at a certain temperature.

6. If T is below a chosen end value, the convergence of the program is stopped;
otherwise the program returns to step 4.

4.7.2 Multi-step minimization strategy

We use a combined strategy for the minimization of the log-likelihood function.
First a rough binned least square fit is performed on the Dalitz-plot distribution.
The resulting parameter set serves as start values for the unbinned maximum
likelihood fit by simulated annealing minimization. The main reason for this
is, that simulated annealing minimization would be simply to slow if the start
values for the parameters are not well chosen. In our fit the start temperature
T had to be chosen quite high and the cooling process appropriately slow in
order to get a reasonable minimum. The best start values for these parameters
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Figure 4.3: Overview of the two step minimization procedure used to fit the
Dalitz-plot with high order polynomials.

to our problem were T=10% and the number of iteration steps it = 100 at a
given temperature T. The fit procedure is given as:

1. The fit polynomial is orthogonalized over the Dalitz-plot region.

2. A normal least square fit together with a rough binning is performed to
get a first estimation of the parameters.

3. The log-likelihood function I,, (5) is minimized by the simulated annealing
algorithm described above. The minimization starts with the resulting
parameter set of step 2.

4. If the fit converges to slowly, i.e. a given time-out is exceeded the program
returns to the step 2 by laying a thinner grid on the Dalitz-plot and
decreases the start value for the temperature T in the step 3. The bins of
the new grid were chosen to have the half width of the preceding size.

5. If the value of the x2 is not in the desired range the program returns to
step 3 doubling the number of iterations to be performed at a specific
value of the temperature T, which corresponds to a slower cooling of the
system. In addition, the start temperature is increased by a factor of 10.
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Figure 4.4: Projection of the Dalitz-plot in the variables X and Y of the 7s-
interval 2-4r,.

Despite the large number of fit-parameters and the large data sample we attained
a good reliability in the convergence of the fit at a tolerable convergence speed
by this two step minimization strategy. The maximal start temperature taken
by the fit procedure was Tmax = 10'! and the maximal iteration steps for one
convergence level was itmax = 10°. An overview of the complete two step fit
procedure is shown in fig. 4.3.

4.8 Results of the parameterization

In order to have a measure of how well the fits are performed we used the
x2-value of the fit as a quality function. This also allows us to compare the
maximum likelihood fit results with the fit done by the least square method.
Beside the main goal of fitting the slope parameters and the decay amplitude
it was regarded as an important step of this analysis to ensure the symmetry of
the Dalitz-plot representation in the Dalitz-plot variable X. The Dalitz-plot is
by definition (eq. 2.95, 2.96) chosen to be symmetric in X. A deviation of the
symmetry in X produced by e.g. a different acceptance of 7+ and n~ in the
detector would have a direct influence of the measured value of Re(n). Since in
the analysis presented here we disposed of too less statistics to directly measure
CP violating parameters the symmetry test possesses a minor importance to
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Figure 4.5: Two examples where the function S(X) (dashed line), which is the
normalized average deviation of the symmetry in X for a specific Y, is plot;ted
against X for the interval 2-4 s. The bold dots show the Monte Carlo ata—x0
acceptance together with their statistical errors. The solid line gives the fitted
deviation of the Monte Carlo acceptance from 0.

this analysis. This is unlike to the the remaining work on the a+t7~ 7% analysis
which is sensitive to CP violating parameters by appropriate asymmetries. Since
they use the same data sample the results of the symmetry test presented play
an important role there.

The 7+ 7~ 7% acceptance and the semileptonic background is fitted in 27,-
interval to keep the sensitivity to an eventual dependence of the data on the
different 7s-intervals. The x2-value of the maximum likelihood fit is stable
around 140.022 for all decay time intervals. That means that the fit also stays
stable for small data samples, where the statistics are not as good. This is an
important feature for Monte Carlo samples in high 7,-intervals, in which only
few statistics are available. Fig. 4.4 shows the projection of the Dalitz-plot fit
in the X and the Y direction, respectively. The solid line is produced by the
fitted polynomial. The fit proved to properly reproduce the data for all values
of X and Y.

Comparing the results to the x2-values of least square fits done in the same
27,-intervals as the maximum likelihood fits, the x? of the least square fit dis-
plays a clear dependence on the statistics of the sample used. Unlike the maxi-
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mum likelihood fit we observe a characteristic deterioration of the x2-value due
to statistics for the least square method in samples of the 7s-intervals higher
than 207,. There the x? differs up to +0.722 from 1.

4.8.1 Symmetry in X

By definition (eq. 2.95, 2.96), the Dalitz-plot distribution is symmetric in the
Dalitz-plot variable X along Y. In order to test the symmetry in X of the
Dalitz-plot distribution a function S(X) is defined. S(X) is the normalized
average deviation of the symmetry in X for a specific Y and p is the fitting
polynomial function.

_ 6%~ p(=X)
S0 = 100 + o3 29

The function S(X) is plotted together with the propagated standard uncertain-
ties introduced by the statistics of Monte Carlo simulation. The fig. 4.5 shows
two arbitrary examples of the symmetry function S(X) plotted with the data
and their propagated standard uncertainties. In both plots the deviations from
the symmetry of the Dalitz-plot are clearly compatible with the Monte Carlo
standard uncertainties and can therefore be regarded as being of no further
relevance.

Considering the terms of the fit polynomial which are odd in X, these terms
are completely compatible with zero within their standard uncertainties for
all orders and for all decay time intervals. This can be counted as another
clear sign that the symmetry in X is really given in the Monte Carlo data
sample. The parameterization of the acceptance and the background can be
repeated by forcing the odd terms of the polynomial to zero. We will see later
that in consequence the values of the slope parameters just change within their
predicted systematic errors, which originate from the standard uncertainties of
the parameterization of the acceptance and the background.

4.9 Determination of the slope parameters for
Ky — nta x®

To extract the Dalitz-plot slope parameters for the decay Ky, — #1770 a fit
in 279 slices of the Daltiz-plot distribution is performed, where the Dalitz-plot
distribution is given as the time integrated rate of K® and K in a certain time
interval and in the Dalitz-plot variable X and Y (eq. 2.95).

The lower and upper limits of the fit were chosen to be 27¢ and 24rg, re-
spectively. With the lower limit some residual background, which is not well
enough described by the Monte Carlo simulation, is cut. The upper limit is
inducted by the given detector specifications and by the global x? value of the
fit, which reaches best values for this upper limit. Due to the lower limit of 273,
the contribution of the Ag decay amplitude can be neglected. If in addition
all direct CP violation effects are neglected, we can assume the validity of the
expression 2.106. The parameterization of eq. 2.107 can then be used to fit the
slope parameters.
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Figure 4.6: The background fraction (g(t) (eq. 4.28) as a function of the decay
time in 75 units (CPLEAR collaboration[80]). In the fit presented in this work
the residual background at short life times is cut by the lower fit-limit of 27s.

Regeneration corrections are calculated event by event, which gives a addi-
tional weight to every event. The normalization due to the different acceptance
of K9 and K in the detector is also calculated for each event and corrected
using Look-Up-Tables(LUT). The parameterization of the n*n~ 7" acceptance
and of the semileptonic background by Monte Carlo data is taken as input for
the fit. Regarding the background the semileptonic contributions, which are
K. — m*eTv, and K, — ntuFy,, only have to be considered, since other
sources are negligible above 27, (fig. 4.6). The agreement between data and
Monte Carlo was already confirmed previously within 1% by other means[80].

There are three more parameters left free in the fit together with the 5
slope parameters. One is the constant parameter 63 of the parameterization
of the Dalitz-plot, which is left free for the fit but is afterwards normalized to
1 by convention. Leaving the constant parameter free in the fit is a necessary
condition of the likelihood method. The two other free parameters §; and 6;
are the fraction of the semileptonic background to the T 7~ #? acceptance and
the fraction of the muonic background to the electronic background. 64..63
correspond to the slope parameter g, h, j, k and f, as they are introduced by
eq. 2.107. Therefore we can write the likelihood function as:

- m -
L) = [[ P(X:,Y:,9) (4.24)
i=1

2
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Figure 4.7: The decay time distribution of K%K’ = ntr—x°. The solid line
shows the Monte Carlo 77w~ n° and semileptonic background data weighted by
the fractions 9, and 9.

In contrast to eq. 4.4 the probability density P now consists of the two functions
p and a:

9(191 ) 1927 Xi, Y;) . a(193"198) Xi7 }/’t)

P(X,,Y;,9) =
( Y 19) ffp(’l91ﬂ92aXi7Y'i) a("~93198aXzay;)dXdY
with
9 = semileptonic bg
R w5
__ muonic bg (4.25)
2™ electronic bg
and

d3..9g : the slope parameters

p(91,7992, X;,Y;) is the parameterization of the acceptance and the background
for a certain X and Y value. ¥; and 9, are two free fit parameters giving the
ratio of the semileptonic background to the 77~ 7% acceptance and the ratio
of the muonic background to the electronic background (eq. 4.25). The shape
of the acceptance and the background is taken from the previous fit and left
unchanged at this level.

The same fit engine as for the parameterization of the acceptance and the
background was used here. The fit yields

g = 0.6831 % 0.0044

h = (6.17 £ 0.38) - 1072

j=1(0.99+£244)-1073 (4.26)
k= (1.04£0.17)-1072

f=(365+2.38)-1072
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Figure 4.8: Fit of the total background fraction (g(t) as a function of the decay
time measured in units of Ts/2.

4.9.1 Total background fraction (g(t)

To determine the background we introduced the two parameters ¥; and 92
above. The results of the fit are

¥ = (6.45 +0.41) - 1072

4.27
9y = (76.04 % 0.45) - 1072 (4.27)

Fig. 4.7 shows the fitted decay time distribution for data and Monte Carlo
events. The black dots are the data. The solid line shows the Monte Carlo
atn~7° and semileptonic background data weighted by the fractions ¢; and
9. Fig. 4.7 shows clearly, how well the data sample is reproduced by the fit.

The parameters ¥; and ¥, can now be compared to the values derived in-
dependently by other members of the CPLEAR collaboration using completely
different fit methods[80]. There the total background fraction (p(t) is conven-
tionally introduced as

Nuc(2)

~ Nawn® (4.28)

@) =1

where Nyc(t) is the fitted amount of K°,K° - 7t7—n° Monte Carlo events in
its relative normalization to Ngata(f) which is the amount of data at a certain
decay time. A well fitting parameterization for (g(t) is found by the expression

() =a+b-t+eltdd (4.29)

The exponential term describes the residual background at short life times and
can be neglected in our fit. In fig. 4.8 the points with the error bars are the
total background fraction, which is now fitted using the fit results of ¥; and
¥2. The plotted errors are purely statistical. According the total background
fraction our fit is in good agreement with the existing results of the CPLEAR
collaboration (fig. 4.6). It is worth noting that they derived their fit values using
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neither the maximum likelihood method nor did they directly fit the Dalitz-plot
distribution.

Cs(t) = —(0.008 + 0.004) + (0.0061 = 0.0004) - ¢ (4.30a)
¢s(t) = —(0.004 % 0.009) + (0.0059 = 0.0007) - ¢ (4.30b)

Eq. 4.30a gives the fit values for (g according to [80], whereas eq. 4.30b gives the
values derived by the above Dalitz-plot fit. The fact of this proper consistency
between our fit and the results of the CPLEAR collaboration is a clear sign that
the fit procedure works reliably and that we are able to control fitting correctly.

4.9.2 Self-consistency check by the Monte Carlo data

A lot of efforts was put on various tests of the fit to bolster confidence in the fit
method and procedure and to prove that in spite of the large parameter space
the fit works completely controllably in all parts and produces reliable results.
An important part of these tests were extensive self-consistency checks on fit
procedures.

The Monte Carlo data are produced by default with all slope parameters
set to 0. The self-consistency of the fit was tested by splitting the n+t7x—n°
acceptance sample randomly in two parts. The first half of the sample was used
to parameterize the acceptance. The other half replaced the experimental data
sample for the fit of the slope parameters. As expected the fitted values of the
slope parameters are without exception compatible with 0 within their standard
uncertainties.

The whole procedure can be repeated with the same two Monte Carlo sam-
ples, but we now weight the second data sample by any desired default slope
parameter values which are not equal 0. We repeated the test several times not
only by choosing the default slope parameter according to the expected values
found in the PDG[9], but also by extending the parameter range far above these
values. Again we proved that the fit behaves in perfect consistency with the
expectations. In all cases which we tested, the fit reproduced the input slope
parameter values properly within their statistical errors.

These self-consistency tests can be regarded as a further proof that the fit
procedures are understood and produce reliable results.

4.9.3_ Radiative corrections

Radiative corrections for Ky, = 77~ 7% must be added to the Dalitz-plot distri-
bution. Although these corrections show only small effects on most of the slope
parameters, the radiative correction for the parameter g is about 18% of the sta-
tistical error and therefore not negligible. For the radiative correction for virtual
photons and photons with a momentum less than 1 MeV a formalism by Neveu
and Scherk[81] is used. All events were reweighted with this correction and the
fit was repeated. For the inner Bremsstrahlung with photons possessing a mo-
mentum greater than 1 MeV a sample of Ky, = #t# 7%y events was created
and used as a background contribution according to Ferrari and Rosa-Clot[82].

71




4.9 Determination of the slope parameters for K;, — 7* 7~ 7°

Figure 4.9: First order Feynman diagrams for radiative corrections of Ky, —
ntr a0,

Electromagnetic contribution by virtual photons

The contribution of virtual photons and photons with a momentum < 1 MeV/c
[81] is applied by considering the Feynman diagrams of fig. 4.9. For Dalitz-
plot regions, where the relative velocity between the pions is small, higher order
Coulomb corrections become also important. But this occurs on a very small
part of the Dalitz-plot, so that they become negligible[81].

We define dwyg to be the decay rate at a given point of the Dalitz-plot without
electromagnetic corrections. The correction for dwg takes the form

dw =dwo ((3a/m)In(A/mg+) + a - In(e/mq+) +

ar(1+v?)/2v + (a/7)C) (4.31)
with ‘
a = (a/) (—1+ 1;}” ln(ii—z)) (4.32)

A is the ultraviolet cut-off, € is the upper limit for the energy of the unobserved
photons emitted in the diagram and « is the Sommerfeld fine-structure constant.
v is the velocity of the 7+ in the center of mass of the charged pions. Cis a
finite term of the form
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o212 ) ()
f(lzv)“f(liz))“f(ﬁ)—2f<ﬁ)+ (4.33)
f(l_v> —f(””): ~1/4—2n(2)

The Spence function f(z) is defined[83] as

fo = [ =, (4.34)

The radiative corrections were calculated event by event. In our correction we
used the values e = 1 MeV and A = 1 GeV. The correction weights depend on
the kinetic energy Ty, of the neutral pion in the rest frame of the Ky, and reach
a maximal deviation from unity of 9.9 % for maximal T',.

The error in this electromagnetic correction can be estimated. There are
different contributions: the strong interaction is not taken into account and
there is a cut-off term In(A/m,+) which replaces a correctly evaluated term
depending on the electromagnetic form factor of the pion. This would decrease
the result by 0.6 % in absolute magnitude and introduces an uncertainty of
about +5 x 1072 to the correction[81]. Feynman diagrams of higher order are
neglected in the calculation and the correction cannot account for the |AI| = 3/2
amplitude, which exists in the decay Ki, — nt7~#C. The overall uncertainty
amounts to 5.5 % of the electromagnetic correction.

Bremsstrahlung contribution to Ky — ntn~ 7%y

The Dalitz-plot for the K, decay can be fitted by the dependence of the decay
amplitude A on the energy of the pions. A takes the form[82]

A= 4, (1+ L(M —mK>) (4.35)

MK, my,,

A is the decay amplitude for the non radiative process. Ag is a constant and
the slope parameter is A = —2.10 £ 0.18[82] for Ky, — 7t 7. The p’s are the
four-momenta of of the neutral kaon and the pions.

Using for px, - pr, the relation

2 2
MK, + Mo ~ 2mi,
2

DKy, " DPmo = — Px+DPr— (436)

and applying perturbative theory we get the Bremsstrahlung amplitude M,, to
the first order of the electromagnetic coupling constant in the form[82]

— A
M,= \/41rap7r+k (p,,+ — D )u (4.37)

where M, is given by those Feynman graphs in which the photon is emitted from
a external line (fig. 4.10). The approximate amplitude M, for Bremsstrahlung
in the Ky-decay reproduces the true amplitude M, up to terms of the order
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Figure 4.10: First order Feynman diagram for the Bremsstrahlung in Ky —
ata—n0%y.

O(k). o is the Sommerfield fine-structure constant and k the energy of the
emitted photon.

The emission probability of the photon with energy larger than & can be
obtained by summing over the photon polarization and then integrating M M
over the relevant part of the phase space. With the integration we get the total
rate for the emission of a photon with an energy larger than k. It is convenient to
present the result of the integration by defining the rate R, (k) for the radiative
decay of K — ntn 7%y as

Ry (k) = Ttmeenl®) (439)

where Ry +r-70-(k) is the rate for the emission of a y-quantum with an en-
ergy larger than k and Ry+,—qo is the rate for K, — ntn~n°. R, (k) can be
parameterized[82] as

_a(k)A? 4 b(k)X + c(k)

= 4.39

Ry (k) a2+ [BA+y (4.39)

The values «, 8 and v are independent of k and are given for the Ki-decay as
a=13.0 (4.40a)

B =—-65.0 (4.40Db)

v =1937.0 (4.40c)

The values a(k), b(k) and c(k) for various k are tabulated in (82].

Since we use M, instead of the true amplitude M,, we get an error in the
values of R,(k), which is dependent of k and the slope parameter A. For alarge
), i.e. for a strong final interaction acting among the pions, the error becomes
large too, whereas for a large k the corrections to M., are suppressed by the
phase space factor. With A = —2.10 % 0.18 for the Ky-decay the error amounts
to 2.5 % of R,.
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Result with radiative corrections

The fit was done twice, once by adding the radiative corrections and once
without. The corrections due to Bremsstrahlung effects were considered by
using them as an other background subtraction. We generated a sample of
Kr = ntn~ 7% Monte Carlo events and applied it to the acceptance fit as
additional background.

The overall electromagnetic correction to the extracted values of the Dalitz-
plot coefficients g, h, j, k and f is small but not negligible. The most significant
effect is found for the slope parameter g. There the correction amounts to 18 %
of the statistical error. The correction for h amounts to 11 %, for k to 12 % and
for f to 38 % of their statistical errors. For the parameter j is the correction
smaller than 1075, In table 4.1 and 4.2 the slope parameters are listed first by
applying the electromagnetic corrections and then without applying them.

value | stat.error
0.6831 | =£ 0.0044
0.0617 | = 0.0038
0.0010 | =+ 0.0024
0.0104 | +£ 0.0017
0.0037 | +£ 0.0024

| F S @

Table 4.1: Overview of the slope parameter values without applying the elec-
tromagnetic corrections.

value | stat.error
0.6823 | = 0.0044
0.0613 | £ 0.0038
0.0010 | #£ 0.0024
0.0106 | £ 0.0017
0.0045 | =+ 0.0024

h| F S T

Table 4.2: Overview of the slope parameters values by applying the electromag-
netic corrections.

To estimate the additional uncertainty introduced into the values of the
slope parameters by the uncertainty of the electromagnetic corrections, the fit
procedure was repeated by varying the electromagnetic corrections within their
standard uncertainties. The additional error was proved to be very small, i.e.
< 1075 for all slope parameters, and therefore completely negligible.

4.9.4 Systematic errors

Various sources of systematic errors have been studied. The main contributors
of systematic errors were found to be the finite X,Y -resolution of the detector
and the parameterizations of the background and the acceptance. All systematic
errors are discussed in the following paragraphs:

A systematic error occurs due to the standard uncertainties of the two fit
parameters ¥; and J;,which give the background fraction and the fraction of
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muonic background to electronic background. The error was evaluated by vary-
ing the fractions within their 1 o uncertainty while redoing the fit. We derived
Ag=+15-10"% Ah=+3.0-10"°
Aj=477-10"% Ak =+45-107° (4.41)
Af =421-107°

With the exception of the parameter g the error is for all parameters < 1074
and can be neglected.

The calculation of the electromagnetic corrections introduce another sys-
tematic error, since e.g. higher order Feynman graphs were not considered in
the calculations. The standard uncertainties of the electromagnetic correction
can be evaluated. The systematic error on the slope parameters was found by
varying the electromagnetic corrections within their standard uncertainties. For
all slope parameters this systematic error is extremely small and is therefore not
listed here:

Ag, Ah,Aj, Ak, Af <1075 (4.42)

Another systematic error is originated by the normalization according to the
LUT. The values of the averaged normalization factors g (eq. 4.2) were varied
within their standard uncertainties. We found

Ag=+30-10"> Ah=444-1075
Aj=+32-10"° Ak=+18-10"° (4.43)
Af=+15-107°

This systematic error can also be neglected for all slope parameters.

There is a further systematic error because of the finite X ,Y-resolution of
the detector. It should be noticed that this error was found not to be negligible,
although it plays a minor role. To get the error the fit was repeated once using
the true event information from the Monte Carlo simulation and once with the
reconstructed values. We derived for the systematic errors

Ag=+47-10"* Ah==x72-107*
Aj=+6.1-10"* Ak==+45-10"* (4.44)
Af =+1.0-10"3

An important source of error in the uncertainty was introduced by the limited
statistics for the parameterization of the acceptance and background, which
e.g. for the acceptance was a sample of about 2°000°000 Monte Carlo events.
There are uncertainties in each parameter fitted in the parameterization. The
values for the systematic error were derived by error propagation of the standard
uncertainties of the parameter fitted. The errors were

Ag=+15-10"% Ah=+14-10"*
Aj=+22-10"% Ak=+23-10"° (4.45)
Af =+79-107°
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As described in a previous section, the data have to be corrected due to
coherent regeneration. This difference is corrected by calculating the effect on
the neutral kaons event by event. These calculations also adhere a systematic
error. The fit was repeated by now omitting the regeneration corrections. The
effect on the slope parameters is extremely small. For all slope parameters the
systematic error contribution is

Ag,Ah,Aj,Ak,Af <1073 (4.46)

The main source of systematic error was found by applying a standard pro-
cedure of the Particle Data Group[9], which forces the global reduced x? value
over all 7, intervals and all slope parameters to 1. To understand this error
we have performed many tests on the data. All these tests seem to show that
these systematic errors originate from the difficulty of the Monte Carlo sim-
ulation to produce absolute acceptances in the different decay time intervals.
The hypothesis is confirmed by the fact that such difficulties are not observed
when analysing asymmetries (eq. 2.74) where the Monte Carlo acceptance is
cancelled. The systematic error was found to be

Ag=+44-10"% Ah=%12-10"2
Aj=%36-1072 Ak=+24-10° (4.47)
Af=+5.9-10"3

Test of the condition (Ecy (7)) = (Ecm (7))

The assumption that the CP-allowed Ks — ntn~7® decay amplitude can-
cels is only true if the acceptance of 7t is equal to the acceptance of n— for
(Ecm(nt)) = (Ecm(n™)), which means that the Dalitz-plot distribution of the
7tn~ 7m0 acceptance must be symmetric in X. As mentioned, this symmetry
possesses special importance not for the fit described in this work, but for the
7+ 7~ 7® analysis using the asymmetries according to eq. 2.74.

With the analysis presented here it is now possible to perform another sym-
metry check on the data sample in addition to the previous one by using the
normalized average deviation S(X) (eq. 4.23) of the symmetry in X for a spe-
cific Y. This test can be regarded as a further independent verification of the
validity of the assumption above for the remaining 7+ 7~ 7 analysis.

For the symmetry check the fit was repeated by explicitly demanding the
terms of the fit polynomial which are of odd powers of X to be 0. This way
the parameterization of the acceptance and the background is forced to be com-
pletely symmetric in X. The fit yielded

g = 0.6831 £ 0.0045 h = (6.11 £0.45) - 1072

j=(-1.84+244)-10"% k£ =(1.04+0.18)-1072 (4.48)
F=Q70+277)-1073
Since in the parameterization all the terms of odd powers in X were compat-

ible with 0 within their standard uncertainties anyway, there is no additional
contribution to the systematic error. Its contribution is already considered in
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the systematic error which is introduced by the Monte Carlo acceptance and
background statistics.

The symmetry test shows that even if we force terms with the odd powers
in X to 0 in the parameterization, the extracted values for the slope parameters
vary only slightly and only within the systematic error which is introduced by
the Monte Carlo statistics. In addition this test proves yet again that the fit
procedure produces reliable results.

4.9.5 Results

Table 4.3 summerizes the fit results for all slope parameters with their statistic
and systematic errors.

para. value | stat.error | sys.error

g 0.6823 + 0.0044 + 0.0044
h-1072 6.13 + 0.38 + 145
j-1073 0.99 + 2.44 + 2.96
k-1072 1.06 + 0.17 + 0.24
f-1073 4.48 + 2.37 + 5.86

Table 4.3: Overview of the final results for the slope parameters.

The correlations between the slope parameters are all small. They are for all
parameter < 0.075 and given in the normalized error-correlation matrix below

i g9 k f h
1

-0.050 1

-0.017 0.003 1
0.062 0.066 0.005 1
0.075 0.011 0.031 0.056 1

(4.49)

Bala SER SIS

The same fit but by setting parameter f to 0, as it is common in literature, leaves
the parameter values unchanged. Table 4.4 gives an overview to all systematic
€rrors.

Systematic error | g 10 2 | h 1072 [ j-10~2 [k -10~3 [ £-10~3
time slice MC def. +38 +14 + 28 +23 + 5.6

accept. statistic +23 + 0.1 0.9 0.5 +1.7

XY resolution + 0.5 + 0.1 + 0.6 + 0.5 + 1.0
bg fractions - - - - -
regeneration - - - - -

normalization (LUT) - - - — —
radiative correct. - - — - -

Table 4.4: Overview of the systematic errors.

Where no value is given we got an error which is < 10~5. All parameters are
in good agreement with the values from PDG[9]. In addition, our fit result of the
parameter g is better than the present world average by a factor of 2. For the rest
of the parameters we derive larger errors than the best experiment[84] quoted by
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Figure 4.11: The fit results for the slope parameters in comparison with the
experiments used by the PDG to fit their world average.

PGD, but we are still a factor of 3 to 10 better than the other experiments quoted
[85, 86, 87]. Fig. 4.11 shows our values for the slope parameters in comparison
with the values from the experiments used by the PDG to obtain their world
averages. To obtain the world averages by including our measurements we
repeated the fit performed by the Particle Data Group. The results are listed
in table 4.5.

World average

without CPLEAR

including CPLEAR

7 | 0.00I1 £ 0.0008 | 0.0011 & 0.0008
g | 0.670 £ 0.014 0.675 £ 0.007
k| 0.0098 £ 0.0018 | 0.0098 & 0.0016
k| 0.079 + 0.007 0.077 % 0.006
7 - 448 £ 6.32

Table 4.5: World average by PDG with and without our measurement.

With the relations 2.108 we can now express the slope parameters in the
decay amplitudes 8, ¢ and £ of Ky — 77~ 7%, The decay amplitudes appear
in ratios to the K decay amplitude a. Therefore o can not be determined
using the slope parameters. We put a to the world average value according to
[10]. Re(e) is taken from the PDG too. The amplitude v, which is also listed
below, is not calculated from this analysis, but is derived from other work on
the CPLEAR data sample.
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The decay amplitudes can now be compared to their theoretical values using
Chiral perturbation theory at O(p®) [11]. Table 4.6 shows the decay amplitudes
of the fit to our experiment, the world average and the theoretical values from

perturbation theory at O(p®).

Chiral perturbation theory | World average | CPLEAR
at O(p®) (Kambor[34]) (Devlin[86])
a 84.2 843+ 04 -
B -28.1 -28.3 £ 0.6 -28.6 £ 0.2
0% 2.5 2.5+04 26+ 0.8
3 -14 (-1.6 + 0.1) -19+£0.1
¢ -0.6 (-0.7 £ 0.1) -0.5 £ 0.1

Table 4.6: Expected values for the decay amplitudes of K, — ntr~n® by
using Chiral perturbation theory at O(p®) [34], together with the world average
according to [86] and with the fit to the experiment.

Our values are in good agreement with the theoretical prediction as well
as with the values obtained by older experiments. The result for the decay
amplitude 8 is better than the present world average by a factor of 3. The
precise measurements are an important test to the calculations of the Chiral
perturbation theory up to the order O(p®) and can also serve as new input to
these calculations.
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Chapter 5

Conclusion

It has been demonstrated that the online first trigger step for real time tracking
based on neural network algorithms[52] can be realized. The trigger step has
proofed to be both fast and reliable during operation.

The inherent structure of the ANN trigger accounts for its easy adaptability
to evolving experimental conditions or new trigger environments. The same
hardware structure can be used with different weight sets to meet various re-
quirements for input data. This also means that increased knowledge of event
topologies within the detector can be met by a new set of properly adapted
weights. The ANN trigger developed at CPLEAR is now used in other ex-
periments’ completely different trigger environments[69][68] which proofs the
flexibility of this online trigger step.

We applied a unbinned maximum likelihood procedure for the Dalitz-plot
analysis of the decay K — 7tn7® of CPLEAR events. This is the most
complete analysis to use, where no information is lost in any step of the analysis.
With this method we extracted a new, independent set of slope parameters. For
the slope parameter g and the decay amplitude 8 we established values which
are better than their present world averages[9]. Our values improve the world
average for the slope parameter g by a factor of 2 and for the decay amplitude by
a factor of 3. Our precise measurements are an important test to the calculations
of the Chiral perturbation theory up to the order O(6)[11] and can also serve
as new input to these calculations.
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Appendix A

Gram-Smidt
orthogonalization

A.1 Orthogonality

For D C R? let f and g be two mappings of D — IR. A scalar product (f,g)
shall be defined as | p fgdZ. Two functions f and g are called orthogonal if

(f,99=0 with f#g (A1)

We choose a set ® = {¢;|j = 1,..., k} of ordered, linear independent, real-valued
mappings of D. An orthogonalization of & is to find an ordered orthogonal
base ¥ of real-valued mappings ¥; for ®, i.e. for each i, ¢; can be written as
a finite linear combination of elements of the set {3k < i}, where the 9 are
pairwise orthogonal.

A.2 Orthogonalization of ® = {¢|D — R,D C
R?}

& shall be the set of functions ¢; = X7t - Y% with 7 = (ji,j2) € J, j; are
non-negative integers in the vector coordinates and X,Y being the coordinate
variables of the Dalitz-plot. We introduce an order o(j) = ji + j2 in @ by
defining the order of J as:

i) i < j: f o) < o(j)

and

ii) ¢ < j: if 0(3) = o(4) and i3 < Jo
The set @ of linearly independent functions ¢; can be orthogonalized with the
aid of the Gram-Schmidt orthogonalization process[76]. The orthogonal basis
of functions in X and Y over the Dalitz-plot region shall be ¥ = {3, 1)} with
n giving the degree of the polynomial and k = (1,...,n). To construct the ; we
choose the basic approach

k—1 n—1 £
_ —kvk (n,k) yrn—iyri (n,k) xrt—jyi
Vi) = X"HYE Y aly XTIV 4D 0D ey XYY
=0 £=0 j=0 (A.2)
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Gram-Smidt orthogonalization

The indices of the equation are written in brackets and follow the introduced
order o naturally with jy;=n — k and jo = k. The first term corresponds to the
next ¢ to be orthogonalized. The second terms are correlated to the v; of the
same order which are already orthogonalized. The third term is derived from
all lower orders which are already orthogonalized. We choose the first ¢ to be:

Yo,0 =% =1 (A.3)

For the recursion formula we assume all polynomials up to () to be known.
For the 9y, ;41) we get the condition from the scalar product:

(Qp(n,i—{—l)a w(m,l)) =0 (A4)

k—1
(X4 Ym) + ey (XY ) +

i=0
n—1 ¢ ( )
n,i+1
DX apy ) (XY ) =0 (A.5)
£=0 =0

Therefore the problem of orthogonalizing ® is equivalent to solving the system
of linear equation for each ;:

M(n,i+1)c—i(n,i+1) — V’(n,i-}—l) (A6)

i (n,i+1
with = M ) = (X7, 9 p) (A7)
and - V((n A1) _ (Xn—(i+1)Yi+1,¢(m’l)) (A.8)
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