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Abstract

The Super Proton Synchrotron (SPS) injection system plays a fundamental role to pre-
serve the quality of injected high-brightness beams for the Large Hadron Collider (LHC)
physics program and to maintain the maximum storable intensity. The present system
is the result of years of upgrades and patches of a system not conceived for such in-
tensities and beam qualities. In this study, we first investigate the effect of emittance
growth due to amplitude-dependent tune shifts for erroneously injected beams. As a
next step, we propose the design of a completely new injection system for the SPS using
multi-level numerical optimisation, including realistic hardware assumptions. Methods
and pseudo-algorithms of how this hierarchical optimisation framework can be adapted to
other situations for optimal accelerator system design are shown. In addition, we explore
the benefits of a numerical optimisation framework for the current SPS injection kicker
timing system to minimise residual injection oscillations for maximised delivered beam
intensity. We also demonstrate how a simple neural network based upon recorded data
can approximate the injection system as a surrogate model, allowing for further studies
of different optimisation algorithms even without beam time.

Popular science summary

The Super Proton Synchrotron (SPS) is a particle accelerator and the last link in the injector
chain leading into the Large Hadron Collider (LHC), the largest particle accelerator in the
world, located at the CERN accelerator complex outside Geneva. The injection system of
the SPS plays a fundamental role to preserve the quality of the injected beams for the LHC
physics programs, acting as a bottleneck for the number of particle collisions delivered to the
different experiments. The present injection system is the result of years of upgrades and
patches, where the magnets have not always been configured in the ideal way to handle beams
of high intensity. In this study, we explore how software can be implemented to design a new
configuration of injection magnets to deliver a stable beam at the lowest resource cost possible.
We use optimisation methods that span over many levels, and mimic the process of natural
selection to find the ideal injection design that minimises the magnet resources needed, gives
more space to the beam and makes the magnet design more uniform.

As a second step, we study the present injection system and reap the benefits of modifying
the parameters without changing the hardware, in order to reduce injection errors that cause
the beam to oscillate and potentially get lost. We first perform theoretical calculations of the
injection errors, and simulate how these errors would alter the final beam quality. We then
implement a numerical optimisation framework that finds the ideal timing on the nanosecond-
level for the injection magnets in the SPS. This optimiser finds timing configurations that
reduce these oscillations by up to 70%. As a last step, we use the collected data to develop a
neural network model - an algorithm mimicking the human brain - to imitate the accelerator
in order to compare different optimisation methods even when beam time is not available.
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Populärvetenskaplig sammanfattning

Super Proton Synchrotron (SPS) är en partikelaccelerator och den sista länken i injektorkedjan
som leder in i Large Hadron Collider (LHC), den största partikelacceleratorn i världen, belägen
vid CERN-komplexet utanför Genève. Injektionssystemet för SPS spelar en grundläggande
roll för att bevara kvaliteten p̊a de injicerade str̊alarna för LHC:s fysikprogram, och fungerar
som en flaskhals för antalet partikelkollisioner som levereras till de olika experimenten. Det
nuvarande injektionssystemet är resultatet av år av uppgraderingar och lagningar, vars mag-
neter inte alltid har konfigurerats p̊a rätt sätt för att hantera str̊alar med hög intensitet. I
denna studie utforskar vi hur mjukvara kan implementeras för att designa en ny konfiguration
av injektionsmagneter för att leverera en stabil str̊ale till lägsta möjliga kostnad. Vi använder
optimeringsmetoder som sträcker sig över m̊anga niv̊aer, och imiterar det naturliga urvalet för
att hitta den idealiska injektionsdesignen som minimerar magnetresurserna, ger mer utrymme
åt str̊alen och gör magnetdesignen mer enhetlig.

I nästa steg studerar vi det nuvarande injektionssystemet och modifierar parametrarna utan
att ändra h̊ardvara, för att minska injektionsfel som gör att str̊alen oscillerar och potentiellt
försvinner. Vi utför först teoretiska beräkningar av injektionsfelen och simulerar hur dessa fel
skulle förändra den slutliga str̊alkvaliteten. Vi implementerar sedan ett numeriskt optimer-
ingssystem som hittar den idealiska timingen p̊a nanosekundniv̊a för injektionsmagneterna i
SPS. Detta optimerarprogram hittar magnettimingar som minskar dessa oscillationer med upp
till 70%. Som ett sista steg använder vi insamlad data för att utveckla en neural nätverksmodell
- en serie algoritmer som efterliknar den mänskliga hjärnan - för att imitera acceleratorn s̊a att
vi kan jämföra olika optimeringsmetoder även när acceleratortiden inte är tillgänglig.
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1 Introduction

The Super Proton Synchrotron (SPS) is the last injector of the Large Hadron Collider (LHC),
hence the second-largest accelerator of the CERN accelerator complex [1]. The SPS accelerates
protons from 26 GeV up to 450 GeV. One of the main duties of the SPS is to provide high-
brightness beams of high quality for the LHC physics program, as well as to the fixed-target
experiments of the North experimental Area (NA). The SPS injection system plays a fundamen-
tal role to the SPS beam quality, not only to preserve the quality of the injected beam, but also
to contribute to the maximum storable intensity in the ring. Any injection errors of the beam
might imply severe consequences of the delivered beam quality. In Section 4, we investigate
the effect of emittance growth of kicked and mismatched beams due to amplitude-dependent
tune shift for arbitrary beams, published in [2]. We also present the error tolerances for the
SPS injection system due to these non-linear effects in Section 5.

The present injection system is the result of years of upgrades and ad-hoc modifications, un-
dergoing many modifications in its lifetime to adapt to the ongoing evolution of performance
requirements. In particular, the upcoming High-Luminosity LHC upgrade further stresses the
need for a new robust long-term injection solution [3]. Numerical optimisation and machine
learning have gained attention in accelerator physics, for instance from efforts to tune param-
eters to improve beam quality at the AWAKE experiment [4, 5]. Some attempts have also
been made to create genetic algorithms for multi-objective optimisation to construct transfer
lines [6], but a final solution has not yet been proposed. In Section 6, based upon the results
from our previous study [7]1, we present a generic hierarchical optimisation framework that
gradually constructs a new injection sequence and generates ideal candidate solutions for all
SPS optics, while considering realistic hardware and targeting the best trade-off in hardware
complexity and performance.

After the CERN Long Shutdown 2 (LS2), significant modifications of the injection were under-
taken to allow the higher brightness required from the LHC Injectors Upgrade (LIU) upgrade [8].
In this context, a completely new injection interlock system was put in place, together with new
instrumentation and layout changes. In Section 7, we investigate the injection beam stability,
beam quality and kicker optimisation for the SPS along with its operational performance. In
the light of the imminent LHC run 3, we explore the benefits of a numerical optimisation frame-
work for the SPS injection kicker timing system to minimise residual injection oscillations to
maximise delivered beam intensity, using an optimisation environment. In other words, these
numerical optimisers constitute “low-hanging fruit” that can be rapidly implemented by accel-
erator operators to stabilise the injected beam quality, without any hardware modifications. In
Section 7.3, we also present how a simple neural network can approximate the injection system
behaviour as a surrogate model to fully test different optimisation algorithms also offline, when
beam time is not available.

1Section 2, Section 3, Section 5 and parts of Section 6 of this thesis appear in the official mid-project
report [7].
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2 Theoretical background

2.1 Single-particle dynamics

The force experienced by charged particles in an electromagnetic field can be described by the
Lorentz force

F⃗ =
dp⃗

dt
= q(E⃗ + v⃗ × B⃗), (1)

where q is the charge of the particle, E⃗ is the electric field vector, v⃗ is the velocity vector and
B⃗ is the magnetic field vector. The electric and magnetic fields can be used to accelerate and
guide the particles. The beam dynamics describes the evolution of the particle trajectory due
to this Lorentz force. In order to steer the beam of charged particles, magnets are often used.
Multipolar magnets constitute important building blocks for accelerator components to control
the motion of charged particles. Depending on their order, magnets can be used for different
purposes, for example to bend the trajectories of particles and to focus beams of charged
particles. For an nth-order multipole, the magnetic field in the transverse plane is expressed as

By(x, y) + iBx(x, y) =
[
Bn(s) + iAn(s)

]
(x+ iy)n−1, (2)

where Bn(s) and An(s) are the normal and skew relative coefficients

Bn(s) =
1

(n− 1)!

∂n−1By

∂xn−1

∣∣∣∣
(0,0;s)

An(s) =
1

(n− 1)!

∂n−1Bx

∂xn−1

∣∣∣∣
(0,0;s)

(3)

that depend on the longitudinal coordinate s [9]. A dipole corresponds to n = 1, a quadrupole
to n = 2 and a sextupole to n = 3, and so on. Magnets of order n = 1 and n = 2 can be
described with matrices, whereas magnets of higher order need more complex maps to describe
their action on the beam of particles. A skew nth-order multipole is simply a normal nth-order
multipole rotated by 90°/n in the transverse plane. A schematic representation of a dipole, a
quadrupole and a sextupole is displayed in Figure 1.

A reference orbit is often used to describe the ideal motion of charged particles in circular
accelerators. The coordinate system employed for a particle in a circular accelerator is a moving
coordinate system where s is the curvilinear coordinate, x, y are horizontal/vertical positions,
and ρ is the local radius of curvature. An example of such a coordinate system is displayed in
Figure 2. For charged particles of high energy, the speed is close to that of the speed of light,
with path length s = ct. We denote the transverse phase space as (x, x′, y, y′), where prime
indicates a derivative over path length. On the other hand, the trajectory in which a particle
will return to its initial location with the same accelerator conditions is denoted closed orbit [9].

To describe the dynamics of a system such as a circular collider, transfer maps provide a useful
tool as a set of functions to give a final set of phase space coordinates from an initial set of
phase space coordinates. Linear transfer maps can be described by matrices, where the most
simple linear element is a drift space of length L

2



Figure 1: Schematic drawing of field lines and force on a positively charged particle moving out of
the paper for a dipole (left), quadrupole (middle) and sextupole (left). Dipoles and quadrupoles are
both linear elements, whereas the sextupole is the non-linear element of lowest order.

Figure 2: Reference system for the particle propagating in the accelerator.

(
x
x′

)
s+L

=

(
1 L
0 1

)(
x
x′

)
s

. (4)

A sector dipole, as seen in Figure 1, of length L can be described by

(
x
x′

)
s+L

=

(
cos(L/ρ) ρ sin(L/ρ)

(1/ρ) sin(L/ρ) cos(L/ρ)

)(
x
x′

)
s

, (5)

where ρ is the local curvature of the reference orbit. The linear transfer maps described by
matrices are taken from [10]. For the quadrupoles, or magnet of order n = 2, the gradient of
the magnetic field is needed. The normalised gradient k of quadrupole that generates a linear
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field that vanishes at the reference orbit is defined as

k =
1

B0ρ

∂By

∂x
, (6)

where the magnetic rigidity B0ρ is defined as

B0ρ =
p0
q
, (7)

with q being the charge of the particles and p0 the design momentum. A focusing quadrupole
(k > 0) of length L is described by(

x
x′

)
s+L

=

(
cos(L

√
|k|) (1/

√
k) sin(L

√
|k|)

−
√
k sin(L

√
|k|) cos(L

√
|k|)

)(
x
x′

)
s

, (8)

whereas a defocusing quadrupole (k < 0) is described by

(
x
x′

)
s+L

=

(
cosh(L

√
|k|) (1/

√
k) sinh(L

√
|k|)√

k sinh(L
√
|k|) cosh(L

√
|k|)

)(
x
x′

)
s

. (9)

In addition, some linear elements can be simplified in the case of L → 0 and kL → constant,
also called the thin-lens approximation - used when the focal length is much longer than the
magnet length. The resulting transfer map for a focusing quadrupole in this limit becomes

(
x
x′

)
s+L

=

(
1 0
−kL 1

)(
x
x′

)
s

. (10)

A combination of focusing and defocusing sections is often referred to as a FODO lattice. A
FODO cell contains one focusing quadrupole (F), a drift space of length L (O), a defocusing
quadrupole (D) and another drift space of length L. A lattice built of FODO cells will make
the particle motion behave as a harmonic oscillator with a constant restoring effect, since any
diverging particle from the reference orbit will be focused back. An example illustration of
horizontal particle motion in a FODO lattice is shown in Figure 3.

Figure 3: Example of particle motion in a FODO lattice.
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These transfer matrices can be combined to a single transfer matrix of all elements along the
beamline (one-turn map for a circular collider and rings), propagating the particle through
all the elements from its initial location s. Using the corresponding matrix Mi of each linear
element:

M(s1) =MN ... M2M1 (11)

If we instead want to relate the one-turn matrices M at different locations s1 and s2, we resort
to the similarity transform

M(s2) =M1M(s1)M
−1
1 . (12)

As we desire the motion of the particles to be stable over a large number of turns, M(s) has to
be related to a pure rotation matrix via a similarity transform [11].

2.2 Linear beam dynamics

For the equations of motion in the case of linear fields, we consider s-dependent fields from
dipoles and quadrupoles. We can write the total momentum as p = p0(1 + δ), where δ =
(p−p0)/p0 represents off-momentum particles. The linearised equations of the betatron motion
(assuming only horizontally bending dipoles) are

d2x

ds2
+Kx(s)x =

1

ρ(s)
δ (13)

d2y

ds2
+Ky(s)y = 0 (14)

with restoring coefficient K = K(s) being a function of the longitudinal position s [10]. Eval-
uated at the closed orbit, we have

Kx(s) = 1/ρ2 − ∂By

∂x

1

Bρ

Ky(s) =
∂By

∂x

1

Bρ

(15)

where ρ is the local bending radius of the accelerator. Thus, we note that Equations (13) and
(14) are inhomogeneous linear differential equations [12]. In the linear case, we consider particles
with design momentum δ = 0. These transverse oscillations are called betatron oscillations,
described by Hill’s equations of linear transverse particle motion

d2x

ds2
+Kx(s)x = 0

d2y

ds2
+Ky(s)y = 0

(16)
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The restoring functions are periodic with Kx,y(s) = Kx,y(s + L), where L is the length of the
periodic structure in the accelerator, such as a FODO cell illustrated in Figure 3. The solution
to Hill’s equations in the x-plane is finally given by, for K > 0

x =
√
εβ cosϕ (17)

x′ = −α
√
ε/β cosϕ−

√
ε/β sinϕ, (18)

where β = β(s) is the amplitude modulation due to the changing focusing strength, and
ϕ = ϕ(s) − ϕ0, which also depends on the focusing strength. Equation (17) and (18) follow
from the so-called Floquet’s theorem for periodic differential equations [10]. ε and ϕ0 are
constants that depend on initial conditions. We also define α = −β′/2 and γ = 1+α2

β
. If we

plot these stable oscillations in phase space through a FODO lattice over many turns at a given
location in the accelerator, an ellipse emerges. This ellipse, which is a conic section, is described
by the equation

2Jx = γx2 + 2αxx′ + βx′2, (19)

where 2Jx describes its magnitude. In the horizontal plane, Jx defines the shape of the ellipse
for single-particle dynamics. If we consider multiple particles over many turns, we are also
interested in the emittance ε, which is the beam property illustrating how much area the beam
occupies in phase space. The area of the ellipse, A = πε, remains constant in a FODO lattice if
only conservative forces act on the beam. The ellipse described by Equation (19) is illustrated in
Figure 4. The transverse emittance ε, with unit [m · rad], is determined from initial conditions.
The transformation that transforms the ellipse into a circle is given by(

x
x′

)
=

( √
β 0

−α/
√
β 1/

√
β

)(
x1
x2

)
, (20)

fully derived in [13]. The parameters (x1, x2) describe the normalised phase space. The
parameters α, β and γ are known as Twiss parameters, and Jx is the action, also known as
the Courant-Snyder invariant. The fact that we observe an underlying oscillation leads us to
decompose the full-turn transfer matrix R̂ into a matrix A that twists and stretches the phase
space coordinate axes together with a rotation matrix O [13]

R̂ = A−1OA =

( √
β 0

−α/
√
β 1/

√
β

)(
cosµ sinµ
− sinµ cosµ

)(
1/
√
β 0

α/
√
β
√
β

)
=

(
cosµ+ α sinµ β sinµ

−1+α2

β
sinµ cosµ− α sinµ

) (21)

where

A =

(
1/
√
β 0

α/
√
β
√
β

)
and O =

(
cosµ sinµ
− sinµ cosµ

)
. (22)

As O and A have unit determinants, so does R̂. The angle µ is commonly referred to as the
phase advance. The tune
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Figure 4: The phase space ellipse of x and x′ of a particle trajectory.

Q =
µ

2π
(23)

describes the number of betatron oscillations per turn, or the phase space rotation angle. The
tune is represented by Qx along the x-axis, and by Qy along the y-axis. Using the trace of
M(s) from Equation (11), we can compute its fractional part [11]

2 cos(2πQx) = Tr[M(s)]. (24)

In order to facilitate theoretical calculations, we use variables x1 and x2 in normalised phase
space, related to the position x and angle x′ by(

x1
x2

)
= A

(
x
x′

)
. (25)

Collectively we often denote the phase-space variables by a vector x⃗ = (x1, x2)
⊤.

From this point onward, we do not refer only to single particles but to ensembles of many
particles. We always assume that the initial beam distribution is a multi-variate Gaussian,
given in the two-dimensional case by the distribution

ψ
(
x⃗; X⃗, σ

)
=

1

2π
√
detσ

exp

[
−1

2

2∑
j,k=1

σ−1
jk (xj −Xj)(xk −Xk)

]
, (26)

where X⃗ is the centroid position and the 2× 2 matrix σ is the beam matrix that describes the
width and orientation of the Gaussian. Note that in coordinates of normalised phase space, the
beam matrix σ of a matched beam is proportional to the unit matrix. For a matched beam,
injected on axis, the proportionality constant is the emittance of the injected beam ε0.

7



2.3 Off-momentum effects

Until now, we assumed that all particles had the same momentum, without any momentum
offset such that δ = 0. However, some effects on the beam dynamics arise for particles with
momentum p = p0(1 + δ). These effects due to differences in the particle momentum are
called chromatic effects, as the effect is equivalent to that of optical lenses on light of different
wavelengths. The first type of chromatic effect, chromaticity, is the effect of momentum-
dependent focusing of quadrupoles. In a thin quadrupole, a particle with momentum off-set
δ = (p− p0)/p0 with respect to the reference particle will have a tune shift

∆Q = − β̂

4πf0
, (27)

where β̂ is the betatronic function evaluated at that point and f0 is the focal length [13]. For
instance in the x-plane, the chromaticity Q′

x = ∆Q/δ for the entire ring is obtained by summing
over the contributions of all quadrupoles

Q′
x = ∆Q/δ = −

∑
i

βi
4πfi

. (28)

Considering the chromaticity of long quadrupoles with normalised gradient k1 = (∂By/∂x)/Bρ,
we have

Q′
x = −

∮
β(s)k1(s)ds, (29)

where the integral extends over the whole ring and only picks up contributions from the
quadrupoles where k1 ̸= 0. The second type of chromatic effect is dispersion D, which is
momentum-dependent bending of dipoles. A dipole magnet that bends in the horizontal plane
has the property of giving small horizontal position off-sets xi, proportional to the momentum
off-set δ = ∆p/p and the dispersion D, defined as

D(s) =
xi(s)

δ
, (30)

describing how much the trajectories are separated due to their momentum. We can simply
add the dispersion to the transfer matrix

M1→2 =

[
C S
C ′ S ′

]
, (31)

with C = cosϕ and S = sinϕ (primes indicating derivatives with respect to s), to include the
dispersion [

x̄
x̄′

]
=

[
C S
C ′ S ′

] [
x
x′

]
+

∆p

p0

[
D
D′

]
. (32)

To clearly see what happens with off-momentum particles, we look at their perturbed magnetic
rigidity

8



B(ρ+∆ρ) =
p0(1 + δ)

q
→ ∆ρ

ρ
=

∆p

p0
= δ. (33)

If we consider that the effective length of the dipole has not changed, we observe that

θρ = leffective = constant → ρ∆θ + θ∆ρ = 0

→ ∆θ

θ
= −∆ρ

ρ
= −∆p

p0
= −δ,

(34)

which means that off-momentum particles get a different deflection and thus a different orbit,
described by Equation (35) and illustrated in Figure 5

∆θ = −θ∆p
p0

= −θδ. (35)

Figure 5: Distorted bending angle in a rectangular dipole due to a momentum offset.

We look back at the equation of motion in Equation (14) and conclude that for off-momentum
particles, the solution is a sum of the homogeneous equation (on-momentum) and the inhomo-
geneous (off-momentum) equation

x(s) = xH(s) + xI(s), (36)

which let us split the equations of motion in two parts

d2xH
ds2

+Kx(s)xH = 0 (37)

d2xI
ds2

+Kx(s)xI =
1

ρ(s)
δ. (38)

9



Combining Equation (30) and (38), we can define the dispersion equation

D′′(s) +Kx(s)D(s) =
1

ρ(s)
, (39)

whose general solution can be obtained with perturbation theory and Green functions [12]. For
a general matrix such as the one in Equation (32), the solution is

D(s) = S(s)

∫ s

s0

C(s̄)

ρ(s̄)
ds̄− C(s)

∫ s

s0

S(s̄)

ρ(s̄)
ds̄. (40)

For a sector dipole, the bending radius ρ is constant and with its transfer matrix

M =

(
cos l

ρ
ρ sin l

ρ

−1
ρ
sin l

ρ
cos l

ρ

)
, (41)

we find the dispersion D(s) after a sector dipole to be

Ddipole(s)
∣∣∣
s=l

= sin
l

ρ

∫ l

0

cos
s̄

ρ
ds̄− cos

l

ρ

∫ l

0

sin
s̄

ρ
ds̄

= sin
l

ρ

[
ρ sin

s̄

ρ

]l
0

− cos
l

ρ

[
− ρ cos s̄

ρ

]l
0

= ρ sin2 l

ρ
+ ρ cos

l

ρ

(
cos

l

ρ
− 1

)
= ρ

(
1− cos

l

ρ

)
,

(42)

and its derivative with respect to s simply becomes

D′
dipole(s)

∣∣∣
s=l

= sin
l

ρ
. (43)

2.4 Linear imperfections from dipole errors

We consider a simple one-dimensional ring with horizontal tune Qx = µx

2π
and add a single thin

quadrupole at a location with Twiss parameters α0, β0 and γ0. In an otherwise ideal accelerator,
we consider a single thin dipole field error at location s = s0 with kick-angle θ = ∆Bdt/Bρ,
where Bρ = p0/e is the magnetic rigidity. The phase space coordinates just before (−) and
after (+) the kick element at s0 will be

x− =

(
x0

x′0 − θ

)
, x+ =

(
x0
x′0

)
, (44)

and the closed-orbit condition becomes

10



x0 =
β0θ

2 sin(πQx)
cos(πQx) (45)

x′0 =
θ

2 sin(πQx)

[
sin(Qxπ)− α0 cos(πQx)

]
, (46)

from which we can immediately notice that for integer values of Qx we have a pole [10]. Conse-
quently, integer working points (or tunes) are normally avoided for accelerators, as resonances
with chaotic particle motion of uncontrollable amplitude may lead to emittance growth. For
integer tunes, the orbit kicks in every turn in a resonant manner, making the orbit unstable.
The left side of Figure 6 schematically shows what happens in horizontal phase space when the
tune Qx is an integer in the presence of a dipole error. As the angular kick ∆x′ = θ occurs
in the same direction for each revolution, the closed orbit does not exist. For this reason, the
betatron tunes are normally designed to avoid integer values. If the tune is a half-integer, the
angular kick from two consecutive revolutions will cancel each other, as illustrated to the right
in the same figure [10]. In reality however, all kicks do not cancel each other. Quadrupole
errors make the beam unstable at half-integer tunes and sextupoles at tunes that are multiples
of 1/3. All these values must be avoided in a circular accelerator.

Figure 6: Illustration of the phase space effect of integer tune (left) versus half-integer tune (right).

In addition, such a dipole kick can originate from magnet misalignment of higher-order magnets,
called feed-down effects [14]. For example, the kick from a misaligned quadrupole along the
x-axis is found to be

θq = KxL∆x, (47)

where Kx is the normalised quadrupole gradient in x, L is the element length and ∆x is the
displacement.
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3 Beam transfer physics

3.1 Ring and transfer line beam dynamics

Depending on whether we have a circular accelerator in which a beam is transported over many
turns or just a simple transfer line, the boundary conditions will be different. The one-turn
map for a circular machine is

M0→L =

(
cos(2πQ) + α sin(2πQ) β sin(2πQ)
− 1

β
(1 + α2) sin(2πQ) cos(2πQ)− α sin(2πQ)

)
, (48)

where Q is the tune [15]. A circular machine has a periodic solution, which imposes for one turn
(closed ring): α1 = α2, β1 = β2 and D1 = D2. The condition of periodicity uniquely determines
the solution α(s), β(s), µ(s) and D(s) around the whole ring. Mapping the coordinates of the
single particles for each turn on any location, an ellipse forms in phase space. On the other
hand, a transfer line describes a single pass from extraction to injection. The transfer map
from point 1 to point 2 is given by

M1→2 =

 √
β2

β1
(cos∆µ+ α1 sin∆µ)

√
β2β1 sin∆µ√

1
β1β2

[
(α1 − α2) cos∆µ− (1 + α1α2) sin∆µ

] √
β1

β2
(cos∆µ− α1 sin∆µ)

 , (49)

where the parameters at point 1 are given as input. For this case, no periodic boundary
condition exists and the Twiss parameters are simply propagated from the initial point to the
end. At any point in the transfer line, the optics functions α(s) and β(s) are functions of the
initial values α1 and β1. Thus, for a single pass, the definition of the Twiss parameters is not
unique. Also the dispersion function D depends on the initial values D1 and D′

1, and the line
elements. Another significant difference with respect to a circular machine is that a change in
the line elements only affects the downstream Twiss values, including the dispersion.

As beams have to be transported from the extraction point of one machine to the injection
point of the next machine, the trajectories must be matched. An illustration of the Twiss
parameters that have to be matched are illustrated in Figure 7. Additional constraints imposed
by external factors include minimum bend radius, maximum available quadrupole gradient,
magnetic aperture, cost and geology.

In the transverse plane, we can propagate for instance the horizontal position x and horizontal
angle x′ with respect to the reference particle trajectory when the transfer matrix M is known[

x2
x′2

]
=M1→2

[
x1
x′1

]
=

[
C S
C ′ S ′

] [
x1
x′1

]
. (50)

This step can analogously be done for the Twiss parameters [15]β2α2

γ2

 =

 C2 −2CS S2

−CC ′ CS ′ + SC ′ −SS ′

C ′2 −2C ′S ′ S ′2

β1α1

γ1

 . (51)
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Figure 7: Parameters of extraction and injection that have to be linked.

In order to properly link two distant machines in longer transfer lines, one can facilitate the
design by splitting the transfer line into two main categories:

• An initial and final matching section with independently powered quadrupoles, sometimes
also with irregular spacing.

• A regular central section made up of e.g. FODO cells or doublets, where the quadrupoles
occur at regular spacing and bending dipoles can be included, where the magnets are
powered in series.

An example of the betatronic functions in such a lattice design is illustrated in Figure 8.

Figure 8: Example of betatronic oscillations in the SPS to LHC transfer line. The initial and final
matching section are clearly customised depending on the beam parameter values in the SPS and
LHC, whereas the middle section is a regular FODO-lattice [15].

3.2 Injection and extraction

Accelerators have limited dynamic range of energies to which particles can be accelerated,
and therefore require a chain of stages to reach higher energies [16]. The beam needs to
be properly transferred between each of these stages while minimising the beam loss, and
placing the newly injected particles onto the correct trajectory with the correct phase-space
parameters. The injection of a particle beam into a circular accelerator or accumulator ring
at the right time, as well as the extraction the particles at the appropriate time, play a crucial
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role for the performance of an accelerator complex. In addition, failed injection or extraction
can cause severe machine damage. The injection and extraction can take place in either the
horizontal or vertical plane (single-plane), or in both planes. An extraction or injection process
that happens within one revolution is called single-turn, whereas a process that happens over
multiple revolutions is called multi-turn. For instance, the SPS has a horizontal single-turn
injection. The beam density at injection for hadrons can be limited either by space charge
effects or by the injector capacity. If we cannot increase charge density, we can sometimes fill
the horizontal phase space to increase overall injected intensity over a multi-turn process [17].
In this study, we focus on the single-plane single-turn injection, illustrated in Figure 9, which
is relevant for the SPS.

Figure 9: Illustration of the principle of single-turn injection.

Some special electromagnetic elements are used for the injection and extraction. A kicker
magnet is a fast-pulsed dipole magnet that can reach the maximum field in less than one
revolution, typically within hundreds of nanoseconds. A septum magnet is a special insertion
magnet that define the borderline between the ring and the transfer line (TL). The septum
magnet has an inner wall (often with 2-20 mm thickness) that separates two distinct field
regions in order to selectively deflect particle beams where desired - the region of the circulating
beam has ideally no field, and the region of the injected beam has full field strength for full
deflection. An electrostatic septum is a DC electrostatic device with a very thin (about 0.1
mm) septum between zero field and high-field region. For a single-turn injection or extraction,
the septum magnets are used rather than the electrostatic septum, as septum magnets can
reach higher beam deflections. In order to match the injected beam trajectory to the machine
closed orbit for a single-plane injection system, a system of kickers and septa is used. The
septum deflects the beam onto the closed orbit at the centre of the kicker, whereas the kicker
compensates for the remaining angle. The septum and kicker are placed on either side of a
defocusing quadrupole to minimise the kicker strength needed for the injection.
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4 Emittance growth after injection

Emittance is a key figure of merit both for circular and linear colliders, as the luminosity
depends directly on the horizontal and vertical emittance [18]. In a collider such as the LHC,
keeping the emittance as low as possible means higher likelihood for particle collisions and thus
higher luminosity. Higher luminosity is desirable to achieve more collision data for the LHC
experiments. The analysis of emittance growth at injection is of high importance for the rest
of this study, as theoretical understanding of injection errors and tolerances for the injection
error complements the development of the optimisation framework.

The emittance of an injected beam into a ring ultimately depends on the its initial position
and angle at the point of injection, but also whether its Twiss parameters are equal to those of
the ring. If these parameters do not match those of the circulating beam, the distribution of
injected particles is distorted and decays into a distribution with larger emittance. An initially
Gaussian beam degenerates into a distribution which is no longer Gaussian. This process is
called decoherence. An example of decoherence after many turns is shown in Figure 10.

Figure 10: Illustration of the decoherence of a Gaussian beam due to filamentation from a steering
error in X ′, distorting the beam that is no longer Gaussian after many turns. Image credits: [18]

This effect is caused by a spread in betatron frequencies, and the oscillations of the injected
beam is different to the betatron oscillations around the equilibrium orbit of the circulating
beam. Decoherence may be due to many factors, including chromaticity, finite momentum
spread, or amplitude-dependent tune shift. Amplitude-dependent tune shift caused by dis-
placement (also called steering error) and by betatron mismatch is illustrated in Figure 11.
Displacement, or error in the initial position X and angle X ′ at the point of injection, can lead
to a tune shift ∆Q of the injected beam with respect to the circulating beam. Here X = ⟨x⟩
refers to the centroid (the first moment) of the beam, which is the expectation value in e.g.
position of the distribution. Over many turns, this filamentation process causes the beam to
degenerate into a non-Gaussian beam, as seen in Figure 10, with higher emittance. Also beta-
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tron mismatch - Twiss parameters of the injected beam not matching those of the circulating
beam - leads to the phase space ellipse of the injected beam not matching that of the circulating
beam, resulting in tune shift, filamentation and ultimately larger emittance.

Figure 11: Illustration of two major injection error types - steering error (displacement) of the
centroids X and X ′, and betatron mismatch. Displacement causes tune shift ∆Q of the injected beam
which leads to emittance growth. Betatron mismatch distorts the phase space ellipse of the injected
beam with respect to the circulating beam, leading to tune shift and emittance growth.

The decoherence of displaced beams due to amplitude-dependent tune shift was previously
analysed in [19, 20, 21]. In the our recent published study [2], we extend this analysis of the
decoherence by considering both the first and seconds moments of a beam over many turns
- considering both displacement and betatron mismatch. We also follow the evolution of the
beam matrix σ and the emittance ε as the beam decoheres. We start the analysis by adding an
amplitude-dependent term to the phase shift per turn ϕx in the horizontal plane due to normal
betatron phase advance µx = 2πQx, assuming uncoupled optics

ϕx = µx + κxx
(
x21 + x22

)
+ κxy

(
x23 + x24

)
= µx + x⃗⊤κ̄xx⃗ , (52)

where x⃗⊤ is the transpose of x⃗ and κ̄x = diag(κxx, κxx, κxy, κxy) parametrises the amplitude
dependence. x1, . . . x4 denote the variables in normalised phase space, related to the position
x and angle x′ by the transformation Ax from Equation (22). The first moments (X̂1, X̂2) and
one of the second moments ⟨x̂21⟩ after n turns, identified by a caret, can be expressed as

X̂1 + iX̂2 = e−inµx

〈
e−inx⃗⊤κ̄xx⃗(x1 + ix2)

〉
(53)

⟨x̂21⟩ =
〈
(x1 cosnϕx + x2 sinnϕx)

2〉 (54)

where the angle brackets denote averaging over the initial d-dimensional Gaussian distribution
from Equation (26). All the other first and second moments for d dimensions are calculated in
a similar manner, described in detail in [2]. The integrals are solved with well-known multi-
variate Gaussian integral identities, enabling us to calculate the sigma matrix elements after n
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turns. For instance, the first sigma matrix element σ̂11 turns out to be

σ̂11 = ⟨(x̂1 − X̂1)
2⟩ = ⟨x̂21⟩ − X̂2

1 , (55)

where the other matrix elements are calculated in a similar manner - valid for any mismatched
and transversely coupled beam that additionally is injected off-axis with X⃗ ̸= 0. We then
explore the subsequent emittance growth in the two-dimensional case d = 2 when κxx = κ,
both for displaced and/or mismatched beams. We prepared a MATLAB script, presented
in [2], to follow the centroid motions (X̂1, X̂2), the beam matrix σ̂ from Equation (55), and
the emittance ε̂ =

√
det σ̂ for a number of turns n. The case of an initial displacement with

a matched beam is shown in Figure 12, and a displaced and unmatched beam is shown in
Figure 13. The vertical axes are normalised to appropriate powers of ε0.

Figure 12: The centroid X1 (top), the beam matrix elements σ11 and σ12 (middle), and the emittance
(bottom) as a function of the turn number n for a matched beam that is injected with initial offset
X1 = 2. The parameters used are µ/2π = 0.028 and κε0 = 0.001 to illustrate the beam dynamics [2].

In both Figure 12 and 13, the beam offset oscillates and decreases slowly. The beam size
σ̂11 oscillates at about twice the frequency of the centroid, before settling at its final value.
The matched displaced beam has almost twice the asymptotic value σ̂11 with respect to the
unmatched displaced beam. The correlation σ̂12 intermittently increases, albeit in different
manners for Figure 12 and 13, but then settles to a zero-valued equilibrium value as the beam
decoheres. The bottom plot shows the emittance ε̂, which has tripled compared to the initially
injected beam in Figure 12, whereas ε̂ has increased by 70% for Figure 13. The equilibrium
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Figure 13: The parameters X̂1, σ̂11, σ̂12, and emittance as a function of the turn number n for a
beam that is injected with a steering error at injection X2 = 1.0, and a beta function β0 that is twice
the matched value β. All other parameters are equal to those used in Figure 12 [2].

emittance value that is reached after the decoherence has asymptotically played out its role is

ε̂ = ε0Bmag +
1

2

(
γxX

2 + 2αxXX
′ + βxX

′2)
with Bmag =

1

2

[(
β0
βx

+
βx
β0

)
+ βxβ0

(
αx

βx
− α0

β0

)2
]
,

(56)

where Bmag is the betatron mismatch factor by which the emittance asymptotically increases.
αx, βx, and γx are the Twiss parameters of the ring. We also recall from Equation (19) that
1
2
(γxX

2 + 2αxXX
′ + βxX

′2) = (X2
1 + X2

2 )/2 is the Courant-Snyder invariant of the centroid
due to the initial displacement. For a matched beam, Bmag = 1. If we set β0/βx = 2 X2 = 1,
we observe an increase of the emittance to ε̂ = Bmagε0+X

2
2/2 = 1.75 ε0, in agreement with the

final value of emittance growth shown on the bottom panel in Figure 13.

Interestingly enough, the result in Equation (56) shows that amplitude-dependent tune shift
does not change the oscillation amplitude of individual particles in the distribution, as the
asymptotic emittance growth agrees with the value caused by decoherence due to chromaticity
and momentum spread (Section 8.2 in [13]). Amplitude-dependent tune shift only changes
the initial behaviour of the oscillation, but reaches the same asymptotic value as in the case
of chromaticity and momentum spread. In addition, we also present in [2] how to include
transverse coupling, dispersion and chromaticity into the calculations of amplitude-dependent
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tune shift. In particular for the case of chromaticity, we show that various form factors appear
that affect the transient behaviour, but the final equilibrium values presented in Equation (56)
remain unaffected, both for bunched and unbunched beams.

5 The Super Proton Synchrotron

The Super Proton Synchrotron (SPS) at CERN is the last accelerator in the Large Hadron
Collider (LHC) injection chain. The SPS has a circumference of 6.9 km, and can accelerate
protons up to 450 GeV. It was constructed in 1976, and has since its inception mostly provided
beams for fixed-target experiments. SPS also plays an important roll in providing beams for
the LHC. The beams need to be pre-accelerated before entering the LHC, in a so-called injector
chain. SPS and its place in the CERN accelerator complex can be seen in Figure 14.

Figure 14: The CERN accelerator complex with experimental areas. The injection system of SPS is
marked with a red arrow. Image credit: CERN

This process takes place in several stages through accelerators of various energies, connected
through so-called transfer lines (TLs). The LHC injection chain for protons, which happens
during the majority of operation time, is composed of

• LINAC4 - accelerates beams up to 160 MeV;

• Proton Synchrotron Booster (PSB) - consists of four superimposed rings and accelerates
the beam to 1.4 GeV;

• Proton Synchrotron (PS) - accelerates beams up to 26 GeV, and is the first accelerator
that is shared between proton and lead beam production;

• Super Proton Synchrotron - the second-largest accelerator at the CERN complex,
accelerates proton from 26 GeV to 450 GeV;

• Large Hadron Collider - accelerates proton beam from 450 GeV up to about 7 TeV
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The SPS was initially designed to achieve beam energies of 300 GeV, but reached 400 GeV on
its initial commissioning in 1976. It is composed by 1317 normal-conducting electromagnets,
including 744 main dipoles (6.26 m each in length) and 216 quadrupoles [22]. The SPS lattice
is based upon a periodic FODO configuration, with a super-symmetry of six. Each of these
six periods is equally spaced around the ring, and contains an arc with 16 FODO cells and a
long straight section (LSS) of two cells. The LSS also contains the insertion elements. LSS1
contains the injection, the scraper (measuring how much the beam deviates from its original
distribution) and dump systems. LSS2 focuses on the slow extraction channel for the North
Area experiments, whereas LSS3 is dedicated to the RF system. LSS4 and LSS6 are responsible
for the fast extraction systems to deliver beams to LHC, AWAKE and the HiRadMat (High
Radiation to Materials) area, where the effect of high-energy and high-intensity beams on dif-
ferent materials for accelerator components is studied. LSS5 contains the UA9 experiment and
other instrumentation. The UA9 collaboration explores how small bent crystals can perform
better beam collimation for the LHC [23].

The SPS machine operates in cycles, meaning that each injected beam is only stored for a few
tens of seconds. Depending on the purpose, different optics - how the beam-focusing magnets
are distributed and configured in the lattice - can be used. The three main optics used during
normal operations are Q20, Q26 and SFTPRO. Q20 is used for beam delivery to LHC,
whereas Q26 is the previous optics version for LHC but is now used together with Q20 for
high-intensity bunched beams of LHC type. On the other hand, SFTPRO is used for slow
extraction for the fixed-target experiments of NA. The parameters of these three SPS optics
are displayed in the table in Table 1. The Q20 and Q26 optics logically take their name from
the nearest integer value of their respective tunes. At the transition energy γt, the revolution
period is completely independent from the individual particle energy. If γt > γ (where γ is
the Lorentz factor of the beam), particles with positive energy offset have larger revolution
frequency.

Table 1: Summary of major parameters of the three main SPS optics types [14].

5.1 SPS physics users

The physics users of the SPS can be found in the CERN complex in Figure 14. SPS acts as
a multi-purpose accelerator and provides beams to the LHC (450 GeV at extraction), to the
North experimental Area (NA) fixed-target experiments, to HiRadMat, and to AWAKE. As of
today, up to 4.5× 1013 protons of 400 GeV can be extracted in the frame of 4.8 s to NA, and
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to other user facilities. The SPS has been used to probe the inner structure of protons, the
imbalance between matter and anti-matter and new exotic forms of matter. The Nobel Prize in
Physics 1984 was awarded for the discovery of the W and Z bosons thanks to research carried
out at the SPS [24]. The mode of operation was very different from today, as SPS was a p-p̄
collider at this time.

There are two main beam types for the users: LHC beam types, and SFTPRO beam types for
the NA experiments. For this purpose, the SPS has two extraction modes: fast and slow. The
fast extraction process ejects the circulating beam in one revolution, whereas the slow extraction
process delivers a constant flux of particles at 400 GeV for the NA fixed-target experiments.
The fixed-target experiments are the main users of the SPS. For the fast extraction, LSS4 and
LSS6 contain the extraction elements. Normally, a kicker magnet is first triggered and the beam
is deflected from its reference orbit towards the aperture of a septum magnet with a magnetic
field.

The slow extraction allows for a continuous extraction from a synchrotron during a large number
of turns. The slow extraction channel is installed in LSS2, and uses the one-third integer
horizontal resonance by combining different phase space properties of the particles [25]. The
slow extraction constituents are: a set of bumper magnets, an electrostatic septum (ZS), two
magnetic septa (MST and MSE) and four extraction sextupoles (installed in LSS1, LSS3, LSS4
and LSS5). When the beam has been accelerated to its extraction energy, the slow extraction
process starts. By turning on the extraction sextupoles in a quasi-adiabatic way, the extraction
bump brings the beam closer to the electrostatic septum and the horizontal tune Qx approaches
the resonance condition

Qx = N + p/3, (57)

where N and p are integers. Particles located outside the stable regions will be pushed towards
higher amplitudes, and the electrostatic septum wires slowly ”cut out” the extracted beam
from the circulating one. The magnetic septum gives the final deflection to make the beam exit
the synchrotron.

5.2 SPS injection sequence

In the case of the SPS injection, the beam is delivered from the Proton Synchrotron (PS)
via the TT10 transfer line as illustrated in Figure 14 of the CERN accelerator complex. The
injection happens only in the horizontal plane during a single turn, as shown in Figure 9.
The sequence with the main elements is illustrated below in Figure 15. There are four septa
(denoted MSI) and two main types of kicker magnets: MKP-S and MKP-L, whose magnetic
field and mechanical aperture differ slightly. The present top magnetic field is about 30 mT for
MKP-S and 46 mT for MKP-L.

Figure 16 shows a three-dimensional CAD-model of the present kicker system for the SPS
injection, which consists of three MKP-S units, powered in series, and an independently powered
MKP-L (the rightmost tank). Each vacuum tank contains magnet modules. This configuration
was installed in 1999 to reduce the SPS kicker magnets’ rise time in order to adjust for the
LHC bunch spacing [26]. There is also a dedicated beam dump denoted TBSJ, employed in
the case of injection failure. For a safely dumped beam, the kicker magnets are turned off and
the beam hits the mechanical aperture of the beam dump TBSJ such that no other machinery
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Figure 15: Illustration of the TT10/SPS injection sequence.

is damaged.

Figure 16: Three-dimensional schematic of the defocusing quadrupole (blue), the three MKP-S kicker
tanks (grey cylindrical) and the MKP-L kicker tank (rightmost grey cylindrical tank) of the present
SPS injection system. Image credit: Pavlina Trubacova

5.2.1 MSI and MKP injection elements

In order to place the newly injected particles onto the correct trajectory with correct phase
space parameters to match the circulating beam, a combination of septa and kicker magnets
are used. Septa have normally slower rise- and fall times than kicker magnets, but can achieve
higher fields. In one septum region, the electromagnetic field is zero and no force is exerted
on the circulating beam, as illustrated in Figure 9. In the other region, a homogeneous fields
gives a deflection to the injected beam. Hence, a septum provides space separation between
the injected/extracted beam and the circulating beam, whereas a kicker magnet provides time
selection of the beam to be injected/extracted [27]. An illustration of a typical septum magnet
is shown in Figure 17, where the thin separation between the deflected injected beam and the
circulating beam is illustrated. In SPS, the four septa are illustrated in purple in Figure 15,
with a total deflection angle of 4.2 mrad. In the present injection system in the SPS, the
thickness of the separation between the circulating and injected beam is 40 mm. For economic
reasons, parts of the septa from the PS Booster and parts from today’s SPS injection system
can be reused to form a new movable septum conductor (also called blade), where the second
half of the blade is 20 mm thick instead of today’s 40 mm for the whole blade. The reduced
thickness of the proposed MSI blades enables more space for the beam envelope and for higher
flexibility in the solutions.

22



Figure 17: Illustration of example septum magnet, here the direct-drive pulse type [27].

In the SPS injection system, kicker magnet modules are placed under vacuum contained in
tanks for improved performance. The total deflection angle for the MKP magnets is 4.7 mrad,
for all beam types. A cross-section CAD drawing of the MKP-L type kicker magnet tank from
the SPS is presented in Figure 18, whereas the MKP-S presently has no available CAD drawing.
The four magnet modules inside the vacuum tank are clearly visible, coloured for the sake of
illustration. Figure 19 shows the CAD drawing of one of these modules, where the beam passes
through the slit behind the red horizontal red plate in the foreground. The horseshoe-shaped
magnet is composed of a stack of several units, separated by the yellow-coloured plates in the
drawing. At CERN, these kicker magnets normally have a very fast rise and fall time (100s
of ns) in order to kick the injected beam batches onto the closed orbit of the circulating beam
without disturbing it. The pulse of such a kicker magnet from the SPS injection, used for Q20
and Q26 optics, is illustrated in Figure 20.

One of the main limitations to the maximum achievable brightness of the SPS beam are insta-
bilities caused by various impedances. Impedances are the Fourier transform of the wake fields
arising from interactions between the machine aperture and the beam itself, as a result of the
impulse response of an accelerator component. The wake field produced by a beam passing by
a discontinuity in the machine aperture affects the motion of subsequent particles, significantly
perturbing the beam motion above a certain threshold, denoted the instability threshold. The
SPS kicker magnets are the main contribution to the total impedance budget, accounting for
about 40% of the total vertical tune shift caused by impedance [28]. Due to difference in design
and aperture, more beam-induced heating is caused by the MKP-L magnet than the MKP-S
magnets. Consequently, the kickers for a new SPS injection system are preferably of the MKP-S
type, or any possible new design that is more suitable in terms of beam-coupling impedance.
In this report, we only use the MKP-S type module for this reason.
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Figure 18: Cross-section of MKP-L kicker tank, where the four magnet modules are clearly visible.
Image credit: Pavlina Trubacova

Figure 19: Three-dimensional technical CAD drawing of MKP-L kicker magnet, where the beam
passes trough the slit behind the horizontal red plate. Image credit: Pavlina Trubacova

5.3 The PS-SPS Transfer Line

The TT2/TT10 transfer beam line between the PS and SPS transfers both protons and heavy
ions. Its location in the CERN accelerator complex is highlighted in Figure 14. The LHC
imposes a strict emittance budget for the delivered beam with maximum allowed emittance
blow-up of 17%, of which only a small fraction is assigned to mismatch at injection. The
transfer line TT10, joining the PS with the SPS, was designed for a low-momentum beams (10
GeV/c) with a small momentum spread (rms < 2.5 × 10−4 ). The β-functions in the transfer
line are comparable with the ones in the SPS machine, with a maximum value of around 120
m [1].

There are two main types of optics in this context: fixed-target optics (SFTPRO) and fast
ejection optics (Q20/Q26). In fixed-target optics, a transverse phase oscillation exchange takes
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Figure 20: Example of the magnetic field deflection of a kicker magnet for the SPS injection.

place to put the smallest emittance (horizontal due to beam slicing in continuous extraction)
in the vertical plane where the SPS aperture is most restrictive. In the fast ejection optics, this
phase gymnastics is suppressed. This second type is maninly used for LHC beams, with higher
momentum (26 GeV) but also with higher momentum spread (3.0 × 10−3). The dispersion in
TT10 reaches 5 m vertically and 6 m horizontally. The relatively large values in dispersion
and momentum spread require multiple beam position monitors (BPMs) and beam steering
elements for monitoring and adjustment, which have been installed in the straight section.

In addition, an injection optimisation system with transverse feedback damps injection oscilla-
tions and keep the emittance blow-up within tolerance if they are below 3.5 mm horizontally
or 2.5 mm vertically. Both dispersion and the β-functions have to be matched in the transfer
line in order not to blow up the emittance. An emittance monitoring system in the SPS stores
the beam profile for many turns in order to monitor this process. Also multipolar errors in the
magnets can cause higher-order resonances and lead to emittance blow-up. The working points
of SPS are listed in Table 1.

Injection errors can also cause emittance blow-up of a transversely stable beam, caused by
decoherence in the injection oscillations due to tune spread in the beam, a phenomenon called
filamentation [13]. The time-varying part of these injection errors are due to fast and slow
errors. The fast errors originate from ripples on the injection kicker pulse and are different
for each injected bunch, when the flat top of the boxcar-shaped kick in Figure 20 is no longer
flat. Slow variations of transfer line magnets and septa cause differences between successive
injections. These factors require active damping, with feedback in place in order to stabilise
the beam. Some studies in 1999 also looked in particular at the dispersion mismatch due to
the small emittance and large momentum spread of the beam [29].
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5.4 SPS injection error tolerances

With the help of the SPS optics functions repository and the analytical expressions of the
emittance growth from Section 4, we analyse the requirements for the steering errors and the
Twiss parameters of an injected beam to keep the emittance growth lower than 1% and 5%,
as presented in [2]. We expand Equation (56) up to second order in the deviations from their
respective design values ∆β = β0 − β, ∆α = α0 − α, ∆X, and ∆X ′. In particular, we look
at the Q20 optics when SPS is used as an injector to the LHC, with the horizontal Twiss
parameters [30] at the injection point being β = 44.5m and α = −0.96. The initial horizontal
emittance is ε0,x = 1.26 × 10−7mrad. The error tolerances for the asymptotic emittances
values below 1% and 5% respectively are displayed in Table 2. Although the relative errors
for the Twiss parameters can be relatively high without causing too much emittance growth,
the emittance is sensitive to steering errors ∆X ′ in momentum due relatively large value of β
at the injection point. For instance, more than 20µrad of ∆X ′ leads to increased emittances
above the 5% level. This sensitivity to injection errors motivates the high priority of achieving
stably injected beams, especially for the displacement X and X ′.

Table 2: The error tolerance levels for mismatch and steering errors for the injection into the
SPS [2]. The nominal emittance is ε0 = 1.26 × 10−7mrad and the Twiss parameters at the
injection point are β = 44.5m and α = −0.96 [30].

Tolerance level ∆β/β ∆α ∆X [mm] ∆X ′ [µrad]
1% 0.14 0.14 0.24 7.5
5% 0.32 0.32 0.54 16.8

6 Injection system design with hierarchical optimisation

In this section, we present the construction of a new injection system for the SPS using a numer-
ical hierarchical optimisation framework with realistic hardware assumptions, following closely
the results already published in [7]. We use MAD-X [31], a general-purpose tool for charged-
particle optics design and studies, as the main simulation software for the beam dynamics in
the SPS injection system. For our study, we use cpymad, a Cython binding to MAD-X for full
control and access to a MAD-X interpreter within Python environments. MAD-X simulations
of the horizontal and vertical beam envelope with the machine aperture in the present SPS
injection system are shown in Figure 21, with the MSI and MKP magnets marked.

To achieve on-axis injection, we desire zero-valued horizontal position x and momenta x′ at the
last quadrupole in the injection sequence to avoid oscillatory motion in the SPS. We also use the
acceptance A - the number of standard deviations of the beam size that fits into the available
space between the orbit and the mechanical aperture - as a figure of merit to determine whether
the available space is sufficient

Ax, min = min

(
aperx(s)− |x(s)|

σx(s)

)
, (58)

where aperx(s) is the horizontal mechanical aperture of the machine (circular radius), with y
replacing x for the vertical case. For the horizontal plane, the beam envelope size σx(s) is
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Figure 21: MAD-X simulations of today’s horizontal and vertical envelope injection for Q20 (very
similar to Q26) and SFTPRO optics, with the minimum acceptance Amin for each case and at which
s it occurs. The plotted beam envelope widths nx = ny = 5σ in terms of standard deviations are used
for Q20/Q26, whereas nx = 6σ, ny = 4σ are used for SFTPRO due to different emittance values εx
and εy with respect to the other optics.

defined as

σx(s) =
√
βx(s)εx + (Dx(s)∆p/p)2, (59)

where Dx(s) is the dispersion function, εx is the geometric emittance, and ∆p/p is the fractional
momentum difference [14]. If Ax, min or Ay, min are too low, the beam envelope will pass too
close to the mechanical aperture and beam losses will occur.

When we construct the optimisation framework, we first define the fixed parameters: the
incoming beams, the quadrupole (and higher-order) magnet strengths, and the number of
septum units, some of which are re-used for economic reasons as described in Section 5.2.1.
We then define the main actors (degrees of freedom) for the simulations: the positions and
strengths of the given septa and kickers, but also the number of kicker magnets. We can vary
the number of MKP magnet modules n1 and of vacuum tanks n2, in which the modules are
contained. The objectives and constraints in our optimisation studies are: stable outgoing beam
(x = x′ = 0), preserved beam (Ax, min at least larger than today), and a safely dumped beam if
the MKP magnets fail. Once these basic requirements are fulfilled, we also minimise the kicker
magnet resources as a secondary objective: the top magnetic field B (for easier magnet design)
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and integrated kicker magnetic field
∫
Bdl for minimal power consumption.

Thus, the lower level of optimisation consists in tuning the MSI and MKP magnet strengths
and positions to obtain a stable preserved beam for a given magnet configuration for all optics.
On the other hand, the higher level of the optimisation consists of building up the sequence
by finding the ideal combination of n1 and n2. In the present injection system, the MKP-S
vacuum tank 1 and 2 contain five magnet modules each. We adopt the modular approach also
for simulating the MKP length as a free parameter - we divide the current MKP-S vacuum
tank length and strength by five to create a modular element, similar to the elements displayed
in Figure 19. An n1 number of such modules will then form one vacuum tank, with a total of
n2 tanks, as illustrated in Figure 22.

Figure 22: Illustration of the magnet modules contained in one MKP vacuum tank.

This approach of dividing a problem into several levels is called hierarchical optimisation [32]
- a complex system is divided hierarchically into several simpler systems, where each level is
optimised. The simplest case is called bilevel optimisation and consists of two levels, where one
low-level optimisation problem is embedded within the outer high-level optimisation problem.
To represent each level, we create a Python class object to form an environment, where the
essential injection elements and parameters are initialised in the sequence for each optics. This
object-oriented approach has the advantage that magnet configurations, beam dynamics and
other parameter values as well as the MAD-X process itself are stored as attributes to the
environment, enabling straight-forward gradual iteration of the injection system optimisation.
More construction details and pseudo-algorithms can be found in [7].

The main flow of this study’s multi-layer hierarchical optimisation is illustrated in Figure 23.
The meta-optimiser (located in a wrapper function) first creates a global environment object,
whose step method takes the number n1 of MKP magnet modules and of tanks n2 as input
and returns objective function 1. Hence, the actors on this higher level are n1 and n2. As a
second step, the global environment creates an environment object for each optics with the
given n1 and n2 for its injection sequence. The global environment then optimises the objective
function 2 on a lower level for each optics, by varying the MSI and MKP positions and deflection
strength for ideally delivered beams. As a third step, the global environment selects the optics
environment with the highest value of

∫
Bdl, - this approach guarantees that we first satisfy

the case requiring the highest integrated field. In our study, the magnet strengths for the other
optics could always be re-optimised with these new magnet positions. The magnet positions
of this optics environment (Q20 in our example) are returned, and the individual MSI and
MKP strengths of the other optics environments are then individually optimised by the global
environment for this magnet position configuration. As the last step, the global environment
returns the value of objective function 1 to the meta-optimiser.

This whole iteration corresponds to one step of the high-level optimisation, with which the
meta-optimiser progresses until the termination conditions have been fulfilled - normally when
the relative improvement of the high-level objective function is below a certain threshold. To
find the best combination of n1 and n2 at the higher level, we use a genetic algorthm (GA)
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Figure 23: Illustration of the hierarchical optimisation scheme, where ai are unit normalisation
constants.

provided by the Python library pymoo [33]. GAs are inspired by the process of natural selec-
tion and belong to the category of so-called evolutionary algorithms. The main advantage is
easy customisation with different evolutionary operators applied to a broad category of prob-
lems, making it straightforward to adapt the algorithm to our existing Python class methods.
Figure 24 shows the generic flow of the GA.

Figure 24: Illustration of the generic flow of a genetic algorithm [33]

A starting population of candidate solutions is sampled and their objective functions are evalu-
ated. The fittest candidates survive according to the objective criteria and are selected for the
crossover, combining the candidates into offspring where some mutations may occur according
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to pre-defined probabilities for higher diversity. This flow represents one iteration, which is
repeated until some termination conditions are fulfilled. In our case, the population consists
of different (n1, n2) tuples that evaluated against the high-level objective function, where the
fittest tuples survive for the next iteration and produce offspring in a crossover process. Even
with a starting population size of 10 randomly sampled tuples, the population converges already
after 10-15 iterations to the same candidate solutions.

The new injection system generated by the hierarchical optimisation is presented in Figure 25,
with the ideal combination n1 = 3 modules per tank, and n2 = 5 tanks in total. The last two
tanks are shifted horizontally by 1.9 cm to make the dumped beam fit better, which is possible
as the dipole kicker field is uniform. Both the minimum horizontal and vertical acceptances
Ax, min and Ay, min are higher than today, as desired. The relative increase in integrated field
is 5-6% for Q20/Q26 with respect to the current system, but the injected dumped (un-kicked)
beam reaches the TBSJ without the need of an extra dipole used today - a great simplification
for future operations. The main drawback of this configuration is the fact that the external side
of the last MKP tank is exposed to direct beam impact in case of self-triggering of the MKP
while beam is circulating already. More studies are needed to evaluate alternative solutions.

Figure 25: New injection system design with simulated beam envelope for injected beam (left) and
dumped beam (right) for Q20 and SFTPRO optics, given by the hierarchical optimisation. A com-
parison between the old and the new proposed layout of the MKP tanks is shown to the very right.

In terms of physics, the optimisation process helps us to find the best balance between minimal
total kick (i.e. magnet resources) versus obtaining a steeper injection angle for the beam to
safely hit the beam dump TBSJ. The optimisation framework finds the best possible compro-
mises between these conditions, by also maximising the usage of space around the MSI blade.
A great advantage of the proposed new injection design is the uniform kicker tank design, where
a malfunctioning unit can relatively easily be replaced as there is only one standard. In the
present system, there are many different kicker tanks that each needs a separate spare. The pro-
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posed new system also avoids the MKP-L type that generates more beam-induced heating than
the MKP-S type, due to difference in aperture design between the magnet module types and
to higher top fields for the MKP-L. Although the SPS injection system hardware components
and magnet sequence are very specific, the main algorithmic flow of this study’s hierarchical
optimisation in Figure 23 can be applied to other accelerator systems where sequences need to
be constructed at a higher level and optimised at a lower level. The object-oriented approach
of the optimisation framework enables practical storage of the sequence elements, magnet con-
figurations, Twiss command values and other parameters from the MAD-X process over many
iterations. A detailed outline and generic pseudo-algorithm are presented in [7].

7 SPS injection kicker delay optimisation

7.1 Offline analysis and optimisation simulations

The SPS injection system, illustrated in Figure 9, happens for the injected beam within one
revolution by placing the injected beam just after the already circulating beam. The kicker
magnet is responsible to deflect the injected beam onto the orbit of the circulating beam,
without interfering with the circulating beam. The main features of the SPS kicker magnets
are described in Section 5.2.1, whose fast-pulsed waveform profile is shown in Figure 20. It
is crucial that the flat top of the kicker waveform is timed precisely to act when the injected
beam arrives, but at the same time keeping the magnetic field as low as possible when the
circulating beam arrives. Ideally, this means placing the injected beam time stamp on the flat
top of the waveform and the circulating beam time stamp where there is no field. However,
due to technical limitations in the fast-pulsed regime of nanoseconds, the MKP flat top is not
perfectly flat but contains ripples.

In addition, the rise and fall time are not perfect vertical steps. The so-called batch spacing dtc of
the beam - meaning the separation in time between the injected and circulating beam - is often
required to be of the order 200-500 ns in the SPS, which means that the injected beam will often
not receive full deflection and that the circulating beam will receive non-zero deflection. This
mismatch at injection causes the beam - both circulating and injected - to experience injection
oscillations. This process can potentially lead to emittance blow-up, detrimental for the beam
quality and luminosity delivered to the SPS physics users. Theoretical calculations of emittance
growth due to injection errors were presented in Section 4. In the present injection system set-
up, the timing trade-off between distributing as much of the nominal kick as possible to the
injected beam versus letting as little as possible of the deflection spill over to the circulating
beam has been a laborious process done by hand. The three MKP-L type kicker tanks and
1 MKP-S type kicker tank contain in total 16 magnet modules, which are serially connected
in pairs to 8 electrical switches for individual timing. These 8 individual switches (denoted
pulsers) are visible in Figure 26, along with which MKP magnet modules they are connected
to. The switches are also connected to a general delay dτgeneral for all the waveforms. Thus, an
operator in the SPS needs to consider 8 + 1 = 9 degrees of freedom, where a slight change of
one individual delay may completely alter the total kick.

As a first step to lay the foundations for an ideal balance of minimal injection oscillations,
we extract kicker waveform data for the LHCPILOT cycle taken in October 2021 for the
kicker magnet modules. This data set provides valuable samples to test out a pilot optimiser
environment in Python. We convert the waveform data unit from voltage to actual deflection
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Figure 26: Schematic of the SPS kicker system layout with switches, installed in 1999 [26].

(in radians), using the assumption that the sum of the flat tops corresponds to the total kicker
deflection as in the ideal case, without any injection oscillations. For a given batch spacing dtc,
the optimiser finds a general delay for the injected and circulating beam, and can also adjust
individual delays by up to 50 ns. The objective is to minimise the squared sum of total injection
error of the circulating and injected beam. The optimised general and individual delays are
shown in Figure 27 for dtc = 250 ns and dtc = 500 ns. The corresponding simulated injection
oscillations in MADX for the SPS injection, both for the injected and circulating beams, are
shown in Figure 28.

Figure 27: Optimised general and individual delays for standard SPS batch spacing dtc = 250 (left)
ns and dtc = 500 ns (right), together with the kick waveforms for all kicker magnets.

A clear observation is that more generous batch spacing of 500 ns allows the injected beam
to be placed almost entirely on the flat top, whereas the circulating beam can arrive almost
untouched with enough delay, resulting in relatively small injection oscillations. On the other
hand, the smaller batch spacing of 250 ns forces the optimiser both to give a small kick to
the circulating beam and not enough kick to the injected beam, resulting in larger injection
oscillations, as seen in Figure 28.

The increasing effect of injection errors on the action Jx in the horizontal plane - defined in
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Figure 28: Simulated injection oscillations in the SPS of the injected and circulating beam, with batch
spacing dtc = 250 (left) ns and dtc = 500 ns (right), using Q20 optics. Note the decreased injection
oscillation amplitude when the batch spacing is increased, both for the circulating (red) and injected
(blue) beam.

Equation (19) - is visible in Figure 29, depending on the MKP injection time stamp tMKP . The
minimum of the sum |Jx, inj|+ |Jx, c| occurs at the very same timestamp as the optimised tMKP

in Figure 27. An increased value of Jx also means an increase emittance εx.

Figure 29: Simulated value of Courant-Snyder invariant Jx in the horizontal plane of injected and
circulating beam due to injection errors, as a function of the general MKP delay tMKP.

7.2 Online kicker delay optimisation

Based upon the notions and insights gained from the offline simulation tests with waveform
data, we develop a Python optimisation environment following the standards of CERN-ML
Common Optimisation Interfaces (COI) [34]. COI defines common interfaces that facilitate
using numerical optimisation and reinforcement learning (RL) on the same optimisation prob-
lems. This makes it possible to unify both approaches into a generic optimisation application
in the CERN Control Center (CCC). This object-oriented approach makes the use of the opti-
miser relatively straightforward for operators, and to test out different optimisation algorithms
via the Graphical User Interface (GUI). The class methods are defined in such a way that
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both numerical optimisation (minimising a penalty) and reinforcement learning (maximising
a reward) can be tested with the same environment. In a similar manner to the hierarchical
optimiser described in Section 6, the step method of the environment takes some action and
returns the penalty or reward.

To communicate with the accelerator and access machine parameter values, we use the Java
API for Parameter Control (JAPC), in particular PyJapc. PyJapc is a Python library to
interact with the accelerator control system via JAPC, allowing for easy get and set commands
of parameters [35]. We define a helper class that subscribes to the relevant variables via a
callback function, such that we access the variables at injection of the right cycle. In this
case, we test the optimiser environment on the LHCINDIV type beam cycle, which is a type
of proton beam delivered to the LHC. For a given action (vector of 9 MKP time delays), the
helper class also registers the beam position at the BPM monitor SPS.BPMB.51503 over many
turns to investigate beam oscillations. We define the loss function

F(x̄, x̄c) = x̄2 + x̄2c + (x̄− x̄c)2, (60)

where x̄ = 1
2

(
|max(x)| − |min(x)|

)
is the maximum injection oscillation amplitude for the

injected beam, and analogously x̄c represents the maximum injection oscillation amplitude for
the circulating beam. The BPM electronics in the SPS can distinguish between the injected and
circulating beam, and evaluates the beam until the oscillations have decayed, usually for 300
turns or more. The last term in Equation (60) ensures that the optimiser does not only focus
on either the injected or circulating beam, but reduces the injection oscillations for both beams.
This loss is recorded for each action, where a larger loss indicates higher beam oscillations for
the injected and/or circulating beam. The optimiser normalises the action to [−1, 1] from the
given bounds, which we start by setting to 50 ns away from the initial value for the individual
shifts in either direction, and 100 ns for the general shift. The first run with the optimiser using
the BOBYQA algorithm is shown in Figure 30 for batch spacing dtc = 225 ns.

Figure 30: First results of the optimiser, for batch spacing dtc = 225 ns of LHCINDIV cycle type.

In all the online implementation runs in this section, there was a single bunch per batch. How-
ever, we also generalised the framework to handle multiple bunches per batch. The circulating
beam is then considered as the first circulating bunch after the injected bunch.
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The BOBYQA algorithm (Bound Optimization BY Quadratic Approximation) is an iterative
numerical optimisation algorithm forming quadratic models by interpolation to create a trust
region of the search space [36]. The algorithm solves bound constrained optimisation prob-
lems without using derivatives of the objective function, which is suitable for computationally
expensive non-linear functions where the derivative is not known. As seen in Figure 30, the
optimiser first explores a trust region for each actor until about iteration 50 in order to form
an adequate model before it starts to minimise the objective function - greatly reducing the
loss function F within about 20 iterations before the beam cycle changed, and we had to stop
the optimisation. Two cases when the beam was lost during initial exploration were assigned a
high penalty, but places them outside the limits in Figure 30. Before the LHC commissioning,
we had 4 of these optimisation sessions of 923 iterations in total with beam cycle relevant for
our studies. In the last session, the used batch spacing was dtc = 200 ns. The effect of the
optimiser on the injection oscillations for the batch spacings dtc = 225 ns and dtc = 200 ns are
shown in Figure 31.

Figure 31: Injection oscillations in the SPS, recorded at the monitor SPS.BPMB.51503, before and
after implementing the optimiser, using batch spacing dtc = 225 ns (left) and dtc = 200 ns (right).

For dtc = 225 ns, the maximum injection oscillation amplitude for the injected beam decreases
by almost 70%, and by more than 20% for the circulating beam. The case dtc = 200 ns proves to
be more difficult with tighter batch spacing, where the injection oscillations on the circulating
beam increases by a few %, but is reduced by more than 40% for the injected beam.

7.3 Neural network model of the SPS injection

Due to the high number of activities and machine development at the CCC, we only had limited
time to implement the optimiser environment described in Section 7.2. In total, there was time
to test 923 objective function evaluation with the environment, where the BOBYQA algorithm
was used. In order to compare different optimisation algorithms, we create a simple neural
network (NN) to create a computationally inexpensive surrogate model and approximate the
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behaviour of the beam position for different MKP kicker delays, based upon the recorded data.
An artificial neural network (ANN) is a series of algorithms mimicking the biological neural
network of animal brains. ANNs consist of a pool of simple processing units (“neurons”) which
communicate by sending signals to each other over a large number of weighted connections [37].
For every neuron k, there is a state of activation ak, which equivalent to the output of the neuron
and determines whether a neuron is active or not. The connections between the neurons are
defined by weight elements wjk that determines the effect which the signal of neuron has on

a neuron in the next layer. w
(l)
jk denotes the weight for the connection from the kth neuron in

the (l − 1)th layer to the jth neuron in the lth layer [38]. There is also a bias (external input,

or offset) b
(l)
j of the jth neutron in the lth layer. Thus, a

(l)
j is the activation of the jth neutron

in the lth layer. An activation function f (l) determines the new level of activation based on the
weighted sum of the activations in the previous layer

a
(l)
j = f (l)

(
z
(l)
j

)
, (61)

where we define z
(l)
j =

∑
k w

(l)
jka

(l−1)
k + b

(l)
j as the weighted input. The activation function f

transforms the weighted sum of the input into output from the neurons in one layer of the
network. f can both be linear and non-linear. For the non-linear case, some type of non-
linear threshold function is typically used, for instance a sign function, a hyperbolic tangent
function, a sigmoid function, or a Rectified Linear Unit (ReLU) function. Some commonly
used activation functions are shown in Figure 32. In this case, the non-linearity of f between
the linear operations of the weighted sum in Equation (61) can improve the performance and
capability of the network. We can also write Equation (61) in a compact vectorised form using

a weight matrix W (l) with elements w
(l)
jk

Figure 32: Figure of commonly used activation functions: (a) Sigmoid, (b) Tanh, (c) ReLU, and (d)
LReLU. Image reproduced from [39].
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a(l) = f (l)
(
W (1)a(l−1) + b(l)

)
(62)

An illustration of a simple neural network is shown in Figure 33. Some input vector x⃗, nor-
malised between [0, 1], constitute the input layer activations a(0). The output vector y⃗ contains
the output layer activations a(l) (l = 3 in the example). In this manner, the neural network can
be interpreted as a functionM : x⃗ → y⃗ that maps any normalised input x⃗ to the normalised
output y⃗ in the range [0, 1]. In our case, the input x⃗ corresponds to the nine MKP delays and
the output y⃗ = y to the loss function F . The map M can be very large with thousands (or
more) of weights for the linear matrix operations, with non-linear activation function operations
in between.

Figure 33: Illustration of a simple neural network.

The next step after constructing the model is to find weights and biases such that the output
y⃗model from the network model approximates the real output y⃗real from the accelerator for all
training inputs x⃗. We quantify how well the model approximates real data by defining the
mean squared error (MSE) cost function C

C(w, b) =
1

2n

∑
x

||y(x)− a(l)||2 (63)

where w denotes all the weights in the network, b all the biases, n is the total number of training
inputs, and a = y⃗model is the output vector from the model for the given input x. The cost
function C(w, b) becomes small when the final output a of the model approximates y(x) well,
where the quadratic difference heavy penalises any offset. To find weights and biases for the
model that minimises C, we use an algorithm known as stochastic gradient descent, an iterative
optimisation algorithm to find a local minimum estimating the gradient∇C = (∂C/∂w, ∂C/∂b)
(where w and b denote all the weights and biases) of the cost function using randomly selected
subsets of the data. In order to find the weights and biases minimising the cost function, we
use a method called backpropagation. Instead of computing the gradient directly with respect
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to all the weights, backpropagation instead computes the gradient of the cost function with
respect to each weight by the chain rule, calculating the gradient one layer at a time from
backwards iteration. This method is computationally more efficient, as intermediate redundant
terms do not need to be calculated [38]. These calculations are performed by keeping track of
small perturbations to the weights and biases as they propagate through the network, reach
the output, and then affect the final cost C.

In our studies, x⃗ is the vector that contains the 9 kicker delays. The output y⃗ = y is a
scalar containing the squared sum of the beam positions, from the loss function F described
in Equation (60). However, this is done with a slight modification: we define G to be the
normalised logarithm of the loss function F

G(x̄, x̄c) =
1

N
log

(
F(x̄, x̄c)

)
(64)

where N is a normalisation constant, and the oscillation amplitudes x̄, x̄c are defined in Equa-
tion (60). We stress that the unit [mm2] of F formally has to be normalised by some constant
to enter the logarithm argument. The mapping G ensures that the actual output values y given
to the neural network model lies in the range [0, 1], and where the logarithmic operation greatly
reduces the numerical distance to outliers caused by the beam losses. Thus, the output training
data y provided to the neural network model is first transformed by G to improve numerical
stability, while still preserving the shape of the search landscape. One could think of the opti-
misation search space in our problem as a large multidimensional version of “Grand Canyon”,
where the continuous part of the objective function F (when the beam is preserved) constitutes
the lower smooth part of the valley in which the algorithm finds the heuristic minimum. On
the other hand, the manual penalty given to the optimisation when the beam is lost represents
the tall flat plateau on top of the canyon. This steep wall between the continuous low valley
and the tall plateau might cause numerical instabilities, and makes it harder for optimisers or
neural network models to estimate the function accurately. In other words, G reduces the height
of the numerical “Grand Canyon” effect, flattening the tall multidimensional plateaus caused
by the high manual penalty of a lost beam while preserving the shape of the lower continuous
valley. The mapping G thus makes it easier for the neural network to adjust the weights w

(l)
jk .

The architecture of our simple neural network is presented in the code snippet below. We use
the extensive and easily-implemented features of the pytorch library [40]. The subclass nn

contains many useful methods to easily define the layers and the number of neurons for the
network. In the snippet below, we include four layers, ranging from 200 to 100 neurons, that
maps an input vector of 9 normalised MKP delays to one loss function value.

1 class NeuralNetwork(nn.Module):
2 def init (self):
3 super(). init ()
4 self.layers = torch.nn.Sequential(
5 torch.nn.Linear(9, 200),
6 torch.nn.BatchNorm1d(200),
7 torch.nn.ReLU(),
8 torch.nn.Linear(200, 150),
9 torch.nn.BatchNorm1d(150),

10 torch.nn.ReLU(),
11 torch.nn.Linear(150, 100),
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12 torch.nn.BatchNorm1d(100),
13 torch.nn.ReLU(),
14 torch.nn.Linear(100, 1)
15 )
16 self.apply(self. init weights)

We use the ADAM (Adaptive Moment Estimation) optimiser, one of the most popular algo-
rithms to find the weights and biases of neural networks. To facilitate the optimisation proce-
dure, we perform parameter initialisation by randomising the weights in snippet line 16 from
the normal distribution N (0.0, 1 × 10−4). Without initialising weights - possibly zero-valued
by default - the gradients might diverge or vanish entirely. For each layer, we also perform
batch normalisation. The distribution of each layer’s inputs changes during training, as the
parameters of the previous layers change. This process slows down the training by requiring
lower learning rates and careful parameter initialisation. This phenomenon, called internal co-
variate shift, makes it hard to train models with saturating nonlinearities. Performing batch
normalisation while training each mini-batch allows us to use much higher learning rates and
be less careful about initialisation [41]. This normalisation is done after each layer with the
built-in function of pytorch.

To train the model, we divide the recorded data set into 70% training data, 20% validation data
and 10% test data. Training is performed during a chosen number of iterations, called epochs,
in which the algorithm scans through the whole data set. However, we allow the model to
update the weights before having scanned through the whole data set. The number of samples
the training algorithm goes through before updating parameters is called batch size. Stochastic
gradient descent is the iterative algorithm used to find the ideal weights and biases to minimise
the cost function given in Equation (63). After testing some different hyperparameter values
(the parameters that control the learning process), we set the batch size to 64 samples and the
learning rate to 1×10−4. The learning rate controls how much the algorithm should change the
model in response to the estimated error each time the model weights and biases are updated,
where a too low learning rate may cause the learning process to get stuck, whereas a too
high learning rate can lead to unstable learning processes [42]. We program the learning rate to
decrease by half after 200 epochs and to yet again decrease by half after 300 epochs, to fine-tune
the learning process. After each epoch, the updated model is tested against Equation (63) with
the yet unseen validation data set to tune the parameters of the networks. We stop the training
when the loss function for the validation flattens and the training losses keep on decreasing,
which means that the learning algorithm overfits the model parameters for the training dataset.
The training and validation loss curves are displayed to the left in Figure 34.

We stop the training process at 200 epochs (green dashed line), after which the learning process
starts overfitting. As a last step, we test the model with a final unbiased evaluation against
unseen test data, and make a regression plot of predicted values ypredicted versus the actual test
set values yactual, displayed to the right in Figure 34. To test the validity of the linear regression
of the trained model, we use the statistical tool goodness-of-fit R2 [43]. R2 is the fraction of
how much the fitted model can explain the variation around the average ȳ of the observed data,
defined as

ȳ =
1

n

n∑
i=1

yi. (65)
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Figure 34: Left: learning curve of the neural network on the training dataset and on the validation
dataset. We stop training the model after 200 epochs (dashed green line), after which the model
becomes overtrained on the traning dataset and starts diverging significantly from the validation.
Right: prediction curve of the NN regression model on test dataset. ypredicted given by the model is
compared to the actual value yactual, with goodness-of-fit R2 = 0.76.

The goodness-of-fit R2, also called coefficient of determination, is defined as

R2 = 1− SSR

SST
, (66)

where SST is the total sum of squares

SST =
∑
i

(yi − ȳ)2, (67)

and SSR is the sum of squared residuals

SSR =
∑
i

(yi − ypredicted)2. (68)

Although R2 is not a complete statistical tool by itself and does not tell e.g. whether there
are enough data points for valid conclusions, it does give an indication of the goodness of fit
for linear regression. For instance, R2 = 1 means that the model explains all the variability of
the response data around its mean, and R2 = 0 means that the model explains none of it. To
the right in Figure 34, R2 = 0.76 for a model trained for 200 epochs. Instead if we only train
the model for 150 epochs, R2 = 0.34. Once the neural network model of the accelerator has
been trained, validated and tested, we want to implement other optimisation algorithms on the
model to compare performances. In this manner, we test out different algorithms on a trained
model that imitates the response of the SPS injection system. As an example, the convergence
plot of the BOBYQA algorithm tested on the neural network model is shown in Figure 35. The
performance plots for the other algorithms (Nelder-Mead, Powell and Bayesian) are found in
the Appendix.

40



Figure 35: Convergence plot of the BOBYQA optimisation algorithm with the neural network model,
with normalised logarithm of the losses G in the upper pane, and the normalised actions of the different
switches in the lower pane. The algorithm explores the maximum limits of each action for the first 55
iterations to create a trust region, before minimising the objective function.

7.4 Optimisation algorithm selection using the surrogate model

We want the algorithm that runs faster, uses less memory, and returns a better final loss function
value from Equation (60) - smallest injection error possible - in the lowest number of function
evaluations possible, as time in the CCC is limited. In order to compare the performance
of different optimisation algorithms, we use a visual tool called performance profile. Perfor-
mance profiles have become a gold-standard in modern optimisation benchmarking (formalised
comparison of methods using different metrics), and should be included in optimisation bench-
marking analysis whenever possible with an appropriate interpretation [44]. A performance
plots visualises the probability that an algorithm solves a problem within a given time frame or
function evaluation budget k. Figure 36 shows the cumulative distribution of the optimisation
results of various algorithms for 100 different normalised initial conditions X⃗0 for the kicker de-
lays, sampled from the normal distribution N (0.5, 0.1). For 100 different initial conditions, the
y-axis shows the fraction that takes a loss function value lower or equal to G from Equation (64)
on the x-axis. Thus, we want an optimisation algorithm where as many of the different initial
conditions result in the lowest possible loss function value - a steep curve as much to the left on
the x-axis as possible. We compare the performance of different algorithms for different func-
tion evaluation budgets k. We observed from the online optimisation described in Section 7.2
that 100 function evaluations of Equation (60) require about an afternoon of beam operation,
where each evaluation of a set of MKP kicker delays affect the beam position. Depending on the
beam time available in the CCC, different function evaluation budgets k have to be considered.

In Figure 36, we compare the BOBYQA, Nelder-Mead, Powell, and Bayesian algorithms. For
the Bayesian optimisation, we use the Python library bayesian-optimization [45]. Bayesian
optimisation constructs a posterior distribution of the desired functions f(x) with a Gaussian
process that best describes f . As we increase the number of observations, the posterior distri-
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Figure 36: Performance plot of different optimisation algorithms for 100 different initial conditions
X⃗0 ← N (0.5, 0.1) sampled from a normal distribution, with budget k of maximum function evaluations
k = 100 (top), k = 250 (middle) and k = 500 (bottom).

bution improves. The algorithm becomes more certain of which regions in parameter space that
are worth exploring and which are not, and where to find the optimum. The Bayesian process
is designed to minimise the number of steps required to find a combination of parameters that
are close to the optimal combination, keeping the number of function evaluations low. On the
other hand, every function evaluation with the Bayesian optimiser is computationally more
expensive than the other algorithms. However, this does not necessarily impose a problem in
the CCC where beam is delivered every few minutes, and optimisation function evaluations are
scarce. For a budget of k = 100 function evaluations, we observe that the Bayesian optimiser
reaches the lowest absolute value, but its early steep curve also indicates that a larger fraction
of its function evaluations finds lower loss function values. Not far behind lies BOBYQA with
a similar trend - Nelder-Mead and Powell do not perform as well for k = 100, with higher
loss function values and larger fractions of iterations located at higher values. As we increase
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the budget k to 250 and 500 function evaluations, we observe that the Bayesian curve shape
remains almost identical, whereas BOBYQA improves towards lower values and even surpasses
Bayesian at k = 500. Powell does not improve much as we increase k, whereas Nelder-Mead
reaches lower and lower loss function values with a higher fraction at lower values, albeit not
performing as well as BOBYQA or the Bayesian. Thus, the Bayesian algorithm seems the most
promising for budgets up to about k = 250 function evaluations, whereas BOBYQA slightly
overtakes the performance for higher budgets. Although the neural network is an approximate
model of the accelerator, this optimisation algorithm comparison gives a clear indication of
what options to consider for different situations and time limits. Figure 36 clarifies how differ-
ent algorithms compare for a given function evaluation budget k, but how can we quantify how
well the performance of an algorithm improves as we increase k?

As an additional instrument, data profiles d(k) illustrate the percentage of problems - for a
given tolerance αa - that can be solved within a budget of k function evaluations [44]. A data
profile is a cumulative distribution, just like Figure 36, but showing the fraction that succeeds
in finding a loss function value lower than the tolerance αa, as a function of k. The choice of αa

- the loss function value when the problem is considered “solved” - is arbitrary and individual
for each algorithm a. As a benchmark, we select αa for each algorithm as the loss function
value that at least 50% of the optimisation iterations reach (or the data point closest to 50% in
Figure 36) for k = 100. The data profiles in Figure 37 show the fraction of “solved” problems -
i.e. fraction of optimisation iterations finding a value lower or equal to αa - as we increase the
budget k.

Figure 37: Data profile d(k) plot with fraction of successfully solved optimisation given a tolerance
αa (unique to each algorithm a) within a function evaluation budget of k iterations. This plot was
generated from the performance profiles in Figure 36.

We observe that for Nelder-Mead and BOBYQA, increasing k has a larger effect on the data
profile d(k), corresponding to the problem solving rate. Also Powell, albeit a smaller drop at
k = 150, sees its data profile improve as k exceeds 250. However, the improving effect for the
data profile of the Bayesian algorithm is smaller, meaning that increasing k has a smaller effect
on the Bayesian optimisation. We once again underline that data profiles are not a complete
tool and cannot be used to find the absolute loss function minimum or to compare algorithms
in absolute terms. The data profiles rather constitute a complimentary visual instrument to the
performance profiles in Figure 36 to compare each individual algorithm with itself and what
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effect a higher budget k has. Figure 36 and 37 are valuable indications for operations in the
CCC, as the provide guidance to what optimisation algorithm to choose depending on the beam
time available.

8 Conclusions

The current SPS injection system has seen a radical evolution since its first design, and the
characteristics of the injected beam have changed significantly. A full redesign may be needed to
solve long-standing issues, like the different kicker types and the bulky septa. In this study, we
first performed theoretical studies on emittance growth due to amplitude-dependent injection
errors for a generic circular accelerator. In Section 4, we derived evolution equations for the first
and second moments of an coupled arbitrary Gaussian phase-space distribution that initially is
mismatched, displaced, and has mismatched dispersion under the influence of decoherence due
to amplitude-dependent tune shift. The established results from [19] and [46] for the amplitude
dependence of the first and seconds moments after an initial displacement of a matched beam
were reproduced. Our results in this study go beyond [19] and [46], because the initial beam
can have an arbitrary Gaussian distribution, which includes transverse coupling, and does not
need to be matched. We then calculated the temporal evolution of the second moments, the
beam sizes, and the emittance. Moreover, we calculated the emittance in the asymptotic limit
and found it to agree with the emittance growth due to chromatic effects. In Section 5, we
analysed tolerances for the injection and used the SPS parameters as an illustration. This work
was published in [2].

In Section 6, we presented a hierarchical optimisation framework that gradually constructs a
new injection sequence and generates ideal candidate solutions for all SPS optics - finding the
ideal balance between minimal magnet resources and dumped beam trajectory, while consid-
ering realistic hardware. The developed framework is rather generic and provides a basis for
designing other accelerator systems, even with higher complexity. We stress that although the
SPS injection is a specific case, the high-level discrete design of magnet modules and config-
urations can in principle be extended to almost any accelerator sequence, as described in a
pseudo-algorithm in [7].

In Section 7, we presented an optimiser to find the ideal individual and general timing of the
MKP kicker delays. We first performed pre-study simulations in Section 7.1 to observe the
effects on optimising the timing to reduce the injection errors, followed by the implementation
of a real-time optimisation environment on the actual SPS injection kicker magnets, described
in Section 7.2. The impact on the residual injection oscillations was significant both on the cir-
culating and injected beam, reducing the injection oscillation amplitude by up to 70%. We then
developed a simple neural network and a surrogate model of the injection system to compare
different optimisation algorithms in Section 7.3 and 7.4, demonstrating what algorithms would
be suitable depending on the beam time available in the CCC. The neural network model
approximated the real accelerator surprisingly well, which allows for testing and fine-tuning
offline also when accelerator operation time is not available. For future studies, it would be
interesting to extend the simple neural network model and compare between new architectures.
A potential upgrade is to construct a dual neural network model that first classifies whether
the beam was lost or not, and then performs regression of the ideal kicker delays. This would
eliminate the “Grand Canyon effect” of penalising the lost beam, although we evaded this prob-
lem successfully with the transformation G from Equation (64). Another aspect to investigate
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is whether we could reduce the number of actors from nine time delays to eight for smoother
optimisation, as each individual delay is coupled to the general delay. However, an operator in
the CCC still needs to provide one general and eight individual kicker delays to the machine,
for which our optimiser served its purpose.

These studies show the importance and impact of optimising the present SPS injection system,
implementing relatively recent tools such as numerical optimisation and neural networks, while
exploiting these resources to design a future injection system - ultimately increasing beam
intensity and luminosity beneficial to many experiments at CERN.
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A Appendix

Figure 38, 39 and 40 show the convergence plots of different optimisation methods used on the
neural network model presented in Section 7.3.

Figure 38: Convergence plot of the Bayesian optimisation algorithm with the neural network model,
with normalised logarithm of the losses G in the upper pane, and the normalised actions of the
different switches in the lower pane. One can observe how the loss function decreases until the first
80-100 iterations but not further, in agreement with the performance plots in Figure 36.

Figure 39: Convergence plot of the Nelder-Mead optimisation algorithm with the neural network
model, with normalised logarithm of the losses G in the upper pane, and the normalised actions of the
different switches in the lower pane.
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Figure 40: Convergence plot of the Powell optimisation algorithm with the neural network model,
with normalised logarithm of the losses G in the upper pane, and the normalised actions of the different
switches in the lower pane. The frequent “spikes” are probably due to the relatively large step sizes
Powell take in its actions - a large step size that would lose the beam by changing the delays too much.
Comparing Powell with the other algorithms in Figure 36, we observe that it performs the worst in
terms of achieving the lowest loss value with respect to the other algorithms.
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