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NIELSEN’S GENERALIZED POLYLOGARITHMS*
K. S. KOLBIG!

Abstract. Properties (in particular functional relations and special values) of the functions
n+p-—1 1 n— dt
(-1)"* (n—l)!p!S"_p(z)'———fO log" ! tlog” (1 —2t) -,
n+p—1 _[* n—1 dt
(_1) (n—l)!p!Ln.p(z)—/(; ]Og tIng(l_t)T,
(=1)" (n=1)1p!M, ,(2)=[" log" " rlog? (14 1) L.,
(o

which play a role in the computation of higher order radiative corrections in quantum electrodynamics, are
discussed for complex z and positive integers n and p. The first function is a generalization of the

well-known polylogarithms ( p =1). The discussion is based on results published by Nielsen early this century
in a little-known monograph.
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1. Introduction. A certain class of logarithmic integrals, the so-called polyloga-
rithms, defined by

(1.1) Li,(x)= (( )2)' f log" *tlog(1— xt) (n22),

has been investigated in the past by many mathematicians, including Euler, Kummer,
Abel and Spence. In particular, their properties with respect to transformations of the
variable were established for several special cases, for example, for the dilogarithm
(n=2) and the trilogarithm (n = 3). A special property of these functions is the relation

(12) Li,(1)=¢(n)

where {(n) is the Riemann zeta function of integer argument.
At the beginning of this century, the Danish mathematician Niels Nielsen collected

the known results into a monograph [20], and introduced a new class of functions,
namely

(=1)"*?"!
(n—1)1p!

defined for positive integers n,p, and complex z=x+iy. The function log{ is under-
stood to lie on its principal sheet, and we define

dt

— 1 n—1 P _ hatd
(1.3) S, ,(z)= folog tlog”(1~zt) 7,

(1.4) logé= lirgl log (¢ +ie)=log|¢|+im  if £<0.
e—=>0+

* Received by the editors September 10, 1984.
 Buropean Organization for Nuclear Research (CERN), CH-1211 Geneva 23, Switzerland.

1232



NIELSEN’S GENERALIZED POLYLOGARITHMS 1233

Because of the fact that

Sn~1,1(z)=Lin(z)’

these functions are generalizations of the polylogarithms (1.1). It is likely that Nielsen
undertook his research on S, ,(z) in the hope of finding expressions for {(2k+1)
similar to those known for {(2k), and results for

1.5 2k)= k=1,2,---),

similar to those known for 8(2k+1). At least he remarked [20, pp. 131, 204] that he
was not able to obtain such results from his relations for S, ,(2).

Nielsen’s monograph [20] contains many formulae for S, ,(z) and for two related
functions L, ,(z)and M, ,(z), in particular involving transformatlons of the argument
z. Although most of his formulae are correct (apart from misprints) for complex
z=x+iy with y#0, the direct replacement of z by real x may lead to discrepancies
when the functions involved are complex-valued for real x. This fact has been over-
looked in [12]. As far as the author knows, these formulae have never found their way
into any of the relevant handbooks, and it seems that the only reference to this
monograph until about fifteen years ago was in the book of Lewin [16]. About this
time, however, it became apparent that Nielsen, although he did not succeed in finding
results for {(2k+1) and B(2k), had introduced a class of functions which are of
importance in certain applications, in particular in quantum electrodynamics (see, for
example, [2], [3], [6], [15], [18], [19]). With this application in mind, functional relations
for S, ,(z) were presented in [12], together with a method for computing S, ,(z)
accurately (12-14 digits) for real z=x and n+p <5. Also some of Nielsen’s ideas, in
particular on the special values s, ,=S, ,(1) and on a similar integral, have been
investigated further [12], [13], [14]. Jacobs and Lambert [11] have developed a method
for computing §; ,(z) and S, ,(z) for complex values of z, and Barlow [4] has
considered the computation of S, ,(z) for complex z by continued fraction approxi-
mants.

An explanation for the fact that Nielsen’s monograph remained undiscovered for
so long lies perhaps in the fact that it was published in a journal which (at least for
mathematicians and physicists) was little-known and not easy to obtain. Further, it
contains an unusually large number of misprints and, as we shall see, genuine errors. It
is, however, far from being out-of-date or without interest. Integrals of this type or
even, in some respects, more general, such as

f1 log™tlog"(1—1t)log?(1 +t)
0 D(t)

where m,n, and p are nonnegative integers, and D(¢)=¢, 1 —¢, or 1 +¢, play a role in
the evaluation of Feynman and relativistic phase space integrals, as is indicated by the
recent publication of a table by Gastmans and Troost [7]. These authors also discuss
certain special values of the polylogarithms, a problem which Nielsen investigated in a
more general way for his functions, and give a table of infinite series related to
polylogarithmic integrals.

Therefore, for historical and practical reasons, it is perhaps worthwhile to give a
systematic and critical presentation of the more important part of Nielsen’s work on
generalized polylogarithms, which until now has not been generally accessible. For
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example, Lewin [17, p. 199], in a new edition of [16], remarked that it was not possible
for him to give a discussion of the general results obtained by Nielsen, although he cites
Nielsen’s monograph many times. Also, the table of Grobner and Hofreiter {9, pp.
71-73] contains a chapter on “Fuler’s dilogarithm and its generalisations” and a
reference to [20], but only formulae for p=1 are given there.

In the presentation which follows, we shall follow the original monograph fairly
closely, but on some occasions we shall present new results or proofs; for example,
certain constants appearing in the functional equation relating S, ,(z) to S, ;(1/z) will
be expressed in terms of known constants. Special attention will also be given to the
correct representation of the functional relations for real arguments.

2. Basic formulae. Nielsen’s generalized polylogarithms can be defined by [12],
[20]

(2.1) Sn,p(z)=%%!_f log”‘ltlog”(l—zt)%
& (=)’se . i
(22) —j=0 (p+iN(p+i)" (Izls1)
( 1)" 1 gntr-1
(2.3) (n Dipt [GB” P BzFl(a B;B+1; Z)L=B=0
where

is the Gaussian hypergeometric function, and
k—m k—m+i
1 k—l+i)( 2k— m)
(m) — -
Sk i§0 i!(k—m+i k—m Z( 1)

are the Stirling numbers of the first kind in Schlomilch’s representation [5, p. 216],
generated by [1], [5, p. 212]

k
(2.4) log™(1+ x)=m! 2 S"")i (Jx|<1).

In this paper, we shall use Nielsen’s notation

Sn(z)=Sn~1,1(Z)

instead of the notation Li,(z) introduced by Lewin [16], [17].
It follows from the series definition (2.2) that, for the polylogarithms,

(2.5) S,(2)= Z I 7+3n+ + (lzl=1) (n>1).

For n=1 and n=0, we have as degenerate cases

(2.6) Si(z)=—log(1-2), Sy(z)=7=;, (lz|<1).
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For p>1, the series (2.2) becomes considerably more complicated. By writing [5, p.
217]

Jj+1

P 1

(2.7) $2=(-1)G+ D! L T

k=1

Jj+ 1 jt+2 1
(29) SO=(-1)(j+2) ();7(- > 5|
we find, for example
1) 23 1.1\ z*
(29) n 2( ) n+l+ 1+§) 3n+1+(1+5+§):1m+ N
1 2

(210) S"’3(Z)=E[(1+2) ( Z) Py

1

(1 l+—)2—(1+—1-+1) A
2|12t 479 g

From (2.1) and (2.2) one may easily obtain

(= 1),, Liogr(1-az), (n=1),

a
(2.11) = Sp(az)= :

z n

~1,p(az)’ (ng2),

s,,,,,(az>=f S la)ds,  (n21),
(2.12)

no(2) =75

z”+0(zp+1) (z—0),

and from (5.12) below,

S (5) = log? 7(=2) +Ollog" (=2)). (- 00).

In order to derive his relations, Nielsen introduces in addition the functions

)n+p—l .

__( 1 2 » dt
(213) L, ,(z)= YCET folog tlog?(1-1)T,  (n21,p21),

— (_1)" ' i n—1 P dr
(2.14) M,,‘p(z)—(n_l)!P!/(; log"~'1log?(1+1) <, (nz1,p21).

Using the binomial theorem, it is easy to see that

(2.15) L (2)= z “’g 2L n(2),

(216) L, ,(z)= Z(—lll—"g—z S00(2).
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and
(217) (—1)Psn‘p(—-z)=n§ lojg!jz M, ;,(2),
n—1 ¢ __ jO iz
(2.18) M, ,(z)=(-1)" go %Snﬂ,p(ﬁ).

In particular,
(219) Ll,p(z)=Sl,p(Z)’ Ml,p(z)=(_1)pSl,p(_Z)‘

The values of S, ,(z) for z=1, -1 and 3 are of special interest. These values are
real, and we define

sn,p=Sn,p(1)=Ln,p(1)9

(2.20) g, ,=(=1)7s, ,(-1)=M, (1),
an,pzsn,p(%)‘

We also write

$,=8-1,1» %, =0y_1,1» 4,=4,_11-

Properties of s, ,, 0, , and a,, , are discussed in §9. For the moment, we note only that
s, , can be expressed in {(k), that

(2.21) s

np= Spon>

which follows from the definition integral (2.1) by partial integration, and that
(2.22) s,=t(n), o,=(1-2""")¢(n),
which follows from (2.5), using well-known properties of the Riemann zeta function.

3. Some analytical properties of S, ,(z), L, ,(z), and M, (z). With the general
definition of the logarithm function, S, ,(z), L, ,(z), and M, ,(z) are multi-valued
functions of z. By restricting log{ to its principal sheet, using (1.4), and cutting the
z-plane appropriately, we obtain single-valued functions which are holomorphic at all
finite points z with the exception of the branch-cuts. In the remainder of this section,
we define these cuts along sections of the real axis z=x and describe the behavior of

these functions on this axis, in particular on the cuts. These properties will be required
later.

3.1. S, (z). In this case, we have as branch points z=1 and z= o0, and we cut
the z-plane along the real axis from x=1 to c0. For x<1, S, ,(x) is real. For the
behavior on the cut, we have from (1.3) and (1.4)

lim S, (x—ie)=§, ,(x),

(3.1) ot . (x>1),
EEI(I)‘1+ S, ,(x+ie)=8¥ (x),

where the asterisk denotes the complex conjugate. Therefore, S, ,(z) is, on the cut,
continuous from below.
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3.2. L, ,(z) (n>1). Because of (2.19), we can make the restriction n>1. As
branch points, we find z=0, z=1 and z= 00, and we cut the z-plane along the real
axis from x=1 to o, and from x=0to —oo. For 0<x<1, L, ,(x) is real. On the
cuts, we have from (2.16),

lim L, (x+ie)=L, ,(x),

(32) o . (x<0),
513& L, (x—ig)=L} (x),
and

el—i>r(§1+ L, (x—ie)=L, ,(x),

Er51+ L, (x+ie)=L} (x),

(3.3) (x>1),

€

so that L, »(2) is continuous from above for x <0, and continuous from below for
x>1.

33. M, ,(z). From (2.19) and (3.1), we find for n=1 that the branch points are
z=—1 and z= o0, and we cut the z-plane from x= —1 to — c0. On the cut, we have

G EEI& M, ,(x+ie)=M, ,(x), ( :
34 . ) x<—1),
EEI& M, (x—ie)=M}* (x),

so that M, ,(z) is continuous from above for x < —1. For x> —1, M, ,(x) is real.
For n>1, we find from (2.18)

n=1(¢_ 1\A~oJ .
lim M, ,,(xiit)-—'(—l)” Y (-1 105'(xite)
>0+ ’ /=0 J!

Because of (1.4) and (3.1), it follows that M, ,(z) has branch points at z=0 and
z= 00, and we cut the z-plane from x=0 to — c0. Then

S, ,(—xFie).

6s) El_i)r(§1+Mn‘p(x+i£)=Mn’p(x), (x<0)

5 . ) x<0).
skrgl+Mn,p(x—le)=Mnfp(x),

For x>0, M, ,(x)isreal. Thus, M, ,(z)iscontinuous from above for x<0(nxz1,p2

1.

4. A lemma. In order to establish some of the functional relations for the gener-
alized polylogarithms, Nielsen needs the following

LEMMA. Let the complex quantities x;, ¥y (j=1,---,n), and a, forn=1,2,3,---,
be related by
n—1 aj
(4.1) xn= Z —:'—yn_j'
j=07?
Then

n—1 o
(4.1a) =X (—1)’;’.‘—,x,,_,,
j=0 :
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and
n—1

al (n4r—i—1 4 ma™ —m—
(41b) Z J_'(n 4 J )yn+r'—j= 2_!0(_1) r—n—!(n+r m 1)xn+r—m'

=0 r r—m

Proof. The first result (4.1a) is well known. Nielsen obtains (4.1a) by using
relations between integrals (see Lewin [17, p. 266]), but mentions that it can be proved
directly. An elementary proof follows from the well-known binomial inversion theorem
[21, p. 45), namely

n n j n
Z ( ) n—jo bn= Z (_1) ( ')an—j’
J
j=0 j=0
by setting a,=b,=0 and
ay=kla *x,,  by=kla"ky,.
Note that, for fixed p,L, ,(x), S, ,(x), and M, ,(x), (—1?*S, ,(—x) are, according
to (2.15)—(2.18) pairs of functions related by this lemma.

In order to prove (4.1b), Nielsen uses a form of Vandermonde’s convolution
theorem (see, for example, Riordan [21, pp. 8-10]), namely

(4.2) é ( )(n+r m— 1) ( —j+r—1)’

r—m r

in particular
@ Lo () oskern
Denoting the left-hand side of (4.1b) by 4, ,, we obtain, using (4.2),

(4.9) =§ﬁ_é (m)(n+r m— 1)yn+r_j

r—m

r am + 1 n—m—1 aj
— " (ndr—m— o
_m2=0( 1) m'( r—m ) jgo J' yn+r—m_j.

From (4.1), we have

n—m-—1 aj r—1 ak
R R e B T L PN vy

Substituting (4.5) into (4.4), we find as coefficient for y,_, the expression

n+k

(n+k)' E( (n+k)(n+r m— 1) (O<k<r—1)

r—m

which vanishes by (4.3). The result (4.1b) follows immediately.
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5. The transformations z —>1—z and z—1/z. Nielsen was able to find many
formulae relating the functions S, ,(z), L, ,(z), and M, ,(z) for different arguments.
He proved these relations mainly by considering indefinite integrals for L, ,(z) and
M, ,(z), for example by writing

(_1)n+p—-1
(n—1)!p!

and fixing the constant in the resulting expression by considering special values.
In the following, we shall prove these formulae of Nielsen by using the definitions
(2.13) and (2.14) of L, ,(z)and M, ,(z). We start with

5.1. The reflection z >1—z. We split the range of integration in (2.13), and
obtain by partial integration, for Imz # 0, using (2.20),

L, ,(z)= flog"‘lzlogf’(l—z)-(-lz—z—+c,

(_ )n+p—1 2 - r ﬂ
L, ,(z)=s (n Dip! fl log" 'tlog? (1 t)t
_ n+p-—1
=sn,P+%——log"zlog1’(l—z)
(_l)"+P—1 1-z p—1 dt
=) log"(1—) %
(p_l)!n!fo log” ™" tlog"(1-1) —,
which gives
-1 n+p
(5.1) Ln‘p(z)+Lp,,,(l—z)=s,,,p—-(—nT;!—log"zlog1’(l—z)

as the reflection formula for the function L, ,(z). Using (2.15) yields

" log/z =y,
(5.2) S (Z)— Z ]' s”‘f’P_LP’"’f(l_Z)_WIOg zlog (1—2)
j=0 : P

whence, using (2.16) and a well-known property of the binomial coefficients,

(5.3) ()-Zk’-g?-z—{ —— Z( 1) logk(l )S,,_k,,._,»(l—z)}

/OJ!

—1)?
+ (n!p)! log"zlog?(1—z).

Equation (5.3) is the reflection formula for the generalized polylogarithms. In the case
of polylogarithms ( p=1), this equation reduces to

log’z 1 1
(54) S,(z )-EO%’!—{s"‘f_sl'"‘f“(l_Z)}_(T—Wlogn zlog(1-1z).

Note that the reflection z—1—z for S, ,(z) as expressed by (5.3) remains within the
set of generalized polylogarithms (apart from known constants and logarithms). Equa-
tion (5.4) shows, however, that it is not possible to represent the reflection for the
polylogarithms within the set of these functions if »> 3. Thus, for the trilogarithm, one
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(5.5) S3(z)=53—8, ,(1—z)+logz[s,— S,(1—2)] —}log?zlog(1 - z).

This relation contains the function §; ,(1—z) which is not a polylogarithm. It is
interesting to note, however, that the reflection formula provides an expression for the

particular generalized polylogarithms S; ,(z) in terms of ordinary polylogarithms, since
we have

-1)" n dt -1)°
(5.6) Sl'p(z)=—(~p!—)/(; log”(l—zt)7=sp+1+( p!) logzlog?(1-2z2)

P

- k k(l—z)
= T (Dot S, a(1-2),

We now consider the case z=x real. By setting z=x+ie it follows from (3.2),
(3.3) and (1.4) that, for x <0, (5.1) remains unchanged, while for x > 1, both sides must
be replaced by their complex conjugate. From this and the fact that L, ,(x) is real for
0<x <1, we see that (5.1) remains valid, as it stands, for arbitrary real z=x. By a
similar argument, this is also true for (5.3) relating S, ,(z) to S, ,(1—2z), and for the
special case (5.4). Therefore, the restriction Imz # 0 made above is no longer necessary.

5.2. The inversion z —1/z. This case is more complicated. We follow Nielsen in
first establishing an inversion formula for M, ,(z) but instead of considering indefinite
integrals for M, ,(z) and M, ,(1/z) as he does, we start with the definition integral
(2.14), which gives for Imz # 0, using (2.20),

(_1)n—1
(n—1)!p!
_ _ 1 1z, n-1 _ pdt
=0, , —_—-(n—l)!p!j; log” t[log(1+¢)—1logt] ;

1l

_ _ 1)k p 1/z n+k—1 p—k it_
R e kgo( 1) (k)[l log™ "+~ rlog? K(1+1) %

(-1 jl/ log”“"ltgt—t-
1

_ z n—1 ﬂ
M, (z)=0, ,+ fllog tlog"(1+t)t

~(n-1)1p!
'S (ntk—1
n n -
=an,p—(_1) kzo( k )on+k,p—-k
p—1 n
" - 1 (=1
+ _1 n+k l) (__)_ 1 n+p k
R i e R e Tre
Denoting the constant part by C, ,, we have

(5.7)

p—1 n
M =C +(-1)" n+k—l) (_1_)_ (-1 n+p
n.p(z) n,p ( ) kgo( k Mn+k,p—k z (n+p)(n_1)'p'10g zZ

(Imz+#0, or Imz=0 and Rez > 0).
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Formula (5.7) is also valid for real z= x>0, in which case it is real. For x <0, we set
z=Xx+ie and obtain with the help of (1.4) and (3.5) the relation

59 M (P e, ()
(-1”

- (n+p)(n—1)!p!

This equation enables us to express the constants (where the sum is zero for p=1)
p—1
n n +k—1
(59) Cn,p=(1—(—l) )on.p_(—l) kz_:l(n k )on+k,p—k
in terms of known constants. This will be discussed further in §7.

In order to establish the inversion formula for the generalized polylogarithms
S, ,(2), we start from (5.7) and write, using (2.17)

log"*?x,  (x real).

(5.10)
rg logz e (n—jt+k—-1 1
(15, (-= T EE )" T (" ()
~ %log"“’zni D™ by lelze

2o (n=j+p)(n—j=1jt T Tyt T

The coefficient of log”*? z can be written as [8, No. 3.191 3]
(5.11)

1 "=l (- 1) = 1 ol wi(1=1) s
= O C e !(n—1)!fo Eo(_l) ( J )" du
1 vop -1, 1

o A e

We now apply Lemma (4.1b) and write, remembering that M, ,(z) and (—1)”S, ,(—2)
are related through (4.1),

Z( 1),logfz( _j+k_1)Mn—j+k,p-k(l)

k z

k
- k5 log"z (n+k—m—1 1
___(_1)1’ Z ( k—m )Sn+k—m,p—k(_;)

!
m=0 m:

whence, replacing z by —z in (5.10)

(512) S, ,(2)=(-1)" Z( 1" Zkl log( Z)("+k m 1)Sn+k—m'p—k(%)
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It is easy to see that (5.12) is also valid for real z=x if x <0. In this case it contains
only real functions. For x>0, we proceed analogously to the case of M, ,(z), set
z=x+ie and obtain, using (1.4) and (3.1),

(5.13)

B e o il LS

| =

:)

n—1
log/(—x) 1
+(-1 ——=C,_; ,*+ log"™?(— 1).
PR R R BT
Note that the imaginary parts cancel for 0 < x <1. Further, since S, ,(1/x) is real for
x>1, it follows that the imaginary part of S, ,(x) for x> 1 comes only from log(—x).
Using (1.4) in (5.13) and taking the imaginary part (with empty sums equal to zero)
gives!

(5.14)

—ImS Lx)=(-1)" Z( " E("+k m I)SM m.p= k()lc)

[(m=1)/2]

2j
D PSR oy T T A
+( 1)”ni1C [(m—zl‘,)m( 1)’ il m—2j~1
- mo1 P20 Qj+1)(m-2;-1)! log x
+(_1)p[(n+1;2—:1)/2](—1)j -y 10g"+1’—2/’—1x.
P Qj+D)(n+p—2j—-1)!

Equation (5.14) shows that, for p>1, ImS, ,(x) is expressible, apart from logarithms
and (known) constants, in terms of §, ,(§) (nsv<n+p—2,1<p<p—1) in the inter-
val0<é<1.

For the polylogarithms, we obtain as a special case from (5.12), (5.9) and (2.22)

(5.15) Sn(z)+(-1)"Sn(%)

1 n—2 1 i ok )
=~ —log"(—2)~ Zoj—!(1+(—1) N)(1—21"4)s,_log/ (- 2),
i

where for real z=x, S,(1/x) has to be replaced by S;*(1/x).
As in the case of reflection, the inversion (5.12) has the remarkable property of
remaining within the set of generalized polylogarithms. In contrast to the case of

reflection, the inversion (5.15) for the polylogarithms also remains within the set of
these functions.

1 Note that this formula differs by a factor —1 from the expression given in [12], owing to the fact that,
for real z=x, (5.12) had been erroneously used instead of (5.13), and a convention different from (1.4) had
been introduced in order to overcome resulting contradictions. Because of this, the function computed by the
Algol program for S, ,(x) in [12] is in fact S;*,(x) according to our present definition. For n=p=1,
formula (5.14) agrees with Lewin (17, p. 2].
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6. Bilinear transformations of the argument. If we consider the reflection P,(z)=

1—z and the inversion P,(z)=1/z as belonging to the group of bilinear transforma-
tions

az+ B
vz +96

P(z)=

with real coefficients and ad — By #0, we see that they generate a subgroup

1 1 z—1 z
Pj(Z)—Z, 1—29 ;a 1—2° z z—1

(j=0,1,---,5). By repeated use of (5.3) and (5.12) it is then possible to find formulae

for
1 z—1 z
S""’(l—z)’ S”'P( z )’ S”"’(z—l)

which will contain, apart from logarithms and known constants, only generalized
polylogarithms. These formulae become soon very complicated, and we leave a more
systematic investigation to further research. By the above procedure one can, in princi-
ple, find a (complicated) expression for S, ,(z) in terms of polylogarithms. Lewin [17,
p. 204] has given a formula from which such an expression can be derived.

Nielsen also discusses the following bilinear transformations of the argument of
the function L, ,(2).

6.1. The transformation z > 1/(1+z). From the definition integral (2.13) we find,
for Imz#0,

(6.1)

1 (=) rjaen, ) dt
L"'P(1+z) = 1)'p‘-/ log" 'tlog”(1 t)t

— n—1 p
S 1)' 'f log" }(1+¢)[log(1+1¢)—logt] 1+t

=S

0~ T D)ipt 1)p' Z( 1) ( )f log"*? ¥~ 1(1+¢)log* tlit'

Using (2.14), and taking into account that

P (n+p—k—1)(n+P)
(k) _ n—1 k
(n—=1)'pY(n+p—k) (n+p)! ’
yields, after integration by parts,

(6.2)
nP(1+Z) np " (n+p)' Z (-1 (n+p I; 1)( kp)logkzlog"+p_k(1—2)

P
Z(n+p 11( 1)M,(‘,,er_k(z) (Imz+#0, or Imz=0 and Rezx> —1).
k=1 h=

o




1244 K. S. KOLBIG

Both sides of formula (6.2) are real for z= x> 0. Further, it follows from (1.4) and (3.3)
that (6.2) remains valid for real z=x if —1<x<0. For z=x< —1, however, we see
from (3.2) that L, ,(1/(1+ z)) has to be replaced by Ly ,(1/(1+2z)).

6.2. The transformation z — z /(1 + z). In this case, we have from (2.13) for Imz#0
and n>1

2 \_ (=07 e, » dt
L"’P(1+z)— = 1)ip! /0 log"~*tlog?(1 t)t
I
(n—1)1p!

{fz [log(1+7)—logs] " Mog?(1 +t)%
0

- fz [log(1+¢)—1log¢] ””llogP(1+t)—it—}.
A 1+:

Hence by comparison with (6.1),

z 1
Ln‘p( 1+Z)=Lp+1,n—1(1+z)~sp+1,n—1
1 ol k[n—1) [? dt
- -1 l n+p—k—1 1+ l k%5

and, using (2.14) and (2.21),
(6.3)

z 1 "Sntp—k—1
Ln,p( 1+Z)_Lp+1.n-l( l+z)= _sn—-l,p+1+k§O( pp )Mk+1,n+p—k—1(z)

(Imz#0, or Imz=0 and Rez> —1).
For n=1, we have directly from (2.13):

z 1 z at 2 dt
(6.4) lep(_1+z)=ﬁ{f0 1og1’(1+z)7—f0 log”(1+t)—1+t}
1
=M1,p(z)—(p+1)!log"“(l +z)
or, by (2.19),
zZ \_ p 1 +1
. 1,p - 1,p
(6.5) S (ﬁ?) (=181, (=2) =5 yrloe” " (1+2)

(Imz+#0, or Imz=0and Rez> —1).

As in the case of formula (6.2), we see by setting z=x+ie and using (1.4), (3.2) and
(3.3) that the left-hand side of (6.2) must be replaced, for real z=x< —1, by

x (2 )_ x (_1__)
L""’(1+z Lo\ 147 )

Since L, ,(z/(1+z))=8; ,(z/(1+2)) is real for x> —1, the formula obtained by
replacing the left-hand sides of (6.4) and (6.5) by their conjugates are valid for all real
z=x.
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6.3. The transformation z — (a+z)/(b+z). This transformation is a generaliza-
tion of the transformation z—z/(1+ z). The formula obtained by Nielsen [20, §13(7)]
is incorrect, and, as we shall see in §9, it was this error which led him to wrong
conclusions on the nature of the special values o, ,=(—1)7S, ,(—1).

We have from the definition integral (2.13) for a# b, Imz#0, and n>1,

atz\_(=D""70 carappan g dt
L"‘P(b+z)~ = D)ip! /0 log" tlog?(1 t)t
b—a) dt

((” li;:p'(b a)f (Z_:?)ng(bﬂ (a+1t)(b+1)
B
_fzoo 10gn—1(b+t)log (l;:-(tl)biit—}

Denoting the integrals by J; and J,, and substituting r=(b—a)/(a+t) and 7=
(b—a)/(b+1t)in J; and J,, respectively, we obtain, using (2.14),

1+T)ﬂ

T

—

B= ()" [ g (14 mytog
0
e i A

n+p— +p—k—1 b—
=(-1""” 11’!(”"1)! Z (n 1:‘__ )Mk+1,n+p—k—l(—a)'

k=0 1 atz

Similarly, by (2.13),

J2=f(b—a)/(b+z) log""l(l—'r)log"'rﬂ

r
n+p-1 b—a
(=" = D )
Therefore
(6.6)
a+z o (n+p—k—1 b—a b—a
Ln,p( b+z)=sn,p~k§0( n—1 )Mk+l,n+p—-k—1( a+tz )+Lp+1 n— 1( b+Z)

(Imz#0).

This formula corrects Nielsen’s formula [20, §13(7)], in which

b——a) reads Ln,p(é:—q).

the term Lp+1,n—1(b+z b+:z

For real z=x, formula (6.6) has to be adjusted in accordance with the results of §3.
This will depend on the values of a and b.
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Comparing formula (6.3) with (6.6) for a=0 and b=1, we obtain a relation
between M, ,(z)and M, ,(1/z), namely (n>1)

n—1

+p—k-1

(67) Z (n pp )Mk+1,n+p—-k~1(z)
k=0

»
n+p—k—1 1)
+k§0( n—1 )Mk+l,n+p—k—1(?)'"sn,p+sn—l,p+1'
(Imz+#0, or Imz=0 and Rez>0).
Forreal z=x<0,M, ., ,,-x-1(1/2) has to be replaced by My*,, . ,_,_1(1/2).

6.4. A sum containing L, ,(z/(1+2)). Nielsen closes his section on bilinear trans-
formations of the argument by considering a sum containing L, ,(z/(1+ z)). This sum
can be expressed in terms of (ordinary) polylogarithms. To avoid divergent integrals,
we introduce the functions (0 <& <1)

L) _(=nmr ™t e e
(68) (—1)”M;,p(z)}=m-/€ log tlog (1+t)7

and write

(~)7RLL 1, (= (=) R [ClogtTrtog1-n) 4.

Thus, by summation,

k Nk k
igo(—l)jLi—jH,j({):( k1|) g ( )/ log "ftlog/(l—t)%

S [ (i5)

Setting {=z/(1+z), and making the substitution r=¢/(1 —¢), we obtain, with ¢ =
e/(1-¢),

k k
_ Jre 4 _(—l) z k dr
P s e A w(1+7)
( k+1 / )
(k+1)' [log —log /log 1

By partial integration, using (6.8)

flog*r

Further, from (6.8),

L7‘+1°(1+z) ((k+li)! [IngH(TT) logk+1]

—log zlog(1+z)—logke'log(1+ &)+ (—1)" K'ME ((2).
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Collecting these results, we see that the divergent parts cancel for ¢ — 0, and we obtain

(69) El( DLy 155) = ((k-l-li)! [og 210t )]

(-1*
k!

log¥zlog(1+2)—M, ,(z)

or, using (2.18) and replacing k by n—1,

(6.10) Z (-1)"L,_,.- 1m+1(1+z)=

m=0

n})n [log"z—log"(liz)]
EO ' (- 1)’log (=1)log’z ¢ L (—2).

As in the case of formula (6.2), the left-hand side of (6.10) has to be replaced by its
conjugate for real z=x< —1.

7. The constants C, ,. We now return to the constants C, , defined by (5.9).
Because no relation seems to be known which expresses o, —-( n?s, ,(—1) for
arbitrary n>1, p>1 in terms of known constants, Nielsen did not apart from giving a
formula for C,,_, , in terms of {(g), investigate relation (5.9) further. For some small
values of n or p, however, expressions for C, , are known [12] in addition to C,,_; ,,
namely

C,=¢(p+1),  (p=1,2,3,4),
G,1=0, (nz1),

7 7
C3,1= ‘C2,2=Z§(4)=§6_0’7T4 ,
C2,3= -G = —§(2)§(3)‘§(5)-

(7.1)

The question arises whether it is possible to express C, , for all n and p, in terms of
known constants. This is indeed the case, as is shown by the following

THEOREM 1. Let §;; be the Kronecker symbol; let €,,=1 if m is even, €, =0 if m is
odd, andlet s, ,=S, ,(1). Then, for integer n,p (n21,p=1)

(72) Cop=(-1)"'E (D= (=1)"8,0)( "5
k=0
[(n+k-1)/2) el 2
% EO (-1 ) (2 ! Sn+k-2j,p—k

,”n-\‘-p

e"“’(n +p)(n—1)p!"

(=)t p/aen
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Proof. We set x= —1 in (5.8) and obtain, using (1.4),

(lﬂ')n+p

p)(n=1)tpt"

C, =M, ,(~1)~(~1)" 2("“‘ DM, (- D+ (D" o

From (2.18), we have

(1) D=0 s B,
j=0 .

Therefore

(7.4)

p-1 n+k—1 (. \Jj
ntp- +k— in
Cn,p=(_1) r 1{ Z (_1)"(” ]li 1) Z ( ) Sn+k—j,p~k
k=0

j=o I

(-1 2( 1w(”) «w%

(i'rr)"+p

BRI IR

On taking the real part of (7.4), Theorem 1 follows. In addition, we obtain from the

imaginary part a relation between the s, ,, namely
p—1 [(n+k—2)/2] 2j+1
Y Y n+k—1 T
k‘éo( 1) (1+( 1) 8k0)( k ) jg() (-1) (2]+1)‘ Snvk—2j—1,p—k

ver ™) G = i

It has been shown in [12], [13], [20] that s, , can be expressed by a homogeneous
polynomial in s,={(q) (2<g=<v+p), with rational coefficients, where {(q) is the
Riemann zeta function. This polynomial is of degree » + p, if {(q) is defined to be of
degree ¢ and if the degree of a product is the sum of the degree of its factors. Since
even powers of = can, through [8, No. 9.616]

2m_ (2m)8(2m)
22m—1|B2

+ ( _ 1)[(n+p—1)/2]+p(

ml

be expressed in terms of {(g) and the Bernoulli numbers B,,,, one has the remarkable
fact that C, , can be expressed by a polynomial in {(g) (2<g<n+p) which is of the
same type as the polynomial for s,

A short table of C, , (1<n < 5 1<p<5)is given in Table 1. This table has been
computed by REDUCE [10] from the expressions for s, ,, given in [13]. For the special
case n=1, we find from (5.9) and Theorem 3 in §9 that -

p—1
(7.5) C, ,=20, ,+ )y "k+1,p—k=§(l7+1)a (pz1),
k=1

which gives, with (7.2), another relation between the s, ,
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TaBLE 1

772

C1.1=§(2)=“€ Cy,1=0
2 53 7 .

Gi,={3) Co 2= =6+ 8=~ 357

4
Ca=tl=55  Gos=—t@EB~LO)

21 1 163

Cia=tO) Cuam 20O+ 2RO 380216

a® 5.2 21
Cs=8O=ags  Cus= - SDFO-SDIO)+ 5 EDFO-20)
=6 D2 =557
G 2={){B)+G) 0

1

= 2P 128@5@ +5820)+ 5, 5O

Coa= S 2R+ RO~ 5 SHF@+3 ()

C;,5=2_33{4(2)—’121{2(2)§'(4)+—;—§(2)§3(3)+—5%§'(2)§(6)+2;(3)«5)_%5»2(4)__96379g(g)
G =0
C4,2=3§(2)§(4)—7~§§(6)=._ 31

7560 "
Con=- 12{2(2)§(3)—2§(2)§(5)+-523§(3)§(4)— 28(D

Coam 20 D+ OO~ DF B~ 9 HOKO - LD + 5 §2@)+ g $®)

Cus=~ 2 O8O - QIO + 2 LD - SDXT) -3 )~ T §ORO) + 3@ -5 O)

3 73 31
Gsa=~ 5@+ 18O =15135 ™

C2= 682 FB)+ QRO 22 54y +£0)

Cos =1 Q-2 OO+ SO+ DN +H DO - o 2@ - §®)

Goa= 2 P OO+ N6 - 15BN + KD+ 2O+ TR DO~ S @O+ 5 8)

12
9 1 44
Cos= s P+ 2 P k@ + 5 2020 + 25 P KO + R ORO - 6RO

1659 45 3385 5 22177
+ 5 LB~ PO+ SEBN ~ S L@ O)+5E2()~ g3 £(10)

8. Some integrals involving S, ,(z). We now consider some integrals containing
S, ,(2) in the integrand which were discussed by Nielsen. From the differentiation rule
(2.11) for S, ,(x) we see immediately that

(8.1) [ Si1p(DS (D E=252,(2),  (n22).

P

By repeated partial integration we obtain for k <n—1, (note the misprints in Nielsen’s
formulae [20, p. 190])

k .
f Sn—-l,p(z)sn,P(z)gf.= §1 (- 1)j_lsn—j’12(z)sn+j,p(z)

+(—1)k,[ Sn~k—1,p(z)s”+k'1’(z)%€'
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Therefore

(8.2)
(D[ S p (D) Spr () E =282, <z>+z< 1S, 5.5(2)S007,5(2)

%(-1)"2(—1)" (D) Suii s (2).
j=0

Using the definitions (2.6) of S;(z) and S;(z), and rule (2.12), we obtain, by
repeated partial integration, for a#1 and |z|<1,

ag (4 z=zm+1n_1 _1\/ S—J() ( 1) z
(83) [ (de=ett T (1) o

NS0
jgo (a+1)/! (a+1)"

( 1)" b1 getl
T et 1) / e

S(2**1 = 1)log(1~z)

and hence, using [8, No. 8.361 7], we obtain the definite integral
(8.4)
n-2 (-1 jS . _1\n-1
[ res,an=Y T CDT ), (Rea> -1),
0 0 o

j=

where Y (x) is the logarithmic derivative of the gamma function and y is Euler’s
constant. In particular, for « =m >0 an integer,

(8.5) folx’”‘lS,,(x)dx— E ’ m) o (_1)" g 71;

j=0 ! m”
Lewin [17, p. 308] gives (8.4) and (8.5) for n=2.

Equation (8.5), together with the power series expansion (2.5), allows us to com-
pute

(8.6) qz>(x)=f0l Sq(tx)Sn(t)%=mi;l fn—:fol tm=1S (1) dt.

Using (8.5) and the series (2.5) and (2.9), we obtain

q+/+1

n—2 ) 0 xm 0 moq m
B2 (0= T (0, B -y E [ £ 1)

= Z( 1)1 n—j q+,+1(x) (- 1) ( n+q+1(x)+ n+q— 12(x))

Some other integrals containing S,(x) can be found in [12] and [15].
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9. Values of S, ,(z) for special arguments z.

9.1. The integrals s, ,=S, ,(1). As has been shown in [13], the homogeneous
polynomial in {(q) for the integrals

( 1)n+p 1
P (n=1)lp!
can be written in the form

n—1 P
n+p—1 v+p+1
s,,‘p=(—1) +p Zob,,_,,_lzo( f) )bp_pa,,erJrl
- p=

(9.1) s f log"~ 1tlog”(l—t)%

where [8, No. 8.321]

1 & N 1 ¢ m
aG==% Z—:l(—l) s(m)ay_,, bk=z Z=1(_1) §(m)bipm»

are the coefficients in the power series for 1/T'(1+x) and I'(1 +x) respectively, and
where a,=by,=1 and {(1)=y by definition. In order to derive this expression, the

well-known relation [8, No. 9.122 1]
rl-a)I'(1+8)

92) 2P B B+ 131) = e

is essential.

9.2. The integrals ¢, ,=(—1)"S, ,(—1). The problem of evaluating

-1)""' dt

(9.3) o"’p=ﬁ;!—fo log” 1tlog”(H—t)T
seems to be far more difficult. This difficulty is related to the apparent nonexistence of
a relation for , Fj(a,8; 8+1; —1) similar to (9.2). Nielsen claimed that he had suc-
ceeded in representing o, , by {(q) if n+p is odd, but, as we shall see, his proof is
erroneous. Those relatlons between o, , and s, , which can be deduced from relations
given in the previous sections are of such a spec1al nature that it is not easy to see how
they could be used, for example, to derive an expression for ¢, , in terms of {(k). On
the contrary, it seems likely that, in the general case, no such relations exist. (Barlow [4]
states, without giving a reference, that “S, (-1), S, ,(3) and S, (1) are easily
evaluated analytically from equation [(2.1)]”.)

Nielsen did, however, find a closed formula for the case p=2, n odd, which seems
to be the most general result known for o, ,. He proved the following

THEOREM 2. Let {(k) be the Riemann Zzeta function for integer argumnent. Then for
nx>0

(94) 02n+1,2 202n )'f 1082"t10g2(1+t)£iti
=5[1—(2n+1)(1—2_2"_2)]§(2n+3)
+ ¥ (1-271)2))8@n=2j+3).

Jj=1

The sum is zero if n=0.
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Proof. Nielsen’s proof, which is full of misprints, starts from the inversion formula
(5.12) for z=1 and p=2. After applying Lemma (4.1a), he obtains an expression for
C,,-1.,- He then takes the real part and compares his result with the power series
expansion of both sides of the relation

T CSCTX =7 COLt X COSTX + 7 Sin7X.
Theorem 1 allows us to shorten this proof. From (5.9), we have

1
°2n—1,2='2‘ [C2n—1,2_ (2n - 1)02n+1]~
Hence, for n=1, using (7.1) and (2.22),
1 1 1
°1,2=5(C1,2"°3)=5(53‘°3)=§§(3)-

For n>2, we obtain, using (7.2),

1 n—1 j 172f
(9.5) az,,_l'2=5{2j}=jo(—1) (—21.—)!s2,,_2,-_1,2

—-(2n-1) Z( 1) (2 )'Sln 21— (2n— 1)°2n+1}

Jj=0
With the help of [13], [20],

1 m
(9.6) Sm,z=§{(m+1)sm+z“ Z SkSm—k+2 | (m=2)
: k=2
$1,2=53,

(9.5) can be written as

a2
Orp—1,2= Z (- mszn—uu

2j 2n—-25-1
Z (-1 )1(2 Y X sks2n—2j—k+1+s2n+1_(2n_1)02n+1>'
j=0 k=2
Noting the symmetry in the double sum, and reordering, gives
1 n—1 i1 2
02n-1,277 ng (-1 W Z( 1) (Zk)'SZJ 2%

XS2p-2j41F 82501~ (20— 1)°2n+1}~

Referring to (7.2), we see that the expression in square brackets equals C,;_; ; =20, ,,
hence

n—1

1
. n-1, = Jjo2n-2j n n n+11i>
(9.7) 0, 12"2025'2 2,+1+_2'[32 1~ (@2n-1)o, 1]
j=1

and Theorem 2 follows on replacing n by n+1 and using (2.22).
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Formula (9.4) shows that o,,,, , can be expressed by a homogeneous polynomial
of degree 2n+3 in {(q) (2= g=<2n+3), with rational coefficients. In contrast to the
expressions for s, , and C, ,, however, all coefficients of terms which contain more
than two factors vamsh A short table of o,,, ; , is given in Table 2

TABLE 2
Let

= L 2 dt
111_02n+l.2—'2(2n)!.l(; IOg [lOg (1+t) t
Then
1
’0=§§(3)
1 29
I =—§(2>§<3>—§5c(5)
251

=—§(2>:<5)+ HONOR 128«7)

1529
§(2)§(7)+32§(3)§(6)+ HONOE 512 -5 50
127 8183
—§(2)§(9)+128§(3)§(8)+ §(4)§(7)+32§(5)§(6) 2048§(11)
== 127 40949
§(2)§(11)+512§(3)§(10)+ §(4)§(9)+128§(5)§(8)+ §(6)§(7) 3192 $13)

For a discussion of Nielsen’s work on o, , for other values of n and p, it is
perhaps useful to quote his monograph [20, pp. 199-202, translated from the German)].
He starts with formula (2.22) for o, and continues that

a similar result is not available for the more general numbers o, , - - -, if p>1. On the contrary, it
seems that these numbers cannot, in general, be expressed in closed form by the numbers s,. In
any case, I have found such an expression only when n+p is odd.

After having proved Theorem 2, he continues

On the values o, ,, we still have to prove that, for n> 2,

+
G L G A L Y (") 50 gerpmeer
q=0
For this purpose, we set x=1 in (%) and obtain
P
n+p—q-1
(NZ) sn.p= E ( 1;__;] )oq+l.n+p—q—l’

q=0
which easily gives formula (N1) by induction. Setting n=2 and p=2n—1 in (N1) yields
2n-3

(N3) %n-1,2% (2”2“'1)61 2wt Z ( 1) (q+2) Sg+3,2n—g-2-
q=0
Therefore, because of [(9.4)] and (N1), we can deduce the following theorem:
For n+p odd, the value o, , is a homogeneous polynomial of degree n+p in 55,53, *, 8,1,
with rational coefficients, provided s, is of degree .
In order to find the numbers g, , also for n+p even, one needs only to express the numbers
G, 2,-1 by s,, in which I did not succeed.

A numerical check for small n and p shows, however, that (N2) cannot be correct
as it stands. In addition, formula (N2), which represents, for given n+p, a system of
n+p—1 linear equations in the n+p—1 unknowns ¢, ,, is not symmetric with respect

2 There is an obvious misprint in the equation number referenced.
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to n and p, as it should be according to (2.21). Further, for n=1 it contains a quantity
0,4 ,.0 Which is undefined. However, it is easy to see the origin of (N2) in spite of the
misprint in the equation number referenced. It lies in Nielsen’s incorrect equation
corresponding to (6.6), which gives, for a=0, b=1, z=1, the relation (N2) as a special
case.

A correct relation between s, , and o, , is given by the following

THEOREM 3. The numbers s, ,=S, (1) and o, ,=(—1)*S, ,(—1) are linearly re-
lated through

n+p j 1 2 n+p—j—1

(98) = Z ( ) n+p—j+ Z O ntp—j*

2 =1 n—1

Proof. From (5.1), we obtam for z

=1

Z=3
1) log"*72
\2) 5T Thip

and from (6.2) for z=1, using (2.21),
1 1)\ _ _|(n+p-1 n+p—1\|log"*?2
L"'”(2)+L"'"(2)_23”"’ [( n—1 )+( p-1 )](n+p)!

Lo (n+p—j-1 S (ntp—j—1
R 2
Theorem 3 follows by comparison.

Note that (9.8) is symmetric in n and p. This relation for s, , was given in [12]
without proof. Note also that setting z=1 in formula (6.7), derived from the correct
equation (6.6) merely yields an equation equivalent to equation (9.8), as can be seen
from elementary properties of binomial coefficients.

It seems puzzling that Nielsen should have published such an obviously incorrect
equation as (N2), when the correct relation follows easily from his relations for L, p(z).3
However, by introducing (N1) into (N2) and performing some manipulations with
binomial coefficients, it can be shown that (N1) is indeed the solution of the linear
system (N2) for o, ,. This suggests that the more special formula (N3) for o, ,, is also
incorrect, a fact which is easily verified by a numerical check using small values of n,
after correcting an obvious misprint in (N3).

By comparing (N2) and (9.8), we see that Nielsen was misled by the (wrong)
triangular structure of (N2), which enabled him to solve his system in closed form. On
the other hand, the correct system (9.8) does not allow a solution o, , in terms of s, ,
(and therefore of {(q)). For n+ p >4, the system (9.8) consists of [(n+ p)/2] equations
with either n+p—2 (n+p even) or n+p—3 (n+p odd) unknowns, so that for
n+p=6 there are more unknowns than equations. The cases n+p=4 and n+p=>5,
where one has as many equations as unknowns, namely two, result in a vanishing
determinant, yielding the single equations

4
T 20t 02,=3585) 50,

The cases n+p =2 and n+p=3 are trivial.

(9.9) 20, 3t+0, ,=

3 One could imagine that Nielsen, or somebody else at the time might have recognized this error later.
However, a search through the volumes of Nova Acta Leopoldina and Oversigt Danske Vidensk. Selsk. Forh.
up to 1918 shows no published erratum or remark relating to Nielsen’s paper. As far as the author knows, no
collected papers of Nielsen exist (cf. the list of known collected papers in Struik [22, p. 196]).
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When examining other relations of §§5 and 6, one realizes that there seems to be
an inherent difficulty in getting relations which could be used to compute o, , in terms
of s, . This is true in particular for the (singular) system (5.9) of linear equations for
the unknowns o, ,- Therefore, it seems likely that, not only are Nielsen’s relations (N1)
and (N3) incorrect, but that no such relation exists. An unsuccessful computer search
through relations of the form

|ol,4l}=ﬂ§(2);(3)+§—jg(s),

|°2,3| P2

with integers p; in the range —50<p;<50,1<p,<50,0<p;<50, 1 <p, <50 supports
this conclusion.

9.3. The integrals a, ,=S, ,(}). The problem of evaluating

_(_1)”+P ' n—1 P _l dt
(9.10) a""’——_—(n—l)!p' f log” 'tlog (1 2t)t

apparently faces obstacles similar to those found for the evaluation of ¢, ,; in particu-
lar, because no closed expression seems to be known for ,F;(a,8;8+1;3). A result
which can easily be obtained from formulae treated in the previous sections is the
following

THEOREM 4. For n>1 and p2 1, the numbers a, , can be expressed in terms of o, ,
and log2, through the relation

log’2 n+p—j—k—1 2log"tP2
(911) a,,= IZ( 1)/ == g El( -1 Opmep—j—kt (—1) (ng+p)!'

Proof. From (6.2) with z=1 and (2.16) with z= 4 it follows that

n—1 i
log/2 1 n+p—1)
=L, =5 - log"+P?2
i§0 J! Gn=jop=5n.p (n+p)!( n—1 8
« (n+p—k—1
_kgl( n—1 )Uk,n+p—k-

Applying Lemma (4.1a) and using (5.11) yields

n—1 Naod P i
—1)’log’2 nt+p—j—k-1
(912) an,p= E .(—‘—_)_‘_g_—{ n—j,p E ( P : )ok,n+p—j—k}

/0 J! n—j—1
»log"*
+H=1) (n +p)'
Replacing s, _; , by (9.8) gives Theorem 4.

As a special case, we obtain for p=1,

n—2 Ji
1)’log’2 nlog"2
R N ()
Jj=0
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In particular, for n=2,

oo 1\dt 1., 7> 1
(9.14) az———fo log(l—zt) t Flog?2=T=~>log?2,

which is a well-known formula due to Euler (attributed to Landen by Lewin [17, p. 6]);
and for n=3,

1 1 \dt 7 a? 1, 4
(9.15) a3—f0 logtlog(l—it)7—§§(3)—1210g2+€log 2

For n=4, we have, using (9.9),

7 1
(9.16) a,= 90 24log §§(3)log2—24log2 0y 3-

The appearance of the quantity o, ;, for which no closed formula seem to be known,
makes it impossible to compute

L 2 _1)\a
a,= 2](; log tlog(l 2t) ;
from (9.13).
From the power series (2.5) we have
00
(9.17) Z
’J
Therefore
<1 7?1
(9.18) a,=Y, —=—=—=>log?2
2 e 242 12 2
- 1 7
(9.19) a; =y, —==¢(3 )— log2+ log>2
j=1 2%5° 8 6

and, trivially, a,=1, a;=log2. Formula (9.19) had been found by Legendre.

It seems puzzling that (9.17) should exist in closed form only for n=0,1,2,3.
Knowing a, for example would allow us to obtain, from (9.16) and (9.9), expressions
for o, ; and o, ,. This in turn, together with a knowledge of as, would make possible a
computation of ¢, , and o, ; from (9.12), (9.4) and (9.9). Levine et al. [15] and
Gastmans and Troost [7] therefore consider a, and a5 as “new” constants. This makes
it possible to express more kinds of logarithmic integrals in “closed” form.

Another special case is n=1. Here we find from (9.11) that

(=D’ p( 1 )dt _logr*12
(9.20) a,,= flog =5t T =G
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Note that Nielsen’s remark [20, p. 203] that a, ,, can be expressed in terms of log2 and

$(q) 2=q<2p+1), is probably incorrect, being a consequence of the incorrect for-
mula (N3).

From (2.7), (9.4) and (9.20), one finds

©  (-1)/s®
al,z____z ( ) Jj+2 1

jmo (J+2)(j+2) 2/*2

<1 ( 1 1 )
=Y —|1+z+ - +—
j§2 2]12 2 -1_1

or

Uioo2(1=L )9 _Leay_ 103
(9.21) j(; log (1 2t) o= 4§(3) 3 108°2.
Nielsen also gave two relations between a, , and a, ; . From (5.1) and (2.16), we
obtain for z =3,

n—1 12 1
(9.22) ay =S,i1— 2 IOg.—a _jH—n—log”“Z.

With the help of Lemma (4.1a) and a well-known relation for the binomial coefficients,
(9.22) can be inverted to give

"=2 (-1)"log/2 n log"2
(9.23) an=j§0—JT!—'—(S,,_j—a1,n—j—l)—(_1) (n——l)! .
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