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Abstract

This thesis presents a systematic study of the differences between analytic soft gluon
resummation at next-to-leading logarithmic accuracy and parton shower algorithms.
First, the necessary formalisms are briefly reviewed. A Markovian Monte-Carlo algo-
rithm for resummation of additive three-jet observables in electron-positron annihilation
to hadrons is constructed and tuned to exactly reproduce the analytic calculation in
the CAESAR formalism. The correctness is verified by comparison to analytic results
and by explicit investigation of the infrared limit. Three observables, thrust, a BKS
observable and a fractional energy correlation, are considered as specific examples.
Approximations intrinsic to resummation are then removed, in order to obtain a tradi-
tional, momentum and probability conserving parton shower. The impact of each of
the different approximations is studied, and an overall comparison is made between
parton shower and pure resummation of leading and next-to-leading logarithms. Finally,
differences in comparison to modern parton shower algorithms formulated in terms of
color dipoles are analysed.
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Zusammenfassung

Diese Arbeit stellt eine systematische Studie der Unterschiede zwischen der analytischen
resummation von weichen Gluonen auf nächst führender logarithmischer Genauigkeit
und Parton-Shower Algorithmen vor.
Zunächst werden die benötigten Formalismen behandelt. Ein Markovscher Monte-Carlo
Algorithmus zur Resummation von additiven drei-Jet Observablen in Elektron-Positron
Annihilation zu Hadronen wird konstruiert und angepasst, um genau das analytische
resultat des CAESAR-Formalismus zu reproduzieren. Die Korrektheit wird durch di-
rekten Vergleich mit analytischen Ergebnissen und durch explizite Untersuchung des
infraroten Limes verifiziert. Drei Observable, Thrust, eine BKS-Observable und eine
Teil-Energie-Korrelation, werden als konkrete Beispiele betrachtet.
Der Resummation intrinsische Näherungen werden anschließend entfernt, um letztend-
lich einen traditionellen, impuls- und wahrscheinlichkeitserhaltenden Parton-Shower
zu erhalten. Der Einfluss der jeweiligen Näherungen wird untersucht, und ein Gesamt-
vergleich zwischen Parton-Shower und reiner Resummation von führenden und nächst
führenden Logarithmen wird angestellt. Abschließend werden Unterschiede im Vergleich
mit modernen Parton-Shower Algorithmen analysiert, die mithilfe von Farbdipolen
formuliert werden.
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1 Introduction

The field of particle physics has seen a rapid progress over the last half century, with a
series of experiments, pushing the frontier in accessible energies and amount of data.
The experimental developments have been accompanied by huge theoretical efforts to
describe the encountered phenomena at ever higher precision.

At the present time, the large hadron collider (LHC) collects increasing amounts
of data at unpreceded rates [2], and future projects of hadron- [3] and lepton- [4, 5]
colliders are in various stages of planning [6]. This necessitates theoretical predictions
with increasing precision, as well as further insights into precision that can be expected
from existing calculations and the numerical size of neglected contributions.

Measurements of Standard Model (SM) processes as well as searches for new physics
are significantly influenced by backgrounds from quantum chromodynamics (QCD).
Predictions that experiments routinely compare their results to are made from huge
simulation programs, as for example presented in [7, 8, 9, 10, 11, 12], for a review see
[13]. They take into account a large number of effects, starting from a fixed order
calculation of cross sections that needs to be integrated over some fiducial phase space,
usually done by Monte Carlo methods, to non-perturbative effects such as hadronisa-
tion of partons into hadrons, multiple parton interactions in hadron collisions and soft
interactions between beam remnants.

Of particular interest are events where large hierarchies between the typical (energy-)
scales of important physical effects result in huge corrections to tree level results, see also
Section 2.2. These contributions must be resummed to all orders in perturbation theory
to reliably predict observable quantities. In the simulation programmes mentioned
above, resummation is performed by Markov-Chain Monte Carlo algorithms called par-
ton showers [14]. Resummed predictions are also done in analytic calculations, usually
with higher formal accuracy than is achieved in parton showers. Nevertheless, parton
showers are quite successful in describing data available from a range of experiments
[15]. This work investigates differences between typical parton showers and analytic
calculations at an equivalent level of accuracy.

Resummation was first performed for energy-energy correlations in e+e− collisions [16,
17, 18], transverse momentum dependent cross sections in Drell-Yan events [19, 20, 21]
and e+e− hadronic event shapes [22]. Several observables in hadron collisions have
also been resummed analytically [23]. Such calculations have been extended to very
high precision and used, for example, to extract the strong coupling from experimental
data in e+e− annihilation to hadrons [24, 25]. Effective field theory methods [26, 27]
also contribute to rapid progress in this field. General semi-analytic approaches to
the problem have been constructed [28, 29, 30, 31, 32, 33, 34] and automated [35]
based on direct QCD resummation. They depend only on universal coefficients and
are applicable to different processes and a large class of observables.
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1 Introduction

While parton shower results and analytic resummed calculations are not identical,
they achieve the same formal accuracy in simple cases like the annihilation of e+e−

to jets. A question of interest in this context is how much of the agreement between
parton shower predictions and experimental results can be attributed to additional
effects taken into account by showers.

In particular, parton showers are constructed as to implement exact four momentum
conservation. While this often involves contributions of higher logarithmic order, or
even power suppressed terms (see Section 3.2.1), there is a clear physical motivation
to include them. On the other hand and more general, it would be desirable to have
a better understanding of the actual numerical differences that can be attributed to
formally subleading terms, in particular in the light of open theoretical and phenomeno-
logical questions and developments, such as discrimination of quark and gluon jets [36]
or work towards showers reaching higher logarithmic accuracy [37].

The aim of this work is to study the (subleading) differences between the two ap-
proaches in the simplest setup of additive three-jet observables in e+e− annihilations,
using the semi-analytic CAESAR formalism [33] as an explicit framework for the analytic
resummation. A parton shower is constructed that reproduces the pure next-to-leading
logarithmic (NLL, see Section 3.2 for a definition) result in this formalism. Effects
beyond NLL accuracy are then included step by step. They broadly correspond to
probability conserving (unitarity) effects on one side and momentum conserving effects
on the other side. This will eventually recover a standard parton shower based on the
DGLAP evolution equations (see Sections 2.6 and 3.1.1).

Modern parton showers are often not formulated in this picture, but rather implement
radiation from colour dipoles, as for example in [38, 39, 40], see Section 3.1.2 for details.
The standard DGLAP shower constructed here will be compared to an implementation
of such a dipole shower based on [14], in order to establish to what extent the result
apply for general and more modern parton showers.

Although the effects are only investigated in the simplest setup, it might be argued
that many of the results hold for more general approaches. In particular, the effects
discussed here will remain if more complicated color structures of the Born config-
uration are present as this amounts to a multiplicative factor on the distributions
shown later. This is for example found in dijet production in hadron-hadron collisions
Parton showers would typically only implement the leading color behaviour,1 although

1The leading color approximation here means that terms that are suppressed by factors of 1/N2
c ,

with Nc the number of colours in the theory, are neglected. For the physical case of Nc = 3, this
means an accuracy at the level of 10% can be expected. The Casimir factors belonging to the
representation of particles are however calculated with the physical case Nc = 3, see Section 2.2.
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1 Introduction

extensions to include subleading terms have been published [41, 42].

Higher order resummed calculations, in analytic and numeric approaches, will elimi-
nate part of the effects presented here, which are manifestations of these ambiguities.
However, the differences associated with power suppressed corrections, which in the
shower are determined by momentum conservation constraints, will remain even if arbi-
trary higher logarithmic orders are taken into account. In that sense, the results should
be taken as systematic uncertainties of the resummation, but also of any approach
which leaves out these corrections.

13
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2.1 QCD as part of the Standard Model

This section collects some general results from perturbation theory of QCD which are
needed in the following, for completeness and to set up some notation. First, the theory
will be put into context by describing its place in the standard model.

In the subsequent sections, key results relevant for the study presented here will
be reviewed and discussed. While the concept of confinement (Section 2.3) is mostly
relevant for the discussion and understanding of the applicability of the result, the
infrared limit of scattering amplitudes (Section 2.4) is the starting point for resummed
calculations, and knowledge of the running of the strong coupling constant (Section
2.2) is crucial to achieve the NLL accuracy discussed here. The concept of (recursive)
infrared and collinear safety (Section 2.5) will determine the set of observables to which
the formalisms discussed here are applicable. A discussion of the DGLAP equations
(Section 2.6) will provide the context for parton shower algorithms. The effects discussed
in these sections are standard results of perturbative QCD, and presentations similar
to the one given here can be found in many textbooks, see for example [15, 43, 44, 45, 46]

This will introduce most of the formulas needed later, and provide some background
for the discussion of the results. The formalisms of parton showers and resummation
implemented here, however, are discussed in more detail in the next chapter dedicated
to them, as the use of these frameworks is central to the main result of this study.

2.1 Quantum chromodynamics as part of the
Standard Model

The Standard Model of particle physics is a local quantum field theory, and successfully
describes all experiments conducted so far regarding the fundamental components of
matter.1 Except for gravitational observations and the matter-antimatter asymmetry
[49], it is believed to describe, at least in principle, all phenomenons observed so far in
the universe, although further theoretical arguments may hint to possible extensions [50].

The Standard Model can broadly be separated into an electroweak part, and the
theory of QCD. In the low energy regime, QCD is believed to be a confining theory,
see Section 2.3, meaning that the fundamental degrees of freedom here are hadrons
like protons and neutrons which form most of the matter surrounding us. Electroweak
symmetry breaking [51, 52, 53] results in large masses of the W and Z bosons that
mediate weak interactions. Thus in the low energy regime electroweak forces are best
described by quantum electrodynamics, the theory of photons and electrically charged

1There are some anomalies observed in precision observables such as the anomalous magnetic moment
of the muon [47] and decays of B mesons [48]. Separately, they are however not statistically
significant by the usual standard and it is unclear whether they hint to new physics or will be
resolved by future measurements.
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2 Theory of the strong interaction

particles left over after symmetry breaking, and higher order contact interactions
between fermions that stir their weak decay. By that they are important also for the
decay of hadrons that would be stable in pure QCD.

At higher energies, above the mass of the Higgs boson discovered at the LHC [54, 55],
weak and electrodynamic forces are unified to the above mentioned electroweak inter-
action. It is described by a SU(2)× U(1) gauge theory [56, 57, 58].

The degrees of freedom relevant for QCD at these energies are the fermionic quarks
which interact via vector mediators called gluons. The essential features are captured in
the empirical parton model [59, 60], that describes hadrons as being composed of par-
tons, later to be identified as quarks and gluons, but ignoring much of the microscopic
details. While this view is justified in some approximations, fundamentally quarks and
gluons are described by operators in the fundamental and adjoint representation of the
QCD gauge group SU(3).

The fact that quarks and gluons rather than hadrons are the fundamental degrees of
freedom at high energies should be understood in the sense that observables can be
calculated in a theory of free quarks and gluons, convoluted with functions that describe
their relation to hadrons. Formally, this view is justified by factorization theorems for
some processes, such as deep inelastic scattering of a lepton off a proton, the Drell-Yan
process, inclusive identified hadron production in lepton collisions and heavy-quark or
jet production in hadron collisions [61], see also Section 2.3. The resulting formulas
are commonly believed to be at least a good approximation also in processes where the
derivation is less rigorous and are taken as a starting point for theory calculations.

In this work, the annihilation of electron-positron pairs into jets is considered, which
is at leading order described by the parton level process e+e− → qq̄. Corrections
due to hadronization are commonly described by phenomenological models in Monte
Carlo programs e.g. [62, 63, 64, 65], or by analytic approaches, as for example
[66, 67, 68, 69, 70, 71].

Quark masses, except for the top quark, are so low that they can be treated as mass-
less at the energies at which modern experiments, like ATLAS and CMS at the LHC
but also lepton colliders like LEP are conducted. Gluons are exactly massless as far as
perturbation theory is concerned. This means that parton energies can approach zero.
Additionally, matrix elements exhibit singularities when angular distances between
partons become arbitrarily small. The limit where this happens is called the infrared
limit, and particular attention has to be paid to it, as it leads to divergences in naive
higher order calculations.

These divergences are not physical, however. The Kinoshita-Lee-Nauenberg (KLN)
theorem [72, 73], an extension of the Bloch-Nordsieck theorem [74] to the full Standard

16



2.2 The running coupling constant

Model, guarantees that they cancel between virtual corrections for n-parton matrix
elements and real corrections leading to n+ 1-parton matrix elements. However, the
remainder can be large, as will be seen in Section 2.4, necessitating the resummation
of these contributions, which is the main focus of this work.

2.2 The running coupling constant

QCD is a renormalisable theory. However, as usual, there is no unique renormalisation
scheme that dictates the precise procedure how divergences are regularised and absorbed
into counterterms. The choice of a renormalisation scheme involves the introduction
of an artificial mass scale µ on which results, obtained at finite order in perturbation
theory, depend. Yet, physical results have to be independent of this choice. That leads
to renormalization group equations relating results obtained with different choices of µ.
As these equations relate terms in different orders in perturbation theory to each other,
a suitable choice of renormalization scale generally improves the reliability of the lower
order prediction by minimising higher order contributions.

Typically, the preferred choice of renormalization scale is µ2 ≈ Q2 where Q2 is the
typical mass scale of the process in question, for example the center of mass energy for
hadron production in lepton collisions, the transverse momentum of a jet, or the mass
(or a related observable) of a produced heavy resonance. This happens because higher
orders are typically associated with logarithms of the form lnµ2/Q2, which are avoided
or minimised by the above choice. If more than one scale is relevant for a process, for
example the production of a heavy resonance of massM associated with the production
of a jet with transverse momentum kT, not all logarithms can be eliminated.

The logarithms can become very large, e.g. at the LHC jets are measured with
transverse momenta as low as kT ∼ 20 GeV [75], at a center of mass energy of up
to 7− 13 TeV and a partonic center of mass energy typically still of several hundred
GeV. The resulting logarithms appear at every order and are large enough to spoil
the convergence2 of the perturbative series. It is in this case necessary to resum these
logarithms, i.e. to take into account the logarithmic enhanced terms of all orders.

The dependence of higher orders on µ2 can be expressed as a dependence of parameters
of the theory, like masses (which are ignored here) or the strong coupling constant
αs = g2

s/2π on this scale. Different renormalization schemes lead to different results,
though of course to equivalent predictions for physical observables. For the purpose of
this work the renormalization scheme will be the so called MS scheme3 [78], which is

2Convergence should here be understood in the usual sense in perturbation theory, i.e. as a rapid
decrease of higher order corrections, such that a stable prediction is possible from the first few
terms of the asymptotic series [76].

3Further physical effects can formally be absorbed into the running of the strong coupling. This will
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2 Theory of the strong interaction

commonly used in higher order Standard Model calculations. In this scheme, the value
of the strong coupling constant is determined by the differential equation:

∂αs
∂ lnµ2

= −β0α
2
s − β1α

3
s +O(α4

s) . (2.1)

where β0 and β1 can be obtained from the terms divergent in the limit of high momenta
(ultraviolet limit, UV) in a suitably regularised higher order calculation, such that a
(partial) one-loop calculation is necessary for β0, while β1 only appears at two-loop
accuracy. One obtains [79, 80]:

β0 =
11CA − 2nf

12π
, β1 =

17C2
A − 5CAnf − 3CFnf

24π2
. (2.2)

The factors CA and CF that appear here are the casimirs of the SU(Nc) gauge group
of the theory, often and later also in this work referred to as color factors. The group
theory result for these is:

CA = Nc = 3, CF =
N2
c − 1

2Nc

=
4

3
(2.3)

where the numerical values hold for the physical case in QCD of Nc = 3. Note that
the normalisation of the colour operators has already been chosen to TR = 1/2 as
is conventional. The coefficients also depend on the number of active quark flavours
nf . This number should be chosen to take into account all quarks with masses in a
range where they constitute a dynamical degree of freedom at the energy scale of interest.

While formulas will be kept general as far as possible, for the purpose of this work it
is assumed that there are five nearly massless quarks, while the top quark with a mass
of mt ≈ 173 GeV [81] is much heavier than the energy scales considered here. Thus
the number of active quark flavours can always be fixed to nf = 5. It should however
be kept in mind, that for observables at low energies, there are not only corrections
from hadronisation to be expected, but also effects of the finite masses of bottom and
charm quarks, which are well in the range where perturbative results would hold in the
massless theory at mb ≈ 4.18 GeV and mc ≈ 1.28 GeV [81].

To one loop, meaning without the term proportional to β1, Equation (2.1) can be
solved to give a relation between the values of αs at two different scales µ and µ′:

α1L
s (µ′2) = αs(µ

2)
1

1 + β0αs(µ2) lnµ′2/µ2
. (2.4)

This solution is singular at µ′ = Λmassless
1L = µe−1/2αsβ0 , which is known as Landau pole

and marks the ultimate breakdown of any perturbative approach. However, already in

lead to the Catani-Marchesini-Webber [77] scheme in Section 3.2.1. This can however be viewed
as another NLL term, and the main features of the running are captured by the MS scheme.
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2.3 Confinement and asymptotic freedom

the regime where αs becomes large, e.g. αs/2π ≈ 1, it is expected that hadronization
corrections dominate any phenomenologically relevant result. The two loop equation
can not be solved in closed form, however a convenient approximate solution, that is
precise enough for all purposes and is used in the following, is of the form

αs(µ
′) = α1L

s (µ′) + α2L
s (µ′) (2.5)

where the one loop part α1L
s (µ′2) is as given above, and the two loop part is again

proportional to the one loop part,

α2L
s (µ′2) = α2

s(µ
2)
β1

β0

ln (1 + β0αs(µ
2) lnµ′2/µ2)

(1 + β0αs(µ2) lnµ′2/µ2)2 . (2.6)

It can be seen now explicitly that the second term in Equation (2.5) is of higher order
in αs(µ2). Thus, in the resummation it will correspond to a NLL correction. Terms
of even higher order are not needed for the logarithmic accuracy discussed here. The
value of αs is typically quoted at an energy scale corresponding to the pole mass of the
Z boson MZ ≈ 91.2 GeV. For the purpose of this work, it will be set4 to

αs
(
(91.2 GeV)2

)
= 0.118 . (2.7)

As detailed before, in the main part of this study, the effect of finite quark masses
above the Landau pole will be neglected. They have accordingly be ignored so far in
the discussion. The difference between running at one loop and two-loop running as
well as calculations including the heavy quark masses are illustrated in Figure 2.1.

The masses of heavy quarks are here taken into account, for the purpose of generating
Figure 2.1, by considering the theory with nF = 5 active flavours above the bottom
mass of mb = 4.18 GeV, then nF = 4 for mc < µ < mb and nF = 3 below the charm
mass of mc = 1.28 GeV. Figure 2.1 also highlights the position of µ = 500 MeV which
will later be used as a cutoff in the shower variants where this is necessary. It can be
seen that in the completely massless theories the Landau pole is at significantly lower
values, as αs grows much faster for low µ2. Correspondingly, the value of Λ here is
somewhat lower than what is typically given in the literature [15] as to be used for
phenomenology, where Λ ≈ 100− 400 MeV is usually quoted.

2.3 Confinement and asymptotic freedom

As seen in the previous section, the strong coupling constant, as defined in perturbation
theory, formally diverges at small energies. This corresponds to a breakdown of the

4The parameters of the Z mass are known with extreme high precision from LEP measurements [82].
Also the value of the strong coupling is known with good precision form different measurements,
for example at Hera [83] and LEP [84, 85, 24] as well as from theoretical inputs, e.g. in [86],
which can be averaged for best precision [81]. However, for the purpose of this work, which is to
quantify systematic differences between the two resummation approaches, it suffices to work with
αs(Q

2) = 0.118, which corresponds to Q2 ≈M2
Z although this has limited meaning in pure QCD.
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2 Theory of the strong interaction
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Figure 2.1: Value of the strong coupling constant αs at different energy scales µ, with
αs ((91.2 GeV)2) = 0.118. Shown is the running using one and two loop
calculations, and calculations including the masses of bottom and charm
quarks. The dotted lines mark the position of the Landau pole that is found
at one loop in the massless calculation and the point where µ = 500 MeV
that is used later as a cutoff.

perturbative approach used to calculate the running. It is generally believed, supported
by evidence from numerical results in lattice QCD [87, 88, 89], that QCD is a confining
theory. Loosely speaking, this means that the particles accessible in experiments are not
the quarks and gluons, but rather hadrons, which can in some sense can be understood
as bound states of quarks and gluons.

On the other side, in the limit of very high energies, Q ' 1 GeV, the strong coupling
constant becomes small, and eventually approaches zero in the limit of infinite energies.
This behaviour is opposite to that for example found in quantum electrodynamics, and
is due to the signs of the β-coefficients in Equation (2.1), as was noticed in [79, 80].
The smallness of αs in the regime of high energies justifies the perturbative approach
to calculate scattering amplitudes in this region. Formally, this is done by the virtue of
so called factorisation theorems, which take the form

dσhadron

ds
=

∫
dx1 dx2 f(x1)f(x2)

dσparton

dŝ
δ(ŝ− x1x2s) . (2.8)

That is, the hadronic cross section can be written as the convolution of a partonic cross
section convolved with distribution functions f1 and f2.

20



2.4 Infrared limit of scattering amplitudes

In the case of hadron-hadron collision, for example the Drell-Yan process pp→ Z
or the production of the Higgs boson at the LHC by gluon fusion, f1,2 describes the
internal structure of the incoming protons, or more generally hadrons. At leading order,
they can be interpreted as giving the probability distribution to find a quark of some
flavour or a gluon in the proton, hence f is called parton distribution function. Similar
equations hold for the identified production of hadrons in lepton collisions, where the
leading order interpretation is the probability for a parton to fragment into some kind
of hadron. Accordingly the functions are called fragmentation functions.

2.4 Infrared limit of scattering amplitudes

As already mentioned earlier, the resummation of infrared logarithms handled here is
concerned with large contributions from collinear limits of matrix elements. In this
limit, the n-parton matrix elements |M(1, . . . , n)|2 factorises in the following way, with
i and j denoting the partons becoming collinear

dΦn+1 |Mn+1(1, .., i, .., j, .., n)|2 ≈ dΦn |Mn(1, .., ij, .., n)|2

× dk2
T

k2
T

dz
dφ

2π

αs
2π
Pij i(z) .

(2.9)

In this context, dΦn is the n-particle phase space element, and Pij i(z) is the Altarelli-
Parisi splitting kernel associated with the branching of an intermediate parton ij into
partons i and j. The splitting is characterised by the transverse momentum kT relative
to the emitting particle and the light cone momentum fraction z in direction of the
emitter. The splitting kernels depend on the flavour of the partons involved. For the
main part of this study, the only relevant splitting kernel will be the quark-to-quark
transition:

Pqq(z) = CF

[
2

1− z − (1 + z)

]
. (2.10)

All splitting kernels discussed in this work will be averaged over the polarisations of
the particles. The other possibilities are the quark-to-gluon transition, which is related
to the above by z → 1− z,

Pqg(z) = CF

[
2

z
− 2 + z

]
(2.11)

and the gluon-to-gluon and gluon-to-quark transitions

Pgg = CA

[
z

1− z +
1− z
z

+ z(1− z)

]
(2.12)

Pgq = TR
[
z2 + (1− z)2

]
. (2.13)
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2 Theory of the strong interaction

It should be noted that the gluon-to-gluon kernel is symmetric under z → 1 − z,
which can be used to map the singularity at z → 0 to the one at z → 1 if integrated
over a range symmetric to z = 1/2. In this work, the integration range is not symmetric
but extended to z = 0. A more careful analysis [90], applicable also to higher orders,
reveals that the above treatment still gives the correct leading result. Treating the
g → gg splitting function is this way reproduces the correct NLL result in the CAESAR
formalism. It can also be seen that Pgq does not exhibit any soft singularities associated
with z → 1 or z → 0, indicating that it is only present at the level of NLL computations
as an addition to the gluon anomalous dimension.

The singularities arising when z → 1 correspond to the emission of a soft particle.
The terms later arising from these contributions ∝ 1/(1− z) are hence referred to as
soft terms, while the remainder, which is proportional to 1 + z in the q → qg case, is
called collinear term.

2.5 Infrared safety and consistent definition of
observables

There are certain conditions observables suitable to be considered here have to meet.
This is on one side to ensure basic consistency in their definition as observables in
perturbative QCD, in particular that they should be rigorously defined for parton as
well as for hadron final states as functions of the four momenta involved, V ({p}, {k}).
It is already anticipated in the argument of V that later momenta will be classified as
either hard momenta p or soft momenta k. There are further limitations resulting from
applicability conditions of the CAESAR formalism. In any case, the work here will be
limited to rather simple observables, in order to avoid issues related to many coloured
legs at Born level.

To ensure that an observable can be calculated in QCD perturbation theory, it is
required to be infrared-collinear safe (IRC safe, sometimes in the following referred to
as infrared safe), to ensure that it is not very sensitive to the details of physics at low
energy scales. This means that is should not change if

• an arbitrary soft four momentum ksoft is removed.

• two collinear momenta k1 and k2 are combined into k = k1 + k2.

Here, for a four momentum to be soft should be understood to mean that for some
reference momentum p,

ksoft = λp, λ→ 0, (2.14)
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2.5 Infrared safety and consistent definition of observables

whereas ki and kj are called collinear if, recalling that all four-momenta are assumed
to be massless,

ki · kj → 0 . (2.15)

Many observables have been constructed specifically to be infrared safe. A particular
class are jet algorithms, that cluster objects in a final state into objects called jets in
an infrared safe way. By that, they can be run over hadronic final states, which are
experimental accessible, and partonic final states, that are (relatively) easy to calculate
from perturbation theory. Assuming local parton-hadron duality [91], observables
calculated from these objects, can then be compared to hadronic final states measured
in experiments, at least approximately.

In the CAESAR formalism, resummation is carried out for (n + 1)-jet observables,
meaning that that the observable vanishes in the presence of only n particles and
behaves in the presence of n hard four momenta and one soft momentum k as a
function of only the soft momentum. In this work, the situation considered will always
correspond to n = 2, and the soft momentum can be parametrised, following the
notation of [33] as

k = z1p1 + z2p2 + kT, kT = 2p1 · p2z1z2 (2.16)

With the rapidity with respect to the emitting qq̄ dipole η = 1/2 ln z1/z2, suitable
observables approach zero in the limit where the emitted gluon becomes soft or collinear
to the hard particle l as5 [33]

V ({p}, k) = V (k) =

(
kT,l
Q

)a
e−blηl . (2.17)

In general, there can be a normalisation factor dl. For all observables chosen here,
it will be dl = 1. If more than two coloured legs are present at the Born level, there
can be a factor gl(Φ) depending on the azimuthal angle Φ. In the here considered
case of only two hard legs, however, the dependence with respect to all legs must
be equal, bl = b and dl = d, and one can use η = ηl, kT,l = kT to simplify the
notation, as rapidity and transverse momentum with respect to both legs are equal
up to a sign. Also, even in the general case the power of the transverse momentum a
has to be the same for all legs in the CAESAR formalism, which is already made explicit.

The requirement of recursive infrared collinear safety demands, in contrast to the
conditions of usual IRC safety that the behaviour of the observable in the soft limit

5This is a further requirement on the observable. It holds however for the observables considered
here, and even for a much larger class of observables, see [92].
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2 Theory of the strong interaction

should not change if further soft particles are added or removed, i.e. when all four
momenta ki involved are soft and/or collinear to one of the hard momenta pi, then
the addition of further soft and collinear momenta must not change the observable
significantly.

The last requirement is not respected by many popular jet algorithms [33]. For this
reason, the so called Durham jet algorithm is the only algorithm that is commonly used
in experiments at lepton colliders and is at the same time accessible to study in the
CAESAR formalism, for example by studying the jet resolution scales y23 corresponding
to the scale at which a third jet is resolved. This does however not represent an
additive observable, i.e. one that is expressible as the sum over individual soft gluon
contributions in the soft limit, to which this study is restricted. It will thus not be
further considered.

Definition of observables

The analysis carried out here will focus on three examples of two-jet observables in
e+e− annihilation. The definitions are given and discussed below. The coefficients
necessary in Equation (2.17) are summarised in Table 2.1. It is well known that these
observables fulfil the requirements discussed in the previous section. This and the
coefficients in Table 2.1 can be tested and obtained, even for many more observables in
more complicated configurations, in an automated fashion in the CAESAR framework.
The result for commonly used observables have been made public in [92].

The thrust observable 1 − T was resummed in [93]. It is defined in terms of final
state three-momenta qi by [94],

T = max
~n

∑
i |~qi~n|∑
i |~qi|

. (2.18)

The unit vector resulting from the maximisation is called thrust axis ~nT. The re-
summation is carried out for the observable 1− T , as this is approaching zero in the
two-jet limit. It is a commonly studied observable, at lepton colliders, for example
[95, 96, 97, 98].

The BKS observable, a measure of energy flow between jets, was defined, and a
resummed calculation provided, in [99, 100] as

BKSx =

∑
iEi| sin θi|x(1− | cos θi|)1−x∑

i |~qi|
. (2.19)

Here the θi are the angles of the momenta with respect to the thrust axis. In the results
shown later, the case x = 1/2 is considered.
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2.6 The DGLAP equations

Observable a b V (k)

Thrust 1 1
k2T/Q

2

1−z

BKS1/2 1 1/2
√

kT/Q
1−z

FC1 1 0 kT/Q

Table 2.1: Coefficients in Equation (2.17) to parameterise the observables considered
in this work in the soft limit. See also [33, 92]. The last line shows the
parametrisation in terms of the transverse momentum with respect to the
emitting dipole kT and the light cone momentum fraction in direction of the
emitter, z.

The fractional energy correlation is similar the the BKS observables, however the
range of allowed x values can smoothly be extended up to and beyond x = 1. It is
defined as [33]

FCx =
∑
i 6=j

EiEj| sin θij|x(1− | cos θij|)1−x

(
∑

iEi)
2

Θ
(
(~qi~nT )(~qj~nT )

)
, (2.20)

where ~nT is the thrust axis. The case studied here is x = 1. For this choice, it turns
out that b = 0 and a = 1, see Table 2.1. Therefore it scales like k2

T in the infrared limit.
As this is the evolution variable used in many modern parton showers employed in
full simulations for experiments [38, 39, 101], the relation between this observable in
the shower and in the analytic calculation is thus particularly simple, reflected by the
simple form of the evolution variable chosen later, see section 3.1.1. The same would
be true for the three jet resolution scale in the Durham algorithm that would scale as
k2

T itself. This is however not discussed here, as explained above.

2.6 The DGLAP equations

The parton distribution functions and the fragmentation functions in Section 2.3
represent an in principle unphysical separation of effects into a perturbative and a
non-perturbative part. In analogy to the renormalization, this leads to an artificial
mass scale where the functions are initially fixed at.

Since physical results can not depend on this mass scale, or more generally on the
details how the perturbative-non-perturbative separation is performed, this leads to
equations analogous to the renormalization group equations that lead to the running
coupling in equation 2.1. They are the so called Dokshitzer-Gribov-Lipatov-Altarelli-
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2 Theory of the strong interaction

Parisi (DGLAP) equations [102, 103, 104, 105],

∂fi(x, t)

∂ ln t
=
∑
j

∫ 1

x

dz

z

αs
2π

[Pji (z)]+ fj(x/z, t) . (2.21)

The DGLAP equations as presented here are valid for fragmentation functions fi. In
principle they depend on the type of hadron, which is however omitted in the notation
as no explicit form of the fragmentation functions is needed. For parton distribution
functions, there would be a replacement P̂ji → P̂ij. This corresponds to the physical
interpretation of the DGLAP equations, the change of the fragmentation functions
happens due to the emission of a collinear parton.

For the case of Pqq, the function appearing is really a pure plus distribution as
denoted in (3.1), for other splitting functions, only part of the function, or none at all,
needs to be regularised in this way. The plus distribution can be defined

[P (z)]+ = lim
ε→0

[
P (z)Θ(1− z − ε)− δ(1− z − ε)

∫ 1−ε

0

dxP (x)

]
, (2.22)

which ensures that the integral
∫ 1

0
dz [P (z)]+ f(z) is finite for any test function f(z).

In particular, it has the property that
∫ 1

0
dz [P (z)]+ = 0. It can be interpreted as the

real emission probability plus an endpoint subtraction that corresponds to the virtual
contribution cancelling the unresolved real emissions and thus rendering the divergent
function finite.

Writing the DGLAP equations out using this, for small but finite ε, one arrives at

∂fi(x, t)

∂ ln t
=
∑
j

∫ 1−ε

x

dz

z

αs
2π
Pji(z)fj(x/z, t)− fj(x, t)

∫ 1−ε

0

dz
αs
2π
Pji(z) (2.23)

Here the strict ε→ 0 limit is ignored for a moment, keeping in mind that the z integral
will not be extended up to 1 later to ensure momentum conservation in the shower,
and that the precise limits are to some extent ambiguous at NLL.
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logarithms



3.1 Parton showers

As discussed in the previous section, radiative corrections in QCD perturbation theory
must be resummed to all orders to give a sensible description of observables, suitable for
comparison to experimental results. There are several approaches, including effective
field theory methods, semi-analytic approaches and numerical implementations in so
the here discussed parton shower Monte Carlo algorithms.

In this chapter, the principle of parton showers will be described. Further, the ana-
lytic CAESAR formalism, introduced in [33], will be reviewed with the parton shower
prescription as a starting point. As the main part of this work is concerned only with the
rather simple setup of two jet observables in the e+e− → qq̄ process, this semi-analytic
approach will only be developed as far as necessary for this. For the shower, first a
simplified version will be presented, which is sufficient to reproduce the pure NLL result.

Differences to other, more contemporary parton showers, will be outlined and the
algorithm used for the comparison to them in Section 5.2 will be introduced. Following,
a common framework useful to analyse the differences between the analytical and
numerical approaches will be setup, casting the simple parton shower and the CAESAR
formalism into a similar language.

3.1 Parton showers

The formalism necessary for parton showers will be presented in this section, mostly in
a simplified setup. In particular it will be restricted to emissions of gluons from quark
lines. This is sufficient to achieve NLL accuracy in the simple two-jet observables in
e+e− → qq̄, as will be argued in Section 3.2. The same algorithm is in principle capable
of reproducing resummed results starting from a colour singlet gluon-gluon final state,
with trivial modifications.1 The formulas needed for the general case will be give in
Section 3.1.2 for completeness, together with details on the more recently developed
showers, to which the final result of the full shower developed here is compared.

3.1.1 Simplified shower

Final state parton showers solve the DGLAP equation, as it was introduced in Section
2.6. For the case considered in this section, where only one type of splitting is considered,
it reads:

∂fi(x, t)

∂ ln t
=

∫ 1

x

dz

z

αs
2π

[Pji (z)]+ fj(x/z, t) . (3.1)

1At the level of NLL calculations of three-jet observables considered here, the only difference are the
Casimirs, i.e. one has to replace CF → CA, and the anomalous dimension. This is influenced by
gluon to quark-antiquark splittings. Technically, this can however be taken into account by an
extra contribution to the collinear terms, without explicitly generating g → qq̄ splittings.
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3 Resummation of large infrared logarithms

where fi are again the fragmentation functions introduced earlier. To improve the
logarithmic accuracy, it can be argued that the strong coupling constant should actually
be evaluated at a scale of µ = kt [106]. This will be done in the following, i.e. αs
should be read as αs(k2

T) with kT suitably expressed through the evolution variable t
and the light cone momentum fraction z.

Formally, two solutions at different scales t and t′ can then be related by the integral
equation

f(x, t′) = Π(t′, t)f(x, t) +

∫ t

t′

dt′′

t′′
Π(t′′, t′)

∫
dz

z

αs
2π
P (z)f(x/z, t′′) (3.2)

where Π is the so called Sudakov form factor [107]

Π(t′, t) = e−R(t,t′) , (3.3)

with the single emission probability between two scales and its logarithmic derivative

R(t′, t) =

∫ t

t′

dt̄

t̄
R′(t̄) where R′(t) =

∫ zmax(t)

zmin(t)

dz
αs
2π
P (z) . (3.4)

It is made explicit here that there is some freedom to choose the integration bounds,
zmin and zmax and that they will generally depend on t. It will be seen in the later
Section 3.2.1 on resummation, that they are only partially determined by NLL require-
ments. In a conventional shower algorithm, they are further restricted by the physical
requirement of momentum conservation, that dictates they should be chosen as to
guarantee z(1− z) > k2

T/Q
2, see Section 3.1.2. Feasibility, for example the requirement

not to work with negative weights, will lead to further changes using the ambiguity at
NLL level.

Equation (3.2) is written in a form that has a convenient physical interpretation,
which is exploited in parton shower Monte Carlos. It can be stated as follows:

• The first term describes the possibility that there are no emissions between the
scales t and t′, in which case the distribution remains unchanged.

• The second term integrates over possible additional emissions between the two
scales, with a last emission at scale t′′. The dependence of f on t′′ in this second
term recursively takes arbitrary many emissions between scales t and t′′ into
account.

Thus, the Sudakov form factor Π(t′, t) is interpreted as the no-emission probability
between the two scales. A parton shower algorithm implements this by determining
the next scale t′ starting from a given scale t, according to the distribution

P(t′, t) =
dΠ(t′, t)

d ln t′
. (3.5)
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and iterating this until a cutoff scale tc is reached. In a typical implementation, tc is
chosen to mark the transition between the perturbative and non-perturbative regime,
e.g αs(t)/2π ≈ 1.

To simplify the computations, in particular in the direct comparison with resummed
calculations for specific observables, the shower will be ordered in the variable

ξ = k2
T (1− z)−

2b
a+b . (3.6)

This corresponds, up to a power, to the value of V (k) in Equation (2.17). That can
be verified by inserting the definition of η in terms of z in the parametrisation given
in Section 2.5. The values of a and b are then chosen according to the observable
that should be resummed in the shower. For the observables studied in this work, the
parameters were given in Table 2.1.

In the semi-analytic CAESAR framework, which will be used for the comparison later,
resummed calculations are performed in terms of the cumulative cross section for an
observable,

Σ (v) :=
1

σ

∫ v

dv̄
dσ

dv̄
, (3.7)

i.e. the normalised differential cross section integrated up to a value v of the observable
considered. In the parton shower formalism, this is just

ΣPS(v) =
∞∑
m=0

m∏
i=0

1

m!

∫
dξi
ξi
P(ξi, ξi+1)Θ(v − V (ξ1, . . . , ξm)) . (3.8)

Here, m counts the numbers of emissions in a particular event, and is summed over all
possible numbers including no emission. The integral is then over the possible values of
individual scales at which emissions occur. The integrand accordingly that corresponds
to the probability for this emission with no intermediate emissions, or zero if the value
of the observable calculated from an event with those emissions would be larger than v.

Inserting Equation (3.5) and using (3.3), this parton shower result can explicitly be
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written as

ΣPS (v) =
∞∑
m=0

(
m∏
i=1

∫ ξi−1

ξc

dξi
ξi
R′PS(ξi) e

−RPS(ξi−1,ξi)

)
e−RPS(ξm,ξc)

×Θ

(
v −

m∑
j=1

V (ξj)

)∣∣∣∣
ξ0=Q2

= e−RPS(Q2,ξc)

∞∑
m=0

1

m!

(
m∏
i=1

∫ Q2

ξc

dξi
ξi
R′PS(ξi)

)

×Θ

(
v −

m∑
j=1

ξ
(a+b)/2
j

)
.

(3.9)

To arrive at this result, the approximately additive property of the observables con-
sidered here has been used, as well as the particular parametrisation of the observable
in terms of ξ. It should be kept in mind that both are only valid in the soft limit, while
Equation (3.8) holds with more generality.

At the single emission level, during the calculation of R, care has to be taken to
avoid double counting of the contributions arising in the soft limit [108]. The soft limit
is present in the splitting kernels by the terms proportional to 1/(1 − z), which are
enhanced in the limit z → 1. In the corresponding limit of matrix elements, and thus
physical cross sections, there is however no distinction between soft limits with respect
to different particles. Integrating the soft term over the full available phase space for
each hard leg would thus lead to double counting of these contributions.

A standard way to deal with this problem, that is also chosen in the CAESAR
formalism which is used in the comparison later, is to restrict the phase space to allow
only forward emissions, i.e. with η > 0, from each leg. This leads to the expression

RPS(v) = 2

∫ Q2

Q2v
2
a+b

dξ

ξ

∫ zmax

zmin

dz
αs
(
ξ(1− z)

2b
a+b

)
2π

CF

[
2

1− z − (1 + z)

]
×Θ

(
ln

(1− z)
2a
a+b

ξ/Q2

) (3.10)

for the probability of an emission at ξ > Q2v2/(a+b) in the parton shower. It is in princi-
ple not necessary to restrict the integral of the collinear term. However, this would lead
to a negative splitting kernel in the region where only the collinear part would contribute.
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3.1 Parton showers

Hence this violates the probability conserving interpretation of a unitary parton shower.

It is well known how to deal with this situation in principle [109, 110, 111], and the
method to do so will be reviewed for this particular situation in Section 4.1. From
the point of view of numerical efficiency, it is however often favourable to avoid the
corresponding negative weights. Most traditional parton showers do not have this
option implemented. For this reason, the default DGLAP based shower used here will
apply the restriction for the soft and collinear term, as shown in Equation (3.10). From
a formal point of view this corresponds to a correction that is suppressed by a power
of v and therefore is not relevant for logarithmic resummation.

3.1.2 Full shower

Conventional parton showers, as used in full fledged Monte Carlo simulations, include
more effects than discussed in the previous section even for the simple born process
of e+e− → qq̄ considered here [13]. Further, modern parton showers often rely on a
different treatment of the soft double counting problem described above, which is to
factor the soft eikonal. Both will be described here briefly for completeness and as they
are used in the analysis in Section 5.2.

Full DGLAP Showers

Away from the strict soft limit, emissions will cause a recoil on the hard legs present
at born level. Monte Carlo simulations take this into account by generating the four
momenta after an emission according to a particular prescription, in the following
called recoil scheme. The prescription used later is the one given in [112]. This is, for
a parton ij with momentum p̃ij splitting into partons i and j with respective momenta
pi and pj , with a spectator absorbing the recoil k and changing its momentum from p̃k
to pk, the new momenta are assigned as follows:

pi = zp̃ij + (1− z)yp̃k + k⊥ , (3.11)
pj = (1− z)p̃ij + zyp̃k − k⊥ , (3.12)
pk = (1− y)p̃k . (3.13)

Here k⊥ is a four momentum with k2
⊥ = k2

T, the transverse momentum that that is
given in the parton shower in terms of the evolution variable and z.

The requirement that all momenta are on-shell, p2
i = 0 = p2

j , leads to a relation
between z, y and k2

T:
k2

T = z(1− z)yQ2 (3.14)
with Q2 the invariant mass of the emitting qq̄ dipole formed from emitter and spectator,
Q2 = 2p̃ij · p̃k.
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3 Resummation of large infrared logarithms

In the parton shower, k2
T and therefore y can directly be calculated from the evolution

variable and z. It should however be noted, that there can be choices of evolution
variables that are equivalent in the strict soft-collinear limit but differ away from it,
leading to different definitions of the y and z variables above in terms of the shower
variables. There are however different ways how to define the evolution variable away
from the soft-collinear limit. This leads for example to the different definitions of kT in
the transverse momentum ordered showers compared in Section 5.1.3.

In order to ensure momentum conservation in the p̃k direction, it must be required
that 0 < y < 1. As can be seen from Equation (3.13), some particles of the final state
would develop negative energies during the emission process. Thus, for momentum
conservation to be satisfied, it must thus be required that

z(1− z) > k2
T/Q

2 (3.15)

with Q2 = 2p̃ij · p̃k. The parton shower then generates further emissions from the full
state including the newly generated particle.

This also implies that they will necessarily include more than one kind of splittings,
in particular of the form g → gg and g → qq̄. The corresponding splitting kernels
Pgg and Pgq are give in Equations (2.12) and (2.13). The exponent encountered in
the Sudakov factor contains a sum over the available splittings in this case and will
accordingly change after each emission to account for the changed overall state.

Modern dipole showers

As an alternative treatment of soft double counting is to replace the soft term in the
splitting functions by a partial fraction of the soft eikonal matched to the collinear
limit [112]. The modification leads to modified splitting kernels,

Pqq̄ = CF

[
2

1− z(1− y)
− (1 + z)

]
(3.16)

Pgg = 2CA

[
1

1− z(1− y)
+

1

1− (1− z)(1− y)
− 2 + z(1− z)

]
(3.17)

Pgq = TR
[
z2 + (1− z)2

]
. (3.18)

The equations given here hold for pure final state evolution, i.e. with no coloured
particles in the initial state, with massless particles. This effectively regularises the
divergences encountered at z → 1. In that way, the z-integral can be performed over
the whole range 0 < z < 1. At least in principle, as the constraint 0 < y < 1 leads to
the relation between z and kT in Equation (3.15), which limits the available z range. It
should also be noted that the splitting functions explicitly depend on y, which is defined
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3.2 Resummation in the CAESAR formalism

in terms of the four-momentum of the particle absorbing the recoil. This spectator
is manifestly part of the formalism, where emissions are pictured as coming from the
dipole formed from emitter and spectator rather than from individual partons.

3.2 Resummation in the CAESAR formalism

The CAESAR formalism [33] is a particular framework to carry out NLL resummed
calculations for specific observables in a semi automated fashion. Suitable observables
have to fulfil the properties discussed in Section 2.5. In particular they

• are infrared safe, to ensure that they are well defined in the context of perturbation
theory. Further, they have to be recursive infrared safe for the CAESAR formalism
to be applicable.

• approach zero smoothly in the n-jet limit, where here always the n = 2 case is
assumed. The observable is then called an (n+ 1)-jet observable.

• are global, i.e. they have the same scaling behaviour everywhere in phase space
as they approach zero.

• can be parametrised when approaching zero as Equation (2.17). If more compli-
cated observables, in particular with n > 2 are considered, the formalism might
in principle still apply, then with a more general form of Equation (2.17).

The result obtained for Σ(v) in this framework is analogous to Equation (3.9) derived in
the shower formalism. Parton showers achieve NLL accuracy in the here used examples
with trivial color structure. Thus, the only problem remaining is to eliminate subleading
contributions, to obtain a leading logarithmic result plus a single logarithmic term.

To formalise the order at which the calculation is performed, it is anticipated that
the result will be of the form

ln Σ(v) = Lg1(αsL) + g2(αsL), where L = − ln v (3.19)

where g1 and g2 are both power series in αsL of the form
∑

n α
n
sL

n. The terms in
g1, which are further enhanced by the additional factor of L in the limit v → 0, are
then referred to as leading logarithmic (LL) terms, while the ones in g2 are the single
logarithmic terms which enter at the level of NLL computations.2

It is convenient here to write results as functions of L = − ln v rather than v, as is
done in equation (3.19), as one is interested in the resummation of terms ∝ ln v in

2A different counting would be obtained by expanding the exponential in Equation (3.19) and then
count the powers of L in this series. This is an alternative definition of logarithmic accuracy, that
is not used here but elsewhere in the literature and should be distinguished from the counting that
is adopted in accordance with the CAESAR formalism.
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3 Resummation of large infrared logarithms

the limit v → 0. A contribution that would be ∝ v = e−L will vanish in the limit of
interest, and can formally always be ignored as far as the analytic resummation of
collinear logarithms is concerned.

It should be noted that Equation (3.9) was derived in the simplified version of the
shower, in particular in a shower where only emissions from the hard legs present at
born level are taken into account. This is correct for recursive infrared observables, as
emissions from soft gluons can only contribute inclusive. This can be formally absorbed
into the running coupling by redefining it in the Catani-Marchesini-Webber (CMW)
scheme [77],

αCMW(k2
T) = αMS(k2

T) + α2
MS

(k2
T)K . (3.20)

In principle there are additional terms proportional to ln kT/µ, with µ being the energy
scale at which the strong coupling is calculated. These are absent here as the formula
is shown explicit with the choice of µ = kT used in the resummation and in the shower.
The precise form of the coefficient K also depends on the renormalization scheme, in
the MS scheme used here it is given by

K =

(
67

18
− π2

6

)
CA −

10

9
TRnf (3.21)

with CA, nf and TR as defined in Section 2.2.

To eliminate terms in Equation (3.9) that are even further suppressed than the single
logarithmic contributions, one might first consider the exponential e−R(ξc), where here
and in the following, the first argument of R will always be Q2 and hence be suppressed
to ease notation. It is then possible to expand R around v, recalling that all relevant
dependencies are logarithmic,

R(ξc) ≈ RNLL(v) := R(v) +R′(v)(ln v − (a+ b) ln
√
ξc/Q2)

= R(v)−R′(v) ln ε, ε =
(
ξc/Q

2
)(a+b)/2

/v
(3.22)

The dimensionless argument of R should here be understood as being in units of Q2

and meaning the lowest value of the observable allowed, see also Equation (3.24) and
the following. Equation 3.9 is than at NLL level of the form

ΣNLL = e−R(v)F(v) , (3.23)

where F is just the remaining exponential times the sum over multiple splittings, in
the limit ε→ 0:

Fε(v) = eR
′(v) ln ε

∞∑
m=0

1

m!

(
m∏
i=0

∫
ε

dvi
vi
R′(vi)

)
Θ

(
v −

m∑
j=1

vj

)
,

F(v) = lim
ε→0
Fε(v)

(3.24)
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3.2 Resummation in the CAESAR formalism

The Jacobian of the necessary transformation has in this case be absorbed into the
corresponding change of the derivative of R as R′(vi) = ∂R/∂ ln vi. The particular
form of Σ is key to the CAESAR formalism. The next sections will discuss the analytic
computation of RNLL and the treatment of F , with the elimination of subleading
contributions as well as the analytic and numeric computation.

3.2.1 Single emission level

The only factor relevant to the cumulative cross section Σ at the level of single emissions
is the precise form of RNLL, as the only contribution comes from the no-emission
probability at a scale larger than v:

Σ single
emission

(v) = e−RNLL(v) . (3.25)

This already contains all LL terms and additional NLL terms. The single emission
integral, in the notation adopted earlier, looks as follows:

R(v) = 2

∫ Q2

Q2v
2
a+b

dξ

ξ

∫ 1

0

dz
αs
(
ξ(1− z)

2b
a+b

)
2π

CF

[
2

1− z

]

×Θ

(
ln

(1− z)
2a
a+b

ξ/Q2

)

− 2

∫ Q2

Q2v
2
a+b

dk2
T

k2
T

αs(k
2
T)

2π

∫ 1

0

dz(1 + z) .

(3.26)

The Theta function is again used to remove soft double counting, by the method of
phase space sectioning as described previously. It has been made explicit that it is
actually only necessary for the soft term ∝ 1/(1− z).

The collinear term ∝ (1 + z) is more conveniently analysed by changing the integra-
tion variable back from ξ to k2

T, as the allied range is limited as shown in Equation
(3.26) to large values of the transverse momentum k2

T. Continuing the integral to lower
values of k2

T would introduce additional terms of higher logarithmic accuracy that are
eliminated in the CAESAR formalism.

The precise z-integration limits of the collinear term can be modified in logarithmic
resummation, as adding a power of kT/Q for example will only result in a power
correction to Σ(v) of the form ecnv

n with some power n. It can be ignored at any
logarithmic accuracy since it vanishes in the limit of small v. Thus, the integration
might be carried out over the full range here, leading to the quark anomalous dimension

2Bl = −
∫ 1

0

dz(1 + z) = −3

2
. (3.27)
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3 Resummation of large infrared logarithms

The two loop running terms α2L
s , see Equation (2.6), as well as the terms ∝ K in the

CMW scheme are quadratic in αs. They therefore correspond to NLL corrections when
multiplied to the double logarithmic soft terms, and would introduce even higher order
terms when being multiplied to the collinear term, which is single logarithmic by itself.
They are hence not included in the analytic result for the collinear term.

The single emission integral can now be written as a term capturing the double
logarithmic and some of the single logarithmic contributions, plus the anomalous
dimension times a single logarithmic term,3

RNLL(v) = 2CF (r (L) +BlT (L)) . (3.28)

Here T (L) is the remaining integral over αs, which is only needed at one loop accuracy
as discussed above

T (L) =

∫ Q2

Q2v2

dk2
T

k2
T

αs(k
2
T)

π
= − 1

πβ0

ln(1− 2λ) , (3.29)

with λ = β0αsL being a convenient parameter to introduce, as almost all relevant
dependencies on L are of this form. The function r(L) can be split into a double and a
single logarithmic term,

r(L) = Lr1(L) + r2(L) (3.30)

where r1 is the LL part,4 again expressed through λ defined above,

r1(L) =
1

L

∫ Q2

Q2v
2
a+b

dξ

ξ

∫ 1

0

dz
α1L
s

(
ξ(1− z)

2b
a+b

)
2π

CF

[
2

1− z

]

×Θ

(
ln

(1− z)
2a
a+b

ξ/Q2

)

=
1

2πβ0λb

[
(a− 2λ) ln

(
1− 2λ

a

)

−(a+ b− 2λ) ln

(
1− 2λ

a+ b

)]
.

(3.31)

The functional form of the LL contribution is made explicit by writing it as a power
series r1 in αsL which is multiplied by another factor of L as in Equation (3.30).

3The notation here mimics that of reference [33]. The equations are however adapted to the simplified
setup of two jet observables with d = g(Φ) = 1 in the center of mass frame with Q chosen to be
the center of mass energy. They would have to be generalised to capture the full case.

4To carry out the actual integration, it is more convenient to change the integration variable back to
k2T and perform the analysis of reference [33].
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3.2 Resummation in the CAESAR formalism

The NLL piece r2 is calculated from the same integral but corresponds to the terms
including α2

s terms,

r2(L) =

∫ Q2

Q2v
2
a+b

dξ

ξ

∫ 1

0

dz
α2L
s

(
ξ(1− z)

2b
a+b

)
2π

CF

[
2

1− z

]
×Θ

(
ln

(1− z)
2a
a+b

ξ/Q2

)

+

∫ Q2

Q2v
2
a+b

dξ

ξ

∫ 1

0

dz K

(
α1L
s

(
ξ(1− z)

2b
a+b

)
2π

)2

CF

[
2

1− z

]

×Θ

(
ln

(1− z)
2a
a+b

ξ/Q2

)

=
1

b

[
β1

2πβ3
0

(
a

2
ln2

(
1− 2λ

a

)
− a+ b

2
ln2

(
1− 2λ

a+ b

)

+ a ln

(
1− 2λ

a

)
− (a+ b) ln

(
1− 2λ

a+ b

))
K

(2πβ0)2

(
(a+ b) ln

(
1− 2λ

a+ b

)
− a ln

(
1− 2λ

a

))]
.

(3.32)

For the case of b = 0, like the fractional energy correlation with x = 1 discussed here,
the corresponding limit has to be taken. It can be verified that it always exists and is
finite.

The Landau pole in the evolution of the strong coupling is visible in the expressions
for r1 and r2 as the logarithmic branch cut. For example for an observable that scales
like (a power of) the transverse momentum, v ∼ kT, in the soft-collinear limit, the first
one would be at λ = β0αs ln kt/Q = 1/2 corresponding to the pole at kT = Qe−1/2αsβ0

found in Section 2.2.

The above discussion also shows that the logarithmic derivative of R will be at most
single logarithmic. As T and r2 are already single logarithmic themselves, all that is
left is

R′(v) = 2CF r
′(L), r′(L) = ∂LLr1(L) (3.33)
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3 Resummation of large infrared logarithms

This can conveniently be expressed through T as

r′(L) =
1

b

[
T

(
L

a

)
− T

(
L

a+ b

)]

→ 2

a2

1

πβ0

λ

1− 2λ/a
as b→ 0

(3.34)

3.2.2 Multiple emissions

As argued in reference [33], for the purpose of calculating the F -function, the difference
between αs ln vi and αs ln v is subleading. Hence, in equation (3.24) one might replace
R′(vi)→ R′(v) under the integral,

FNLL
ε (v) = eR

′(v) ln ε

∞∑
m=0

R′m(v)

m!

m∏
i=0

∫ 1

ε

dζi
ζi

Θ(1−
∑
j

ζj), (3.35)

where the dimensionless integration variables ζivi/v have been introduced. Writing the
Theta-function explicit as an integral representation,

FNLL
ε (v) =

∫
dν

2πiν
eνeR

′(v) ln ε

∞∑
m=0

R′m(v)

m!

m∏
i=0

∫ 1

ε

dζi
ζi
e−νζi

=

∫
dν

2πiν
e
ν+R′(v)

∫ 1
ε
dζi
ζi

(e−νζi−1)

(3.36)

At NLL accuracy, one might further replace the exponential factor by a phase-space
boundary (e−νζi − 1)→ −Θ (ζi − e−γE/ν) under the integral in the exponent [20, 113,
114]. Here γE is the Euler-Mascheroni constant. The remaining integral can be solved
to give

FNLL(v) =
e−γER

′(v)

Γ [1 +R′ (v)]
. (3.37)

This result holds for all additive observables that can be resummed in the CAESAR for-
malism, even if more coloured legs are present at born level, with suitable adjustments
to R′ like summing over the additional legs with in general different contributions. At
NLL accuracy, the unphysical dependence on ε has cancelled. If the integral is not
performed analytically as shown above but numerically starting from Equation (3.35),
a residual dependence on ε will remain.

Fortunately, the series converges rather fast for moderate ε & 0.1, such that this
dependence can be determined from the first few terms in order to confirm the correct
behaviour of the numerical result as ε approaches zero. The convergence is shown
in Figure 3.1 at the example of the thrust observable 1− T , cf Equation (2.18). For
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Figure 3.1: Convergence of the F function for the thrust observable 1− T , calculated
from the first mmax terms of the sum in Equation (3.35), for different values
of ε. Shown are the cases ε = 0.1 (a), ε = 0.05 (b) and ε = 0.01 (c)
calculated from the first and the first 5, 10 and 15 terms. For the ε = 0.1
case, only the first 10 terms can contribute.

relatively large ε = 0.1, of course only the first 10 terms can contribute in principle. It
can however be seen that the series converges much faster, and already the 5th term is
numerically not very relevant.

Only for ε = 0.01, a significant dependence change is observed from including the
10th term, although also this is at the level of few percent. In Section 4.3, it will be
seen that for ε ≈ 0.001, the shower can be compared to the analytic result oft ε→ 0
in Equation (3.37). In this case, terms with many emissions, up to ∼ 20, become
increasingly relevant. In this case, it becomes to cumbersome to calculate the residual
dependence on ε explicitly in a reliable way from summing the first few terms. The
results will thus be directly compared to the full result.

3.3 Parton shower and CAESAR formalism in a
common language

After developing the parton shower formalism and resummation in the CAESAR frame-
work in the previous sections, this section describes repreats the main results in a
common language. the adaptions necessary in the parton shower to resemble the
pure NLL result are highlighted. This establishes the notation necessary to name the
differences analysed in Chapter 5.

41



3 Resummation of large infrared logarithms

It is possible to write the parton shower and the analytic result in a similar notation
as

Σ (v) = exp

{
−
∫
v

dξ

ξ
R′>v(ξ)−

∫ v

vmin

dξ

ξ
R′<v(ξ)

}
×
∞∑
m=0

1

m!

(
m∏
i=1

∫
vmin

dξi
ξi
R′<v(ξi)

)
Θ

(
v −

m∑
j=1

V (ξj)

)
.

(3.38)

with R′<v and R′>v given by the following:

R′≶v(ξ) =
α≶v,soft
s

(
µ2
≶

)
π

∫ zmax
≶v,soft

zmin

dz CF
1

1− z

− α≶v,coll
s

(
µ2
≶v

)
π

∫ zmax
≶v,coll

zmin

dz CF
1 + z

2
.

(3.39)

The parameters to reproduce the analytic and the parton shower result respectively
are given in Table 3.1 and will be explained below.

At one emission level, the only difference is in the exact computation of the single
emission integral R. The parton shower result was given in Equation (3.10) as

RPS(v) = 2

∫ Q2

Q2v
2
a+b

dξ

ξ

∫ zmax

zmin

dz
αs
(
ξ(1− z)

2b
a+b

)
2π

CF

[
2

1− z − (1 + z)

]
×Θ

(
ln

(1− z)
2a
a+b

ξ/Q2

)
,

The values if the z integration bounds are given by the kinematic constraint from
Equation (3.14) discussed earlier.

The analytic result was shown in Section 3.2, Equation (3.22) and read:

RNLL(v) = 2

∫ Q2

Q2v
2
a+b

dξ

ξ

[∫ 1

0

dz
αs
(
ξ(1− z)

2b
a+b

)
2π

2CF
1− zΘ

(
ln

(1− z)
2a
a+b

ξ/Q2

)
−αs(ξ)

π
CFBq

]
.

Comparing the two equations, it is necessary to make the following modifications in a
parton shower in order to reproduce the pure NLL result:

• The z-integration in the soft term runs from 0 to 1 − (ξ/Q2)(a+b)/2a, where
the upper bound stems from the requirement that η > 0 (the Θ-function in
Equation (3.10)), eliminating the double counting of soft-gluon radiation, but
ignoring the other phase space constraints.
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Resummation Parton Shower Figure

zmax
>v,soft 1− (ξ/Q2)

a+b
2a n.a.

µ2
>v,soft ξ(1− z)

2b
a+b n.a.

α>v,soft
s 2-loop CMW n.a.

zmax
>v,coll 1 1− (ξ/Q2)

a+b
2a 5.1

µ2
>v,coll ξ ξ(1− z)

2b
a+b 5.1

α>v,coll
s 1-loop 2-loop CMW 5.4

zmax
<v,soft 1− v 1

a 1− (ξ/Q2)
a+b
2a 5.2

µ2
<v,soft Q2v

2
a+b (1− z)

2b
a+b ξ(1− z)

2b
a+b 5.2

α<v,soft
s 1-loop 2-loop CMW 5.4

zmax
<v,coll 0 1− (ξ/Q2)

a+b
2a 5.5

µ2
<v,coll n.a. ξ(1− z)

2b
a+b 5.5

α<v,coll
s n.a. 2-loop CMW 5.5

Table 3.1: Choices of parameters in Equation (3.38) leading to Equation (3.23) (NLL
resummation) and Equation (3.9) (parton shower). The effects of switching
between the two parametrizations are investigated in the figure referred to
in the last column.

• The collinear term proportional to (1 + z) is integrated from 0 to 1 in order to
produce the collinear anomalous dimension, Bq. At the same time, αs is evaluated
at ξ.

This is reflected in the parameters given in Table 3.1 for R′>v in the resummation case.

The parameters given for for R<v, where effects of multiple emissions are computed
can be verified explicitly to reproduce the F-function of Equation (3.23) as it is
computed in the analytic formalism and was given here in Equation (3.35) when
inserted into Equation (3.38). In particular, the terms of higher logarithmic accuracy
in R′ have to be dropped, and R′ should be calculated at v. This can be satisfied by
the following modifications to the parton shower:

• The z-integration in the soft term runs from 0 to 1 − v1/a. This restricts the
phase space that is available to further emissions, at least in the region of large
z. At small z however, the restriction from momentum conservation is removed
from the shower.
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3 Resummation of large infrared logarithms

• The strong coupling runs at one loop and is evaluated at v2/(a+b)(1− z)2b/(a+b).
This is a subleading effect, as a change of the scales, or a higher loop contribution
as well as terms associated with the CMW prescription would correspond to an
effect of order αs. As the R′(v) function calculated in this range is only single
logarithmic, this corresponds to a NNLL ambiguity.

• The collinear term is dropped. As for the previous point, already the contributions
coming from soft enhanced part of the splitting function are single logarithmic.
One can thus drop the collinear term at NLL accuracy.
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4 Implementation of resummation
as a Markov chain Monte Carlo



4.1 The Sudakov veto algorithm

In this section, details of the implementation used for the comparison will be given.
First, the numerical method of the Sudakov algorithm, adapted to the notation used
here, will be reviewed including modifications of the original version [115], which have
been introduced in the literature to handle negative weights and efficiency issues for
particular problems and which are necessary for the study presented here. In the
section following that, the details of the implementation necessary to resemble pure
NLL results will be given. It will be verified numerically that this is achieved. The
logarithmic accuracy of the shower implementations will be validated.

4.1 The Sudakov veto algorithm

Parton shower Monte Carlos are implementations of the Sudakov veto algorithm. The
general problem is to generate emissions with a no-emission probability,1 ∆(t, t′) = eFt(t

′).
The second argument of ∆ has been moved to a subscript of F , as it is not necessary
for the formalism here where it just labels the state from which the algorithm starts.
In the case of interest here F is given by the integral

Ft(t
′) = −

∫ t

t′
dt̄

∫ zmax(t̄)

zmin(t̄)

dz f(t̄, z) . (4.1)

The algorithm described in this section does not depend on the form of the function to
be exponentiated, which is made explicit by using generic symbols. The integration
over the z variable is shown explicitly, to highlight that it can be computed numerically
within the same formalism, such that no explicit computation of it is necessary in the
algorithm. Of course, the following would also apply to functions of just one variable
with corresponding modifications, or if it is more convenient to analytically perform
the integral, for example if there is no interest in distributions that differential resolve
z and the integral is sufficient simple.

Formally, to determine the next value t′ after t, one just needs to solve the equation

R =
∆(t, tc)

∆(t′, tc)
= eFt(t

′) (4.2)

with a uniform distributed (pseudo-)random number R ∈ [0, 1). Assuming Ft and in
particular its inverse F−1

t (t′) are known analytically, one can immediately solve for the
new point t′,

t′ = F−1
t (t+ lnR) . (4.3)

1While the probabilistic interpretation of the algorithm is convenient as long as f(t, z) is strictly
positive definite, it is not mandatory and one might picture the algorithm described here as
an efficient way to choose the ξi’s needed to numerically compute (a sum of) integrals of the
form in Equation (3.8) with the correct weights. In that sense, a parton shower is a particular
implementation of a Markov chain Monte Carlo technique.
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In simple cases, like the nuclear decay of an ensemble of radioactive nuclei, in which
case

∫
dz f(t, z) = const., these conditions are met and the above steps can be used to

generate for example Poisson distributed values. However often this is not possible, in
particular when the inverse function F−1 is not known or at least too cumbersome to
compute.

It is then often still possible to find an overestimate g(t, z) > f(t, z) and if necessary
overestimates z′min < zmin(t), z′max > zmax(t), such that

Gt(t
′) = −

∫ t

t′
dt̄

∫ z′max

z′min

dz g(t̄, z) . (4.4)

and the inverse function G−1
t (t′) can be computed easily. The new integration limits

z′min and z′max are here commonly referred to as overestimates, meaning that they are
chosen as to overestimate the z integral in Equation (4.1). New values for t′ can now
be proposed according to Equation (4.4), i.e. t′ = G−1

t (t+ lnR). At the same time, the
z integral can be performed numerically by generating a proposed value for z according
to
∫ z′max

z′min
dz g(t′, z), to arrive at a proposed variable pair (t′, z) for the emission. This

amounts to solving the equation

R′
∫ z′max

z′min

dz g(t′, z) =

∫ z

z′min

dz g(t′, z) (4.5)

for z, either analytical or numerical. The random number is calledR′ here to distinguish
it from theR that was used to generate t′, although both are taken uniformly distributed
on the interval [0, 1). The effective weight for an emission so far is given by

dz dt′P no
veto

(t′, z) = dz dt′ g(t′, z)eGt(t
′) . (4.6)

As long as 0 < f(t, z) < g(t, z) holds for all (t, z), that is, the integrand in Equation
(4.1) is positive definite, this can simply be corrected to the original distribution aimed
for by vetoing events with a probability 1− f(t′, z)/g(t′, z) and correspondingly accept
them with probability f(t′, z)/g(t′, z). With that, Equation (4.6) will change to

dz dt′P(t′, z) = dz dt′
f(t′, z)

g(t′, z)︸ ︷︷ ︸
probability

to accept t′,z

g(t′, z)eGtm (t′)︸ ︷︷ ︸
probability

to propose t′,z

× 1

m!

m∏
zi,ti

vetoed

∫
dti dzi

(
1− f(ti, z)

g(ti, z)

)
︸ ︷︷ ︸

probability
to veto ti,zi

× g(ti, zi)e
Gti−1 (ti)︸ ︷︷ ︸

probability
to propose ti,zi

.

(4.7)
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4.1 The Sudakov veto algorithm

The product runs over all points (zi, ti) that are proposed in the first part of the
algorithm but then vetoed, where here t0 denotes the overall starting scale t0 = t, and
there are m proposed emissions before the first splitting is accepted. It is assumed that
the ti’s in the second line are not ordered, which introduces the combinatorial factor
1/m!.

The veto effectively amounts to multiply them by a weight that corresponds to the
probability for the veto. Note that the label for the starting point of Gt(t

′) changes
with i in the second line of Equation (4.7), such that the different factors of eG can be
combined to give eGtm (t′)

∏m
i=0 e

Gti−1(ti) = eGt(t
′). The remaining integral in the second

line will reproduce an additional factor eFt(t′)−Gt(t′), which combined with the previous
factor of eGt(t′) gives the correct no-emission probability. One arrives at the expected

dz dt′P(t′, z) = dz dt′ f(t′, z)eFt(t
′) . (4.8)

While in the above description, the weights f/g and 1−f/g corresponding to acceptance
and veto are included numerically by actually ignoring the corresponding emissions,
they could as well be partially applied analytically by modifying the overall weight of
the event. This is useful if f is not of definite sign, i.e. if it turns negative for some
values of t and z.

The general methods to treat this problem are well known [109, 110, 111]. In the
implementation used in this work, a second overestimate h(t, z) is introduced, that is
positive for all t, z, and can be chosen to be the overestimate that would be used in
the standard algorithm. The overestimate g(t, z) is chosen in a way that ensures that
f/g is always positive, i.e. f(t, z) and g(t, z) always have the same sign. That way, the
veto can still be performed as before, leading to

dz dt′P(t′, z) = dz dt′
f(t′, z)

g(t′, z)
h(t′, z)eHtm (t′)

× 1

m!

m∏
zi,ti

vetoed

∫
dti dzi

(
1− f(ti, z)

g(ti, z)

)
× h(ti, zi)e

Hti−1 (ti) ,

(4.9)

where Ht(t
′) denotes the analogous integral over h as before, see Equation (4.1). The

remaining weight needed to restore Equation (4.7) is given by

ω =
g(t′, z)

h(t′, z)

∏
zi,ti

vetoed

g(ti, zi)

h(ti, zi)

h(ti, zi)− f(ti, zi)

g(ti, zi)− f(ti, zi)
(4.10)

The first term corrects the weight for accepted emissions, the product over the vetoed
emissions leads to the exponentiation of the correct factors. The weights in Equation
(4.10) can now explicitly become negative.
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4 Implementation of resummation as a Markov chain Monte Carlo

4.2 Details of the implementation

The parton shower described in Section 3.1.1 already achieves NLL accuracy in the
simple cases under consideration in this work, it remains however to remove subleading
terms in order to exactly resemble a pure NLL resummation by introducing the changes
detailed in Section 3.3. As seen there, when using the same method to treat the problem
of soft double counting, parton shower and resummation are already very similar at the
level of the first emission. The differences lie in the z integration bounds, in particular
for the collinear term and in the lower bound for the soft term. These differences also
introduce a change in the scale of the running coupling in Equation (3.38). The choice
of integration boundaries in the analytic resummation implies that the splitting function
turns negative in parts of the phase space. The same happens if the collinear term is
not restricted in the same way as the soft term but only by momentum conservation in
the shower.

In the specific implementation used here, splittings are generated according to an
overestimate of the strong coupling and the splitting kernel

αmax
s Pmax (z) = αmax

s CF

[
2

1− zΘ (z′max − z) + γΘ (z − z′max)

]
(4.11)

with an in principle arbitrary constant γ. For practical calculations a value of γ = 2 is
chosen. Note that the values of zmax

soft and zmax
coll are overestimated by a common value in

Pmax, which is made explicit by writing z′max. Splittings are vetoed with a constant
probability 1/C and are associated with a weight

ω =
C αres

s Pres (z)

αmax
s Pmax (z)

×


1 if accepted

αmax
s Pmax (z)− αres

s Pres (z)

(C − 1)αres
s Pres (z)

if rejected
(4.12)

This correction accounts in particular for the negative sign of the integrand, Equa-
tion (4.13), in the region z > zsoft

max. In addition, it is possible to veto emissions violating
the condition

∑
i V (ki) < v, which would contribute with zero weight, to improve

numerical accuracy [110]. The value of C determines how many emissions are proposed,
and thus potentially vetoed. It can again in principle be an arbitrary constant larger
than 1, but is relevant for the speed of convergence. It is chosen as C = 2 in the
implementation used here.

The kernel eventually used for NLL resummation needs to respect that there are
different integration ranges for the z integration in the different regions. It is given by

αres
s Pres = CF

[
αs(µ

2
soft)

2

1− zΘ
(
zmax

soft − z
)
− αs(µ2

coll)(1 + z)Θ (zmax
coll − z)

]
, (4.13)
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4.3 Validation

with zmax and µ2 chosen according to Table 3.1.

For multiple emissions Pres explicitly depends on v. Therefore the procedure used
here is to first choose a value for v and then run the parton shower, implement-
ing the z integration boundaries and the scale of the strong coupling as defined in
Table 3.1. This is a highly inefficient procedure to compute the cumulative cross section.

If probability was conserved, the same distribution could be obtained by running the
parton shower, computing v, filling the histogram in each bin with lower edge larger
than v, and filling the histogram in the bin containing v with weight (vmax − v)/∆v,
where vmax is the upper bin edge and ∆v is the bin width. This will be the method
used to compute the predictions in Figure 5.5 and Sec. ??.

4.3 Validation

The above choices of estimates and weights will finally reproduce the analytic prediction
of the CAESAR formalism from the parton shower. This will be verified in this section,
by comparing the results of parton shower and resummation and by explicitly evaluating
the behaviour of the shower at small values of the observable v where agreement with
the resummation is expected in any case.

At the level of accuracy of interest here, it is sufficient to set the cutoff scale of
the parton shower to some numerically small value in ξ. Exact agreement with the
analytic calculation is expected only if the calculation is performed for a finite ε, and
the parton-shower cutoff ξx is set as defined by ε in Equation (3.22). One can verify
that in this situation the analytic result for finite ε are reproduced, and investigate the
convergence towards the analytic result for ε → 0. The analytic result is computed
here from the first few terms in the sum, as shown in Section 3.2.2. Only for the final
case of ε = 0.001, the shower result is compared to the limiting case of ε→ 0.

Figure 4.1 presents the corresponding comparison for different values of ε in the case
of the thrust observable (a), the BKS observable (b) and the fractional energy correla-
tion (c) [33] that were introduced in Section 2.5 where also the related resummation
coefficients were given. This shows that the algorithm described in this chapter, in
particular with the weights detailed in Section 4.2, is capable of correctly reproducing
the pure NLL results of the CAESAR formalism.

To further confirm the logarithmic correctness of the showers used here, in particular
that of the full DGLAP shower and the more advanced shower used for the analysis
carried out in Section 5.2, one can check that the behaviour of R′PS(v) is correct in the
limit of small v. To be able to investigate that limit, αs will be fixed at αs = 0.118,
as otherwise αs would have to be evaluated at scales way to small for perturbation
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4 Implementation of resummation as a Markov chain Monte Carlo
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Figure 4.1: Thrust variable 1− T (a), BKS observable with x = 1/2 (b) and fractional
energy correlation with x = 1 (c) for different values of the cutoff ε in
Equation (??). The respective analytic results for Fε(v) are used as a
reference in the ratio plots.

theory to be valid in order to observe the convergence to the expected values. This
test is performed for a kT ordered shower, that is with v = k2

T/Q
2. Showers for other

observables are related to this by a simple integral transformation.

The size of RPS(v) can be extracted easily from the shower. The number of emissions
between two scales is just Poisson distributed with parameter R(t, t′), so RPS(v) can be
obtained by computing the average number of emissions in the shower when starting
from Q2 and developing down to the scale corresponding to v. During this procedure,
only emissions from the hard quarks present at born level are allowed in all showers, to
retrieve comparable quantities.

The average number of emissions per bin, 〈n〉, then corresponds approximately to
the value of R′PS(v). In the resummation with fixed αs, one expects a result of the form

π

αS
R′(v) = CF (L+Bq) , (4.14)

which gives a linear dependence in the logarithmic plot in Figure 4.2. In particular, the
slope of the line corresponds to the Casimir factor CF , while the anomalous dimension
can be read off from the intersection with zero. The resummation shower exactly
reproduces this.

The other showers have further contributions from power suppressed corrections ∝ v
to R′, which as expected vanish in the limit of small kT, such that a line with slope
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Figure 4.2: Comparison of analytic and parton-shower predictions for the emission
probabilities in Equations (3.10) and (3.26). The plot shows the average
number of emissions per bin as a proxy observable [110].

CF is approached also for these cases. This establishes that all showers used in this
study correctly reproduce the leading and next to leading logarithmic behaviour, and
all differences discussed here are truly subleading.
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5 Numerical differences between
parton shower and analytic
resummation



5.1 Effects of approximations

This chapter presents the actual comparison of the parton shower and the analytically
resummed calculation. The notation set up in Section 3.3 is used to cast the two
formalisms described in chapters 3.1.1 and 3.2 in a common language. Here, the
numerical effects on Σ(v) of the approximations are investigated in detail. Starting
from the resummation shower that mimics the resummation, part of the additional
effects that are present in the default DGLAP parton shower are turned on. Finally,
the results are compared to the more contemporary dipole parton showers.

While some of the choices in the parton shower are physically motivated, they are
clearly subleading, and there is no clear formal preference for any of the choices. In that
sense, the changes shown here should be taken as systematic uncertainties that still
exist at the NLL level of accuracy, and are in some cases inherent to the resummation
of infrared logarithms.

5.1 Effects of approximations

This section is dedicated to the detailed investigation of the effects of local four-
momentum conservation and approximations made in the NLL calculation compared
to the parton shower, which is the main result of this work. In order to cover differ-
ent choices of the parameters a and b in Equation (2.17), there are again results for
the thrust, a BKS observable (x = 1/2) and a fractional energy correlation (x = 1)
presented here as discussed in Section 2.5 where the corresponding parameters were
shown in Table 2.1 in Section 2.5.

All distributions are shown for Q = 91.2 GeV, and for a strong coupling defined
by αs(Q2) = 0.118 and a fixed number of flavors, nf = 5, as was anticipated in the
previous sections. The results have been cross checked between two implementations
[1], to further prove their validity. All plots shown here are exactly reproduced by the
second, independent code.

5.1.1 Single emission level

As seen in Section 3.3, there are already changes between analytic calculation at the
level of single emissions. This corresponds to the computation of e−R(v), which can be
interpreted as the probability for no emission with an value of the observable larger
than v. It is then not important at which scale the emission finally happens. As seen
in Section 3.2, this already captures the leading logarithmic behaviour.

Differences between shower and analytic resummation in particular stem from different
choices to make in the computation of the single emission integrand R′>v(v). First,
there is the constraint from momentum conservation in the anti-collinear direction,
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5 Numerical differences between parton showers and
analytic resummation

from Equation (3.14), that constrains

Q2 > 2pipj =
k2
T

z(1− z)
.

This induces both a lower and an upper bound on z given by zmin/max = (1 ∓√
1− 4k2

T/Q
2)/2. This constraint is not easily expressed through ξ, and thus for-

mulated and implemented directly in terms of the resulting kT and z in the shower.

Figure 5.1 shows a comparison between the pure NLL predictions and those where
this constraint has been implemented. The additional contribution of this is a power
correction, that is formally not relevant for logarithmic resummation. The effect on
the cumulative distributions is moderate, about 5% in the medium and low-v region.

In addition, the effect of choosing the scale in the collinear term to be k2
T is inves-

tigated. This alters the slope of the thrust and BKS1/2 distributions in the small-v
region, due to additional sub-leading logarithmic terms in R(v). This second setup
corresponds to the first emission of a traditional parton shower, although formally
none of the two is preferred over the other. It has no effect in the fractional energy
observable, as for x = 1 the shower is ordered in ξ = k2

T already.

The upper bound zmax is generally weaker than the constraint arising from the con-
dition η > 0, listed in Table 3.1, that is needed in the soft term to remove soft double
counting as described in Section 3.1.1. Figure 5.1 displays the additional effect on the
NLL prediction when this constraint is applied in form of zmax

≶v,coll as used in typical
parton showers (see Equation (3.10)). The effects are about 10% on all observables,
and they lower the prediction for Σ(v) due to an increased branching probability.

Again, the effect of choosing the scale in the collinear term to be k2
T is investigated,

which generates the same slope differences at small v observed before. The effects
are presented here in distributions calculated from only one emission, as they only
influence the first emission properties. They are of course still present, and of the same
size, if the distributions shown here are multiplied by the multiple emission function
F(v) or a similar expression that emerges from the shower.
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(c) FC1

Figure 5.1: Effects arising from momentum-conservation in the anti-collinear direction
and from phase-space sectorization (removal of soft double counting in
typical parton-shower implementations). Both are effects at the single-
emission level, impacting terms in R(v), see Table 3.1.
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5.1.2 Multiple emission level

On the level of multiple emissions, several effects come into play. This is because the
function R′(v) that contains the αsL dependence of the multiple emissions function
F(v) is already single logarithmic, while a typical parton shower algorithm would not
change the accuracy at which further terms are calculated. This adds many terms of
higher logarithmic accuracy in the shower, via higher loop corrections in the running
coupling but also through different phase space constraints.

Since introducing this into the shower also introduces a new weight depending on
the value of v at which one wants to compute Σ(v), and hence the observable one
considers, it is also not a preferable to eliminate these contributions in the advanced
parton showers used in fully fledged Monte Carlo simulations. It is however important
to be aware of the sizes of these contributions when comparing partons showers to each
other and to analytic calculations.

In contrast to the power corrections of the previous section, most of the contributions
shown here correspond to terms that actually appear for example at NNLL accuracy, i.e.
when taking into account terms which are suppressed by a factor 1/L with respect to
the NLL terms discussed here. They might thus be resolved by considering calculations
and showers at a higher accuracy.

Integration limits

First the effect of lifting the restriction on the z integration in the calculation of F(v)
is investigated. This means to remove the constraint z < 1 − v1/a if ξ < Q2v2/(a+b)

and replacing it by the constraint η > 0. This is, all emissions that are kinematically
allowed are possible, although some of them are expected to be irrelevant in a NLL
calculation.

In this case R′(v) must be computed down to very small scales and it becomes
mandatory to introduce an additional cutoff, as one would otherwise need to evaluate
αs at values where perturbation theory is no longer valid. It is to some extend arbitrary
how such a cutoff is to be implemented. Here, this is done by adding the requirement
kmin
T = 0.5 GeV.

The difference to the pure NLL result is shown in Figure 5.2. Independent of the
observable, this change is one of the largest differences observed in this study. The large
relative difference between the pure NLL result and the modified prediction at small v
shows that sub-leading logarithmic effects become important. This is expected anyway,
however it can be seen that this happens well within the region that is measured at
experiments and thus phenomenologically relevant.
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Figure 5.2: Effect of replacing the constraint z < 1 − v1/a for ξ < Q2v2/(a+b) by the
phase-space sectorization constraint, η > 0 and effects arising from the
evaluation of the strong coupling at k2

T with kmin
T = 0.5 GeV.

Next, the effect originating in the evaluation of the running coupling at Q2v2/(a+b)(1−
z)2b/(a+b) if ξ < Q2v2/(a+b) is studied. Again the constraint kmin

T = 0.5 GeV needs to
be implemented, in order to deal with the QCD Landau pole and to stay in the range
of validity of perturbation theory.

Figure 5.2 shows that the predictions for all observables exhibit relatively large
changes. They also show convergence issues at small values, which arise from the lower
cutoff in kT . This effect is most pronounced in FC1, where it starts to appear around
10−1.5. Note, however, that practical measurements of FC1 would be impacted by
non-perturbative corrections in this regime. The problem is therefore purely academic
in nature, hence no attempt at a solution is done here.
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The CMW scheme and αs at two loop accuracy

Formally the CMW scheme is the key to achieving NLL accuracy in a parton shower for
the observables considered here [77], as it provides the additional terms ∝ K in Equation
(3.32). The numerical impact on R(v) is investigated in Figure 5.3. There is a noticeable
impact, largest for FC1 and at small v. This shows that the corresponding terms are
also numerically important to achieve a result that resembles NLL accurate calculations.
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(c) FC1

Figure 5.3: Effects of replacing 2-loop CMW running of αs in the leading terms of the
NLL result. The red line is computed without the CMW scheme, while the
green line is computed by using the CMW scheme at 1-loop.

Figure 5.4 displays the effect of replacing 1-loop by 2-loop running couplings and of
using the CMW scheme in sub-leading terms of the NLL calculation (see Table 3.1).
The red line is computed by making the replacements only in the soft-enhanced part of
the splitting function for ξ < Q2v2/(a+b), and the red dotted line corresponds to not
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5.1 Effects of approximations

using the CMW scheme if ξ < Q2v2/(a+b).

It is evident that the effects are sizeable over most of the observable range, and most
pronounced at small v. The use of the CMW scheme has the biggest impact. Note in
particular that not using the CMW scheme in the computation of F(v) has nearly the
same impact as not using the CMW scheme in the computation of R(v).
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(c) FC1

Figure 5.4: Effects of replacing 1-loop by 2-loop CMW running of αs in the sub-
leading terms of the NLL result. The red line is computed by making
the replacements only in the soft-enhanced term if ξ < Q2v2/(a+b), the red
dotted line corresponds to not using the CMW scheme in this region.

5.1.3 Pure NLL resummation and default parton shower

Figure 5.5 shows the cumulative effect of all changes discussed so far. In addition
results from a simulation where the observable is computed using its definition in terms
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of four-momenta, Equations (2.18), (2.19) and (2.20) for the observables used here,
rather than using the soft approximation in Equation (2.17), are presented.
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Figure 5.5: Comparison of pure NLL resummation and plain DGLAP parton shower,
effects of approximating the observable compared to exact calculation using
four-momenta and evolution in dipole-kT .

In this context it becomes important to take into account the effect that emissions
away from the strict soft limit inevitably change the momenta of the hard partons.
Subsequent emissions are then computed based on the momenta of the quark lines
with recoil effects taken into account. This can have a significant impact on the
result, depending on the precise definition of the transverse momentum and momentum
fraction away from the soft and collinear limit.

The magenta line in Figure 5.5 corresponds to the conventions of [112], while the
green line corresponds to the conventions of [39]. In the latter case the transverse mo-
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mentum coincides with Equation (2.5) of [33].1 Note that the phase-space sectorization
constraint, η > 0, generates a different restriction on z once recoil is taken into account,
and that this condition depends on the choice of evolution and splitting variable.

5.2 Modern dipole showers

This section presents a comparison of the previous results with predictions from a
dipole-like parton shower. As described in Section 3.1.2, in such parton showers the
soft enhanced part of the collinear splitting function is typically replaced by a partial
fraction of the soft eikonal matched to the collinear limit [116, 112]. At the same time,
the phase-space sectorization is removed, i.e. the restriction η > 0 is lifted.

A complete description of the parton-shower algorithm employed here can be found
in [39]. In short, the splitting functions of Section 3.1.2, Equation (3.16) are used. The
integration limits are defined by momentum conservation. Apart from that the integra-
tion is performed over the whole range. The strong coupling constant is evaluated at
two loops in the CMW scheme. According to the phase space factorisation in [112],
where also the splitting functions are initially derived, a corresponding Jacobian is
included.

Figure 5.6 shows a comparison between results from the dipole-like parton shower
in its default configuration (including gluon splitting) and from a modified version,
tailored to match the settings of the parton shower used in Section 5.1.3, Figure 5.5.
It is interesting to observe that the dipole-shower prediction lies between the parton-
shower result and the analytic result for all observables, and in the case of thrust agrees
very well with the analytic prediction. In the measurable range at LEP energies, the
predictions for FC1 also agree fairly well between the dipole-shower and the analytic
result.

1 Note that the constraint z(1− z) > k2T /Q
2 arising from minus momentum conservation applies to

this definition in the case of final-state emitter with final-state spectator, such that the results in
Figure 5.1 remain valid.
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Figure 5.6: Comparison between plain DGLAP parton shower ordered in ξ to DGLAP
parton shower ordered in dipole-kT and dipole shower with and without
gluon splitting. The blue line shows the analytic NLL result as a reference.
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6 Conclusions

In the study presented here, a detailed comparison between pure NLL resummation
and parton showers has been performed for additive three-jet observables in e+e−

annihilation to hadrons.

The effects can broadly be classified as related to probability or momentum conserva-
tion. While different treatments of these effects lead to formally subleading corrections
to the resummed distributions, it can have a sizeable impact, in particular also in the
region where measurements are usually performed and which is thus of phenomenologi-
cal interest.

The effects of momentum conservation at single emission level have been found to
contribute a rather moderate correction to the pure NLL result, which are partially
cancelled by corresponding choices of the scale of αs at least for some observables.
It has been shown that further restricting the available phase space, for example to
avoid negative weights, has an impact of similar size, though not necessarily in the
same direction so that these contributions can also partially cancel each other. It
should be noted that these are differences that arise in any approach to soft gluon
resummation that neglects power suppressed contributions. Even if the effect is found
to be moderate here, it might become a dominating difference if resummation and
shower would operate at a higher logarithmic accuracy. Work towards a formalism
taking into account these types of corrections analytically has been done in different
frameworks [117, 118]. No generally accepted result appears to have emerged so far,
however, at least not to the extend of a numerical calculation of these effects.

The largest effect found here is the difference that arises when the phase space
restriction of the soft term for multiple emissions is calculated only from momentum
conservation rather than from formal considerations in the computation of the multiple
emission function F .

Also large changes are found when the strong coupling is evaluated at the scale kT of
the actual splitting, rather than at the generic scale corresponding to v that is used in
the analytic calculation of F . The last two points correspond to corrections to F that
are relevant at higher logarithmic accuracy. Thus they are expected to be partially
resolved at NNLL accuracy.

The effects associated to the specific treatment of the strong coupling constant were
evaluated. It is found that the use of the CMW scheme has a large impact, and is
important to achieve results comparable to the NLL result. It is however noticed, that
the use of the CMW scheme and terms corresponding to the running of αs at two loop
in regions where it is not necessary to achieve the accuracy aimed for introduces a
correction of similar size, although this is formally a subleading effect.
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These differences already have a large effect. However, the final step of actually
constructing full events during the shower evolution and calculating the observable
from this final state is a further effect of similar size. There is some dependence on the
definition of the shower variables away from the exact soft and collinear limit. This
choice is also subleading but has a noticeable effect.

Finally, a comparison to a modern dipole shower variant was performed. Interestingly
enough, the results are in many cases considerably closer to the analytic result, at least
in the range of applicability. However, the general statement about the sizes of the
corrections remains.

In particular, since there is no formal preference for one of the variants, the differences
found here are to be interpreted as a systematic uncertainty that is to be expected
whenever a comparison between resummed calculations in an analytic framework and
a parton shower is performed.

It has been shown that the differences can be assessed quantitatively by casting
analytic resummation into a Markovian Monte-Carlo simulation and introducing mo-
mentum and probability conservation. Conversely, parton showers can be modified
to violate momentum and probability conservation to reproduce pure NLL results.
From a practical point of view this approach is disfavoured, as it leads to numerically
inefficient Monte-Carlo algorithms.
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