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Introduction 

Since the discovery of the heavy lepton T through the observation of e-ll events originating 
from T pairs [1], the study ofT pair production and decays has evolved in many different 
ways. The research was propdlcd by the prophetic paper of Y. S. Tsai [2], which antic­
ipated almost the whole range of physics of leptons that arc heavy enough to decay into 
hadrons. This property of the T is of particular interest, as it provides a new laboratory 
to study the gauge theory of strong interactions ( QCD) at an energy scale where non­
perturbative effects come into play. The subject of this thesis is the analysis of hadronic 
T decays measured during the years 1991 to 1994 by the ALEPH detector at the La.rgc 
Electrori-Positron Collidcr (LEP) at CERN. 

The natural observables that give access to the inner structure of the hadronic T decays 
are the so-called spectral .functions. These essentially consist of the invariant mass spectra 
of the hadronic final states, normalised to their respective branching ratios and corrected 
for the T decay phase space and decay kinematics. As a consequence of the weak lcptonic 
decays occurring through t.he exchange of a maximal parity violating virtual W boson, the 
T spectral functions have both vector and aJ:ial-vector contributions. Any difference in 
the normalisation (branching ratios) or the shape between vector and axial-vector spectral 
functions is necessarily generated by non-perturbative QCD as, e.g., long distance reso­
nance phenomena. Among those resonances the most prominent of are the well-known 
p(770) . vector and a 1 (1260) - axial-vector · mesons. For non-perturbativc effects 
to be studied, a clear experimental separation of the hadronic T decay channels into vector 
and axial-vector states is necPssary. Conceptional ambiguities and experimental problems 
concerning this separation are discussed in detail in the framework of this work. 

The T vector spectral functions have their counterparts in the low energy e+e- annihi­
lation cross section into isovcctor hadronic final states allowing isospin invariance of the 
haclronic currents (Conserved Vector Current property CVC) to be tested. Extended 
comparisons of the two- and f(mr-pion final states, as well as the sum of all vector current 
isovector final states, between T spectral functions and e+ e- cross sections are presented. 
This includes a combined fit to the electromagnetic and weak picin form factors. 

Several spectral function analyses have been already performed along these lines. 
In 1987, the ARGUS Collaboration published the spectral function of the decay T---+ 

21r-1r+1r0 uT [3]. The CLEO Collaboration compared the e+e- results via CVC to the 
corresponding invariant mass spectra of the T final states 2h-h+1r 0 and 3h-2h+7r0 [4]. Re­
cently, the ALEPH Collaboration published a study ofT decays into 17 and w mesons [5], 
in which the final states". 1r 0 1) and 1r-w were found to be in good agreement. with c+c­
data. 

The high precision of t.he new T data, in particular of the two-pion spectral function. 
can be exploited to improve the dd.crminat.ion of the hadnmic contribution to the muon 
anomalous magnetic moment. (y- 2)1' and to the running of the electromagnetic coupling 
constant o at the mass of the Z boson. Both quautitim are largely dominated by tllf' llll­

ccrtaiut.ics of virtual quark-loop contributions, that arc not calculable within pcrt.nrbat.iw 

;_> 



(tCD. Hedncing these unccrtaintim permits one to usc t.hc muonic (g- 2), (which can be 
1neasurc'd very accurately) in interesting t.c"ts of higher order dectrowcak interaction and 
in the search for new physics. In the case of the running a, it is of crucial importance 
to know precisely cx(Mi) as its uncertainty limits the logarithmic constraint on the mass 
of t.hc Higgs boson (obtained from an overall elcctroweak fit). Although not calculable 
thc,ordically, the hadronic loop contributions can be obtained via dispersion relations 
from an integral over experimental data, convoluted with the corresponding QED kernel 
function. The resulting analysis using T and e+e- data is presented in this thesis. 

QCD sum rules, involving the difference of vector and axial-vector spectral functions, 
arc calc:ulable perturbativdy in the framework of Ch.iml Pcr-tv.rbation Th.eor·y (ChPT) 
where the masses of the light quarks 11., d, s are ncgleeV,d. The most famous chiral sum 
rules, like the Das-Mathur-Okubo [G], and the first and second Weinberg sum rules [7], 
are examined using T data. Finite energy sum rule techniques arc employed in order to 
measure the polarisability of the pion. 

Another important topic of Quantum Chromoclynamics considered in this work is the 
measurement of the running strong coupling constant, u . ., at the scale of the T mass. 
Such measurements were carried out for the first time time by ALEPH [8] and CLEO [9] 
(sec also [10]). Using the Operator Pmdnct E:rpansion (OPE) [11], a theoretical predic­
tion of the inclusive vector/axial-vector T hadronic width as a function of both a., and 
I!On-pcrturbativc phenomenological operators has become available [12]. These operators 
are part of a power series in the mass of the T. They absorb unpredictable long-distance 
effects and arc determined experimentally [13]. In this thesis, the consistency of the OPE 
ansat.z and the stability of the ex., measurement are studied by comparing of the theoretical 
prc~dict.ion of the evolved T hadronic width obtained for masses smaller than the T mass 
1o t.Jw corresponding measurement.. 

This thesis is organised ;Ls follows: in Part I, the theoretical and phenomenological 
basis of the T spectral function analysis is presented, including a brief description of the 
r pair production and their decays in the framework of the Standard Model (SM) of elec­
l.roweak interactions, as well as general considerations of hadronic: interactions. Part II 
deals with the actual T spectral functions measurements, giving an overview of the mea­
surement. facilities and of the selection and classification procedure of the T decays. A 
c:omprdwnsive pn"cntation is given of tlw unfolding rrwthod employed in this thesis. The 
unfolding of detector effects is an important step of the analysis and requires particular 
care. A detailed description of systematic: effects affecting the measurements follows. In 
Part Ill t.hc' applications of the mcasurcrrwnts to the QCD phenomenology are presented: 
the comparison of the vector SJWCI.ral functions to e+ c ~ cross sections, the measurement 
of (q -· 2) 1, and n(MD, as well as the QCD sum rule u,sts and the measurement of n.,(M7 ). 
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Part I 

Theoretical Framework 





Chapter 1 

Production of r Pairs at LEP and r 
Decays 

The present analysis is based on data from Z boson decays into T pairs. Due to the short. 
lifel.il!H' of the produced T's. they d<,cay still inside the primary detector elements into 
its leptonic and semilept.onic final states. The following sections give a brief introduction 
into the phenomenology ofT pair production at. LEP and their decays. 

1.1 The Standard Model of e+e--+ r+r- at q2 = Mi 
The theory of dectroweak int<Tact.ions, in conjunct.ion with th<e Quantum Chrornodynarn­
ics, the fundament of the Standard Model (SM), grounds on models which were developed 
thirty years ago by S.L. Glashow, S. Weinberg and A. Salam [14]. It. is based on the unified 
gauge syrmm,t.ry SU(2) x /J(l), which is the smalkst symmetry group to be invariant Ull­

der weak isospin and weak hypcrcharge transformations. The renormalisable clect.roweak 
theory incorporates the massiw gauge bosons vv±' z which is achieved by spontaneously 
breaking the local gauge symmet.ry. This so-called Higgs mechanism generates the masses 
of t.lw gauge bosons as well as those of leptons and quarks. It. requires the introduction 
of at least one additional complex Higgs doublet. 'P· The physical neutral Higgs scalar II 
is t.lw oniv remaining part. of </' after spontaneous symmetry breaking. It.s rnass is not. 
pn,dict.ed by the rnodd. 'i<·wrt.hdess, constraints on /Vln can be obtained from global 

. ekct.rowcak fits using all accessible cxperitnent.al information to the SM in which the 
mass of the Higgs boson intervenes logarit.htnically through higher order loops. 

In the SM. the fields of III at I<T arc fennions organised in three hierarchic gcnemt.ions 
of lnpt.ons and quarks with incn,asing masses. The T lq,t.on as the heaviest. lepton belongs 
l.o the third generation. Left-handed fermions transform as weak isospin doublds under 
SU(2). whereas right.-handed fennions are singlds. The mass- and chargekss neiitrinos 
ar<' always lcft-hatl(IPd aud con piP t.o th(' vvPak ga11g(' hosons. The quark ruass cigenst.at('S 

(d, s, b) are not. the sante as the weak eigcnstal<" (d'. s', //). Both bases arc related via t.II<· 

') 



unitary Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix [15] 

(11) 

where by convention the three charge 2() quarks (u, c, t) arc nnmixf,d. 

The coupling of a fermion f to the weak bosons has the form 

with the vector (V) and axial-vector (V) coupling constants v1 =I{ -2Q1sin2ew, a1 =I:{ 
which read I{ = 1/2 for IJ" u1" uT rwutrinos and n, c, t quarks, I:{ = ~1/2 for e, p .. T 

neutrinos and d, s, b quarks in the neutral sector (Z). The coupling in the charged sector 
(W±) is a maximal parity violating V- A coupling, i.e., the coupling constants read 
''J = a.1 = l. The experimental value of the weak mixing angle depends on the electroweak 
I"<"Hlrmalisati6n scheme. In MS one obtains from the measurement of the leptonic and the 
hadronic asymmetries the combined result sin21iw = 0.23165 ± 0.00024 (LEP and SLD (at 
SLAC) data) [16] with a x2 = 12.8 for 6 degrees of freedom (d.o.f). For momenta small 
compared to Mw (strong virtuality), the charged current coupling of a W to a fermion and 
it.s isopartner gives rise to the effective four-fermion interaction with GF/ J2 = g2 /8M!;.;, 
with the. Fermi constant G1.· = 1.16639 x lo·-·' Gev·· 2 [17], obtained from the accurate 
measurement. of the muon lifetime. The electroweak theory provides precise relations 
lwt.ween the masses of the gauge bosons and sin21iw, given at tree level, e.g., by the 
equivalent expressions 

. 21i 
Sill W 

2 sin liw 

. 2 
s1n Hvv = 

lvJZ 
1- _z_ 

lvJ2 ' w 
1f(l 

Radiative corrections involving the running of a(s) and electroweak loop contributions 
affect these tree-level relations and nonormalised couplings have to be introduced. It 
is possible to a good approximation to keep the lowest. order formulae in terms of the 
reuorrnalised couplings (the so-called improved Born approximation). 

The total cross section a 1 f of tlw reaction e+ e---+ Z --+ f .f at tree level is parametrised 
In· t.he Breit.- \Vigrwr resonance 

12 [~ [' 1'2 
7f('f Sz 

,,12 rz·- (co '12)2 + '12f2 "\' z z ., - H z .il z z 
( 1. 2) 

with the Z rnass Mz = (91.1863 ± 0.0020) GeV /c2 and its width r z = (2.4946 ± 0.0027) Ge\'je2
. 

taken from the combination of the fit nosnlts of all four LEP experiments [16]. At. tree 
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levd and ncghx:ting lepton masses, the partial width of tlw Z boson for the production of 
lepton pairs is given by 

GvM~ 2 2 , 2 l'r = , vf:2 (ar + vr) = 83.4 lvlcV /c . (1.3) 
(m 2 

It has been measnred to be (assuming e-!L-T universality) fr = (83.91 ± 0.011) lvleV /c2 [17] 
to be compared to the tree !eve:! result (1.3) which is already a good approximation. The Z 
hadronic decay width, precisdy obtained from the measurement of the totalleptonic width 
(q;;,;1 + qot = fz), receives a 4% contribution from higher order quark loop correc:tions, 
gowrncd by pcrturbative QC:D. The theoretical prediction can be used to extract a value 
for n,(i'Vlz) (sec• Section 2.6 for more information). 

The parity violating V -·A type coupling of the neutral current gives rise to a forward­
backward asymmetry of the fermion anti-fermion cross section in forward (cos lfpolac > 0) 
and backward (cosepola' < 0) direction: 

1Jj 
_f FH 

cr(forward)- cr(lmckward) 

cr(forward) + cr(backward) 
(14) 

where the r.h.s. holds f(>r tn:c !C'vcl only and A1 = 2rLtUJI(aj + vj). The rrwasuremcnt of 

A{{, dctc:rmines sin 2 1iw. 

1.2 Properties of the T Lepton 

The T lepton was discovc:rc:d in 1975 by lvl. Perl et al. [1] using the lv!ARK I detector at. the 
c 1e collider SPEAR at SLAC. The e+e----.> T 1T-- cross section behaviour and magnitude: 
showed consistency with the: production of pointlike spin 1/2 Dirac particles. It was the 
first. evidence: for a third p;enc:ration of elementary fennions. Since then, the precision 
in the measurements of its properties increased impetuously, drawing in part near the 
three per milk limit of prc:cision as, e.g., for the leptonic branching ratios and the T 

lifetime. The most import.ant propmtics and t.!H:ir measurements are briefly collected in 
the following paragraphs. 

1.2.1 The T Mass 

The by far most. precise' measurement. of the T mass is provided by the BES Collaboration 
by means of a maximum likelihood fit of the c+c----.> T 1-T · production cross section given 
at threshold energies by 

2 ( ( 2) 
= 4~n ,i 3 - /f .. r; 

.ls 2 
(Ui) 

with /j c= ( 1--1JV(; j.s) 112 and J·; ~ 7rO://i( ]-- exp( -7rrt/6)) which is caused by the• Coulomb 
attraction lwtween the: r' and the T [18] (this produces a non-vanishing threshold cross 
scct.ion of crT>r(/3 '~ 0) ~ 0.2:) nb). The fit rc·sult.s in aT mass of [19] 

.\/_ c_ 1776 96+1l.IR ' 0 ·2'' \-Jr\-"jc2 
' . --0.'21 0.17 . 
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Another method, employed at higher energies for tlw first time by the ARGUS Col­
laboration [20], uses a kinematic reconstruction of the decay cont' of thret,-prong hadronic 
d('ca~rs to constrain the T mass. 

1.2.2 The T Lifetime 

\3y virtue of the high resolution of tbeir silicon vertex det.ect,ors, the LEP cxpt,rinwnts 
dominate the measurements of the T lifetime in the world average. All methods employed 
use a wconstruct.ion of tlw T decay vertt'X which, at LEI' energy, is displaced by an average 
of 2.2 mm from the T 1 T .. production wrtex. Five different analyses have been performed 
bv the ALEPH Collaboration [21]: 

t.JH, first uses the monwntum-dependcnt impact parameter sum method (MIPS) 
analyses 1-1 topology events iu which the mcau lifetime is extracted from the impact. 
parameter sum distribution. The impact paramd.cr sum is t'sscntially the distance 
of the two daughter tracks at ttwir points of closest approach to the beam axis. 

In tht' impact parameter sum aualysis (IPS) the daughter track directions arc con­
sickred in additiou to the impact. parameter sum in thte fit to the mean T lifretime. 
The sphericity axis, calculated for each event from the charged and neutral decay 
products is used as an cstirnatt' of the T production axis. As an advantagt>, the 
uncertainty of the primary vertex position vanishes in the impact parameter sum 
methods. 

The impact parameter difference analysis (IPD) of 1-1 topology events uses a fit to 
the diff(,rence between the impact parameters of positive and negative tracks as a 
function of their acollincarity and polar angle. This method is somewhat complc­
rneutary to the IPS methods used as it is indqwnclent from the impact parmnct.er 
resolution and the T flight direction. 

The most classical approach is tht' decay length or vertex method (DL) in which 
the lifetinw of T's decaying into three charged tracks is measured by means of a 
constrained fit to the secondary vertex. 

Finally. the three dimt,nsion impact parameter method exploits the three dimcn­
siomd space resolution of the vertex detector iu coujunc:tion with a complete kine­
matic rccoustruct.ion of the T flight direction. The mt,thod combines the advantages 
of the IPS and !I'D procedures and provides tlwrdore the most competitive result. 

:\II methods arc still statioticallv limited. The combined rconlts of 1991 to 1991 ALEPH 
data vidd t.hP preliminary value of 

TT = (29J .2 ± 2.() ± 1.2) fs 

Till' c:ombinal ion of tlll' res11lts prcocnted at the Fomth International \l.iorkshop on Tau 
Lepton Phvsics (TA1''9G), Colorado J'J'JG. gives [22] 

T, = (290.2 ± 1.2) fs . ( l. G) 
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1.2.3 The T Branching Ratios 

A crucial point of the spectral function analvsis is a good knowledge of the branching 
fractions of the exclusiw T decays modes. Their rneasun'm<~nt requires the identification 
of a charged track in (essentially) one-prong decays as an electron, muon or hadron. The 
further classification of hadronic channels is based on the nnmlwr of reconstructed charged 
ami neutral ha.drons, as well <lS the dctcrrninat.ion of the pion and kaon fraction in charged 
tracks. The analysis techniques used for the ALEPH measurements of the lcptonic [23] 
and hadronic [24] branching ratios and for the measurement of the 7 spectral functions 
arc essentially the same am! will be presented in detail in Part. II of this work. 

The combined result of t.hc measurements of leptonic branching ratios prmcnted at 
the TAU'96 workshop arc' 

JJ(T --+ c-ii,.v7 ) 

lJ(T---) fi.-iJ1,liT) 
·- (17.786 ± 0.072) o/r: 

(17.317 ± 0.078)% 

(17) 

(1.8) 

with a clear cvicknc:c of a smaller branching ratio for t.hc heavier muon due to phase space 
S\1 pprPSSlOll: 

!J(T -~tf/ i))IVT) = 0.97:l6 ± 0.0009 , 
!5(T ---7 ci!,v7 ) 

( 1.9) 

The Standard i'vlodel predicts for the total width of the R(r' --+ e-T/fiiT) dccav, including 
dc:ct.rowc:ak radia t.ivc corrections [25], 

G'.M' (m2
) , -- -- -- - I· T . e 

[ "J(T --) f l!p·U-) = -_-_ -. -. f ---. · ' !92n' · M¢ ( 
3M

2
) I +_:__T_ 

5 M~v 
(1.10) 

with f(y) = 1 - 8y + 8y 1 - 12y2ln y. This vie ids 

(111) 

in agn'c:mcnt. with (1.9). 

1.2.4 Universality Between the Lepton Families 

The hypothesis of r'-!1-T universality of the dectroweak interaction relates masses, lifetimes 
am! branching ratios bct.wc"'n t.lic leptons. Anv deviation from universality would lw direct 
evidence for new physics bevond the Standard Modd. The ratios of ei!, and fLTJ1, couplings 
q;''i'·. y/'IL to t.he vV boson folio"· from comparisons ofT branching ratios toe il.nd fl. and 
from the ratio of pion dccav branching fractions. The two comparisons probe separate!.\· 
the ('<Jnplings to transwrsc (.!, ,,_ = 1) or longitudinal (JH = 0) vV's. Recent. results for 
t.he respective ratios arc [22] 

-----·---------- ---
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Figure 1.1: Univer·sality r-elation between Tr and the electronic and muonic branchinq 
mtios (shaded band). The points show the correspondinq measurements. 

1.0012 ± 0.0015 , 

1.()003 ± 0.0029 , 

ql • 
• Jl. 

10067 ± 0.0064 . 

all in agreement with univcrsalitv. Tlw assumption of universality can be used to lnl· 

prove significantly the precision of the B( r·· --> c·- i!,.vr) branching ratio. Using tlw 
relations ( 1. J 1) and 

J 
Tr 

(1632.1 ± 1.4) fs 
(112) 

where tlw error comes from the unccrt>rinty on !117 with the pn,vionsly quoted values 
for IJ( T- --> 11--- D1,TJ7 ) and Tr. one obtains for the electron branching ratio with universalitv 

(1.13) 

with x2 /d.o.f. = 0.06/2. Fig. 1.1 shows the T lifetime versus the electronic (B,) and 
JJluonic (B1,(ml). "rnl" means massless: B1,(ml) = B1j0.9725 ... ) branching ratios as well 
as the w"ight.ed average of both (assuming universality). The shaded band depicts tlw 
nniversalitv rdation (1.12) when' the uncertainty st<,ms from the error on A17 . 

1\ test of clmrged kpton universalitv in the neutral current sector is provided hv Ill<' 
uwasmc·ment of the angular asymuwtrics in Z--> f+i ckcavs. The combination of LFP 
and SLD data yidds for the ratios of tlH• respective vc,ctor and axial-vector couplings 1-CJ 

I be Z boson 

0.035 ± 0.085 ' 
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'(\ 
0.959 ± 0.046 ' 

l!c 

a,~ 
0.9993 ± 0.0017 ' 

a,_ 
aT 

1.0000 ± 0.0019 ' 
a, 

as in the charged current sector, in agreement with universality. The good precision of 
the vr/Ve ratio compared to v1,Jve is provided by the measurement of the final state 
polarisation which is only possihll' for the unstable T lepton (see following section). 

1.2.5 The T Polarisation 

Another effect of the parity violating neutral current (besides the forward-backward asym­
metry) is the fact that the fermions produced in Z decays have a non-zero average helicity. 
The amount of this asymrllfetry, the polarisation P, depends on the polar angle of the lep­
ton flight direction, i.e., is forward-backward asymmetric. Both, the polarisation and its 
forward-backward asymmetry arc related to A{,~ and serve therefore as additional sensi­
t.iw sources to measure the weak mixing anglr sin20w. At. LEP there is no experimental 
access to the helicit.y states of the "stable" c and Jl· pairs. However, in the T case, t.h<• 
hdicity information is contained in the energies and momenta of the T decay products 
so that their reconstruction pNmits the inference of the original T spin. Newer analyses 
of the T polarisation use so-called optimal observables [26] with highest possible sensitiv­
ity on th(' basis of a complete kinematic reconstruction of the T rest. frame, taking into 
account. the correlation het.w<een the T hemispheres [27]; and the corresponding T decay 
matrix element.. The combination of all LEP results for the T polarisation on the Z peak 
yields [16] 

Pr ( ~ 14.01 ± 0.67)% . 

1.2.6 CP Violation 

The existence of CP violation in the neutral kaon sector, discovered by Christenson et 
o.l. [28], has been an experirrwnt.al fact for a long time. It is introduced into the Standard 
Model by complex Yukawa couplings which generate a non-vanishing phase in t.hc unitary 
CKM mixing matrix. On the other hand, any CP violation in the leptonic sector would 
as non-zero neutrino masses signify new physics. The authors of Ref. [29] suggested a 
model independent ansatz to extend the SM Lagrangian by an effective CP violating 
term. where the strength of this new coupling is governed by a q2 dependent. complex 
form factor, called the weak dipole moment rl~' in the case of c I~ e---+ T+T- production al 
r/ =l11z. CP violat.iou is measured at. LEP using CP-odd ohservablcs which mean values 
are proportional to th(' CP violation generating weak dipole moment. The r'xistcnce 
of the additional coupling influences the spiu-rnomentum correlation of the T pair and 
can tlH~n~forr only bP tneasun~d in the T .S(~ctor whPr(' the T spin can hc r<'constructed 
through the measurement of its decays. Eqniva.knt. to the polarisation measurement, tlw 
plwnorncnological knowkdgc of the CP violating T 1~T production matrix as well as the 
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dvnarnics of the T decays considered allows the development of optimal observables, which 
depend on the respective T final state [30]. The combination of recent LEP results yields 
the up1wr limits [31] 

]H.e(d~')] < 3.6 x 1o·- 1R c em , 

]Im(d~')] < 1.1 x 10- 17 cern , 

]rl~' I < 1.2 X 10-· 17 ecm , 

at 95% confidence level (CL). Optimistic theoretical expectations of ]d:"] from multi­
Biggs models, supersymmetry or massivf' Majorana neutrinos reach thf' level of a few 
times 10-20 e em, while lepto-quark models might gt,Jwrate a weak dipole moment of up 
to 3 x 10- 19 ecm [31]. 

1.2.7 The Lorentz Structure of the Charged Currents 

The Standard Model presupposes a pure V-A structure of the charged current propagated 
hy the W boson. A general coupling ansatz which involves additional 1!, A, V + A 
and scalar (S), pseudoscalar (P) and tensor (T) couplings is proposed by Bouchiat and 
Michd [32]. The linear independent basis of this representation are the so-called Michel 
pararnt>t.ms in which the differential lcpt.onic decay width of the T has tlw form 

rtr( T- --+ £- vp1/T) 

rtndx 
2{ (4 mr) rnpl-:c ex (J:r 3(1- :r) + 2p -:r -- 1- -

2
-· + 61)---

3 3w x MT .r 

-l'T~cosBe [1- .r +26 Gx -1)]}. (1.14) 

Hew, 01 is the angle between the T spin and the momentum of the lepton, t3 = ptf Be, 
r = Edw and w = (M'; + m~)/2MT. The SM values for the Michd paraineters arc: 

fJ = 6 = :3/4. 'I= 0 and~= 1. For example. the parameter p would be 3/8 for pure 1i or 
A and zero in the case of a right-handed 1i +A coupling at the T-IJT-W vertex. Precise 
retnrt experimental results from the CLEO Collaboration arc (universality assumed) [3:3] 

Pe,1, 0. 735 ± 0.0013 ± 0.008 , 

7le,1, --0.015 ± 0.061 ± 0.065 , 

~e.1, 1.007 ± 0.040 , 

(~J)e,1, - 0.745 ± 0.026. 

all in agn,crncnt with the SM. The valrws for ~e,1, and (~r\), .. 1, are preliminary and given 
wi t.h statistical errors only. 

1.2.8 The T Neutrino 

The T neutrino uT is the onlv elermmtarv fermion of the Standard Model which has uot 
•J •' 

l""·n discovered yet. Efforts towards its detection arc presently undertaken by the CHO-
IWS [:l4] aud NOli1AD [35] Collaborations at CERN who attempt to tag uy's (by means 
of a T signal) originating from u1, --; 11T oscillations which occur if the neutrino masses arc 

16 



non-zero. This phm10mtma is r'qnivalcnt. to t.he rnixinp; of massive quarks, described by 
the CKM mixinp; nmtrix. 

Although the• ur has not directly been detected, it influences significantly the kine­
matic of T decays and t.hc T branching itsdf. The energy-momentum conservation of 
r(k)---+ X(px) + u(p,) reads k = Jix + p, or its square IY{j: = rn~ + rn~ + 2ExEv-
2fp:·lfr;;',fcos!Jx_, . The existr,ncr' of an invisible light particle (missing energy hut small 
rnissing mass) can then readilv '"' inferred. e.g., from the Ex spectrum. But could this 
invisible particle not. be ar1 ekct.ron or muon neutrino? In such a case one would assunH' 
that the T itself is of electron or tnnon typ<:, c.g., an excited state of those, which cert.ainlv 
would cause transitions like T _, "! and T --+ Jl')', respectively, without missing enr:rp;y. 
It would furthermore yield a breakdown of tht• universality relation betwr:cn Nlr, !J, JJ,,. 
and Tr. In fact., universality between all lepton couplings is the evidence for a left.-haw led 
r, !Jr isospin doublet. 

Up t.o now, all observations carried out (includinp; the Z width consistent. with Nv = 3 
(Nv = 2.989 ± 0.012 [16])) support the existence of a lip;ht (or massless), cxdusively weak 
interacting, left-handed particle of a third gcrwration, i.e., different from u" and IJ1,: Ute 
T 1)('\1 tri llO 1/7 . 

The indiwct. kinematic ,,,·idcnce for its existence is exploited by the experiments t.o 
constrain the neutrino mass !11,,. The sensitivity of such constraint. fits increases with the 
;unmmt of kinematical information used. It is good for high-multiplicity hadronic final 
states and worse in the leptonic decay modes due to the additional D1 which gds lost. 
Several reconstruction methods have been applied by different collaborations all dealing 
with the three or five-prong r final states. No evidence for a non-zero mass has b"en 
found. The following limits arc given at 9,5% confidence level: 

CLEO, OPAL and ALEPf! used a two-dimcnsionallikcliho(>d fit to the cnr,rgy and 
the invariant mass of Utt, T----+ (5h)- UT final state (ALEPH: T----+ (5h)-(7r0 ) {JT). 

They obtained the results: CLEO M,, < ,)2.G MeV /c2 [36], OPAL (1992 data) 
M,_ < 71 MeV/c2 [:l7J awl ALEPH (1991 '.l:l) M"" < 23.1 McV/c2 [38]. 

OPAL used the corrdation of the t.wo T hemispheres (ideally, they arc emitted 
hack-to-back) to infer an upper limit for M,, requiring three-prong candidates in 
both cones. They found M,_ < .35.3 MeV/c2 [39). An improvement of this method 
using an optimal exploitation of the available kinematic information is presented in 
Ref [40]. 

DELPHI used a fit t.o the iuvariant mass S]wct.nrm of the T--_, (37r)-l/r decay which 
is dominat.<'d h1· the a,(l2GO) rcsonanet'. TheY obtained M,, < 29.3 M<N /r·2 [11). 

In a st'COJid analysis c\LJ·:J'H applied the samt' method as for tlw (Sh) (7T 0 ) fJ, 

final st.at.es on T -) (:l1r) IJr decays which occur mnch more frequeutlv (about 
a factor of I 00) but is ].,ss sensitive t.o M,,. The upper limit is found to lw 
M,, < 25.7 !l!cV/c2 ['12]. 

The best limit is deriwd fnnn a combin"d lib,Jihood of bot.!t ALEPH measmeui"nt.s 
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taking into account the correlations between systenmtic errors [42]: 
2 M,, < 18.2 MeV /r: . 

at 95% confidence level. 

1.3 Hadronic T Decays and eve 
The r is the only lepton of the three known generations heavy enough to decay into 
hadrons. The very clean conditions at LEP energies, where the Z -7 qq background is 
<'asy to separate due to the high multiplicity of its final states, render hadronic r decays 
an ideal laboratory for studying tlw hadrouic charged currents and QCD. 

In analogy to purely leptonic r decays, the invariant amplitude for the hadronic 
(semilcptonic) decays can be written in form of a current-current interaction 

M(r- --> hadrons-vT) = ~1\fllwl'', (1.15) 

with the corresponding non-strange or strange CKM matrix clement lVI· l1, describes the 
I· -· A current 

( 1.16) 

The hadronic transrtwn current .11, is the piece of interest here. It probes the matrix 
ekmcnt. of the left handed charged curwnt between the vacuum and the hadronie final 
state. Restricting to a V - A structure, one can write [43] 

J,, = (hadronslv;,(o)- A,,(O)IO) (117) 

With a non-strange current, hadronic systems of spin-parity J~' = o-, o+, 1-, J+ can be 
produced. The differential r hadronic width can be cxpn~sscd in the general ansatz [44] 

G2 
dr(r- -7 hadrons~,;T) = 

111
" IVI 2 L1,H1"' dPS, 

4 T 

(1.18) 

with the lcptonic (hadronic) tensor L1, (H1,) and the Lorentz invariant phase spaced­
ement riPS. Seen from the hadronic rest. system, the tensor product simplifies to a sum 
over so-called structure functions and kinematic factors [44]. 

For the most. simple hadronic decay modes r -7 h- 11T (h= n, K), the structure fnnc­
t.ions reduce to 1l-funet.ions. Including short distance deet.roweak radiative corrections to 
the onp loop levd and non-logarithmic terms, and int.Pgrating over the r phase space, its 
d<'c·ay \Vidth is giv<-~n by [25, 4G] 

GfJ,;I\1 2 
, 3 ( m.~ )

2 

( n ( Mz 5)) -7 h uT) = ----- ,\![r 1-- I+-. ln- +- . 
Sn M"j 2n Mr 6 

(1.19) 

with the pion decay constant2 frr = (92.4 ± 0.2G) MeV [ 17]mcasurcd in the decays n -7 

I' 111, and 7f- --+ ,,.~ D1,ry, the kaon decav constant. f« c= (113.0 ± 1.0) tvl1~V [17] measured 
-~--·----~------

::!Tlw dcfinit.ion of fir and fi< ndoptf'd h('r(' differs from the on<: used in [17] by a fa.ct.or of J2. 
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similarly inK- -'! JI -i/1,_, fi- 1;1,( decays and the rcspcctiv<' CKM matrix elements )\,;,d)= 
0.9752 ± 0.()007 [17] and )1 ;,,[ = 0.221 ± O.Oo:> ", respeetivdy. Using (1.13) and B(T ·-+ 
lf- 1!7 ) = (1 J. 23 ± O.lG)% [1G], B( T- -'! K /!7 ) = (0.691 ± 0.030)% [4 7], one obtains 

lJ(T--'; Jf·-l!r) 

B( T- -·-+ C '-'el!r) 

D(T --+K-v7 ) 

B(T -) e··uevr) 

- 0.6313 ± 0.0091 , 

= 0.0389 ± 0.0017 ' 

( 1.20) 

(1.21) 

compared t.o the ratio of (1.19) to (1.10) which gives 0.6280 (lf) and 0.0416 (K) in agree­
ment with (1.20) and (1.21). 

1.3.1 Vector and Axial-Vector Spectral Functions 

The quantum number corresponding to the (conserved) vector and axial-vector currents 
is the so-called isotopic parity, the G-parity. It is a generalized multiplicative symnwtry 
of multi-pion systems under the successive operations C and R, ;,here C conjugates tlH' 

charge and R rotates the system around the second axis in I = 1 isospace: 

with lf± = (lf1 ± ilf2)/V2 and 7f
0 = Jf3 . The measurement of the non-strange T vector 

(axial-ved,or) curwnt spcetral functions wquires the selection and identification ofT de­
cay modes with a defined G-parity G=+1 (G=-1) and therefore hadronic channels with 
an even (odd) number of neutral or· charged pions (G is a multiplieative quantum num­
ber). In a neutral syst<mr, like in r·+e- annihilation, the G-parity is related to the isospin 
I of the final state via G =C (-··l)I Thus, owing to C~ == -1, one has I 2n, = 1 and 
/(2n ')• = 0 for n = 1, 2, .... Isospin violating dectrornagnetic decays do not respect this 
relation. A prominent candidate is the I = 0 decay w -'! lf+lf- which occurs in 2.2% of 
all w ckcays. Since' hadronic final states of different G-parity differ also in JP quantum 
numbers, there is no interference between th<"e two states. Thus the total hadronic width 
separates into f'cot = I\· + 1';1. 

The isovcctor spectral function v 1, v- (a 1, ;1-·) of a non-strange vector (axial-vector) 
T decay channd v-- 1/7 (A- uT) is obtained by dividing the normalised invariant. mass­
squared distribution (1/Nr'jA-)(dNv;A-/ds) for a given hadronic mass ,jS by the appro­
priate kinematic fact.or: 

M; B(T --~ FjA· 1!7 ) 

6fl;,d[ 25'Ew J3(T -'!CiJel/7 ) 

X ~:~~f;\ds r (1- :r;Y (1 + ~;)] ,

1 

(1.22) 

:llJnita.rity of t.he CKiv1matrix rPquires l~?d + 1'~~~ + "£;-:;, = 1. Estimating the u, b-mixing to lw smallN 
!han 0.005 (68%CL) [17] one obtains the valnc qnotcd for 11~"1. 
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wlwrc again IV.u1l = 0.9752 ± 0.0007 [17] denotes the CKM weak mixing rhatrix element 
and S'Ew = 1.0194 ± 0.0040 aeeounts for electroweak second order eorrcctions [25] (s<~c 

JH'xt paragraph). The spectral functions are normalised by the ratio of the respective 
vector/axial-vector branehing fraction JJ(r- --t v- /A- JJ,) to the branching fraetion of 
the Plcetron channel (1.13), the latter improved by universality assumption. Note that 
this ddinition of the T spectral functions differs from the one used in [48] by an additional 
factor 47r2

. 

With t.h<• definition of Eq. ( 1.22) the differential r decay rate into non-strange hadrons 
reads [2] 

df (r---t u,(F ·/A-)) Gf-ll·;uti 2 S'r-:wM: ( s )
2 

( 2s) / ( ) = ----- 1-- 1 +- v 1 v- a1 A- s 
ds 32IT'1 M 2 M 2 ' ' ' 

T T 

(1.23) 
which corresponds to the standard relation between hadronie width and branching ratio 

(1.24) 

1.3.2 Electroweak Radiative Corrections 

The dominant contribution from elect.rowcak radiative corrections to the hadronic decay 
width comes from the short distance correction to the effective four-fermion couplin~; 
T --t ( di!.) · u, leading to the fraetional logarithmic: term (a( M,) /27r) ( 4ln( Mz/ M,) + 
5/6) [45], which vanishes due to tlwir integer charges in leptonic r decays. This short 
distance correction can be absorbed into an overall multiplicative clectroweak correction 
S1.:w introduced in Eq. (1.22). The rcsummation of higher-order electroweak logarithms 
using the renormalisation group yidds [12, 25] 

, _ ( a(rnb) )-it (n(Mw) )fo x ( a(Mz) )¥! _ 
S'r.,w - ( ) x ( ) ( ) - 1.0194 , 

n AI, (Y rnb a A1w 
(1.25) 

while remaining perturbative elcctroweak corrections arc of order o"(M,) ln"- 1 (Mzl Mr) 
which is safe to ignore. The sublcading non-logarithmic short distance eorrection, cal­
culated to order O(a) at quark level: 5n(M,)/127r c:: 0.0010 [45] turns out to be small. 
i\ddit.ionallong-distance corrections are expected to he final state dependent. They have 
onlv !wen computed for the T-- --t 1r-- TJ7 decay leading to a total radiat.iW' corwct.ion of 
2.03'Yc. [49] which is dominated by the kading logarithm from the short distance con­
tribution. The experimental value of the ratio (1.20) shows good agreement with the 
ilH·oret.ical prediction obtained from t.!Hc formulae given in Ref. ([25]). The evaluation 
of ( 1.2G) Jl('gkcts radiative corrections from additional gluon cxchan~;e lwtwecn the final 
stll1 c quarks. 

To be safe [50], the unccrtaintv of S1.;w in (1.25) is cst.imatccd to be .0.51-:w = 0.0040. 
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1.3.3 T Spectral Functions and eve 
Assuming unitarity and analyticity to hold, the spectral functions of hadronic r decays 
arc proportional to the irnaginarv part of the two-point correlation (or: hadronic vacuum 
polarisation) functions [12. 51] 

i / d'.r eiqx (O/T(U/j(1 )U;j(O)f) /0) 

( -g1'"q2 + q''q") rr);!u(l) + q''q" rr)J_lu(q2
) ( L2G) 

of vector (U/j = V;'j = rfn''q;) or axial-vector (Ufj = A~j = iii'Y''"f5q;) colour-singlet quark 
currents in corresponding quantum states and for time-like momenta-squared q2 > 0. The 
Lorentz decomposition is used in Eq. (1.26) to separate the correlator into its transverse 

n);)u(rl) and longitudinal n;~lu (r/) parts. Thus, using the definition (1.22), one identifies 
for non-strange quark currents 

1 [ . ( 1) (0) , l _ 1 , ;;:Im IIiidY/A(s) + Ilvd,V/A(s) - 2Hzvifa.J(s). (1.27) 

Using Cauchy's integration formula, the analytic vacuum polarisation function fi(.Jl(q2
) 

obeyo the dispersion relation 

I Joo InllJ(.IJ (s) . 
= - ds ----

2
- + subtractiOns . 

" s-q 
0 

(1.28) 

wlwre the unknown but in general irrelevant subtraction constants can be removed IJy 
taking the derivative of fl(q 2

). The imaginary part Imf!(.Jl(s) is proportional t.o the T 

spr,ctral functions or the hadrouic cross section in e+ e- annihilation. The a how disper­
sion rdat;ion allows one to coHHcct experirneHtally measurable quantities to the correlation 
funet.ions fl(.!l(q 2 ) ealculable with QCD techniques. This point will be rediscussed in more 
dPt.ail in section 2.5. 

The vacuum polarisation functions (1.26) for various types of quark currents ij are 
crucial in the theoretical evaluation of total cross sections and decay wid tho. In an equiva­
lent. consideration one can rclatr' the cross oect.ion of c+ e- annihilation a( c+ e--+ V1=0,1) to 
t.hr' imaginary part of the cormsponding vacuum polarisation fundi on (optical thr,orern), 
where the photon propagator allows only vector final states here. Then, using isospin 
rotation, the spectral function of a vector r decay mode x·- l/7 in a given isospin state f(lr 
the hadronic system is related to the e+e-· annihilation cross section of the corrcoponding 
isovector final state X 0 : 

( 1.29) 

For the two-body hadronic fiHal state X- == 1r · ·7f
0 in T decays it. is customary to iu1 rod ncr· 

il weak pion form factor P;=·i t.o describe ph<•nonwnologically the probability densitv of 
t.he transition w--+ 7f-7f

0
: 

( 130) 
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wlwn' f!rr(s) = (1- 4m;/s) 1i 2 is the pion velocity in the hadronic centre of mass. The 
weak pion form factor can he identified via eve with the isovcct.or dectromagnetic form 
factor, gi vcn by 

(1.31) 

which implies Eq.(l.29). In order to cmnpkt.e the formula package, one may relate the T 

vector spectral function to the total hadronic cross section 

R(s) = 
tot 

(J c+ c-----+ hadroJJs 

(J e+c- --rp+ 11.--

(132) 

so t.hat with CJe+,.--_,1,+1,- = <17ra2 /3s and Eq. (1.29) orw obtains 

R(s) = 3 x v1(s) . (1.33) 

The above equations relate hadronic spectral functions from T decays t.o isovcct.or 
vacuum polarisation currents. For t.his purpose one has to worry whether the breakdown 
of eve due to chiral symmetry violating effects or cled.romagnetic vertex correetions has 
IHllJ-ncgligible coritributions within the present. accuracy. A detailed discussion of this 
point is given in Chapter 9, Section 9.1. 

1.4 Classification of Many Pion Systems 

Abraham Pais [52] introduced in 1960 a classification of N-pions states with total isospin 
I = 0, l. Thr' basis of isospin wave functions of the system belongs to irreducible repre­
s<mtations of the corresponding symmetry group which are characterized by three integer 
quantum numbers (partitions of N) N 1, N 2 , N 3 obeying the relations 

N, ::;> N2 ::;> N3 2: 0 , 

N 1 + N2 + N 3 = N 

(134) 

Each state (N1 , N2 , N3 ) of a partition class {N1 , N2 , N:J} is characterized by its symmetry 
property under the exchange of some of the momenta Pa, ... , PN. Such a state is con­
strncted with the help of a Young tabl<'au. A construction prescription on how to obtain 
specific classes from Young tableaux is given in Ref. [53]. A brief review of the Pais 
classification concerning explicitlv T final states is prcscntNl in Ref. [54]. 

The authors of Ref [5:l] give a certain number of properties shared by all stat<" of a 
g-ivt'll cla.ss of partitions ./V1. ;\.12 , J\1:{: 

the total isospin INrr of the i\'-pion svstem is determined uniquely and 

it holds Jr,, = 0 (!Nrr = 1). if N 1 - N2 and N 2 - Nt are both '"'en (odd). 

States (N1 • N 2 , N,) <HC composed bY N;l isoscalar subsvs1.<•rns of thr"c pions, N 2 - N;~ 

isovector subsystems of two pious and N 1 (isovcctor) single pions. 
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~~-~~----~--- -~-~ .. -----±5~ N=2 c+c-(1=1) T (1=1) 
{Class} 1 1r 11r 1T-1To 

1----- -·- ~----
{110} 1 I I 

~- N =~ :l e 1 e (I = 0) T (I = I) 

~- {Class} 1 7r+7r-7r() 21T-1T+ 1T-~21To 
.... ,. -··----- --175____ 1/5 ____ 

{:lOO} I 
{210} 1 1/2 1/2 
{Ill }0 I 

N=4 (' !- c -- (J=l) T (I= I) 
{Class} 1 21r+21f-~ 7r+7r ~ 21fo 2w-1r+ w0 1T- 31To 

{310), 
~ - ·--·- 1/5- 1/5 . - :3/5 - 2/5 

{ 211} 1 0 I I 0 
~-

N =5 c -I-(' (J = 0) T (I= I) 
{Class} I 27f + 271- 71° 7f+7r-3no :31r--21r+ 21r-7f+21r0 Jr- 47fo 

{500), 
----------------- -- ---24j:l5 - 8/35 :Jj:l5 

{410}1 4/10 3/10 :3/10 
{ 320} 1 2/5 :l/5 () 

{311 }o 2j:l I j:l 
{ 221} 1 () 1 () 

.T ~ -~ - -- -· - -·-··-·-
(I =I) 

-~ 

N = 6 c ' (' (I =I) T 

{Class} I 31T + 3rr- 21r 12rr 21r0 7f+7f--17ro 31T~ 21r--1 no 21f-1f+31f0 Jf-- 51r() 
-~ 

{510), 24j:l5 8(35 :Jj:l5 16/35 10j:35 9 j:lf> 
{411}1 0 2/5 :3/5 4/5 1/5 0 
{:3:30} j 3/5 2/5 0 1/5 4/5 () 

_j~J3_I}_ ~~~---~ () I () 1/2 1/2 () 
~----------- ---

Tab!P 1.1: Decompo.oition of r· 1 ,.~ annihilation and T final state.o in linear indepcrulcnt 
da.oscs using the Pais rlcsr:r-iption [52]. The values qivcn are explicitly r.m.o.o .oection.o and 
pnrtio.l demy width.o, re.oprdivdy~ 

According t.o the eve hypot.lwsis, the amplitudes ofT vector final states with an even 
number of pions arc rdatcd to isovcctor amplitudes of c+c- annihilation final states by 
isospin rotation. Tablr' 1.1 compiles the Pais dassificat.ion for c+ c·- annihilation and T 

final st.at.cs containing N = 2, ... , 6 pions. Most. relations shown are taken from Ref. [54] 
(sec also Hd. [55]). 

Upper Bounds for Unmeasured Final States 

A v·ery usdul prol""·tv of the rigorous isospin classil'icat.ion which is extensively used in 
this thesis is the possibility to constrain cross sections (branching fractions) ofunnH'asun'd 
c' r· ( T) final states frolll rneasnrcd onc:s~ 

Tlw approach used is alwavs t.hc: sanw and will in t.he following Jw cl<'lllOIIslrat.ed 
for t,h(' cas(' of the five-pion T final sta.U' \Yh('r(' t.h(' 1r ;lJr0 u1' tnod(-' has indP<'d IH~('tl 

!lreasurecl hnt. its pn,cisioll is rathr"· weak. The world average for t.hc: lmmdring ratio is 



!J(T --+ 7r-47r0 
l/7 ) = (0.12 ± ().06)% [17] Using the decomposition of Tab. 1.1 

').1 2 2 
::__!"coo+ -r11o + -f'.12o • 15 ,) 5 5 (135) 

s 
1
, 3 

1
, 3 r 

1
• 

.1, "'" + -1 () 110 + ;:- o20 + 221 

. d ' d 
(1.36) 

31, 31, - ... ,()() + - 110 ' 
.)0 I 0 

(137) 

one obtains two distinct upper limits for rrr±1no from the assumption of dominant { 500} 
and { 41 0} classes, respectively. Dominant f\00 leads to the upper lirr1it.s 

r JT _-1= ,hr o < 

r ;r+!j;rO < 

while a dominant. r410 yields 

1 'n+ 'bro < 

r;rJ=:tnO < 

lr 8 5;rr:i 

3r 
- 3 ±2 u s··1f 7r 

3 
4 f Gn± • 

l '.:hr±21ro 

(1.38) 

(L39) 

(140) 

(1.41) 

Using the branching ratios given in Tab. 6.2 of Chapter 6, Bsrr± = (0.066 ± 0.008)% and 
n,rr±2rr" = (0.43 ± (l.lO)%, with Bsrri I B'lrr±2rr0 = 0.1G ± 0.04, O!lfl can already exclude 
a {410} dominance which predicts the ratio to be Bsrr±/ B.1rr± 2rro = 4/3 . In fact, one 
condndes from the decomposition (J.:JG) that the high B 3rr.c 2rro is created by a dominant 
{221} contribution which should he largely saturated by the well known w 1r-1ro interme­
diate stat<~ with Bwrr·rrO = (0.38 ± 0.11)% of which 88.8% decay into 37r±27r0 

t;sing the "best", i.e .. lowest ll pper I imi t. from Eqs. ( 1 .38) and ( 1.40) which is rrr±<rrO <::: 
~ rr>JT+ ()JI(' obtains 

with 68% confidence leveL As corresponding value one may take B,± 4rro = 0.027 ± 0.027, 
providing a two times better accuracy than the measurement. 
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Chapter 2 

Hadronic r Decays and QCD 

;\ decisive role in the construction of SM has been plavecl by the experimental studies of 
inclusive processes, in particular c+ e- annihilation into hadrons, and deep indastic c-71 

scattering. The discovery of scaling of deq> inelastic structure functions [56] led to the 
parton model [57]. Finally, the discovf,ry of asymptotic freedom in non-alwlian gauge 
field models [58} together with the conception of spin 1/2, fractionally dectric charged 
elementary const.itucnts of hadrons quarks [59] with an additional quantum nmnlwr 
('Olour, interacting via 8 rnassl<~ss, non-abelian. i.e., self-interacting gauge' bosom-; glnous 
caused the creation of Quantn1n Chrornodynarnics (QCD) [60}. The existence of gluons 
was first inferred from the observation of scaling violation in deep inelastic lepton-nucleon 
scattering. In 1979. (radiative) gluons were directlv observed in :Jcjet final st.at<" of ,.-t e 
annihilation [GlJ. A historical n'view of QCD cau llf' fouud. c._q .. in Hcf [62]. 

2.1 The QCD Lagrangian 

QCD is a rcnormalisabk quantum field theory based on the local SUc(3) colour synunetry 
group. which implies the minimal locally gauge invariant. Lagrangian density [63} 

-~(D''(;".- IJ"G'')(D G"- 7 c·'") 
4 

(1 a Jl. I' ( II _T JL + 

'l 
.rls ro./)('(')1'("'~'/ !:)1/G'')(;b(H' - 9s t•abcr G''G"Gd(w 2 • ( T Q -· U ;T (), - /I T I/ 

4 
• • arfp :1 b _T r T fl _T // l (2.1) 

with the quark fields qj (six flavonrs: f = 11. d. s, e, b, I., awli.hn'c coloms: n = r, q, h). the 
gluon fidds c;;, the unique strong coupling r:onsto.nt g, and the 8 generator matrices of 
Sl.',-(3). I" (a= 1, .... ll) which obey the conJnmt.ation rdat.ions [t", tb] = if"1"'t" with !.he 
J"('a.L t.ota.llv antisvJntll<'t.ric st.ruc1.11rr constants f·o/)(·. The tensor ·GJw = ()11(i'1 

--- ()!1
(/'

1 
-/-.. " . a . o. (J 

qJ" 1"(::;c;~ p;ives the· sl.rcnp;th of the Yang-Mills fidds [64]. The first line in Eq. (2.1) 
cont..ains t!H' kinet.ic t.enns for t lw n~spective ficdds: tlw colour interaction Ld.\H'<'n qn<lrk,<-; 

and p;lnons is given In-· the second line and tlw third line describes the gluon-gluon inter­
action owing to the non-al>P!ian charact.cr of I he' theory. 
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Figur0 2.1: Elementary ver-tices of QCD: (a) qnark-glnon vertc:c, (b) triple glnon 111Tfe.1:, 
11.nd (c) fom·-qluon vertex. 

k 

k-q 

Figun' 2.2: Glnon self-ener:qy diaqmm corresponding to the correlator Eq. (2.G). 

The above QCD Lagrangian leads to the three elementary vertices shown in Fig. 2. 1. 
The amplitudes for the IJijG and GGG vertices - Figs. 2.1(a) and (b) are linear in the 
<·onpling g_, whereas the fortr-gluon vertex 2.1(c) is proportional to 9.7- The sum over the 
possible colour combinations for final state partons yields the following colour factors: 

Tr l."t" = T,.Jah = 1[, 
2 

(2.2) 

2 4 t" tb ()Fr\n Cv 
Nc -1 

(2.3) afi'/J'Y = '=* 2N1 - 3 
fabc.f"bd = C A5c·d = CA N,, = 3, (2.4) 

wll<'r<' the last identity on the r.h.s. accounts for SUI'(Ne), Nc = 3. The colour factors 
are the eigenvalues of the Casimir operators. They are proportional to the probabilities 
of the transitions: G--+ q<j (T1.·). q -> qG (C1,) and G --7 GG (Ct). 

2.2 Renormalisation 

QCD high<•r order graphs give rise to div1•rgences which must. be regulariscd. There ;uT 

two kind of divergences: one. the so-called ultraviolet diwrgenu' is due l.o large integration 
lll<l\lll'tll.a as can easily be seen in t.hc two-point condation fundion [G3] of i.h<> gluon sdf 
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energy loop shown iri Fig. 2.2: 

(2.5) 

which diverges as J d1 k/ k" = = . The other one, the infrared divergence, is associated 
with the small integration momenta in the massless limit. It has been conventional to 
define the loop integrals through dimensional regularisation [65], where the four dimen­
sional space-time is replaced by D = 4 + Zr. The integration (2.5) can then be performed 
and the solution is proportional to [63] 

where /'E = 0.57722 is the Euler constant. The ultraviolet divergence of the loop appears 
through the pole 1/ r for D --t 4. Since q2 has a dimension, an arbitrary energy scale p? 
is introduced on the r.h.s. of Eq. (2.6) in order to guarantee a dimensionless argument of 
the logarithm, while of course the expression stays independent of 11·· The correlator (2.5) 
finally reads 

(2.7) 

where the limit r --+ 0 defines the countertcrrns of the regularisation. After fixing II(q2
) 

at given reference energy q2 = A2 (for example through a measurement), one obtains t!H• 

regulariscd expression 

2 2 g, q 
II(q ) = II(A ) - ;;,TF C.J In A2 , 

4 2 ( 2) (2.8) 

which governs the evolution of II(q2). One may now split the self-energy contribution 
into a meaningless divergent piece II,(112

) which does not depend on q2 , and a finite term: 
II(rl) = II,(!l2

) + IIn(q2 
/ 112

) [63], where the choice of II,(112
) (the renormalisation scheme) 

is ambiguous and depends on thr' specific problem. All formulae given in this work refer 
to the modified minimal subtmction scheme (MS) [66], defined, e.g., for the diagram of 
Fig. 2.2 by 

TF r;; 2 ( 1 ) ---··11' -+"JE-]ll47f 
37r 47f ( 

(2.9) 

2 
TF g, ( 2 2 5) -· ---· ln(-q/p)-- . 
37r 47f 3 

'1. '2 IIn(q /11 ) (2.10) 

Thr' "modification" concerns the constant tenn /'E -ln47f, which in thr' minimal subtrac­
tion scheme (MS) is kept in the finite term IIn(q2 /Jt2

). 
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2.2.1 The Renormalisation Group Equations 

In a more general way, following tlw QED pattern, one can say that the subtraction of 
diveri';<"tces is equivalent to the rcnonnalisation of th" parameters coupling (a,= g;/47r), 
quark mass (rnq), etc, and fields in the original bare (superscript B) Lagrangian such as 
n:1 = I'·"' Z,, a,, m; = Zmrnq, etc. The parameter p? entered through the renorma[isa­
tion and hence the unrenorrna[iscd qmwti tieo; are independent of 11

2
. This leads to the 

differentia[ Renorrrwlisation Gmvp Equations (RGE) 

aa, ,iio . 2 (ft 3 
JL ajt (3(a,)a,, = - 27[ ", - 47[ 2 IX,, - ... ' (2.11) 

fl. amq 
---
mq ap (2.12) 

The solution of Eq. (2.11) indudin~; the three-loop level as an expansion of inverse powers 
of ln(Ji.2

) reads in MS [17] 

wlwn~ 

47r { 2/'ft In [tn(p 2 /A~8 )] 4,8f 
o, (fl.) = 2 1 - ~2 2 + -::-c-:c-<2~-::--c-,-;c--:-

,801n(p2/AMS) . /)0 ln(p 2 /AM
5

) . f36ln (112 /i\~8 ) 

x ( (tn [ ln(Ji/A~)] - ~)
2 

+ !lof32 - ~) } (2.13) 
MS 2 8(jf 4 

2 
(30 11 -- -nf 

3 
19 

(31 51 - 3 n1 , 

5033 325 2 
.(],, = 2857 - --nf + ~n1 ~ 9 27 ' 

(2.14) 

obtained from the calculaticin of the corresponding Fcvnman diagrams. The renormalisa­
tion scheme dependent dimensional parameter AMs cnters through the integration of the 
differential equation (2.11). It is fixed by the starting conditions of the problem, e.g., 
a measurement of n,(p.) at given scale fl .. Eq. (2.13) illustrates the asymptotic freedom 
property of the non-abelian QCD: /L --7 oo implies n, --7 0. On the other hand, the value 
of cx.,(JJ.) diverges for /L --7 AMs giving rise to non-pert.urbative quark confinement effects. 
The evolution of a, on the basis of the RGE including fourth order (3, will be discussed 
in the following paragraph. 

As solution of Eq. (2.12) oue obtains the running quark masses m1(p), expressed m 
terms of t.he scale invariant parameter ih, as follows [12]: 

1 ! t It lo I 1 'It lo ! 2 !2 (o l·J2 ( )
2 

J2 ( ) 'i ( )] 
+2 (J,~ flt ·- .Go - 2/J~ .lit · /Jo + ici!r; fi2 - !Jo 

~'' ~], ) ( 
2 )2 

'l } +O(n~) (2.15) 
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with the 11 coefficients 

!2 

101 5 
- -- -nf 

6 <J ' 

l [·- - ( 2216) 140 2] - ,)![,- 192.3291+-- nf--n1 3 27 27 

2.2.2 The Evolution of a 8 (p,) 

(2.16) 

One major aim of the QCD analvsis with T data is the precise measurement of 1x., at. the 
scale ]v{/. However, in order t.o test. the compatibility of the result one crucially relics 
on t.he pvolution o 8 (Mr)---) n,(Mz) governed by the RGE (2.11). A difficulty arises 
from the quark thresholds: as MS schemes employ mass-independent renorrnalisations, 
t.he MS-renorrnalised QCD coupling ex, docs not depend on a particular vertex function. 
This simplifies t.hc caleulat.ion of QCD corrections beyond the one-loop level. On the 
other hand, decoupling of heavy quarks [67] is not. manifest. in each order of perturbation 
thcory[68]. A heavy quark decoupling is realized in so-called momentum-space dependent. 
renonnalisation sc!Hmws (MO). The RGE in a MO scheme involves the scaling-function 
(it,10 = f)(o~, rn;, a') which depends on the coupling o;(IL), the quark masses rn;(!L) and a 
gauge parameter a! (!L) where the primes denotes the scherrw dependence of the parameters. 
Quark loop calculations in this scheme appear rather complicated, however, the mass 
dependence of the (3-function provides a suppression of heavy-quark effects at. scales much 
smaller than the masses of thc>Se quarks, i.e., it decouplcs heavy quarks from light-particle 
Green's function to each order in perturbation theory. 

To obtain dccoupling in l'v!S schemes, one builds in the decoupling region, l' << mUl (11.). 
where m(fl(lt) is the mass of the heavy-quark with flavour .f, an effective field thc,ory 
that. behaves as if only ·light quarks up to flavour f- 1 were present. Matching conditions 
comwct. t.he pararrwters of t.he low energy cffl,dive Lagrangian to the full theory. The 
coupling constant of the effective' theory can then be expressed as a power series of t.hc 
coupling constant of the full theory with coefficients that depend on .T = ln ( rnUl (p.) /fl.). 
Doing so one obtains for the matching of o., and t.hc light quark masses between t!J<• 
"light" flavour f - 1 and the heavy-quark flavonr f [69] L 

cPl(l'·) fl + :_o\fl(p) + (_l:_r2 + ~:r + ~) (o\fl(IL))2] ' l 6 7f 36 24 72 7f 
' (2.17) 

l 1 c 8n ( (f) ( ) )
2

] (f) 2 '' " n, p m, (p.) I + - (.r + ;<r + ;-) . 
12 .l .lG 1r 

mv-1)(11.) (2.18) 

There is no straightforward argument for the choice> of the matching scale p .. Kee>ping in 
111ind I he> consideration of quark loops makes the setting I'· = 2m1 quite mcauiugful (se>e 

1 Th<'n' is a (rnunerically insignificant.) misprint in thC' original papc~r by Dernreutb<:r ami \\l('tzel [fi9]. 
The coefficient "7 /12'" of ( (l ~.n r~ ill tlu~ mat.ching ('Oildit.ion l>(~t.We(~ll different active flavours at the quark 
t.lin•sholcls must he> "11/72'. [70, 71]. 
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Figure 2.:l: Evolution of typica.l ns(lv!T) = 0.350 ± 0.015 to higheT and loweT energy smles 
fl. The solid line depicts the nu.meTical solution including fonTth oTdcr {3-fnnction with 
r:r-Tor· baTs (dotted lines). The dashed-dotted line (almost identico.l with the dashed line) 
shows the numerical solution to third orda only, and the dashed line is the result fmm 
the analytical a.ppmxirrwtion. 

t.he end of this paragraph for the discussion of the theoretical uncertainties related to this 
ambiguity). 

Thne exists two cliffenmt approaches to solve the R.GE (2.11). Tlw first deals with 
an analvtical approximation of the exact solution t.o three loop order which leads to 
Expn:ssion (2.11). whereas the second employs a nnmerical computation ofth<~ diff<~rcntial 
equation using the CERNLID routine DRKSTP based on Runge-Kutta integration [72] 
which p<:rforrns the evolution in infinitesimal steps. Fig. 2.3 clcpicts the two solutions as 
>J function of Ji. wh<:rc both arc fiX<"! al 11 = 1\17 to n,(M7 ) =0.35. Additionally showed 
(solid lit](') is the num<:rical solut.ion using the fonr-loop /)-function 

(
149753 ) (1078361 G508 ) G + :JGG4 (, - -l-G2 - + - 27 (1 "I 

+ ( o(J~~.) + ~_8r1,. 2 '") 7112 + I09:\ 1 

JG2 ' 729 1 (2.19) 



with ( 3 = 1.2020569 ... , recently calculated in Ref. [73]. The dotted lines show the errors 
assuming a typical experinwntal uncertainty for n.,(MT) of 0.015. All curves are in very 
good agreement. The difference between th<' third and fourth order numerical evolution 
from 1\!!T to Mz assuming cv.,(ivfT) = 0.35 is n.,(Mzhocde,-n,(Mzhordec=(l.00034 which 
is negligible compared to typical experimental and theoretical uncertainties in the n,(Afz) 
determination of 0.0020 O.OOGO. 

The major evolution uncertainty left stems from the scale ambiguity of the matching 
of the quark flavours. The variation of the quark thresholds me = 1.3 ... 2.6 and rnb = 
4.3 ... 9.6 yields the systematic evolution error of 

(2.20) 

2.3 Perturbative and Non-Perturbative QCD 

Due to the non-abelian character of QCD, the strong coupling constant n., diverges at 
very low energy: starting from the asymptotic side, i.e., at short distances and moving 
to larger distances where confinement effeet.s become important, asymptotic freedom 
starts to break down and resonances emerge as a reflection of the fact that quarks and 
gluons arc permanently confined within hadrons. The breakdown of asymptotic freedom, 
i.e., pcrturhative QCD, is signalled by the emergence of power corrections due to non-

. perturbative effects in the QCD vacuum. These are introduced via non-vanishing vacuum 
expectation values originating from quark and gluon condensation 

('GG). (2.21) 
7f 

A very prominent example of non-vanishing quark eonclensates is given by the physi­
eal states p (vector) and 7f j o. 1 (axial-vector). The vaeuum polarization induced by the 
corresponding vector and axial-vector currents is degenerated order by order in pertur­
bation theory (neglecting u, d quark masses which is a good approximation). From the 
dimensional point of view, non-vanishing vacuum expectation values should lead to power 
corrections compared to the logarithmic behaviour of pcrturbative contribution [74]. 

2.3.1 Operator Product Expansion (OPE) 

It was the approach of the authors of R.ef. [11] to usc the OPE in ambivalent energy regions 
where non-pcrturbative effects come into play but. still pcrt.urbative QCD dominates. As 
shown by the same authors. there exist critical dimensions, i.e., energies at which nol!­
perturbative effects cans<' Ol'E l.o break down. In T decays, one expects the energy scale 
of the break down on its besl. at about 800 !'vleV where the p(770) resonance becomes 
important.. 

The OPE of a two-point corrlation function n(.JI(s) takes the form [12] 

(2.22) 



4°<0 __ ,~.[~-- = --·-•-·-- + --·-CD-·-- + ... 

< ~•t}. ' {(u/,JGG) • •j ~ • '{m,q,q,) 

+ --•- j ~-•-- x (q-r q<1.r q) + etc. Y"/ , ,,,2, 

Figl!r<' 2.-l: /Jio.gmrnmatic presentation of the vacu.wn polarisation for light qu.ark.s. The 
.first line dcpir:ts the pertu.rbative sc,-ics (up to fir·.st order inn., shown), the second (third) 
hnr· qr·tws the J) = 4 (D = 6) non-pertu,-bative contrilmtion, separated in short-distance 
(loops) u.nrl lonq- di.sta.ncc (vacuum c:r:pedation opera.toTs) pieces. 

wiH'I·e the inner sum is over the operators of dimension D. The parameter fl. is c.rbitrary. 
It sPparatcs the long-distance uon-pl•rturbative effects, absorbl~d into the vacuum CXJWC­

I;tl.ion dements (O(p.)), from the short-distance effects which are included in t.hll Wilson 
codliciPnt [7GJ C(.ll(s, ft). Since the OJHirator (O(fL)) contains vacuum expectation val uPs. 
onlv those with spin zero (scalar) lllicd to be considered: the operator of dimension D = 0 
is the nnit operator (perturba.tive series). Treating running quark masses as operators 
classes llH•m as dimension J) = 2 OJwrators of the form m.i(p.)m1(p,). The first dynamical 
operators the quark and the gluou condensates (2.21) appPar at dimension D = 4. They 
not dqwud on the SPparation scail' fl. The dominant contribution to the dimPnsion D = 6 
llJ><'rators carriPs non-trivial four-quark dvnamical effects of the form rj,[ 1q;qkr2q1, where 
1· is t!H· general current vcrtliX dPt.cnnirwd by the n•spcctiw quark curTcnt rj;rq,. Addi-
1 ion;>] contributions to J) = G from a lllixed quark-glnon condPnsatl' as wdl <lS a triple 
gllliJJJ mllllensal.e arc assurlll'd lo IH' slllall [12]. The strength of thP dimension [) = R 
t r·nn i:-; poorly known a.s it. involv<>s a i<lrgc nurnb0r of OJH'rators. Som<~ of it.s effects han• 

IJI'<'li st ndicd in J1pf. [76]. 

F'ig. 2.1 depicts t.hc diagrams for a 1\\'o-point vaenum polaris>ll.ion function for light 
qlt<lrks [J.·l]. Tln' rnornentnrn t.n-11u-Jer ---q1 is large and all propagators in the diagrams 
11 !Jic!J n·pn•s<·nt the 'vVilson cod'ficients carr.v large IIIOlllP!Ita "'bile t.he nJorrH;nl.a of illl' 
quark and t.he gluon contrihnt.ions which disappPar inl o tlH' YC'l.Clilllll go 1.o Z('J'O. 



2.3.2 The Borel Transformation of Correlators 

In onkr to pick out the lowest resorrancc (g,round stat<') in a particular charrncl one can 
define moments of derivatiws of the eorrelator nt.Jl(q~) [ll]: 

(2.23) 

with Q 2 = ·-q2 The dispPrsion relation (1.28) is used to obtain the second i<kntit.y. 
Inserting a narrow width n'8onance approximation pararnetrised through a !l(s- fv!ft) 
funct.ion as corresponding, spectral function into In!IJ(.i) (s) and taking the ratios of adja­
cent moHHmts yields for largP derivatives n 

\1 ( . .!) (Q~) 1 11 0 

M(.i) (Q2) 
n--- J 0 

(2.21) 

which gives the mass of the lowPst resonance. 

The use of the moments (2.2:l) is only valid for heavy quark systfm1s whew vacuuu1 
condensates are neglig,ible. Applied to lig,ht quark systems, higher non-perturbntive di­
mensioHs come irrto play. The moments can still be used at larg,c momentum scales Q 2 

where all corrections arc small. The critical momentum scale of minimum Q 2 increases 
witb the number of <krivat.ives nsed, i.e., with the projection strength on the lowest res­
onance. In the limit Q2 --+ oo, n --+ oo and Q2 jn = M 2 fixed, the evaluation of the 
n1ornents is rdiable. This corrf'Sponds to introducing, the Borel transform (also called: 
Laplace transform [77]) of t.hc corrclator fii.Il((.j2 ) with the Borel parameter M 2 [11]: 

! ... ,!·1(J)(n2) .= ]!.Ill __ _I __ (Q2)"(-)"d"II(.l).(Q2) . ] n2/ 1\12 
, ,. Ct WIt I : '< n = ' , 

Q',n->oc (11 -J)I d(Q 2 )" 
(2.2G) 

which improves OPE as it appears that an operator of dimension D is suppressed by a 
factor 1/(D/2- 1) 1 [71]. Using again the dispcrsiou relation (1.28), one obtains for the 
Borel transformed corrclator 

(2.26) 

wlren' subtractions cancel in the derivatives. 

The Borel trausform of c:orrclators is a powerful tool to improve the convergence (sat­
uration) of the integral (2.2G). This is of particular importance as experiments cover 
onlv limited energy regions. The feasibility of QCD checks on the basis of finite energy 
dispersion relations using specl.ral functions or r 1e cross sections from the experiment 
depends therefore crucially 011 the satnration of the dispersion integraL A second impor­
tant. point, specifically related toT data, is tire high<'r quality ofT spectral functions at 
lower 1nass-squan'd owing to the phase space suppression factor which limits statistics at 
high masses. TIH' Borel trausforrnation inrpro\'Cs siiinificantly the precision of th(' nHo;t­

surcuwnt of so-called chiml sum n!.les (s<,<' following s<,ctioll) which involVP t ·- i\ spectral 
functions from T dccavs. 

:n 



2.4 Chiral Symmetry and QCD Sum Rules 

In the limit of nf massless quarks (rn; = 0, i = v., d, .. . ), the QCD Lagrangian (2.1) 

possesses a global SUdn1) x SU11 (n1) chiral symmetry between the left- and right-handed 
quarks in flavour space. The associated Noether currcnt.s (from Nocther's theorem: every 
symmetry-transformation of a fidel thcorv implies a conserved current) arc the vector 

(\ .,,) and axial-vector (A1') quark c:nrrcnt.s [78]. The vc:ct.or and axial-vector charges 

(2.27) 

arc the generators of the symmetry group. For a state [</J) which is symmetric under 

SU(:l)~, x SU(3)n one then must haw [79]2 

(a.,b =, 1, ... ,8), (2.28) 

which wquires that for every contribution on the r.h.s. of Eq. (2.28) (JP o+ or 1·) 
tl•crc exists a mass degenerate partner on the l.h.s. (J~' = o·· or 1 +). However, chiral 

symmetry which should he a good symmetry for the light n, d, s quarks is not observed 

in the low enct·gy hadronic spectra of c 'c- annihilation or T spectral functions. In order 

to he consistent with this experimental fact, the chiral flavour group 5U(3)~, x SU(3) 11 

is assumed to be spontaneously broken by non-vanishing light quark masses down to 
SU(:lh+l! where the vacuum expectation valuc8 arc symmetrical: 

(m fm) = (m rid) = (rn. .<;s) i 0 . (2.29) 

Goldstone's theorem states [80]: if a generator ya of the symmetry group produces non­

e<ero vacuum expectation values, the physically state T"[O) (which must exist) is a massless 

scalar, if T" is a vector charge; it. is a massless pseudoscalar, if ya is an axial-vector charge. 

Tlu' spontaneously symmetry breaking of the axial charge generates an octet of mass­

lr:ss pscudoscalar mesons which is identified with thf' 8 lightest. hadronic states: 1r+, 1r
0 , 

1r • 1), K +, K , I\:0 and K0 In this case, the axial-vector current is non-conserved and its 

cliv<~rgence reads: 
(2.30) 

associated with th<~ decay constant. .fl' of a pscudoscalar meson P with four momentum 

q1,, defined as: 

(O[D,,A~[I') = V2fl'm;, or: (O[A.'/,[I') = V2fpq1'. (2.31) 

The non-vanishing physical masses of the pseudoscalars rdkct t.he fact that QCD is not. 
r<'il!IY a chiral theory. True zero 11, d, s <Jllilrk masses wo11ld generate massless pseudoscalar 

n•csons. Explicit. mass formulae for the pscudoscalars can be deduced from Chiral Per­

turbation Theory (ChPT) which is, in principle, a JH:rt.mhat.ive expansion in powers of 
---------------

),Th(' C(HlSPJ"V(:d right-· ( R = \ · + _.-J) <Ul(l ldt-handPd ( [. = 1- - A) Cllrnmts llJHkr S'[-' (:{) 1. x ,S'(j (3) n 
t.ransforlll lik(' (.8_, 1) and (1. .8_), n:spPdivcl,v. ff lrb) is invariant t.h('n (f/JI/U.j<f') = 0 ~--:? (</JI1 "2

- .'"r1 l</>) -=-=- 0 

''"hich is ~;q. (2.2R). 



quark masses (for an introduction see, e.g., Rd. [81]). Such formulae carry direct propor­
tionalities to the quark nwsses (not including elcet.romagndic mass symmetry breaking): 

2 
rnlf-::J. 

2 rnno ~ 

2 rn1<,t ~ 

2 rni<.o ~ 

2 
11/,1}() ~ 0 ( (m, + md)

2 
) 

+ rn, -- (m,- md)/2 · 
(2.32) 

Then> is no indication of spontaneously symmetry breaking of the vector charge ( tll<' 
vector charge operators "annihilate" the vacuum): no light scalars have been found expcr­
imentally, vector mesons can wdl be classified in degenerate multiplets which arc SU(3h 
representations. The longitudinal part of the vector correlator in Eq. (1.26) then vanislws: 

n;~?, (r/) = o. 

2.4.1 Spectral Sum Rules 

H.educing chiralsymmctry to th1• non-strange sector, i.e., SU(2)L x SU(2) 11 , one has the 
t.wo-point correlator [78] 

i / rl1uiqx(O[T(L1'(.r)W(O)I)[O) 

( ,w 2 + ,, '") 11 111 ( 'l + ,, , 1-11o1 ( 2) -q q q q ud.L/1 IJ . 1/ IJ udJ,/1 IJ (2:J:l) 

where L'' and R" arc the Jdt <tnd right-handed quark currents 

l ,, - .· 1'(1 )d ~ - u:y - /5 . ' R'' = il.r"(l + rs)d. (2.34) 

With Eqs. (2.33), (2.34) and the correlators for vector and axial-vector currents (1.26) 
one identifies 

n~;~,w(IJ) = n:;~,v(q)- n~~.A(q). (2.35) 

The correlat.or n::~.I.II ( q) vanislws in the chiral or in the asymptotic q2 -+ oo limits (which 
again implies the 11f>gl>rH>racv of Eq. (2.28)). Using the dispersion relation (1.28) one 
obtains the two fatuous V\ieinberg sum rules (WSR) [7, 78] for v., d quark correlators frmn 
the comparison of the rf"·q" and the q2 terms in Eq. (2.33): 

00 

1. WSH.: ! . [ (I) ( ·) (I I ( ·) (0) ( ·) · (0) ( J] . d.s Im n,,,y , - II,,d.A ·' + II,dy , - !Iiid,A s 0 ; (2.36) 
() 

ex• 

2. WSR 
/ 
... [·(1)) (I)·] . d.o .o lm II,,_,y(s -ll,,,,,1(.o) 0. (2.37) 

ll 

The first \VSH call he silllplificd nsi11g tll<' pion decav constant f, dr•fined in Eq. (2.:lJ I 

which fixes the integra.! J,;x lis lnd1;,1;} A(s) = fj. and the fact the longitudinal vr>ct.or cotT<'­
Jat.or vanishes. vVhcn switching quark masses on. only tiH> first. \VSH remains valid "·bile 

:);; 



the second wsn breaks down due to contributions from the difference of non-conserved 
vector and axial-vector currents of order m~/s, leading to a quadratic divergence of the 
intPgral [77]. However, convergencP can be recoven'd by considering a Borel transformed 
version of t.hc second WSR where the result. is expressed as a function of the Borel pararn­
el.er 1H2 and the n, d running quark massm at scale fvf 2 and quark condensates in powers 
of I/M0

, 1/M2 [77. 11. 82]. 

Assuming narrow-width approxirnal.ion for the resonances and a saturation of the cor­
responding vector, axial-vector spectral functions by the 1r, p(770) and a1 (1260), Weinberg 
deduced from his sum rules the mass f(mnula [7] 

(2.38) 

which is not. so bad compared to M,, / MP = 1.60 ± 0.05 [17] and keeping in mind the 
coarseness of the approximations used. 

Das, Mathur and Okubo (DMO) [6] showed that. the derivative of the vector minus 
axial-vector corrdator II,1d,v-A(q2

) taken at. q2 = 0 is connected with the radiative 7r- --+ 
I' i/lf <kca_v axial-vector form factor FA via 

d(r/11,,d.v-A(<J2)) I = /oo rl..'l_l [n(_r) ( ) - fl(.l) ( l] 
2 Ill 1JdV S iidA S dq q'~o . s ' ' 

II 

(2.39) 

This relation will be used in Section 10. I .1 in order to pmform a finite energy dct.cnni­
nation of F~ and the polarisability of tlw pion. 

The electromagnetic mass differcncP has been calculated using current algebra tech­
niques in chiral symmetry by Das et al. [83]. They obtained the sum rule 

00 [(1)() (!)()] 
. 2 - 2 - 127f(.t I d1 q ~ J l .. lm n,,dy 8 - nu.d,A s 
rn,± m,u - . , 2 ( )' 2 r s s 2 . 

l.Jrr . 27f q 
0 

q + S - 1.f 
(2.40) 

and, making usc of the KSFR rdation [84] and lowest. resonance saturation, related from 
it 

(2.41) 

in astonishing agreement with the experimental value of 4.59 MeV jc2 [17]. 

Useful rdations between the OPE t<•nns and the SJW<:tral functions aw obtained from 
projective sum mles [85]: consr~rvat.ion of cmrents in tile chiral limit implies (Q2 = -</) 
Q' [rr;,:J., ( Q') · n;,:L(--Q2

)] = 0 in 111omentmn space. For large space-like momenta 
(21 or"' can expand the dispersion n·lation of the 1· ·-. \ corrdator. l3v virtue of the first 
ilnd the seco11d \VSR one obtains 

1 /x . [ . 1 1 I . - I 1 I [ 1 ( s'' s:
1 

) ] ; . rls lrn II,," I (.s) --- II, d.·\ ( s) l ~+ CJ2 -- (i" --- c]P· + ... 
II 

0. (2.42) 



On the other hand, non-pertmbative effects violate the current conservation giving rise 
to non-pertnrbative OPE eontrilmtions 

Comparing the coefficients of th" corresponding powers between Eqs. (2.42) and (2.43) 
yidds the sum ruins 

Cr,(Ji.)(Or;(fi)) 

00 

1 J .. 2 ( (J) (l) (' ) ; ds .s I rn 11a<~,v ( q) ~ 11,,d,A .s) 
() 

00 

1 J :1 ( (I) ( ) (I) ( ) ~; ds s Im n,,dy q ~ n,,.d,A s) (2.44) 
0 

2.5 QCD and r Decays 

·n,st.s of Quantum Chromodynamics and the precise measurement of the strong coupling 
constant. n., at. the T mass scale carried out. for the first. time by the ALEPH [8, 10] and 
CLEO [0] CollaboraLions have '""m the subject. of vivid discussions about theoretical and 
cxpnrinicJJtal implications, accompanied by a considerable number of interesting publica­
tions (sne, e.g., [13, 86, 51, 87, 88, 89]). Following the litH' traced by the pioneering work 
of Braaten, Narison and Pieh [ J 2], the theoretical framework of the QCD analysis used 
to rneasmc n 8 and to g{'t. information about. the behaviour of non-perturbative power 
corrections at. 1\1T is present"d in this section. 

It is the inclusive character of hadronic T decays which opens them for a wide range 
of int.en~sting studies. liidusive observables. primarily tlw total hadronic T decay rate 

(2.45) 

arc accurately predictable as fundions of u,(Jl;fr) using perturbat.ive QCD and the OPE 
in order to take into account non-perturbativc corrections. In fact, one can even say that 
R, is a doubly inclusive observable as it. is int.egrateil ov<er all hadronic final states at a 
giwn invariant mass and integrated over all masses between m, and Mr. In addition, 
due to it.s vector and axial-vector decay modes with equal coupling constants, fir is even 
Inon· inclusive than c 1 <' inclusive I = 0.1 final states. It. will be learned from this 
;IJJalvsis that A1T lies in a compromise region where o,(J\1,) is large enough that HT is 
st>nsitiw to it.s va!tw, yet. sl.ill small enough that. tl1e pcrt.urlmtive expansions in powers of 
<t,(J!,) C011Vf'rges safely and, in particular, 11011-JH'ri.urbativc power terms are "it.hcr sinal! 
or, when in eases where it is not uegligibl<>, I he OPE is well behaved. 

Experimentally, the most pn,eise valu{' of Jl, is obtained by measuring the lcpi.onic 
branching ratios, additiona.llv constrained via u11iversalit.y (see Section 1.2.1), using lh<· 
i ngn•dicnt I. hat el<,cl.ronic ( U,.), Intlonic and hadronic branching ratios saturate T decays. 



That gives 

1 
- -- 1 - 0.97257 ' n,. (2.46) 

R, c= :J.649 ± O.OH {2.47) 

If strong and electroweak radiative corrections are negleeterl, the theoretical parton 
level prediction for SUc(Nc), Nc = 3 reads 

(2.48) 

from which the contribution to the experimental value of R, (2.47) from strong pertur­
bative corwetions in Eq. (2.47) is estimated to be about 21%, assuming other sources 
t.o lw smalL One realizes the important increase of sensitivity to Os compared to the Z 

hadronic width where due essentially to the three times smaller n_,(Mz) the perturbative 
QCD correction reaches only about 4% (see Eq. (2.90) in S<ection 2.6). 

The inclusive observable RT can theoretically be separated into contributions from 
specific quark currents, namely vector (V) and axial vector (A) ud- and u.s-quark cur­
n•nts. It will not be attempted in the framework of this analysis to separate strange (S) 
final states into vector and axial-vector components. Some effort in this direction has 
IIPVPrt-hd,-,ss already been undertaken in Ref [90]. It is th(>rcfore appropriate to decom­
pose: 

(2.49) 

As seen in Section 2.3, part(m level and perturbative prediction do not distinguish vector 
and axial-vector currents. Thus the corresponding naive predictions become RT,V/A = 
(Nr./2)il•;u1 1

2 and RT,S = NciV,,_,i 2, which add up to Eq. (2.48). 

A crucial issue of the QCD analysis at the r mass scale concerns the reliability of the 
theoretical d<~scription, i.e., the OPE ansatz, and the stability against unknown contri­
butions. A reasonable test can be achieved by continuously varying MT to lower values 
,jfiO <; MT for both theoretical prediction and mcasmement. The kinematical factor 
which describes the r phase space suppression at masses ncar to J'vfT is correspondingly 
modified in order that JS0 represents t.lw new mass of the r_ All formulae of the following 
t.J"'oretical sections ar<e conseqrwntly expressed a.s funct.ions of s0 . 

2.5.1 Theoretical Prediction of Rr 

According to Eq. (1.27) the imaginary part of the vector and axial-vector two-point COlTC­

Iators (1.26), where the subscripts -i{j) dcnot<"' light quark flavours u(d. s), ai"c proportional 
to lhP r hadronic spectral functions with corresponding quantmn nrmrbcrs. The hadronic 
T decay rate c;.u1 he written a.s a.u intq.sral of these Sp('ct.ral functions over the invaria.nt 
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mass-squared 8 of tlw final state hadrons [12]": 

+ Imrr<0l(8 + ic)] , 

(2.50) 
with the dec:troweak radiative c:orrect.ion factor SEw (see Section 1.3.2) and the correlator 
combinations according to the decomposition (2.49) 

1·1(./) ·- /1' /2 (rr<.IJ rr<.JJ ) 111 /2 ri<.JJ - 'ud ud,V + u.d,A + us u8.V-L1 · (2.51) 

Unfortunately. tlw above integral involves large non-pcrt.urbativc (resonance) effects at 
v<~ry low energies that. cmtainly will invalidate the OPE approach used here. None the less, 
the analyticity property of t.hf' correlator IJ(.i) allows the evaluation of the integral (2.50). 
The dispersion relation (1.28) elucidates that. indeed IJ(.I) is analytic in the complex 8 

plane everywhere except ou the positive real axis where singularities exist.. According to 
Cauchy's integral formula, an integral over s along the dosed contour of the product of 
Jl(.l) with a non-singular function g(s) vanishm. On the other hand, the imaginary part 
of the corrdat.or is proport.ioual to the discontinuity across the positive real axis. So t.lw 
following relation holds 

8() 

~ j dsq(s )lmii(s) 
0 

1
. f. dsg(s)II(8) 

27fZ 
lsl=so 

(2.52) 

wlwrc th<~ contour integral runs counter-clockwise around the circle from s = s0 - ic to 
s = s 0 + i< as indicated in Fig. 2.5. The integral (2.50) then reads 

(2Ei3) 

The energy seale s0 of the contour in Eq. (2.53) for s0 ""' ·M'j is large enough t.o 
expect. small contributions from non-perturbative effeets. One can therefore use the OPE 
introduced in Section 2.3.1 to disentangle pert.urbat.ive and non-perturbative contributions 
to R7 (8 0 ). Note that the faet.or (1- s/s0 )

2 suppresses the contribution from the region 
ucar thf' positive real axis whel'f' II(s) has a branch cut and OPE validity is restricted [91]. 
In order to avoid large logarithms of the form In( -s/p2 ), where p. is the separation scak 
for short.- and long-distance COIJt.ributions <~xprcsscd in the Wilson coefficients C(s, fl.)(.!) 
and the opcrat.ors ( 0( fl.)). one chooses appropriately p 2 == s0. 

Th<• theoretical pn•dict.ion of t.lw vector and axial-vector as well as the st.rangf' badronic 

:lTh(' paramdrisat.iou of t.hc .-;0 dcpt•ndence used here diff<~rs from t.h(' OIW introduced in Ref. [l:{j. 
\Vhik in that work the actual T mass remains uuchauged and only the integration range is varied for 
JSO :S At,-, hen• the mass of thP T is indPed redefined t.o he VSQ. Leaving the T mass uncha.uged keeps t.lH' 

1/l'vf:) power iu the OPE while, in the definition adopted in this work, it becomes 1/.s~J/'2 and t.lH~rf-'for<· 
more important. when P.volving so to lov,..er values. 

:l!) 



lm(s) 

s 0 

Re(s) 

Fil(ll!T 2.5: Integration contour- followed when perfor-rning the integrations of Eqs. (2.52) 
and (2.5:3). 

widths can now be written as: 

31V: 125 ( 1 .~:(0) ;:1 .~:(2-m>JB<) 'i;"' x(D) ) 2 ud EW + CJ + CJEW + "nd.V/A +IJ=tri, .. -"ud,V/A 
(2.54) 

31 T~ I2S (1 ;:(0) ;:1 ;:(2··ma.5S) 'i;"' ;:(D) ·) 
Vus EW + 0 + 0EW + +ous,V+A L- 0 us,V+A 

!J=4,6, ... 

(2.55) 

with the residual non-logarithmic eleetroweak correction o;,w = 0.0010 [45] introduced in 

S<~ction 1.3.2 and the only D = 2 contribution o);,;:.j~a.ss) from quark masses which is tiny 

for 71., d quarks ( < 0.2%). The term o(O) is the purely pcrturbativc contribution, while the 

stJJ) arc t.hc OPE terms in powers of s,~D/2 . Insertion of the OPE (2.22) in Eq. (2.53) 
kads t.o 

(D) 
Jij,V/A L (O(p.)) 47fi f d8 ( -s) n;z (1- :'_)2 

.so ·"o 
dimO=I> ls!::::;:-so 

[ ( 
, S ) ( J) ) ,(0) l 

X 1 + 2
80 

CD,ij,Vf,\(s,J! + CIJ.i],\'/A(S,Jl.) . (2.56) 

Set t.ing J!.2 = s0 expresses the above contour integral as purely a function of the runninl( 
o.,. Takinl( now the chiral limit., and 1wglccting hil(her order powers in a~': 2 and the 
logarithmic s 1kp<mdencc of the 'Nilson coefficients (through the running ns(s)), onl.v 
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dimensions D = 2, 6, 8 non-perturbative operators contribute to R,(so): 

n 

4w J dcp (ei(I-P/2)'1' _ 3ei(:l-V/2)'1' _ 2ei(4-D/2)"') ' (2.57) 
-n 

which is non-zero for D = 2, 6, 8. The D = 2 quark mass term vanishes in the chiral 
limit.. Nevertheless, anomalous D = 2 contributions, not foreseen in the SVZ approach, 
are not excluded here. The conservation of vector and axial-vector currents in the chiral 
limit implies sn;~:v(s) = srr;~:;t(s) =()in momentum space. Thus only the n<O+l) term in 
Eq. (2.57) remains. 

2.5.2 :Perturbative Prediction 

The description of the perturbative prediction follows essentially Ref. [86]. It will be 
shown that perturbative QCD which appears as a power series in (a,(s0 )/w)" up to 
three loops (n = 3) provides by far the numerically dominant contribution to R7 (so). 
The pcrturbative contribution is given in the chirallimit. Quark-mass effects have been 
calculated in Ref. [92] and arc found to be well below 1%. Thus the contributions from 
vcetor and axial-vector currents coincide to any given order of perturbation theory and 
the results are flavour independent. 

For the evaluation of the perturbative series, it is convenient to introduce the Adler 
function [93] ( Q2 = -q2

) 

oO 

_ Q2 jd. ImTI(s) 
- s (s + Q2)2 ' 

0 

(2.58) 

where the second identity follows from the dispersion relation (1.28). Here, the derivative 
avoids annoying extra subtractions (renormalisation) on the r.h.s. of Eq. (2.58) which are 
unrelated to QCD dynamics. The function D( Q2 ) calculated in perturbative QCD within 
tiH' MS renormalisation scheme depends on the non-physical parameter J.l occurring as 
ln(I'·2 /Q2

). Furthermore it appears as a function of rr.,. On the other hand, since D(Q2
) is 

connected to a physical quantity -- the spectral funetion Iml1(s) --, it cannot depend on 
the subjective choice of ft. This can be achieved if a_, becomes a function of I' providing 
inrh,pemlence of D(Q2 ) of the choice of ft. Nevertheless, in a truncated series (as it is 
the ca,;c here), the fl· dependence' remains. D(Q2 ) is then a function of D(JL2 jQ 2

, a.,) and 
obeys the R.GE. Choosing p.2 = Q2

, its solution is expressed in the form 

(2.59) 

with renorrnalisation schcnH' dqwndent coefficients R,. 

To introduce the Adler function in Eq. (2.53) one uses the identity 

.f ds g(s)II(s) .f 
ds dl1(s) 

- - - (G(s)- G(so)) s-- , 
s ds 

(2.60) 

lsi=so lsi::::-so 
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with the kernel g(B) = (1- s/s0 )
2 (1 + 2s/s0)/Bo and G(s) = [0' dB' g(B') . With (2.60) the 

p<>rturbative contribution from Expwssion (2.53) and (2.54) becomes [86] 

0 ~· ds [ s ( s )" ( s )
1

] 1 + o( > = -2ni -: 1 - 2- + 2 ~- - - D(s) . 
. ~ Ro s0 Ro 

l•l~q . 

(2.61) 

The pcrturbative expansion of the Adlr>r function can be inferred from the three loop 
conlculation of the e+e- inclusive cross section ratio R,.,c(s) = a(e+e-·-> hadrons('y))/ 
a(r:+c-· -> Ji,+ Jl.- ('y)) performed in Ref. [94] (two-loop) and Ref. [95] (three-loop). One 
then obtains [86] 

D(s) = 412 f kn(~) (n.( -es))" , 
1f n:c:O 7r 

with the kn(O functions 

ko(~) Ko , 

k,(O K,, 

k2(~) 

[(,(~) 

(2.62) 

(2.63) 

and the first clements of the (J-funct.ion defined in Eq. (2.11 ). The factor~ in Eq (2.62) 
n·prcsent.s the renorrnalisat.ion scale ambiguity and is therefore arbitrary t.o some extent.. 
The cod'fici<mts Kn arc known up to three-loop order n;. For n 2: 2 they depend on the 
n~nonnalisation schcrne used: 

with 

Ko 

K, 

K2(MS) 

K 3 (MS) 

l ' 
1 , 

F1(MS) , 

F1(MS) 

F4(MS) 

1.98S7 ·- 0.1153 nf • 

-6.6368- 1.2001 nf - 0.0052 n} , 

(2.64) 

(2.65) 

being the coefficients of the pert.nrbat.ivc series of H,.+,- . The expansion (2.62) ins<•rtcd 
in the r.h.s of Eq. (2.61) yields for the known orders in n, 

" ,j(OJ = L k,(OA(n)(n,) ' (2.66) 
11 ---, J 

(2.67) 
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are integrals in the complex s-plane with an integration contour according to Fig. 2.5. 
The strong conpling constant. in the vicinity of s0 can be expanded in powers of n.,(s0 ), 

with coefficients that are polvnomia.ls in ln(s/s0 ) [12] 

2 
nJ'>o) 1 01 s (u.,(s)) (ltJ] s 1,_J212 s) 
--- - -p0 n-- -- - -pJ n~- -fJo n -

7r ·1 s 0 7r 8 s0 16 s0 

(
Is 5 2 s 1 3 .1 s) 

- ~fj2 In-- - - (JofJI In -··· + - /)0 In· -
128 s 0 64 so 64 so 

Inserting the series in Eq (2.6G) leads to the expression 

(
O"s(s))

1 

+ ... 
7f 

(2.68) 

(2.69) 

where the 9n are fnnct.ions of I<,<n and of dcmentary integrals with logarithms of poW(>r 
rn < n in the integrand. Sd.ting ( = 1, Eq. (2.69) reads 

2 3 

5i.;J) as~'>o) + (1.6398 + 3.5625) ('''~'o)) + (6.371 + 19.995) ( a,~'>o)) 

+(I<.1 + 78.00) ('''~'o))' , (2.70) 

with a truncation of the pow<T series at. order n:;(s0 ) since the coefficient K 1 is unknown. 
The first. numbers in the parentheses give the k,(1), while the second ones ar<> t.lw g,(l). 
The trnncation is perforrrH>d despite th<o fact that parts of the higher coefficients g,>1 (() 

are known to all orders and could be resuunned. These known part.~ are the higher 
(tip to infinite) order t.i>nns of the Taylor expansion (2.68) which arc functions of .f),.<:J 

only. A rough estimation of the associated <>!TOr can be performed using the hold gtiess 
.0.k4 (1) ""K3 (J(1/K2 )-:::: 25 which contributes to S(0)(K1 ) ""1.6% for n.,(M7 ) =(J.:l5 (sec 

Section I 0.2.2 for further discussions). The coutributions to 5~0) from the terms of order 
n = I, ... , 4 according to Eq (2. 70) are given in the first line of Table 2.1. 

Another more promising approach to the solution of the contour integral (2.61) is the 
direct. numerical evaluation of the A(n) integrals (2.67) using the approximative analytical 
three-loop RGE solution (2.13) or a numerical solution of the RGE (Runge-Kutta [72]) 
as input. for the ruuning n,( -("s). The complex integrals have t.lwn the form 

(2 71) 

The nnmcrically evalm1t.ed pcrt.mlmt.ive prediction (2.67) at different. orders n for the 
S<'t.t.iugs n,(M7 ) =0.35. ( = I awl [(4 = 2G an' showu in Tab!<• 2.1. The results are 
giYCil for t.hP variOUS types of l.c~chniques llSCd to <'VOIV<~ (Ys ( soe~_IP): the truncat<~rl cnLy­

Jor <'xpansion (2.68), tlH' llGE analytical solution and t.h<' Runge-Kut.t.a typ<' solution of 
t.he RGE which is act.ually <'XJH>ci.<>d to be next to t.h<' exact solnt.ion. The Ilung<>-Kntta 



Integration 

Expansion ok0
J (Taylor) 0.1114 0.0645 0.0365 0.0159 0.2283 

Nurn. (Taylor) 0 1639 0.0342 0.0138 0.0045 0.2165 
Num. (RGE-analyt.) 0.1523 0.0313 0.0130 0.0047 0.2013 

N unL (RGE-num., (J2 ) 0.1531 0.031G 0.013.3 0.0048 0.2028 
Nurn. (RGE-num., (33 ) 0.1527 0.0313 0 0130 0.0047 0.2017 

-----

'l!tbk 2.1: Pcr-tur·bative contribution to RT(MT) at ordcr-.s n with a,.(MT) =0.35. The 
value of K 1 is set to 25. The first line gives the results of the a 8 expansion according to 
Eq. (2. 70), while the second and third linc.s give the r-esults of the numerical evaluation of 
the integrals (2.67) using the Taylor e:r:pan.sion (2.68) and directly the RGE solution (2.1.3), 
re.spectivcly. The last two lines aTe obtained fmrn nurneriml (Runge-Ku.tta) integration and 
for- the l.lm:c- and four-loop {!-.fu.nr:lions, r-e.spectively. 

results are additionally given at four-loop level. Tlw difference between three- and four­
loops is far beyond the experimental and theoretical accuracy of RT. Companed to the 
expansion (2. 70), faster converg<mce is observed for the numerical solutions yielding a 
significantly smaller error associated with the unknown K 1 of 0.5%. The difference of 
about 7% between the nunHerical solutions using the Taylor expansion (2.68) of the RGE 
(second line in Table 2.1) and the complct.e RGE solutions (:l. ~ 5. line) for the a., evolution 
invalidates the Taylor scrim as not providing a stabk approximation along the integration 
c:ontonr. Th<• same conclusion should then strike the expansion (2.69) based on the same 
senes. 

An important difference betwc<'n the two evaluations of the integral (2.67), fixed order 
expansion and numerical s<ilution, grounds in the fact that the g, coefficients in Expres­
sion (2.69) stern from a truncated series of fourth-order n; (2.68) which is not rcsummed. 
This resnmmation is automatically contained in the numerical evaluation using the com­
pl<·te known RGE solution. In addition, the Taylor expansion inserted in the A(n) integral 
provides imaginary logarithms, In ( -s/s0 ) = i(<p- n). giving rise to large contributions 
in some parts of the integration contonr [86]. This generates uncomfortably large g, 
coefficients at. higher orders in a., which reinforces the importance of rcsummation. 

2.5.3 Renormalons 

There has IH•en sonw excitement on the theoretical si<k [96, 97, 89] concerning the pcr­
turhativc ''xpansion of the Adkr function D(s) which behaves divergent when considering 
a gluon propag-at.or chain cftrr_ving Tnulf.iple fennio11 ins(~rt.ions in a vacuurn polarisation 
loop as depicted in Fig. 2.6. The resunnrtation of this chain with a large number of n 
huhhks deals with tlw assumption of a dominating contribution from the (/J0 ns( -s))" 
tNm. Higher order terms of I he :J-fmwt.ion an' then neglected. This assumption is sup­
ported empirir:allv by the observation I hat the 80-temr dorHinatcs second onkr radiative 
corrections for many obscrvablcs in tire 'llS scheme [9G]. This procNlme provides a naive 
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Figure 2.6: Multi-fermion loo7J insertion (nennrmalons) into a fermion anti-fermion vac­
uum. polar·isation diu.qmrn. 

non-abelianisation of the theory since lowest. order radiative corrections apparently do not. 
include gluon self-coupling. Th<· Adler function obeys then the perturbativc expansion 

N 

/J(n:s) = L r,a~+l , (2. 72) 
n=O 

where the coefficients ,., an' polynomials in the number of active flavours n1. Unfor­
tunately, at sufficicntlv large orders of n vacuum polarisation bubbles, tlw coefficients 
diverg<' a.s 

(2.73) 

A convenient way to handk this divergence is to consider the Borel transform of the Adler 
function 

D[!Jj(u) = L '4u" , (2.74) 
n--:0 /L 

which is believed to haw a fiuit<• radius of convergence in the v.-plane [98]. The nth fixed 
order perturbation coefficient. is then generated hy tlw nth derivative 

·r·~ __ d"B[JJJ(u)l . " (2.75) 
dun u=O 

The explicit factor n 1 in !3[ Dj(n) makes the Borel transformed series much better behaved. 
Summing up all orders J<,ads to the integral rqJwscntation 

0C 

D(nJ ··· D(O) = / drH,-u/n, B[Dj(n) (2. 76) 
0 

\·\"hat is ne<,ded to perform t.he integration (2.76) is that B[/JJ(u) has no singularities in 
the integration range. However. tlw large n expansion kads to singularities on the real 
axis which can lw distinguished in infrared singularities (IR renormalons) for small 
virtuality and ultm.violet singularities (UV n'norrnalons) for high virtuality of the 
exr:hang<'d gluon. At large 11., the Borel transform lwhavcs essentially as a georndric 
series [97] 

JJ[J)j(u) ~ ck "I:n'' 
" 

(2.77) 



UV renormalons IR renormalons 

Figure 2.7: Ultmviolet (UV) and infmred (IR) renormalons in then-plane. 

which is singular for n = k/ (30 . They are associated with the IR renormalons k = 
+2, +3, ... (the k = +1 singularity is assumed to be absent in perturbation theory [99]) 
on tlw positive real axis and the UV renorrnalons k = -1, -2, ... on the negative side 
(sec Fig. 2.7). 

The Ill poles give rise to ambiguities when one uses the generators (2.75) to reconstruct 
D(n,) from its Borel transform. Using in first order for space-likes< 0 

47fn., (flY) [ 2 ]··t 
o,(-s) "" ( 2 ){) J ( ·/ 2 ) = i1r ()0 ln(-s/A) 

1 + n, fi· . o n -s Jl· 
(2. 78) 

one obtains for the associat<ed ambiguity for k = 2, 3, ... [97] 

00 

!::,]]( n,) / dn e-ufn, n[D](a) 
[I [JO 

(2. 79) 

These m renorrnalons ~ (i\2/s)k are reabsorbed into the non-pertnrbative terms of the 
OPE. The absence of a k = 1 JR. renormalon is thereby related to the impossibility to 
build a gauge invariant operator of dimension D = 2. 

Due to asymptotic freedom, the UV renorrnalons arise on the negative real axis (on 
the contrary to QED where they occur Oil the positiV<: side) so that they are outside the 
integration rang<' of (2. 76) and in so far harmless which means Borel-summable [98]. For 
large n, the factorial growth of the perturbation series is dominated by the contribution of 
I he leading UV rcnormalon k = -1 with alternating coefficients r, ~ n°n' ( -(30)". Tlw 
individual contributions r,n~+l to the expansion (2.72) for reasonably small n., decrease 
first then paso through a minimum and will finally diverge. This point. of minimal scnsi-
1 i\·ity is the optimal n to tnmcat.e the intrinsically divcrg<ent expansion. A guess at which 
order V minimal sensitivity is achieved can be obtained from the argumcnt.that the series 
is convcrgent,i.e., reliable at order 11 + 1 if o,Tn+1fr, < l. Considering leading IR and 
l-\· renonnalons on0 finds from the asnnptotic bchm·iour (2.7:3) T, 11 /T, ~ (!i0 /81r)n (ll\) 
and r, 1 1/r, ~ -(!i0 /41f)on (UV). The lm>ak down of convergence is then first caused by 



the UV rcnormalon at order N "" 47r / {30a 8 ""' 4. However, a series truncated at finite 
onkr N brings an intrinsic limitation of accuracy along with it. The <l$SOCiatcd error is 
n'asonably estirnat.ed with the magnitude of t.lH' order N term of the perturbative series. 
That. gives using Eqs. (2. 73) and (2. 78) for the first. UV renorrnalon k = -1 

N'~'I(·"J )N "·v. lJ[JO's 

(Stirling formula) 

(2.80) 

Thus, t.he truncation of the pcrt.mbativc series is accompanied by an uncertainty which 
scales like 1/s, i.e., with apparent dimension D = 2. The authors of Ref.· [99] (first ref.) 
showed that. the truncation nnccrt.ainty at N scales actually with Aa.!12 fl. 2s /Jt4 whrm t.hc 
rrmormalisat.ion scheme dependence of II. is taken into account. The interpretation of t.hc 
above uncertainties and its impact on the theoretical error of tlw a.,(111r) determination 
will lw discussed in Section 10.2.2. 

2.5.4 Non-Perturbative Contributions 

Following SVZ [11], the first contribution to Rr(so) beyond the D = 0 perturbativc expan­
sion is the non-dynamical quark mass correction of dimension D = 2, i.e., corrections in 
powers of 1/s0 . They haw been caleulated up to next-to-leading order a., [100]. Inserting 
the f(mnulac in Eq. (2.:J3) and evaluating the contour integral leads to [12] 

-8 1+--~· (. 
lG n,(s0)) mf(so) + rnj(so) 

3 1r so 

:lc 4 1 + ---- -- , ( 
2f> a.,(s0 )) m.;(so)rnj(so) 
:3 7r so 

(2.81) 

whcrr' m.;(s0 ) arc the running qnark masses evaluated at the scale s0 using the R.GE 1-
fnnr:t.irm (2.15). 

The dimension D = 4 operators have dynamical contributions from tlw gluon con­
densate ((r>,j1r)GG) and quark condensates (m;q;q1) which are the matrix elenwnts of 
t.hc gluon field st.rcngt.h-squa.rcd and the scalar quark densities, rr~sr><,ctivdy. Remaining 
f) ·~ 4 operators are mnning quark ma.sses to the fourth power. Inserting tlw Wilson 
cod"ficicnts of t.lwse OJH'rat.ors [100. I 01] in the integral (2.53) one obtains [12] 

11 ~ (n,(s11 ))!. ((o,/7r)GG) 
·--7r --·------ ---------·· 

4 7r s6 

+ 16" 2 l1 + ~ (n.,(so))"l ((m.; =r: rn1) (f;q,_£t]jq1)) 
2 7r -'o 
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_ [ ~ ( 0,~50 ~) 1 
_ 2: J (m;(so) 'f rnJ(so))5~ mf(so) 'f mJ(so)) 

m;(s11 )mi(s11 ) (m,(s11 ) 'f mj(s11 ))
2 

, mf(so)mj(so) 
± G ···-· ----2 -- + :35 

2 
(2.82) 

8 o so 

As already seen in Exprmsion (2.57), the gluon condensate vanishes in first order o_,(s0 ). 

llowcvr~r, there appear second onkr terms in the Wilson coefficients due to the s depen­
dence of n., which after integration becomes cr;. 

The contributions from dittH'nsion ]) = G operators arc rather complex. As already 
tnentioned, the most important operators arise from four-quark dynamical effects of the 
form ij;f 1qJ']icf2q1• Other operators, such as the triple gluon condensate whose Wilson 
coefficient vanishes to order n" or those which are suppressed by powers of quark masses, 
arc ncglectrxl in the evaluation of the contour integrals performed in Ref. [12]. The large 
n11mbcr of independent operators of the four-quark type oceurring in the D = 6 term 
can he red11ced by means of the vacl!Ultl saturation assumption [11] to leading order u,,. 
The operators an' then expressed as products of scale dependent two-quark condensates 
n, (Jl.) ( ij;IJ; (Jl.)) (iJJIJJ (JL)). To take into account possible deviations from the vacuum satura­
tion assumption, one can introduce an effective scale independent operator po,(qq)2 that. 
repla.ces the above product. The effective D = 6 term obtained in this way reads [12] 

(2.83) 

providing a large cancellation bd,wecn the axial and vccl.or contributions. 

The basis of the dimension ]) = 8 contribution has a structure of non-trivial quark­
quark, quark-gluon and four-glnon condensates which explicit. form is given in Ref. [102]. 
For the t.heorPI.ical prediction of R 7 (s 0 ) used here, tiH' complete long and short distancr' 
pari is absorbed into the scale invariant phcnomcnologir:al D = 8 operator ( 0 8 ) which 
will be fitted simultaneously with n,. 

Higher orrkr contributions from D ::> 10 operators are expected to b<~ small as, equiv­
ail'nt to the gluon condensate, constant terms and terms in leading order n, vanish after 
iut.cgrating over the contour. 

2.5.5 Spectral Moments 

II wm; Uw idea of th(' authors of 1\cf. [13] to benefit from the inf(mnation provided by 
t.he explicit sha.pc of the s1wctra.l futwtions in orclcr to obtain additional constraints on 
nJ,0 ) a.nd Jtion' importani.ly on i.lw non-pcrtmhalive conrknsates to detach the 
11_, IIH,asmt'lllt:llt from additional theoretical assumptions. Thev ckfined the following 
spectral lllOllH~Ilts at. J147 : 

(2.84) 
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wll('rc I he factor (1 --- sjt\-t';)k weip;hts the low i'llcrp;y spectrum and squeezes the integrand 
al LIH' crossing of the positiv<' real axis whN<' the validity of the OPE is questioned [UI] 
;wd i'xperimcntal ;t('(:macv is sl.a.tistically limited. Its counterpart (sf J'v{;) 1 projects Oil 

hip;hcr encrp;ies. Not<> that /!~0 = RT. The new spectral information is used to fit sirnul­
tancouslv rt,(MT) and the pl"'HO!lWllological operators ((a_,j-rr)CC)n~4, pu_,(ijq)J; •• ,; aiH! 
(O)n •• s, a procedure which requires at least <1 better G input variables considerinp; 
the intrinsic stronp; correlations IH:twcen the moments which are reinforced hy expcrimell­
tal corn:lations. 

In complete analogy to the T ltadronic width one can separate the respcctiw contri­
butions from pcrtml>atiw and non-pcrtnrbative QCD as 

(2.8f>) 

The J>redict.ion of tlw pertml>ative contribution lakes the form 

3 

li(O,kl) = L k,(f)A(",kl)(IY,)' (2.8G) 
n::-:1 

with the contour intq;ra.ls 

A ( n.kl) ( CV,) 

(2.R7) 

which arc numerically resolwd f(tr the running n_,( -,;-"s) obtained from the H.GE (2.11) 
nsinp; the numerical solution (Ruuge-Kutta). 

In the chiral limit and neglecting the small logarithmic dependence of the Wilson 
<·oefficients on s the dinH:nsion [) non-p<ertnrlmtive contributions in Expression (2.8:-i) 
reads [1:3] 

( '";" 
( /) -- I) (U =G) (f) -' R) ,, ,, l (I -:l . 2 (0,0) 

~( /J,k? 8 2 I I -:l ;) (1,0) L c(n( l (O(,~.)) (2.88) ud, \ 1 .'1 7[ 0 -I :I (LI) Jl A1J! ' 
(I (I I I (I, 2) dim():-:-: fJ T 

0 0 0 I (I, -1) 

whne the matrix is defined bv I he choice of the cod'ficie11ts for the monwnts k = 1, Icc· 
0. I. 2. :; and the corr<•spmldinp; dimension D. One notes that with increasing weight I con­
t.rii>lll ions from lmv dillH'nsion operators arc cut. For example, the only noH-pmtnri>ativc 
r-onlrii>ution to the moment /I~_\ 1 1 sti•rns fronr the din":nsion ]) = 8 Ol)('ral.or. Ilene-<'. 

in a fit using spectral lliO!l]('lli.S. f)= 8 will strongh- Jw constrained from n~:\ 11 . This 
ohs<~rvation is in sonH' sC'IJS(-' n ~'paradox''. as lligh(~l" montcnts project. highnr ·n;ass('s 011 

tl"' cont.ra.rv to Rr(s0 ) and i.IH' spirit of t.IH' OPE. whr:rc 1.1"' higlwr dimension t.enns blow 
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up at small s0 . 

For practical purpose it is more convenient to define moments that arc normalised to 
t.hc rcspcctiw value of R7 ,v;A in order to uncorrelat.c normalisation and shape of tlw T 

spectral functions: 
Rkl 

Dkl - T,VjA 
T,V/A - R 

·T,VjA 
(2.89) 

For the use of integrals over experimental data one then directly integrates the normalised 
invariant mass-squared spectrum. The corresponding theoretical prediction can easily be 
modified. There now exist two sets of experimentally almost uncorrelated observables 

hadronic widths and spectral monwnts - which provide independent constraints on 
rv,(s0 )and important tests of consistency. It is therefore necessary to obtain from the 
ml'asuremcnt a precise normalisation ( RT) as well as an excellent knowledge of the shape 
of the spectral functions ( D~1 ) . 

2.6 Measurements of a 8 

The measurement of the genuinely only free para.met1er of QCD, the coupling constant n., 
at various energy scales represents the key issue for a wide range of questions in mod­
ern particle physics, e.g .. consistency tests of QCD at. different energy scales, important. 
quantity for coustraints on new physics (clectrowcak global parameter fit, partial Z decay 
width into b quarks Rb) and tests of grand unified theories (GUT). The first. quantitative 
mmsuremcnt of n., on the basis of event shape variabl'" has become possible through the 
obs,,rvation of gluon radiation from quarks in three-jd. events [61]. The discovery of the 
c1wrgy dependence of three-jet event production rates [103] gave a. first evidence of the 
running of n, [104]. 

Tabk 2.2 and Fig 2.10 compile published results of n, measurements which arc briefly 
described in the following paragraphs. One can see that the diversity of the approaches 
which all lead to compatible results is rather impressive. Already included is the result 
from T ckcays presented in Section 10.2 of this work. 

a., from Deep Inelastic Scattering 

Dt'<'P inelastic lepton-nucleon scattering (DIS) permits the measurement of n., over a broad 
range of lepton-parton squared space-like momentum transfers Q2 Both experiments at 
the e-p collidcr HERA at DESY, HI and ZEUS, d<,tcrrnined n.,(Q2

) from jet rates for 
:1.:1 C<'V < ,j(p < 63 GeV. The theoretical prediction in perturbative QCD is known to 
next-to-leading order (NLO), i.e .. including two-loop QCD corwctions. The coefficients 
of n, in the e-p j<,t.-ratc prediction depend, in contrast to e+c- annihilation, thcmsclvt" 
oil Q2 . Thus rnnning of n, is t.herdon' all explicit ill put into the theoretical prediction. 

The proton structure function Ff(:r, Q2
) for small parton momentum fraction :r and 

,j(p < 10 GeV can be computed to NLO pert.urbal:ivt' QCD including a summation over 
lendillg and sublcading logarithms. A double-logarithmic scaling of Ff(:J:, Q2

) in :r and 
(2 2 prO\·ided an direct evidence of running of r<,(Q2

). 
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The' authors of H.cf. [105, 106] used the Bjorkcn sum rule (BS!l.) and the Gross­
Llewellyn-Smith sum ru!r: (GLSSH.) with data on polarised c- p and JL- p scattcrin;; 
f(n a first measurement. of n_, with this technique. The respective theoretical predictions 
arc known to NNLO pcrtnrhative QCD, which reduces clearly the theoretical sy"st.crnatic 
error. 

a_, from Scaling Violations 

The stud.v of scaling violation in structure functions in DIS played a fundanwnt.al role in 
establishing QCD as I. he' t.hcorv of strong interactions. Scaling violations arc observed in 
the structure function of t.!w nucleon in DIS processes and in the partcm fragmentation 
function in c+e--+ hadrons annihilations. For t.bc nucleon structure function orw observes 
with increasin;; momentum q> a process of "softening", described by pertnrbative QCD. 
Softening means here that at higher momentum transfers more partons arc resolved froru 
virtual vacuum fluctuations in tlw nucleon [107]. Softening in fragmentation funct.ious 
dmcrihes the enhancement, of tlw particle multiplicity in the jets. Theoretical predictions 
e'xist t.o NLO where pcrt.urlmtiVC' and non-perturbative contributions are considered in 
the' framework of the OPE. 

Measmcrncnts of n, using scaling violatiems of structure functions were ]Wrfonned in 
DIS with neutrino or lepton !warns on nuclei targct.s. Tab. 2.2 c:itcs the averaged valut' 
C'valuat.ed in Ref. [107]. 

QCD predicts similar scaling violations in t.hc fragmentation functions of quarks al!C] 
gluons. In an e 1 c· c:ollicle'r this translates into t.lw fact that. the distributions of t.hc 
scakd-e,ncrgy :r: = 2E I v-~ of the final state particles depend on the c.m. energy ft. The 
n1easmc:rrwnt t.be :r dist.ribntions at different. .fH compared to the QCD prediction allows 
the dderrnination of n,. 

a_, from e+e- Annihilation 

The topology of hadronic: events in e+e-· annihilation is modified by effects from gluon 
radiation giving rise to events which differ from the collimated two-jet topology coming 
from the fragmentation of pme r· t· c' --+ qij events. Since the amount. of gl uon radiation is 
directly proportional to the st,rong coupling constant., studying the topology of hadronic: 
final states provides a rnc:asurenH'Ilt of o,. Such topological variables, called event shupe 
variables, have beoen use'cl bv e·xpcoriment.s at corwrgies from 30 Ge V to up to l :33 Gc' V 
( LEP-2). In onkr to jnsi if\· the pcrturbat.ive approach to c:onrwct the event shape vari­
ablr" wit.h QCD, one has t.o tuake• sure that theov are inscnsitivco t.o QCD singularities from 
soft glnon radiation (infrared cliver;;encc) and collinear hadronization (nltraviokt clivcor­
;;cncc). All global event. sltapr' v;rriablcs uscod bv the e'xJwriment.s are known t.o NLO er~. 
whe"·co the' theoretical prc,cJic:t.ions arc' based on IiCtllH'rical integration of t.he contrihui ing 
llJaJrix d(~rnents. 

The dd.inition of nmlti-jeis is arbitrary to sonH' e'xt.ent so t.hat. the absolut.r' unmlJC'r of 
rec:onst.nrc:t.ecl 1nulti-jets de·pe·ncls on the rucot ric (·jet algoriUnn") used. Conmronly used 
;tlgorit.hms as measmr•s for t !IC' distance bet.we't'tl 1 wo _jet.s ij are t.lw Durham-metric [lOR] 
.1/ij = 2 x min ( E?- E})( l -- ws 11,1 ) /2 and tJrco .J aclc-nret.ric [109] Yii = 2( E;, E1 ) ( l -r·os 11;1 ) /2 . 



with the openin~; angle between the two jets eij and the total invariant mass of the final 
stat<' s. 

Theoretical predictions of event shape variables depend strongly on the underlying phe­
nomcmology to describe the non-perturbative transition from initial quarks to final state 
hadrons (hadronization). The systematic uncertainties associated with the hadroniza.tion 
moddlin~; limit the precisiou of"·' dctermiuations. 

o:, from the Z Hadronic Width 

Tlw theoretical prediction of tlw Z hadrouic width rhad, measured at LEP ·and SLD from 
the sum of the leptonic wid I hs Z-+ p+ f , is known to NNLO perturba.tive QCD [llO]: 

I'(Z-+ qij) "" ~Jl· 3 1 + 1.060 n,(:fz) + 0.90 ( a,(:z)) - 15 ( a,(:z)) . [ 
2 3] 

(2.90) 
The total QCD correction above arnouuts unfortunately only to about 4% for a 8 (Mz) "" 
0.12. This limits considerably the scusitivity of the n, determination. On the other 
hand. the rncasurenwnt is safe from tiH' asymptoticnms point of view: non-pcrturha.tive 
effects a.re negligible. The theoretical systematic error in the fit of the Z lincshapc gets 
a !lon-ncgligible coutribution from the unknown mass of the Higgs boson [ll1]. The 
o, ( Mz) value given in Tab. 2.2 is obtained from the e:ornbined experimental result for 
t.he hadronic width from all four LEI' experiments better expressed a$ the ratio [ll1] 
llr(s) = I'z->had/I'z_,,+,- = (I'z-I'z_,,,.,. )/I'z_,e+e- = 20.778±0.029, using the top quark 
mass Mtop = 180 GeV /c2 and a Higgs mass of Mn;gg" = 300 GeV /c2 The measurement 
is still statistically limited. 

n., from a Combined Electroweak Fit 

'iot only the' hadronic width but. also Uw Z productiou cross section receive contributions 
from QCD loops. One cau combine this information by means of a global SM elcctroweak 
fit. using all available data from LEP, SLC, pj5 collisions (CDF, 00 at TEVATRON), bb 
production (CLEO at CESR) and DIS. The input variables are then obtained from 

ekctroweak data.: 

Mz, l'z, CJ~<ul• Re, Af,n. 

AT, A,,' 

(Qill) 

.l,H . (SLC) , 

wh,•re Af.,B is the forward-backward asymmetry measured in lcptouic Z deecavs. 
A,, !l,. <Jn' the polarisation asvmmcot.rics, (QFB) is the qnark-antiquark charge' asviu­
llH'I.ry (se,nsitive to sin211w ). Mw is measured at J!J! colliders and 1 - M~v / Mj is 
mcasnred in dr,q>- i nelnsti c ncn trino-nucli,on scat teriug. 

;)2 
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r-rgzrnes. 

heavy flavour data (Z -+ bi), Z -+ cc): 

(LEP) , 

A careful analysis of the theoretical and experimental correlations between these input 

variables has to be performed. 

The above information allows the simultaneous determination of top and Higgs mass, 

n,(Mz) and the weak mixing angle yielding [112] 

J11t0j) 

Mu;ggs 

sin 2 6w 

0.1202 ± 0.0033 ' 

172 ± 5.8 G<N /c2 

]41) I 11R 
' --82 ' 

0.2TlG ± 0.0004 . 

using u-
1 (A1i) = 128.90 ±: 0.090. Fig. 2.8 plots the results for n,,(Mz) and M 11 ;ggs with 

their 1 0' and 2 0' contours. 

as from Hadron Collision 

Similarly as in DIS, hadron collidcrs simultaneously probe QCD in a wide range of 
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momentum transf(ers Q2 Thcordical prediction of inclusive proeess<~S are eommonly 
known in NLO QCD. Direct photon production in hard parton-parton scattering is 
a Compton-lik<' process scaling with n · a 8 . In the inclusive cross section cliffcrencP 
rr(J'li -; ! +X) -· rr(J!J! -7 ! +X), sPa qnark and glnon structure functions of the proton 
,·ancd (no explicit dependence on tlw sign of the elcctrornagnctic charge) so that only the 
well known val.,nc<' quark <listrilmtion contributes as theoretical input for the a., clder­
miilaLion. 

\ising the ns dependence of tlw inclusive transversal energy (ET) distribution of one­
jets, values of n.,(E.y.) for energies ET = :30 G"V to 500 GeV could be measured [114] 
using CDF data recorded in 1988-89 [1 l:l]. Neglecting non-perturbative contributions, 
the inclusive differential cross section d(J /dE'/' is then directly related to the perturbative 
prcdicl.ion governed by the running coupling cv.,(J~',r) at the charaet.eristic .scale E'l'· The 
large accessihl<' en.,rgy range in which the dynamics of pa.rton-parton scattering is probed 
can I)(' illustrat"d by expressing 8'1 in t<>rms of the impact parameter !J, i.e., the "distance 
scale" given hv iJ = il.c/ E'l'. The above energy range corresponds then to cxtremdy small 
dislan<·cs from iJ = 0.07 fm t.o 0.0004 fm compared t.o the proton dimension of about 
IJ.R l'!n. In order t.o obtain a valu<' for n,( Mz) the n;sults of diffnent energies have been 
av<·nrged """r the statistical "rrors while keeping the svsternatic unc<'rtainties as being of 
c<lllllllOll ongllJ. Conseq\l(ontlv. the final "rror rdkct.s the systematic uncertainty whik 
stnJ.i:-;l.ical ('nor;-; ar(' twp;ligible. Tli<' n.\ Jn('a.snn~rnents H~rsus ET a.rc shown in Fig. 2.9. 

Another. howevN leso sensit.iv<', appnmch is tlw ur<,;rsun'rnent. of the inclusiw f!J> · > hb 
cross S<·ctiou [llS]. In hadron collisions hPavy quarks arc produced bv quark-antiquark 
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annihilation or gluon-gluon fusion processes which to leading order are quadratic in n_,. 
ExpPrintent>dly h-quarks an> tagged using <kr:a.v charactPrist.ics (e.g., lifetime). 

as from the Y System 

The bD quarkoniurn resonances of t:hc Y family arc used in a new analysis [116] in order 
to extract values for the bottom quark mass J\1, and n,(!l1,). It is a reconsideration of a 
previous work where the extn>mely precise value of n.,{Mr,) = 0.109 ± 0.001 was claimed 
using a perturbative expansion in first order n_, [117]. The result turned out to be in 
sharp disagreement with the cnrrcnt world average n,(Mz) =0.118±0.003 [107]. This 
gave rise to some spec:ulat.ions relating tlw "difference" found between n., evaluations 
from low and high energy data to the possible appearance of new physics [118]. The 
new analysis readjusts this picture: the authors of Ref [116] employed moments of order 
n = 1, ... , 20 obtained according to Eq. (2.23) from the nth derivative of the heavy quark 
vacuum polarisation correlator n&&(q2

) whose imaginary part is proportional to the rate 
R,(-') = a(e+e---+ bb)/a(e·lr---+ fl+/1.-). High n moments give a weight on low resollanct' 
states, while the moment n .. --> oo projects on the Y ground state (sec Section 2.3.2). 
To avoid systematic errors due to unmeasured higher resonances, only the n = 8, ... , 20 
moments were used. The corrdator and its derivatives can be predicted by NLO nj 
pertnrlmtive QCD (where some unknown o:j terms were estimated using the technique 
of Padr approximants1

. Although correlated, the simultaneous fit of all moments used 
provides a precise mcasurenuml of the bottom quark mass Mb = 4.60 ± 0.02 GeV /c2 

and n_,(Mz) = 0.119 ± 0.008, ill now perfect agreement with the world average. The error 
illcludes a careful allalysis of the systematic ullcertaintics from theoretical origin. 

a, from Lattice QCD 

Additionally shown ill Table 2.2 is the average ovrer recent ns results from lattice QCD 
calculations [119], using tneHsun,ntents of levd split.tings between Sand P heavy quarko­
nia states in the Y system. Lattice calculations are based on a discretization of a finite 
space-time volume wlwre the latlr'r is generally chosen of order 2 fm in each dimension to 
be largt' mtough that hadrons fit comfortably into it. The discretized volume allows then 
the calculation of multi"dinwnsioual, quantum field tlwory path integrals using Monte 
Carlo methods. The lattice spacing a is chosmt according to the machine and time rT­
sonrces available. Cnrrently they are choseu between 0.05 0.2 fm [119] corresponding to 
mt energv scale of 1 4 GcV. which is at 4 GcV large enough to escape from low eucrgv 
QCD dynamics. In principle, the QCD action can be calculated using quark propagators 
with gluort background. Hm,·ever. such calculations are extremely demanding so that., in 
practin~, g-Iuon background is often set to its average va.lue ("quenching'') which mca.lls 
thai internal quark loops arc neglected. This is compensated bv n renonnalisation of the 
lattice coupling constant which is input. 

'1Tht> Pad{· approximant "[i\·J,I\']'' of a function f is givc~n by t.hc ratio of t\vo pnl_yllOJllials of onlPr 
!11 and N which to ord(T ,H + ]\'' has the same Taylor srri('S as f. This ratio OJWIIS a s~:stc'ma!.ic ,,·a.Y 

to gu('ss lHnv a pert.urhat.iv(' S('ries J"('SIIHIS, by cxplkit.ly n''nit.ing: the latter as a ratio of polynoJuials. 
ComparPd t.o tlH' f, the rc1!.io ·'[.\L~r = PM/ PN int.rodw·c's polc~s on thP real axis in t.lH' s-plaw~ simil;n 
to tlw rc~normalons wiH'll p(Tforming a Dnrel transfonnt'd !"('SIIllllllat.iou of th(' pcrturhat.in· ~wrir·s (s('(' 
S('nion 2.0.3). 
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C:akulal.ions of n, exist. with r1 1 = 0 and n 1 = 2 dynamic fermions which give only 
tnarginallv different results and t.hus allow a safe extrapolation to the physical nf = 3 
flavours. The determination follows a three step pro<:Pdnrc: (i), the definition and mca­
surenll>nt of a coupling o:1att. ( ii), determination of the spacing a which fixes the en­
ergv scak at which <Ytau. has its measured value and finally, (iii), compute o:,(MS) from 
n 1., 11 ll·lajor somccs of uncertainties are the resolution loss from discretization and 
1111· 1·om·ersion of tfw bare lattice coupling constant to n/K1S) of a continuum scheme. 
Two lli'W n•sull.s arc available bol h nsing 1 S 1 I' and 18 28 quarkonir]m level split­
tings in the Y svstem to fix the lattice spacing. Two values of different collaborations 
\\hich obtain~>d n<{ !11;.:) = 0.118 +: o.oo:l (I\HQCD [131]) and n,(Mz) = 0.116 ± O.Oo:l (Fcr­
tnilab/SC'Ill [ J:ll]J which ar~> dmniwried bv theoretical unc~>rt.aint.ies whose largpst. coll-
1 ribttlion stems from the rwrt.ching n 1a 11 n,(:VIS) . Tab. 2.2 quot.r" the m·erage of both 
,.,rJ,tes kPPping t.he systematic errors uHchanged. 
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.J 
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Table 2.2: Summary of n, nl<'asurcrncnt.s at various crH'rgv scales Q evolved to !Hz. 
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2.6.1 Combined Value for as(Mz) 

The mean va.lt!e of the mea.smenwnts presentwl in Table 2.2 is ealeula.ted via. x" rrmu­

tnizations ov<~r .Nmea.s rneasnn•uterJts n-~1-), i = 1, ... , j\/rncas as f~xplained below. The rnea­
snn,nwnts entering into the average are denoted in the last column of Tab. 2.2. They 
are chosen in order to minimize the eorrdated experimental input, i.e., only the best (or 
most recent.) measurement for a given data. set and method is used. 

Defining 
N,w,.~ 

x2 = L (n\') ~ (a,))Cij 1 (n~J} ~ (u,)) (2.91) 
i.,.J- ·1 

with t.he mca.n value (a,) t.o h" determined and the covariance ma.t.rix CiJ defined as 

{(
A (i.))2 ('' (i))2 C • · 

(
". . _ Llstat 0! s + ..:...l.sy~:Jl-:8 lOf ~ = J 
'.J - 2 A (i) A (j) f" · _j_ · p L...l.sysfY.s. LlsysCV.s or 1, /- .7 

i,j = 1,. · ·, Nmeas, (2.92) 

w h"r" the correlation coefficient lwtween the theoretical ( a.nd in some cases experimental) 
"rrors of t.h(' measurements is estimated from the expectation x2 /d.o.f. = 1 (this is not. 
t.ruc if t.he correlations are too la.rgc since then the "rea.!" degref' of freedom ia. smaller 
t.han the naive ont'). The vanishing first derivative and t.hc second derivative of Eq. (2.91) 
lead to 

(n,) (2.93) 

(2.94) 

vielding the wdl known weighted mean formula. if correlations are absent. 

First, in order to estimatc the corrdations eonsist.cmt.ly, several subgroups are at­
tributed to the measurements. Tlwse subgroups are (tiH' averages of the mcasurement.s of 
t·ach suhgronp and the cstirnatt~d corrdations. obtain"d using Eqs. (2.93) and (2.91), are 
given in parcut.heses): the DIS mcasurcmcnts (n,(Mz) = 0.1154 ± 0.0038, p = 60%), the 
measurcm.,nts using event. shape variables (n8 (Mz) = 0.1228 ± 0.0058, p = 80%) and the 

measm"m"nt.s from pj5 collisions ( u, ( !11z) = 0.117.3 ± 0.0083, p = 80%). The results are 
averagcd wit.h t.lH~ remaining measuremcnts which an' iudividually more characteristic: n., 

from T decavs taken from Refs. [8. 9)" n, from La.ttic<' calculations, a 8 from Y quarkonia 
statt's and n., from the comhin"d dect.mweak fit.. 

:\ veraging the results of the subgroups with the above mt~asnn,ments awl assunnng 
th<'lll to he still :30% correlated yields the cornbinecl n, valne at Mz 

(n,(Mz)) = 0.1190 ± 0 0020. (2.95) 

''The rc~sults given in these rdcrencPs were oht.ained using massl<'ss h~ptonic branching ratios (unin~rsal­
its improved) which changed quite a lot since t.ll<,ll: TJ, = 0.1809±(1.0064 [8] am!TJ, = 0.1817±0.001D [9] 
col!lpan~d t.o nr::::: 0.1779± 0.004 from Eq. (1.13). The publisll(~d values for 0' 8 (MT) an~ therefor<' renor­
Hl<llised f.o t.hP pn~sent Br value using; !.he rdatiou (10.23): ~n.~-:::: 0.44~Rr. 



with a y 2 /d.o.f. = 3.3/6. Tlw value of (o8 (Mz)) and its error is depicted as shaded band 
in Fig. 2.10. 





Part II 

Experiment and Data Analysis 
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Chapter 3 

The Experimental Conditions 

This analysis ir; based on data a<Tumulatcd during 1991 ~ 1994 with the ALEPH detector. 
installed, as the experinwntr; DELPHI, L3 and OPAL, at one of the four collision pointr; 
of the Large Electron-Positron Collider (LEP) at CERN. The LEP is a storage ring of 
26.66 krn in eircumferencr' and r;ome 100 mctr,rs underground which is is situated on tlH' 
French-Swiss bon](,r near G(,neva, Switzerland. Th(' scientific aim of the first phase of 
LEP (LEI' I) was the performance of high precision tf"ts of the electroweak Standard 
Model with the prefewuce on high statistics obtain('d on the Z peak at 91.2 GcV center­
of-mass (c.m.) energy ("Z-factory"). In addil.ion, energy scans were carried out in the 
years 1991, 1993 and parts of 1995 in order to measure' the Z lineshapc. The second 
phase (LEP II) started in 199G with an c.m. energy of about 133 GcV and terminated 
it.s first year with 172 GeV. It is dedicated t.o a precise measurement of the cross section 
of c+e- _, w+w- evr>nts and t.he w± mass as well as to searches for new particles and 
phenomena (Higgs, snpersymnwtry, etc.). The integrated luminosity seen by the cxpcr­
inwnts between 1993 and 1 <J9G as a function of the time is shown in Fig. 3.2. The total 
int.r,grated luminosity used in this analysis (1991 94) amounts to 134.1 pb- 1 produced 
with an average luminosity of the order 10'" crn--:o,-J. 

The CERN acc:clerat.or comp]r,x is shown in Fig. 3.1. To accelerate the electron aiJ(] 
positron beams to Z peak enr>rgies of each -15.6 GeV, electrons are preacccleratcd af~ 

tcr being produc(x] to 200 MeV in the LINAC Injector of LEP (LIL). Positrons are 
then produced from converting electrons passing a tungsten target. lrr a second part, 
of LIL electrons and positrons are accelerated to 600 MeV, before being injected into the 
Electron-Positron Accnrnnlator (EPA), where they arc collected separately in bunches 
and cooled by synchrotron radiation. Thes(' hunches are sent. to the Proton Synchrotron 
(PS) and after lwing accelerat(:d t.o :).5 GeV th(:v pass l.o the Super Proton Synchrotron 
(SPS), wlwre they are accc!Natcd to 20 GeV. b(-fon: being injected into LEP a]J(l n'aching 
their nominal energy of -!:).6 GeV. 

The energy loss :::..E""' of au P!ect.ron per LEP turn (radins PLEP ~ 1.2 km) du(' to 
synchrotron radiation is p;iYen h.Y 
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Figure 3.1: CERN accelerator· complex. 
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Figure 3.2: LEP integrated luminosity between 1993 and 1996. 

with the ('I!mgy Ee of the dcctron. This encrgv loss has to be recovered every turnaround 
in the LEP storage ring hv continuous acceleration in fl.F cavities. 

3.1 The ALEPH Detector 

ALEPH is a particle detector consisting of several subdctcetors designed for an optimal 
reconstruction and identification of particles producc)d in high energy e+ e·- collisions. The 
features relevant for this analysis are briefly described here, while a detailed description of 
its components and pcrformanC() can be found in fl.ef.s. [132, 133, 134]. Typical (>Vents arc 
complex, having many particles distributed in jets over the entire sphere, while typical 
event rates (of interesting events) at the Z peak arc lower than 1 1-lz. Thus, as much 
information as possible should be collected over a wide ranged solid angle. The large 
g(:omdrical acceptance has b('en achieved by a cylindrical arrangement around the beam 
pipe, with the interaction point in the centre (sec Figs. 3.3 and 3.4). Th(e following 
<>lenwnts represent. th(> main components of ALEPH: 

A magnetic field of 1.5 Tesla parallel to the beam axis (z-axis) is created bv a 
snperconducting coil, 6.-l 111 long and C,.:3 m in diameter. The magnet has an axial 
symmetry in order to avoid azimuthal fidd components. The coil consists of a main 
solenoid and two con1pensating coils at bot,h ends of the main sohmoid to prm·ide 
the field unifonnitv. The hdium cooled niobinrn-t.it.aninm superconductor condnds 
a :)()()() A cnrncnt. In order to perfonn a precise track momentum calibrat.ion, radial 
fidd CO!npOIJ"tll:s ( D,j n, < 0.4%) as wdl as azimuthal field (001Ilpon"nts ( nd,; B., < 
0.04%) and field inhomog<>neity (!c.D,/ 15., ·< 0.2'Yr,) an: minimized. 
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Figun· :l.3: Photo of the open ALf1'l'TT detector. Slwwn arc frmn. the centnc to ou.fside: 
Uu: T!'C reo.dmd cnd-)Jlatc with sectors. the 12 EC~ /, rnodules. the superumdur:tinq coil 
of lh1· 111.11.qnef and the 24 HC;!L 11/.oduh:s 111ith each :!.'/layers. 
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Fi!',urc 3.4: The ALEPH rlefr:clor: (J} VDET, (2) fTC, (3) TPC, (4) ECAL, (5) su­
perconducting coil, (6) HCAL, (7) muon chnmbas and (8)lurninosity calor-imeters JJ/AL 
and S!CAL. 

The iron return voke is inst.nmwnted bv limited-streamer tubes so that it serves as 
an active hadron calorimeter (HCAL). 

Outside the last iron slab of t.hc calorin1d.cr arc two doubk layers (inner and out<T 
muon chambers) of li mi t.r'tl-streamn chambers (wire counters) separated by 50 un. 
They S<TV<' t.o record the position and an!',k of muons that have penetrated the iron. 
Tl](' two sets of coordinates of one double-layer an' combined to yield a space point. 
A track is ddined to have a hit in the muon chambers if at least. one of the two 
double-layers yields a space point whose distance from the extrapolated track is less 
t.han four t.irnes the estimated standard deviation from multiple scatterin!',. 

Inside the coil is found t.he electromagnetic calorimeter (ECAL) designed for 
the hi!',hest possible <llli!,Hlar resolution (!',nmnlarit.y) for t.IH' photon reconst.ruct.ion 
and electron identification. 1L consists of a.lternating layers of lead and proportional 
tubes read out. in proj<'ct.ivc towers, each suhdividr'd into three S<'i!,lllCmt.s in depth. 

The central dd.ector for char!',ed particles is a time-projection chamber (TPC). 
4.-l m Ion!', and :).G 111 in diameter, providin!', up to 21 three-dimensional space­
points of each track hdix and up to :;to ionization measnreuwnts (dE/rl:r) for a 
track, which is usefuL in particular, for particle ident.ificat.ion in T decavs. 
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The TPC surrounds the inner tracking chamber (lTC), which is a conventional 

axial-wire drift chamber with inner and outer diameters of 13 em and 29 em, re­

S]wctivdy, and a length of 2 n1. Tlw ITC has 960 cells distributed over 8 concentric 

layers parallel to the beam axis. Eaeh cell consists of one sense wire at a positive 

potential between 1.8 kV and 2,5 kV surrounded by six field wires at (earth poten­

tial. It. thus provides 8 I. rack coordinates with an accuracy of 150 11.m in T ~ !/;, which 

is the plane transverse to the beam axis, and a trigger signal for charged particles 

that come from the interaction point. A measun,rnent of the z-eoordinate of 7 em 

accuracy is provided by the time difference for the pulse to reach the two end-points 

of the wire. 

Closest to the beam pipe there is a double-sided silicon microstrip vertex detector 

(VDET) measuring for each track two pairs of coordinates 6.3 em and 10.7 ern away 

from the beam axis, with an accuracy of typically 12 prn in !/J and 12 to 22 ll·m in 

z. Points arc reconstructed through the average position of the extrapolated ITC 

and TPC tracks, weightNl by the deposited charge in the VDET. The track helix 

is then refitted taking into account. the new coordinates. The improvement. of the 

momentum and impact. paranwt('r resolution by virtue of the additional VDET 

information is shown in Tab. 3.2. For the high energy use at LEP II the VDET has 

bccn rcplaced by a larg<'r model t.o improve the geometrical acceptance and also the 

radiation sensitivity was reduced to cope with the higher radiation level at LEP II. 

The LEP luminosity is measnrcd by means of a sampling luminosity calorimeter 

(LCAL), consisting of kad sheets and wire chamb,,rs grouped in 3 stacks. It pro­

vides an energy (angular) rmolution of about. 15%/ J E /GeV (2.5rnr~d/ J E /GeV). 

In addition, a cylindrical silicon tungsten luminosity calorimeter (SICAL) was in­

stalled in 1992 on ('ach si<k of t.lw interaction wgion enclosing the beam pipe. These 

dcviccs perrni t the det.cnninat.ion of the absolute luminosity to a systematic pri,cision 

of 0.12% (experimental) and (l.JG% (theoretical) (1994 results) [135]. 

The central part. of the beam pipe is a cylinder with an outer radius of 5.4 ern made 

of beryllium in order to reduce the radiation length t (0.00312X0 at. normal incidence). 

Then outgoing in the beam direction, after some connecting parts, the material becomes 

aluminium with 0.29X0 . 

Thc geometrical characteristics and the thickness of t.he ALEPH subdetect.ors arc given 

in Tab 3.1: 

3.1.1 The Trigger 

Understanding the effici('ncy of t.h'' triggPr is crucial in many analyses at. LEP wbic:h 

dPmand precis" measurements of t.h" cross sections. The ALEPH trigger is a three-level 

1 In dc~aling with dPctrous and photons at high energies, it is com'rnient. to measure the thickness of 

tlw maLt~rial in units of the radiation kngth X0. This is the aYcra.ge clif'itaucc over which a high-energy 

d('ctron loses on average all but 1/c of its energy by brcmsstrahlnng, and is the appropriate scalP length 

for dt'scrihing high Pncrgy electromagndi(' cascades. 
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-····-----·-·----- - . 
VDET lTC TPC ECAL Magnet HCAL 

Length of cylinder (crnr 21 200 470 477 700 700 
Inner radius (ern) 6.3 12.8 31 185 248 300 
Outer radius (em) 10.8 28.8 180 225 292 468 
X0 for /cos 8/ = 0 (). 041 0.014 ().(J71 21.5 1.6 
Acceptance (/cos 8/) 0.85 0.97 0.95 0.97 0.92. 

-----

Table 3.1: Gcom.r:tTica.l dimension nnd u.ccepta.nce of the subdetector-s. 

system which is sensitive to single particles or single jet.s. At first and second level the 
trigger consists of specially built. hardware to look for signals in coarse segments of th<: 
su bdetectors. 

The Level-one trigger decides within 5 JLS (compared to about llJLS between two 
beam crossings). It requin" a minimal ECAL energy of 6 GeV in the barrel, 3 GeV in OIH' 

end-cap or 1.5 GcV in both <'~Hi-caps. To trigger for electrons, an lTC track is roughly 
extrapolated to an EC/\L module with a depositred energy larger than 200 MeV. Muon 
t.ra.cks are triggered by the extrapolation of an lTC track to the HCAL. Furthcrrnorc, au 
cvcut is triggered when two tracks are back-t.o-back in the lTC or if energy is deposited 
in the two lurninositv calorimeters. 

The Level-two trigger has a cleadtime of 50 fJ..s (the time needed for t.he elcet.ron 
drift. in the TPC). It rdines the Level-one trigger in searching for tracks pointing to the 
interaction ;~,one. If the Lcvd-OIH' decision ca.rmot be confirmed, the readout is stopped 
and cleared. 

The Level-three trigger is applied only after readout. All detector cornpon1mt.s arc 
\lSI"] and software analysis can be performed in order to separate g1'nnine e+ ,- interactions 
from haeki(rotmd. The maximum allowed rate oul. of the Level-three trigger is 1 Hz. 

The trigger efficiency for hadronic andlcpt.onic Z decays is better than 99.99%, with 
a11 uncertainty of less than ().()1 %. Bhabha events are triggered with an efficiency of 
(99. 7 ± 0.2)%. 

3.1.2 The Time-Projection Chamber 

The TPC is the heart pil,ce of t.hc ALEPH !.racking system. It consists of a cylindri­
cal drift volmnc with a central electrode a11d planar wire chambers at the two ends as 
schematically depicted in Fig. :;_;,_ The axis of the TPC is parallel to the mag)Idic fidd. 
The electric field extends from each end-plate towards the cl,ntral membrane t.hat divid1•s 
the chamber into two halves. The electrons produced by ionization of tlw argon (91 %) 
and methane (9%) gas mixture (at. atmosph1,ric pressure) by traversing charged particles 
drift. towards one end-plat.c. where they arc collected. Their arrival position and tim<' are 
mcasmcd by a system of proportional wire chamb1,rs (sectors) which are capacitivcly cou­
pll'd to cathode readout pads. There are 6 inner and 12 outer sectors on each end-plat<'. 
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Figmc 3.5: A schematic view on the TPC devices (left figur-e) and on the pad distr-ibution 
on an end-plate (r-ight figun'-). 

Thc sectors have conccntrical rows of pads in order to provide a 3-dimensional coordinate 
nwas11rnrwnt. The angular ac:ccpt.anc:e is limited to Ieos Gl < 0.96. It is important to 
assure a goocl wlativc alignment. of both end-plates since misalignment would give rise to 
wrongly physically interpreted effects, C._(J., a violation of CP symmetry in T decays clue 
to a 11on-vanishing average value (1,- ·- q,-'") of positive and negative tracks [136]. The 
alignment is tested with Z ·--+I'+ fl events (sec Section 3.1.3). 

The quality of the track reconstruction depends critically on the precise knowledge 
of systematic distortions of the tracks dming the drift of the ionization showers towards 
tire end-plates. Distortions due to inhomogeneities of the magnetic and electric fields are 
clct.crrnincd from a magnetic field rnap and from laser-induced tracks. The z-coordinate is 
obtained from the drift time the electrons need to arrive at the end-plate and the known 
drift vdocitv2

, The r- rjJ-coordinatco arc obtained from the interpolation of the signals 
illdnccd on cathode pads which are located precisely on the sectors. The TPC measures 
21 t.ridirrwnsiollal space points on each track traversing the inner and the outer field cage 
vidding a best r - ¢ spatial rcoolution of 180 11m and about 1 mm in z. 

The procedure for the drarged track reconstruction consists of several stages. Durillg 
t llf' first stage. the coordinat<'s of hits and their errors (obtained from preliminary track 
paramet<:rs) are detennincd for each tracking device \'DET, lTC and TPC. Then, these 
coordillatcs are fit.t<:d to a hdix, nsillg a filtc:ring procedure which takes into account mul­
tiple scattering between the measmemcnts. starting from tlrc TPC, where tire maximum 
space infonnation is provided, to the lTC: and then to tlrc YDET. The TPC track recon­
struction inefficiency due to track owrlap and cracks has been measured from hadronic Z 

2Tlw drift v~\ocit.y is measured using a lasC'r calibration systc'lll and a comparison of thr t.rack polar 
augk n'('OllStructed in the TPC to th(' Oil(~ ohsnv('d in t.hc HTU~x dC't.(~ct.or. 
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Tracking device used 
TPC 
TPC + ITC 
TPC + ITC + VDET 

Transverse Momentum 
f':..p'l/P~ ( GeV /c) 1 

1.2 X ]() ;; 

o.8 x w-" 
0.6 X 10 ;; 

I rnpact parameter 
r· - ¢ (1un) z (1nn) 

310 808 
107 808 
23 28 

Table :).2: Track momentu:m and impact parurneter msolution using the TPC only, using 
the Tl'C and the inneT !,rw:kiny chamber· o.nd using all available tracking in/oTrnation. 

decays to be 1.4%, which is well reproduced by t.he ALEPH dct.rect.or simulat.iotL Tab. :l.2 
shows the momentum and impact parameter resolution of the ALEPH tracking svst.em. 
Tlw measurement resolution is studied with low mdiat.ing Z --+ p.+ 11.-- events, where the 
nominal muon momentum is the beam energy. Low energy information on the impact 
parameter resolution is obtained from hadronic Z decays. 

The TPC is supplied with sense wires across the s1,ctors on each end-plate which serw 
t.o nwasure the specific energy loss by ionization (dE/ d.T) of a particle travelling through 
t.he TPC. The ionization of each charged particle is sampled with a sense-wire spacing of 
clmHL giving a total of .140 possible measurements for one t.rack. The dEjd:r: measurem1'11t. 
is all important tool for the ide11t.ification of charged particles origi11ating from T decays. 
The value of dE/d:r versus the particle momentum and the separation power using dEjd:r 
in units of !rJ between ekct.rons. pions, kaons awl protons arc shown in Fig. 3.6. 

An important point. in the hadronic T spectral function analysis is a good knowledge 
of the reconstruction efficiencv of multi-prong T decays which arc in general highly col­
limated due to tiH' large M~/1!11(/ and thus the strong boost of the produced T's. Tlw 
pattern recognition in the -r· --> 2;r-;r+ l/r 1'wnts has been studied in Ref. [1:37], whNe 
it was found that in about. 10% ofT three-prong decays, only two good tracks an' l'l'­

const.nwt.ed. These details are wdl reproduced by the ddeet.or simulation as shown in 
Sect.ion 7.2. 

3.1.3 Alignment of the Tracking Devices 

The alignment. of t.be ALEPH tracking devices uses kinematically well measun,d tracb 
with maximal compatibilit .. \- l)('t\H,!'ll the reconstructed hits and tlw helix of a trajectmT 
in the axialmagnd.ic fid<l. The proccdnn• is, first .. to align t.he t.hwe detectors in a global 
tnanner. then t.he Tl'C' sect.ors me alip;ned with respect t.o each other and t.he \"DET 
silicon wafers ar(' aligned among thmn. In an iU~rat.ive procedure global and StJbdf'tcctor 
alignments are rq"'ated nnt.il an overall cot"''"W'nce is fonnd. The tracks used fm tlJ<' 
alignment originate frotn: costnic rays, fJ pairs and hadnmic Z decays. 
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Figure 3.6: Performance of dEjdx in the ALEPH TPC. The left hand plot is the measured 
ionization loss as a function of momentum., showing the dE j dx for different particles. The 
right hand plot depict8 the dE/ dx separation for pairs of particle types in units of lO'. 

3.1.4 The Electromagnetic Calorimeter 

The ALEPH electromagnetic calorimeter is a lead/wire-chamber sampling device with a 
nominal thickness of 22X0 . It is arranged as a barrel surrounding the TPC inside the 
magnetic coil, closed at both ends with end-caps as shown in Fig. 3. 7. The two types of 
subdctector elements - barrel and end-caps-- are divided into modules, each covering 
30° in azimuthal angle, the endcap modules having a 15° rotation with respect to the 
barrel modules. The inactive zones ("cracks") between the ECAL modules represent 2% 
of the total solid angle in the barrel and 6% in the endcaps. Fig. 3.8 shows the number 
of reconstructed photons in the barrel versus ¢. The minima indicate the position of the 
ECAL cracks. 

An electromagnetic shower develops, for an incident of a particle, in the lead sheets 
(sec Fig. 3. 7): the processes that govern the shower development are the energy loss of 
electrons emitting bremsstrahlung and photon conversion into an c+ e- pair. The shower 
deposits in the active volume only a fraction of its energy by ionizing the gas, which is a 
mixture of 80% xenon and 20% earbon dioxyde, in the proportional wire chambers. The 
ionization is then amplified in avalanches around the wines and th(' energy is measured 
via capacitive coupling to cathode pads with dimensions of 30 x 30 rnm2 Signals obtained 
with cathode pads are also used to measure the position of the electromagnetic shower, 
whil(' signals from the wire planm provide a complementary measurement of deposited 
("wrgy, a low-noise trigger timing and the energy calibration. More details concerning the 
ECAL energy calibration is found in Section 7.1.2. 

The cathode pads are connected intPrnally to form "towers" pointing to the interaction 
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Fip;nr(' 3.8: Number of reconstructed photons with E0 > 5 Ge V in the barrel as a function 
of the azimuthal angle rjJ for data. (points with error· bar·s) and Monte Carlo simulation. 
The minima. indica.te the position of the 12 ECAL cracks. 

zoue. Each tower is read out in thre<' stacks in depth ("storeys") of 10, 23 and 12 layers, 
mrresponding to 4, 9 and 9 radiation lengths, respectively. There are 74 000 such towers, 
each covering a solid angle of 0.92° x 0.92°. This high granularity is crucial for the 
identification of electrons, photons and 1r0 's which are highly collimated in r decays. The 
<'twrgy and angular resolution of the ECAL, measured with electrons from Bhabha events, 
t.wo photon events and from r decays, read 

E 

6.,P= 6.0 
sin fl 

0/ 18% 
l!oEB ~-

yE/GcV 

2.7 
0.32 EB mrad . 

JE/GeV 

The d"ficicnt photon finder and good angular resolution of the ECAL due to the fine 
granularity compensate the middling energy resolution. For example, th<e energy resolu­
tion of low energy photons originating from a 1r

0 decay ean be improved by a factor of 
two by m<,ans of a constrained fit to the known 1r

0 mass. Many details about the photon 
and ;r0 tn:onst.ruction arc found in the following Chapter 4. 

3.1.5 The Hadron Calorimeter 

Til<' large iron structure that. constitutes the main support of ALEPH and collects the 
r<'l nrn flux of the magnetic field also acts as the absorber for hadrons produced in tlw 
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final st~ttes. The iron is split into self-supporting slabs spaced by air gaps in which layers 
of plastic streamer tub'" are inserted. The m~tin structure is subdivided into a central 
barrel and two end-caps. 

The hadron calorimeter serves two purposes: it is used, together with the ECAL, to 
measur<• hadronic crwrgy deposits, and it is part of the muon identification system since 
strong interacting h~tdrons an· filt.ered from rninirnal-ioni~ing muons that are afterwards 
detected by the streamer tubes of the muon chambers. It consists of 23 layers of strearn"r 
tubes separated by the iron slabs. The total iron thickness is 120 em at fJ = goo with an 
interaction lcngth'1 of 7.16/\;,1 at fJ =goo The calorimeter is constructed from 36 modul,s. 
24 in t.lw barrel and 6 in each end-eap, and is read out eapaeitativcly in 4788 projective 
towns each covering a solid angle of typically 3. 7o x 3. 7o, which is 16 times larger than t.lH' 
ECAL towers. When hadrons interact with matter, they produce either 1r

0 's which cre~tt<· 
dcctromagnetic showers, dmrg<xl hadrons (mainly 1r'" 's) interacting with surrounding 
nuclei but also neutrons which arc undetected and give rise to an energy leakage. 

A digital (yes or no) signal is recorded for each of the 1 ern wide tubes, providing a 
two-dimensional projr,ction of the energy dq>osition. This is used for the identification of 
Jnuons. all(!, together with the towers, in tlH' eHcrgy-flow algorithm for the recoHstruction 
of the total crwrgy and multiplicity of an cvfmt (Section 4.1). In addition, trigger signals 
an· derived from the wires of the tubes. 

The energy ealibration is done using Z --+ Jl.+ JC events, to fix the- overall energy 
scale, and hadronic Z decays to intercalibrat.e the calorimeter modules. The calibration 
must correct for dead ~orH" (cracks) and the angular dependence of the signal. Tlw towm· 
inform~ttion is clusteri~ed similarly to the ECAL yielding a mean of 9 clusters per hadro11ic 
<·vent. The HCAL erwrgy resolution measured with pions is 

!::,E 85% 

E {E/GcV 

3.2 Analysis Tools 

A huge package of anal.vsis tools is provided by the ALEPH Collaboration to translate the 
raw detector response into proper analysis vari~thles and to simulate the physical processes 
and the mcasurmrwnt procedure. 

3.2.1 Event Reconstruction 

TIH' event reconstruction lmilds friendly ohj<•cts and variables out. of the raw data acqui­
sition, e.q., tmcks, impact. paraiJWtcrs, seco!Hiary vertices and calorimeter clusters. Tl11• 

1 0n(' iut.<~raction length -\nt, ddilwd as 

Aint = 35 gcn1 1 A tj:l , 

\Vh<~n' A is tlH' a.t.omic wdght of t.h<' JH~llctrated medium, is t.hc mean distance lwt.•v(~en two tmcif'ar 
intPractiotiS. In a. giv<:IJ l!Wdiulll, Oil<' has Aint > X0. 



r<'<'ollstrnction is performed by the program JULIA: 

Tmcks are reeonstruet.ed by fitting trajectories of charged particles t.o the measure­
ment points provided by TPC, ITC and VDET. The TPC wires are analysed in 
order t.o extract. the dE/ d:r infonnat.ion. The combined fit. of the measurements in 
the tracking devices provides also t.he track's impact parameters d0 and z0 , defined 
as the minimal distance in tlw ,. ·- ¢> plane between the primary vertf;x and the 
track helix (point of closest. approach (p.c.a.)) and the z coordinate of tlw p.c.a .. 
respe;ct.ivcly. 

Secondary vertices arc formed for particles with opposite charges. 

Energetic storeys of the ECAL arc combined to clusters and corrected for calibration 
and geometrical effcects. In addition, cffeets from the minimum energy threshold and 
kakage; (lost energy) arc taken into account. Th<' electromagnetic calorimeter suffers 
from a non-linear response signal dn<' to saturation of the charge collection in an 
avalanche. The effect increases with the duster energy and can be parameterized 
by t.lw approximative formula 

with the saturation constant. a= (R.O ± 0.6) x I o--C> [l38]measured ilsing the ratio 
of energy over momentum for dectrons in data to the Monte Carlo simulation. 

In a similar way to clectromagm,t.ic dusters, HCAL dusters are formed by combining 
energetic tubes. In addition, ncar ECAL and HCAL dusters arc associated and both 
ar<' associated to ncar extrapolated tracks. 

For an easy access to the detector information, JULIA converts t.lw raw ckt.ect.or 
r"sponse into "physical variables'' lik" energies, momenta or geometrical distances 
and provides error rnatric"s for the fitted tracks. These variables arc retrievable 
via the• routine ALPHA. The• visualization of the• detector response and reconst.ruct.<>d 
(data and Monte Carlo) events is performed by t.lw program package DALI. 

3,2.2 Monte Carlo Simulation 

lmport.ant for the analysis, in order to e·xt.ract physical plwnorn.,na, distributions and con­
stants frotn the nwasuremcnt .. is the• possibility to corn pare measur"d data t.o a simulation 
"·hich contains both phvsical input of known processes and the 'kt.ect.or n;sponse•. \_:sing 
such a simulation it. is even possibk t.o din;ct.ly extract phYsical distributions frotu nH·a­
smed ones In· means of unfolding (Chapter 5). It. is de·ar that the quality of the analysis 
t llf'n cnwiallv depends on the exactu<•ss of the simulation. Tl1<• stages oft h<' simulation of 
,. 'r -> Z -'> T+T· processes an• the ph)·sical event. ge•n<>rat.ion using tlw program KORALZ 
l'c>llmY<>d IJy t.h<' simulation of t.llf' measttrement proc<><htr<> realized b)' GALEPH which is 
l""''d on GEANT (1:39]. 
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The Event Generation --- KORALZ 

The physical event generator KORALZ [140, 141, 142] provides the simulation of all stages 
of the 1" pair production at em. energies around the Z peak and of the successive T 

dr,cays based on phenomenological models obeying the known dynamics. Included in the 
T pair production arc initial and final state radiation as well a.s the 1- Z interference and 
Pkct.rowcak theory which produces. e.g., aT polarization of about 15% due to tlw paritv 
violation in vveak intc~ractions. 

Tlw generation of T ckca.ys uses the program library TAUDLA. It. takes into account. 
radiatiw corrections (bremsstrahlung) of tlw final state leptons, pions and kaons. In ad­
eli tion it contains known decay dynamics, c. y., t.hc 1r-1ro decay via a p- (770) intcrrnediat<• 
rcsonancc, 21r-1r+, 1r ·21r0 final states via t.lw a] (1260) or the 21r-.,-+.,-o decay produd. 
corning partly from a w 1r intPnncdiate state. TAUOLA simulates explicitly the following 
T rkcays (not. all dynamical ddails are given): T- -7 /Jr + ... 

(' - f)e fl. .. j/JL 7f (! 
- -7 7r-.,.o 

al ·-+ 2.,--7f·l· a. I -7 7r .. 27ro K K' 
27r -7[+7[0 (incl. w ][ ) ][ 37ro 37r . 27r I w 1f- 7r0 -7 27f -7r+ 2.,-o 

3H -27r+ 1r0 27r ·· 7r+ 3.,-0 K··K0 KKH 
K-7r7f 1(07[-7[0 1/1f - ][() W1f 

- -7 7r- 7rol 

The Detector Simulation - GALEPH 

The simulation of the detector response, i.e., the measurement procedure, is performed bv 
thP program GALEPH which is lmsPd on the library GEANT. After being fed with the specific 
gPomet.ry of ALEPH, it sirnula.t.Ps the creation of new partidcs iwd showers during tlw 
p<'Iwtration of rna.ti.N of an inci<IPnt chargr"l or neutral partide. For practical reasons 
(calculation time), t.h" shower siiiJnlation in the ECAL is performed using an energy and 
angular depeudc1rt jJ<lrametrizati<>n. 

The detector simulation provides iu prill(:iple all event variables used for an analysis, 
generate" secondary int.eradious as well a,s fakr' photons, etc., and keeps the true, i.e., 
physical information rcet.rievabk so that. the distortion due to the finite detector resolutiou 
aml acc:cpt.ancc can be explicitly drawn after. 
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Chapter 4 

Analysis of T Pair Events 

The topology of T pairs produced at the Z mass scale is characterised by back-to-hack, 
narrow jets with an average multiplicity much lower than for hadronic Z decays. Thus, 
candidates arc selected by rdaining low multiplieity events eoming mainly from lepton 
pair decays of the Z. A detailed description of the T pair preselection can lw found in 
Rd. [143]. Additional euts are applied in order to suppress Bhabha (e+e:·) and dirnuo!l 
(11+ JC) background as well as background coming from two-photon processes and cosmic 
ray cVC'nts [23]. Details about tlw cuts to remove hadronic Z decays from the T pair sample 
an' given in Ref. [24]. Tlw analysis presented hen' is based on a sample of data reconiPd 
by the ALEPH detector at LEP during the years 1991 to 1994. In total 124 358 T pairs 
arc selected with an overall <iPtection effieif,ncy of (78.8 ± 0.1)%. This corresponds to an 
integrated luminosity of 158 ph 1

• The following section gives a survey of the selection 
cuts a.]](! algorithms used. 

4.1 Selection of r Pairs 

Tlw selection ofT pairs is l><tscd on the routine TSLT version 02. An ewmt is subdivided 
into two hemispheres given by the plane peqwndicular to the thrust axis which definPs 
the dir<'~tion of maximum longitudinal momentum in both jets. The reconstruction of 
neutral and charged objects in a jd, needed in to eakulate the thrust axis, is provided 
bv the "nergy-flow algorithn1 (EFLW). Thr~ EFLW permits to cakulate the visible erwrgy 
recon!Pd in tlw track devices and calorimeters by correcting for redundant information. 
Tracks f(n f'xarnpk deposit chal}(ed and neut.ral energy, while neutral objf:ct.s are onlY 
r<'const.ructcd in the calorimeters. ECAL objects, dfx:lared as independent ncut.ralobject.s, 
are t.lwn{ow enerp;etic duslfTs wit.bout associated track. To he finally assigned as neutral 
object, tlwir f~nergy is requin:d to be larger tlwn 1 \.eV (ECAL) and 1.5 Gc\' (HCAL) in 
on!Pr to n:duce the df'P<'JHkncf' on shower flnctwttions which are difficult l.o simulate and 
gi"'' rise l.o systematic nJtcerl.a.inties. The uumlwr of n:constructcd chargrxl and II('Utral 
objf'cts l'f'I>I'!'S<'nls an important constraint to eliminate Z--> qij events owing to tiH' hip;h 
mnlt.iplicitv oft.ll<'ir final st.ai<'S. Fig. 4.1 (ta.k<'ll frolll llef. [144]) shows tbe avt'rage cba.rged 
multiplicity as a fnHct.ioll of !.\w ('.Ill. cn<·rg,\·. Low <'H<'rgy <~xperinwnts, e.g .. a T/chanu 
farton·. an: limited in pn'cision du<' to inedncihlf' 'l'i hadq>;ronnd from chann deem-s. 
The distribn tion of the tot a I r<'<·onstruct f'd final state im·a riant mass wrsus tbe partie I<' 
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Figure 4.1: Average charged rn.nltiplicity of e+ e--+ qij event8. The average multiplicity of 
e'e··-+ T+r- decays is (nch) 7 +7 - r:,: 2B~-pcong +4 X 2BI-pcongB3-prong +6Bj_prong r:,: 2.6. 

multiplicity is shown in Fig. 4.2. 

Both reconstructed hemispheres are required to have at least one good charged track, 
where a good traek fulfills the following quality criteria: 

at least. 4 eoordinates (measurement points) in the TPC, 

Idol <:: 2 em, 

lzol <:: 10 ern, 

a polar angle Ieos Bl <:: 0.95 . 

In addition, the polar angle lcosB'I of the T pair, ca!cnlated from the polar angles-of the 
positive and negative hemispheres 

cosO' 
. W+- o_) 

Sill l (B ) 2 ++(;I_ 

must. obey the condition 
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Ieos 11*1 < 0.9 . 

in onkr to guarantee that the Pvtmt is reconstrndt•d inside the g<eorndrical acceptance of 

tlw detector. 

The sources of background after the abow preselection arc e and 11- pairs, Z -7 qij aud 
r:+ e- -7 11 events as well as trigg11n1d showers from cosmic radiation. Several cuts applied 
to suppress a backgrouud sigual from one sjwr:ific mode aid rH'vertheless in some cases 
also for the rejPction of other nwdes with similar signals. 

Rejection of Z -+ qij Events 

Harlronic Z decays are charaderisr'd by a high dmrgr1d and neutral multiplicity of their 
final states (on the averag<' 20.Dl ± 0.22 [127] tracks ptT '"·ent) and a larger OJWning aug!<· 
of the tracks compared to T 1 T- events dut· to tlw srualler average boost enNgy carried 
by each track. 

Tlw most dficiPut cnt coucPms t.hf' !ll!lllher of reconstrncted chargr>d aud 11!'111 ral 
ohjr>cts. To pass the sdcctiou. au event is rPqllirPd to haH1 
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wlwrP T+ T~~ cv<mts with more than il tracks occur only in less than 0.01% of the cases. 
In ordcr to nra.int.ain a high efficient. T pair selection, t.he following cuts are exclusively 
applied if an event is flagged as lwinp; noli-T-like, i.e., both hemispheres have at least two 
good tracks or the invariant mass of t.IH> one-track hemisplwrc exceeds 0.8 GeV /c2 : 

The product of neutral and drarged EFLW ohj<>ct.s of both hemispheres must. not 
he larger than 40. 

The charged tracks of both cvr>nLs are rcquin>d to form narrow jet cones. Tlw sum 
of the maximum angle 11;,P lwtwr'ell two tracks of a hemisphere i is required to lw 
ll,',p + (l~p < 14.3°. 

Rejection of e+ e---+ 'Y'Y Events 

Two-photon events stem from tlw collision of photons radiated by the initial electron­
positron pair which itself escapes detection due to the small scattering angles jcos II- . 
The reconstructed 11 event consists therefore of a large acollinearity angle ry between tlw 
Urrust ax<'s of both hemispheres, caused by the, in general, unequal photon energies and 
tlr<' associated boost. along the lwam axis, and of an amount. of missing visible energy. In 
addition, th<> transversal momenta p·r of both hemispheres arc balanced. The rejection 
en ts a.r<': 

Maximum acollincarit.y of 'I < 40° 

Th<' total visib!P energy in r>ar:h h<>misph<~re must r>xe<>r>d 35% of the beam energy. 

The transversal momenta are rcquin><l to be unbalanced (due to the recoil of the 
two invisible T rwutrinos): IP·l·- )!~·I > 3 GeV /<· . 

Z Decays into c and 11 Pairs 

;\s this analysis is eoncemed with hadronic T decays only, the noa-T background from 
dcct.ronic or muonic Z decays is of minor importane<' as it is t.o a large amount recon­
strnct.ed in t.hc corresponding T decav dmnnels. Z dr>cays into an e or /1· pair have no 
<'ncrgy loss from dr>cays into neutrinos. There EFLW <>ncrgy shows thcrcfor1c a sharp peak 
at 45 GcV as can already lw seen for the track momenta in Fig. 4.3. 

Z-+ e 1 c- events are produced via t.hc interfering s-channel annihilation and t-chanuel 
scal.t.ering. s-channel events have an angular distribution which is essentially given by 
~ (1 + cos2 0) whereas a !-channel r>kctron is sharply p<>aked in forward, i.e., initial 
'''''ctmn dir<>ction. Photons originating from radiatiw /.-channel events vanish therefor<> 
fn>qllt:lltlv in the h<>am pipr>. To consi<kr Uris, the total r>nergy of an hemisphere is caku­
lat.r:d by adding the reconsf.rnctr>rl euergy· Fe·,",. to thf' r:Hr'rgv of <>wnt.ually radiated phot.o11s 
1':,.,,1, cakulat.ed via t.hc <kviat.iou of bot It thrust. ax<>s from collin<>arity. For T pairs, Litis 
Cot.;-!1 cJH'rg,v is t.lwn n~quired to lH' 
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Fip;ure 4.3: Track rrwnuenta distrilndions of selected e, fl. and T paiTs (track with hi.ghcst 
morrwnturn in case of rnulti-pmnq T final statros). The electron peak is asyrnmetr-ir: due 
to the more frequent ene1:qy loss by bremsstmhlung. In addition, one obBeTves a wo,-sc 
TPC r·esolution joT eledmns r:ornpaTed to muons which is due to the t-channel electr·ons 
sw.ttered at small angles where less TPC coordinates are measur·ed. 

The above cut. is reinforcPd to Et.ot < 1.4 x E 1,.,tm if the distance between extrapolated track 
and ECAL crack is smaller than 6 ern, i.e., th" ECAL energy measurement is inmrnpkt.c. 

Z --> p+ fl- · events haw a much lower radiation probability in the final state (st't' Fig 4.3. 
They are rejected by requiring 

Et.rack,l + Etrack,'l < 1.6 X Elwam 

The following cuts arc only applied if the cwnt has a dimuon character (mnon-like), 
namely. either if the most. crwrget.ic track in each hemisphere is identified as muon. or if 
in one hemisphere t.Jw most. eu<,rp;ct.ic track is idrmt.ified as muon and the t.raek momentum 
on the rr'coil side exceeds O.D x E,eam . In order to reject. these events, one rcqnirr" 

r.,.~track,l + E\ntck.2 < 1.8 X EIH~<Ull . 

Additional cuts to rt•duct• Jwrsisting background from c and i' cuts have lwPll applied 
111 ordt'r to opt.imi?-f' t.]J(' s!'kction purity of crucial importance for a measurr'Jll<'nt of the 
T lept.onic branchi11g fractions. This is comprd)(•nsi,·dv presented in Hcf. [l!G]. 
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TahlP 4.1: Non-T backqrmmd contamination of the selected T paiT sample on the Z peak. 
'/'he v".lues aTe essentially obtained fmm data studies. 

Rejection of Cosmics 

Events originating from cosmic showers in the atmosphere (to a large amount muons) are 
dfici~>ntly r~>jeetr'd by the requirement to pass near to the interaction point: 

lriol ::C: I ern , 

lzol ::C: S em. 

Selection Results 

Th<· precis~> knowledge of tiH' selection efficienc:y has ber'n of extreme importanec for 
the n•c<'nt ALEPH branching ratio nwasurements [23, 24]: in order to obtain the absolute 
branching ratio of a given exdusive T decay mode, the number of selected events is divided 
]),· till' efficiency of the respective channeL Associated errors seale therefore linearily .. To 
n•duc<' possib!P biases from the Monte Carlo simulation, the efficicney has been tested 
as far as possible using tagged T-like hemispheres both in data and simulated events 
and calculating the efficiency of the reeoil side.. A tagged hemisphere is distinguished 
I hanks to a particularly characteristic T signaL It is dear that such a method depends 
sl.nmglv 011 the correlations between both hemispheres. lr1 order to study the effect of 
i.IH'SI' ,·orwlations, the recoil hernisplwres of the tagged r-like sample are randomly pained 
Lo n-fonn a "cornplcte" r event. In this way correlations between th~ two hemispheres are 
suppr<'ssed. This lnmk-rniJ: procedure is applied simultaneously to data and Monte Carlo 
events and the distributions of the cut variables arc compared afterwords .. The efficieney 
of en t. variables where the correlation between the T hemispheres is not explicitly used 
ntn now din,ctly be measured using th(' bn,ak-mixed data sarnpl<•. Strongly correlated 
variables an• checked by comparisotJ to tlw simulation and correet.ions of the Monte Carlo 
1-i'ficiPnciPs cau hP deduced. 

ThP final overall T pair sd<•ction efficien<·y is fonnd t.o IH' 

f 7 +T = (78.83 ± O.J.)) '/\, 

with a non-T background of (0.8'! ± 0.10)%, while t h•• rwn-T background in the pml'!y 
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lmdronic T decay modes is measrunl to IH' (0.6 ± 0.2)'/i,. Table 4.1 shows the background 

cont.arninat.ion from the respective non-T sources [27]. Fig. 4.4 ckpicts the efficiency of 

the T pair selection as a funet.ion of the generated invariant. mass-squared taken from the 

Monte Carlo simulation. 

4.2 Charged Particle Identification 

Th identify charged particles coming from T decays, a maximum likelihood method is 

employed, combining different. and ms<mtially uncorrdat.ed information measured for each 

individual track. This proeednrc is originally descrilwd in Ref. [146] and additionally 

improved in Ref. [23]. The impkmeutat.ion as a FOIURAN program, called TAUPIDX. 

was performed by Z. Zhang, H . .J. Park and !VI. Davicr at Orsay. 

The global identification facili t.y used is based on a maximum likelihood method whieh 

combines the probability densities .f/(:r;) of a set of discriminating variables .T; and a 

particle type j = e, JL, hadron to a normalised global estimator P1 

n, f!(x;) 

L:., ni f! (:ri) 

The normalised rdewm:c distributions .f/(:r;) arc obtained from the Monte Carlo simula­

tion. The questioned T hemisphere ( i. ro., track) is theu assigrwd to the particle type with 

the larp;cst p;lobal estimator Pi 

Nevertheless: Cuts 

Ill general one can state that selections based on a likelihood procedure (fuzzy-logic) are 

c!Parly superior in cases where the discriminating variables have large overlaps between 

the channds to lw selected. Cuts an' h<,rc very inefficient. However, quality cuts should 

h<· applied first in order t.o puri(v tlw sample from ill-n,constructed decays: 

C:harp;ed particles an' not ace<'Jll.c'd ( rcnmstructed) when their momenta arc below 
I ;,o l'vleV /c. 

;\minimum momentum of2 GeV/r: is required for muon and hadron candidates since 

lower energy muons cannot. reliablv be identified in the HCAL. The corresponding 

dliciency loss amounts to 5.7%. No minimum momentum is imposed on electrons 

which. lwlow 2 GeV /r:, an' well distinguished from muons/hadrons by using the 

dE/ d:r information. 

Cuts are applied !(>r electrons alld hadrons Ill IIH' vicinity of ECAL cracks. This 

nms<'s all <dlici<•ncy loss of ·1. T'X. 

Discriminating Variables 

A Hmnber of <'ip;ht. discriminatinp; variables :z:,, i = l, ... , 8 is used in the likdihood: 
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The ioni;mtion loss dE /rl:r pmvided by the TPC where at. least 40 samplings are 
required. dE /rl:r discriminates electrons from mnons/hadrons, while in the ease of 
muons and hadrons the information is almost degenerated. 

Two ECAL shower profi lc variables for the transverse shape and energy deposition, 
and the longitudinal shape. !3oth profiles of a eluste~r usc the four storeys in each 
stack that an' closest to the extrapolated track. The ECAL variables arc used to 
separate electrons from hadrons. 

Three HCAL variables: tl\(' average shower width measured on the HCAL tubes 
in the fired planes, the n11mber of fired planes among the last ten, the HCAL pad 
energy associated to the track (only used if more than 8 HCAL planes have fired). 
All HCAL and m11on chamber variables serve to separating muons from hadrons. 

The average shower width is obtained defining a road of 60 em around the 
extrapolated track. In each fired HCAL plane one now determines the maximum 
separation between the responding tubes. The average separation of all fired planes 
determines the shower width. Contrary to ECAL cracks, dead wncs in the HCAL 
(empty spaces between the modules in the central detector and the edges) arc taken 
into account by tlw us<' of three individual reference distributions depending on th" 
geometric position of the n>Bponse in the detector. 

Two variables provid0d by the muon chambers: the number of hits within a road 
of ±4rr around the extrapolated track, where rr is the standard deviation cxpectc'd 
from multiple scatt.c,ring. Finally, the average distance in units of rr of the hits from 
the extrapolated track position is used. 

The corrdation between the variables are ''xrwcted to he very small. Correlations exist. 
between the average HCAL shower width and the HCAL energy measured on the pads. 
Nevertheless the usc of the HCAL energy improves slightly the muon hadron separation 
as observed in th<' sirn11lation. 

Identification Procedure 

The global likelihood method is applied on one-prong hemispheres. Three prong hcrrli­
sphcrcs with a possible convnrted electron-positron pair from photon radiation or ;r0 

d<,cays go in for a preidentification in order t.o reconstruct electrons. Only dE/ rh and the 
ECAL shower profik variables arc used. 

The rdermwc distributions arc obtained from simulate~d cvcnt.s. Checks arc p<'rfonu!'d 
nsing tagging routines both for data and 1\!Jont<· Carlo simulation and comparing the vari­
ablc distributions. Fig ·L) d"picts the probabilit.v distributions !'1 of idenLifiPd dectrons. 
mnons a!H] hadrons for data and Monte Carlo simulation. Reasonable' agre"mcnt is ob­
served. Addit.ionallv depicted is the' expected T background tak"n from the simulation. 

Identification Efficiencies fllld Results 

The rwrf(mnance of this identification is stndied m ddail using samples from electron 
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pairs, llJUOn pairs and two-photon <kcays into lepto11 pairs [23]. Z--> e+e- events pro­
,·ide a high PIWrgy cb·.t.ron sampk (> 8 GeV) and, cornpkrnentarily, 11--> e+e· events 
provide low encrgv dect.rons. Similarly. a widr>-ra.nged muon sampk is obtained from 
tht· corresponding processes Z--> JI 'JI. · and 11 --> JI+ Jl . In pnu:tice. lepton samples are 
obtained b.v tagging in every PV<~nt th(' oppositP particle with S(~vere identification and 
JllOIIWntmn cuts. In all cases a Slnall contamination fro111 T pairs has t.o he snbt.ract.cd out. 
(using i.ht• i:Vlont.e Carlo simulation) in order t.o get. t.h<• correct misidentification rates of 
kptons into hadrons. 

ln addition. two complement.a.rv dat.a samples from r decays are nsed in order t.o test 
t.he hadroll misidentification probabilit.v distribution. The first sample is obtained using 
df·)d:r disniminat.ion for an electron vct.oing against. lmdrons while mnons arc rejcc:t.t•d 
using JJC!\L and mnon chamlH'r estimators. The scl'Ond sample is tagge>d by requiring 
t.llf' prPSCil<'<' of at kast UIIP n~constnl('t.c~d 7r0 whic:h vctos hadrons originating dorninailtl.v 

from T -+ 71" 71" 0 
11T and r --> rr 271" 0 u,dcnt\·s. Bot.h silnlples indicate> a highe>r probabilit-y 

fort ll<' misiclent.ification of hadrons as elt•ct rrms in datil (11.7!) ± O.OG)'/(, with rc:spt•ct t.o the> 
r'XJ><'r·tat ion from !VlontP Carlo sillllll;\l.iou (0.09 ± 0.02)';{. [2•1]. Corn>ctions according to 
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Table 1.2: J'mhde identification r;_fficicncics and misidentification probabilities (in per­
cent) as rn.co.sv.r-ed fmrn. r!ato. in one-prong T decays. The efficiencies given include the 
]!r-ends of the likelihood irlcnt.ifir:o.fion. 

th<'se values are applied. Tili>le :!.2 shows the dfici<'IICY (includin,; precut:s) a11d misidett­
l.ificat.ion matrix for olle-prollf\ T decays. 

The electron identification is independently tested usmg three-prong T h<m1isphcrm 
with two tracks !win,; identified as 1---? c+c· convrTsion. 

The momentum dependence of the electron and muon efficiency is very weak while 
the hadron d"ficicncy increase's by I% ( owr the full lllOHHmLnrn range) with iucreasin,; 
momentum due to thr' parallel i11crease of hadron-t:o-clccl.ron and decrease of hadron-to­
tllllOII misidentification. Tlw au,;ular dependence of the efficiencies is small. A l% loss is 
observed in t.he ovnrlilp rc,;io11 lwt.ween barrel and end-caps. A similar efficiency loss is 
seen in the azimuthal distribution of muons due t.o dead HCAL wrws. 

4.3 Photons and Neutral Pion Reconstruction 

This is a decisive point of the analysis: about 41% of t.lw T decays and 67% of the hadronic 
T decays are accompanied by at least one neutral pion (1r0 ). These arc reconst.rnct.ed in 
t.IH' elec:t.romagnct.ic calorimder through their dec;cys 1r

0 ---? 11 (branching fraction D8.8%) 
which challrmges the e1wr,;v and angular rmol11t.ion of the ECAL as wdl as the separation 
JH>W<'l. between adjacent dusters from high collimated T dr~cays. By virtue of the high 
ECAL ,;ranularit.y it has l)('<'n shown [24] that even T ,Jr,c:ays with 47r0 's can in prilJ(:ipJ,, 
IH' resrJlved. In the case of two recmJstrncted photons ori,;inating from a 1r0 , t.he known 1r0 

mass hdps to irnprow t.hr' rniddling energy resolution of the ALEPH ECAL via the, at. not 
too high etwrgies, wdlnwasun:d photon directions. In order to maintain a good efficiency 
of t.hP 1r

0 rcconstruct.ion, the minimum photon ener,;y is sd. t.o 300 MeV. This low choice 
is vulnerable t.o low energy fake photons produced by fluctuations from ha.dronic and 
Pit'ctroiuag-nntic sho\VPrs. 

The follow in,; sect. ions giw a detailed descript.ion of the A LEPTI photon fin,kr and 
t.lt(~ 11° n:const.ructioll algorit Inns used. 

1.3.1 Converted Photons 

.·\special case of photons an' IIH>Se which !tan: cottverted ittside t.l1e trackitt,; volunt<' i1lio 
att e 1 c pair and arc t.hcn,fore n:c:ottsLntcl."d as Tl'C I. racks attd not. in t.lte calorimeter. 
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Photon conwrsion diagrams nccd thc prcscuce of an cxtemal field as provided by matter 
so that it hccorncs possible to visuali><<: the dements of the ALEPH tracking devices by 
the nwasmerrwnt of the conversion radius (distance vertex ·· point-of~conversion) as seen 
Ill Fig. 1.6. 

Conversion candidates arc n'quircd to have an invariant mass smaller than 30 MeV /c2 

and the minimal distanee bct.wccn th<' two helices in the x-y plane must be at least 0.5 em. 
Bcmaiuiug charged tracks which ar<' identified as electrons in a multi-prong environment 
orirsiuating from a hadronic T decay an' thought to be single track conversions assuming 
that due to too low momentum (I' :S 150 MeV /c) or secondary scattering effects the 
other track got lost. Fig. 4.6 shows that the conversiou rate when passing material such 
as ITC and TPC walls is fairly well modelled in the sirnulatiou. Additioually plotted is 
the invariant mass distribution of converted photons for data aud Monte Carlo simulation. 
The respective fractions of corivcrtcd photons among a sample of "genuine" photons is 
measured t.o be [24] (9.8 ± 0.2)% in data and (9.4 ± 0.1 )% in the simulation with a small 
excess in da.t.a with respect. to the simulation. The fraction of single track conversions is 
found to be well reproduced by the simulation. 

4.3.2 Photon Reconstruction 

To understand the photon rcconst.rnction algorithm one should recall t.hc basic constrnc­
tion dements of tlw ALEPH ECAL: it consists of <!5 layers of a total thickness of 22 
radiation lengths. The energy and position of a shower is read out using cathode pads 
with dimensions 3 x 3 cm 2

, arrangc'd t.o form towers pointing to the interaction zone; each 
t,ow1•r is read out. in three segments in de>pth, so-callc"l stoTcys, corresponding to 4, 9, and 
9 radiation lengths, wspect.ively. The characteristic lougituclinal segmentation and thee 
fine granularity (which compares to t.he average width of an electromagnetic shower) of 
the calorimeter play an important role in the photon and neutral pion reconstruction, and 
in the identification of fake photons. 

GAMPEX Algorithm 

Th<• practical work of photon n":onst ruction is pcrf(mncd usiug the program package 
GAMPEX [14 7. 148] that. first detects energy maxima in the lowest. storeys since elect.ro­
magudic showering starts almost. innnediatcly ( ~ one radiation length) after t.lw photon's 
<'IItranc<' into matter. Adjacent. energetic storeys (those which share a face) arc then as­
s<wiated to the maximum energetic storey in order to form a cluster. The same clustering 
is afterwards applied to the storeys of the second and t.hird kvd of depth and the clusters 
found are associated to the primary one. This proccY!nrc is applied to all isolated ECAL 
c~nerg_v ntaxiuta. An irnporta.nt SOlllT(' of background arP hadronic interactions with tlu~ 

calorimdric nmt.ter producing as wdl photons and 1r0 "s. In onkr t.o distinguish them from 
genuine T final state photons one uses t.he characteristic form of the show<T in combination 
with a cut reqniring a minimal dist.anc<' hd.ween t.lre i>ary<:c,nt.re of the erwrgy deposition 
(phot.on) and the extrapolated track of 2 em. In addition. reconst.ruded photons are 
n"J<IirPd to <'Xcc:c"l a minimal energy of:)()() 1\kV. After t.lw clustering. the number of 
i"nk<' photons in data reaches about 2G'X, in t.he photon sample of hadronic T decay modes. 
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Figure 4.6: The upper plot depicts the radial distance of a photon conversion verte.1: (rna~ 
tcr·ializa.tion point) to the beam. spot for data (points with error bars) and Monte Car·lo 
simulation. Accumulations occur· when photons penetrate matter; the beam. pipe at 5.4 em, 
the silicon strip vertex detector· (VDET) at 6 11 em., the outer walls of the fTC 13 em 
and 29 em, and the inner Tl'C wall at 31 ern.. The lower plot shows the invariant mass 
distribution for observed and simulated conver·ted photons. The e+ e- enhancement at the 
primary vertex is due to so~ called "Dalitz decays" 1r0 -+ e+ e-1' occurring with a. branching 
mho of 1.2% (17}. 

The fractions of fake photons originating from hadronic interactions and electromagnetic 
showers arc approximately 60% and 40%, n'spectively. 

The photon energy is calculat-ed taking the deposited energy in the four central towers 
in order to reduce th<~ sensitivity of the energy rrwasurement to hadronic background and 
dusterization effects. Several corrections arre applied concerning energy loss in the case of 
trausversally or longituclinallv out. breaking showers or amplification saturatiou effect.s. A 
new ECAL energy calibration wit.h respect. to the Monte Carlo simulation is pcrfonrwd in 
the framework of this analysis. It is descrilwd in Section 7.1.2. In cases where the mea~ 
sured <mergy is not compatihlf' with the orw photon expectation, the energy is calr:ulaf<'d 
oll the basis of all associat<>d cuergetic towers. Finally. the polar and azirnut hal angles. 
t. c .. t.h<' photon direction an' IJJPasured frolll the harYC<'ntre of th<' cluster in assuming the 
photons to be proclucf"l in the primary vertex (c·1 e- iHtcraction point). 
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PEGASUS Algorithm 

Photons that arc reconstructed by the above clustcrization algorithm have to be subj<~cted 
t.o a c"rtain nurnlwr of tests in ord"r to lw able to classify them accordiug to tlwir origin: 
gcnuin" photons (also called photons) from x 0 decays, photons from bremsstrahlung or 
radiation and fakre photons issuing from lmdronic or ekctrornagnctic shower fluctuations. 

The routine PEGASUS [24] uses a maximum likelihood method which combines the in­
formation from different variables in order to discriminating between the above mentioned 
photon origin: consider a discriminating variable y; with its probability density pfenuinc(y;) 
(pl"k" (y;)) to be a genuine (fake) photon. The (genuine) photon estimator is then given 
b)' 

n.;_ pfenuine (yi) 

P, = D·Jr'';·;,,,,,(1•) + O·r/"k"(·u·) 
~ 1. :.n t 1. .':f?. 

( 4.1) 

The following discriminating ECAL variables are used: 

fractions of energy in the first and the second ECAL stack (EL/2· stack), 

fraction of cmergy outsidP the fonr crmtral ECAL towrers, 

transverse size of the photon shower, 

angular distance of the photon's harvcentre to a IH,arest. second photon shower ( dn), 

distance from the photon's harycent.n~ to an extrapolated track. A sign is computed 
depending on the position of the photon shower with respect. to the curvatune of the 
track in t.hP T-<P projection, and 

the photon energy ( Er.otnd. 

Rd'erence distributions of the above variables are produced from the Monte Carlo' sirrru­
lation where the origin of the photons can be inquired (which is not always clear). The 
distributions additionally distinguish tlw number of tracks measured in the given hemi­
sphere. They have been confronted with data in order to check their reliability. For 
this purpos". a tagged sample enriched with photons and fake photons, respectively, is 
"stahlished for data as well as for the simulation on the basis of tlw estimator P~ and thP 
fact whether or not they belong to a reconstructed x 0 (see next section). Fig. 4.7 shows 
son"' of the variables used for thr' rmpec:tive genuine (called "good") and fake photon 
sample for data and Monte Carlo simulation. They agree fairly well. Disagreements lead 
t.o svst,matic errors which arc discussed in Chapter 7. In general one can say that, not 
surprisingly, genuine photons (from physics origin) an· much better modelled than fake 
phot.ons whose origins are diverse and difficult to simulate. An iterative procedure is 
JH•rfonncd t.o derive from the data the corrections to be applied to the simulated refer­
<'IH'<' dist.rilmtions [24]. One thus obtains individual references for the use on data and 
\Jon I(' Carlo si111nlat.ion. Additional studir·s concerning corrections of the hadronic invari­
ant III<l.ss SJWctra dw' to biasPs from fak<' photons an' pn-~s<~nt(~d in th(-~ follovving section. 
Lnt.il this point.. the energy of the photo11s is not used as discrirnination variable in tbr• 
likelihood to a\'oid biases on the invariant n1ass rec.oustruct.ion. Tlw 811(-~rg.v is indnded 

92 



4000 

E 
u 

<::! 2000 
~ 

~ .s 
0 
.c 
0. 0 

-40 

10000 

,;, 
7500 " -o 

<--
,;2 5000 
~ 
~ 2500 .s 
0 
.c 
0. 

8000 

6000 
~ 
~ .s 4000 
0 
.c 
0. 2000 

> v 
Q 

0::: 
~ 

~ 

.s 
0 
.c 
0. 

0 

-20 

5 

0~2 

0 

distance 

ALEPH 

40 

(em) 

ALEPH 

Goody 

0.4 

10 

d, 

0.6 

E' ~lock /E 
_ toted 

15 

(degree) 

0.8 

(GcYI 

4000 t 

E 3000 
u 

<::! 2000 ~-

-
~ 
~ 

.s 1000 
0 

c-
.c 
0. 0 

-40 

3000 

'" " 2000 -o 
<--

"' :'! 1000 

.s 
c 
.c 

0 0. 
0 

F-
15000 I* 

~ 10000 
~ 
0 
0 .c 5000 
0. 

~ '*-

> 
" Q 

<n 

,;2 
~ 
~ 

0 

g 10 
1! 
0. 

0 

30 0 

R .., 
ALEPH 

Fakey 

.J \. \ I 

-20 

5 

0.2 

2.5 

0 

distance 

0.4 

Fake y 

10 

d,., 

Fake y 

0.6 

E' •toek /E 
totol 

Fakey 

20 40 

(em) 

ALEPH 

15 

(degree) 

+ 
I 

ALEPH 

0.8 

ALEPH 

5 7.5 10 

(GcV) Elotol 

Figm<' <1. 7: Distr-ibutions u.sul in the likelihood to separ-u.te genuine photons {left. /w.nrl 
plots) from fake photons (n:qht h.anrl plots) for- data (points) and Monte Car·lo simulation 
(histogmms). 



into the proc:edure after the pairing of photons to 1r0 's has been performed in onlcr to 
obtain stronger constraints on residual photons (remaining photons without a partner). 
Note, that up to this moment no cut has been applied, i.e., all GAMPEX photons are still 
presc:nt equipped with their individual genuine photon estimators. 

4.3.3 Reconstruction of n°'s 

Th<• 1r0 reconstruction procedures is primarily designed with the aim of achieving the 
highest possible reconstruction efficiency. Three types of 1r0 's are distinguished: 

r-esolved 1r0 's are paired from two photons, 

unresolved 1r0 's an· n>const.rncted from a high-energetic duster where two photons 
a.re nH>rged together, and 

residual photons are rernainiug photons supposed to originate from a 1r0 while the• 
SN:ond photon has been lost. 

TIH• procednre leads to au overa.ll1r0 n>construction dficicm:v of about. 84%. 

Resolved 1r
0 's 

In onkr to prodnce 1r0 candidatPs. all photons reconstructed inside a 45° cone around the 
thrust axis are paired to 1r0 's. Then for each photon pair one calculates a 1r0 estimator 
l)'1 <kfined as 

(4.2) 

w hen• the 1\, arc the gcnuirw photon estimators from f~q. ( 4.1) and I'rro .ij represents the 
proha.bilit.v obtained from a compatibility test betw"en the measured two-photon mass 
and the expcded one in units of OJI<' standard deviation of the appi\rcnt mass using 
Caussia.n probability density. It t.ums ont that the apparent. mass depends s<'nsitivdy 
on the two- photon energy ( i. c., r.0 cn"rgy), as observed in Fig. 4.8. This df<>Ct issu"s 
frmn ov"rlapping high erwrgetic photon showers for which the reconstruction algorit.hm 
tends to overestimate the two-photon opening angk and thus the 1r

0 mass. As also s""n 
in Fig. 4.8, the functional form of this behavior depends on the geometrical region of the 
ALEPI! detector. It. is obviously not. well reproduced by the simulation. At. low and high 
<'IH'rgi"s, l.he simulated average 1r

0 mass lies systematically above the data. This effect 
<'ttsnes from an overestimation of t.hr: t.wo photon opening angle caused by clusterization 
eff<·cts. which arc not. sufficiently well modelled in t.he simulation. Anothcr contribution 
originat.Ps from calibration shifts which arc mainly located at. low energies. In order t.o 
('()l!H' np to the a.bov" rkviations. the apparcnt 1r0 mass is imlividually obtained for data. 
and f'donl.<· Carlo simulation front an r:ncrgy-dqwndcnt rden>llc<' distribution (ac<:onling 
lo Fig. i.8) which distinguishes bnrrcl and <:ncl-caps as wdl as the years 19')1 ~J:l and 199·1 
of dal il taking, r<:spect.ivdy. In t.lw C;]S(' wh,re Oil" or I he paired photons has conv<:rt.Pd to 
(' · r . COITPSJHmding paranwtrisa.tions for t.hc 1r0 rna.ss aud its r0solution an~ derived frou1 

d;tln to obtain th<: I'rrn.i.; probabilit.v. 

Fig. ·i.9 depicts the <:stimator D,1 for ha.dronic T d"cays (corr<:ct.cd for an <'XCPSS of 
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fake photons in data see Sectiou 4.3.4). A pair ij of photons is acceptf)d as 1r0 candidate 
if 

D,, > 0.0009 , 

which corresponds for given average vahws (P0,, P1,) of genuine photons to a Pn".i.i thresh­
old probability for an invariant mass three standard deviations away from the expected 
value [24]. 

In a r hemisphere with mon• than two photons the following criterion defines the 
hierarchy of 1r0 pairing within all candidate pairs ij: Among all possible combinations the 
Oil(' is chosel! which maximi~es the product nih D;j . The comparison of the invariant 
!llass distribution for resolved 1r

0 's, after correcting the mass shift established in Fig. 4.8 
and an exc<"s of fake photons in data, is depicted in Fig. 4.10. Reasonable agreement 
hd.wccu t.hc shapes is obsc)rved. 

Ouce the resolved 1r
0 's arc reconstructed, a kinematic fit is performed in order to 

coustrain the• measured rr0 mass to the nominal mass mno = 0.13498 GeV /c2 [17]. The 
e•xp<·cted erwrgy and angular resolutions are used to adjust both values according to the 
rdatiou m.no = (2E0 , E 02 (1 ~cos B117,) )

2 
. The constraint imposes primarily on the photon 

e•ucrgies E 0 , at low 1r
0 energies, where due to the wide two-photon opening angle cos 80 , 02 

the• photou din•ctions arc wdl nwasmcd. At higher 1r
0 <'IH'rgics the critical resolution 

mmcs from the opening angle, who"' n·const.rnct.ion b"comcs more difficult owiug to the 
overlappiug photon showers. Fig. <!.11 shows the gaiu ou cuergy resolution according t.o 
I he \lontP Carlo simulation which, as "xpcctcd, is sit.nalc'd at low<'r 1r0 <mergies. 

Unresolved n°'s 
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Figure 4.1 1: Ene·rgy resolution of resolved and unresolved 1r0 in the simulation as n 
function of the 1r0 enerqy before and after· the 1r0 mass constrained fit in the band 
(jcosOj <:; 0.774) and end-mps (0.774 < jcosOj <:; 0.95), respectively. 

Once the 1r
0 energy increases the two photon showers tend to overlap and to be recon­

structed as one energetic duster. However, assuming the presence of two photons with 
identical shower shapes in the cluster, one can calculate energy weighted moments from 
the measured two-dimensional energy distribution in the plane transverse to the shower 
direction. After a rotation of the ALEPH coordinate system in the two-dimensional sys­
tem (X, Y) where the baryccntn:s of the two photon showers lie on the same axis (X 1, 0) 
and (X2 , 0), the moments olwv thr' relations 

(X") 
(} •n) 

E 1X;' + E2X~' 
E 

0, 

with the total measured cluster <energy E = E 1 + E2 . By definition (X 1) = 0 holds 
in the new system. Eq. (4.3) is calculated up to the second moment n = 2 in order 
to get sufficient information (four equations: (X 1), (Y 1

), (X 2
), (Y2

)) to solve the system 
(four unknowns: X 1, X 2 , E 1, E2 ). The consideration of an error on the common axis for 
the second moments, which then n'ads (X 2

) = (E\Xf + E2 Xi)j E + CJ
2 and (Yn) = CJ

2
, 

requires as additional inform<tt.ion the third moment (X") defined according to Eq (4.:3). 
Having reduced the five equations, the coordinates of the two barycentres arc reexprcsscd 
by ALEPH coordinates and t.lH' invariant mass of the two-photon system is calculated. 

All two-photon systems with an invariant. mass larger than 0.1 GeV /c2 arc thought 
ami accepted to be u nresolvcd 1r

0 's. Fig. 4.12 depicts the reconstructed mass for data and 
Monk Carlo simulation. Fake photons in high energy unrcsolvrx] 1r0 's stem from shower 
split.-offs, i.e., dectroniagiJ('tic shower fluctuations. This 1r

0 reconstruction procedure dot's 
intrinsically not distinguish ])('tween high energetic radiative photons and overlapping two­

photon configuratious originating from 1r0 's. Bowcn:r. high energetic photon radiat.ion is 
<~xtn'rnnly ran~ in hadroni(' T d<'<'ays. 

Residual Photons 

Photons inside a 30° dcgn'<' cone around the thrust axis which are ncit.her pain'd to 
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Figme 4.12: lrwariant mass of accepted unresolved 1r0 's (rn.~o > 0.1 GeV /r2 ). The rlato. 

dish·i/mtum is corrected for an re:~:ccss of fa.ke photons. 

resolved 1r
0 's nor found to have sufficient unresolved invariant mass may issue from 

1r
0 rkcays where the partner photon got lost in an ECAL crack, or did not pass 

t.lw minimal energy or track distance requirements, or was overlapped by another 

photon show<"·· 

final state (or initial state) radiation and bremsstrahlung, 

from w --+ 1r
01 and r; --+ 21 r final states, 

shower fluctuations (i.e., fake photons). 

The most important somces of residual photons are 1r0 's and low energy shower fluctuations. 

The fraction of fake photons in the total sample of n'sidual photons in hadronic r hcrni­

splH'n" is (50± 1.4)% in data comparwl to ( 41 ± 0.1 )% in the Monte Carlo simulation. 

In order to remove this large quantity of fake photons the discrimination power of the 

g<•nuinc photon estimator P~ obtained from the likelihood (4.1) is reinforced by induding 

tiH' photon energy E0 (plotted in Fig. 4. 7) as additional variable. It is a strong constraint 

disfavonring low <mcrgy photons. Residual photon with an estimator Po~m' < 0.5 are 
rkdarcd to lw fake and arc rejected. Fig. 4.13 shows the estimator P,~rcs for the reaction 

T ---t h /IT. 

To distinguish among the different physical sources feeding the sample of remaining 

rPsicltlal I>hotons (thought to bP g<~Jluin<~) 1 new estin1at.ors f1)rems, J~·ad and P"no·---+r" arc 

calculated [24]. As additional discrimirmting variahl<'. the angle betwe<m photon all(! 

<l<'arr•sf track is introduced in the lik<•lihood (4.1). The rd'enmcc distributions for the new 

cstinwt.ors arc oht.aitwd from l\Jont.e Carlo simulation tested with tagged data saurpks. 

TlH' overall agreement. is found to be satisfactory [24]. 

98 



~ 

2 
T-c>hv, ALEPH >- . Data 

0., 
""d I --MC 
~ 10 /cut z - MC fake photons 
""d 

~ -2 - 10 ~ 

_, 
10 

-4 
10 

() 0.2 0.4 0.6 0.8 

py-res 

Figure 4.13: Sinqlr; Photon e.stimator P,_,.e, for- data, M ante Carlo simulation and fake 
ph.oton.s taken from simulated events. Genuine photons declared fake, i.e., P, .. ,-e, < 0.5 
is.me mainly fr-om T- -c> n n° 117 IHu:kgronnd. The simulation is corrected for fake photon.s. 

Fig. 4.14 show the respcc:t.iVf' fraction of resolved, unresolved and single (residual) 
photon n°'s as a funct.ion of tlw n° energy. Tlw fractions are not corrected for the excess 
of fake photons in data (see following section). The data excr~ss of resolved n°'s at. high 
energy is caused by dectrornagnct.ic split-of"fs from shower fluctuations faking an addi­
tional low energy photon rwarhv the main clustr"· which is then reconstructed as resolved. 
i.e .. two-photon n° Accordingly one recogni~es the lack of unresolved n°'s in data at 
corresponding energies. 

Crucial points conci>m ing t.lw simulation of n° 's in the detector are the ongm aiHI 
<unounl of low energy fakr> photons as well as high rmcrgy shower split.-offs, energy and 
angular resolution of tlH' recoust nrct.ed photons and t.hc eiH>rgy calibration. Thcs(' d<>­
t.ails, apart. from fake photons which are t.reat.cd in the following section, arc part. of thr> 
syst.r>matic studies which are discussed in Chapter 7. 

4.3.4 Fake Photons 

Thr> data suffer from an <>xr:r>ss of fake photons eompawd t.o t.he simulation. Thr> aniomii 
of this r>xer>ss is dr>rivr>d hv fitting t.he simulated dist.rilmtions of the n° probabiliti<>s D;, 
for resolvc~d H

0 's and th(' sinp;lc' photon probabilities P~,- r('s for n~sidual photons original.ing 

from fake and gr>nu i '"' ph ol ons I " I h<> corresponding data d ist ri hu t.ions. The <>xcr>ss of fa kr> 
phot.otis. e.q.~ in the residual 71· 0 :-;;.unple of 0)(' h 1r 0 l/7 final state is ther('b.Y dPt.('l'IIliJH:d in 

fit.t.ing th<> probability distributions of residual photons in th(> h · 11T charmd as the nwin 
lmckp;round some<' duP to hkr• photons (spe Figs. 4.9 and 4.13). 

In the cas(' of rr>solwd n°"s I he fit. is verv sr>usitiv<' to the shape of t.h" distribution 
at lo\\· prohabilit.ir•s, -i. r:., to 7r

11 r<>construction problems and non-Gaussian ta i Is. Thr· 

'lD 



obtained fit results arc therefore ind<'l"'ndently tested by fitting simulated distributions 
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Figure 4.14: Fm.ction of resolved, unresolved and .sinqle (r-esidual) photon 1r
0 '.s as a fv.ne­

tion of the 1r 0 energy (Not corrected for- fake photons). The points are data and the open 
s<rnanrs r-epTesent the simulation. Additionally shown is the fmction of conver-ted photon.s 
m. the ncsohwd 1r

0 sample. 

of the asnnmctry in the photon erwrgies :rasym = (E-1, - E-12 )/(E-11 + £ 7,) at 1r
0 energies 

l<mn· than ~1;, GeV to data (sec upper right plot of Fig 7.2). In addition, the variable 
1\, '"' x T'7 , '"' which is the prodnl'l of the residual probabilities (i.e., using the photon 
cn<·rgi<•s) of both photm1s forming the resolved 1r

0 is fitt.ed. The disagreements in the 
cxc<·ss of fake photons lwtween these fits is considered as systematic uncertainty (sec 
Chapt.<•r 7). Fig. 4.15 d<,picts tlw fitted fractiow; of fake photo no in the total hadmn ic 
saJnpk of resoiVf'd 1r

0 's (upper plot.) and single photon JC
0 's (lower plot.) as a function of t.l1c 

1r 11 energy for 1~)91 93 and 1994 data respectively. UmesoiVf'd JC
0 's occnr pn'dominaJJt.h· at 

high energy. 'Ilwy have a negligibk cont.;unination of fake photons. The enhancement of 
th<· fmction of fake photons in this crwrgv region in t.he rcS<>Ivcd 1r

0 sample (sec Fig. 4.Jtl) 
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Figure 4.15: Fraction of .fake photons in resolved 1r
0 's (upper- plots) and single photon 1r

0 's 
(lower plots) in the whole sample of hadronic T decay channels as a .function of the 1r

0 

energy. 

sterns from split-off effects of two photons, merged together, where energy fluctuations 
produced a low energy deposition misidentified as a photon near by the unresolved cluster. 

The measured invariant. mass-squared distributions have t.o be corrected due to their 
excess of fake photon;;. As already mentioned, excesses of residual fake photons increase, 
e.q .. the pion background in the 1f-7fo decay channel as well as the 1r 21r0 contamination 
in the 1r- :l1r 0 channel etc. This background enhance;; the corresponding invariant mass 
distributions at. the low erwrgy side as observed in Fig. 4.16. Generally one can ;;ay that 
an excess of fake photons in the sample of resolved 1r0 's does not induce au alteratiou 
to t.he event. topology. An excess means that. more 1r

0 's have been reconstructed by two 
photons inst.f,acl of lH,ing a siugle photon 1r0 formed by a single photon. As an example, 
the correction di;;t.ributions f(Jr the vector T decay channels arc shown in Fig. 4.16. The 
invariant mass-squared correction distributions showed are taken from the sirnulatiou 
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Figure 4.16: Cormction of the invar-iant ma8s-8qnar-ed distribution for· 8ome r decay chan­
nels due to fake photon excesses in resolved 1r

0 (hatched ar·eas) and single photon 1r
0 (empty 

areas) sarnple.s. The nor-malisation of the cur-ves is pmpor·tional to the r-espective excesses 
of fake photons in the data. The bands depict the statistical and systematic uncer-tainties 
of the corr·ections. 

CO!TPcl.f'd by data. 

FakP photons may originate from hadronic and electromagnetic interaction in tlw 
ECAL. ThP decay ,-- -+ h-- 1/7 provides an almost pure sample of fake photons (up to 
a small fraction of bremsstrahlung photons) issued from hadronic interactions, whereas 
in 7 ---;. c ilc 117 decays fake photons orip;inate from electromagnetic shower fluctuat-ions. 
Fig. 1.17 shows the distribution of the distance photon track and the photon erwrgy in 
enriched satnples of fake and genuirw photons occurring in 7- --1 h- 1/7 and 7---+ r'-i;,, liT 

dr'cavs. !'i'SJWdiwlv. The distribntions of the energy and the distance track photon for 
fiike photons disagrPe between data allfl Monte Carlo simnlation. Measured fake photons 
I end to higher photon track distances all(! to lower photon encrgim than simulated ones 
(see lr-ft hand plots of Fig ,l_l7). These df(,cts parth· caned out in the invariant mass 
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Figure 4.17: Distributions of lhe distance photon to tmck and the photon energy for· en­
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data and the histogm:m.s Uw eorn;.sponding simulated events. The second column of the left 
hand plots show the peak par-t.o of the fir-st column plots with linear- scale. Fake plwtrms in 
T-~ --~ h- 1/7 decays oriqinate fnnn hrulronic interaction in the electmmagnetir: calrnim.ekr. 
when::as fakP photons in T--- ·+ r·-- f/~' 1/7 aTe due lo elr;r:tnnnagnetir: shower- fl.uctuafions. 
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correction distributions of the excesses of fake photons in samples with single photon 1r
0 's. 

The distributions of samples with hadrons and electrons in the final states enriched with 
p;enuine photons (right hand plots of Fignre 4.17) show a fairly good agreement between 

dat.a and the simulation. 
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Chapter 5 

The Unfolding Method 

The spectral functions defined in Eq. (1.22) usc the invariant mass-squared distributions 
dN / ds as direct experimental input. Unfortunately, the measured "raw" mass distribu­
tions are distorted by various detector effects, such as the finite energy, momentum and 
angular· resolution as well as kinematical and geometrical acceptance. The unfolding from 
these detector effects requires good knowledge of all sources biasing the measurement. In 
particular, one has to make sure that calibration and resolution of the detector are well 
described by the.detector simulation. Unfolding means the deconvolution of measurement 
artifacts modelled by the Mont" Carlo simulation. The resulting distribution thPn ide­
ally contains pure physics information. Again ideally, the result of the unfolding process 
doPs not depend on the physic:al dynamics put in the Monte Carlo. The generally known 
practical problems of unfolding come from the numerical singularity of the problem: the 
matrix which describes the dd<x:tor response, i.e., the convolution of a physical distri­
bution with non-diagonal detector effects (nwasurement. distortion) has not full "rank" 
which means in this ease that it. is numerically singular, i.e., unstable against small vari­
ations in the initial system. The inversion of the detector response matrix (unfolding) is 
hence restricted. The problem appears even worse: because of inevitable statistical errors 
in the measured distribution, the exact solution (even if it exists) is in most eases wildly 
oscillating and therefore useless (sec Ref. [149]). 

The method introduced in the following regularizes the problem of insignificance in 
reducing tlw detector respons<' matrix to its informative part which then can be inverted 
using standard techniques. It. is based upon an idea of V. Kartvelishvili; practical prob­
lems and implementation haw been solved in collaboration. The description given here 
follows in main parts the origiual work published in Ref. [150). An unfolding procedure 
based on considerations which are similar to those presented here has been described mon• 
than a decade ago in [149), and is still widely used in experimental analyses. Whik there 
arc no significant differences bdwecn the foundations of the two procedures, tlw authors 
believe that the formulation pn·scnted here allows one to obtain more reliable and precise 
results, bcinp; at the samf' time much simpler and easier t.o irnplerrwnt. 

The approach is based Oil the extensive nse oftlw Singular· Value Decomposition (SVD) 
of the detector response matrix. and results ill a lill<'Rr nnfoldiug algorithm whieb is ap­
plicable to a wide~ range of problems. Also r!Prin~d is a munber of recommendations about 
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tlH' proper normalisation of the response matrix and choice of the variables. Complete 
error propagation is implemented, and a reliable procedure for determining the optimal 
val n<' of the regularisation parameter is proposed. 

The problem of unfolding has been studied in various forms, giving rise to a number 
of independent methods described in tiH: literature. For instance, a method based on 
Bayes' theorem was proposed in [8. JGl]. The authors manage to avoid partly the inver­
sion difficulties by using a non-linear iterative procedme, leading asymptotically to the 
unfolded distribution. 

5.1 Notation 

The following notation conventions arc used throughout this chapter: 

All one-dimensional histograms/vectors are denoted by small letters (e.g. b, z etc.). 

All two-dimensional histograms/matrices are denoted by capital letters (e.g. A, X 
d.c.). 

The covariance matrix associated with a one-dimensional variable is denoted by the 
same letter in (:apital (i.e. the matrix W;1 denotes the covariance matrix of the 
vector w 1 ). 

No implicit summation is assurrwd over repeat<"! indices; 1.e. no repeated index is 
summed unless the summation is explicitly shown. 

I . T 1 I Upper index T stands for the transpose< matnx, Aik = ! ki, so t wJ. the euclidean 
norm of a vector z equals vzr;. 
U ppcr index -1 dcnot(~s the inverse matrix, A 1 A = AA -I 
tlw unit matrix, l;k = !lik· 

I, where I stands for 

All scalar variables are denoted by small greek letters (e.g. <J. etc.). 

5.2 The Problem 

Let the distribution of a rrwasv.ned observable be stowd in a vector b of dimension nl>, where 
the ith mordinatc of the vector contains the number of cntri<$ in the corresponding bin of 
the histogram. The measurement is affected by the finite experimental resolution and/or 
1 he lintitr•d acceptance of the dckctor, so that each event from the tnw distribution may 
find itsdf in a range of (not IH:<:<•ssm·ily) adjacent bins, or nowhere at all. Using !vlontc 
Ca.rlo sinwlatiou) the distributiou :r:iui of ditnension n:r is generated, according to sonw 
idea of thr• nnr!Prlying physical process, and the detector simulation is performed. At 
lllis stage. every entry in a mcasmcd bin (i.e., every event) can be directly traced to its 
origin. This gives a wdl ddincd system of linear relations lwtwccn the simnlat.ed lnw and 
'lll.m .. su:rnf <I istri })1] ti ons: 

('>.1) 
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The nb x nx matrix A is a probability matrix, which actually performs the simulatNl 
folding procedure. Now, with A and J:ini given, for any vector b obtained by a real 
nwasurement using the detector described by its response matrix A, one can attempt. to 
find a corresponding unfolded true distribution x. Trying to solve the linear system of 
equations 

A:r = b (5.2) 

against x directly, using the exact inversion of the matrix, usually leads to completely 
unaeceptable rapidly oscillating solutions. 

To be more general oue cau express the discrete distributions x, b and the responst' 
matrix A in terms of the underlying continuous probability density functions: let y'""' 
be the continuous true variable under consideration, whose variation range {y6'·ue 7 y;;:ue} 
is divided into nx bins with boundaries yj'"e, j = 1, ... , nx ~ 1 . Each component. of the 
vector x is then calculated as an integral over the true distribution function X(y'·'"e) in 
the appropriate range: 

:rj ~ ly)'""'' dytruc X(y'"'") , 
. uj~l~ 

j = 1, ... ) nx . (5.3) 

Analogously, let {Yo 7 Yn,.J he the variation range of the measured variable y, with bin 
boundaries y;, i = 1, ... , nh ·- I. Then the components of the vector b are appropriate 
integrals over the continuous distribution function B(y) : 

IJ, = f I dy B(y) ' (5.4) 

Let A(y, y'·'"") be the detector n~sponse function, which maps the true distribution to th<' 
observed one, according to thr> convolution integral: 

ytruc 

B(y) = r,::.: rly'""' A(y, y'""') X(y''"e) .. 
./Yo 

AftN this. the response matrix A can be defined as tlw ratio of two integrals: 
truf' 

f·y; dy rY; rly''"" A(y y''"e) X(y''"") 
·J/,.-1 .lyj~'~' ,,, ' 

Ytru<> 

.fyi'"" rfytnw X(y''" 0 ) 
' J -·1 

(.5.5) 

(5.6) 

Each clement. A;_, is equal to the probability f(Jr an event. generated in the true bin j to 
be found in rn.easuTed bin i. 

5.3 Singular Value Decomposition 

5.3.1 Definitions 

A singnlar value decomposition (SVD) of a rr>al 111 x n matrix A is its factorization of the 
fonn 

A = C S 1 ··r (G. I) 
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wlwrc U is an m x m orthogonal matrix, \1 is an n x n orthogonal matrix, while S is an 
m x n diagonal matrix with non-negativ<~ diagonal elements: 

(5.8) 

5;.1 = 0 for i f j, S;; =o s; ?: 0 . (5.9) 

The quantities s; are called singular- values of the matrix A, and columns of U and \1 
are called the left and right sinqu.lar· vcctor·s. The singular values contain very valuable 
information about. the properties of the matrix. If, for example, A is itself orthogonal, 
all its singular values are equal to 1. On the contrary, a degenerate matrix will have at 
least. one 7-ero among its singular values. In fact, the rank of a matrix is the number of 
its non-1-ero singular values. If the matrix and/or tll(' r.h.s. of a linear system is known 
with some level of uncertainty. and some singular values of the matrix arc significantly 
smaller than others, the system may be difficult to solve even if formally the matrix has 
full rank. In many aspects such matrices behave like degenerate ones, and SVD suggests 
a method of treating such problems. which is common for small and exactly y,ero singular 
values. It. will be assumed that. the singular values s; form a decreasing sequence, i.e., 
s 1 ?: s2 ?: ... ?: -'n· This is easily achieved by swapping pairs of singular values, swapping 
simultaneously corresponding columns of U and V. It will further be assumed also that 
m ?: n, which means that the number of bins in the measured histogram b should not be 
smaller than the number of bins in the unfolded histogram x. If necessary, one can just 
add rows of wrocs to the initial matrix. 

Comprehensive descriptions of SVD with many technical details and examples can 
IH' found in the literature (see, e.g., [152, 153]). In practice, SVD is performed by the 
FOHTRAN routine SVD which is present in the CERN program library CERNLIB. Some 
earlier implementations can be found in refs. [152, 153) as well. 

Once the matrix is decomposed into the form (5.7), its properties can be readily 
analyzed and it becomes easy to manipulate, as illustrated in following subsections. This 
kind of analysis is useful for ill-defined linear systems with almost (or even exactly) 
degenerate matrices, as it not only locates the difficulty, but can also suggest ways of 
0\'(~I'COliliHg it. 

5.3.2 A Simple Example 

Let the response matrix A have the form 

A=~(l.+f 1-r) 
2 1-f l+c ' (5.10) 

wi I h () <: c <: 1 determining the "quali t.y'· of the dct.i'c.t or: f = 1 means an ideal dckcl or 
with the respouse matrix equal to units. while small c << 1 corresponds to a poor detector. 
;i\mosl uuabl<' to distinguish the two bius. Note however, that the overall cfficicucy is 
100'/r,. so that no event escapes dct.ed.ion (sum of elemcuts in each column equals l). 
The mcasuremeut. process now is simulated by multiplying the matrix A over the tnt<' 
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distribution x, resulting in the measured histogram b: 

A:r=b. (5.11) 

With vector b measured and the response matrix (5.10) given, one can try to unfold the 
true dist.ribut.ion. Singular vain<' decomposition of 2 x 2 matrices is simple, involving a 
single rotation from left. all(] another from right. As the matrix (5.10) is symmetric, the 
orthogonal matrices U and V should coincide. One obtains: 

A = u svr ( 5.12) 

with 

(5.13) 

The two singular values of the matrix (5.10) are s 1 = 1, s2 = L 

Suppose now that. the apparatus described by the matrix (5.10) has been used to 
measure numbers of events in a two-bin histogram 

b = u~ ) . (5.14) 

Let B lw the corresponding covrtriance matrix, which is diagonal with entfies b1, b2 in the 
case of purely statistical errors. lu order to solve the system, one uses U, S aud V from 
(5.13) to rotate both the unknown vector :rand the r.h.s. of the system b, 

uT 1 ( .. T I + X2 ) z=v :r=~ , J2 .r,- J:2 
(5.15) 

in order to form a diagonal svstem of equations 

Sz = d, (5.16) 

wlwre 

s-1 = 0 n ( 5.17) 

The unknown vector :r can now h<~ easily obtained by rotating z back: 

(5.18) 

Expression (5.18) gives t.lw exact. solution of the system (5.11) for whatever small bnt 
finite '. 

Formally, SVD of thf' matrix A means a dccomposit.ion of th<' r.h.s. h into a scri<'s 
of orthogonal and normaJiy,cd functions of th<' discrete variable i = I, ... , n,. The basis 
is given by the columns of the matrix U, and the components of the vector d form the 
coefficients of this <kcomposition. Similarly. the vector of unknowns :r is also decomposed 
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into a series of ortho-normalized functions of the discrete variable j = 1, ... , nx, given 
by the columns of the matrix V, while the coefficients stored in the vector z are rww 
unknowns. After performing these transformations, the initial system of equations (5.11) 
is reduced to the diagonal system (5.16) which can be readily solved: the matrix S in 
Eq. (5.13) is diagonal and can be inverted by just inverting the singular values. 

The inverse matrix A -l exists for any E f. 0: 

A =VS U =- =---1 -l T 1.( 1+E -1+E) 1(1 
2E -1 + f 1 + E 2 1 

1 ) 1 ( 1 
1 + 2E -1 

-1 ) 
1 . (5.19) 

Note that the expressions (5.18) and (5.19) are exaet, so that SVD and the subsequent 
analysis can he considered as just another method of solving well determined full rank 
linear systems, maybe a bit too complicated but quite capable. If all components of the 
rotated r.h.s. d are statistically significant and if neither of the singular values si of the 
matrix A is too small, the system (5.11) can be solved without any problem using any other 
nwthod like Gaussian elimination. But if E is small the problem becomes ill-determined, 
and when iir addition the r.h.s. is affected by measurement errors, the exact solution 
usually does not make any sense. In this case it is not the exact solution one is interested 
in, and conventional methods of solving linear systems do not work. Usually they cannot 
even detect the problem. To illustrate this, one may assume that the measured ewnt 
nurnlwrs b1 and b2 satisfy tlw following relation: 

b1 - bz < ll(b, - bz) 

=> (b1 - b2) 2 < b1 + bz. .(5.20) 

This means that the difference b1 - bz is not statistically significant, so that the first 
t.errn in the exact solution (5.18) is in fact a random number. But if E is small enough (in 
t.his case- smaller than 1/ Jb1 + b2 ), this first term in both .T 1 and x2 dominates over the 
well-behaved and statistically significant second term, leading to almost arbitrary results. 
This pherwmenon can he understood by recalling the dekct.or response matrix (5.10) of 
t.he example: for very small< the apparatus is almost "blind", and one can hardly expect 
to determine x 1 and x2 separately, unless the errors in b are sufficiently small. 

5.4 Rescaling Equations and Normalizing Unknowns 

Going back t.o the full-scale problem defined in Sect.ion 5.2 one can look at the initial 
linear system (5.2) from another viewpoint. It represents the solution of the following 
least square problem: 

n, n.,. 

L (L A,(r.J - b,)
2 

= 1nin , (5.21) 
i=l j::.:;] 

and is adequate if t.he equations an' exact., or if the errors in b, are identical. This. is not 
gen(,rally the case, as mca.surenwnt errors in the vector b vary from bin to bin, and hence, 
different equations have diffewnt significance. In fact, one should consider a weighted 
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least squares problem, whew the following expression is being minimized: 

n,, 'C'n, A, r . /) 
~ Lj::::::l tJ'''] - i 2 . 
0 ( ) = llllll ' 
ic. I (',IJ, 

( 5.22) 

where (',b, is the error in h,_. The general case of (5.22) reads 

' T 1 ~ 
(.1:~- b) B-- (A:r- b) = min , (5.23) 

where B is the covariance matrix of the measured vector b. 

5.4.1 Normalisation of the Unknowns 

The~ exact solution of a wdl-det.crmined linr~ar system remains unchanged, if either the 
equations, or the unknowns, or both are rescaled. However, in the cases under consider­
ation (where nx ~ nb and some singular values are small) the minimization of Eq. (5.23) 
leads to. an overdetermined system which should be solved in the least-squares sense. In 
this case any rescaling of equations and/or unknowns changes the singular values of the 
system and hence the solution as well. One can suggest various ways of rescaling, and 
some of them may lead to a serious improvenwnt in the system behavior. The task is then 
to optimize the system by rescaling it so that significant information is not suppressed 
while the non-significant one is at least not enhanced. 

One can, for instance, divide an unknown :r:k everywhere in the system by a number .\, 
multiplying simultaneously all corresponding coefficients A;k> i = 1, ... , nb by .\. Choos­
ing various .\'s for different k's, one can obtain substantially different matrices. Thus one 
may argue that one particular choice of rescaling coefficients is the most suitable for our 
purposes, provided the probability matrix A is obtained using a Monte Carlo simulation 
procedure (see Section 5.2). 

Consider a new unknown vector w.i = :r:.i /:~~"', whieh measures the deviation of x from 
the initial Monte Carlo input vector xini. If one now multiplies each column of the prob­
ability matrix A;_; by the corresponding number of events generated in this bin x~ni, the 
system becomes 

nx 

:2: AijWJ = bi J (5.24) 
)=1 

when~ A;.J is no longer the probability, but rather the actual number of events, which were 
generated in bin j all(! ended up in bin i 1

. Now, :r = :r'"i corresponds to all components 
of the vedor w being equal to L so that bl"' = I:j~. 1 A,1 . At the end of the unfolding 
procedure, in order to obtain t.l"' correctly llOnllalizccl unfolded solution 1: 1, one has t.o 
multiply the unfolded vector u• by :r'"': 

j = l, ... , n., . 
---c---··----·------ ·--

1 If ddirH'd t.hrough contiunons probability clist.rihutioos. 1"l1is llPW mat.rix Is equal to tlw nnrneratm· of 

Eq. (5.6). 
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< )f connw, if Uw number of g(mcratc!d events is the sa.nH! for Pach hill, .1_.illi :::=- const, then 

the probability matrix A aud tlw nuJHhcr-orevr,nts 1natrix A coincide up to an overall 
mnstant factor which is irrelevant [(>r t.hc analysis. 

The systems (5.2) and (5.24) arc equivalent for any shape of :r1"
1
, if the exact solution 

is required. hut. there are two reasons why, for the class of problems considered here, the 
system ( S. 24) is much better sui ted. 

lf the iuitial Monte Carlo distribution :1jni is physically motivated and is reasonably 
close to the one being unfolded, t.hc 11nknown vector w should he smooth and should have 
small bin-to-bin variation, thus requiring less terms in the decomposition into orthogonal 
functions. This in turn mr,ans that rnore accurate unfolding should be possible, as kwcr 
unknowns an' rr'quircd in order to obtain the unfolded solution. 

The second reason is more technical and is comH,ct.ed to the singular value analvsis. 
\Vhatever high statistics is ge1wrat.ed in order to obtain the matrix A, some of its columns 
and/or rows may contain very fr"v ewnts, and somr' eimnents Ai.J may have just a single 
en I ry. In the probability matrix, t.hr"e elements will contain the probability one, unjus­
tifiably p;iving a high weight to I. hat. particular equation allil unknown, and the fact that 
t.his r•lemenl has a 100% error is r·omplet.dv ignored. At. t.hc sarnc time. highly populated 
('()IIJJIIJJS with st.at.isticallv wl'il-dr•t.r:nnined dements IJsuallv contain va.l11es significantlv 
sllliJII(']' i.han l. due to finil:0 resolnl:ion and limited a.ccq>tance. This makes the probabil­
i 1.1· tllalrix .. \ a had choice. On tbc cont.mrv, the elements of t.he numlwr-of-evcnl: matrix . . 

.I an· larro;e if the ro;encratr'd statistics is large, and vice versa, thus giving a larger weight 
I o I H'l t.er del ermined equations allil unknowns. 

5.4.2 Rescaling Equations 

The very f(mn of Eq. (D.22) suggests the way of n"caling the equations: after dividing 
<'iJCh equal ion I>.~· tfw corresponding Nmr D.b; one obtains a balanced system, where all 
Llll' equations haw equal weights. If 13 is uot diagonal. the equation rescaling becomes 
slightlY Jnore complicated but still sl.raigl11Jorward. Being a covariance matrix, B should 
he svrnmdric and positive-definite. I l.s SVD yields: 

B = CJRQ1
, 1?,1 = 0 for i f j. Ir' = CJIC'QT (5.26) 

Subsl.itul.iug JJ 1 into Eq. (5.2:l) m1n sr:r" t.hat after the rotation and n'scaling ofhot.h the 
r.h.s. h a]J(l the umtrix A. 

I 
=- ~:._LCJim"llni' 

l'i !II . 

t.he ('XJ>r<~ssion IH:ing IninimizC'd looks \'('1'." simplP ;-\gain. 

and t.h(' minin1izat.ion leads to t.l)(' s.vsl.('tll 

2: .L~ "'~ .,, h, 
I 
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The covariance matrix of the rescaled r.h.s., B, is now explicitly made equal to the unit 
matrix I, and all the equations have equal importance. 

5.5 Regularisation and Unfolding 

The transition from Eq. (5.21) t.o (5.28) changes the appearance of the system from (5.2) 
to (5.29). The singular values of the matrix are also changed, but the main problem 
with small singular values still remains. The exact solution of Eq. (5.29) will again most 
certainly lead to a rapidly oscillating distribution, which may have a smaller amplitude 
but is still useless. This spurious oscillatory component should be suppressed, using some 
a prior·i knowledge about the solution. Technically this can be achieved by adding a 
r·egularisation or stabilization term to the expression to be minimized (see Refs. [153, 149. 
154] and references therein): 

- -T- - T 
(Aw-b) (Aw-b)+C(Cw) Cw rrun . (5.:lo) 

Here C is a matrix which dcfirws the a priori condition on the solution, while the value 
of the regularisation parameter f. determines the relative weight of this condition. For 
example, the choice Cik = Sik would minimize the euclidean norm of the vector w, and 
if f. is set to be infinitely large, this would result in a vector w1 = 0 for any A and b. 
While the optimal value of E. is very much problem-dependent and its determination is 
an important part of our prorwlure, the explicit form of the matrix C should be chosen 
from general considerations. The common belief is that the solution histogram 711 should 
'"'smooth, with small bin-to-bin variation. 

One appropriately defines the "curvature" of the discrete distribution wJ as the sum 
of the squares of its second derivatives [149): 

(5.:31) 

Then the choice 
~1 1 () () 

1 ~2 1 0 

c 0 1 -2 1 
(5.32) 

1 -2 1 
-1 

will suppress solutions 711 having large curvatures. Minimization of Eq. (5.30) leads t.o a 
new linear system, which has "" additional equations: 

[ V[ll C ] II' = [ ~ ] (5.:3.1) 

This syst.em is over-determined and one can apply SVD t.o the ( nb + n.,) x ri."' matrix in the 
l.h.s. in order to solw it.. Tbis is possible, but would nxjuire calling SVD for each value 
of(. Fortunately. a rnore efficient method (called sometimes du.rnped lm.st squares [15:3]) 



can he suggested, which allows to express the solution of Eq. (5.33) for any I; through the 
solution of t.he initial non-regularized problem corresponding to I; = 0. The first step is 
to make t.he regularisation term proportional to the unit. matrix J: 

[ A c-' ] [ b ] 
,;~. ' c 11! o (5.34) 

For~ = 0 the system (5.34) is <>quivalent to (5.29) if the inverse c- 1 exists and can lw 
safdy calculated. The "second derivative" matrix (5.:32), however, is apparently degener­
ate (every column and every row sums up to zero) so some measures should be taken to 
make the exact inversion possible. Trw most simple thing to do is to add a small diagonal 

component, cik =? cik + K, . sik, with K, large enough to make the inversion possible, but 
small r>nough not to change significantly the condition of minimum curvature. In most 
casm, r;, = 10"":1 or 10-1 is a good choice. C now is a symmetric non-singular matrix, 

-1 + K. 1 () () 

1 -2 + K 1 () 

c () 1 -2 + K. 
(5 .. 35) 

1 -2 + K, 1 
1 -1 + K 

which can be inverted using standard tcchniques2
. 

In order to solve the system (5.:)4) with I; = 0. first, one needs SVD t.o decompose 
the prnc!uct. of matrices A c-l: 

A c-l = u SV 1 (5.3G) 

Here, oHce again, U and 11 are orthogonal and Sis diagonal, with non-increasing positivr' 
diagonal elements s,. Rotating both band Cw one obtains the diagonal system: 

(5.37) 

The system now looks (and actually is) very simple: 

i = 1, ... , n.-r (5.38) 

Not.e that. because the covariance matrix of the r.h.s. h was made equal to the unit matrix, 
l.he ort.hogonalit.y of U gua.rantces that. the new rotated r.h.s. d also has a I)llit covariance 
Iuat.rix, i. c., t.hc equations (5.38) arc completely independent. and have identical unit "rrors 

11! t.hcir r.h.s. 
Solving (5.:38) yields the exact. solution of t;he non-regularized system: 

(D) rfi 
zi = --, 

Si 

"/IJ(O) = c-1]7 z(O) ' (5.39) 

20uc lias. hovv·ever, to he careful, as tlH' matrix is very cloS(' to a singular one, and some of the standard 
routines may not work for small,., (E~ven in double numerical precision). For example RFIN, RSINV and 
HSI·T\\' fail for K = 10-<t, while RINV is succ(~ssful. It is COII\'('nient to usf~ SVD oncP again for Lhis 
pnrposP: decompose C = UcScl'/' and then ca.lculate c-t = \ (·Sc---: 1 UJ:·. 
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and the tnw distribution :r can IH' obtained by ntultiplyin)S each 111; by the corresponding 
.r;";. With ~ = 0 there is no regularisat.ion. so this solution is as useless as it ""'d to be. 
llut the solution of the s,•si.<'lll (:).:l:l) with non-zero~ can now lw found easily using t.ht• 
protnlure explained in detail in Ref. [153] (Chapt.er 25, Sect..1). In short, introducing a 
non-zPro E, i~ effpctivel_v <'qnivaiPnf to changing d.; hy a n-~gulari:r,(:d distribution: 

( 540) 

so that the solution of the rotat.ed system b"<·omes 

(5.41) 

One can now fi('C how a uon-z"ro ~ rcgulariz<>S the singularities dtw to small sis, effect.ivdy 
working as a low-pass filf<cr in the language of Fourier-transform. By definition, si i;; ;;mall 
when the index i is large. which in general corresponds to quickly oscillating singular 
vectors (i.e .. column;; of U awll') defining the n1'w basis in the rotated space. Continuing 
the analogy with FouriN analvsis. one can rrwntion that the cutoff provid"d by t.hrc abow 
rcgularisation procedure hapiH'ns to be quite smooth, thus avoiding specific quasi-periodic 
fluctuations of the solution lu10wn afl the Gibbs phenomenon. 

The covariance matrices Z and vV of the solutions (5.41) now read: 

'>'2 

(s; ·~ ~i'i · ii;k 

c-'l' zrol·Tc'~' (5.12) 

In onkr t.o obtain the t.r11c unfolded distribution :r and its covariance matrix X Oll!' 

umlt.iplics w and W by the initial Monte Carlo distribution :r;";: 

T(O 
. ' 
X,~l 

(5.4.3) 

(5.44) 

It. is important. to note that while Eqs. (5.13) and (5.14) are rcg11larizcd and as such 
dq>end on t.hc value• of[;, tiH' inverse of the covariance matrix X .. , (which should be 11scd 
for any x2 calculation involving the unfohbl distribution (5.43)), is regular and rcadilv 
calcltlahhc: 

1 - -\ .. ,_ L·t ·1 . Jf - -. 7--.-:- ."j}I J/.' 
. 'l'l.lll '/'Hll . 

. '.7 . k i 

In fact. _y(O defin1•d bv Eq. (:).d I) is the cfj'cdi'l!e J!Sf'11.doin'llcrsc of tlH· ntatrix (:i.'15). This 
nJ<'ans that while the equation 

.\'(() ( '> I r; I 

is valid as if )(If) were Ill(' Ll'IH' inverse of S 1 for a difftT<'nf. ordering one has (S<'<' [I :,2, 
I ,):l[): 

li .\ 'xro .\' I .\ I II<~ 

I 1.-, 



5.6 Error Analysis and Choice of e 
lmporl.anl. and interesting inf(mnation about the whole problem can be disclosed by plot­
ting rl;, or, better, logld;l versus i. Tht• i-th component. of t.hc vector r1 is th<' cocfficicnt. in 
t.lw decomposition of the rrwa.suwd (and rescaled) histogram bin front of a basis function 
dPfincd by I. he i-th column of i.h<' rotation matrix I/. For reasonably smooth measured 
dist.rilmtions, only the first f('w (say, k) l.crms of tlH' tb:omposition arc expcet.cd t.o be 
significant., while the conl.rihut.ion of quickly oscillating basis w":tors corresponding to 
large values of i > k: should IH' cornpat.ihlc with zero, wdl within the statistical errors in 
rl; (which are equal to 1 for all i). So. on the plot one should se<' two scparatc patl.crns 
(set' Sec:l.ion 5.8 for a few illust.rations): for small i, rl; should be statistically significant., 
lrl;l » I, falling gradually (usually ''XJHl!Hmtially) towards a gaussian-distributed random 
value for largc i with the standard <kviat.ion equal to 1 and the mean clos<' t.o zero (t.h<' 
absolute vahws of non-significant. components lri;l, i > k should have the averag<' close to 

/2);"" 0.8). Th<' critical value -i = k, after which d;'s aw non-significant, dctcrmines the 
dl<'ctivP nmk of the obtained svstem of equations. Csnally it is dearly seen on th<' plot 
of logld;l vnsus -i, as til(' va.lue of i wher<' th<' lwhavior of d; changes from exponentially 
falling to a constant.. 

ThP standard statistical t.est.s can I"' used to dwck whether the last n" -- k cornpo­
rwrtls of d, an' compatible with Ure cxpect.ed normal distribution with zero mean and 
nnit ,·arianc<'. lf this is not tlw case, tlwn til(' errors in th<' measured data (or maybe 
t.h<' rPsponse matrix it.sdf) ""'Ill not t.o IH' estimated correctly. If, for cxample,the act.nal 
tll<'asmnncnt crrors in b arc nn<kr( m·cr)cst.imated, t.hcn the variance of d; fori > k will bc 
smalkr (larger) tha.n l. Moreover, if some additional corrdat.ions exist. in th<' mcasnrcd 
data which ar<' not accounted for in t.h<' covariance 111atrix /3, then logldd may steadily 
decrease for all i, though probably fori> k the slope ll'ill be different. All this shows that 
t.lw analysis oft he plot. of logld; I versus i is of great. interest. by itself, being able t.o rewa! 
I he aetna! levd of ll!Hkrst.anding Ute ""'asurernent Prrors iu t.hP expPrimPnt dPscribcd b)· 
the simnl<ltPd matrix A 

If the number of statistically significant equations is det.errnined to be equal t.o k, t.hP 
r<'gnlarisat.ion pararndcr ~ is appropriately put. equal t.o t.he square of tlw k:th singular 
,·alu<' s1 "' Su of t.hP matrix ;\c;- 1

, dd.<'nnin<'d in Eq. (5.:36): 

2 ( = S~,; . (548) 

1\.itll ( giv<'ll hv (').48), t.h<' unfold<'d v<'clor .r. it.s covariane<' matrix X <tlld t.ht• invcrst' of 
llw Lttt<·r .\ 1 arc cotnpl<'i<'h· d<'fitwd '" t,h" corr<'spollding Fqs. ('i.·l:l), ('i.·l·l) and ('>.·1'>). 
r{!l"llling 1.!t(' solut.ion of the lllll"olding problem. 

Y<'t. anot.IH'r (and 111:-t_\"lH' Jll()J"(' ('()JJYiJJcing) way or d<'t.<~nllilling ( is t.o g('Ilf~ra.t<' a t<~st 

dist rihut.ion which is clos<' to the <'XJH'd"d l.nt<' onc, hut. st,ill significant.Iv different front 
t.IH' i11it.ial Monl.<' Carlo distrillltt.ion :r;";. Tlwn Oil<' should simlllaiP t.ht' l!!Pasun•l!)('lli 
proc<'SS h.v applying thP l'('SJHHJS(' lll<-lt"rix t.o it, and acid corrPsponding random st.at.ist.i('<ll 

Prrors to thP tints ohtain<'d "nwnsun·d .. distrilrut.io11. Tlw d<'scrih<'d unfoldi11g proct•dm<' 
sho111d h<' applied to the lat.t.er. and ill<' lrPst. choic<' f(,r ( is the on<' gi,·illg th<' sJnallt•sl 
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x" between the test and the unfolded distributions (see our second example in Sect. 5.8). 
This approach is follow<xJ in the T spectral functions analysis analysis. 

5. 7 The Algorithm 

In this section the concise <kscription of the complete unfolding algorithm is presented. 
The algorithm is linear ( i. c., contains no loops) and can be divided into tlm~e distinct 
parts: initialization, rescaling/rotation and actual unfolding. Each step includes rcfcr­
euces to relevant subsections and equations. 

Initialization: 

1. Define the number of bins nb and bin boundaries of the measured histogram b. 

2. Define the uurnlwr of bins nx and bin boundaries, common for the initial Monte 
Carlo x;.,; and the unfolded distribution :r. 

3. Build the "second derivative" matrix C, according to Eq. (5.35). 

4. Calculate the inverse c-r (sec Sect.ion 5.5). 

5. Generate the initial Monte Carlo histogram x;";, and simulate the detector 
response in terms of the two-dimensional nb x nx histogram A. The clements 
of A should contairr a.ctual numbers of events rather than probabilities. 

6. Read and fill the measured distribution band its covariance matrix B. 

Rescaling and rotation: 

1. Perform SVD of the covariance matrix B, according to Eq. (5.26). 

2. Rotate and rescale both the r.h.s. b and the matrix A, in order to make 
the covariance matrix of the r.h.s. equal to the unit matrix, according to 
Eqs. (5.27). 

3. Calculate the inverse of the covariance matrix, x-', of the unfolded vector 1:, 

according to Eq. (5.45). 

4. Multiply matrices A and c-r and perform SVD of the product, according to 
Eq. (5.36). 

5. Calculate the rotated r.h.s. d, aceording to Eq. (5.37). 

Unfolding: 

1. Plot logJdil vs -i and determine the effcet.iw rank k of the system (see Sec­
tion -5.6). 

2. Put. ~ = sf, 

3. Altenrativcl.v. put. E, = sfc and deterrnirw the t.hc appropriate k by means of a 
simulated test dist.rilmtion where the true dist.rilmtion is known. 

4. Calculate "'10: wiO, 7,10, Wi<l, according to Eqs. (5.41-5.42). 
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5. Calculate the unfolded distribution x(O and its covariance matrix )((0, accord­
ing to Eqs. (5.43-5.44). 

The vector xW and matrices )((0 and x--l form the complete solution of the unfolding 
problem defined by the matrix A, simulated initial distribution x'"', the measured vector 
b and its covariance matrix B. 

5.8 Examples 

The usc of the unfolding procedure described above is now illustrated with two examples. 

Tlw first orw is rather academic. and it is included because it was already used in 
Jl<{,_ [149] and [154]. The response function A(y, y''"") is given by 

( 5.49) 

Then the probability response matrix was built according to Eq. (5.6) for 40 equidistant 
bins in the interval (0,2) for both y'·n"' and y. The matrix is presented in Fig. 5.1a. The 
true continuous distribution is takf>n t.o be 

X(·i tnw) = 4 + 0.4 + 0.2 
.'! 4 + (ytrnc _ 0.4)2 0.04 + (ytrnc _ 0.8)" 0.04 + (ytmc _ 1.5)2 

( 5.50) 

i\fter the convolution (5.5), the distribution B(y) is discretiu>d according to Eq. (5.4). 
Sinntlating a counting experiment, a random normally distributed error is then added 
to each entry, assuming the overall initial statistics of 5000 events. The resulting "mea­
sured'' distribution b is plotted in Fig. 5.1 h by a dotted line. The distortions caused by the 
mcasunmwnt process can be seen by comparing the latter to the true distribution (5.,50), 
shown by tlw solid curve in .Fig. G.1h. 

The unfolding algorithm described above is then applied to the distribution b. Fig. 5.lc 
shows the plot of the rescaled and rotated r.h.s. vector rl. The solid line corresponds to 
the act.ual measured histogram, and the horizontal dashed line shows the one standard 
ckviation statistical error in rl, which is equal to one for caeh i. One can see that after 
i ·.~ I 0 the~ components rl, arc clearly non-significant. The flatness of this distribution for 
i > 10 and its apparent compatibility with the expectc~d gaussian distribution with zero 
mean and unit. variance, is in faet a test of the gaussian random number generator usc~d 
t.o g<'TH>rat.c~ the errors in the rnc,asurced histogram b. Rcstrieting oneself to less than 10 
equations. on<' loses significant infonnation. Namely, the choice k = 1 leaves effectively 
only otH' equation. and the obtained "unfoldced" distribution :r(ll will be nothing else but 
a mnst.ant. On the contrary, by taking more than 10 equations one includes rapidly os­
cillal ing cmnponcmt.s with non-significant (and large) coefficients rl,js;. In this particular 
c·xample taking k = 40 would result. in a distribution :r wildly oscillating with the ampli­
ludt' of about. ;)()()() (see Fig. 5.2 fm f = s~ and f =sf,,) 

The shape of tlw distribution d suggc"ts that the dlectivc rank k should be put eqnal 
l.o I 0. The dashed line on Fig. S.l c shows the n>gularize>d distribntion rJ(O cidculated using 
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Figure 5.1: a The probability matrix A corresponding to the response function (5.49}. b). 
The true distribution (5.50} (solid curve) compared to the measured histogram b and the 
unfolded distribution :r(<) for ~ = sf0 . c). The absolute values of d; (solid line) cornpamd 
to the r·egularized r.h.s. (dashed line) and the one unaffected by the statistical.fiuctuations 
(dotted line). The hor·izontal line shows stati.otical errors in di, while the arrow indicates 
the boundary between the signzfiwnt and nor1.-signzficant equations. d). The deviation of 
the unfolded distr·ibution from the true exact one (.oee tc:Et for- details). 
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Figure 5.2: Example of Fig. 5.1 with ~ s~ (left hand plot} and ~ = sf5 (right hand 
plot). Too large cutoffs ~ lead to a loss of structure (too smoothed} whereas too small 
~ 's do not cut artificial oscillations. Since not only the measured distribution b but also 
its er-r-ors are unfolded, insignificant information blows also the errors up. Contrarily, 
the .mppression of significant information (left hand plot} reduces the sensibility to small 
statistical fluctuations and thus the statistical errors. 

(5.40), with ~ = sf0 . It is interesting to compare this distribution with the similar one 
calculated for the exact true distribution (5.50) by the same procedure of rescaling and 
rotation, but without adding the random error (the dotted histogram in Fig. 5.lc). One 
can see that the regularized distribution is quite close to the true exact one. 

The obtained distribution d(E) is then used to calculate the unfolded histogram xr<>, 
plotted in Fig. 5.lb (data points). It should be compared to the true distribution (5.50), 
shown by the smooth solid curve. Note that the error bars in x(O account only for the 
diagonal elements of the covariance matrix X, and thus underestimate the actual errors. 
The correlations between adjacent bins x)0 are quite significant, so one should use the 
exact inverse of the covariance matrix x-1 for any kind of x2 calculation involving the 
unfolded vector, and the regularized covariance matrix xro for the further error propa­
gation. 

Fig. 5.1d presents the difference between the exact distribution and the unfolded one, 
together with the bands showing one and two standard deviation statistical fluctuations 
in the tru<> exact distribution. At this scale, one still observes some oscillations of the tin­
folded solution, but they are well balanced, distributed almost uniformly, and are confined 
inside the two standard deviation band of the true solution, thus indicating that the gen­
uine error is about twice as large as the true statistical one would be, if the measurements 
w<ere exact. The average x2 over the 40 bins is equal to 0.9, meaning that the unfolded 
distribution is quite satisfactory. 
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In the second r:xample a simulated spect.mm of the invariant mass of two pions rs 
nnfolded. corresponding to the p(770)-mcson mass region. An artificial two-dimensional 
histogram rdketirrg a possible detector br,havior is generated as the detector response 
matrix A, and is shown in Fig. S.3a. This time it is a number-of-event matrix resulting 
from Monte Carlo simulation, as opposed to the probability matrix obtained by the in­
tegration of some analytica.l rcsponsr: function used in the previous example. Tlw matrix 
is far from being diagonal, and IIH' initial simulated distribution :rini, shown by a doUr" I 
lin<' in Fig. 5.3h, varies bv about four orders of magnitude. 

Thr• "measured" distrihnt.ion b was obtained in a way similar to the first- example: a 
distribution :c'""' was generated (solid line in Fig. 5.3b), which has a behavior distinct!'• 
diffr:renl from :cini. The measurement process was then simulated by the matrix multipli-
ca.tion: 

xty~t 

'-" A :i____ = b 
~ ZJ ,,ini 1·' 

.i .f,.J 

(5.51) 

and finally a random gaussian error was added to each entry hi, simulating statistical 
f1 ncttmtions. 

H.r:scaling and rotation results in a distribution rli plotted in Fig. 5.3c. Om: sees that 
the effective rank of the svstr:rn k is dose to 9, so the parameter E, should be set to the 
square of the 9th singular value of the matrix AC- 1

• The components rli_ with i > 9 arc 
ckarly compatible with zno and have standard deviation close to one, thus confirminl!; 
that the errors in the mr:asun:d data are estimated correctly. 

As in the first example, thr: choice k = 1 would leave us effectively with only one 
r•rpmtion. and the obtairwd "unfolded" distribution :r(l) will he nothing dse but thr• ini­
tial illonte Carlo distribution _r;,;. shown bv the dol ted line in Fig. 5 .. 1b. As for IIH· 
solution of the non-n:gularizt•d system with ( = 0, it would indudr: all non-significanl 
cornpm~<•nts and woulct" oscillate rapidly wil hin the range ±(2 7 3) · 104 This solution 
rlr:pcnds on the machinr: accuracy and obviously does not make sense. 

TIH' regularized distribution d~0 is shown by a dashed line in Fig . .5.3c. It is to he 
compared with the exact distribution d'""''" corrr:sponding to the vector (5.51) after thr· 
same procedure of rescaling and rotation, hut without tlw random error added. One can 
ser' that the rr:gularized vr:r:tor is much closer to the true exact one for large i > 9. The 
resulting unfolded histogram :r:)0 is shown by the data points in Fig. 5.3b. The diffr:rr:nr:e 
of t.he unfolded and the cxar:L test distributions is presented in Fig._ 5.3d, together with onr· 
a.nd two standard deviation bands describing the statistical errors in the test vector. I len:. 
too. the error bars show just the diagonal dements of thrc error matrix, which in fact con­
tains quitP strong bin-t.o-hin correlations. Th(' agreernent is very good inde('d. <'Sp('c:ialJ_Y 

if"'"' c:onsir!Prs the fom orders of magnitnrlr- variation range of the test distribution. 

5.9 Conclusion 

The data unfolding method rkwloped abm-<' can he nsed in a wide range of applications. 
'"'' is espr:r:ially wr:ll-snit.<•d for higb "'""'!\.'. ph\'sics. wherr: t!H: rr:sponsr• rwrt.rix is nsu;dh· 
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est.imated by a Monte Carlo simulation of the nwasurernrnt process, using some physically 
motivated initial distribution of I he quantity under consideration. 

The usc of a very versatile and flexible tool the Singular Value Decomposition of a 
matrix allowed to derive a concise loop-free algorithm for data unfolding. 

Obviously, curvature rninirniza.tion as regularisation criterion introduces sorne system­
at.ic bias into the unfolded distribution. Thus, if the probability response matrix is used, 
the Hwthod will ]pad lo acceptable results only if the tnr<' solution is indeed smooth. 
How<'ver, wlwn on<' uses the rnnnber-of-cvcnts response matrix, the condition of mini­
mum curvature means that the deviation of the expected distribution from the initial 
Monte Carlo one should lw srnooth enough. This allows one to use the procedure in 
cases when the mr,asurcd distribution has some structure and/or a wide variation range. 
provided the initial Monte Carlo has a similar hchaviour. If this is the case, th<m even 
for the small effective rank of the system, when the unfolded distribution happens to he 
quite close to the initial Monte Carlo, the former (in conjunction with the error matrix 
and its inverse) is still expected to give a useful solution of the problem. 

For the measurement of exclusive spectral functions, individual unfolding procedures 
with specific detector response rwttrices Ax and cut paramders fx an' applied for each 
T decay channel X considered. 





Chapter 6 

Spectral Functions for Exclusive r 
Decay Modes 

The spectral function analysis distinguishes between vector and axial-vector modes. Tlw 
dominant vector contributions arc supplied by the decay channels T----* 7f-7fo 1/r (domi­
nated by p· ---* " .. 1r0 ) and r---> 27f-7f+7fo u,. The axial-vector spectral function is mainly 
obtained from the T----* (37r) ur (dominated by rzj ---* (37r)-) decay. 

6.1 Vector Spectral Functions 

The following vector T decay modes arc exclusively reconstructed: "·-"" u"' 7f-37r0 u,, 
21r· "+"" u,, 27f-7f 1 37r0 1/,and 37f ·2rr+1r0 u,. The measured mass-squared spec:t.ra corre­
sponding to these channels arc shown in Fig. 6.1 and 6.2. Before unfolding them, the 
T and r10n-r background and t.lw strange contributions are subtracted out using tlw 
Montf• Carlo simulation 1 which is based on models of resonance production implemented 
in KDRALZ3. 8 with TAUOLA1. 5 as T decay library [140, 141, 142]. Remaining hadrons an• 
thought to be pions only. 

The spectral funct.ious of the dominant two- and four-pion modes arc shown in Fig. 6.3. 
The '~rr,n·s shown arc the diagonal dements of the covariance matrix. They include both 
st.atistical and systematic uncertainties. The 27f~ 7f+7TO u, decay mode is compared to data 
of t.hc ARGUS Collaboration [.3]. 

The Inclusive T Vector Spectral Function 

The tot.al inclusiw vect.or <·urr<'nt. spectral function is obtained by summing; up tlw 
<'xclusive spectral fuuct.ions with t.he addition of small contributions from unllH'asured 
!ltodes. as discussed bdow. Table 6.1 gives a sun·ev of t.he cxclusiv<' decay modPs cort­
sidnefL their classification and tire corresponding branching ratios. If not otherwise 
specified, t.he latter were t.akcn from ALEPH publications [21, ii] cornplewcnt.ed by CLEO 
llH,asnrenwrrts [15:). 15G. lf>/. I ,)8] and new results about. branching fractions ofT decaY 

1 No strange' contribution is assunwd in the 2h -- h t- :~11° 1/r channel. 
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nlo<ks involving kaons presented in !1.<;k [159, 47]. The individual fractions have been 

r<'fit.t!'d so t.hat. the sum of all branching ratios adds np to 100%. The branching ratios of 

IIH' snbsPqnpnt. mPson decays arc t.ak<e~1 from [17]. The small contributions labckd "MC" 
arc t.ak<;n from th<' Monte Carlo simulation. The two-, four- and six-pion modes arc 

Pxclnsivdv n;constructcd as explained in Section G.l. Spcc:ial care is taken with isospin­

violatinp; w and rJ decays, and with final state Kaon prodnc:tion, as explained in the 
fi>llowing: 

The decav channel T -> w 1r- TJT is partly reconstructed in the 27r-·7r+7r0 
I/T class 

(u) ----+ 7f 1 7f 7r 0 ) 1 in Lhe h-- 21f0 TJ1 da.ss (w -;. lfo~,) and in the 21f-7f+ l/7 class. (w ---> 
" '" ) . Corrections to t.lH; inc:lnsiw T vector spPct.ral fundi on arc applied for the 
laii<T t.wo casPS nsinp; invariant lnilss-squan'd distributions prcdict.1;d by the; Monte 
Carlo sinmlation. The svst.<'n~Cllic nror d\H' t.o IIH' uncertainties in the; !Vlonl.<' Carlo 

pn·dict.ions is r;stirnatr;d t.o he 20'/{ in every simulal.r;d mass bin. For all the followinp; 
chilllll('\s where the Monl<' Carlo sinmlation is nsed l.o compkt1' t.lw inclnsiw T wcl.or 

<·nrrenl SJH'ctral function, the nnc<'ltainty is assumr;d to IH' !iO% in every simulated 

'"'"' bin in ord<T to t.ak<' into account the poorer knowledge of the spectrum. 
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,-··--

·~r;rwl state 
T branching original T 

input data 
vnctor mode ratio (in%) 

--
1r---7TIT u 25.35 ±0.19 T 

~- c::-;;-::o·· 
1.17 ±0.14 1r- :hr l/7 ,__ ___________ - ---- --

2n- 1r !- ITO 1/
7 2.54 ±0.09 

-· . . .. 
7f+ :JJr" 2n -1r-+ :J1r0 U7 27f 

} :lrr· 2n+1TO 117 J7f 27f+7f0 0.037 ± 0.022( 1) 

1f-- G1r 0 lir 

2n -- 7T I 1f1'f I! 
T 

21f-- 7T+7r0 1.63 ±0.08 
W1f 

-
T/T J( 1f

0 ')' J/7 MC 0.155 ± 0.010 
27f- iT-! 1!

7 MC 0.038 ±0.005 
--~--c-::1), " . :;"o 0.068 ±0.011 1r 1f 2-y 1/r 

T) 7T --- 1r0 U
7 

7f 47r0 
117 MC 0.055 ± 0.009 

27T -- n t- 21r0 u
7 MC 0.039 ± 0.007 

2n -- n t 7Tol' ur MC 0.008 ± 0.001 
··-

K K" 1/T MC 0.194 ±0.042 

Ko"lr;/T (V) 
-

K MC 0.078 ± 0.036 ±0.025 
K K" " u7 [HiO, Hi1J (V) MC 0.131 ±0.023 ± 0.042 

!(Oi(07f- 1/T (V) ]•v!C 0.131 ±0.023 ± 0.042( t I 
. . 

KK7f7f (V) MC 0.08 ±0.08 

fot.al Vr·c:_t_.o_r ________ __L ___ 3_1_. 7_1_±_0_.3_1 ___ _j 

1 Tl}(' branching ratio is obtained using isospin invariance as explained in t.he text. 

Table G.l: Tmt dewy.> r:ontTilmtinq to the total inr:lusive vector· eunent spectral Junction. 
The fir·st and second columns r:ontain the phy.>ical decay modes and the eoTn<spondinq .fl:rwl 
.statc.s. The third column shows the topology as n:eon.stnu:terl in the detectoT. Contributions 
fmm the "MC" labeled inorlcs. an: taken from the Monte Car-lo simulation. The right-hand 
column gives the corTcspondin_q final state bmnr:hing ratios. The vector par·t (V} of the 
Ki{" 117 modes is estirnated to be (78=~~)% [90]. The last line gives the total branching 
.fmction of vector- ho.dmnir: T dcm.ys. 

The decay channel K· K0 
TIT consists of 50% K?, and 50% K~. The long-lived K\'. 

does not decay within the n~ach of tlw ALEPH trackiug system. Its characteristic 
signature in the d<:tect.or is a large crH~rgy ckposition in thi' HCAL, exceeding the 
expected amount from the charged kaon alone. The decay rate for T---+ I<- Kf. TIT 

was rneasmwl by ALErH [162, 145]. The K- K\1.1J7 decay is indndc>d in the in­
clnsiw~ r· -+ h- 1/7 sekct.ion sample. The ](·- K~ 11T decay is reconstructed in the 
21r ·"+ 1/T and 7f-27f0 

1/T samples which an' dmiiinated by axial-vector decays. Thus 
both K · K0 

1/7 contrilmt.ious are takmr from the simulation and added to the V<'dor 
spectral functions. 

The• r deca,v cha.llll('l 7J7r- Jr
0 lfr is rccoustrnctc~d in the inclusive charuwls 1r- :)7r0 f/7 . 

Tr- 47f0 
J/T and 21f--1i-1-21i 0 /!7 • The last two cout.ribnt.ions t.o the r V('ct.or SJH'ctr;ll 

furwt.ious an~ takf'n frorn t.h<' sirnulation. wlH~n'as in the IT -J7T0 
JJ7 chanr]('L t.h<' Jll!'H-
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Figure 6.4: Total vector spectral function. The colors indicate the respective contributions 
from the T vector channels. 

surement includes the contribution from the 7) 1r-1ro V7 mode. 

- By virtue of isospin constraints it was deduced in Ref. [90] that the T decay modes 
K-K01r0 v70 K-K+1f- v7 and K°K01r- v7 are originating to (78:!:m% from vector 
currents. Their contributions to the T vector spectral functions are taken from the 
simulation. Neglecting so-called second class currents, the branching ratios of both 
KK1r- states are equal using isospin symmetry ([54] and references therein). 

- The T decay into KK1r1r is poorly known. According to their respective final states, 
about 40% of the KK1r1r decays are reconstructed in vector channels while about 
30% (30%) are selected in the axial-vector (strange) channels. The vector part of 
the total KK1r1r branching ratio is estimated to be (0.08 ± 0.08)%. 

- For the six-pion final states, one can deduce most restrictive upper bounds for un­
known or unprecisely measured channels utilizing isospin invariance in conjunction 
with the method developed by Pais [52] (see Section 1.4) in which the T partial width 
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Figure 6.5: CorTelations between the data points of the total inclusive T vector spectml 
function shown in Figure 6.4. The shaded (empty) boxes are proportional to the positive 
(negative} corr·elation in the inter-val [0, 1) ([0, I - 11)). The contour lines illustmte the 
75% (solid line), 50% (dashed line) and 25% (dotted line) correlations, respectively, for 
positive and negative corTelations. 

is decomposed into a set. of orthogonal classes { ij k}. As values for the corresponding 
branching ratios one may take half the bounds with 100% uncertainty. Using advan­
tageously only the 3?r-21f+?r0 

V 7 data [24, 17, 155) and subtracting from it. t.lw contri­
bution from the isospin violating, axial-vector rJ27f-1f+ final state [163), one obtains 
a total vector six-pion branching ratio of B( T---+ (61r )v l/7 ) = (0.030 ± 0.030)% from 
an upper (lower) limit when choosing the class {330} ( { 411}) to be dominant. 

The complete inclusive 7 vector spectral function is shown in the lower right hand plot. 
of Fig. 6.4. The dashed line depicts the naive parton model prediction2 while th<> QCD 

2Tlw low energy I= 1 + 0 inclusive naive parton model prediction for n(l+O)(s) is obtained from tlH' 
sum over the quark charges squared 

nll·JOI(s) = Nr XL Q; = 2' 

'/'·"'1l,d.s 

with three colours Nc = 3. Only the isovector part 11(1 I (s) is eve related to the T vector spectral 
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prediction lies roughly 14% higher. One observes that at s ~ M; the inclusive r vector 
spectral function is larger than the QCD prediction, i.e., the asymptotic region is still not. 
n'ached. Fig. 6.5 depicts the corresponding correlation matrix. 

6.2 Axial-Vector Spectral Functions 

Exclusively measured axial-vector channels arc the three-pion spectral functions, occur­
ring in both final states 21r·· 7r+ /Jr and 7r··21r0 1/n and the five-pion modes 37r-27r+ ur and 
21r ·· 1r+21r0 ur. The corresponding invariant. mass-squared spectra before unfolding are de­
picted for data and Monte Carlo simulation in Figs. 6.6 and 6. 7. The small shoulder seen 
in t.lw measured 27r .. 7r+ 1/r spectrum at low mass-squared (upper plot in Fig. 6.6) stems 
from decays where only two tracks are rcconstructcd ancl the invariant. mass as a result 
is underestimated. Due to incomplete ECAL energy collection, the m(easurccl 1r-21r0 llr 

distribution is slightly shifted to lower masses. Thesr> details are well reproduced by the 
d<'tcct.or simulation. · 

The T decay library TAUOLA1. 5 employs for both three-pion decay modes the id(m­
tical Kiihn-Sant.arnaria pararnet.risation (KS) [164] based on a dominant large aj (1260) 
n"onance. fa 1(12r;o) = 0.4 GcV /r.2, which decays into r,··(770)7r0 --t 1r-21r0 or p0 (770)7r- --t 

27r JT+ where in tlw Dalit.7. plane of one given final state the two possible two p1r com­
binations interfere. Scalar cont.rihut.ions to the three pion decay, e.g., 7r(1300) --t p1r, 
suppwss0d by the PCAC theorem and by helicity considerations, are neglected in the 
model. Recently, the DELPHI Collaborat.ion claimed some evidence for ar1 additional a.; 
n>Sonane<' contribution at high invariant. masses [42] yielding a slight. excess at. the phase 
space suppressed end of the measured mass spectrum compared to the pure KS a1 (1260) 
modd. The questioned mass region is zoomed in Fig. 6.6. No excess, neither in the three 
chmgf'd pion nor in the 7r-27r0 mass-squared spectra is observed in ALEPH clata with 
n"1wct to tlw Monte Carlo simulation. 

Fig. 6.8 shows the unfolded 27r .. 7r+ 1/r and 1r- 2JT0 ur mass spectra with reasonable 
agreement. in form and normalization (x 2 = 41.4 per 59 (correlated) degrees of freedom). 
In t.hr• following both channels are assumed to have i<hmtical spectra so that it is appropri­
ai.(' t.o ns<' th<' wc,ight.c>d average of the distributions for t.he inclusive axial-vcetor spectral 

ftntct.ions. Tht~ quark model yields for t.lJP isov~(:tor triplet IL 1) = ~wl, jl,O) = (ufl.- dd)/J2 . 
11. -I) ~ rh/ , and for the isoscalar singld.s 10. 0) = (nil + drJ)j ../2 and IO, 0) = s.9. Only t.he II, 0) and 
111,0) sl.at.~>s arp allowed. Thus, the t.ot.al cross SJ,ct.ions read f11 11(s) = 3 x {2/3 + 1/3)2 /2 = 3/2 and 
Jlllll(s) = 3 X ({2/3- 1/3)2/2 + 1/9) = 1/2, n•spect.ivdy. The eve parton model prediction for the 
t.o1.al r = 1 vector spectral function is then 11! (s) = 1/2. PPrt.urba.tivc QCD docs not distinguish bet.w<~Pil 
vPctor and axial-vector currents so that. mw correspondingly has a 1 (s) = 1/2. 



N 
~ 

1200 N 
u --> 

ALEPH 
Q) 1000 

0 
'--' .,.., 800 q 
0 --"' 600 
~ 

1::: 
Q) 400 > 

LLl 
200 

0 

1200 

1000 

800 i 

600 

400 -

200 

0 
0 3 3.5 

Figure 6.6: Invariant mass-squar·ed disb·ibutions of the decays T---+ 27f-7f+ Vr and T- __, 

-z o 7f 7f f/T. 

function'1• 

The Inclusive T Axial-Vector Spectral Function 

In complete analogy to the vector spectral function the inclusive axial-vector spectral 

function is obtained by summing up the exclusive axial-vector spectral functions with the 

addition of small unrncasuned modes taken from the Monte Carlo simulation. Table 6.2 

:1Notc that the weight<~d av<~rage is calculated hPtw<~cn two intrinsically correlated distributions. Tlw 

<-lVPragcd distribution k with hin Plltri!'." ki' i = I, .... Nhin is dPfirwd to minimize the x2 

wlH'n' t.!JP indices denotE' th<-' charges of the respectivP r final states, :1: an~ thr mass-squared distribut.iorJs 

and c-- 1 t.hc: corresponding invert.<'d covarianc<~ ma.t.riccs. Thf' wP.ight<~d average is th(-~n the snlutioll of 

t l)(> systPJH of lirl('ar equations :r( ----+- lc(--1 
__ +) + :r:r --00) c;:~\00) = k( c;-~~-+) + C(-=-_100)) ' and tJw covari~mn' 

matrix of the average lwcorw~s CJ..- 1 == C(~-~-+l + C(~-\10 } . Sec also Section 9.2 in Chapter 9. 

1 :n 
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117 • The points ane the ALEPH data. the histograms Tepr·esent the simu­
lation and the hatched areas arc ilw c:r:pcr:tcd T background distributions according to the 
si'll!.rdo.tion. 

give'" a compilation of the exclusive axial-vector branching ratios used. 

The five-pion spectral functions an: exclusively measured in the 27f-7f+27r0 117 and 
:l7r 21r+ 117 final states. Using Pais' isospin classes [52] (see Tab. 1.1 in Section 1.4), 
the branching fraction of 1r- 41f0 

117 can be bounded entirely using the 31r-21r+1r0 //7 

branching fraction. It. is found to be smaller than 0.055%. Half of this upper limit. 
is taken with an f:rror of 100%. 

Corresponding to the vcct.or case, the small fraction of thew 7r-1fo //7 decay channel 
that. is not accumulated in t.lw 21r-7r+21r0 

1/7 final state is added from the simulation. 

Also considered are t.h1: axial-vector 7J (3K)- 117 final st.atcs [163]. CLEO observed 
that the dominant part of it issues from the T·- --> f1 (1285)1r- intermediate state 
(B(r----> f17f- 117 ) = 0.068 ± 0.030%, measured from the f1 --> 7)7r+7f- and f1 --> 
IJ 7r 0 7r 0 d1:cay modes [163], see Fig. 6.10), which means that owing to the isoscalarness 
of the f1 meson the rcspectiv<" branehing ratios relate as B(T----> rJ27r-7r+ //7 ) = 
2 x D( r- ---+ rJ 7r-21r0 117 ) The distributions an' taken from ordinary six-pion phase 
space simulation accompanied by large systematic: errors. 

Til(' KK1r and KK7r7r final st.at1:s contribute with (22c~~)% awl (50± 50)%, respec­
tivdv. to the inclusive axial-v1:ctor spedral function, with full anticorrelat.iou to tlw 
iuclusiw vector spectral function. Both spec:tral functions are taken fi·mn the simu­
lat.icm an:ompanied hv comfortable systematic c:rrors due to the unccrt.aintv of the 
n:spective invariant mass distributions. 
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. -----

T [ orii!;ina.l T ~ final state input data. 
T hra.nching J w~ctor tnode ratio (in%) 

----
1f I/T 11.23 ± 0.16 

- -----·-
7f---21fu 1/T 9.23 ±0.17 
2n---7T+ 1/T 9.13 ±0.15 
n -4n° u7 

. 
0.03 ± 0.03 

2n--n+2n° u7 0.09 ± 0.02 
3n-27T+ 1/7 0.066 ± 0.008 

- :u---
"+2"o 21T 1T+21T 1/y 21f 0.34 ± 0.10 

w 7f-7f0 1/y 7T-znor Ur MC 0.032 ±0.009 
21T- 7T--t-1TO l/7 MC 0.009 ±0.002 

'I 2Jr 1T--t- 1/y MC 0.04 ±0.01 
17 Jr ... 21r0 v

7 MC 0.02 ±0.01 
. 

K K"7f" VT (A) MC 0.022 ± 0.010 ± 0.022 
K·K+" 1/7 [160, 161] (A) MC 0.037 ± 0.007 ± 0.037 

KO:i(07f- 1/T (A) MC 0.037 ± 0.007 ± 0.037< J) 

KK1r1r Axial-Vector MC 0.08 ±0.08 
' [ ___ _ 1otal Axml-Vector 1 30.41 ± 0.32 

~~~- -~~~~~~~-' 

1 The branching r~J.tio is obtained using isospin invaria.ncc as (-~xplained in the text. 

Table 6.2: Tau decays contr-ilmting to the inclusive a.rial-vector- cur-r-ent spectr·al function. 
The fi.,-.st and second columns contain the [!hysical decay modes and the cor-responding final 
sto.tes. The third column shows the topoloqy as reconstnu:ted in tlw detector. ContTilmtion.s 
Jrmn th.e "M C" labeled modes, an; taken .frmn the M ante CaTlo simulation. The right-ho:n.d 
mlumn gi11cs the corTesponding final state branching mtios. The a.r,ial-vector part (A) of 
/.he KK7r /J7 modes is estimated to be (22+~D% [90]. The last line gives the total bmnchinq 
.fm.r:tirm. of a:rial-vectrJT hadr-imic T decays. 

The total inclusive axial-vector spect.r:tl function is plotted in Fig. 6.9 together with 
the naive p:trton model prediction, One observes that the asymptotic region is apparently 
not readwd at the 7 mass seale. One may expect. additional oseillations to lift. i.he spectral 
function to ronghly 1.14 times the naive parton model prediction, where 14% is expected 
asnnpt.oticallv for low energy c+ e- annihilation cnms sections t.o be the QCD pcrtmbat.ivc 
CClJT('Ct.imt. 

6.3 ( v 1 + a 1 ) Spectral Function 

Itt the favomabk case of t.he vector p]m; axial-vector spectra.! function one docs not. have to 
distinguish the cmrcnt properties of the r<'SJH":t.ivc non-strange ha.dronic T dccav channds. 
!knee the mixt.me of all contributing non-stra.ngc final stat<" is measnrcd as indnsivdv 
'" possible. The dominating two- and tltn•e-pion final states an· still mcasnred exdn­
siveh·, while the Jnnaining contributing topologies are tn,ated inclusively, i.e., wit.hont 
an_v subt.ract.ion of T-har:kg-round originating frorn OIH' of tlu~ contributing <kca.y InOd(~S. 
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This improves statistic;. Another even more important advantage is, that ow' docs not 
have to worry about tlw current properties of the KK7r and KK7r7r modes or about pos­
sihh' missing, i.e., unmeasuwd T decay modes as th"Y arc ncx:essarily contained in the 
inclusiw sample. 

The (v 1 + a 1 ) sp"ctra.l function is depicted in Fig. 6.11. The improvement in pr"cision 
in comparison to an cxc:lusiw sum of Fig. 6.4 and Fig. 6.9 becomes obvious at higher 
mass-squared. One clearly s<"~s tlw oscillating behaviour of the spectral function which 
seems, on the contrary to the exclusive vector/axial-vector spectral functions, to approxi­
mately reach the asymptotic limit.' at s-+ lv!'/:, which is predicted from perturbative QCD 
to lie about 14% biglwr than tlw naive parton model prediction. 



ro 
+ 
;;, 

• ALEPH 
2.5 

• 
• • ,- ~ (V,A, l=l) v, 

2 
naive parton model prediction 

• 
1.5 

• 

• 

0.5 • 

• 

0 '--"CL..J--Ll-.C.-"-'--L. LL__;_.<--L..L.L-L-LL.L..i_L_L_L_Li_L_.L-L-'--'-L.L..L.J 

0 0.5 1.5 2 2.5 3 3.5 
2 2 2 Mass (GeV/c ) 

Figure 6.11: Inclusively measured vector plus axia.l-vcetor ( v 1 + a!) spectral function 
(without the pion pole). Again. the da.shcd line rcprmcnts the naive parton model r>re­

diction. 

138 



Chapter 7 

Studies of Systematic Uncertainties 

The study of systematic errors aff<,ct.ing the measurement is subdivided into several classes 
according to their origin, i.e., the photon and 1r0 reconstruction, the charged track mea­
snrenwnt, the unfolding pro(Hlnre and additional sources. All systematic uncertainties 
conceming the classification are contained in the errors of the branching ratios rrwasnred 
under equivalent conditions using essentially the same analysis techniques [24]. Only the 
systmnatic effects affecting the mass-squared distributions need to be examined here. All 
systematic effects arc studied wit.h respect to the Monte Carlo simulation since the lat.t('r 
is usr'd to unfold detector dfcct.s from the measured distributions. For example, concf,m­
ing tJw ECAL enrgy calibration it. is not necessary t.o perform an absolute calibration in 
order t.o achieve, e.g .. an exact reproduction of the beam energy for non-radiating Bhahha 
events. The point is that. any shift from physical to measured f~nergy must be perfectly 
modelled (within systematic HncertaintiPs) hv the simula.tion. 

7.1 Photon and 1r
0 Reconstruction 

TllC' following effects are studiPd: 

7.1.1 Fake Photons 

ThP data suffer from an f)XCPss of fake photons compared to tlw simulation. As describ('d 
in Section 4 .. 3.4, the nwasun'd spect.rum of invariant mass of each considered hadronic r 
decay channel is cornx:t.('d according to its ('IlNgy-dep('ndent excess of fake photons. The 
statistical errors of t.lw probability fits together with the systematic uncertainty corning 
from genuirH' diffmurces in the• probability distributions (extracted by switching off t.hc 
corrections to the respcct.ive likdihood variabk distributions) are used to estimate the 
c·c>rresponding systentatic rrncertainties. 

7.1.2 ECAL Energy calibration 

The photon eneri':V is calilmlled by comparing thf' rat.io of the ECAL clusl(:r <'llerg_Y of 
('!('ct.rons. reconstruct !'d as if t.IH'.\. were photons, to t IH· !liOHH~llf"HtJJ of t h<' t ntek in data 

and simulation. The <'lectrons are taken frmn: 
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Figure 7.2: The thr-ee upper- plots show the fitted distributions of photon and 1r0 pr-obabilities 
a.c well as the two-photon ener-qy asymmetry for data and Monte Carlo simulation. The 
lower plots depict the distr-ilmtions of the calibr-ation ratios in both low energy ranges. 

• two-photon processes at. intermediate energies, 

• r ---* c D,l/r decays at. intermediate and high energies, 

• Bhabha events at beam euergy. 

In total t.hre<• <'nergy- and fomtcen different regions in the polar angle are distinguished. 
The corrcspondiniS plots for t.h<• c:a.libmt.ion corrcc:t.ion of CIWrgics bdwecn 10 and 49 Gr•V 
are shown in Figure 7. I. For low energies (O ~ I 0 GeV) it is not appropriate t.o use ckctron 
showers because of thf' larg<' curvature of t.heir trajectories. To circumvent this, nent.ral 
pions with wide opening angles an~ used for the <~nerl!;y calibration at low e1wrgir•s (0 :J 
and 3 10 GeV). 

Special care was rwcessarY to correct. th<' calibration for mwrgy changing effects, u:., 
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in data. o.nd M ante Carlo. 

clifkrences in the distribution of the photon opening an~le between data and the simula­
tion due to the excess of fake photons in t.h<~ data. Individually, for both considered energy 
ra11~"s and ~eometries (barrel: icosC-)1 <::;0.774 and end-caps: 0.774< icos81 <::;0.95) the 
fractions of fake photons in data and the simulation were determined as in the invariant 
mass correction by fitting the distributions of the overall 1r

0 probability, the product Qf 
Uw corresponding single photon probabilities and the energy asymmetry. For the higher 
energy ran~e, an additional systematic eJTOr due to uncertainties in the two photon open­
in~ an~IP was included. The eorrcsponding plots are shown in Figure 7.2 together with the 
distributions of the ealibration variable, corrected for the excess of fake photons, defined 
tiS 

\ 
!(iCE E ) MC, !lATA ) 

(
JIMC.Ili\TA) =o V \'-'~J 0~2 = 

j(E E" )TR\JE I)'J --1/2 \ 

j(E E )MC,DATA ) 11 "12 

where t.hc MC ratio is corrected acc:ordin~ to 

( DATA) 

(1./MC'"") ~ DATA ( MC) ~~ 1 - .Tfake 
~ .Trake Rrak<· I (. MCJ 

1 - Xrake 
( 

MC DATA MC ) (fl ) - :rrake (Rrakc) 

I "" !lATA I h f . f. 1· I I . h . I . I d . I an< :rrak<.' <''note t e ractJons o a <C pwtons m t. e smm atwn anc ata, respective y. 
'!'! t• (JoMC'"''·)/(RDATA) . tl l.b r· I h . F'. 7 1 I tl• H' ra .10s t , , , z.e., , H' ca 1 ra ,Ion va ues ares own 1n 1g . . n , ns 
IneasuremeHt a total energy calibratioJJ for all years was used, which is found by weighting 
t.he calibration ratios of Fig. 7.1 by the respective nurnlwr of events in 1991-1993 and 1994. 
'\s svst.emat.ic errors, always the !ar~est. ones in a given energy and polar angle bin arc 
taken. 

7.1.3 ECAL Energy resolution 

The energv resolution in data and Monte Carlo simulation is studied using Bhabha events 
wit.h low radiation at. high <mcrgies (Ew:AL/Bn·c"" l. at. beam energy). It is found to lw 
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Figure 7.4: Minimal distanr:c distribution for data and Monte Carlo simulation. The data 
are cor-rected for the e.u:ess of fake photons. 

overestimated in the simulation by about 14% (sec Fig. 7.3. At low energies, the resolution 
of photon energies is directly tr,sted, using the experimental width of the reconstructed 
1r

0 mass. All detected deviations in the energy resolution are corrected in the simulation. 
while its uncertainties arc tab~n as systematic errors. 

7.1.4 Photon Reference Distributions 

The reference distributions used for the likelihood procedure to evaluate the photon prob­
abilities I\ and Po-._,.,, arc obtained from the MontP Carlo simulation. These distributions 
are slightly corrected after detailed comparisons between data and Monte Carlo simula­
tion. By switching off this correction, a conservative systematic error is determined [24]. 

7.1.5 Photon Energy Threshold 

The threshold for ECAL photon detection is set to 300 MeV. The comparison of low 
energy photons belonging to resolved 7f0 's in data and Monte Carlo simulation shows that 
the inefficiency in data is larger by (4.4 ± .3.4)% with respect to the simulation [24]. 
This excess is corrected in the simulation. A variation of the threshold by ±20 MeV 
corresponds to a change of the photon reconstruction efficiency near threshold of 3.4%. 
A variation of thee photon energy threshold by ±30 MeV is used to extract a conservative 
systematic error due to the quoted uncertainty in the determination of the efficiency. 

7.1.6 Minimal Distance Photon-Track 

!\ cut on the minimal distance between the barycentre of an electromagnetic cluster 
and the closmt track is applied in order to ,·et.o fake photon candidates from hadronic 
interactions in the EC;\L. Thus. a cluster deposited in the ECAL is considr'red as a 
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Figure 7~C>: 8pectm of 1r0 energy for (a) single photon 1r0 's and (b) reconstructed 1r0 'sin 
T ~--> h-~"o 11, decays for· data (points) and the Monte Carlo simulation (histogram). The 
slw.dcd areo.s illnstmte the fake photon contamination. The m1.resolverl component. of the 
1r0 w.rnple in (b) is shown by the hat.ciwd area. The lower· plots show the correspondinq 
Monte Carlo/ data ratios. 

photon candidate if ito minimal distance to the nearest chargeo track exceeds 2 r:m. 
The comparison of the distribution of this distance between data and simulation below 
8 em shows good agreement:. Similar t.o t.lw minimal photon energy threshold, a possible 
disnepann• can h<~ covered by a variation of the minimal distance cut value by ±0.1 em, 
which is usee! to extract. the corresponding systematic error [24]. Fig. 7.4 shows the 
minimal distance distribution for data (corrected for fake photon excms) and Monte Carlo 
sinnilation. The shaded area depicts the fitted part of fake photons according to the 
sim11lation. 

7.1.7 

The appan~nt 1r
0 mass and its resolution <kpend on the the 1r

0 energy. (sec Fig. 4.8). 
TIH' functional dependence is used as a reference in order to caleulatc the probability 
for I wo photons to bdong to a 7ru Varying these dependences within t.lwir uncertainl.i<" 
\·icids tllf' corresponding systematic errors. The llH~asmcd photon erwrgies and their 
oJH'ning an~i<' an~ readjusted in a r<'solw~d 7T0 in order to constrain the appan~nt (~JHTp;~~ 
dqH'JJdcnt. mass!'S to t.hc norninal 7Tu tllass. 

Fig. I.G shows the energy spectrum of residual and reconstructed 1r 0 's after applying 
the <·orrections mentioned abow. The contamination of the residual sample with fake 
photons is illnstrat<ed lw the shaded area (upper left plot). 
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Figure 7.6: Ratio of the Tf'C momentum of 1nwm.s rniginating from e+ c· ---+ 
proces.ses of Monte Ca7'lo simulation and data as a function of the polm· angle. 

7.2 Tracking Systematics 

The following systematic dfects arc studied: 

7.2.1 Momentum Calibration 

-t- -f.l fl, 

The track momentum calibration is pcrfonncd using the techniques developed in [38] 
which exploit the known rnassr>S of narrow resonances at low energies and muon pairs for 
the final, polar angle dependent calibration at beam energy. The resulting ratios of the 
measured mean va!tws (E1,/ Ebeam) of the Monte Carlo simulation over data for the years 
1992, 1993 and 1994 of LEI' running arc shown in Figun' 7.6 (where for the comparison 
to the 1994 data muon pairs of the 1993 Monte Carlo have been used). These ratios have 
berm used to correct the data momentum calibration. 

The calibration includes an angular dqJ('l!deut sagitta correction (dotH' bdorc the 
above final rnorncnhun calibration), scaling wiJ.II th(~ scpu-tn~d particle mornPnLHtn, which 
gives an asyrnrndry hlr positive and negative tracks [1 GS]. Tlw effect is expected to lw 
polar (IJ) and azimuthal (<b) a11gk depe11deut w]H,re only the polar angle depcll(knce is 
considered here. Again, t.!te eff(,('t, is studied with Z --f 11; II events with a known energv 
(beam erH,rgy). With the central d<'t.ector (barrd) length of 2.2 m and the end-cap height 
of 1.8 rn. when' barrel and r•nd-cap overlap at t.!te polar angle )coslli = 0.774. the sagit.t.n 
correction (in meters) of a bended t.raject.orv is giwn by 

Darrel : 
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figure 7. 7: Sagitta asymmetry of positive and negative muons from the decay Z --7 11.+ 11-. 
The vertical dotted line depicts the overlap at icosBI > 0.774 between centml detector 
(barrel) and end-caps. 

End-caps • (7.1) 

The momentum Pbeam is the uominal muon momentum and B = 1.5 Tcsla is the ALEPH 
magnetic field strength. Fig. 7. 7 shows /:;f for 1992 and 1993 data separately for positive 
and rwgative muons. One clearly sees that the shapes f(Jr the two muon chai·ges are almost 
symmetrical around a non-zero central value. The fact. that the average muon momentum 
is not centered at beam energy is mainly due to energy loss from bremsstrahlung which 
produces an asymmetry in the muon momentum distribution. The lower plot. in Fig. 7.7 
depicts the average over both charges. The sagitta asymmetry almost cancels. The 
remaining discrepancies are corrected in a year, polar and aO<imut.hal angle dependent 
sagitta calibration. 
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Figun' 7.8: Momentum spectnnn of the char:qed hadron in T- ----+ h-1ro v7 decays (a) and 
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data (points) and the Monte Car-lo simulation (histogram). The loweT plots show the 
cor-responding M ante Carlo/ data r-atios. 

Thr' systematic errors corresponding to track calibration uncertainties are evaluated by 

varying t.hc partly correlated errors of the polar angle dependent final calibration (Fig.7.G). 
These fluctuations arc assumed to be sagitta errors and therefore scale with the squared 
particle momentum (!:.f ~ 6.(1/p) = !:.p/p2

). They amount up to an uncertainty of 
0.1 %. The relative uncertainty on the magnetic field scaling lincarily with the momentllln 
is estimated to be lower than (L03% [132]. 

7.2.2 Momentum Resolution 

The track momentum resolution is studied with 11 pair events at. beam energy. A conw:tion 
of about 20% has t.o be applied to the simulation (sec Fig.7 .. 3). The uncertainty on t.his 
corn~ction yields a s:ystf~rnatic error. 

7.2.3 Reconstruction Efficiency 

The reconstruction cfficiencv of highly collimated tracks as they occur in multi-pronp; 
events can he tested "-" comparing the a.np;ula.r distribution between like-sign I racks in 
the data and the simulation in 7-- ----7 2b-h' 1/r "'-<'nts. Thcr are found to IJC' in good 
agreement (sec Fig. 1.8h). The corresponding svstcmatic uncertainty is n<,gligihle. 
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7.2.4 Nuclear Interactions 

The dfcct. of sr,coudary nuclear interactions is studied by comparing the invariant mass­
squared distributions of enriched data samples to the Moutf' Carlo simulation. An enrich­
ment of about. 48% of events containing nuclear interactions is found in the simulation 
when requiring a minimal distance d0 between track(s) and interaction point of at least 
I em [133]. The resulting hadronic invariant mass spectra are found to be in good agree­
ment. lwtwecn data and thr' simulation. Again, the systematic: effect on the shape of the 
'"'"1smed distributions is negligible. The consequences of topology-changing effects, i.e., 
a feed t.hrou;sh of events between diffen,nt T decay modes, are contained in the branching 

ratio nncert.aint.v and arc described in Ref. [24]. 

fig. 7.8a shows the momentum spectrum of the charged hadron in T--+ h-1ro Ur decays 
for data and tlw Monte Carlo simulation. Good agreement is found. 

7.3 Systematic Errors from the Unfolding Procedure 

As seen in Chapter 5, unfolding ne<xls a regularisation procedure for which (in addition to 
t.hr· original least square problem of Eq. (5.23)) the minimisation of the total curvature is 
found to be suitable. The paramd.er f. controls the relative importance of the two terms 
in Eq. (5.30): if f. is chosen too small, the solution :c contains meaningless fluctuations: 
on the other hand, if f. is too big, significant physical information g<'t.s lost. The solution 
of the nnfolding problem is now t.ransfomwd into the optimal choice of f.. In practice, the 

best. ( is found by means of the paralld unfolding of a simulated test distribution b''"'' 
for which the solution Xtc.,1 is known (sec Fig. 7.10). The best. d10icc of ( yields then the 
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Figure 7.10: Plot (a} show.s the detector response rn.alcr-ix u.sed for the unfolding of the mass­
squared {s) spectrum of the decay r----+ 21r-7r+7r0 JJT. The true, reconstructed { "measur·ed ") 
and unfolded distr-ibution.s of the r:orrespondinq M ante Carlo test spectrum are plotted in 
{b). The shaded region illu.stm.tes the uncertainty after unfolding, taking into account the 
statistical errors. 

smallest x2 between the unfolded test distribution and the original true one. In order to 
make sure that. this procedure applied to a simulated distribution leads to the optimal~ for 
data use, a test distribution has to be found, which reproduces the data as well as possible. 
For example, in Llw particular case of the T --+ 27r-7r+7rO 1/T channel (see Fig. 6.2), the 
Monte Carlo simulation disagrees with the data in the peak region. As an appropriat<' 
test function, the unfolded data distribution is tak<,n, found by an iterative adjustment of 
(for the data. In this process it is important. to distinguish significant information in t.he 
raw data distribution from insignificant statistic:al fluctuations, taking into account the 
mass resolution. Local statistical fluctuations in the nwasured distribution are washed 
out aft.<er unfolding. 

The following tests are performed in order to evaluate potential systematic biases 
int.roduc:ed by t.hc unfolding proecdure: 

The cut. parameter E is varied in the region x2 /dof <:: 2 around the mmunum. 
obtained when unfolding t.he corwsponding t<'st distribution under same conditions 
as the data. i.e. using the same dctect.or rc'spons<' matrix. The appropriate test 
distribution is designed to reproduce wdl the dat.a (as explained in Chapt.n cl). TIH' 
test distribution must not introduce additional stat.ist.ical fluctuations and shonld 
therefore lw smoothed as if it were built with infinite sb\tistics. NevertheiPss, t.lw 
corresponding x2 is computed within th<' accuracy of given clat.a statistics. 

The total bin-t.o-bin diffn<'IH:<'S between the nnfoldcd test and its trne distrihntion 
is considered as an additiomd systematic non'rtainty of th<' unfolding pron'dmc in 

I I 'l 



7.4 

order to be mor<e conservative. It is taken as a diagonal, i.e., nncorrelated, systematic 
error in the unfolded data distribution (sec Fig. 7.10). 

Other Sources of Systematic Errors 

111 addition, the following soun·cs arc examined: 

The limited statistics in the simulation eauscs a systematic error which is de­
termined by making thf> two-dimensional entries in the detector response matrices 
fluctuate independently. Although t.he average ratio of Monte Carlo to data statis­

tics exceeds a factor of five, low populated bins of the response matrix can generate 
significant. uncertainties in the output distribution. 

The uncertainties in the hadronic branching ratios introduce the dominant. 
systematic errors in the subtraction of the T background and kaon channels from 
data and in the respective normalisation of the spectral functions. They are found 
by varying the branching ratios, taking into account. the correlation matrix given in 
Rd. [24]. 

The non-T background is varied by ±50%. 

All mentioned sources of systmnat.ic errors other than those originating from uncer­
tainties in tlw branching ratios, i.e., the absolute normalisation of the respective mass­
squared distributions are only considered when tlwy concern the shape of the measured 
distribution. Their effect on the normalisation is already included in the error of the 
corresponding branching ratio. 

In order to illustrate the respective importanc<> of the mentioned systematic un­
<:<'rtainties. one may perform an integration over the spectral function with some giw>n 
kernel which depends on the physical problem to be studied. The integration error is then 
obtained by Gaussian error propagation, taking into account the correlations; using mod­
erate, s-dependent integration kernels, the integration error will clearly be dominated by 
normalisation uncertainties, i.e., th<• errors on the respective T branching ratios. However, 
the error of an integration with stronglv s-dependent weighting kernels enhancing the low 
energy part of the spectral functions will be dominated by systematics (mainly due to the 
fake photon rejection and the photon efficiency correction at threshold), while the central 
<'IJ<'rgy region (0.6 1.4 GeV /c2 2) is statistically limited. When enhancing the higher part. 
of the spect.rnm, the integration error will he equallv dominated by uncertainties due to 
l.he nnfolding process. and by limited data and Monte Carlo statistics. Numerical results 
for I he respective contributions to the t.ot.al error obtained from an integration are given 
in Section 10.2. J for tlw case of the spe<:l.ral moments. Tab. 7.1 gives the relative contri­
butions to the diaqona.l errors of t.hc total vector spectral function in four characteristic 
energy bins. One should keep in mind that correlations may considerably change the 
weight of the respcct.iw~ c:ontribut.ions. 
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Error source 

Statistics error 

ECAL energy calibration 
ECAL erwrgy resolution 
Photon likelihood: ref. distributions 

Photon likelihood: cut on estimator 
Photon min. energy threshold 
Cut on distanec: photon track 
Fake photons 
Energy dependence of reconstr. m,o 

Momentum calibration 
Momentum resolution 

Unfolding: variation of E 
U nfolcling: difference test tnH' 

MC statistics 
Bmnchin?, ratios 
i\1 cm-T background 

Separation V A 
MC distributions 
Total error 

Rel. errors(%) at s = ... ( GeV /c4
) 

0.2 0.6 2.0 2.6 

6.1 0.63 1.8 7.3 

1.1 
3.2 
3.7 
1.5 
0.4 
1.4 
5.1 
0.9 

0.1 
0.1 

1.2 
0.5 

2.7 
0.8 
0.2 

10.2 

0.23 
0.16 
0.10 
0.03 
O.ol 
0.06 
0.17 
0.09 

0.02 
0.01 

0.10 
0.28 

0.44 
0.76 
0.05 

1.18 

1.3 
1.3 
1.5 
0.5 
1.3 
0.7 
1.1 
0.3 

0.2 
0.1 

2.5 
2.5 

2.7 
.3.7 
1.2 

2.1 
2.7 
7.7 

3.7 
1.9 
1.8 
1.9 
3.7 
1.6 
1.8 
1.2 

0.2 
0.2 

4.7 
7.0 

3.6 
3.8 
4.5 

1.8 
2.2 
15.0 

TabiP 7.1: Relative contTilmtions (in %) to the errors of the tota.l vector spectml function 

in four chamcteristic rn.ass-sqwzred bins. The line labeled "MC distributions" gives the 

nncertainty dv.e to use of the Monte Carlo simulation for some unmeasured T dcca.y modes 

o.s c:cplo.incd in Section 6. 1. 





Part III 

Applications 

153 





Introduction 

As indicated in the theoretical description of Part I, r spectral functions open a wide 
range of phenomenological studies of low energy behaviour of QeD and chiral symmetry. 
Interesting tests on the basis of the eve hypothesis can be performed and QeD loop 
contributions are obtained via dispersion relations from low energy e+ e- cross sections 
improved by T data. The separation of vector and axial-vector spectral functions provide 
the unique possiblility to study directly the influence of non-perturbative strong effects 
on inclusive physical observablcs. This knowledge improves the understanding and quan­
tifi<:ation of the diverse contributions to the total hadronic width R 7 and elucidates fortes 
as well as foibles of the 0 PE theoretical prediction used at low energy scales. The main 
result of these tests concerns a stable, reliable and very precise measurement of the strong 
coupling constant a., at the T mass scale. 

The measurement procedure described in the preceeding Part II provides after com­
pleting the r pair selection, decay identification and classification, photon and rr0 recon­
struction, invariant mass measurement, unfolding and systematic checks, exclusive and 
inclusive binned spectral functions with, in general, strong bin-to-bin correlations ensue­
ing from the unavoidable unfolding of the measured spectra. Thus, every spectral function 
is accompanied by an individual covariance matrix of the same bin size containing all rel­
evant errors and correlations. In practice, it is then straightforward to calculate errors of 
physical observables which US(' the spectral functions as input by means of simple error 
propagation. 





Chapter 8 

Comparison to e+e- Results 

Two applications of vector spectral functions t.o e+ e- dat.a are described in t.his chapter. 
In the first. one the measured spectral functions of t.he two- and four-pion final states are 
compared via isospin rotation to cross sections from e+e- annihilation experiments. Th(' 
second application deals with a fit. of the 7r-7ro spectral function and a combined fit. ofT 
and e+ r-· data in terms of veetor resonances. The results presented here are published by 
t.he ALEPH Collaboration in Ref. [166]. 

8.1 Comparison to e+ e- Results 

In this seet.ion, the most precise spectral function measurements of the T vector current 
final states 7r-7ro, 7r--37r0 and 27r-7r+7rO arc compared to the cross sections of t.he cor­
responding c+e- annihilation isovcctor states 7r+7r-, 7r+7r-7r+7r- and 7r+7r-7r0 7r0 Using 
Eq. (1.22) and isospin rotation [167, 168] (see Section 1.4) the following relations hold: 

(8.1) 

l=l 
U e+ e- -+1f+Jr -- 1r+w -· (8.2) 

1=1 
a e+e- ----t1f+-rr· n°7r0 = (8.3) 

In Eq. (8.1) the small isospin-violating electromagnetic contribution w(782) --7 7r+7r- is 
taken into account. through its interference with the main isoveetor contribution yielding 
t.hc (s-dcpcndcnt) correction 6.Ipw obtained from a fit of the total e+e- -t 7r+7r- cross 
section [164]. The mass and t.lw width of the w(782) an' t.aken from R.cf. [17]. 

Thce+c- -t 7r 17r. measurements are taken from OLYA [169, 170], TOF [171], NA7 [172]. 
C!VID [169], DM1 [173], DM2 [174], MEA [175] and 13CF [176, 177]. The eomparison toT 
data according to Eq. (8.1) is shown in Fig. 8.1. The two sets of measurements arc vcrv 
precise and in good agrcctll<mt.. Fig. 8.1 b shows the squa.n' of t.he isovcct.or pion form fac­
tor F:-cl in the threshold n'gion of the two-pion production forT and c+r,- dat.a. A second 



order expansion can be used as a description of Fj,=l at very low energies [178, 179]: 

(84) 

Exploiting precise results from space-like data [180], the pion charge radius-squared 
(1·

2
), = (0.431 ± 0.026) fm 2 and the coefficient c, = (3.2 ± 1.0) GeV- 4 from Eq. (8.4) 

have recently been determined by means of a simultaneous fit [53]. An expanded view of 
the p(770) peak region is given in Fig. 8.1c. 

The e+e--t 7r+7r-7r+7r- data arc taken from OLYA [181], ND [182], MEA [183], 
CMD [184], DM1 [185, 186], DM2 [187, 188, 189] and M3N [190]. The comparison to 
the decay channel T- -t 7r-37r0 117 using Eq. (8.2) is shown in Fig. 8.2a. It is found to be 
in rather good agreement. 

Tlw c+ e- -t 7f 17r-7r07r0 data arc taken from OLYA [181], ND [182], M2N [191], DM2 [187, 
188, 189] and M3N [190]. The measurements originating from different e+e- experiments 
show some ineonsistcncies (sec' Fig. 8.2b). On the low m>LSS side, the cross section is dom­
inated by ND and OLYA data from the VEPP-2M storage ring at Novosibirsk. The ND 
measurement points are significantly higher than the OLYA data. At higher mass, data 
are dominated by the Orsay experiments DM2 and M3N: the DM2 cross section points 
arc significantly lower than the M3N measurements. Tau data slightly favor the OLYA 
data on the low mass side; furthermore, they are clearly higher than the DM2 results in 
the central region between 2 and 2.6 GcV /c2

. The small dots in Fig. 8.2b illustrate the 
rcsrJnant w1r0 -t 7r+7r-7f07r0 contribution taken from ND [182] and DM2 [188]. 

Finally, the total e+e- isovr,et.or cross section is compared to the T vector current 
spectral funetion. The following contributions require some discussion: 

The isospin descript.ions for the two- and four-pion final states are easily .found 
by inverting Eqs. (8.1), (8.2) and (8.3). The isoscalar w -t 1r+1r- contribution is 
subtracted from the total 7r+ 1r- eross section. 

The four-pion final state of thr• w1r0 mode is already contained in the 7r+7r-7r01r0 

cross S<~ction. A 11.2% eorrection for the other w decay modes is applied. 

The c+ c- -t 1r 1 1r-r1 data are taken from ND [182] and DM2 [192]. 

The cross sections for the six-pion final states :;1f~+ 37r- and 27r+27r-27r0 were rnea­
snred by DM1 [193], M3N [190], Cii!ID [184] and Dlvl2 [194]. Using Pais' classes [52] 
(see Section 1.4) one can deduce an upper limit for the unknown an-,+ 4,o cross 
section. Assuming conservatively the elasses { 111} and {510} to he dominant, one 
obtains rJn+n~-h" :'= (3/2) X rJ2r2n+ ~,o ~ (9/24) X ITh-:;n+· 

To extract the isovcctor part of the K+K- and K~ Kf_ states, the SU(3) relation 
between pion and kaon form factors is adopted to infer the relation [177] 
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fii!;nrr 8.1: The two-pion data fmm T decays compared to the cor"Tespondinq j!J.Q_VcctoT 

e 1 e- cmss section (data points frmn diffcnm.t c+e · c:rpcrim.ents, mcasur·cd at the smw: 
mo.s.s ho:oc hcen o·twr-aqcd). !Jotit rlistr-ibrdions ar-c shown with statistical and .sy.stemn.lic 
r:rmr-s. The two r-cr:i.l!nglcs inrlir:o.tc the r-egions that ar-c c.1:pandcd in (b) and (c). Figvn: 
(b) shows the pion fonn far:!. or- ncar· threshold. The chiml expansion F;'hl'T i.s defind 
in [;'q. (8.4). The additional function labeled "[2, OJ" (indistinguishable fmm "[1, 1]" in 
the plotted energy region) dr:rwtes diffenm.t Jlll.mrnetr-isations ( Padri appnn:irnants [I DG]) 
rledu.r:erl.frmn Chiral Pcrturlwtum Theory o.s rlisnr.ssr:d in Ref. [178, 179]. The dotted linr: 
in Figun~ (r:) represent.<> tJu· {n!.al (unr:orrcr:lul) isosudar and i:·wvr.ctor c+ c-- r:ro.ss scr:t1:on. 
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Figun~ 8.2: Comparison of the isospin-mtated four-pion T data with the corresponding 
,.+ e· cross sections. The error bars shown contain both statistical and systematic erTors. 
An enhancement in the low mass part of the 1r+ 7r-7r 01r 0 channel in (b) is expected from. 
the resonant w1r contribution (small point.s). 

where /JK,rr = (1-4M~ rrfs) 112 This can he directly related to the T--7 K .. K0 llr 
spectral function, for which, due to the uncertainty of the relation (8.5), a total 
systematic uncertainty of 25% is assumed. 

The DM1 and DM2 collaborations [196, 197] made some effort to isolate a small 
isovector component of the e+ e·· -7 K±K~1r'~' cross section. This can he scaled up 
to the full KK1r contribution which can he related to the corresponding T spectral 
function using isospin symmetry. 

The inclusive reaction e+e- -7 K~+X was analysed by DM1 [198]. Having subtracted 
from its cross section the scparatdy mca..surcd contributions of the final states 
K~K~ .• K~ K+7r- and K~Kf.1r0 , it still includes th0 modes K~K~1r+1r , K~Kf.7r+7r-, 
K~Kf.7r 0 7r 0 , K~K+7r·7r0 and K~K--1r+1r0 With th~ assumption that the cross sec­
tions f(n· the processes c 1 e · ·-·+ K0 I(0 ( 1r1r )0 and e + c·- -7 K+ K- ( 1r1r )0 arc equal, on<> can 
summarize the total KK1r1r conl.rilmtion as twice the above correct.ecl K~+ X cross 
section. A reasonable esl.imat<' of the systematic uncertainty, implied by the as­
sumption made, is obtained by taking the cross section for the channel K+K· 7r+7r-­
measured by DM1 [199] and Dl'vl2 [187]. Since the KI{JrJr isovector part is unknown 
it is assumed to be (50± GO)%. 

Fig. 8.:) shows both the total T vector current spectral function and the corresponding 
spectral function corning from the isowctor e+e- cross sc>c:t.ion. Agrc>crncnt is found at 
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Figure 8.3: Total hadronic vector current spectral function from T decays (data points) 
and the cor-responding distr-ilmtion calculated from e+ e- isovector· states using isospin 
syrmnetry. The shaded band includes statistical and systematic errors. The dashed line 
correspond8 to the naive isovcctor quark-par·ton prediction. 

low maRs-squared. Above 2 GcV /c22, the T data arc somewhat higher than the c+c · 
measurements (note that the T data points an' highly correlated sec Fig. 6.5). This 
is essentially dm' to th<' obscrwd disagreement bdwf,en the T-· _., 21f-1f+7fO TJ7 Rpectral 
function and the corresponding e+e- cross section. 

8.2 T Branching Ratios from e+e- Cross Sections 

Following the spirit of tlw preceeding section it is interesting vice versa to compan' T 

vector branching ratios to CVC' predictionR obtained from the integral 

Bcvd T _., X · lly) 

13(r· ·--+ c· TJ7 De) 

](j] 



I 7 vector mode II 13Rr (%) I BReve (%) I a I 
1T 1fo Vy 25 35 ± 0.19 24.31 ± 0.65 1.5 

7f- 37f0 Ur 1.24 ± 0.14 1.10 ± 0.10 0.8 
27f-7f+7f0 1/ T 4.17±0.12 4.36 ± 0.38 0.5 

(61f)- /JT 0.037 ± 0.022 0.20 ± 0.09 1.8 
W1f 

-
IJT 1.83 ± 0.10 1.76±0.17 0.4 

TJ7f-7fo Ur 0.170 ± 0.028 0.134 ± 0.031 0.9 
K·- K0 1/

7 0.194±0.042 0.182 ± 0.053 0.2 
(KK1r)- 1/7 0.34±0.13 0.072 ± 0.036 2.0 

Table 8.1: eve predictions for the branching ratios of the 7 vector channels. The r·eference 

values of the 7 branching ratios are taken from Tab. 6.1. The last column gives the 

standard deviation between corresponding values in units of 1a. 

where B(r· --+ e- V 7 De) is taken from Eq. (1.13) assuming universality; the electroweak 

correction factor SEw is defined as in Section 1.3.2 and a:':"1-...,xo(s) is the measured cross 
section of the rotated e+ e·· isoveetor final state which corresponds to the 7- hadronic 

decay channel X- vr. The integration is performed over correlated data points affected 

by statistical and systematic uncertainties. The procedure is identical with the one used 

forth" evaluation of the muonic (g- 2) and the running a(s) on measured data grounds. 

It is described in detail in Section 9.2. 

For the two- and six-pion channels, the coresponding e+e- final states X 0 arc deduced 

by simply inverting Eqs. (8.1), (8.2) and (8.3). The isoscalar w --+ 7f+7f- contribution 

is subtracted from the total- 7f+7f ·- cross section. The effect of the interference is small 

compared to the total error of the integral (8.6): Bcvc(7r-7f 0 v7 )w-p-Int._Bcvc(7r-7f0 u7 ) = 
--0.09%. The total six-pion branching ratio is obtained using isospin constraints to bound 

tlw missing 7f+7f-47f0 cross section as explained in the preceeding section. The total I= 1 

,+ (' - six-pion cross section equates then via eve the vector part of B( 7- --) ( 67f)- IJT). 

Eq. (8.5) is used to extract the isovector part of the final states KK. An uncertainty of 

20% is assumed in this relation. Thf• total r---+ KK0 1/7 branching ratio is equal to two 

times the K+K - contribution. Finally, B( 7---+ (KK1r)- 1/7 ) is obtained from the rescaled 

(factor three) isovector part of the r+e---+ K±K~7f'~' cross section, provided the dynamics 

to lw governed by K'K. 

The eve results and the corresponding 7 branching ratios are compiled in Tab. 8.1. 

,\II channds but the six-pion and the KK1r final states show reasonable agreenwnt bet.ween 

the measured T branching ratios and the eve prcdietions. Csing three tinws the total, 

I = (0 + 1) c 1 r --+ K±K27f 1 cross section and neglecting the difference in shape between 

the two isospin states, one can mtimal<• the isovect.or contribution to the integral (8.6) 

from t.lH: inclusive eve branching ratio Bt;'~+')(7- --+ (Ki\1r)- 117 ) = (0.24±0.04)'/i, to IH' 

( 100'1.~")%. In the same way, but nsinl', the c+ e · !ll<:<lSnrement- as rdercncc. one obtains 

for the vector part of (KK1r)- in 7 dccavs the estirnat.<· (17 ± 9)%. 
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8.3 A Fit of the Pion Form Factor 

Several parmrwtrisations of the pion form factor Eq. (1.31) can be found in the liter­
ature. (See, e.g., Rc{s. [.164, 200, 169, 20.1].) In this sc,ction, different fits using tlw 
Kiihn-Santamaria [164] am! the Gounaris-Sakurai paramctrisations [200] are presented. 
In addition, a combined fit. to T and c+· e- data is performed, where the masses and 
widths of the p±(770) and thP r,0(770) are separately determined, in order to extract pos­
sible isospin violating effects. 

As seeu in Section 7.3, the unfolding procedure introduces additional systematic lilt­

certainties because of the mmH,rical instability of the problem. Generally, one can stat<' 
that unfolding is rwccssary if a theoretical ckscription of an obse]·ved distribution is nol 
available, as is the casf' for thP total vector (and axial-vector) hadronic spectral functions 
in T c!Pcays. Also, uufolding is ueeded for comparison with c+ c- results where the mass 
is experimentally known with very good accuraey. However in the specific case of the 
1r -Jro spectral function, plwnorrwnological models based on vector resonances which de­
scribe t.lw lirwshape Pxist. One therefore does not need to nnfold, as a convolution of 
thP theoretical curve with the detector response matrix A is a well defined and stable 
problem. The convolved theoretical distribution can subsequently be fitted to the data. 
This procc,dure is followed here. 

TIH' results of all types of fits arc given with errors, including both statistical and 
syst.Pmal;ic uncertain tiPs. ThP sources of systPmatic uncertainties correspond in detail to 
those mentioned in Chapter 7, apart from those introduced by the unfolding procedure. 
The correlations between the fitted parameters in tlH' combined fit are given as a corn'­
lation matrix. 

Systematic errors of the c+ e- annihilation data are caused by uncertainties coming 
mainly from the det.ennination of the efficiency of the two-pion reconstruction and the 
lnrninosity measun,n+ent. These errors are given as nor-rnalisation uncertainties by the 
experiments, i.e., they scak linearly with the measured cross sections. The usual way 
of introdncing such errors into a least square minimisation is t.o treat them as being to­
tally correlated. They tlwrcforp populate the ofl~diagonal elements of the corresponding 
covariance matrix. However. it is known that. this procedure introduces a bias into the 
minimisation, leading syst.mnatically to lower values in terms of the normalisation of thP 
fitted pararndrisation [202]. This can be demonstrated by means of the following simple 
exam pice: 

Consider l.wo n+easurc,rncnl.s :r~o 2:2 with statistieal errors (J 1, (J2 . Consider furt.hN a 
common offset error (Joff of syst rcmatic origin (e. q., a calibration uncertainty). The covari­
:-uH'<' matrix reads then 

( 2 ' 2 2 ) c (JI -r- a of! 0 off 
2 '2 2 

a off (J2 + (Joff 

(8.7) 
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Tlw mean value (k) and its error 6k ;ue obtained from the mimization of x2 = L:i,J=I-,2(.r,i­
k)Cij1 (:r1 - k). Using Eqs. (2.D3) and (2.94), one has 

(k) 

(8.8) 

The mean value (k) keeps unchanged by the systematic offset error cr01t while the error 
!::,/;: increases. Offset errors therefore do not introdun> a bias into the x2 minimization, 
i.e., the fit. 

Unfortunately, the case becomes annoying when normalisation errors occur. Consider­
ing the same two-measurement example but replacing the offset error by a normalisation 
ll!lcertainty cr00,m, e.g., luminosity or efficiency errors which scale with the meaBured 
value, yields the following covariance matrix 

) (8.9) 

and the minimization leads then to 

(k) 

(8.10) 

One observes a systematic tenrkncy of (k) in Eq. (8.10) to lower values governed by the 
stn>ngth of the normalisation uncertainty O"nm·m and the diffenmce between the input mea­
surements. The same bias occurs in the expression for 6k. Citing d'Agostini [202]: "The 
arlvantaqr. joT the fit to pr-efer- nndeT these conditions. normalization factors smaller than 
one .finds its deeper- reason in the sta.nda.r-d formalism of the CTTOT pmpa.gation, where only 
.fir.<t dr.,-ivo.tivcs a.rr' consideTed." In order t.o quantify the importance of the above obser­
vations one can imagine two measurements :r1 = 5 ± 2, :r:2 = 5 ± 1 and CTnonn = 20%. That 
p;ives (k) c= 5.00 ± 1.80. Setting now .7: 1 = 6 ± 2, Xz = 4 ± 1 with the same CTnorm = 20% 
one would in an unbiased case expect the same mean value and error; instead, Eq. (8.10) 
yields (k) = 4.26 ± 1.55 where both, rrwan value and error decreased. 

To avoid such an effect, the best estimate of the parameters is found when using 
svst.Pmat.ic errors without condat.ions as for the statistical ones. The corresponding pa­
ramet.c~r errors, however, are dr>t.enninecl by rcpeat.inp; the fit when taking into account 
t.h<' full correlations of the syst.emat.ic errors among the measurements of one exJH>rinwnt.. 
\ IPasur<'rnents between difft,n~nt. experiments arc assunwd to lw uncorrdatcd. 

8,3,1 The Kiihn-Santamaria (KS) Parametrisation 

In tlw I<iibn-Santarnaria paratll(~tris€lLion the pion fonu factor is given by contributions 
from the known isovector HH>son n·sonal!ces p(770). p(1450) and p(l700). taking into 
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account p w interf(~n~nc~: 

B'V ( ) I+JJW</w(783J(-') 'JDW' ( ) pH.o(s) = __ v· _ljnO) -' _____ l+O + /J p(l450) 8 

rr 1+(3+1 

with the Breit-Wigner propagators 

B\" l<S ( ) 
'V p(M,,) 8 

and the energy dcpend<enl. width 

Mz 
p 

( 
2 ) (M"2 )' ( k(s) )

3 

rp(>) = r" M" s k(M~) , 

(8.11) 

(8.12) 

(8.13) 

where k(s) = ~ ft (Jrr(s) and k(M},) is the pion momentum in the p rest frame. As in 
Ilcf.s. [164] and [169] the amplitudes (J, 1 and ii arc assumed to be real. Interference with 
the isospin-violating electromagnetic w -7 7r+7r- decay occurs only in e+e- annihilation. 
Consequently, ii is fixed to zero when fitting T data. According to Ref. [201] a fit. param­
eter A is added to take into account possible uncertainties in the p-wave approximation 
of the s-dcpcndcnt width. 

[Paranlf'tr•r [-Kiihn-Santarnaria \ Gounaris-Sakurai \ 

Mp'(no) 774.9 ± 0.9 776.4 ± 0.9 
fp±(770) 144.2 ± 1.5 150.5 ± 1.6 

-----
/l --0.094 ± 0 007 -0.077 ± 0.008 

A1p±(J+oo) 1363 ± 15 1400 ± 16 

l----r_:f(l450) :=310 = 310 
I -0.015 ± ().008 0.001 ± 0.009 

J1;fp±(J700) = 1700 - 1700 
1---_r p( ( 700) = 235 = 235 -

A = 1.0 = 1.0 

81/65 54/65 

Tabk 8.2: Fit results of the pion form factor in T- -7 7r-7ro 1/7 decays using the K7thn­
Santamaria (left-hand column) and the Gounaris-Sakumi parametrisation (ri_qht-hand eol­
umn). The values of l'p(l45o), Mp±(l 7oo) and r p(J?OO) a.r·c taken fmm Ref. [17]. 

The results of t.lw T data and the combined fit using the KS pararrwtrisation arc listed 
in the left-hand columns of Tables 8.2 and 8.3. 

8.3.2 The Gounaris-Sakurai (GS) Parametrisation 

Start.ing from a more daborat.e treatment of t.lw p-wavc scattering amplitude for a broad 
r<'sonancr,, the following paramet.risation was obtained with the additional requirement. 
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of tlw normalisation F, (0) = 1, as in the KS parametrisation. The simple Breit-Wigner 
r<>Son;wces in (8.11) are replaced (for s?: 4m;) by [200] 

GS M'j;(l+d·fpiMP) 
BWp(MJ~) = MJ - s + f(s) - iJSTp(s) ' (8.14) 

where 

f(s) (8.15) 

The s dependence of rp(s) and k(.s) is the same as in Eq. (8.13). The function h(s) is 
rl<Jined as 

h(s) = ~ k(s) In yS + 2k(s) (8.16) 
1r .JS 2rn1T 

with dhldsiMJ = h(M;) [(8k2 (M;))- 1
- (2M;J-'] + (27rM;)- 1 

The normalisation BW~/kp)(O) = 1 fixes the parameter d = f(O)I(fpMp)· It is found 
t.o be [200] 

d (8.17) 

The results of the T data and tlw combined fit using the GS parametrisation arc listed 
in the right-hand columns of the Tables 8.2 and 8.3. 

Concluding from Table 8.2, the fits establish a need for the p(1450) contribution 
to the weak pion form factor in the KS and GS paramctrisations ((3 = -0.087 ± 0.012) 
with a fitted mass Mp(14r.o) = (1380 ± 24) MeV lc2 when fixing the width at rp( 14so) = 
:no MeV I c2 [17]. No signifkant evidence of a p(1700) contribution is found b = -0.008± 
0.008). The previous values are the weighted averages between the results of both fit 
types. Their errors account for statistical and systematic uncertainties coming from model 
dr~pcndcnce. It must be stated that thee fitted p(1450) parameters show large correlations 
with the corresponding p(1450) width. In fact, fixing rp( 145o) = 600 MeV lc2 leads to 
the averaged fit results: /1 = -0.156, Mp( 145o) = 1470 MeV lc2 and r = -0.030 with a 
substantial improvement of the x2 , i.e., 56 (KS) and 51 (GS) over 65 degrees of freedom. 

On~ eoulcl try to explain the enhancement. of the pion form factor centered around 
1200 MeV I r·2 as originating from an inelastic effect induced via unitarity by the opening 
of the wn 11 channel which oecurs at. 920 Mi'V lc2 [203]. Although this effect is physically 
sound and should take plae<\ the proposed description is not very predictive and requires 
a factor (lvf~I(MJ- s ·- ii\111 f 0 ))"" with three additional paramders M 0 , f 0 and n0 to he 
adjusted in t.hc fit. However, t.he existence' of a p(1450) meson is already well established 
in t.he 7r+7r 271" 11 firm! state [204] and since the sensitivity of the data on the pion form 
fador is not sufficient to fit a larger nnmbcr of para.nwters. the inelastic paramctrisat.ion 
is not used in the present. analysis. 

Fig. 8.4 shows tlw KSIGS-t.ypc fits using one and three 13rcit-v\'igrwr amplitudes. 
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Fignr" 8.4: Fit of the T---+ 1f .. 1fo tJr invariant mass spectrum using the K1thn-Santamo.ria 
(KS) o.nd the Gonno.ris-Snknmi (GS) pammctriso.tion. The solid and dashed curves are the 
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been convolved with the detcctoT resolution and the T phase space. Due to statistiea.l .finc­
tua.tion8 in tlw detector· rc8ponse matrix, the functions are not smooth after convolution. 
The da8hed-dotted line corn:sponds to a GS-type fit in which only the p(770) contribution 
is l,o.ken ·into ar:rount. 
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8.3.3 Combined Fit ofT and e+e- Data 

The results of the combined T and c+ e- data fit with the KS and GS parametrisations 
are presented in Table 8.3. In these fits, the pion form faetor is described by the p 
wsonance with different parameters fitted for p± and p0 , while the much smaller p(1450) 
and p( 1700) contributions arc assumed to be isospin invariant. In this way, it is possible 
to diwctly eompare, for the first time, in a model-independent way the· parameters of 
the charged and the neutral p's. Due to the large number of degrees of freedom in the 
combined fits, all free parameters can be simultaneously determined with good precision. 
All presented fits resulted in significantly higher p(770) masses than the value of Mp(no) = 
(768.5 ± 0.6) MeV /c2 (average of p+ and p0

) given by the PDG [17]. Within large 

r -·- Para.InPtcr II Kiihn-Santamaria (KS) II 
J (1.91 ± 0.15) X 10 ·' 

Mp±(no) 773.4 ± 0.9 
Mpo(770) 773.4 ± 0.7 

r "± (t7o) 147.7 ± 1.6 
r-"orno) 147.3 ± 1.3 

(J -0.229 ± 0.020 
Mp(l45o) 1465 ± 22 
r p(l45o) 696 ± 47 

--

"' 0.075 ± 0.022 
Mp(17oo) 1760 ± 31 

rp(17oo) 215 ± 86 
-----·-

.\ = 1.0 
[ x"/dof II 190/195 II 

Gounaris-Sakurai ( GS) 
(1.97 ± 0.10) x10 -s 

775.7 ± 0.9 
775.7 ± 0.7 
150.8 ± 1.7 
150.8 ± 1.3 

-0.16! ± 0.010 
1448 ± 19 
503 ± 38 

0.076 ± 0.009 
1757 ± 20 
2:37 ± 78 

= 1.0 
194/195 

0.0 ± 1.0 
0.0 ± 2.0 

(1.97 ± 0.15)x10-" 
783.8 ± 3.0 
783.8 ± 3.0 
162.0 ± 5.3 
162.4 ± 5.0 

-0.184 ± 0.010 
1490 ± 23 
591 ± 53 

0.074 ± 0.010 
1799 ± 34 
255 ± 39 

0.45 ± 0.11 

193/194 

0.0 ± 1.2. 
-0.4 ± 2.5 I 

Table 8.3: Results of the combined fit of the 7f±7fo and 7r+7r- resonance amplitudes ac­
r:onling to the K1lhn-Santamaria and the Gounaris-Sakurai model. In the second GS-type 
.fit, !.he parameter .\ introduced in Eq. (8.13) is additionally fitted. This leads to hi_qher 
JH!7·o.rnder errors with stron_q correlations among them .. 

lll!CCrt.aint.ies (about 8 MeV /c2) CSS<,ntially due to model dependence, the width rp(770) 

was found to be in agreement. with thc PDG value of I'"c77o) = (150.7 ± 1.2) MeV /c2 

Thc additional fit parameter .\ in the second type of fit. is found to be.\ = 0.45 ± 0.11, 
i.e., quite different from the fix<xl value .\ = 1 in t.hc first. type of fits. As can bc 
cxpcct.cd, a different. a.djnst.rncnt. of.\ has a considerable impact. on the fitted mass and 
width of th<> p(770). The mass of M~t;?~j451 = 783.8 is dearly larger then the peak 
value and, in fact., it. is even larger th<' mass of th<' w(783). Both T and e+ e· data are 
s<'usit.iw t.o the p(1150) par;unders. The p(l450) width is found to lw strongly modd­
rkpendcnt., but. from all fit types its ,-;due is significanth· higher than the PDG \'ahw of 
['r(w,o) = (:310 ± 60) MeV /c2 obtained from e+c-----> uJT< data. This difference could he 
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M± 1 0.18 0.32 0.02 
..'-1'... 

r---M~ - 1 0.03 0.31 
c----y;f - .. 1 0.17 

0 

Table 8.4: Avemge r:or-r·ela.tion8 found in the KS/GS-type fits (with fixed>.) between mas8es 
and widths of the clwrged and neutral p0 ( 770). 

linked to the neglect of indast.ic effects as discussed in the previous section. The fitted 
n1asscs Mp(H5o) from all fit. types arc found to lw in rather good agreement with the PDG 
average of M0 ( 145o) = (1449 ± 8) MeV /c2 The information concerning t.lw mass. width 
and rdat.ive amplitude of the p(1700) is essentially extracted from the e+ e- data and 
found to be in fairly good agreement with the PDG values. 

Systematic uncertainties due to the energy scale in e+ e- annihilation experiments an• 
difficult to estimate a.s, in gcrwral, the publications do not refer to this point. In most. 
caS<'S, the experiment-R used the narrow c/>(1020) resonance peak to calibrate tlw lwam 
energy. Consequently, intrinsic uncertainties arc introduced by slight modifications of 
the c<'ntral 'P mass value over the years, e.g., M¢ = 1019.57 MeV /c2 in 1980 became 
M¢ = 1019.41 JIMV /c2 in 199G. /\.n additional syst.cmatic uncertainty of 0.3 MeV jc2 is 
considmwl in the p0 mass mcasmernent. 

Althoup;h the ahsolut.<• values of the p(770) masses and widths deprend significantlv 
on t.h!' KS- or GS-t.ypc of tlw fit and the pararnet.er >., their respective differences, i.e .. 
:0.;\;Jp(no) = M 0 ±(no) -- Mp"(no) aud ~fp(no) = I'p±(no)- I'Po(no) are stable. Using the fit 
results from Table 8.3,-oue obtains the average 

6Mp(77o) 

:o.rp(noJ 

(0.0 ± l.O ± 0.1) MeV /c2 

(0.1 ± 1.8 ± 0.5) MeV /r:2 
. 

The first. errors are due to statistical and systematic uncertainties (including correlations 
lwt.weeu the fit paramekrs), while the secoud orws aeeount for differences from the res­
ouauce paranwtrisat.ions. Fig. 8.:) shows tlw results with its 39% CL error ellipse t.akiug 
iuto account the correlations between the fit. parameters given in Table 8.4. 

A diffcn:nce lwtwecn I'0 ± and r P" could occur ou orw hand through electromagrwt.ic 
isospin-violat.ing decay modes such as p ---+ 1r1r1, which is observed at the 1% !Pvc! for 
t.he ri' [17]. On th<' other hand t.he dominant. (I---+ 7r1l" cha.unel could also manifest smrw 
isospiu violation. An obvious contribution comes from Lh!' observed r.± 11"0 and a pot<•n­
t.ial p-' ri' mass diffcn•nc<'s which reflect into differf'nt. values for the width an:ordinp; 
to (8.1:3). Tlw p mass dependenc<' is not compktdv clear: one could consider a va.riat.ion 
given by 

(8.l8) 

1 G'J 
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Figure 8.5: Width differ·ence t.r rrno) = r r±(no)- f Por 77o) as a function of the difference in 
the p(770) mass t.Mp(770) = Mp±(??O)- Mr"(??O). The point is the measurement with its cor­
related one-sigma error ellipse. The dashed and solid lines show the expected dependences 
.fmm Eqs. (8.18) a.nd (8.19), respectively. The hatched area depict.s the electromagnetic p 
11/.!Lss di.ffenm.ce predicted in [206]. 

or, as argued in Chiml PeTtitTbation Th.em·y [205], 

(8.19) 

According to the charge of the p, the pion momentum in thfe p rest system is given by 
2A:(M1~o) = (M;o- 4m;±JII2 for the nrutral p0 and 2A:(M;±) = [M;± - 2(m.;± + m;o) + 
( m;, - m;o )2 / M;± ]112 for the charged p±, respectively. The dashed and solid lines in 
Fig. 8.G give the funetional dependence of the width difference t.r r on t.lvfp in the ap­
proximations of Eqs. (8.18) and (8.19), respeetively, normalised to the fitted value of rr. 
A further discussion of isospin (CVC) violating contributions to the respeetive r r's is 
given in Section 9.1. 

It is interesting to observe that the measured t.Mr is significantly smaller thim the 
It tass cliff(>rencc between charged and neutral pions t.J\!l, = lvf,± - M,o = ( 4.5936 ± 
0.0007) MeV /c2 [17], where the dominant effect is understood to he of electromagnetic 
origin (t.M;;"' ~ 4.5 MeV /c2 [79]). The t.MP measurement. ean be compared to tlw 
( rnodd dep<mdent) wsult of t.M1, = ( -0.3 ± 2.2) MeV/ c2 [17] obtained in hadronic pro­
duction, however in good agrecnwnt with this det.<~rrnination. TIH· Mark III Collaboration 
<'xploited data on .l/1!' -+ JT+7r JT

0 d'""')'S. dorninat<:d fly Jf~;.· -) f!K, l.o measun· the mass 
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difference of the charged and neutral p's [207]. Their preliminary result is found to be 
in good agreement with the result presented here. Note that the value deduced from the 
difference in the mean values taken from Ref. [17] (Mp±)- (Mpo) = (-1.8 ± 1.4) MeVIc' 
is potentially unreliable as they both represent the weighted mean of independent. mea­
surements using not necessarily the same parametrisations. A theoretical electromagnetic 
p mass difference of -0.7 MeV I c2 < 6.MP < 0.4 MeV I c2 in agreement with the mea­
surement has recently been evaluated in Ref. [206]. The measured difference 6.[ P is found 
to be consistent with the expected isospin violation from the 1f±·--?r0 and p± .. - p0 mass 

· differences. 

8.4 Conclusions 

The eve property of the Standard Model provides the possibility to identify the T vector . 
decay channels with the isovector components of the e+ c hadronic final states by means 
of isospin symmetry. The 1r+ 1r- and 1f+1f-1f+ 1r- cross sections measured in e+ e- anni­
hilation have been found to be in good agreement with the respective 1f--1fo and ?r-· 3?r0 

spectral functions. The 1f+?r-?r0 ?r0 cross section has been compared to the correspond­
ing linear combination of 1r- 3?r0 and 21f-1f+ 1r0 spectral functions from T decays. Above 
2 Ge VI c2

, T data points are significantly higher than the respective e+ e- measurements 
(DM2). This is thought to be due to a disagreement in the non-resonant contribution as 
a good agreement with DM2 for the resonant (w1r) part of the cross section has recently 
!wen found by the ALEPH Collaboration [5]. 

Fits of the pion form factor based on the Kiihn-Santamaria [164] and the Gounaris­
Sakurai [200] parametrisations have been performed. In this framework, the existence of 
an additional p(1450) contribution is firmly established in T decays. The fit using the 
GS paramctrisation resulted in a better description of T data yielding a x2 of 54 over 65 
degrees of freedom. The parameters of the dominant. p(770) contribution found in this fit 
arc: Mp±(no) = (776.4 ± 0.9) MeV lc2 and fp±(no) = (150.5 ± 1.6) MeV lc2 

A combined fit to T and e+ e- data has been performed in order to measure the 
difference in mass and width between the dominant charged and neutral p(770) ampli­
tudes, expected to be generated by isospin-violating effects. The observed mass difference 
Mp±(no) - Mpo(no) = (0.0 ± 1.0) MeV lc2 is significantly smaller than the corresponding 
value for the pions, while the width difference fp±(no)- fpo(no) = (0.1 ± 1.9) MeV lc' is 
consistent with isospin violation from the ?r± 1r0 and p± __ p0 mass differences. 
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Chapter 9 

The Hadronic Contribution to the 
Muon (g - 2) and to n(M:l) 

The contribution from hadronic loops to the muon anomalous magnetic moment and to 
the running of the QED fine struc:ture constant a at low energy cannot be calculated with 
current QCD methods. Via dispersion relations these contributions are related to absorp­
tive parts of curnmt.-current. cordators which those are proportional to e+e- annihilation 
cross section measurements and T vector spectral functions (sec Section 1.3.3). The low 
energy ha.dronic contribution can therefore directly be computed from experimental data. 
13y virtue of the good quality of T spectral functions one can expect a considerable im­
provement in the precision of the above quantities when including T data. into the current 
analysis based on e 1 e- c:ross sec:tions only. The results presented here are published in 
Ref. [208]. 

Introduction 

The anomalous magnetic morrwnt aM = (g- 2)/2 of tlw muon, defined through its devia­
tion from the bare ma.gndic momcmt obtained for the spin half muon from the solution of 
the Dirac equation, is exr><~rimentally and theoretically known to very high accuracy. The 
contribution of heavier objects to a1, relative to the anomalous moment .of the electron 
scales as (m1jme)2 ~ 4 x 101

. These propert.ic's allow an extremely sensitive test of the 
validity of QED and of additional contributions from strong and electroweak interactions. 
In order to achieve a deqwr unckrstanding of SM input parameters like, e.g., the fennion 
masses. theories have been proposed which include new particles such as additional gauge 
i>osons, supcrsymrnct.ric part.tH'rs of tJw known fermions or exited leptons related to SJWCU­

laLions about. eornpositncss. The rrmon anomaly provides a stringent tmt for new theoric's 
bevond the Standard lvlodd, sincr' any new field (particle) which couples to the muon 
must. contrilmt.e to 11.1,. In principk the existence of new, heavier particles can be ddect,ed 
through their effects via virtual radiative processes on the behaviour of lighter obsenul 
particles, i. c., on the rnuon (q ~ 2). 



Tlw prcsr>nt value from tlw combined tl1 and ,,- mcasurmncnts [209], 

0 1, = (116fi9230±85) X 1!r 10
, (9.1) 

should to be improved to a prer:ision of at. least 4 x Ht 10 by a forthcoming Brookhaven 
experiment [21 0] 1 (BNL-E821). It is convenient to separate the prediction from the Stan­
dan! Model (SM) o~M into its different contributions 

\Vhcrc 

Si'v1 
(lp ( QED + 0 had + 0 wea.k 

J,/1· fl 'JI 

a ( 00 )2 (<>)1 21f + 0.765857:381 (51) ; + 24.050531(40) ; 

(a)4 (n)5 + 126.02( 42) ; + 930(170) ; 

(11 658 470.6 ± 0.2) X 10-lO 

(9.4) 

(9.5) 

is the pune electromagnetic contribution (sec [212] and references therein), a~ad is the 
contribution from hadronic vacuum polarization, and a~•.ak = (15.1 ± 0.4) x 10-10 [212, 
213, 214] accounts for corrections due to the exchange of the weak interacting bosims up 
to two loops. Using the recent analysis of S. Eidelman and F . .Jegerlchncr [179] that found 
a;;ad = (702..1 ± 15.3) x 10-Jo, and applying fourth onkr corrections due to the exchange of 
additional photons and electron or quark loops (summarized by T. Kinoshita et al. [215] 
t.o ( -4.1 ± 0. 7) x 10- 10 ) one finds 

O.SM = (11 659184 ± 16) X l()-JO ,, (9.6) 

1 Th<' principle of the measuri~mcnt is simple: a muon beam is injected into a storage ring. The time 
dilatatiou provides an incrcaRe of the muon lifetime which allows a high number of orbits before the 
muons dw:ay into electrons. The diffcn~nce between the orbital cyclotron frequency We and the spin 
precession freqtwucy Ws defin(~S the precession frequency Wa. of the muon spin relative to its momentum 
which is proportional to the anomalous magnetic moment: Wa = (cfljmc)aw In accelerators where both 
JHa,e,netic and eh~ctric fields are present the JHTe<:ssion freqlH-m('y is given by 

Wa = _"_ [a,, B - (a,, - --,.2--) ,(3 X El 
11U: 'Y ~ 1 

(9.2) 

which is indepcndt:nt of the electric field E a.t. t.he "magic" ')' factor 

(9.3) 

1 . .r' !Jl,, I = 3JJ94 GeV j c. One can thus achiPV(' vertical focusinp;; wi t.h electrostatic qua.drupolcs, and 
build t.hc storag(' ring tuagnct. to hav<' a nniform dipok rnagndic fh:ld to dd.cnninc aw This elimination 
of LIH' magnetic field gradi(:nt. (a.lread~· PstablishPd in tlw most n~\cnt. CERN expcrimf:nt. [211]) which 
pr!'Vious\y wa~ required for focusing, permits a significant improvcnwnt. in a\cllra.cy, TIH' spin pn~c('ssion 
...~v',, is n·<·onst.rud('d from t.he direction and the number of electrons <:mittc:d from the decaying rnumts as a 
function of tiH' time and the tnuon lif(-~time. It is of crucial importance for the subsequent determination 
of n.

1
, t.o prccisdy knmv the vain<' of tlw magnPLic fidd B to an accuracy better than 4 x 10-7 ! 
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Figure 9.1: Contribution.s and 1m.ce1'tainties to a1, from pure QED, QCD and clcetmweak 
interactions, where for the hadmnic contribution the result obtained in this analysi.s i.s 
used. The shaded areas depict the sensitivities of past CERN experiments and the design 
value of BNL-E821. 

Comparing the errors of the respective contributions to a~M reveals that its total un­
certainty is clearly dominated by the leading order vacuum polarization wrrection a~ad, 
originating from a quark-loop insertion into the muon vertex correction diagram as shown 
in Figurre 9.2. The different contributions to o"' and their uncertainties are shown in 
Fig. 9.1. In particular, it is annoying that the error on the hadronic contribution is of the 
same order of magnitude as a;~cak whieh to tf~st is the aim of the BNL-E821 cxperinwnt. 

In this chapter, a new evaluation of the lmdronic vacuum polari7-ation cont.ribntion to 
a1, and also to tlw running of the QED fine structure constant n(s) from low energy to 
the mass of tlw Z boson is presented. In addition t.o using the complete and in comparison 
with previous analyses slightly enlarged experimental inf(Jrmation on e+ c· annihilation 
data. tlw new data from hadronic T decays an~ incorporated which jXO\'ick a more pre­
cise description of the hadronic contributions at erwrgir>s less than 1.5 Ge\'. Attention 



is broup;ht to the straightforward and statistically well-defined averaging procedure and 
nror propagation used, which takes into account full systematic correlations between the 
cross section measurements. Much care has been put into the treatment of unmeasured 
final states which arc bound via isospin constraints. 

9.1 Hadronic Vacuum Polarization in "Y and W prop­
agators 

As QeD is a non-Abelian theory with massless gauge bosons, its perturbative expansion 
at low euergies is not wdl-hdmvcd and non-pcrturhativc effeets lead to currently un­
prwlictablc long distance resonance phenomena in quark interactions. Fortunately, cross 
sections measured in e+ e- annihilation and spectral functions from r decays provide an 
experimental access to the hadronic vacuum polari~ation: from unitarity, the hadronic 
cross section of e+ c- annihilation is related to the absorptive part of the vacuum polar­
ioation correlator via the optical theorem. 

Similarly, hadronic spectral functions from r decays arc directly related to the isovce­
tor vacuum polarioation currents when isospin invariance (eVe) and unitarity hold. For 
this purpose one has to worry whcUwr the breakdown of eve due to quark mass effeets 
(m, I rn.d generating D,J"· ~ (m, - rnd) for a charge-changing hadronic current .JI' 
between u and d quarks) or unknown isospin-violating electromagnetic decays has non­
negligibl<' contributions within the present accuracy. However, the eve predictions of 
T branchinp; ratios evaluated in Section 8.2 show reasonable agreement within about 5% 
experirrH>ntal accuracy over the full range of exclusive vector hadronic final states. Ex­
Jl<'ci.cd deviations from eve due to SO-called second class C?trTents as, e.g., the decay 
T · -7 Jr-Tfl/7 where the corresponding c'c- final stat.<• 1r0 ry (e=+l) is strictly forbidden, 
have estimated branching fractions of order of (m,- m.d)2 co: l0- 5 [216], while the exper­
imental up]wr limit amounts to B( r --7 Jr 11 7/7 ) < 1.4 x 10 1 [17] with 95% eL. Another 
cla.ssical t<•st is the pion ()-decay, yielding a sensitivitv to eve violation of 3%: the eve 
hvpothesis rdates the isovcctor. vector matrix dement of the (severely suppressed) decay 
n -1 1r

0e- f;,. (no axial-vector part) to the clectromagndic form l"n fac:tor of the pion 

eve 
-1fudJ2(7r0 (k')l.ii:.niPi- (k)) 

-V,,"J2F;, ((k- k') 2
) (k + k') 1'. (9.7) 

The small mass difference of m., - rn.," co: 4.6 MeV /c2 permits to f>quate Fn ((k- k') 2
) co: 

F,(O) = 1. Tlw /)-decay braw:hinp; ratio can then be c:alc:ulatcd with kinematic vari­
ables. Taking into account electromagnetic radiative corrections of order 1% on<• ob­
tains the tlworctical prediction [217] of 13cvc(7r- --7 JT"c D,) = (1.0482 ± 0.0048) x 10 s 
which is in agn>crncnt with the most prccis<e mcasnrem<>nt [218] of B(1r --7 1r 0c-o,.) = 
( 1.026 t 0.0:)9) X 10··S 

An es\.imat<· of a possible CVe violation ean be obtained in tlw 1r1r final stat<> whidr 
is dominated by the p(770) resonance. SU(2) symmetry breaking can occur in the f!+ 

r/' masses and widths caused by electromagnetic interactions. Hadronic contributions 
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Final states Ref. 

nw --'> ni"1 0.32 [219] 
"TC/ -0.34 ± 0.21 [17] 
IJ"'! -0.38 ± ().()7 [17] 

p-1 t -0.091 ± 0.004 [17] 
1nrr± - rnJTo, 1nfl.~: - mpo 63± 2.5 [17, 206] 

"TC"TC/ -3±3 [219] 

L s Ultl 2.8 ± 3.9 

Table 9.1: Expected eve violation fr-om electromagnetic inter·actions in p± -p0 decays. 

to the p± -p0 width difference an• expected to be much smaller since they are propor­
tional to (mu - md)2. The different eleet.rornagnetic contributions to the width are 
listed in Table 9.1: radiative transitions introduce a negligible effeet, while the dom­
inant contribution comes from the n±-no mass difference. A recent theoretieal anal­
ysis [206] indicates that the p± and p0 masses are in fact equal within 0.5 MeV /c2 : 

me± - rnpo = -(0.15 ± 0.55) MeV /c2 This prcdietion has been verified in Section 8.3.3 
with the result: mp± -rnPo = -(0.0±1.0) MeV /c2

. Since then- and n° mass difference is 
known experimentally [17] to be m.ff± - mffo = ( 4.5936 ± (l.0005) MeV/ c2 and understood 
theoretically [79] to be almost completely from eleetrornagnetic origin, it is expected that 
the total p± and p0 widths should be different even in the limit where hadronic interac­
tions an' SU(2)-invariant (this includes the chiral limit). An additional point concerns 
contributions from photon bremsstrahlung. While the infrared divergences in p --'> 7r7r) 

decays vanishes when including the vertex c:orrcction graphs, finite terms arc expected to 
contribute differently to the widths of the charged and the neutral p. The correspondiug 
bremsstrahlung graphs have been calculated in Ref. [219]. The width contributions from 
finite terms to both t.lw p+ and the p0 turn out to be negative. The estimate of tlw 
width difference given in Tab. 9.1 assumes finite contributions to the widths from loop 
corrections to be small. 

Thr' total expected 8U(2) violation in the p width is finally computed from the above 
considerations to be 

f±-fo ., 
p p = (2.8 ± 3.9) X 1()-·' , 

rr, 
(9.8) 

whr,rr· the error cmm's essentially from the estimate of the p± p0 mass difference and of 
the 7r7r) contribution. This dfect introduces corrections for a~:a<l and the running of n(s) 
wh<>n including 7 data (see Section 9.6). 

-(1.3 ± 2.0) X 1() ·IO (9.9) 

iu t.hc a~;ad calculation from the 7-· --'> 7r 1r
0 1/r spectral function which is applied in 

the prescmt. analysis. Correct ions from the hig)wr mass rescmances p( 1450), p( 1700) are 
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had 

Figure 9.2: Leading or·der· hadronic vacuum polarization contribution to a1,. 

expected to be negligible. Similarly a correction of 

r A (5) ( 2) ( ) -4 "'-'"'had Mz = - 0.09 ± 0.12 X 10 (9.10) 

is introduced in the calculation of thr' running of a. 

From a more qualitative point of view, one should keep in mind that in this analysis 
LIH' eve hypothesis is applied at a very low energy scale where the absorptive parts of 
th<· matrix elerrwnt.s are largely dominated by non-pert.urbat.ive QCD which are expected 
to factorize from their respective W or 1 excitation. 

How<,ver, elcctroweak radiative corrections must. be taken into account. Their domi­
nant. contribution comes from t.hc short distance correction to the effective four-fermion 
coupling T- -J- (dil)- 1/r· The radiative corrections are absorbed into an overall rnul­
t.iplicat.ivc factor Sgw = 1.0194 ± 0.0040 introduced in the definition of the spectral 
functions (1.22). The origin of SEw and its error are discussed in Section 1.3.2 of Chap­
ter 1. 

9.1.1 Muon Magnetic Anomaly 

By virtu<' of t.h<' analyticity of the vacuum polarization correlator, the contribution of the 
hadronic vacnnrn polarization to a,,. can be calculated via the dispersion integral [220] 

fi<TI' ahad(s) is the total c+,, -) ha.drons cross section as a function of the c.m. 
squared ·'·and K(s) denotes the QED kernel 

(9.11) 

energy-

• 2 ( :r:
2) 2 ( 1 ) ( . :r,2) 1\(s)=:r: 2-

2 
+(1+T) 1+:

12 
ln(l+.r)-:r-/-2 + 

(1-/- .T) 2 
( . ) .T ln:r ] -· ;r; 

(9.12) 

178 



~ .-·-·-.--,-,-, ~~~-T--,---,--------,---,----r---.----,--~-,-~~ 
i;2' O.D25 · 

O.D2 

0.015 -

0.01 

0.005 
: ____ -------L_ 

-"___1___,_~~-IL. ==-=·-"-:I:;:=:=====d 
I 2 3 4 5 

Figure 9.3: Electromagnetic kernel-function K(s) multiplying the cross section in the 
dispersion integral ( 9.11). 

with x = (1 - (31.)/(1 + (31.) and (3 = (1 - 4m!/ s) 112 (see also remarks concerning the 
numerical stability of K(s) in Ref. [179]). The function K(s) decreases monotonically with 
increasing s (Fig. 9.3). It gives a strong weight to the low energy part of the integral (9.11). 
About 91% of the total contribution to a~ad is accumulated at c.m. energies JS below 
2.1 Ge V while 72% of a~ad is covered by the two-pion final state which is dominated by 
the p(770) resonance. The precise spectrum of the two-pion final state from r data as 
well as new input for the more controversial four-pion final states should therefore help 
to significantly improve the a::•d determination. 

9.1.2 Running of the QED Fine Structure Constant 

In the same spirit one can evaluate the hadronic contribution ,6.a(s) to the renormal­
ized vacuum polarization function IT~(.s) which governs the running of the electromag­
netic fine structure constant a(s). For the spin 1 photon, IT~(s)·is given by the Fourier 
transform of the contraction of the electromagnetic currents jfm ( s) in the vacuum ( ql'q"­
q2g"'v) IT~(q2 ) = i J d4 x eiqx(OIT(j~m(x)j~m (0)) IO). With ,6.a(s)=-4na Re [rr~(s) - IT~(O)], 
one has . 

a(O) 
a(s) = ,6. ( ) , (9.13) 1- as 

where 4na(O) is the square of the electron charge in the long-wavelength Thomson limit .. 
The contribution ,6.n(s) can naturally be subdivided in a leptonic and a hadronic part .. 
Furthermore, at s = Mi it is appropriate to separate the leading vacuum polarization 
contribution involving the five light quarks u., d, s, c, b from the top quark contribution 
since the latter cannot be calculated in the light fermion approximation. 

The leading order leptonic contribution is given by 

n(O) L ~ [-~ + (32 _ ~f3£( 3 _ {12) In (1- f3t)] 
37r I 37r 3 I 2 I 1 + f3t 
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n(O) [ s 5 (Ill·~)] ~--L_ ln-2_- -+0 ~-
37f , m 1 3 s 

314.2 x 10 1 (s = Mi,) . (9.14) 

Using analyticity and unitarity, tlw dispersion integral f(H· the contribution from the light 
quark hadronic vacuum polari7-al.ion ."l.n·i,';~ 1 ( A1i) reads [221] 

A (5) ( ~,f2) _ 
L.l.(Y.had ~ Z - (9.15) 

wh<•n· a(.s) = l67r 2 rt2 (s)/s. Iml1~(s) from the optical thcon•rn, and Iml1~ stands for the 
absorptiv<' part. of t.lw hadronic vacuum polarization corrdator. In contrast to o)~ad, the 
integration kernel favours cross sections at. higher masses. Hence, the improvement. when 
including r data is expected to lw small. 

The top quark contribution can be calculated using the next-to-next-to-leading order 
n; prediction of the total inclusive cross section ratio H. defined as 

R( 
8

) = a tot ( c 'r:---~ hadrons) 
a(e+r:- ---.> f'··'p.-) 

(9.16) 

from pNt.urbative QCD using MS [95, ] 79]: 

R,,,.,(s) = "'[Q2 ( 4rn})' 12 ( 2m})] [ n,(s) (n,(s))
2 ("s(s)):l] 3L. 1 1-~- 1+- l+--+Fa -- +F1 --

! s s 7f 1T 7f 

_ (~Q/)2 

F~ (~';"))' (9.17) 

The cocfficicnl.s 1;~ and F1 are taken from Eqs. (2.65) for n1 active flavours. The last 
krm ~ F1('L1 Q1 )

2 with F~ = 1.2:lH5 stems from "light-by-light" scattering diagrams with 
Lln-.,c• internal photon lines. The rn1 dependent. factors in Eq. (9.17) accounts for phase 
space suppression ncar the Jf production threshold. The evaluation of the integral (9.15) 
with"''""= 175 GcV and the mnning strong coupling constant fixed at n,(M'#,) = 0.121 
yi<>lds ."l.n,o"(MaJ = -0.6 x 10 '1• 

Using 6r{~1 (M~)= (280 ± 7) x 10 '1 [179], one obtains 

" I ( M~) = !28.890 ± 0.090 . (9.18) 

Again. t.h<' '"Tor is <lominatcd hy the hadrouic vacuum polari7-ation part that is not 
calt-ulahl<' within pcrturbal.ive QCD. 

9.2 The Integration Procedure 

Til<' information used for tlw <•wlluatiotl of the integrals (9.11) ami (9.15) comes mainlv 
from din,c1 measurements of the cross sections in e 1

f'- annihilation and via CVC frorn 
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T spectral functions. The integrals themselves are evaluated using the trapezoidal rule, 
i. c., combining adjacent. measurement points by straight lines. Even if this method is 
Straightforward and free from theoretical COnstraints (other than eve in the T CaSe), 
its numerical calculation requires special care. The combination of measurements from 
different. experiments taking into account. correlations both inside each data set. and 
between different. experiments are subjected to additional studies and discussions. 

9.2.1 Averaging Data from different Experiments 

In order to exploit. the maximum information, weighted averages of different experiments 
at. a given energy are calculated instead of evaluating separately the integrals for every 
experiment and finally averaging them2

• Generally, if different measurements at. a given 
e.m. energy show inconsist.enci<•s, i.e., their x2 per degree of freedom (dof) is larger than 
one, the error of their weighted average is rescaled with Jx2 /dof. 

The solution of the averaging problem is found using a correlated x2 minimi?.at.ioH, 
defining 

x2 = :L :L (x~- k;) (c;~)- 1 (x']- kJ) , (9.19) 
11=1 i,j=l 

where :r:;' is the ith cross sedion measurement of the nth experiment in a given final state, 
G;j is the covariance bctw<'<m t.h<' ith and the jth measurement and k; is the unknown 
distribution. The covariance matrix en is given by 

{ 

( An )" (An )" f · · 
C!~. = .:..l.·i,stat +.. ui,sys or 1, = .7 

>J !'," An f ·~ · i,sys . u_j.~.vs or z r .'l 
i,j=l, ... ,Nn, (9.20) 

where .6.i\~.,, ( 6~sys) denotes the statistical (systematic) error of .r;'. The systematic errors 
of t.lw e•c· annihilation rneasun>mcnts arc essentially due to luminosity and efficiency 
uncertainties. The minimum eondition dx' / dk; = 0, Vi leads to the linear equation 
problem 

Ncxp N,. 

:L :L (:rj'- kj) (CJj)- 1 0, i=l, ... ,Nn (9.21) 
n=l j=l 

The inverse covarianec c;; t. between the solutions k;, kj IS the sum over the inverse 
covariances of cvrery expcrirrwnt 

1\'cxp 

c;~' = 2:::: (c;w' (9.22) 
n~l 

20n<' could imaginf' two exp0.rinwnts a. and b, PadJ with two indf~pcndent mea.surenwnts a 1 (E1) ± ~a1 , 
a 2 (E2 ) ± 6.a2 and /1 1 (E,) ± 6.b1 • IJ2 (E2 ) ± 6.b2 at mergics E 1 ¥ E2 . Setting 6.a1 = 6.a2 = 6.b1 = 6.b2 
leads to identical errors in both intr~gr.ation methods. How<~ver, non-symmetric errors as, e.g., ~a1 j2 = 
26.a2 = 26bl = 6.b'l,j2 propagate a 53% larger nncertainty when calcnla.ting independently the sum ovPr 
the points (trivial integration) of the experiments a. h and averaging afterwards rather than averaging; 
(a1, h1) and (a2, b2) first, i.e, kf'Ppin~ t.hP encrg~· information of the respective points in t.lw avcrag(~. 
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One should be aware of a potential bias when using !nast squared minimization tech­
niques in the presence of overall normalization uncertainties [202] (see Section 8.3). In 
order to demonstrate that the solutions ki of the linear equation (9.21) are unbiased, 
consider the following situation: two experiments X, Y have each measured two cross 
sections :c 1, 1:2 and y2 , y3 , where :1:2 and y2 overlap at the same energy and are going to be 
awraged. The solution distribution k:, therefore contains three measurements i = 1, 2, 3 
which consists essentially of the points :r 1, y3 and the average (:1:2 , y2 ). The covarianee 
matricm of the experiments, taken from Eq. (9.20) arc (a= .1:, y) 

C" = ( LlaT,stat. + 6o.~,sys 
.6.a1 ,sy.s 6.a2,sys 

(9.23) 

so that the solutions k; of (9.21) for the three remaining measurements take the form 

( 
.. ) Llxr,sys Ll.T2,sys k 1 .TJ + !!2 - L2 -"2C[J:.i2c-~= 

2,tot 

b.:r~,st>t + Ll.T~,sys 
?h [J2 

2,tot 

(9.24) 

· <2 A 2 A 2 A 2 A 2 ( ) b h • wrth u2,tot. = ux2,stat + ux2,sys + '-'Y2,stat + '-'Y2,sys . Eq. 9.24 ecomes t e Simple uncor-
rdated solution if systematic errors are absent. Due to the initial correlation between the 
measurements, the averaging of :r2 and y2 readjusts the points :r 1 , y3 too. One concludes 
from Eq. (9.24) that the presence of r:orrdated systematic errors naturally influences the 
solution, but. does not bias it. 

However, direct corrclatjons from normalization uncertainties occurring between the 
experiments as drescribed in the next paragraph would inrked bias the averaging proce­
dure. They are therefore subsreqtwntly added into the solution covariance matrix (9.22). 

9.2.2 Correlations between Experiments 

Eq. (9.22) provides the covariance matrix needed for the error propagation when cal­
culating the integrals over the solutions k; from Eq. (9.21). Up to this point, C;1 only 
contains corrdaLions between the systematic uncertainties within t.he same experiment.. 
llowt'vl'r. dul' to commonly used simulation techniques for acceptance and luminosity de­
tenninations as wf'll as st.at.e-of-th<·-art cakulations of radiative corrections, systenult.ic 
mrrdat.ions from one r~xpcrinwnt. to a.nother cannot. bt• excluded. It is clearly a difficult 
1 <\sk to n·asonahly t~st.irnat.t' the amoHnt. of such correlations as they dcpcJI(l on the capabil­
ities of the contributing ~xpcrirncnt.s and 011c's theoretical understanding of the dynamics 
of the respective final states. In gene>ra.l. one can stat.<> that in older experiments, where 
onh· parts of t.he total solid angle were covered lw the cletect.or acceptance, individual 
t'XJH'riment.al limitations should doll\inatc the syst<•matic nnct~rtaint.ics. Potentially com­
lllOll s_vstetnatics. such as ra.diaLivC' <·orr<'cLions or Pfficienc:'•· accPptanC<' and hnninosity 
c;tlcnlations based on the ~Jontc Carlo simnlation, plm· onh· minor roles. The corrdat.ions 
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hetwe<'n systmnatie errors below 2 GeV c.m. fenergy are therefore estimated to be between 
10% and 30%, with the exception of the 7r+7r- final state, where a 40% correlation due to 
the easier experimental sit.uation and the better knowledge of the dynamics is imposed, 
which leads to non-negligible systf,rnatic contributions from the uncertainties of the radia­
tive corrections. At energies abovf' 2.1 GeV the experiments measured the total inclusivc' 
cross section ratio R. Between 2.1 and 3.1 Ge V, individual technieal problems dominate 
the systematic: uncertainti<•s. At higher energies, new experiments provide nearly full ge­
ometrical acceptance which c!Percases the uncertainty of efficiency estimations. Radiative 
corrections as well as theoretical errors of the luminosity determination give important 
contributions to the final systematic errors quoted by the experiments. The correlations 
between the systematic errors of the experiments are therefore estimated to be negligibk 
between 2 GeV and 3 GeV, 20% between 3 GeV and 10 GeV, and 30% above 10 GeV. 

These correlation coefficients arc added to all those entries "of Ci1 from Eq. (9.22) 
which involve two different experiments. 

9.2.3 Inclusion of r Data 

In this analysis, data from the T decays T~--+ 1r~1ro I/, T~--+ 7r-37r0 vT and T~--+ 27r~7r+7ro vT 

a.n• used in addition to the common e+ e~ data sets. Assuming isospin invariance to hold, 
the corresponding e+ e- isoveet.or cross sections are calculated via the eve relations (8.1), 
(8.2) and (8.3). The T spectral functions v1, dcfim'cl in Eq. 1.22, arc given as binned eon­
tinous distributions of the mass-squared s. In each bin i, the spectral function v1 (s;) 
contains the (normalized) invariant. mass sper.tmm 6N;/N, integrated over tlw bin width 
ds;.. On the contrary c'c- cross sections arc measured at discrete energy settings. To 
each c+ c- measurement. is associated a T cross section value obtained by interpolating 
between adjacent. bins. This interpolation takes into account the correlations between 
the bins and is achieved imposing a functional form obtained from a fit to Breit-Wigner 
resonances using the Gounaris-Sakurai parametrization [200] (see Section 8.3). However, 
the fit function is renormali><ed in each bin so that its integral over the width of each bin 
corresponds to the measured eve cross sf,etion for that bin. All the data points r, 
c_,_ e~ anrl interpolated T values are injeeted with their correlations into Eqs. (9.21) and 
(9.22). 

Due to the high bin-to-bin correlations of the T data and the significant norma.li><ation 
uneertainty corning from the T hadronic branching ratios, biases of the least-square mini­
mi><at.ion (sec Section 8.3) eannot be excluded. The average solution is therefore calculated 
t.wice, i.e., with and without corrdations, taking tlw mean value of both integrations a,, 
th0 result and adding half of tlw total diffenmcc as systematic error. This is done in all 
cases wlwrc T data an' involvf,d. The effect amounts t.o about 10% of the total error. 

9.2.4 Evaluation of the Integral 

The proc<•dure <kscrihed a hove provides the weighted av,rage and the covariance of the 
cross sections from diffcrm1t experiments contributing to a certain final state in a given 
range of c.HL energies. Now, the trapezoidal ruk is applied. In order to perform tlw inte-
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grat.ions (9.11) and (9.15), the int.<~gration range is subdivided into NH sufficiently small 
cn<'rgy steps and the corresponding covariance is caleulated for each of these steps (when~ 
additional correlations induced by the trapezoidal ruk has to he taken into account). The 
IH'w high-binned covariance matrix C 11 reads then 

N--1 

L Dk././;,Dl,] k, I = 1, ... , Nu , (9.25) 
i.,j=l 

with the derivatives 

(9.26) 

and Dk,i = 0 elsewhere. C;i is the average covariance matrix (9.22) and the -~i arc the 
energies corresponding to the entries in cij' while the si1 denote the energies corresponding 
to thr· new high-binned covariance matrix CtJ. This procedure yields ~rror envelopes 
between adjacent measurements ;Ls depicted by the shad<'d bands in Figs. 9.6 and 9. 7. 
TlH' integrals (9.11) and (9.15) can now easily be calculated from the new high-binned 
dist.rilmtion and their errors are obtained by gaussian propagation of the covariance matrix 
ell 

9.3 Radiative Corrections 

llighcr order radiative corrections bias the measurements of both cross sections in e+ e- an­
nihilation and invariant mass spectra from 7 hadronic decays. The e+c experiments gen­
<'rally correct the rnea..<mrcd cross section for QED effects, including bremsstrahlung, vac­
UIIIII polarization and higher order self-energy graphs (see references in [179]). Following 
th<' prescription of Ref. [179], all inclusive cross section measurements R at masses below 
tlw .lj1/J resonance are multiplied by the (small) correction factor (1 +6n1ep(s))(rx/n{s)) 2 

in order t.o account for the missing correction for hadronic vacuum polarization. 

ln 7 decays, final state radiation from the 7 itself or from its decay products can 
influence the invariant. mass measnrement. Due t.o the high mass of the 7 lepton, the 
i>r<'rnsstrahlung graph is largely suppressed. Both tyjws of radiation are i!Jcluded in the 
Mont<· Carlo simulation program I<ORALZ [140, 141, 142], used to unfold the measured 
distributions from detector resolution and physical (higher order) effects. Even if t.IH' 
aetna.! frcqnency with which final stat" radiation occurs or if its energy was not wdl sim­
nhtPd in the Monte Carlo. r<'const.ruct.<~d photons found to originate from radiation of the 
T decay [2'1] are included in t.h<' invariant mass det<'nnination, and thus do not bias t.lw 
JllPasllrctnent. 

Electroweak radiatiw corrections an• applied through the C\'C correction factor SJ.:w 
dcfirwd in Eq. (1.25). 

184 



9.4 The Origin of the Data 

The exclusive low energy c+ c·- cross sections have mainly been measured by experiments 
working at e+e~ collidcrs in Novosibirsk and Orsay. Due to the high hadron multiplicity 
at energies above 2.5--3.1 GeV, the exclusive measurement of the respective hadronic 
final states is not practicable. Consequently, the experiments at. the high energy collid­
('rs DORIS and PETRA (DESY) and PEP (SLAC) have measured the total indusiw 
cross section ratio R. Some of the e+c- data used have here already been mentioned in 
Section 8.1. Nevmthclcss, for sake of completeness they are contained in the following 
compilation: 

The e+e~-+ 7f+7f~ measurements are taken from OLYA [169, 170], TOF [171], 
NA7 [172], CMD [169], DM1 [173] and DM2 [174]. In addition, the new 7f~7fo 
T spectral function is used, normali7,ed to the world average branching ratio B( T~ ~-> 
7f. 7r0 1.17 ) = (25.24 ± 0.16)% [17]. According to Eq. (8.1), T data provide only the 
dominant isoveetor part. of the total two-piou cross section. A correction due to the 
small isospin-violating isoscalar w -+ 7f+7f·- final state, which interferes with the 
isovector amplitude, is applied. A small correction for the missing, i.e., unmeasured 
decay modes p-+ 7f0

/ (only for e+e~ data) and p --t TJ/, is added. 

The reaction c+ e~-+ 7r+ 7f-- 7f0 is dominated by w and <f; intermediate resonances. In 
the peak region of these resonances analytic parametrizations of the cross sectious 
are used. The non-resonant data are taken from ND [182], M2N [191], M3N [190], 
DM1 [222] and DM2 [223]. Corrections for the missing w and <f; decay modes an> 
applied. 

The e+e~-+ 7f-1 7f~7f0 7f 0 data arc available from OLYA [181], ND [182], M2N [191], 
DM2 [187, 194, 1S8, 189] and M3N [190]. According to Eq. (8.3), a linear combina­
tion of both four-pion T decay channels connects the corresponding spectral fum:­
tions with the above c+ <"- final state. The branching ratios B( T~-+ 27f-· 7r+ 7r0 1/7 ) = 

(4.25 ± 0.09)% and B(T -+ 7f~37f0 v7 ) = (1.14 ± 0.14)% [17] are used as respective 
normalizations. 

The reaction e+"~-+ w7f0 is mainly wconstructed in the 7f+7f~7fo7fo final state. It. 
was studied hy t.he collaborations ND [182] and DM2 [188]. Corrections for tlw 
missing w decay modes a.n• applied. 

The r-'c---+ 7f+7f 7f+7f~ final state was studied by the experiments OLYA [181], 
ND [182], MEA [183], CMD [184], DMl [185, 186], DM2 [187, 188, 189] and M3N [190]. 
The corresponding spectral function from T---+ 7f~37f0 1.17 (according t.o Eq. (8.2)) is 
also used. 

The c+ e--+ 7f-+ 7f. 7f 1 
1r 7r0 final state is takr>n from M3N [190] and CMD [184). Thr• 

other five-pion mode c+c·-+ 7f+7f·-.37f0 can be accounted for using t.hc rigonrons 
isospin relation air •--~~ -:l;ro = 0.5 x aJr+r.- Jr 1 iT -7ro. 
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For the reaction e+ c- -c> w1r' 1r-, measured by the groups DM1 [185] and DM2 [184], 
a correction for w decays other than into three pions which appear in the five-pion 
final state is applied. 

The c+e--+ 7r+7r-'f/ data were studied by ND [182] and DM2 [192]. One must 
subtract from the cross section tlw contributions which are already counted in the 
1r+ 1r·· 1r+ 1r-1ro and 1r+ 1r- 3?r0 finale states. 

Tlw cross sections of the six-pion final states 37r+37r·- and 21r+27r-21r0 were measured 
by DM1 [193], M3N [190] CMD [184] and DM2 [194]. In Section 8.1 an upper limit 
for the unknown 7r-7r+ 47r0 cross section of Un+n--1no:::; (3/2) x a 2c 2n+ 2no- (9/24) x 
a:~,- :!n+ was derived using isospin constraints. Half of this upper limit is taken as 
the estimated eontribution, with an error of 100%. 

The e+e--c>K+K- and _,-le--c>K~Kf. cross sections are taken from OLYA- [224], 
DM1 [225] and DM2 [226]. 

The reactions e+e- -c> K~ K+1r- and e•e--+ K'K-7r0 were studied by DM1 [199, 227] 
and DM2 [187]. Using isospin symmetry the cross section of the final state K~Kf.1r0 

is obtained from the relation aKoKono = aK+K-n"· 
S L 

The inclusive reaction c+e--+ K2+X wa.s analyzed by DMl [198]. From it, one can 
estimate the total KK1r1r contribution (this time for both I = 1 and I = 0) as 
described in Section 8.1. 

At higher energy the total cross section ratio R is measured inclusively. Data pro­
vided by the experinwnts Tl2 [228], MARK I [229], DELCO [230], DASP [231], 
PLUTO [232], LENA [233], Crystal Ball [234], MD-1 [235], CELLO [236], .JADE [237], 
MARK-.! [238], TASSO [239], CLEO [240], CUSI3 [241] and MAC [242] are used in 
this analysis. Abovrc 3.5 GeV the measurements of the MARK I Collaboration are 
significantly higher than those from LENA, PLUTO and Crystal Ball. In addition, 
the QCD prediction of R, which should be reliable in this energy regime, favours 
lower values. In agreement. with Rd. [179], MARK I data are neglected above this 
energy threshold. 

Although small, the enhancerrH,nt of the cross section due to 1 Z interference is 
corrected for c.m. energies above the J 11/J mass. Using the factorial ansatz according 
to Ref. [243, 179], yields a negligible contribution to a::ad and a -0.30 x 10-4 shift 

f A (5) (M2) 0 .:....l.CYhad Z · 

Fig. 9.4 shows as an example tlw cross sections for the three-, five- and six-pion 
final states and for e+ e- -c> K+K-. The inclusive crosscction ratio His plotted in Fig. 9.5 
toppthcr with the qCD pcrturbative prcdict;ion from Eq. 9.17 for u 8 (Mz)=O.l200 ± 0.0013. 

9.5 Analytical Contributions 

In some cnergv regions where data information is scan·<' and/or wliable theon,tical pre­
dictions are available, analvtical contributions to extend the <·xpcrimental int.egral are 
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-Is (GeV) -Is (GeV) 

-Is (GeV) -Is (GeV) 

Figure 9.4: Cmss section8 of the c'e- final sto.tcs1f+1f-1f0 , (51f) 0 , 31f+31f- and K+ K- ver­
sus the c. m. energy ,;8. Fmrn isospin symmetry one expect.> 17~+~- 3~o = 0.5 x 17~+~-~+r~" 
(upper right hand plot). 

9.5.1 The 11'+11'- Threshold Region 

To overcome the lack of da.t.a at threshold '""'rr-;ics, the second order expansion Eq. (8.4) 
obtained from Chim.l l'crtnr'illl.lion Theor·y [178] is used as a description of t.ll(' pion fonn 
factor Fw (which is r·onnect.ed with the two-pion cross section via Eq. (1.31). 

9.5.2 Narrow Resonances 

The c' e · annihilation cross section involves narrow resonances such as the w(782) and 
r/>( 1020) at low energies, the .J j-1!' and Y wsonances at the cc and bh quark thresholds, 
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Figure 9.5: Inclusive hadronic Cross sections ratio in e+e- annihilation versus the c.m. 
cnerqy ft. The QCD perturbative pr·ediction Eq. (9.17) inputs as(Mz) =0.1200. At the 
d and biJ production thresholds, the cross sections a.re dominated by non-perturba.tive 
contrilmtions. 

res]wct.ively, as well as their excited spectroscopic states. It is safe to parametrize these 
states using relativistic Breit.-Wigner resonance shapes with an s-dependent. width. The 
expression 

121f fee M~fpf(s) 
a(s) = MJ, [p (s- M~)2 + il1}f2 (s) ' (9.27) 

is nsed for the cross section of a resonance P with the s-dcpendent width [179] 

s . Fx,(s) 
f(s) = M2 L B(P----> Xi) F.- (M2) 

1-' 1, ...\; p 
(9.28) 

TlH' above sum is over all branching ratios of the resonance P with the respective phase 
spae<' factors Fx,(s) given, e._q., for a spinlcss two-body decay X = 1'11'2 by Fp,p2 = 

(1 -- (rn.p, + mp,) 2 /s) 312 ThP physical input values of t.h<' pararnetrizat.ions and their 
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errors are taken from Ref. [17]. The total parametrization errors are then calculated by 
gaussian error propagation. 

9.5.3 High Energy Tail 

At enr~rgies sufficiently abow the T resonance family, the perturbative QCD prediction 
of R with five active quarks is supposed to be rdiablc. In agreement with Rref. [179], 
Rpect(s) from Eq. (9.17) is applied for .jS 2:40 GeV. 

9.6 Results 

The integrals (9.11) and (9.15) are evaluated exclusively, i.e., for every contributing final 
state, up to the c.m. energy of 2.125 GcV. Even if some particular modes have been 
measnred up to somewhat higher energies, one has to worry about unmeasured exelusiw 
modes and therefore usc the total R measnrrmwnt above this threshold. Both energy 
regions arc assumed to be uncorrclated. 13ecauste the contributions of the exclusiw chan­
nels at low energy arc simply snrnmed up, their respective covariances must be estimated 
when propagating the error: in general, unmeasured final states whose contributions an• 
deduced from measured ones via isospin are set to be 100% correlated with these. Also 
different detectors performing the same measurement are correlated through the sharing 
of commonly used simulation techniques to calculatf~ acceptance and selection efficiency 
which dqwnd on tlw assumed underlying physical dynamics. Contributions from reso­
Hancm that are analytic an' globally a~sumed to havre 20% correlations due to rnoddling 
uncertainties. Between purdy measured fiHal statrcs the correlations arc estimated de­
pending on the number of common experiments that contribute to their rnea.surerncnts 
and on the common energy region. as well as according to the relative importance of their 
statistic.al and systematic errors. In general the estimation yields a correlation between 
10% and 20%. This treatment is different from that of Rd. [244] where a 100% correlation 
was assumed. 

As described in Sectioll l.:Ll, corrections to the charged p± width have to be applied to 
account. for small CVC-violating dfects. The magnitude of the width difference Eq. (9.8) 

t.ranslatN] into a::"1 and 6o{~d (MD is cvalHatcd using the fitted GS parametrization of 
the pliHe shapP (Section 8.3). One obtains the additive corrections 

5 had 
( a,J. 

<A (C>)('\f2) ownlmd :' Z 

-(1.3±2.0) X 10·-IO 

-(O.OD ± 0.12) X 10-4 (9.29) 

for the T--+ 7f--7fo 11, spectral function which is a.pplied in the present analysis. Corrections 
!"rom tlw higher mass resonances (!(1450). (!(1700) arc expected to be negligible. 

Til<' two- and fonr-pion cro" sections (incl. the T contribution) in different cnerg_,, 
regions are depicted in Figs. 'l.fi and 9.7. Tlu' bands arc the results within (diagonal) 
error-envelopes of tlw averaging procednn• a!ld t.IH~ a.pplication of the trapezoidal ml<· 
rlr-sr:ribed in Section 9.2. 
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Figure 9.6: Two-pion cr-oss scr:tion as a .function of the c. m. cner-qy-sqna.r-ed. The band 
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Final states ----·--=:r: a had ( x1 01 o) 
_:::JL_ - I 6 "(T,) ( 2) ( 4) ahad Mz xlO 

---··· --------
rr+ ,,- threshold 2.30 ± 0.05 

1f+7r-- 495.86 ± 12.46 
rr+ rr·- {incl. T data) 500.81 ± 6.03 

p(rro1 + ,1 /') 11) 0.30 ± 0.05 
~-·-·· 

w 37.09 ± 1.07 

w --> 'Ir''f, neu tra.ls ( 1 ) 0.03 ± 0.()1 
1> 39.23 ± 0.94 

1>--+ 'f)/', 1f0')'(1) 0.09 ± 0.01 
-

"+" rr0 {below 1>) 4.12 ± 0.41 
rr+ rr ··rr0 (above 1>) 1.90 ± 0.72 

C--
1f+1f 2rr0 21.41 ± 2.36 

rr+rr-2rr0 {incl. T data) 22.26 ± 1..53 

w1r0 (w--+ 1f/', neutr.) 111 0.88 ± 0.11 
Jr-/-7( 7r+7f- 15.90 ± 1.34 

7r+7T -IT+ IT- (incl. T dat.a) 16.50 ± 0.98 
IT+ 7r - 7T-+ rr ---·;u· --- ·········---

4.02 ± 0.51 
rr+rr · :lrr0 12 ) 2.01 ± 0.26 

-----
w rr-+ rr· {w--+ 1f')', nentr.) I 1 ! 

- t-- -
0.07 ± 0.02 

7r+7T- 7T+1f 
7f -+--;=--·-------------

0.47 ± 0.14 
1r"+- 1r -- ?T+ 1r -- 21r0 3.32 ± IU6 

1f l·rr · 4rr0 12 1 2.40 ± 2.40 
--------

'fJ'Ir''lr (:!) 0.51 ± 0.14 
-------1< I K-~------ --- -------- ---

4.:>o ± o.ss 
I<'! I<" s J. 1.20 ± 0.42 

--

--2.01 :1: o.:l6 K2K' 1r (+ K°K 'If+ {2)) 
I. 

!(+ J("- rr" 0.42 ± 0.29 
K~K0 rr 0 12 1 0.42 ± 0.29 

-- ------- _______ _5 _ _!_, -----------
4c2±-l6"-- --·--

I<K7r7r (all modes) .• ) . d 

.J/1;(1S,2S,:mo) 8.04 ± 0.52 

Y{IS,2S,3S,4S,I0860,11020) 0.10 ± 0.01 

R 41.64 ± 3.61 

R (perturbativc) 14 1 0.16 ± 0.00 

L (p+p··· --+ hadrons) 695.0 ± 15.0 
L {c 1 c· --) hadrons) (incl. T data.) 701.1 ± 9.4 

-~-----·-~---~-

1 CorwctiOIJ for missing mo<ks (sc<' text}. 
2 D<~<hH~(~d from if>ospin relations (s<~(' text). 
:l \Vithout. cnntributioo fnnu 11 -----+ n l-7f- n° and 11 ---} :1n°. 
'1 Values arc t.alum fron1 [170]. 
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Figure 9.7: Four-pion cross section as a function of the c.rn. energy-squared. The band 
represent8 the r-e.mlt of the averaging procedure described in the text within its diagonal 
errors. The right-hand plot shows additionally the e+ e--+ wrr0 amplitude (small points). 

9.6.1 Lowest Order Hadronic Contributions 

The wsult.s of the exclusive contributions to a~ad and D.a~,~d(Mi) are presented in Ta­
ble 9.6. After the inelusion of the r data, the error of o.~;_ad is dominated much less hy the 
uncertainty of the two-pion contribution. Other important sources are the contradictory 
"+ 1r ~ 2rr0 data, as well as the unmeasured 1r+rr-4rr0 final state. In the latter case, limits 
can be set only by using very conservative isospin arguments. As shown in Section 8.1 the 
large upper limit comes from the assumption of a dominant a 411 class accompanied by a 
vanishing a:121 contribution. Both classes occur in rr 1 1f- rr+ rr·· 2rr0 , while none eontributes 
t.o rr+1f-1f+1f-rr+rr- and only a 111 is part. of rr+rr-4rr0 (see Section 1.4). The measured 
croso section of rr+rr-rr+rr-2rr0 is dearly higher than the corresponding rr+Jr-rr+rr-rr+rr­

final state hence guaranteeing a leading contribution from one of the classes mentioned if 
isospin invariance holds. Since those classes correspond t.o eigcnstatcs, a re~onance analy­
sis of the measured six-pion data would wveal important properties of the class structure 
of t.h<' n'spcctive modes which thus could give more const.mining isospin hounds. 

Another large uncertainty comes from the KK1r1r final states. The measurement of 
t.lw J<+ K ·rr+Jr- mode alone does not. alJm,· one to caknlat<' isospin bounds for all possible 
contributions. Fortunately, it. is possih!P t.o extract t.hP complete Ki<:1rrr contribution on 
t lH' basis of a D M 1 nwasurement. of t.lw itwlusive channel K~ +X [l 98]. NevPrtlwless. lat'l\(' 
<'XlwrinH'nt.aluncertainties pn,wnt a prP<·ise dct.crrnin<lfion of the corresponding integrals. 
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Figure 9.8: QwJ,dm.tic r:ontr-ilmtwn of the var-wns er-r-or· sour-ces to a;:ad (left hand plot} and 

"-"ni;~d(Mi) (right hand plot) after the inclusion ofr data. In the energy region 0 2.1 GeV 
all exclusive contributions that ar-e not given separately are included. 

The last important error source, especially for t-ni,~1 (Mi), comes from the integral 
ov<'r the measured high eur:rgy inclusive cross section ratio R. The reliability of the QCD 
pr,rt mbative expansion for <m<Tgies sufficiently above the still unpredictable resonance 
pheuornena has been proven iu many cases (see, e.g., n_, measurements from different <m­
<'rgy scales at LEP, HERA aud from r drx:ays). Thus, tJworetical input at energies lower 
than 40 GcV should be reliable and could significantly help to reduce the integrat.iou 
uncertainties [245, 246]. However, this has not been used in the present· analysis which 
relics on experimental data as far as possible. 

The squared contributions of the various final states and energy regimes to the errors 
of o.:;ad and 6cY(Mi) are depicted in Fig. 9.8. Only the results after the inclusion of r 
data are shown. One obtains for the lowest order hadronic vacuum polarization diagram 
of the rnnonic anomalous rnaguetic moment the contributions 

a:;ad (6%.0 ± lG.O) x 10- 10 (c+,,_- data only) 

o.::ad (701.1 ± 9.4) X 10-lO (combined C+C- and T data) 

and for the running of n at :11}, 

A (5) ( 'f2) uCI:had 1 ~- 'f, 

A (5) ( '12) LlrYhad ll h 

(280.9 ± 6.3) x 10_,, (c+ c- data only) 

(281.7 ± 6.2) x 10· 1 (combined c+c- and r data). 

Fig. 9.9 shows a compilation of published results. The indusion of the new r data 
.viclds a la.rp;c irnprovemPnt. in thr precision of t.lw a!:ad dctennination. The diffPrPnc<' 
in a:;ad between t,ll(' exdusiV<' <' 1 

,,- analys<•s of [179] and this work is mainly due t.o a 
disagrcenwnt in the two-pion int.egral when: significant.ly lower values am obtained here. 
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Figmc 0.9: Comparison of estimates of o.:;ad (lowest) and 6a~~d ( Mi,). The numbers o.r-e 
taken frmn Rcjo. [169, 215, 179, 244, 247, 248, 245, 240]. 

In addition, differences in the handling of unmeasured modes generate inconsistent results. 
Tlw results of Ref. [215] cannot easily be compared to the newer ones as the data set did 
not include the recent. DM2 results. The differences in the final errors of a.~ad in the 
cxdusiw c+,.- analysis of this work compared to Rd. [179, 244] is mainly caused by 
different techniques in thr' handling of the data and their errors. The detailed study 
of the origin of correlations, their propagation, as well as the rigourous use of isospin 
mnstraints to bound unmeasured modes yield slightly smaller errors here: As expected, 
the gain in the precision of a.~ad corning from T data is significant whereas it is very small 

for 6r;i;~;d(A·fi) sinee the dominant eont.ributions and unecrtainties come from energies 
above the T mass. 

9.6.2 Higher Order Contributions 

In the fa.rnous paper of Kinoshita et o.l. [215], higher order contributions to the rnuo!l 
hadronic vacuum polarization graph, such as additional lepton or quark loops inserted 
in the dia!;ratn of Fig. 9.2 a!ld the so-called light-hv-light. scattering graph, have been 
r·valuat.cd. The latter has been recornpnted by diffen,nt groups obtaining ( ~5.2 ± 1.8) x 
10 10 [2GO] and (--9.2 ± 3.2) x ]() 10 [251] with large uncertainties compared to the de­
signed experimental accuracy of 6a.1, "= •l.O x 10·-IO of the forthcoming BNL experimrmt. 
The conservativE' average of ( ~6.2 ± 4.0) x 1 o--Jo is used ill the following with an e!llarged 
f'nor to account for inconsistf~nci~s. 

The c:alculat.ion of t.he higlwr order O(n/7r) 3 loop diagrams is accomplished and partly 
correct.ed in a rcc<~nt work [252], where second ordrT kernel functions /(t2 l(s) are provided. 
Tll(~S(' arf~ us<'d to calculate the corresponding contribnt.ions i11 the sauw spirit as thP dom­
inant lowest ordr'l· graph hy virtue of the dis1wrsion iHt.egral (9.11). Tlw. !lU!llerical evalua.-
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tion in Rd. [252] was 1wrforrned on the basis of the data sample used by Ref. [179]. This cx­
erTise is rqH,ated lwre in onkr to check the consistency of the results. For the contribution 
of diagrams with additional photon exchanges, e.g., the fourth order muon vertex correc­
tion, tlw kernel labeled Ki 2"l(s) in [252] is used which gives ah2

") = ( -20.9 ± 0.4) x 10- 10 

The diagrams with an e!Pctron loop inserted in one of the photon lines of Fig. 9.2 (kernel 
[(121>) (s) in Ref. [252]) contribute t.o ah2b) = (10.6 ± 0.2) x 10- 10 , where the asymptotic ex­
pansion, the analytical and num<•rical solutions provided in Ref. [252]1ead to very similar 
resnlts. Finally, the insertion of two hadronic loops in the muon vertex correction graph 
(lwrnel [(12')(s) in Ref. [252]) rcStrlts in a.j,"') = (0.27 ± 0.01) X w-ro_ The contributions 

aj}"·b,c) are found to lw in agrc<mrent with Rd. [252]. All higher order results given hen• 
are compnted from the c+ c- data. set only. 

The compilation of tlH' lmdronic higher order parts (including light-by-light scattering) 
yields a;:ad[(n/7r)'l"] = (-lli.2 ± 1.0) x 10 10 

9.6.3 Results for ahad and a(M2 ) 
fl· z 

Collecting all contributions, one obtains for the anomalous magnetic moment of the muon 

a,, (116G916<1.5± 15.6) x 10-JO (c+c- data only) 

a.
1
, (11 ()50170.6 ± 10.2) x 10-Jo (combin•~d c+e- and T data) 

where the errors of the lowest order calculation a;;ad and aj,za.b,c) are added linearly. 

Tlw inverse of the fine structure constant at A1:j_ is found to be 

a-J (MD 

a-r(Mi) 
128.882 ± 0.087 (c 1 c· data only) 

128.878 ± 0.085 (combined e+e- and T data). 

One may use tlw latter (combined) result. for n( Mi) to improve the constraint on the 
mass of the standard modd Higgs boson M 11 ;ggs infferred from a global electroweak fit 
(see also Section 2.6). This is done by utilioing current available clectrowcak data [112, 
Ill] and the ZFITTER eb:trowcak library [253]. It requires M~, m 10p,and n(Ml) as 
input parameters, which an' allowed to vary within their experimental aecuraeies. The 
additional paranwters Mniggs and the strong coupling constant at M#,, o's(M~), are fwely 
adjust<'fl in the fit.. It is found to be n_,(Mi) = 0.1201 ± 0.0033 whieh is in perfect 
agrccnwnt with the cxperinwntal value of O.J 22 ± 0.006 [129] from the analyses of QCD 
observabks in hadronic Z decavs at. LEP. The fitted Higgs boson mass is 118:'iJ7 GeV, 
compared to 149"~i' GeV when using the previous vahw of n(Mi) from Eq. (!:l.18). An 
a.dditional error of 'JO GeV should lw added to account for theoretical uncertainties [25:l]. 

Fig. 9.10 depicts tire ,·ariation of x2 as a function of the Higgs boson mass for the 
new and previously used values of n(Mi) (the latter tak<m from [179]). The upper limil 
for J111u""' is 51() GP\' at 'JSo/r CL. ThP corrdation contours lwtween the fit paranwter 
<>s(Mz) am! Mmgg' is shown in Fig. 9.11. 
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Figure 9.10: Constr-aint .fit results for the previous and the new value of a(Mi) as a 
funr:lion of the Higgs mass. 

9. 7 Conclusions 

In this ehaptcr, the hadronic vacuum polarization eontrihution to (g ~ 2) of the muon and 
to I. he running of the QED fine structure constant c.v(s) at s = M~ has been reevaluated 
using r vr>ctor spr>ctral functions in addition to slightly enlarged e+ e-· annihilation cross 
"'c:tion data sets in order to improve the precision of the eorrcsponding integrals. The 
rr>su!ts arc, to lowest order, a::ad = (701.1 ± 9.4) x 10. 10 vie! ding a1, = (11659170.6±10.2) x 

10 10 and 6.n~~~d (Mi) = (281.7 ± 6.2) x 10 1
, propagating n- 1 (0) to a- 1 (Mi) = (128.878± 

0.085). The improvement corning from r data is small in the 6.ai,'~1 (M¥,) case whieh is 
dominated by high mwrgy contributions. However, it causes a 37% reduction in the error 
011 ahad ,, . 

In tlw rwar future, new low cncrp;y e+ ,.- annihilation data arc expected to br> produced 
hv t.lw C!\!ID-2 Collaboration [254] at Novosibirsk. In addition, new results for t.he r ·-) 

1r · 1r
0 u, spr>ctral funetion with a pn,cision c:omparahk l.o I. he' ALEPH data were recently 

pn·sented bv the CLEO Collaboratioll [255]. Significant improvement is also exrwcted 
fm1n c'ncrp;y scans at tlw future hip;h-lumiriosity e'e collider DAiPNE in Frascati. 
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Chapter 10 

r Spectral Functions and QCD 

ThP tlwordical basis of the f(>llowing phenomenological QCD analysis using vector and 
axial-vector spectral functions has been outlined in Chapter 2. The subject of the studies 
arP QCD sum rules obtained in the environment of c:hiral symmetry, and the mcasurerrwnt 
of ~>s(Mr) and non-pcrtnrbativc contributions to the hadronic width of the T. 

10.1 QCD Chiral Sum Rules 

:\s seen in Section 2.4. the application of chiral symmetry, i.P., neglecting quark massps 
allows the computation of interesting low <'nergy sum rules iuvolving the differcuc:e of 
vector and axial-wctor spectral funetions. By virtue of the identity (1.27), tlw formula" 
Eqs. (2.:lfi), (2.37), (2.39) and (2.il0), <>xprcssnd as functions of the vector and axial-vcct.or 
spt•ct.ral functions tkfined in Eq. (1.22), read 

so·--~r:x~· 

~ f ds [v 1 (s) -· a 1 (s)] 
47r . 

() 

[·n 1(s)-a1(s)] = 

( .2) 
! 2 _"_,__ - F 

' 3 A 

f·2 
47r, ~ 2 2 - --- ( rn1r± - rn7ro) . 
3n 

(10.1) 

(10.2) 

(10.3) 

(10.1) 

f,q. ( 10.1) is known as the Das-Mathur-Oknbo (DMO) sum rnk [fi]. It relates the givt>n 
in1.t>gra1 (lnr.,10 ) to thP sqnan• of the pion decay constant f, = (92.4 ±0.2fi) l\'!PV [17] ob­
lainPd from the decavs 1r --~ 1'-'/1, and 1r -+ fCf/1,.:; t.o the pion axial-vcct.or fonu 
l',wlor F .. 1 for radiativP dccavs 1 

1r ·· ·--+ p-,;n: and t.o !.he pion charge ra.dius-squmcd 

1 In cases wlwre it. is a n•al radiat.in· phot.oH th<' diff<T<'ut.ial decay rat.P can he written a .. <.; 

~/2 }'/T --)f,/-y (J'l(~ .. !J_~ -~_!~?.~!._-~ rlNT) 
rl r:, rl Fr rl IC, dE, 

J()() 



(r;,) ~ (0.4:11 ± 0.026) fm2 [G:3]. Th<• <'!Tor of (r;;) includ~s l.heoretical uncertainties. For 
conip!Ptc"""s til<' results on th<~ pion polarizability (s'"' next section) will be also expressed 
in l.cnns of l.hc standard value (r;) = (0.439 ± 0.008) frn 2 obl.ained from a one paramc­
l<·r !'il l.o the sanH' space-like• data [180]. Eqs (10.2) and (10.3) aw the first and second 
Wcinb<,rg sum rnles (WSR) [7], where the pion pole in (10.2) is already integrated out. 
vVhen switching quark masse'" on, only t.he first WSH. r<'mains valid while the second 
v\'SR breaks down du<' to contributions from the diffcrencc of non-conserved vector and 
axial-V<'ct.or currents of order m~/s. kading to a quadratic divergence of the integral (s<'c 
S<•clion 2.4.1 ). Eq. (10.4) repn•sents the eb:tromagnctic splitting of thP pion ma.qscs [83]. 
1\ !!.hough apparently containing iu1 arhi tmry encri>;:y scale A, the sum rule is actually in­
d<'P<'l!dent of A by virtue of the second WSR (10.2). However, for finite s 0 , Eq. (10.4) 
nutintains it.s A dependence. 

The above integrals an: calculated with variable: upper integration bounds s0 ::; i\1; 
using t.lw spectral functions and their respeetive covarianc<> matrices in order to provide 
a straightforward gaussian error propaga.tion taking into account the strong bin-to-bin 
correlations of the spectral functions. In general, dearly, a.n iutegral of the above typ<' is 
t•valuated as 

/(so) 
·'O 

jds W(s) [·1• 1(s) -- o. 1(s)] = 
0 

and its squared error reads 

/\rhiu(.<oo) 

Nh;n(.~o) 

L W(s;) [vt,; ~ a. 1,;J 
i:=:] 

li~J(s0 ) = L W(s;)[C;\+C;;j 
i,_j :::-:I 

(10.6) 

(10.7) 

where th1• auticorrdat.ions between v1 and a 1 due to the estimates of the vr'et.or/axial­
vector parts of the final stati:s KKJT and K!{JT1f arc reabsorlwd in the n:spectivr' covariance 
nmtrices CVIA so that v1 and n. 1 a.n' now uncorrelal.ed. 

Fig. lO.J shows the vector minus axial-vector distribution obtained from T decays in 
additiou to two times the vector spf'cl.ral funetion v1.,-• ,- from c+ e-· annihilation (sec 
Section 8.1) data minus the inclusive ( v1 + a. 1) rneasnrcm<mt, yielding a corresponding 
(u1 - n. 1) spccl.ral function with a slightly better precision at the end of the T phase 
space. This l.rcatmcnt is of coms1' not fre<' from ambiguities as an eventual conceptual 
disagrcl'mmll; (e.g .. unclctcct.cd syst.cmat.ic uncertainties) bet.wc•en the T vector spectral 
function v1 which is included in the (v 1 + a 1 ) spectral function and v~,,+,- translates into 
1!Je differ<'tH"<' (v 1 - a 1 ) which then is inconsistent. lnff'WII<:f's !'rom rcsult.s obtained in 
snc!J a way should therefore hi' handkd with prufknc<:. 

The smn rulf's (HJ.l) (10.4) vNsus the upper int<•gmt.ion hound s 0 ::; 11-1; are plotted 
111 l•'igs. I 0.2a d. In addition to t.he th<· T speet.ral funct.ions. again tlw contribution !'rom 
r 'r annihilation combined with Ill<' (1• 1 + o. 1) inclusive measmement are shown. The 

\\' hl'l"l' r 1 B, r~ll and I' 1 NT ar<~ tJw Contri hut ion;.; fro Ill inner Jm•n ISS! rah Juug. st nWtllH'-d<~pciHkllf. radial ion 

;\l)d th('H' intfTf<·n~nce. Tlw st.ruct.urc-d<'JH'IHif'tl1 1.Pnn is p<ll'<IIIH'tri~<'d b.\' using V<'Ctor and axial-vPctor 

ronll f<JCt(m·.; F\·,1.-\ (for t.hc comp\pt(' f':Xpn·ssion S('(' fi<'f. [17]). 
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Fignr<' 10.1: Vector minus a.r.ial-vector (v 1 - a1 } spectro.l function. The band show8 the 
mTr'PSJHmding spectm.l function using two times the vector spectral function from e + e 
annihilation data minus th.e inclusively measured (v1 +a 1} spectral function from r decays. 

horiwntal band depicts the respective chiral prediction of the integrals taken from [48]. 
OnP observes that only for the DMO sum rule (Fig. 10.2a), where contributions from 
higher mass-squares are suppressed, does the saturation within the one sigma error seem 
to oeeur at the r mass seale. The other sum rules (Fig. 10.2b-c) are apparently not 
saturated at M; as indicated by the non-vanishing (111 -ad spectral function at the end 
of t.hr r phasP spaeP (Fig. 10.1) and its still oscillating behaviour. 

A way to improvp tlw sat.nration of finite energy sum rules is to apply the Bowl­
transformed formulae (S<>etion 2.3.2) emphasizing the lower resonances of thP spectra. 
( ln t.h<• other hand, Bord-t.ransformed sum rules giVP rise t.o non-perturbatiw• <:mTcetious 
from quark condensates and non-vanishing quark masses scaling with the Borel paramPt.Pr 
.11' For <>xampl<~. the Borel-t.rausforrned first WSR reads [77] 

so--4oo 

__1__
2 
f ds c sfM' [v 1 ( s) -- a 1 (.~) J _r; 

471 . 
0 
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+ •. ·] 
9 ]\!{4 

(10.8) 

where the <:Hnrmt. al~?;chraexpression f/;m:; = -(m,+'lll.rt)(O[-nu[O) obtained from Eqs. (2.30) 
and (2.:ll) arc Hscd, m,(I'v/2

) and m"(kf2
) denot<~ the running quark masses described 

by Eq. (2.15). The Borel integral (10.8) is plott.r"! in Fig. 10.3 for M 2 = 1 GcV2 . 

The comparison with Fig. 10.2d nmk<'S the gain in pn>cision and asymptotiencss obvi­
ous. The chira! ptw!ict.ion is taken frorn the r.h.s. of Eq (10.8) setting f, as defined 
above, n,(l CeV) = O.G9 ± 0.07 evolv('d from ~>s(M,) = ()..35 ± (L02 (Section 10.2), 
w,(I G('V) =;, ± 3 MeV/r·2

, m"(J GeV) = 10 ± 5 I\kV /c2 [17] and neglecting higher 
order noll-p<>rtnrbativ<> contribntions O(Af ·6 ) and contributions otlwr than qnark con­
d<>llS<\tes. One th11s obtains (8.'H :r 0.17) x 10--'l Gr•V 2

, whik the integral over T data at. 
s0 ~ :J G<'V2 reads (7.Gl ± 0.2G) x 10 "CeV2

, sotn('Witat !ower than trll' chiral prediction 
so that furt.h<>r non-pcrturlmtiv(' t.enns IH'<'d to be added. Anyw;w, the pn>cision oht.ain<>d 
is n~tnarkahle aud such constraint.s can IH~ nsPd in ord<•r to nH~t-1 .. '-illn' higher order uon­
p<>rt.urbaJivc contrilmtions or if these an• known from other somc<>S one might even 
get. limits on the light. quark nu\sses"~ 
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Fignre 10.3: Bor·el-tmnsfnnned first WSR with M 2 

given by the r.h.s of Eq. (10.8). 

10.1.1 The Polarizability of the Pion 

1 Ge j!2. The chiml rn·ediction 1S 

In order to quantify the aetual precision of the sum rules, the electric polarizability of the 
pion2 , given by [256] 

(10.!)) 

is clctcnnincd in this section utilizing the DMO snrn rule IuMo (10.1) as proposed in [257]. 
Th<' computation of the pion axial-veetor form faet.or FA is most. accurate using th<> ruea.­
snremcnt of the ratio 1 = FA/ F,, obtained from radiative pion decays 7f- -+ e··· Del· Using 
the weighted average 1 =·0.46 ± 0.05 of the measurements [258] as well as the eve relation 
between the pion vector form factor and the 1r0 lifetime ]Fv] = (1/n)(27fr,orn.,o) ·l/Z = 

0.0132 ± 0.0005 [25!), 17]leads t.o 

as a theoretical prediction. 

~,thPo (,E (2.86 ± 0.33) X 1()-1 fm3 
, (10.10) 

Using the T ( v1 - o. 1) spectral functions. the DMO integral at the r mass scale gives 
ll:Jrv~o = (28.0 ± 1.6 ± 1.1) x 1o-", where tlw first error is the directly propagated inte­
gration error using the covariance mat.ri<><•s of the spectral functions. The second ~rror 
is a systematic error which accounts for missing asympt.oticness because the integration 
stops at ~ s 0 = 3 G('V2 (it is not pPrforrrwd to <·xact.ly lvt'} since the error of the spectral 
functions blows up at t.h<> V<TY end of thte T phase spaee). For the 2vJ(e+e-)---(v1 + a 1 )(T) 

sp<'ctral function one obtains 1r;~/,~· = (25.2 ±c 1.3 ± 0.4) x w--:l with a x2 = 2.1/1 wh<•n 

2 Thc~ electric polarizability rq.; of a physical systf•m can lw understood classically as the proportionalit.~· 
coust.aut \Vhich goVf~rns UH' induction of t.h<' dipol<' JJiotn<'lll. p of a s_vst.t;~lll ill tJw pr<'SPtlCP of an <'xt.c~rn;tl 
(~]c~ctric field E: p =nEE. The polarizahilit.y is an iu1porta.nt qua.nt.it~' to characterize a particle, i.f~ .. in 

probing its inm~r strnct.11n~. 



compared to the above pure r result. assuming both measurements conscrvat.ivcly to be 
;)()'){,correlated (the actual correlation is lower since tlw inclusive (v1 +a,) and the exdn­
sivc v, and a 1 r spectral functions have large uncorrelatcd parts). The weighted average 
(taking into account the correlation) is 

(JnMo) = (26.4 ± 1.5) x 10-CJ . (10.11) 

Accordinp; to t.IH' prescription of fl<'f. [17], the error is increased by jii71 to account for 
some inconsistency. Combining (10.1) and ( l 0.9) with the assumption that the contribu­
tion to (10.1) for s0 > M; is rwgligibl<>, i.e., the integral is saturated, one finds that the 
pion polarizahility is 

(2.40 [2.G8) ± 1.14 [0.7Gj) x 1W1 fma . (10.12) 

The figures in brackets give the cmwsponding result if the standard value of (r;) = 
(O.·t:l9 +: 0.008) fm2 [180) is used for thc pion ehargc radius-squared. Both results (10.12) 
are in agreement. with the chintl prediction (10.10). 

Thc authors of [257) (see also [2GO, 85)) used tlw first WSR (10.2) as an additional 
constraint t.o considerably improve the precision and the reliability of the InMo ~valuation 
as it. nat.nrally rPdnces the sensitivity to the saturation assumption. 

Another approach to tlw solution of (10.1) deals with the Borel- transformed DMO sum 
mle. which snppress<'s tlw hip;h energy tail of the SIH>ctral function in order to improve 
sal maUon at. M'?: and to increaS<' th<> pn'<·ision of t.h!' integral [257, 261): 

C"(O(G)) 
--·-------

C8 (0(8)) 
-----

24M8 
(10.13) 

"·l""'" lnMo( M 2
) = InMo in the limit. M 2 -+ oo. At suffieiently high M 2 the impact 

of l.h<' dimension D = G and dimension D = 8 Bon-1wrt.urbat.iv<> terms on lnMo(M2
) 

is small. One rnay use projecting sum rules with improved saturation to determine t.he 
<:<JJT<>SI>onding phenomenological op<~ra.t.ors: 

so 

/ dss 2 h(s)- a 1(s))-
() 

.'>() l ds s" [v 1 (s)- a 1 (s))-
0 

'" 
;11s0 / dss [v 1(s)- a 1(s)) 

() 

so 

!lzsf,.fdss [v 1(s) -- o. 1(s)) 
() 

(10.14) 

(10.15) 

l·:qs. ( 10.1·1) a11d (10.15) hold for s0 .... > CXJ since t.lw second I.Pnn on the r.h.s. vanish<'s in 
ill<' chiral li•nil by virtu<> of the se<·ond \VSH. (I 0.3). llnforl.unat(']y, i.!Je ga.in in c:onvcrgc:nc:c 
of the sum rules obtained from i.IH' inscrt.ion of the (<>v<'ll l<>ss convergent.) second \A/Sll is 
!lol wrY succ<'ssful as it is accornpani<'d hv larg<' additional errors. The cocfficienl.s ji,; 2 

ill (10.1·1) and (10.15) depend 011 l.he high energy l.ail of ilw (v1 -- o. 1) spectral fni1ction 
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Fignr<•. 10.1: Lapla.e<'-t.ransfornwd DMO sum rnl<' /nMo a.' a function of the Borel param­
eter M 2 for the cxclusiw T and the combined c+ c , T ( 11 1 - a 1) spectral function. The 
shaded area depicts the T iutegral without the non-pert.nrbative contributions. It. diverges 
hyperbolically at small M 2

. 

which can be expanded in powers of s0 . They are estimated to be (31 "" 1.5 and (32 "" 2.8. 
This gives for the non-pert.urbative contributions the <'xtremely rough cstimat,c,s (using 
T data only): C6 (0(G)) = -0.025 ± 0.027 G<N6 and Cg(0(8)) = -0.15 ± 0.1G GcV". 
which yidds the most precise vahw of fn~w=(2G.3 ± O.G) forT spectral functions at (higb) 
lv/ 2 = 2.G Ge V2 enabling on<· to avoid the large errors of the inaccurate operator terms 
at low energy. 

A more promising solution of Eq. (10.13) lies in a simultaneous fit of fnMo and th<• 
Bon-pcrturhat.ivc terms by mea11s of moments 011 the Boml parameter M 2 . A x2 fit. is 
performed using the (strongly correlated) moments J112 = 0.2, 0.7, 1.2, ... , .3.7 GeV2 in 
onkr to guarantee sufficient iufonnation for the constraint of the dimension D = 6 and 
D = 8 ?pcrators at low kf2 and non-bia.sed, purdy perturbative contributions at high 1112 

to fix /nMo through the Bord-transforrrwd DMO integral in (10.13). Th<· fit conw1-g<" 
wit.h ax" = 2.3 over 5 degn''" of freedom. vielding (forT data) 

(25.8 ± o.:l ± o.J) x 10 l. {IO.lGl 

which is in agreement with ( 10. I 1 ). Tlw second <·nor aceoun!.s for •~stimat<'d llll("<'rtaint.ies 
indue<•d by the saturation ass111nption. Fro111 the fit, t.llf~ non-pertnrbat.ive contributions 
are C6 (0(G))=0.0029 ± 0.0002 GeV6 and C~(0(8))=-0.001 5 ± 0.0003 G<·V" with an au­
lieorrdation of nearly lOO%. 



Fig. 10.4 depicts inMo '"' a fnnet.ion of M 2 for the pure T and the combined T and 
e 1 e- annihilation ( v1 - a 1) spect.ral functions. In this ease, the pure T spectral func:­
tion provides smaller errors lwcause of the more accurate two-pion contribution in T 

deeays whieh is strongly weighted in (10.13). The shaded band shows the r result with­
out. the non-perturbativc terms. Non-pertnrbative contributions dominate the integral at 
Jvf2 < 1 GeV2 and become rwgligible for M 2 > 2.5 GeV2 as the comparison between the 
shacbl and the hatched bands ckmonst.rates. Using (1 0.16) the electric polarizability is 

n~{P = (2.68 [2.96] ± 0.91 [0.32]) x 10-4 fm~ (10.17) 

with significantly lower errors cornparwl to (10.12) due to the improved convergence of the 
Laplan•-transformed DMO stun rule. Again the figures in brackets give the corresponding 
result whc>n using the standard value of (r;). 

10.2 The Measurement of a 8 ( Mr) 

Tlw measurement of n_,(MT) presented in this section adopts a method based on a simul­
t.anc,ous fit of the hadronic T ckcay mk and spectral moments, which was proposed by 
F. Le Diberdcr and A. Pich [13], and was already mnployf'd in previous analyses by the 
ALEPH [8] and CLEO [9] Collaborations. The theoretical framework, relevant. formula<~ 
and ddinitions of the obscrvablcs arc given in Seetimr 2.5 

10.2.1 Rr and the Moments 

Computing the ratio of the inelusive vector and axial-vector branching fractions, taken 
from Tabs. 6.1 and 6.2, to the dcctronic branching fraction Eq. (1.7) yields the sernilcp­
t.onic widths 

flT.\" 1.782 ± 0.()18 ' (10.18) 

J?T,A 1.710 ± 0.018 ' ( 10.19) 

l?T.\' + '' -- 3.492 ± 0.015 . (10.20) 

RT,V-I-J1+.S' 3.649 ± 0.013 . (10.21) 

The inclusive sum l?r.V+A has a rnucb lower error than the exclusive l?T,li/A since the latter 
suffers from anti-correlations between t.hc branching ratios of "adjacent." T decay channels, 
i. c .. those which differ by onlv one additional 1r0 This is taken into account in the 
calculation of the error. However, these anti-correlations disappear when there' is no need 
to separat.e the V, A c:omponents. Clearly, the value obtained and the error for RT.I"tA 

IIIII St. c:on·c,gpond t.o RT.\"·1 A+s-- nT.S· wltcn' nT.8 = O.l5G±0.008 [90] is the strange hadronic 
width (of ii.s quark currents), lwca.nse of the owrall branching ratio normalisation t.o one. 
Titus, it. s<'rves as a good cross dwck of the c:orrelat ions int.crvcning into the <·aknlat.ion. 
TlJ<• abov<' st.nwg<' quark inc:lusiV<' widt.h was used in RPf. [00] to infer a rrwasurerncnt. of the 
strangt• quark mass at the T mass scalP of ln_,(A1T) = 212':1~ MeV/c2 which is dominate"! 
hy unc<~rt.:.-tint-.i<'f.: of cxperinwntal origin. T'hus, there i~ no a.dvanl.ag(' in indnding R...,,_,_,. (or 
<'CJtiivakntly HT,I +A+-') iu t.his armlvsis. as thP imprm·<'niCI!I iu <'XJH,rirnent.al precision is 
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Figun• 10.5: Distr-ilmt'ion of the (V +A) spcctml moments k = 1, l = 0, .... 3 (without 
pion pole) accor-ding to the inteqmnd in Eq. (10.22). 

then entirely effaced by the 1n_, uncertainty of the theoretical prediction. 

To separate the measurement. from theoretical constraints on the non-perturbative 
contributions to the OPE, spectral moments are computed from the invariant mass spectra 
of vector and/or axial-vector final states. The normalisation according to Eq. (2.89) 
reduces considerably the correlation between the T hadronic width and the moments. It. 
is completely negligible in tlw (V +A) case where n.,,H·A is calculated from the diffcrencr' 
R., -- R.,,s, which has no correlations with the ha.dronic invariant mass spectrum. Tll(' 
correlations between R.,y; A and the corresponding moments are estimated to be 30%. 
where they are positive between R.,,v;A and DUjA and negative for D{}/A° Fig. 10.5 shows 
the distribution of the int1•grand in 

(10.22) 

which cotTf'SpotHls to Eq. (2.8'l). f(n· k ,." I. I ~' 0 ..... :). As can hc concluded from 
Eq. (2.88). higher monwnts in I. project.inp; on hip;hcr squared masses, drtcrrnitH' hip;lwr 
dimrmsional OPE terms. Til(' cffi·ct of an n, and. e.q .. JIRI variation on RT.I and the 
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ALEPH lf l = 0 1 = 1 1=2 1=3 
--

Dif 0.7159 0.1689 0.0532 0.0227 
fl. exp Dl} 0.0034 0.0006 ().0007 0.0006 

Dlf A 0. 7205 0.1471 0.0639 0.0303 
fl.CxpD!l 

A 0.0033 0.0009 0.0005 ().()004 

DV+A 0.7177 0.1581 0.0585 0.0265 
fl. cxp D!l V+A 0.0022 0.0006 0.0004 0.0004 

--

Table 10.1: Spectral Moments of vector (V ), axial-vectm· (A) and vector plus axial-vector 

{F +A} inclusive T decays. The enors give the total experimental uncertainties inclnding 

statistical and .systematic effects. 

[J\LEPH II DIO 
rV , , , Dl:! 

rV , // ALEPH II o;oA , , , 

[ D"' T, 1· 1 -0.215 -0.8(i2 -0.947 Dw 
r,A 1 -0.377 ~0.766 -0.951 

D" r,V 1 0.6:36 0.394 JJ.II 
r,A 1 0.843 0.479 

JJ.l2 
r' \-

1 0.959 DJ2 
r,A 1 0.871 

JJ.I:l 
TV 1 D'3 rA 

- 1 

ALEPH II DJO 
r!V+A 

Dn 
r 1V+A D,I}+A D!~li+A 

o;:~+A 1 -0.320 -0.862 -0.950 
Dll 

r,V--!-/1 1 0.614 0.247 
JJ.I2 

r,V+A 1 0.896 
D'3 

TV +i\ 

Table 10.2: Experimental corTPia.tions betuwen the moments D~~VjA· 

moments, which demonstrates thr' eonstraints of the measured observables on the QCD 

quantities, is shown in Fig. 10.6. The central points are the theoretical prediction of 

Rr. 1/ and t.he moments for some input. values a,( Mr), J(4l, J(6) and J(S). The stars depict. 

tJw deviation when changing a, -t ns + 2fl.a" while the triangles show what happens 
wlwn shifting J(R) -+ J(S) + 26J(8). One observes that n_, is determined frorp Rr,v and the 

first momfmt.s D~0 , DU, but. lit.t.le effeet is seen for the higher moments D{}, Dt}. On 

tlw other hand, thesf' moments dctcrmirw the high dimensional non-pert.urbativc power 

term. whik t.lH' sensitivity from Rr.1- is weak. Th<• uwasurcd values of t.he moments 

for F, A aud (1/ +A) speet.ral fnndions arc given in Tab. 10.1; for their eorrclat.ion 

1nat.rices see Tab. 10.2. The correlations het.wreen thr• moments an' computed a.nalyt;ically 

from the contraction of the derivatives of two involved moments with the covariance 

n1atrices of the respective norrnalizr,d invariant mass-squared spcet.ra. In all eases. the 

negativ<' sign between the k = 1, l = 0 and the k =~ I, l > 0 moments is understood to 

he du(' to tlw p and the 1T, a 1 peaks which dctenniw· the major part of t.IH' respective 

k cc I, l = 0 moments. They are much less important for higher monwnt.s as one ean 
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Error source DIO 
rV D;\, Dl2 

T,V. 
Dl3 

r,V Section 

Statistical error 0.17 0.20 0.25 0.56 6 

Fake photons 0.05 0.08 0.10 0.14 7.1.1 
ECAL energy ealibration 0.10 0.09 0.17 0.39 7.1.2 
ECAL energy resolution 0.10 0.03 0.25 0.65 7.1.3 
Photon likelihood: ref. distributions 0.07 0.09 0.12 0.41 7.1.4 
Photon likelihood: cut on estimator 0.01 0.05 0.09 0.08 7.1.4 
Photon min. energy threshold 0.09 0.10 0.14 0.28 7.1.5 
Cut on distanee: photon t.raek 0.()1 (l.05 0.11 0.14 7.1.6 
Energy dependence of wconst.r. rnno 0.03 0.03 0.04 0.09 7.1.7 

TPC momentum calibration 0.()1 0.01 0.03 0.05 7.2.1 
TPC momentum resolution O.oJ (l.(ll O.Dl 0.02 7.2.2 

Unfolding: variation of ~ 0.04 0. ]() 0.35 0.58 7.3 
Unfolding: difference test. true 0.06 0.06 0.23 0.37 7.3 

MC statistics 0.13 0.09 0.21 0.66 7.4 
Branching ratios 0.34 0.20 1.02 1.85 7.4 
Non-r baekground 0.03 0. 02 0.18 0.36 7.4 

Separation V A 0.17 (l.08 0.49 0.94 6.1 
MC distributions 0.05 0.04 0.17 0.30 6.1 

Total 0.48 0.37 1.33 2.59 

Table 10.3: Relative eJ:perimental errors (in %) to the vector· moments. The last eolumn 
indicate.> the reference section where the specific ermr sources are described. 

see in Fig. 10.5. Consequently, the amount of the negative correlation increases with 
l = 1, ... , 3. This also explains the large (and increasing) positive correlations between 
t.lw k = 1, l > 0 moments, in which, with growiug I, the high energy tail beeomes mon' and 
mon' important. counterbalancing the low erwrgy peaks. The individual eontribut.ions to 
tlw total errors are list~ed in Tab. 10.3 for tlw vrctor case. One dearly sees tbc' dorninanet' 
from thP branching ratio nncmtaintics which is also the only error contributing to HrF/A­

.\n improvmnent of t.he branching ratio mcasurmnent. is t.herd"orc of utter importance and 
<'Xpeded, in particular. from a forthcoming ;\ LEPH ana.l.vsis including all LEP I data. 

This measmernent of th<' spectral rnorrwuts can be compared t.o previous publical.ious 
which are available from ALEPH and CLEO (Fig. 10.7). One observes a clear shift of the 
first n1onwnt k = I .I =· 0 to lom'r values and. correspouding to their anti-<"O!Tdat ions. 
larger ndU('S for the /;: = 1./ > 0 moHwnts in t.lH• II<'". analYsis when compar<'d to the 
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former ones. This is to a large extent. explained by the different T branching ratios used 
and the consideration of KI(, l<J(Jr and KK1r1r eontributions in this measurement. 

10.2.2 Theoretical Prediction and Uncertainties 

The cornbirwd fit for V, A and (1 ·+A) pc•rforrned here adjusts the parameters a,(Mr ), 
((a,,j1r)GG) (from Eq. (2.82)), pn,(qq)t;A from (Eq. (2.83)) and (08)v;A of the OPE in 
the theoretical predictiom; of Hr.l fA (2.54) and tlw spectral moments (2.85). Clearly one 
has to worry about the t.heon>tical uncertainties affeeting these predictions. They do not 
differ qualitatively for either Hr,I/A or the moments. However, quantitatively, one expects 
larger effects, e.g., from uncerta.intics in the perturbative series, on the T hadronic widths 
or lower moments (l c-= 0, 1). Instead, uncertainties from non-perturbative contributions 
(other than thosf> whieh are fitted) should affect. higher moments (l c-= 3, 4) more than 
lower ones. The translation from theoretical errors on Rr,v(A to a 8 (Mr) can be easily 
performed using Eq (2.54) and Tab. 2.1 (the third line corresponds to the method used 
here) and calculating the derivative. Onf> obtains (with K 4 = 25) 

(10.23) 

for: a,(Mr) = 0.35, 

and .6.a,(Mr) = 0.446Rr,v 1 ,,. Note that this dcpendenef' is larger than what one would 
<'XfHY:t. from the naiv0 Taylor <>xpa.nsion (2.70) which leads to .6.n, c-= 0.58.6.Rr,v(A· 

Thf' following list eompiks the uncertainties entering into the theoretical predictions. 
The errors used and their impact on Rr,\·'/A and a,(Mr) arc explicitly given in Tab. 10.4, 
while the total theoretical errors on Rr,v;A and the moments are presented in Tab. 10.5 
and finally the eorrdftt.ion matrix of the theoretical errors between Rr, v +A and the (1/ +A) 
moments is given in Tab. 1 0.6. 

Physical constants: rdevant physical constants are 

(a) the CKM matrix d<>Bwnt 11/ud], 

(b) the eledroweak radiative correction faetor S'Ew, 

(c) light quark mass<>s m,. rn.d. 

Errors from tlH' lip;hl quark masses are rwgligihl0 (as t.lH' light quark mass cont.rilm­
t.ion at all). whik tlw otlH'rs, in particular 6SEw· must be taken into aecount. (see 
Tab. 10.4). 

Perturbativc series: errors in th<> truncated 1wrturbat.iw expansion original<' 
mainly from the unkllo\\·n hip;hm· ordPr <>xpansion co<>fficient. K 4 . Motivated In· t.he 
works pn•sented in Hds. ]262. 263]. fl'1 is drosJ•n to be !(1 = K:1(!(1/ 11'2 ) "' 2:). 

obtained assumirrg an algl'l>ntic growl h of the pert.mhation series, with an <>rr<n· of 

GO. This point. is furt.hf'r discuss<>d in a later paragraph. 
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Error source Value± 6 
' T 

SEw 1.0194 ± 0.0040 0.014 0.006 0.0006 
\;~td 0.9752 ± 0.0007 0.005 0.002 0.0002 
K, K:,(f{"j K2) ±50 0.028 0.012 0.0013 
{3, 0 ± (1:.(!1,j {J2) 0.003 0.001 0.0001 

H.-scheme (RS) {)~1S --* f11'S = 2()!j'S 0.004 0.002 0.0002 
R-scale I'· = ~M'f MT + 0.7 0.011 0.005 0.0005 

Total errors 0.034 0.015 0.0016~ 

Table 10.4: Sources of theoretical uncertainties and its impact on R 7 ,v+A and as(M7 ) for 
n,(M7 ) =0.:35 and evolved to u_,(Mz). The origins of the different errors are explained in 
the text. The effects on R 7 ,v;A are one-ha.(f of R 7 ,v +A, while V a.nd A a.re degenemted. 

ALEPH II Rr D'o T D'' T D'2 T D13 T 
v 0.017 0.0040 0.0034 0.0004 0.0002 
A 0.016 0.0040 0.0030 0.0004 0.0003 

(1/ +A) 0.034 
'-'----'--- ----

0.0040 0.0031 0.0004 0.0003 

Table 10.5: Total theoretical rTmrs fo.r· the vector, a:J:ia.l-vector and (V + A) ha.dronic 
widths and moments. 

Another important point is tlw renormali;oation scale (p.) dependence of the 
prediction. It is govcnwd by the parameter ~ = fL/ MT where ideally t.hc final 
ohservables arc independent. of ( This fact is expressed in t.he RGE which governs 
t.he running of cr.,. Formally, the integrals (2.67) in Eq. (2.66) also obey the RGE [86]: 

~()A("l(,~,(~~2~)) = n'LflkA(n+k) (a.,(-es)). 
~ k=l 

(10.24) 

In a truncated series the rc11ormalisation scale dependence remains and is therefore 
an intrinsic uncertainty of the theowtic:al prediction. On the other hand, there is no 
reason to believe that the renormalisation scale should deviate very much from the 
mwrgy s<:alc at. which QCD is applied. In order to get an estimate of the associated 
uncmtainty, I' is varied from MT (( = fL/ M7 = 1), which is the standard value t.o 
I' = 2.5. When changing t.he {I.-scale, the coefficients k,(~) of the perturbat.ivc 
expansion. as well as as, have to he reexpressed acc:ording to t.he RGE. The ~ 
dependence of t.he coefficients is cxplicitely given in Eq. (2.6:l). 

ln addition t.o the rcnonnalisation scale dependence, the arbitrariness of the 
choice of the !'(morrnalisation scheme (RS) le;wes an ambiguity. The effect of this 

ambiguity is_tcstcd by changing ;if1' into an arbitrary (irs = 2(1!{'5 and rec:omput.ing 
n, and the ]( n in the new scheme. 

As can be seen in Tab. J 0.4, t.he uncert.ainls from t.hc missing (i:l codfic:icnl. is 
1wgligihly small. The irnplcrncut.ation of the new value for ;1.1 from Eq. (2.l9) has 
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I ALEPH II Rr,V+A D;~V+A DII 
r,V+A D;:v+A DI3 

r,V+A 

Rr,V+A 1 0.879 -0.856 -0.539 ~0.800 

DIO 
r,V+A 1 -0.992 -0.507 -0.874 

Dlt 
T V+A 1 0.396 0.810 

DI2 
r,V-1-A 1 0.842 

D'3 
T V+/1 1 

Table 10.6: Theor·ctical coTTelations between R7 y+A and the moments D~~V+A" 

no impact on this analysis. 

Non-perturbative operators in the OPE power terms of dimensions D = 4, 6, 8 
have no theoretical errors since they arc free varying parameters of the fits and 
will be determined experimentally. Contributions from higher orders have not been 
calculated yet. Their Wilson coefficients carry a large number of non-trivial quark­
quark, quark-gluon and gluon-gluon dynamical effects. Fortunately, as concluded 
from Eq. (2.57), they can only contribut.c indireet.ly via a logarithmic dependence on 
s, i.e., they are proportional to a;. The subsequent operator of dimension D = 10 
is then suppressed by a;;M; 0 ~ 4 x 1W', and thus neglected in this analysis. Also 
neglected is any additional dimension D = 2 term (except the quark masses). D = 2 
terms cannot be generated by a dynamical QCD action and are therefore absent in 
the SVD approach. But. they are not rnled out experimentally and are still mntro­
versial theoretically. A possible D = 2 contribution from ultraviolet" renormalons is 
of perturbative origin as it is caused by the truncation of the perturbative series. 
This is further discussed in the following paragraph. 

By far the most critical !>rror sources are effects from the truncated perturbativc 
expansion at order n;, since one could expect. some convergence problems at a,(Mr )/Tr ~ 
1. It is natural to express the corresponding uncertainty through the size of the first 
neglected term, i.e., K 4 in Eq. (2.66) (or K4 which takes into account the RS dependence). 
No explicit calculation of /(4 exists but several estimates arc available: 

A.L. Kataev and V. Starshcnko [262] advocated the prescription of the principle of 
minimal sensitivity (PMS) [264], which allows the computation of an R.S with optimal 
convergence, i.e., with minimal dependence> on higher order corrections. Actually, thc 
differcmcc between an observable calculated in the R.S using the PMS and the ordinary 
RS, say MS, provides an estimate of the missing terms accumulated in K 4 . The estimation 
yidds f>Rr.V/A ~ 53( n.,( Mr) /1l" )4 which is K1 ~ 36. To stress the success of this approach, 
t.he authors refer to several calculations including that of the four-loop correction to the 
electronic (g - 2)e, which previously has been correctly estimated by means of the saHH' 
method [265]. 

F. L!> Diberder [263] l"'rform<>d an experiuwntal cstimate of /C1 using the a pr·ioTi fn><'­
dorn of choice of the rcnormalisation scale I' = (AfT (insofar as all physical ohservahks 
aw rccxpressed in I'· and thus obey the RGE). The sensitivity at JI = J~lr is naturallY 
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Figure 10.8: Perturbative contribution J(O) to Rr,vfA with different approaches. The 
"expansion", the "numerical solution" and the "large~(] expansion" are given for K 4 

J(:l(K:l/ K 2) ::: 25. The shaded band depicts the respon.~e to the variation 6](4 =±50. 

small. 0'8 measurements from other scales which arc less precise than the one obtained 
from r decays (with a large error on K 4 ) are additional inputs into the experimental 
fit. However, reducing fl, increases the sensitivity dramatically, giving rise to the precise 
determination K 4 = 27 ± 5 at. fl. ::: 1 Ge V. 

These consistent estimations are rather encouraging. Nevertheless, calculations of 
higher order tcnormalon r,hains also indicate comparable values of K 4 but they predict an 
oscillating behaviour of the series, i.e., small K, coefficients for n~even and large K, for 
n.~odd. One therefore has to worry about important contributions from the K 5 term which 
was found to be 788 in Ref [89). On the other hand, by virtue of the implicit resummation 
of the n_, Taylor expansion in the A(n) integrals, the perturbative series (2.66) converges 
more rapidly than the naive guess~ (a8 /7r). For a,(M7 ) = 0.35, one has in fourth order 
A(4) = 18.92 x 10-5, and at higher orders A(s) = 1.436 x 10-s and A(6) = 0.073 x 10-5 . 

Thus even an extremely large K 5 ~ 800 produces an effect of L::.Rr,v;A ::: 0.017, which 
is still covered by the systematic uncertainty listed in Tab. 10.4. In Ref. [89), Rr and 
the spectral moments have been calculated employing a renormalon resummation of the 
Adler function (2.58) in the large~(30 limit. The resummation is performed by evaluating 
the intep;ral of the Borel transform in the large-(30 limit, where IR and UV singularities 
( "rcnormalons") appear in the new Borel plane as mentioned in the brief introduction 
Section 2.5.3. The UV renormalons, situated outside the integration range, have alternat~ 
ing sip;ns and can be resummed. However, the IR renorma.lons lie inside the integration 
range on the positive axis and give rise to non-perturbative power contributions ·which 
are absorbed in the OPE. Fig. 10.8 depicts the results for J(O) using the different methods 
t.o ('valuate the pcrturbativc series. The la.rp;c~(30 limit rcsumrrwd perturbative prediction 
is taken from Ref. [89). Expandinp; a., in the larp;e~(i0 Borel intep;ral in a Taylor series np 
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ton! and setting [(,1 = 25 yields the curve labeled "large-j) expansion" [89]. The "expan­
sion" corresponds to the naive Taylor expan;;ion Eq. (2. 70) and the numerical solution 
is Eq (2.66) with a numerieR.l evaluation of the A(n) integrals. One observes an impor­
tant di;;crepancy between the hu·ge-!30 limit and the numerical solution employed in this 
analysis. However, experiences from other applications indicate that the estimates from 
the largc-()0 limit are most probably oversi;oed [266] and will probably be reduced when 
including additional renorrnalon chains which are neglected in the present calculation. 
This point receives additional support from the comparison between the known (exact) 
K, values and the results from tJw large-(J0 expansion [89]: 

order K, (exact solution) 
-n-.-=---:c1+--"-'- 1 

n = 2 1.6398 
n = 3 6.3711 
n=4 
n=5 

Kn(large- j) limit) 
1 

1.5565 
15.711 
24.83 
787.8 

While the agwement in second order is acceptable, it is very bad in third order. The 
rr~summed solution shows an oscillating behaviour with large n-odd values and relatively 
small n-even coefficients. Ev<m if the individual Kn coefficients of the largc-{J expansion 
do not fit. to the exact solutions, the total (K, + .<Jn) contributions to J(O) shows a much 
better agreement. 

Finally, the uncertainty chosen for the fourth order perturbative coefficient is 6.!{1 = 

±50 and should be a conservative estimate. 

No additional uncertainty is introduced to cover as the possible existence of a J(O) ~ 
(i\ 2 /s) term, because it is understood that such a contribution could only exist as a con­
sequence ofthe truncation of the perturbatiw series (S<~ction 2.5.3), whose uncertainti<,;; 
arc already embedded in the 6.JC1 consideration. 

10.2.3 Results of the Combined Fits 

The fit program, written by F. Lc Diberder, is the same as used in the first. ALEPH 
ana.lysis of <>s from T decays in 1993 [8]. The fit minimizes a x2 , calculated in the usual 
manner through the contraction of the differences between measured and fitted quantities 
with the inverse of the sum of the experimental and theoretical covariance matrices taken 
from Tabs. 10.2 and 10.6. 

The results of tlw various fits arc listed in Tab. 10. 7. Tab. 10.8 gives the corresponding 
correlation matriu's IJPI.ween the fitted paranwt<~rs. The limited number of obsm·vables 
and the high correlations lwtw<,cn the spectral moments explain the large correlations 
obscrv<'d especially lwtw<"'n the fitted non-perturbatiw operators. Taking into arconnt 
these correlations, on<~ obtains !'or the total nm1-perturbative contributions r5N,..\. =().()]!He 

0.005. <INP,A = --0.022 ± o.om and riNP.v-1 A = --0.002 ± 0.004, n~spcetivdy. 
One notices a. remarkahk agn·em<,nt between th<' ''·' (lv! 7 ) values of the differ<'! It colnmns. 

On t.lH· other hand, the conformity of the results is not "too good" from the stat-istical 
point of view, when taking into aeconnt that the larg<: correlations betwe<m the c:olurnns 
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ALEPH Vector (V) Axial-Vector (A) V+~ 
n,(MT) 0.349 ± 0.015 ± 0.015 0.350 ± 0.019 ± 0.015 0.348 ± 0.008 ± 0.015 

Jl"J 0.201 ± 0.016 0.202 ± ()()18 0 200 ± 0 013 
,)(2) -(0.7 ± 0.3) X 10 ~ -(0.7 ± o.3) x 1o-3 -(0.7 ± 0.3) x 10-3 

8(1) (0.1±0.4)x10-'1 ( -1.1 ± o. 7) x w-- 3 -(0.9 ± 0.8) X 10- 3 

J(6) 0.029 ± 0.004 -0.028 ± 0.004 0 001 ± 0.005 
()(8) -0.009 ± ().001 0.008 ± 0.001 -0.001 ± 0.001 

Total JNP 0.019 ± 0.005 -0.022 ± 0.003 -0.002 ± 0.004 
x2 /d.o.f. 0.4/1 0.1/1 0.2/1 

Table 10.7: Fit results of n.,(M7 ) and the OPE non-perturbative contrib1dions from vec­
tor-, a.xial-vector- and (V + A) combined fits using the h.adronic widths and the corre­
sponding spectral moments as input parameter-s. Wher-e two error-s are given they denote 
e:rperimental (first number} and theoretir:al uncertaint-ies (second number}. The total non-

. ·/ . .b t' ·, h 5 -"' '(n) pcrtur Jatzve contrz 1.t .zan zs t .e surn r NP --- L..n=Z 4 6 R u . 

·-
n,(MT) 1 -0.334 -0.224 -0.142 CY,(MT) 1 -0.570 0.571 -0.508 

r\V) 1 0.765 0.973 r5( 4) 
A 1 -0849 0 903 

5(6) 
v 1 0.972 5(6) 

A 1 -0.972 
(8) 1 0(8) 1 . r5v A ------ ----- -------~---------~~------ -------· --

I ALEPH II n, ( MT) 0(1) 
V+A 

0(6) 
V+A 

0(8) J 
V+A 

ct,(MT) 0 033 0.146 0 060 
( 1) 

Ov+A 1 -0.680 0.773 

J~lA -0.939 
(8) 

5v+A 1 

Table 10.8: Con-elation 1natr-ices acwnlinq to the .fils presented in Tah. 10. 'l.for ver:lor· 
(7i.J!JH?T left table}, o.1:ial-vector- (llJ!JWT riyht} and (V + .·\) (lower- table). 
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Figure 10.9: Non-pertv.rbative rontribntion J{fi) to the inclv.sive vector and axial-vectm· T 

/w.dmnic widths. The ellipse der,icts the new ALEPH result. The str-ong cor-relations of 
a.IHnd .'J(fJ!o bel. ween r5i 6

) and rl(ii) a:re found in an o.dditiono.l.fit in which the e:rclnsive vector· 
and axial-vector widths and m.orn.cnts wer·e com.birwd. 

of Tab. 10.7 stem from theord.ical uncertainties of common origin. The same argument, 
i.e., strong correlations hdwe<'n the input observa.bles, renders the small x2 's obtained 
in thf' individual fits harmful, due to the fact that. the "real" degree of freedom must be 
smaller than one. The results can be compared to those obtained in the previous ALEPH 
analysis [8] where t.lw strong coupling was measured to be n.,(M7 ) = 0.330 ± 0.046 using 
a nmeh smaller data sd. of 8500 T decays. 

The individual '"' well as the total non-pcrturbative power contributions to the indu­
sivc ll7 , 1· 1 A arc all compatible with zero, whik tlw uncertainty of the total cont.ribution 
amounts l.o only O..J%, which is tnuch smaller than the error eorning from the pcrturhatiV<' 
u,nn. The gain from the separation of vector and axial-wctor ehanncls eornparcd t.o tJH' 

indnsiV<' (\.' + A) fit hcconH'S obvious in the adjust.nwnt. of the kading non-pert.nrhatiV<' 
contributions of dinH,Hsion [) = G and D = 8, which caned in the inelusivc sum. The' in­
fonna.tion for their accnrat<· rkt.cnninat.ion comes mainly from t.hr high l = 3, 4 rnonwnt.s. 
Certainly, this cancdlaLion of t!H' non-perturlmtivc t<'nns puts a premium on t.h<' n,C~l, I 
rkt.crminat.ion from the inclusive (F +A) observahles, and is n'assnring even though OJ!(' 

knows OPE t.o be wdl-bdmwd. Tl"' eontril)lltions from mass terms ,1(2) which hdtav<' 
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Figure 10.10: ll.e.mlts for u,,(AfT) using R~Y+A only, the moments Dtt+A only and the 
cornhined infonnation fmrn. vector and a:rio.l-vector T deca.ys. Note that the. measurements 
nn: ver·y correlated .due to the dominant theoretical er-rors. 

lik<> m.;,/d• are below the 0.1% level. The gluon condensate governing the o<4) contribu­
tions is undetectable in all cases which agrees well with the fact that it is suppressed to 
s<>cond order r>; (see Eq. (2.57) and Eq. (2.82)). Another interesting observation is the 
alt.crnating sign in both vector and axial-vector casf:s bdween the J(6) and J(R) terms. 
This is connected with the special form of the shape of the vector (axial-vector) hadronic 
width as a function of the T mass s0 , represented by the spectral moments in the abow 
fits. The shape grows faster (slower) than the perturbative prediction with decreasing 
s0 < M; giving rise to the balancing J(G) addition. It then abruptly explodes in the op­
posit.<> direction, due to strong influences from low energy poles (resonances), which are 
qualitatively described by the opposite sign of the J(Bl contribution. These properties will 
1 ' l' .. .. I . l ·1 . h · · . F' 10 9 l . · · h d ,(C) .d6l · H < rscussec m c ctaJ m t c next scctwn. rg. . c eprcts t e measure o A versus ov m 
c:muparison with other estimations of both experimental and theoretical origin. The solid 
line corresponds to Eq. (2.83). The references are: "ALEPH 93" [8], "ALEPH 95" [24], 
"Narison 95" [267] and "BNP 92" [12]. 

fn orc!Pr to check the consistency of the different. approaches one ean· usc either the 
IIOmHtlisation, i.e., the T haclronic: width obtained from the haclronic branching ratios or 
thc explicit. form of t.hr: spectral functions, i.e., the speetral moments. n,(M7 )can t.lwn 
he clPI.<>nnin<>cl using variables corning only from one of these inputs. This is done for the 
(\ · + i1) c:as<> where contributions from non-perturbativc terms arc very small, so that. t.lw 
cffr:ct. of additional theoretical assumptions arc minimi;~,ccl. The results of these fits an' 
shown in Fig. 1 0.10. They arc in perfect agreement. 

The evolution of the "best" and most robust Cl's(AJT) measurement from tlw indusiw 
(I.+ A) ohservables based on t.h<' llungc-I<nt.ta integration of the differential equation to 
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N"LO (Section 2.2.2) yields 

(10.25) 
0.1211 ±, O.OOOS,.xp ± 0.0016uwo ± 0.0010evol 

The first error accounts for t.h<' experimental nner~rtainty, the second number gives the 
uncertainty of the theoretical prediction of Rr and the spectral moments, and the last 
error stands for possible ambiguities in the evolution due to uncertainties in the matching 
scales of the quark thresholds (0.0010). Effects associated with the truncation of the 
ll.GE at O(a~) are small (the new N3 LO order gives a tiny contribution of a_.(Mzh ocdec ·­

n,(i\!/z)1.onle•· = 0.00034). 

Using Eq. (2.13) one can "xpress the value of n,(Mr) in terms of the MS rcnormal­
ization seale AMs at three loop kvd. For the result (10.25) at p, = Mr with three active 
flavours one ha,; 

(:l) 
AMS = (397 ± 14exp ± 27uwo) MeV . (10.26) 

10;2.4 The Running of a 8 (s) 

The analysis presented in the prcceeding section provides precise measurements of n_,(Mr ). 
So far, there have betm no major obstacles and consequently the perturbative expansion 
and t.Jw OPE approach used to build the theord.ical prediction of the observables are 
hf'!ieved to describe nature · at. lt~ast phenomenologically. Nevertheless, by means of th" 
<'xdusive rncasurP.mcnt of the vector and axial-vector spectral functions, it ·becomes possi­
bk to <kepen the QCD analysis as the spectral functions contain the entire phenomena of 
QCD physics at low energy. When decreasing the energy scale, non-perturba.tive effects 
'"'com" larger, a faet. characteri«ed by the appcarcncc of high-peaked resonances in the 
spectral fnnet.ions, especially the a 1 (1260), the p(770) and the 1r-pole. However, not. only 
llOil-JWrturbat.ivc contributions arise, but also the perturbative prediction increases with 
decreasi11g energy and one might. expect convergence problems of the perturbative series 
at n(s0 )/7r > 0.1 [86). 

Using the spectral functions, one can simulate the physics of a hypothetical r lep­
ton with a mass ,fiiO smaller than Mr. As defined in Eq. (2.50), the r hadronic width 
Rr(s0 ) is then calculated by co11voluting tlw SJH'ctral functions with the kinematical factor'l 
(l-s/s0 )

2 (1 +2s/s0 )f.'o corresponding to the 11ew "r ma.ss" ,fiiO. The evolution of Ur(s0 ) 

provi<l<~s a <iirect test. of tlw naming of us( ,fiiO), governed by the R.GE f)-function. [n 
addition, results, whet.hcr or not. they arc co11sistent. with QCD, ought to prove tlw prop<•r 
liS<' of the OPE approa.ch in r decays, and thus co11firm tlw astonishing precision of the 
o.,(Mr) measurement.. A similar study was presented in RPf. [268). A fit of the theo­
retical prediction Rr. v;.~ (so), especially R,y+,1 (s0 ), t.o the data over a reasonable rang<' 

----- ---·--·--·-----·----
~Note that. at small "T masses" s0 , the diffen'nt kinematical faf:tor for vector and scalar particles 

I)Pconws non-negligible. 
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s:;•in <::: s0 <::: M?: in which the OPE is valid will provide an important consistency check of 
t.lw results for n,(M7 ) and the non-pertnrbative contributions obtained in Section 10.2.3 
using Rr and the spectral moments. Again, in these studies one is very lucky to have 
sqlltrated vector and axial-vector channels, which now permits one to cancel the degener­
ated pcrturbativc series by using ll7 ,v A(s0) in order to directly investigate its consistency 
with the OPE prediction, i.e., testing the power law that the experimental data obey. 

It is convenient to exhibit the important questions and problems concerning the (t., 

determination and the use of the OPE in order to attempt to get answers or at. least some 
hints from the respective R7 ,v;A(s0) distributions: 

l. Down to which shnin is the OPE valid? The regime of validity is then &~signed by 
sglin:::; .4 ~ M;. 

2. Is sg'i" identical in the V, A and (V +A) case 'I 

3. Can one distinguish two and three active quark flavours in the RGE? 

4. What is the dominating power of the OPE in the region of its validity, i.e., s0 2: s;)in '! 

5. Do the dimensions D = 6, 8 descril.w the non-perturbative spectrum? Does the 
inclusion of .sUi) allow to d(•cn>ase s;;•in ? 

6. Can one constrain K 1 or an eventual dimension D = 2 term? 

7. What follows for the theoretical errors? 

The functional dependence of the respective Rr.V/A hadroni<: widths are plotted in 
Fig 10.11 and Fig 10.12 togct.lwr with the results from the direct. x2 fits and the moments 
fit from Tab. 10. 7. Also shown arc the experimental errors, attached to the data distri­
lltltions. and the theon,tical uncertainties. The correlations bf,tween two adjacent. bins 
s 1 < s2 arc huge as the only different., i.r-., new, information is provided by the bin at s2 • 

"fhcy are even reinforeed by tlw genuine experimental and theoretical correlations. The 
correlations are caleulated analytically from the respective derivatives of Eq. (2.50) using 
the idf,ntity Eq. {1.27), and arc packed into an overall covariance matrix that is used to 
cakulat<' tlw x2 , which is minimized in the fit. Fig. 10.13 shows t.hf> plot. corresponding 
to Fig. 10.11, translated into the running of as{s0 ). Also plotted is the evolution using 
only two quark favours. No significant deviation is found, i.e., experimentally one cannot 
dist.i11guish if two or three flavours arc involved. 

The val!ws obtained for the paramPters arc compatible with those given in Tab. 10. 7. 
For example• in the case of (V + .1) th<> direct Rr.V+A (s0 ) fit yidds: o.J M7 ) = 0.354±0.017, 

<~i~),_. = --0.005 ± 0.005 and <~i~~-A = (0.9 ± 1.3) x 10 ". whik then• is a negligible dcpcn­
derH·c on the gluon condensate (which therefore has been fixed in the fit). The curve 
blows up at. decreasing s0 duf' to the pion pole which, at high phas<> space suppression, 
IH'COIIWS very strong (sec also for Rr.A(s0 ) in Fig. 10.12). In the pun• vector case. there is 
no pseudoscalar contribution to counterlmlance thr (J. Thrrs R 7 ,l"{s0 ) dcen>ases dramati­
cally after passing the peak of the resouaucr>. Onr> ohsr>rnos an energy shift between the 
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Figure 10.11: (V +A), V and A hadmnir: widths ver-sus the squar-e "T mass" s0 . All 
r:unws is plotted as erro1· /)(J.nds to emphasize their- strong point-to-point cormlations in s0 . 

The shaded band {with a .>olid line in the centre) "dir-ect fit" depicts the result of the direct 
a.diustm.ent of the theorctiml pn:rliction to the da.ta curve shown. The "moments fit" is the 
evolution of the theondiwl pr-ediction using the results for RT.V·<·A a.nd the non-per-tw·bative 
ter-ms fmm. Ta.b. 10. 7. 

occurrence of an object (peak) in the spectral functions and its effect on the T hadronic 
width. For example, tlw p peak at 0.6 GcV2 gives rise to a maximum of RTy(s0) around 
s0 = 1.5 GeV2 This is due to a largf' phase space suppression when the object has a mass 
<'ornparabl<-~ to the ''T rnass'' s 0 . 

For RT.V+A(s0 ), the regime of validity of the OPE is clearly above sg"'" -:-- 0.7, and 
may r<'a.ch down to s3' 1

"""" 1.7 for RT,lijA(s0 ). So far, the inclusive sum (V +A) is much 
lwt.tcr lwhaw'd than the individual contributions, although the OPE seems to be valid 
in a.ll three cases. The cxpcrinwntal fact that. the non-pcrturbative contributions (inside 
present accuracy) exactly <:<tnccl over the whole range 1.2 <:: s 0 <:: 1\1'1; appears almost 
magic. II is the dcr,pr·r n'ason why the n_, rkt."nnination from the inclusive F +A data 
is so robust. Below 1 GcV" thr• "rror of th" tlwordir:al pwdiction of HT. 1.· 1 A ( s0 ) starts 
to diverge due to tlw large uncertainty at this energy from the non-pcrturha.tiw tenns 
(these enors are not. contaitH'd in the theordica.l error hand of the moments fit result). 

One may ref<>r to Question 1 and wonder wh<!thn the powers D = 6 and f) = 8 of 
the OPE arc the gcnuirH' pow"rs of the non-pmturha.tive t"rrns arising in l?7 ,1'(s0 ) all(] 
l?T,A(so). Fortunatdy, as a trir:k, one can nse the diffi,rcncc RTy ~A(s0 ), which is free from 
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Fignr<' 10.12: Vector and a.rial-vcctm· luulronic widths veTsv.s the square "r m.a.ss" s0 . 

The limits of the OPE validity arc pushed to much la1'.1JIT energies compared to the mor'l: 
·inl'lnsivc (1. +A) r:ase. 
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Fignr<' 10.13: Th~ nmning of n, ( s) as obtained from. the fit of Rr,v +A ( s0 ) to the theoretical 
pr·ediction. the shaded band shows the data including experimental and theoretical er-ror-s. 
The lines depict the differ·mt methods to solve the RG E. The analytical method corresponds 
to Eq. {2.1 S ). The numerical method use.s Runge-Kutta inteqration (up to four loops of 
the (J-function) to solve the differ·ential equation. Both cur-ves are identical. Al.so .shown is 
the solution with two active .flavour-.s only. The blowing up of the er-ror at small s0 .stems 
.fmrn the uncer-tainties in the rwn-perturbatirw dimension D = 6 o.nd D = 8 terms that 
become dominant for· s0 < 1. 

any pcrt.urbative contribution for this inspection. Fig. 10.14 depicts Rr,v--!1 versus s0 . 

One observes that it is clearly positive at Jt.fj. The regime of validity for the OPE has 
again become smaller, i.e., s0';" is located around 2 GcV, a fact that is actually trivial 
as deviations from the OPE an• reinforced in (V - A) compared to V, A. Two fits have 
IH,en perform<~d in order to test the underlying power law: 

(1): Rr,v-A(so) = ~~;~1S'Ew (C1~i,~")) , 2 GeV2 :s; so :s; M?, (10.27) 
-'o 

3 ,2 (Co(Oo) CR(Os)) 2 · 7 (2): Rry-A(so)=~\,,,S'Ew .:1 + ,; , 1.2GeV :s;so:s;Mfl0.28) 
2 8 0 s 0 

Th<' first fit Eq. (10.27), which has as free paramdcrs t.hr dimension D and thP compld<' 
l.errn Cn(On), serves to fix th<' "genuine" power law, while the second fit adjusts the two 
dimension D = 6, 8 operators in order to test the compatibility of the OPE approach with 
i.IH' IIOH-pcrt.nrba.tiv<· shap<' of t.hP data. Th<' rPsnlt.s arc D = 6.9 ± 0.5 and Cn(On) = 

2.2±0.() for tlw fit Eq. (10.2'1) a!ld C6 (0r.) = 4.24±0.16 and C8 (08 ) = -<!.8:l±O.JI 
for Eq. (10.28) wil.h, in both fits, strong anl.i-corrdations bet.w<,cn t.he fit.ted quaul.il.ies 
of 97.G% and 98.7%, respect.ivelv. Thns, t.hc dominating power of dimcHsion D = G can 
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Figure 10.14: Dzfference of vector and a.1:ial-vector ha.dmnic width H7 , v _ !l versus the "r 
mass" s0 . The solid/dashed line wrresponds to the fit Eq. {10.27)/{10.28). 

IH: confirmed, which supports the SVZ approach [11]. On the other hand, tlw second 
fit reveals that the inclusion of an additional D = 8 power term in the OPE docs not 
quantitatively improve th(' agwcment between the theoretical prediction (OPE) and the 
data. ThP point of inflexion at about 2 GcV2

, which causes the break down of the pure 
dimension D = 6 OPE, is not governed by a power D = 8 but rather by D ~ l 0. This 
suggests that pruc!P-ncc is required in thP interpretation of tlw exc:c~llent precision obtained 
for the dimension D = 8 OJWrators i11 tlw vector and axial-vector fits of Tab. 10.7, i.e., 
for a term which is actually not quite nwaningful. 

Looking at Fig. 8.3 in Scetion 8.1 one may consider that additional insight into the 
non-pcrturbativc power law ought to lw obtained from an inclusion of e+ e- annihila­
tion v<~etor data at energies abow the T. This is the same exercise already performed in 
Section l 0.1 in order to provid<~ a comparison to r data. However, when becoming quan­
titative one has to be cardul about tlw consistent treatment of the different data sets 
Lo avoid diffcwnccs between T vector and c+ e- isovecotor spectral functions from being 
falsdy interpreted as contributions to (1. - A). Therefore, the major part, in particular 
Uw p resonance whPrc r and c+f'- da.ta show somt' disagrPPlnent in t.lw uonnalisatiou. 
is still cntird,v taken from T (1. ·- i\) data. Beyond s0 = 2./ GPV2 (where T and c"c 
data agree for th<' vector spectral function), a combination of H7 , 1 · H (so), obtained frmn 
th<' QCD fit (Tab. 10.7), and I wo tiltH'S the vector part frorn e 1e annihilation data 
ilr<' us<'d. The R 7 , 1·+,1(s0 ) t.llf'or<'lind pr<'diction has proved in Fig. 10.11 to he V<'ry r<'li­
able down to values of s0 ~ I (;p\.2 because non-p<'rlurbatiw contributions cam·cl out. 
Thcrpforr:, it should be thcn.forc <'V<'ll more stabk for enngies above !\£7 . In aclditiOJI to 
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Eq. (10.27}. 

this, t.ll<' Rr,V+A(s0 ) theoretical pn,dictiou is normalised at s0 = lllfj: to the measurement. 
Eq. (10.20). Fig. 10.15 depicts the corresponding RrY--A(s0) distribution. The plott.<"l 
function is Eq (10.27) ''xt.ended to masses s0 > Ntj:. The result seems to be a bit dis­
couraging as it is hardly compat.ible with a pun' dimension D = 6 contribution4 This 
inconsistency with the OPE approach could be another hint (see Section 13.2) of an over­
estimation of the vector part, possibly due to an axial-vector dominance of the Kk 1r final 
states. This is still rather specnlat.ivc and must be cleared up in forthcoming analyses. It 
should be strongly emphasimd that these difficulties do not affect the inclusive (V +A) 
m<•asur<'mfmt on which the "-' ( !vlr) determination is based. However, again one sees that 
results base"! on pure vect.or (or pure axial-vector) should be handled with particular care 
as t.lH' applicability of the OPE approach is not yet. on solid ground. 

The last. point to be disc11ssed herl' is concerned with Question 6, i.e., docs t.he study 
of t.lw running provide additional constraints on [(4 or an operator of dimension D = 2? 
The problem associated with these two quantities insomuch as they arc ckgcm,ratc with 
o-., is tha.L a simultaneous determination of them and u_, is not practicable. Using n, 
mcas11renwnts from other cxp<Tirnents as input. is actually not more meaningful as the 
precision is insufficient to obtain informative constraints. One possibility is to advocate· 
t.h<• method of Rd. [26:.\] which determines /(4 at. a n•norrnalisation scale I'· ~ 1 G0V, 

'" ··-----··------------------ ------

'1 Nou' that. the strong <'OIT<'iations allow indef~d easily a. vNtical shift of the total curve but. tlw direction, 
1 .. e., thP slope i::-; well det<'nllilwd. 
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Fig me 10.16: Compilation of a., rn.easun~rnents evolved to !VIz. The .shaded band depicts 
the new world average. The CLEO 95 and ALEPH .9S measurements have been rescaled 
by the eu,.,-ent Dr world avemge. 

1.. e., significantly lower than the T mass, in order to inc:rcasc the sensitivity. The value 
obtained is very precise, but theoretically questioned [266]. The degeneracy between a., 
and the D = 2 t<mn is even larger and all attempts to obtain a limit will usually fail. In 
addition, D = 2 terms, which might arise from the truncation of the pcrtnrbativc series 
(Section 2.G.3), arc of pcrturbat.iw origin and should tlwrdorc cancel in R7 y_;t. Upper 
limit.s. obtained from the V, A or (V +A), reach 5%. 

10.2.5 A New World Average 

Following t.he summary of a., measurc•ntcnts presented in Section 2.6, a new world average 
c;llt lw compute>d using the pwS<•ut. mc·asurcmJCnt Eq. (10.25), which turns out to vicld 
the most precise individu<tl n,(M") determination. Fig. Hl.16 presents the new value for 
n,(M,) in comparison to older one" t.aken from Refs. [8] and [9] (renorrnalised to the• new 
nwss!Pss lcptonic branching ratio ""' footnote in Section 2.G). Also slHJ\\'Il are other 
precise nJ<•asun•rnents from Lattin• QC'D [119] and tiH' overall dect.roweak fit [112] (the 
<"<liT<'Sponding values are givmJ in Tab. 2.2 Scct.ion :?.G). and the average onT all other 
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rnea~urerncnts not exclu~ivdy presented here (flagged "yes" in Tab. 2.2). The shaded 
band depicts the rww world averag<> that is found, u~ing t.he mathematics of Scet.ion 2.6, 
t.o be 

(n,(M;,)) = 0.1198± 00017, (10.29) 

with a x2 /d.o.f. = 3.9/6 assuming a correlation of 30% du<:' to the theoretical input into 
t.he analyses. Only the new n,(Afr) result. is used in the average. 

10.3 Comments and Conclusion 

Tlw prccecding scet.ions dealt with two important (one might. say genuine) applications 
of t.]}(' T spectral functions to QCD: chiral sum rules arc exploited in order to test 
wctor/axial-vcctor saturation at Jl·fr· It could be shown that even if tlw actual precision 
of the spectra.! functions at. the end of the T phase space is rather weak, the application of 
Borel transformer! sum rules si!';r•ificantly improves their asymptoticness and allows one 
t.o obtain accurate results. Th<' main point. of this analysis is that a measurement of"·' 
at Mr has been performed using a fit of non-pert.urbative operators and <Ys(li1r) to the 
T hadronic width and spectral moments, where the latter were taken from the T spectral 
fnnct.ions. The result. obtained for a,(Mr) is currently the most precise experimental 
ddenninat.ion (Section 2.6). lt. is dominated by theoretical errors. Consistency ch<~cks 
concerning the running of o:_,(s0 ) and the non-perturbative contribution t.o the hadronic 
widt.h w<>r<' pNforrrwd. Dn<' t.o t.h<> suppression of non-pcrturbatiw terrns, the t.hcoretieal 
prediction of R,y ud s0 ) was shown to lw in perfect. agreement with the data down to the 
11 region. It ha~ further been shown that t.he dominant. power law of the non-prerturbat.ivc 
part. is compatible with a. dimension D = 6. Additional insight into the non-pcrtmhat.iw 
behaviour became possible lwyond Mr by using the (11 +A) theoretical prediction and 
data from c+e .. annihilation. With increasing s0 > Mj:, the non-perturbati~e contribution 
f!at.t.ens ~ignificantly aroimd 1?,,, .. -A(so) eo: 0.1, which is in disagreement with t.hc OPE 
expect.ation. However, this is a small effect in the (11 -· A) part., which emphasizes the 
11on-perturbative contribution, by a factor of larger than 10 compared to the (\I+ A) part. 
whieh is used to ddcnnine n, and where tlw non-pcrturbative contributions arc negligibly 
small. The fact. that tlw value of n.,(M,) rktcrmined h<~rc allows one to reprodnc<' the 
hPhaviom of R,y+A down t.o ~ 0.7 GcV 2 is a rather uncxpcct.cd result. and puts the o., 
detcnninat.ion at tlw T seal<' on a very ~olid ground. 
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Conclusions and Outlook 

Th<' experimental aim of tll(' analysis presented in this thesis is the measurement of the 
11on-strang<' vector and axial-vector spectral functions of semi-hadronic T decays. The 
principal ingredients of tiH' spectral functions are the invariant mass-squared spectra of 
t.he hadronic final stat<'s nonna.lizcd to their respective branching ratios. The latter are 
mainly taken from the comprehensive ALEPH analysis of Ref. [24], while rare or unknown 
<kcay channels ar<' bo11nd usi11g isospin symmetry arguments. 

For each event passing T pair sdeetion, charged track identification and T hadronic 
<kcay classification, tlw eritical steps of th<• invariant mass-squared measurement arc th<' 
e11ergy and· momentum calibration and the rejection of fake photons. In addition, the Ull­
f(>lding of detector <>fff'c1.s, which is rwcessary iii order to obtain the physical mass-squared 
spectra, demands particular care. A rww cxpr>rimr>ntal method is employed based on a 
singular value decomposition of the detector response matrix and a regularization of its 
inverHC. 

Extensive systematic comparisons of Monte Carlo simulation to the data are performed 
to ensure t.lH' high precision of t.b" spectral function measurement. For the 1r0 reconst.ruc­
t.ion is especially important.: the study and corn,ct.ion of fake photons, the ECAL erwrgv 
calibration and rcsolut.ion, the photon reconstruction efficiency and the 1r

0 mass mea­
suwment .. The tmck reconstmction is also investigated: the momentum calibration and 
n'solntion as well as the reconst.ruc:tion cfficicmcy and tlw effect. of secondary nuclear in­
t.eract.iolls. The unfolding m<>t.hod, the limited Mont.e Carlo statistics and the branching 
ratios as wr>ll as the 110n-T background an· all considered. It. t.urns out. that. tJw fake 
photon rejection, the branching ratios and t.he unfolding procedure yield the dominant 
systernatic error sources. 

The spectral funct.ioi1 analvsis opens a. wide range of interesting applications on plw­
nornenological QCD and provid<>s important. information about an energy region which is 
out of reach of present. theordical predictions. Tlw hypothesis of ccmserved vector currents 
(CVC) associates the T vector spectral functions with tlw cross sections of corresponding 
isovect.or final states of c' e annihilation experiments. Comparisons arc performed bc­
L\VPen the two- and four-piou du·tnrwls as well as between the-~ total vector and isovf~ct.or 

SJH'ct.ral functions from T ckcays and e+ e- data. The compilation of the total spectral 
functions both in T d<'cays and ,.+ e- annihilation rcquirs particular care. Additional infor­
mation from isospin symmetry regarding unknown or unrncasured final states is necessary. 
Conversely, t.hc eve predictions of t.hc vector T branching ratios from c+ e- cross sections 
an· r:ornpan•d to nwasmwl qwwt it.ics from T <kcays. In general, good agrc<>rncut is found 
hPtween c-1 e and T da.ta. vvh(-'r(' iu rnany casc~s T data ;.-U'(~ rnon-~ accurate. A comhiiJc~d 
fit. of t.h<' pion form factor nsir1g phcnorrwnological f'onnula based on wctor resonances is 
perf(Jrnu'd in order t.o <·xt.ract til<' differcn<·c· in tnass and width bd.we"n the dtarged I' 

(f'ron1 T decays) and the ncnt.ral (!0 (in e·1 (' anniltilat.iou). Thf•y 1m' found t.o ill' 

.6.J\J p(770) 

6l'p(77111 

(0.0 ::lc I 0 ± 0 I) 

(0.1 ± 1.8 ± 0.5) 

2:)1 

- 2 l'vle\jc 

'/ 2 Il-lc\ c 



when' the first errors are the direct fit uncertaintim and the second errors account for 
modd dependencies. The fit result is found to be in agreement with a theoretical estim~tte 
of tlw ekdromagnetic p ma$s difference. 

In the p dominated two-pion final state, the precision of 7 spectral functions exceeds 
t.hc a<:enracy of c' c cross section measnrements. This is exploited to improve the cal­
culation of the hadronic cont.rilmtions to the muon (g - 2) and to the running of the 
fine st.ructnre constant, <x(J1.1J,). Tlws" hadronic contributions dominate the present ac­
curacy of the two basic physical observablcs. Both contributions arc evaluated by means 
of a dispersion intf,gral over CXJWrim<'nta.! data in an en<,rgy regime that is deeply non­
perturbative, and therefore not pn,dict.ahlc with current. QCD methods. Data from 7 

sp"ct.ral functions are includcd via eve for the most precise two- and four-pion final 
states. Sinee the particular accuracy of the two-piort integral reaches a precision of the 
order of one per cent, a detailed study of eve violating dcetromagnetic effects is per­
fornwd. It. provides a small correction to the measmwl contribution from 7 decays of 
about. -0.3%. The hadronic contributions obtained from the respective integrals are for 
t.lw rnuonic (.q- 2) 

a had ., 
'l

had 
'JI 

(695.0 ± 15.0) X l() lO 

(701.1 ± 9.4) X I() lO 

and for tlw running of a at. 1H} 

A (5) (M2) 
urxhad Z 

A (5) (M2) 
uO'had Z 

(280.9 ± 6.:l) x w-·" 
(281.7 ± 6.2) x w-4 

(c+c dat.a only) 

(combined e+e- and 7 data) 

( e+ e data only) 

(combined c+ c- and 7 data) 

:\ global dectroweak fit, performed with the new determination (incl. 7 data) of a·-+ (MJ) = 

128.878 ± 0.085, leads to a Higgs boson mass of 138:+.i~ 7 GeV. 

Thc difference of vector and axial-vector spectral functions offers insight into the low 
"n<'rgy behaviour of QeD and the applicability of chiral symmetry. The DMO sum rule, 
t.lH' first. and second Weinberg sum rules, as well as the sum rule related to the elec­
tromagnetic pion mass splitting, all wlat.e integrals with infinite upper ranges to precise 
predictions obtained using chind syrmnet.ry, i.e., using massless light quarks. It is shown 
in this analysis that at the 7 mass scale these integrals are not saturated, i.e., they are still 
oscillating, so that an evaluation of the sum rules cannot. IJ<' performed easily. However, 
the application of finite energy sum mle techniques considerably improves the c:onver­
g<'nce of the int.Pgrals, and allows for thr evaluation of the pion polarizability by means 
of t.h" DMO sum rule: 

The error includes PxprrirrH,nt.al and svstcrnaLic tl!tc<>rt.ainti<>s. 

<\tt important application of ltadronic 7 dt~cays to QC'D is t.h<> d<>t.<>nnination of lite 
slrong coupling consl.mtl tr,(HT ). The principle of I Itt' lllt'aslln'l!t<'t+l is basr'd oil a fit 
of I he t.h<'oret.ical prediction for an inclllsivc obsen·ablt• t.o I he data. whPrc n.,(:\1,) is 



a free parameter. Since QCD is applied lH~n· at a low erwrgy scale, one has to worrv 
wh<'t.her non-pert.urhat.iw effect.' play a role. This is accounted for by the usc of the 
low mwrgy Operator Product Expansion (OPE), which organizes the non-pcrturbativc 
contributions as an expansion in powers of tJw T mass and coefficients which can be fitted 
simultarwously with n,(Mr ). ThP observablcs used arc the 7 hadronie width and spectral 
moments, which arc complmncntary to each other in the sense that they use information 
from the normalization (Rr) and the form of the spectral functions only (moments). The 
best and most robust determination of a,(MT) is obtained from the inclusive (V +A) fit 
that yields 

This value evolved to the Z mass scale gives 

0.1211 ± 0.0008.,xp ± (J.()()J6t.lwo ± O.OOlOevol , 

0.1211 ±0.0021. 

Expressed in terms of the MS renormalization scale at I' = Afr with three activte flavours 
at t.hrc" loop level one has 

A~ = (397 ± 14exp ± 27t.heo) MeV . MS 

The result is dominated by theonetical uncertainties, whose evaluation is still delicate. 
The total non-pert.urbative eont.rihution to H 7 y +A is found to bee eompatiblf> with zero 
and negligibly small. However, th~ same fit. using tlw exclusive vector and axia.l-vedor 
hadronic widths and moments revealed that. the non-perturbative contributions, in par­
t.ieular of dimension D = 6, arc large, but. fortunatdy exactly cancel out in the indusiw 
sum, within present. accmacy. 

The spectral function mcasmcmcnt. opens the possibility to measure the 7 hadronic 
width as a funet.ion of a· varia.blf' "7 mass" "o <::: 1v1;, taking advantage of thf> universal 
nature of the measured spectral functions. This provides a direct test of the running of 
n.,(80) which governs the evolution of the theoretical prediction to values smaller than the 
T mass. A perfect agreement between the measured RT,H-A(s0) and theory is found for the 
whole range of0.7 GeV2 S 80 S M;. At 0.7 G<•V2, Rr,v+A(s0) starts to blow up due to the 
infltwnce of the p peak and the pion pole which are of non-perturbativc origin. A direct. 
fit. of the data and theory in the valid region yields the result ns(Mr) = 0.354 ± 0.017 , 
including experimental and tlworct.icaluncertainties, and very small contributions of non­
J>Prt.urbat.ive origin. The above value is consistent with the result for n,(Mr) obtained in 
t.hP fit. of Rr,v+A(M;) and til<' moments. Th<· samP direct fit is performed for the exdu­
sivP vector and axial-vector R 7 y;,1 (s0 ), where a worse agreement between experiment and 
theory is found, and strong no11-perturbative contributions cause theory t.o break dow11 
m11ch earlier, i.e., a.t larger s0 . Th<' cvolut.io11 of the non-pertm'hat.ivc contributions as 
a function of s0 is access<'cl dire<'l.ly by considering t.hP differcne<' RTy 11 (s0 ) in which 
jWrt.nrbative contributions ca.Be<'l to all orders of the pcrt.nrbat.iw expansimJ. The fit of 
a fn·e dimf'nsional operator to !?,_ 1.·~-A(s0 ) in onkr t.o t.Pst. the dominant. l!On-pcrtnrlmt.ive 
OPE dimension leads t.o 

D = 6.9 ± O.G. 



This is in astonishing agreement with the assumption of a dominant D = 6 contribution 
made in the SVZ approach. A fit of R,y -A(s0) to an operator D = 6 plus an operator 
lJ = 8 indicates that the additiou of the D = 8 term docs not quantitatively improvf' 
the validity of the OPE. Data from c+ c·- annihilat.ion in combination with the theoretical 
prediction of R7 ,v+A(s0) could be used to extend the OPE analysis to masses greater than 
M7 and to elucidate the asymptotic hf,haviour of the non-pcrturbative contributions. 

Future work must be done in both the experimental and the theoretical domains. Ex­
perimentally it has been shown that most of the physical observables calculated using the 
T spectral functions as input arc limited by the uncertainties in the hadronic branching 
ratios and in the separation of vector and axial-vector final states. The accuracy of the 
hadronic branching ratios is expected to be improved substantially by means of a forth­
coming ALEPH analysis which will include the whole LEP I data set from 1990 1995. 
An improvement in the simulation of fake photons or the fake photon suppression in data 
will provide a higher precision of the low mass-squared tail of the 1f-1fo spectral function, 
which is important in the evaluation of the hadronic contribution to the muon (g - 2). 
A better knowledge of the dynamics and the branching ratios of multi-pion and KK final 
states is necessary in order to extract more accurate information about their G-parity 
and/or contributions from eventual isospin violating decays of intermediate states. A 
more detailed experimental and theoretical analysis of eve violating effects occurring in 
T decays and ,,-+-e- annihilation would improve the accuracy and reliability of all com­
parisons and calculations based on tlw CVC hypothesis. Clearly, the evaluation of the 
hadronic contribution to the running of the QED fine structure constant at Mz can lw 
improved using additional theoretieal input for energy scales lower than 40 GeV from 
pr~rturhat.ive, and even non-perturbatiw, QCD. The QCD <lllalysis of the T. spectral fun<:­
tions n~veakd that at the order of the T mass scale QCD already describes the data well. 
Additional interesting results arc expected from a deeper study of the Borel transformed 
finite energy sum rules. Optimistically, one might obtain constraints on the light u, d 
quark masses using fits to moments of the Borel parameter M 2 The measurement' of the 
strange spectral function and, even more powerful, the separation of strange vector and 
axial-vector components would give rise to tests of further sum rules involving, e.g., the 
difference between non-strange and strange vector spectral functions, which could receive> 
significant contributions from the mass of the strange <JUark. 

Theoretically, a primary goal is to achiev~ a better understanding of the higher order 
,'\"LO pcrturbative contribution to the T hadronic width. If a direct caleulation of the first 
unknown codficicnt K 4 is cnrwntly out of reach, more detailed studies of contributions 
frow so-called renormalization chains seem to be necessary. In addition, the claimed non­
<'xistence of a dimension D = 2 contribution to R7 is still discussed among theorists and 
n·quires further work. It is not unn,asonable to hopr> to obtain answers from experiment 
to t Iiese primarily theoretieal problems. 
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