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The Polygamma Function y®(x) for x =1 and x =

K.S. Kélbig

ABSTRACT. Expressions for the polygamma function ¥*)(z) for the argu-
ments z = } and r = 2 are given in terms of Bernoulli numbers, Euler num-
bers, the Riemann zeta function for odd integer arguments, and the related

series of reciprocal powers of integers #(m).



1. INTRODUCTION

The polygamma function

k dk+1

d*
W) = (@) = T (@)

appears in a number of theoretical and practical applications, and a number of its prop-
erties are listed in the relevant handbooks. In particular, it is well-known that for k > 1
1, No. 6.4.4]

W1 = (=1)RK Gk + 1)
T,Zf(k)(%) — (_1)k+1k! (2k+1 . 1) CU‘ + 1)’

where ((n) is the Riemann zeta function for integer arguments. Together with the recur-
sion formula [1, No. 6.4.6]

B+ z)—pB(z) = (~1)Fkle (1)

and the reflection formula {1. No. 6.4.7]

k

PO = 2) + (=) P(z) = (~1)*w§;cotw (2)

it is easy to find expressions for ¥(*)(n) and ¥*)( £ n), where n € N.

It seems surprising that the values of ¥(¥)(z) for z = 1 and £ = 3 and hence for
T = %:tn and z = %:tn have received less attention; at least these values are seldom found
in the handbooks. Sometimes, e.g. in (2], one finds a relation like ¥'(3) — ¢'(2) = 16G,
where G = 0.91596 ... is the Catalan constant.

It is the purpose of this note to present expressions for ¥¥)(3) and ¢¥*(2) in terms
of the Bernoulli numbers, the Euler numbers, the Riemann zeta function for odd integer

arguments, and the related series of reciprocal powers of integers 3(m).
2. EXPRESSIONS FOR ¥)(1) AND yp(¥)(2)

For rational arguments r = p/¢ the polygamma function ¥¥)(z) can be witten as [3,

No. 8.3638)

p® (3> = (—1)k+‘k!g<k+1,3> (3)
q q
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1
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(=1)*"kg g(ﬁqn)m (k1)
where ((k + 1, z) is the generalized zeta function. In particular we obtain
p® (L) 4 (- l)kd.(k)(%) (4)
_ k+1 o2k )
n=0 n:O
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From the reflection formula (2) we find for z = }

PRE) = (=DrpR(3) = —nilk— cot mz . (3)

dz* r=1/4

In order to calculate the higher derivatives of cot 7z at z = 3, we make use of the

trigonometric relation [4, No. 34:5:17]

1
4

tanw(z + 1) = sec2rr + tan2nz.

It is then not difficult to obtain the derivatives of the cotangent function at ¢ = ir
from the power series expansions for the tangent and secant functions {1, No. 4.3.67,69],
namely

tan z Z B U‘B?"i 22t (lz] < 37)
n)

and

= |Egn \
secz = 2(22)! 2% ((zl(%?r),

=0
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by noting that
dk
——cot rx

dz*

dk
(—1)k —— tanmz

dz*

z=1/4 r=1/4

where B,,, and E,, are the Bernoulli and Euler numbers, respectively. This leads to

d‘zk—~1 ‘sz|
———cot Tz = —(2m)¥-12%k (2% ) ==,
dx?k-1 r=1/4 2k
and
2k
——5 cot 7z = o
d r=1/4

By using the two series [1. No. 23.2.20,21]

00 1 ’ ) ) \ ) (—-1)‘7
= (1 - 277 ({(m) and ——— = [(m)
;(QJH) ;(2j+1)

we obtain from (4) and (5}, for odd k = 2n — 1,

7’&(271—1)(%)_{__#,(271——1)(35) _ 7r2n24n—1(.22n_ 11;’:11,
plen= 1)(%) N2 = (20— 1)12% B(2n),
and for even k =
w3 - w<2”><3> = = (27)"  Eanl,
PO+ (2 = —(an)1 2 (22 1) ((2n + 1),
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Hence for n € N,

1/)(2"'1)(%) } B 421)—1
w(%—l)(%) 2n

{73 (27" = 1) |Ban| £ 2(2n)! B(2n)}

and
$em(d)
wn(3)

With the exception of 3(2) = (;. which is merely a definition, no expressions for {(2n+1)

or 3(2n) in terms of other well-known constants are known.

The following list gives a few examples for y’»(k)(%) and u’)()‘)(%):

} = F2 R By £ 2(20) (27 — 1) ((2n 4+ 1)}

() = 7480, ¥(2) = 7% -38G,

Y3 = —2(7+ 280(3)], ¥(3) = 2[x°—28¢(3)],

P"(3) = 8[r* +965(4)], (3 = 8[7*—96B(4)],

PW(L) = —8[57° + 1488((5)], pW(2) = 8[57° — 1488((5)],

YO = 256[7° +9605(6)], PpO(3) = 256[x° —9605(6)],

PO(1) = —32[61x7 + 182880((7)],  »©(3) = 32[61x" — 182880((7)].
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