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1. Introduction

1. Introduction

The aim of every theory is to construct a framework to describe the world correctly.
Unfortunately, despite all attempts, there exists no theory which is able to fully explain
all physical phenomena. So far the best model in particle physics is the Standard Model
(SM) which unifies three of the four fundamental forces, i.e. electromagnetic, weak and
strong interactions. The first unified fundamental force was electromagnetism described
by Maxwell [1] in 1865. More than half a decade later, in 1934, Fermi started the devel-
opment of the weak interaction with his ideas on f-decay [2]. A few years later, in the
1960s, Glashow [3], Salam [4] and Weinberg [5] combined the electromagnetic force and
weak interaction in the frame of electroweak unification and received the Nobel Prize
in 1979. In the 70s the strong interaction was added and the full Standard Model was
born [6]. Although the Standard Model is believed to be self-consistent and its remark-
able ability to predict many experimental results its known to be incomplete |7]. Beside
not including General Relativity (GR) there are also several phenomena which the Stan-
dard Model can not explain. For example it can not explain neutrino oscillations and
masses [8,9]. Furthermore according to data analysis of the PLANCK space telescope
only 5% of the universe can be explained by the Standard Model where the other 95% are
made of dark matter and energy [8]. Moreover, the Standard Model can not explain the
matter-antimatter asymmetry in the universe. The underlying fundamental symmetry of
the Standard Model is the CPT-invariance which implies that the relativistic quantum
field theories of the Standard Model are invariant under the combined transformation of
charge (C), parity (P) and time (T) [10]. As a direct consequence matter particles and
the corresponding antimatter particles should have the same properties but conjugated
charge. Consequently matter and antimatter should have been created evenly during the
Big Bang. Therefore the observed matter-antimatter asymmetry is in strong contraction
to the Standard Model. To find the source of this imbalance between matter and an-
timatter nowadays many experiments are testing CPT-symmetry. For this purpose the
Baryon Antibaryon Symmetry Experiment (BASE), which is located in the Antiproton
Decelarator (AD) at the Conseil Européen pour la Recherche Nucléaire (CERN), mea-
sures and compares fundamental properties of the proton and antiproton as the charge

to mass ratio ¢/m and the g-factor.
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Charge to Mass Ratio

The charge to mass ratio ¢/m is related to the free cyclotron frequency w,. as

q w
= EC (1.1)

where B denotes the external magentic field of the Penning trap.

g-factor

The g-factor is a dimensionless proportionality constant of the magnetic moment jig and
the spin S

_, q

fs =955 (1 '2)

Considering the free cyclotron frequency w. (1.1) and the Larmor frequency

949
=>—B 1.3
WL 2m (13)
the g-factor can be expressed as
g __wL
== 14
2" o (1.4)

The overall structure is as follows. In section 2 a theoretical description of the Penning
trap is given. Frequency shifts due to electrostatic anharmonicities are derived in sec-
tion 3 and then discussed on a theoretical basis for the current Penning trap used at
BASE in section 4. In section 5 the basic detection principle in the BASE experiment is
presented. A method to evaluate the temperature of the system is developed in section 6.
In section 7 the idea of phase sensitive methods is presented and fundamental measure-

ments are discussed.

Since my internship was during the large shutdown due to the high luminosity upgrade
of the Large Hadron Collider (LHC), the Antiproton Decelerator (AD) was not working.
Therefore the BASE team worked only with protons instead of antiprotons. Consequently
in the following always protons are considered as long as it is not explicitly said that an-
itprotons are considered.

During the whole work Wolfram Mathematica is used as a computer algebra system
since it combines analytical and numerical computing routines which both were used by

turns.
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2. Penning Trap

The origin of the name ’Penning trap’ goes back to F. M. Penning in 1936 whose work
was pioneering for the later development of the Penning trap. During his work on im-
provements of the sensitivity of vacuum gauges, he had the idea to add a magnetic field
which forces the electrons on a circular orbit. The gauge chamber is realised by two
cylindrical tubes where the inner one is the anode and the outer one is the cathode. If
the imposed magnetic field is high enough, the electron emitted from the cathode does
not hit the anode but gets deflected to the cathode. Additionally, on its trajectory the
electron collides with some remaining gas molecules inside the chamber. If the electron
loses a total energy higher than the work function due to those collisions, the electron
can not return to the cathode. Therefore the electron trajectory gets much larger and
finally terminates at the anode [11]. In 1949 J. R. Pierce investigated Penning’s idea in
a more theoretical way to prevent particle losses in the magnetic field. Pierce solution
was to superimpose the magnetic field with an electrostatic quadrupole potential [12].
Finally in 1959 H. G. Dehmelt build and used such a device for electron storage for the
first time [13]. In the following years Dehmelt and his colleagues continued developing
the Penning trap and operated a number of spectroscopic measurements. Furthermore
Dehmelt performed first precision measurements, e.g. measuring the magnetic moment
of the electron and positron [14,15]. In 1989 Dehmelt, together with W. Paul and N. F.
Ramsey, was awarded with the Nobel Prize for developing the ion trap technique [16].

Today the Penning trap has become an essential device in the field of fundamental pre-

cision measurements and is the main tool in the BASE experiment.

2.1. The Ideal Penning trap

The Penning trap consists of a superposition of a electrostatic and magnetic field as
mentioned before. The reason to use such a combination of both types of fields instead
of a single field is the fact that neither a static electric or magnetic field in isolation can
trap a charged particle.

Trying to realise a trap only using a magnetic field the particle could escape in the direc-
tion parallel to the field lines since the Lorentz force only acts in the plane perpendicular
to the field lines. In the case of using an electrostatic field in isolation the inability to

trap the particle is a consequence of the Earnshaw-theorem [17]. Nowadays it can be
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understood as a direct consequence of Maxwell’s equations [1]. If an electrostatic poten-
tial in isolation is considered to trap a charged particle, the field lines around such a
equilibrium position have to point inwards, i.e. to the equilibrium position. This would
lead to a negative divergence V - E of the electric field which is in direct conflict with
Maxwell’s equation V- E = 0 which states that the divergence of an electrostatic field in
absence of any additional charges has to vanish. Consequently there are no local maxima
or minima such that an equilibrium position can not exist. Thus a superposition of a

magnetic and electrostatic field has to be used to trap a charged particle.
The fundamental force to study the physics of the Penning trap is the Lorenz force
zizq(ﬁ+ax§) (2.1)

acting on a particle with charge ¢ and velocity . Considering only the magnetic field

B= Beé, the Lorenz force acts as a centripetal force

Fy, = Fy (2.2)
2
& quB = MY §ith v = w,r
r
B
W, = % (2.3)

and therefore constrains the particle to an oscillation with the so called cyclotron fre-
quency w, perpendicular to the magnetic field. For a complete description of the particle

in the Penning trap the quadrupole field

2
o(z,p) = V,Cy <z2 - /)2> with p = /22 + y? (2.4)

—

A E(Z,p) = _v¢(zap)
_ > _ P
= —2V,.Cy (zez 2€p>

= -2,C; (22 - 22, - L7, (2.5)
2 2

must be added, where V,. is the voltage of the ring electrode and C5 is a trap specific
parameter with the dimension of inverse length which is specified later. The electrostatic

potential saddle created in the Penning trap is shown in Figure 2.1.
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AXIAL
CONFINEMENT

Figure 2.1: Ideal electrostatic potential in the Penning trap [18].

Taking into account the magnetic and electrostatic field the Lorenz force leads to a set

of coupled equations of motion

=

mi q(E+17><§>

i 2V,Ca% + B
sml|y| =4q 2‘/;02}21 — B
Z —2V,.Csz
2
%(L‘ + wey
e il =%y —wi (2.6)
Z —w?z
with the axial frequency defined by
2qV,.C:
m

The axial motion is simply given by a harmonic oscillator with frequency w, and can
be tuned by changing the ring voltage V... To decouple the equations of motion for the

radial direction the change of variables ©u = x + iy can be performed. This leads to the
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combined equation of motion

w2
U+ fwett — TZU =0. (2.8)

t

Now a simple exponential ansatz e™? can be used which, combined with the differential

equation, leads to

2 w?
w —wcw—i—?z:() (2.9)
1
= we=g (wc +\/w? — 2w§> . (2.10)

Consequently the eigenmodes of the radial motion are the so called modified cyclotron
frequency w, and magnetron frequency w_. From (2.10) it is easy to see that stable

particle storage requires the condition

qB?

4mC’2 '

w-2?>06V, < (2.11)
However, this property can be useful to remove particle species with a higher % ratio, i.e.
protons and antiprotons have a much higher mass than electrons and therefore it is easy
to get rid of electrons which contaminate the Penning trap by lowering the ring voltage
V- below the given threshold.

For the physical understanding it is helpful to point out a more general solution of the

differential equation (2.8). The solution can be written as
u(t) = pre™tt + p_e -t (2.12)

where py and p_ denote the modified cyclotron radius and magnetron radius respec-
tively. It shows that the radial motion is a superposition of the modified cyclotron and
magnetron oscillation. The expressions for z(¢) and y(¢) can be found by considering the

real and imaginary part of the solution u(t):

2(t) =Re(u(t)) = p_ cos (%t) + py cos (%ﬂs) (2.13)
y(t) =Im(u(t)) = p_ sin (%t) + pa sin (%t) . (2.14)

The typical hierarchy of eigenmodes used in experiments is wy > w, > w_ and a typical

trajectory of the three eigenmodes in the Penning trap is shown in Figure 2.2. Using
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(2.10) relations between the eigenmodes can be derived which link wy,w, and w_:

Wy +w_ = we (2.15)
1 w?
wiw_ = §w§ S w_ = ﬁ (2.16)

Combining those relations in (wy + w_)2 = w? +2w w_+w? leads to the most important

one called the invariance theorem

w? = wl +w? +wl. (2.17)

While (2.15) and (2.16) are only valid in the ideal Penning trap, the invariance theorem

(2.17) also holds in presence of trap imperfections or misalignment [19].

combined

v, mod. cyclotron

Figure 2.2: Typical trajectory of the particle in the Penning trap consisting of the three
eigenmotions [20].

2.2. The Real Penning Trap

The previous section dealt with the ideal field configuration of the Penning trap. This
section describes how the Penning trap is realised in the experiment to be as close as
possible to the ideal case. Although a hyperbolic design [13] is used in many experiments
to reproduce the shape of a quadrupole field, a cylindrical trap can also be used and has
the advantage that a system of several electrodes can be easily connected, e.g. to load the
trap, and furthermore cylindrical electrodes can be manufactured more precisely [21]. In

the experiment a five-pole cylindrical Penning trap placed in a superconducting magnet
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is used. Unfortunately the resulting fields show a deviation from the ideal case. For
certain choices of the trap geometry it is possible to design the trap compensated and

orthogonoal, i.e.

e compensated: First higher orders of correction terms, i.e. C4y and Cg, are simulta-

neously tuned to zero,

e orthogonal: The resonance frequency is independent of the voltage V.. applied to

the correction electrodes.

To obtain the trapping potential of such an electrode geometry potential theory can be
used and the potential is given by the solution of the Laplace equation where cylindrical

coordinates are used because of the given symmetry. The Laplace equation reads

10 0 1 0% 0?

with Dirichlet boundary conditions ¢(a,z) = V where V describes the voltage applied
to the electrode at position z. Due to the rotational symmetry of the trap the potential
¢ is independent of the angle . Moreover, the Laplace equation does not include mixed
terms of derivatives, such that a simple separation ansatz ¢(p,z) = R(p)Z(z) can be
chosen to solve the Laplace equation. The separation yields in independent differential

equations for Z(z) and R(p)

o (75oR0) = ¥R() =0 (219)
;;Z(z) +X2Z(2) =0 (2.20)

where A\? denotes the separation constant. The equation for the axial as well as the radial
term are well known. The solution of the axial part is given by trigonometric functions
while the radial part is solved by the modified Bessel functions Ix(p). Hence the most

general solution is given by

nm

o(p,z) = Zfo(knp)An sin(kyz) with k, = e (2.21)

n=1

where A,, are coefficients defined by the Dirichlet boundary conditions and A is the total
length of the trap. After calculating the coefficients A,, [22] the total potential for a trap
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with p stacked electrodes reads

2 | v cos(knz0) — V, cos(k,A) LIS VAN /A
d(p.2) =5 D +y L

L k2d (Sin(anQi_z) — Sin(k)nZQi_g))

=2

~

n=1
O(knp)

X
Io(kn@)

sin(kpz) (2.22)

where d is the distance of the gap between two adjacent electrodes, zo;_o the axial start
of the electrode i and z9;_3 the axial end of the electrode ¢ — 1. For the five-pole Penning
trap the potential simplifies after shifting the origin to the trap centre to

2 Sy I VA cos(knzo) — Vs cos(knA) Vi —Vi_q

21&::5; sin (k” (z + %)) : (2.23)

The schematic trap design, electrostatic potential and magnetic field lines are shown in

5

(Sin(k)nZQi_Q) — Sin(anQi_g))

X

Figure 2.3.

B
0 A Z
U,
U,
U.
U,
1D U, 2z,  axial
confinement U
radial confinement U, | '
Ul:
> I
potential
magnetic physical electric

Figure 2.3: Schematic trap design, electrostatic potential and magnetic field lines [18].
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As a consequence of the product structure of the potential the radial part is uniquely
defined if the axial part is known. To investigate the axial potential in more detail it is
convenient to Taylor expand the potential in the centre of the cylindrical trap, i.e. at

p=0:
$(0,2) =V, Y Cjz (2.24)
j=0

where the expansion coefficients are derived in Appendix A to be

00 5

2 Vi cos(knzo) — Vs cos(knA) Vi—-Vi_1 . ' . '
o ~JWA nzz:l o + ; KZd (sin(kpz2i—2) — sin(kpz2i—3))
(nw/AN)T . 7w .
“ Tolkna) " (3t +). (2.25)

In the later discussion of anharmonicities coefficients C; with j odd will be ignored since
they generate forces which average to zero around a complete orbit and therefore do not
produce a frequency shift to first order [23].

To be consistent with the description of the Penning trap used in the BASE experiment

shown in Figure 2.4, the constraints are V. = V3, Ve = Vo =V and V3 = V5 = 0. It is

Vee
Ve

the ring electrode V,. is mostly fixed, the correction electrodes V.. can be used to tune

common to introduce the tuning ratio TR = <%¢. Since in the experiment the voltage of

and optimise the potential with respect to compensation and orthogonality.
Furthermore, after grounding the endcaps it can be easily seen that if the voltage V.. =

V. - TR is applied to the correction electrodes, the coefficients C'; can be written as

where E; and D; are coefficients and are defined by the dimensions of the trap electrodes.

For an above mentioned orthogonal trap the axial frequency w, is independent of the

tuning ratio TR, i.e. gfﬁlz% = 0, such that D, vanishes.

10
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end electrode

correction electrode
ring electrode

correction electrode

end electrode

Figure 2.4: Sketch of the trap design in the BASE experiment [20].

11
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3. Effects of Electrostatic Anharmonicities

In section 2 the ideal and real Penning trap were discussed. In contrast to the ideal Pen-
ning trap electrostatic imperfections occur in the real Penning trap. Those imperfections
lead to higher order contributions to the electric field (2.24) compared to the ideal case
(2.4). Unfortunately the imperfections result in amplitude dependent frequency shifts.
Although the frequency shifts are not the only consequence of the imperfections, they are
often the most significant one [24]|. Consequently, these frequency shifts have to be well
understood to estimate systematic experimental errors and eventually correct them by
calibrating the contributions. To calculate the frequency shifts, rising from small imper-
fections, perturbation theory can be used which yields analytic formulas for the relevant
parameters in the experiment. Subsequently the resulting dependencies can be used to
optimise the trap with respect to the imperfections. In the case of the real Penning trap
a first attempt is to obtain a compensated trap, i.e. to tune the coefficients Cy; and Cg
of the expansion of the electrostatic expansion to zero applying a voltage V,e = TR -V,
to the correction electrodes as discussed in subsection 2.2. In conclusion, it is of great

importance to examine those frequency shifts due to electrostatic imperfections.

3.1. Method of Harmonic Balance

In this section the fundamental principle of the method of harmonic balance is discussed

while a detailed discussion ca be found in [25].

The method of harmonic balance is a technique to deal with approximately harmonic

solutions of non-linear differential equations of the form
Z4+ f(z) =0 (3.1)

where f is an arbitrary function of z. Since the problem is considered to be approximately

harmonic the solution is given by

2(t) = Zo + Z1 cos(wt) + Za sin(wt). (3.2)

12



3.1. Method of Harmonic Balance

Without loss of generality the initial condition 2(0) = 0 can be fulfilled and additionally

Z9 can be transformed to vanish. Thus the solution denotes
z(t) = Zy cos(wt). (3.3)
Using this solution the force reads
f(z) = f(Z1 cos(wt)). (3.4)

Now the force can be expanded in terms of a Fourier series

f(z)= Z a, cos(nwt) ~ aj cos(wt) (3.5)

k

where aj, are the Fourier coefficients and only the first one, which dominates since it is

assumed to be a quasi harmonic motion, given by

T
a; = ;/0 f(Z1 cos(wt)) cos(nwt) (3.6)
= i/oﬂ f(Z; cos(wt)) cos(nwt), (3.7)

will be taken into account to get the first-order frequency shift. With (3.5) and (3.7) the

force can be expressed as
ai

= —z. 3.8

fe) = 5tz (5:5)
Thus the differential equation (3.1) can be written as

i +wi(Z)z=0 (3.9)

where w(Z;) = %—11 is the perturbed frequency of the system.
Consequently the non-linearities of the differential equation were transformed to an am-

plitude dependent frequency.

Example: Duffing Equation

To give a simple example which is also useful for the further calculations it is convenient

to apply the formalism to the Duffing oscillator which is commonly used to model driven

13
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and damped oscillators. The equation of motion is given by
P4 wiz+ e’ (3.10)

where wg describes the unperturbed frequency of the oscillator and € is a constant which
describes the strength of the non-linearity of the restoring force. Following the algorithm

above the force reads

f(t) = wiZy cos(wt) + €Z3 cos®(wt) (3.11)
3eZ?

~ W Z cos(wt) (1 + = 21) (3.12)
4w;

where cos®(z) = 1(3cos(z) + cos(3z)) was used. According to (3.9) this already yields
the perturbed frequency of the Duffing oscillator

3€Z2
2 2 1
w()=wi 14+ —5 . 3.13
( 1) 0 ( 4w(2) > ( )

In summary, the method of harmonic balance is easy to apply and can be used to regard
a wide range of perturbed oscillators. In the following the technique is used to calculate

frequency shifts of a particle in a Penning trap.

3.2. Frequency Shifts in the Penning Trap due to Electrostatic
Anharmonicities

As described before the electrostatic potential of the Penning trap is given by
V(z) =V, Z Cr2" (3.14)
k

and therefore the equation of motion for a particle in the Penning trap denotes

., 4V k—1
kC =0. 3.15
i Ek: k2 (3.15)

As already mentioned before coefficients C'; with j odd will be ignored since they generate
forces which average to zero around a complete orbit and therefore do not produce a
frequency shift to first order [23].

In the following the frequency shifts due to electrostatic anharmonicities for the 4%, 6t

14
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8t and 10*" order of the expansion given in (3.14) are calculated.

Frequency Shifts up to 4th order

To obtain the frequency shifts up to 4th order the equation of motion

2qV;
m

4qV;
Vet = (3.16)
m

Z+ Coz +

has to be considered. Accordingly the result of the duffing equation can be used by

substituting
4qVy
e ddVee (3.17)
m
This leads to the perturbed frequency
3qV C4Z2
2 2 T 1

Since the perturbation is assumed to be small it is convenient to Taylor the expression
in brackets to get rid of the squares according to v1+x =1+ 5 for x < 1. Thus

3qV,CuZ}
w(Zy) = wy <1 + q‘*21> : (3.19)
2mwy
The next step is to insert the unperturbed frequency wg = %Cg again
w(Zi) =wo [ 1+ 3CiZ (3.20)
1) = wo 10, ) .

Moreover its possible to replace the amplitude Z; of the particle by its energy using the

classical relation for the energy E, = %mw%le. Rearranging this equation to

, 2E, _ E,

Zi = = ) 3.21
1 mwg q‘/rCQ ( )
where the unperturbed frequency wg was used, gives
3Cy E,
E,) = 1+ —= . 3.22
(= (14 177 2

15



3.2. Frequency Shifts in the Penning Trap due to Electrostatic Anharmonicities

Calculating the frequency shift Aw = w(E,) — wp finally results in the relative frequency

shift of
% _ 3Cy E,

wo @(JVF

(3.23)

Frequency Shifts of Higher Orders

After the example for the 4™ order of anharmonicity now it is easy to proceed with
higher orders, i.e. including Cg, Cs and C1g. Instead of including all orders individually,
the full calculation will be done first and afterwards the frequency shifts up to certain
orders will be presented.

Taking the anharmonities up to the 10th order into account, the equation of motion

reads
2qV,.C 4qV,.C. 64qV,C 8¢V, C. 10¢V;-C10
pE2, | ST s ) DAT6 s SIS r ZHIIT 0 g (3.24)
m m m
Ftwizd+ a4+ 80442 +822=0 (3.25)
where wg, «, B, yandd were substituted for simplicity as follows
2qV CQ
2 T
= 3.26
“wo m (3.26)
4qV,.C.
P (3.27)
m
8= M (3.28)
m
8qV;C
y = TS (3.29)
m
10¢V,.C
§ = — 110 (3.30)
m

Analogously to before the force is given by

f(t) = wiZy cos(wt) + aZ3 cos®(wt) + BZ? cos® (wt) + v Z] cos™ (wt) + 77 cos® (wt).
(3.31)

16



3.2. Frequency Shifts in the Penning Trap due to Electrostatic Anharmonicities

Expressing the different powers of cosine by

n

cos™(z) = 2% kzo (Z) cos((n — 2k)z), L.e. (3.32)
cos®(z) = % (3cos(z) + cos(3z)) (3.33)
cos™(z) = 116 (10 cos(x) + 5 cos(3z) + cos(5z)) (3.34)
cos” (z) = 1; < (T0cos(z) + 42 cos(3x) + 1 cos(5) +2cos(7) (3.35)
cos?(x) = (252 cos(z) + 168 cos(3x) + 72 cos(5z) + 18 cos(7x) + 2cos(9z)) (3.36)

512

and neglecting higher harmonics of w leads to

3aZ? 58Z% 35428 6367%
t) ~ wiZy cos(wt) 1 L 1 L L 3.37
J(8) & wpZi cos(w )< T T e T e 12802 (3.37)
Consequently the perturbed frequency can be determined to be
3aZ? 58Z% 35428 6367%
2 2 1 1 1 1
Z1) = 1 3.38
WA %) < T s e 128wg> (3:38)
3a22 5524 35728 63678 (3.30)
8w0 16w0 128w 256w3 '
30421 1506211 35C8ZY  315C10 2%
_ 1 3.40
“o ( TTi0, T 160, T 320, T 256u2 (3.40)
304 E.\ , 15Cs ( E. 2 L 35Cs (B 3 | 315C ( B 4
402 16C3 \ gV, 32C% \ ¢V, 256C3 \ ¢V
(3.41)

where the Taylor expansion already was done, wq, a, 8, and & were inserted and the
amplitude Z; of the particle was expressed in terms of the axial energy FE.. Finally the

relative frequency shift can be calculated:

Aw (3Cy (E.\ 15Cs ( E.\® 35Cs ( E.\° 315Cy [ E.\"
= _ — 4 3 + 1 + = . (3.42)
wo 4C5 \ qV; 16C5 \ qVi 32C5 \ ¢V, 256C5 \ qVi
To summarise the results, the relative frequency shift for taking correction terms up to
4th gth gth and 10" order are listed:

Frequency shifts up to 4" order:
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3.2. Frequency Shifts in the Penning Trap due to Electrostatic Anharmonicities

Aw 304 Ez
— = — 3.43
wo  4C3 (qu) (3.43)
Frequency shifts up to 6" order:
Aw (3Cy (E.\ 15Cs [ E.\?
— = | —= 3.44
wo <4C§ (qV) re (qV> (349
Frequency shifts up to 8" order:
A 3C, (E.\ 15Cs [ E.\> 35Cs [ E.\®
== + 28 + 8 . (3.45)
wo 4C5 \ qV; 16C5 \ qVi 32C5 \ ¢V,

Frequency shifts up to 10*" order:

Aw _(3Ci (B 15Cs (E.\* 35Cs (B.\" 315Cy (B.\*
wo  \4C32 \ gV, 16C3 \ ¢V, 3205 \ qVi 25605 \ ¢V '

(3.46)

In Figure 3.1 the frequency shifts for 4", 6t 8" and 10*" orders of anharmonicity are

shown in comparison where the tuning ratio T'R was chosen such that Cy vanishes.

1.0-
0.5
§ 0.0 m 4th order
3 O
4 m 6th order
m 8th order
—05l | m 10th order
-1.0+
0.0 0.5 1.0 1.5 2.0 25 3.0

EineV

Figure 3.1: Frequency shifts for each order of anharmonicity discussed before with the
tuning ratio T'R chosen such that Cy4 is compensated.
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3.2. Frequency Shifts in the Penning Trap due to Electrostatic Anharmonicities

In Figure 3.2 the frequency shifts for each order are compared for tuning ratios T'R such

that C4 and Cg are compensated respectively.

0 0.000000 \
-2.x107¢ -5.x107%
3 -4.x10° 3
3 m C4=0 3 -0.000010 m C4=0
 C6=0  C6=0
-6.x107¢
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~0.000020
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EineV EineV
(a) 41 order frequency shifts (b) 6™ order frequency shifts
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-0.4 N\ 0.6
2 . 2
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J-06 \ moeo  oa = C6=0
08 02
-1.0
0.0 - -

0.5 1.0 1.5

EineV

2.0 25

(c) 81 order frequency shifts

3.0

0.0

0.5

1.0 1.5

EineV

2.0

25 3.0

(d) 10*" order frequency shifts

Figure 3.2: Frequency shifts for each order for tuning ratios T'R such that C4 and Cg are
compensated respectively.

Oth

Having a closer look at the frequency shift including up to the 10"" order reveals that

Aw

the relative frequency shift o

is zero for the specific energy of E, o = 1.5545eV. After
exciting the particle to this energy the axial frequency is not shifted. Unfortunately the

energy E, g = %mwgzg

corresponds to an axial amplitude of zg = 4.29 mm which is much
larger than the length of the ring electrode [,.. Furthermore during cooling the particle
undergoes a frequency shift of approximately 63 kHz. Thus it is not reasonable to excite

the particle to the energy F. .

In conclusion, the frequency shifts depend on the C; coefficients of higher orders and
the axial energy E.. The C; coefficients of higher orders introduce the anharmonicities
due to electrostatical imperfections with respect to the ideal Penning trap. Therefore the
more harmonic the electrostatic potential is the smaller the frequency shifts are. The aim

of section 4 is to tune the coefficients C; such the frequency shifts can be reduced. The
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3.2. Frequency Shifts in the Penning Trap due to Electrostatic Anharmonicities

dependency of the axial energy E, becomes important if the particle is excited to perform
peak measurements (see section 5). For the special case of phase sensitive methods this

is discussed in section 7.
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4. Potential Studies - Electrostatic Potential

4. Potential Studies - Electrostatic Potential

In section 3 the impact of anharmonicities of the electrostatic potential and the resulting
frequency shifts were discussed. This section deals with those anharmonicities and the
attempt to minimise or even compensate them. As seen in subsection 2.2 the C; coeffi-
cients depend on the explicit trap geometry and the voltages applied to the electrodes.
Obviously it is much simpler to change the applied voltages instead of modifying the
whole trap. Therefore the voltages applied to the electrodes are varied for the given trap

geometry in the experiment.

Note: During this investigations machining imperfections are not considered.

4.1. Trap geometry in the BASE Experiment

Solving the Laplace equation (2.18) with Dirichlet boundary conditions results in the full
solution of the electrostatic potential (2.2) which strongly depends on the trap geometry.
Thus, before trying to tune the trap, first the trap geometry and basic properties of
the trap have to be discussed. Usually the classical 5-pole Penning trap is considered to
tune the trap. Unfortunately the possibilities are rather limited due to the number of
available electrodes which can be tuned. To overcome this constraints in the following

investigations also a more complex model of an extended electrode stack is considered.

4.1.1. 5-Pole Penning Trap

The 5-pole Penning trap was already shortly discussed in section 2 and is shown in Fig-
ure 2.4. The trap is a cylindrical stack of five electrodes with radius a = 4.5 mm. The
main component is the ring electrode with length [, = 1.21 mm and the voltage applied
to this electrode is denoted by V,.. Next to the ring electrode are two correction electrodes
with length [.. where the according voltage is denoted with V.. The two remaining elec-
trodes are the so called endcaps which have the same length as the correction electrodes.
However, in the following calculations the length of the endcaps is set to lo. = 4mm
since the point of interest is the trap centre and the other electrodes in the trap stack
(see subsubsection 4.1.2) are grounded too. The endcaps are usually set to ground, i.e.

the applied voltage is V.. = 0. The single electrodes are separated by saphir rings with
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4.1. Trap geometry in the BASE Experiment

rings with length d = 140 yum. A schematic sketch of the 5-pole Penning trap is shown in
Figure 4.1.

10

z
Vervs — | s
VeV — | T
R | S
Vv, — ] 7 |-
Vesvi — | 1. T

Ir

—

Figure 4.1: Schematic sketch of the 5-pole Penning trap.

To examine if the 5-pole Penning trap with the given trap geometry is 'compensated’ it
is necessary to check if Cy and Cg can be compensated for the same tuning ratio TR, i.e.
the equations C4(TR) = 0 and Cg(T'R) = 0 have to be solved. Unfortunately the optimal
tuning ratio for compensating Cy is T'Ropt,c, = 0.881019 while the optimal tuning ratio
for compensating Cs is T Ropi,c; = 0.881015. Thus the 5-pole Penning trap used in the
BASE experiment is not perfectly ’compensated’ since the optimal tuning ratios differ
by the order of 1076, The relative coefficient strength is shown in Figure 4.2. Another
attempt is to use an offset voltage between the two correction electrodes. Unfortunately
also with this attempt it is not possible to compensate Cy and Cg at the same time. Those
properties also hold for the extended electrode stack since only additional electrodes are

considered there.
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Figure 4.2: Relative coefficient strength for Cy and Cg.

4.1.2. Extended Electrode Stack

The idea to use more electrodes out of the trap stack is the aim to compensate at least
the coefficients Cy and Cg at the same time. In addition to the 5-pole Penning trap
discussed in subsubsection 4.1.1 more electrodes are considered. A schematic sketch of
the extended electrode stack is shown in Figure 4.3 next to the corresponding extract of
the connection diagram of the current trap stack. The model was chosen in the way that
electrode T4 coincides with electrode V4 and consequently electrode T6 coincides with
Vi7. The electrodes Vi to V3 were added to the model to obtain a symmetric trap. This can
be justified by assuming that the electrodes before are grounded anyway. The additional

electrodes have the same dimensions as the correction and endcap electrodes.
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4.1. Trap geometry in the BASE Experiment
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(a) Extended electrode stack (b) Connection diagram

Figure 4.3: Schematic sketch of the extended electrode stack.

4.1.3. Convergence of coefficients C;

In subsection 2.2 the expansion coefficients C; (2.25) of the electrostatic potential in axial
direction were derived. Using a computer algebra system the infinite sum is not realisable.
Therefore the sum has to be approximated by stopping at an upper limit t. To determine
which upper level ¢ is sufficiently large, the convergence of the C; coefficients with respect
to t has to be examined. In the following the attempt is to find the optimal tuning ratio
T Ropt where Cy is examined. Thus it is reasonable to take this as a quantity to study
the convergence of the coefficients €. The optimal tuning ratios T'R,,; to compensate

Cy and Cg respectively as a function of the upper limit ¢ are shown in Figure 4.4.
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Figure 4.4: Convergence of the tuning ratio T'R,,; such that Cy and Cg vanish respectively
with respect to the upper limit of the sum ¢.

To quantify if the upper limit ¢ is large enough it is convenient to compare those devia-
tions with deviations resulting from machining imperfections of the trap. The machining
imperfections for the radius a, the ring electrode length [, and the correction electrode
length l.. are b um while for the length of the saphir rings d it is 10 um. The result-
ing dependencies on these machining imperfections are shown in Figure 4.5. Obviously
those deviations are already larger than those due to the upper limit for approximately
t = 10%3. In the following at least ¢ = 103 is used to suppress the impact of deviations

due to the convergence of the coefficients Cj.
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Figure 4.5: Impact of machining imperfections on the tuning ratio T'R,,; such that Cy
and Cg respectively vanish.

4.2. Methods to Minimise Frequency Shifts

The Penning trap in the experiment is fixed as described in subsection 4.1. Furthermore
the ring voltage V. typically is also assumed to be fixed since in first order it defines the
axial frequency w, = 4/ %, together with the harmonic expansion coefficient C. The
detection system described in section 5 usually is build such that it is most sensitive for
a given range of the axial frequency. Hence, it is convenient to keep the axial frequency

in this regime while tuning the electrostatical trap, i.e. around 640 kHz.

The basic idea of trap tuning with respect to the electrostatical potential is to apply
voltages to the correction electrodes to tune the Cj coefficients and thus try to control
the frequency shifts. For the 5-pole Penning trap this only includes the the correction
electrodes next to the ring electrode since the endcaps are grounded. Considering the
extended electrode stack, there is a variety of additional electrodes which can be used to

tune the electrostatical potential. It is important to keep in mind that the main interest
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4.3. Numerical Approach

is the "harmonicity’ in the trap centre where the particle is trapped, which in the chosen

coordinate system coinsides with the origin.

In the following a numerical and an analytical approach is presented to minimise fre-
quency shifts. The main concept is to determine the tuning ratios T'R; applied to the
correction electrodes with respect to the ring voltage to compensate as many coeflicients
as possible. Obviously for each coefficient which has to be tuned to zero an additional
correction electrode has to be considered since at least as many parameters as equations
are necessary to get a solution.

For both approaches first the 5-pole Penning trap is considered to characterise the rou-
tine and to determine the limits of this model. Afterwards the model and routines are
modified for the extended electrode stack.

4.3. Numerical Approach

The first approach is to model the potential numerically since the analytical solution
discussed in subsection 2.2 takes a lot of computation time. Hence it is not possible to
scan quickly through several tuning ratios T'R; to find the most harmonic configuration.
Therefore an array of the electrostatical potentials ¢; with a resolution of dz for every
single electrode with a normalised voltage of 1V is calculated using the analytical solution
(2.2). Afterwards any potential ¢ can be obtained by superimposing the potentials ¢; of
the single electrodes since the Laplace equation (2.18) is linear. The advantage is that
the potentials ¢; only have to be calculated once while the superposition itself just takes
a small amount of time. Finally the obtained potential ¢ can be fitted in the trap centre

to determine the expansion coefficients C;.

4.3.1. 5-Pole Penning Trap and Characterisation of the Fitting Routine

As described before the first step is to calculate the potentials ¢; for every single electrode

using a normalised voltage 1V which can be seen in Figure 4.6.
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Figure 4.6: Electrostatic potentials for each single electrode.

Superimposing the potentials ¢; can be done by simply adding them up since the Laplace

equation (2.18) is linear. An example for a superposition is shown in Figure 4.7 in com-

parison to the analytical solution.
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Figure 4.7: Superposition of electrostatic potentials compared to the analytical solution

where less points were used to compare easier.

The next step is to characterise the fitting routine and parameters. In a first approach

this can be done by determining the deviation of the fitted function of the analytical

solution. An example is given in Figure 4.8 for the fit function

B(2) = Co + C22 + Cyz* 4 Cp28 + Cg2® + C1p2"°
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4.3. Numerical Approach

where only even coefficients are used as discussed in subsection 3.2. The resulting devi-
ations of the fitted potential in the trap centre (where a fitting width was chosen to be
equal to the length of the ring electrode 1,.) are on the order of 107! which is very small

compared to the abolute value of the potential ¢ on the order of 1.
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Figure 4.8: Comparison of the fit and the analytical solution in the trap centre.

A more complex and detailed test is to compare the optimal tuning ratio T'R,,; where the
‘T Ropt = 0. For this studies it
is necessary to fit the potential ¢ for several tuning rations TR and to determine each
C}y coefficient. Then the set {(T'R,C4)} can be fitted and the optimal tuning ratio 7' R

can be determined by calculating the root of the fitted function, i.e. the tuning ration

first higher expansion coefficient Cy is compensated, i.e. Cy

TR where C4 vanishes. Since the coefficient Cy depends linearly on the tuning ratio TR
the number of considered tuning ratios can be rather small. The deviation of this optimal
tuning ratio T' R,y from the analytical one TRt theo, Which can be simply obtained by
solving C4(TR) = 0, can by examined with respect to several parameters. The most
interesting parameters are the fitting order, i.e. to which coefficient C; the potential is
fitted, and the fitting width Az centred at the potential minimum, since the point of
interest is the trap centre but oscillations of the particle has to be taken into account. As
shown in Figure 4.9 the best results are obtained for fits up to 10*" order and for fitting
widths of the order of the length of the ring electrode.
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Figure 4.9: Deviation of the tuning ratio ATR as a function of the fit width Az for
different orders of the fit.

After characterising the fitting routine and parameters the procedure can be modified
for the extended electrode stack. As mentioned before, the advantage of the extended
electrode stack is that more than only one set of correction electrodes can be used to

tune the trap potential.

4.3.2. Extended Electrode Stack

In principle the same routine as for the 5-pole Penning trap can be used for the extended
electrode stack. Furthermore additional electrodes from the stack can be used. In the
following this is shown for the example of considering electrode T4. The same routine as
for the 5-pole Penning can be used to determine the optimal tuning ratio TR, such that
the coefficient Cy vanishes. Now this model is extended in the way that the optimal tuning
ratio T'R,; for the correction electrodes next to the ring electrode, which are denoted by
TRy, is determined for different tuning ratios T'Rs applied to electrode T4. Consequently
aset {(TT»,TT1)} is obtained where T'R; is a linear function of T'Ry. Moreover, the same
calculation can be done for tuning the coefficient Cj to zero. Fitting the sets { (775, TT1)}
linearly for compensating Cy or Cg respectively, an intersection of the resulting linear
fits can be calculated which can be represented by the tuple (TTg,opt, TT l,ozzt) where Cy
as well as Cg are compensated. As a last step the results have to be cross-checked, since
during the routine numerical errors of the routine itself and because of the machining
precision of Mathematica itself can occur. Using the tuple (175 ops, TT7,0pt) to calculate

Cy4 and (g the coefficients should be sufficiently small. But, they are not. In fact they
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are approximately of the order of 103. To understand this it is helpful to have a look at
the general scaling of the coefficient Cy as a function of the tuning ratio T'R; which is
shown in Figure 4.10. In Table 4.1 the impact of deviations from the analytical tuning

ratio on the coeflicient Cy are shown.

ATR = |TR — T Rajaytical Cyinm™!
1072 —1.28313 x 107
1074 —1.28313 x 10°
1076 —1.28313 x 10°
1078 —1.28313 x 10!
1010 —1.28313 x 107!

Table 4.1: Impact of deviations of the tuning ratio TR from the analytical value
T Ranalytical = 0.881019 on the Cy coefficient. For T'Ryaiyticar the coefficient
reads Cy = —1.23293 x 10~ "m~!, where the fact that it is unequal zero is due
to the machining precision of Mathematica.

Obviously the coefficient C4y changes sensitively to deviations of the tuning ratio TRy,
even for adjustments on the order of less than 1076, Consequently it is not possible to

determine the tuning ratios T'R; accurate enough to continue the studies. Therefore an

analytical approach has to be considered.
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Figure 4.10: General scaling of the coefficient Cy as a function of the tuning ratio T'R.
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4.4. Analytical Approach

In contrast to the numerical approach, in the case of the analytical approach the potential
¢ is not longer modelled to obtain the coefficients C';. Consequently there is no fitting
routine necessary. Furthermore all interesting properties of the 5-pole Penning trap were
already discussed in subsubsection 4.1.1. Therefore only the extended electrode stack has
to be considered.

Instead of modelling the potential ¢, the basic idea is to deal with the coefficients C}
directly. To reduce the computation time the C; coefficients are factorised in terms of
the voltages V;, which are applied to the electrodes, such that for a p-electrode Penning

trap the coefficients read
12
G =172 fiiVi (4:2)
=1
where f; ; are the factors in front of the voltages V;. The factors f; ; are given by

2 > [cos(knzo) 1 . ) (nm/A)T | /7w _
f1; = nzz:l {kno _ W2 (sin(kpz2) — sm(knzl))} Tolkna) sin (5(71 —|—j)>

2 w— 1 . . . :
fij :jTA Z 24 [sm(kani_g) — sin(kyz2i—3) — sin(k,22;) + sm(k:anp_l)]
n=1 "
J
X LW/A) sin (E

o) 2
. .AZ { cos(kad) k;d (sin(knz2p—2) — sin(kn 2y 3))] msm (g(n—Fj)).

(n+j)) for2<i<p—1 (4.3)

The advantage of this factorisation is that now the sums only has to be evaluated once
in the beginning and afterwards the coefficients Cj can by calculated by superimposing
the factors weighted with the applied voltages, i.e. the idea is similar to the one in the
numerical approach. Besides the improved computation time, now the expansion coefli-
cients C; written as in (4.2) are even simpler linear functions of the voltages V;. Therefore
calculating the optimal tuning ratios T'R; o by solving C;({TR;}) = 0 is just a set of
linear equations which is easy to solve. The tuning ratios T'R; are always given in relation

to the ring voltage V. which in this chapter is set to V,, = —1V.

In the following three different configurations of additional correction electrodes are con-

sidered.
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Configuration 1

The first attempt is to consider the electrodes T4, which is described by V; in the ex-
tended electrode stack with tuning ratio T'Rs, P7, which is described by Vi3&Vi4 in the
extended electrode stack with tuning ratio T'R3, and T5, which is described by Vi5&Vig
in the extended electrode stack with tuning ratio T R4, since they are easily accessible
and not many modifications have to be done with respect to the actual experimental
setup.

First for each single correction electrode the optimal tuning ratios TR ¢ of the correc-
tion electrodes next to the ring electrode and the additional electrode T'R(3 343 opt are
determined to compensate Cy and Cg simultaneously. Basically there exists a solution if
the curves TRLopt(TR{QBA}) such that Cy = 0 or Cg = 0 respectively have an intersec-
tion which is shown in Figure 4.11. This can easily be done and the results are shown in
Table 4.2.

Electrode T4 Electrode P7 Electrode T5
TRy34; | —821087 x 1072 | —1.02123 x 1073 | —5.11283 x 1072
TR, 8.81016 x 10~1 | 8.81016 x 10! | 8.81016 x 10~!
Coinm™' | —1.85087 x 10* | —1.85087 x 10* | —1.85087 x 10%
Cyinm™ | 1.19209 x 10~7 | 2.38419 x 10~7 | —2.51334 x 10°
Cs in m~' | —3.90625 x 1072 | —3.90625 x 1073 | —2.33433 x 10°
Cginm™ | 3.88216 x 107 3.88216 x 107 3.88206 x 107
%;; inm | 3.47983 x 1076 | 6.95965 x 10716 | —7.32828 x 10~
%;, inm? | 6.16072 x 1016 | 6.16072 x 10716 | 3.67524 x 10~4
g—; in m?3 3.30802 3.30802 3.30036

Table 4.2: Compensating the coefficients Cy and Cg at the same time using only one
electrode. Displayed are the tuning ratios T'R;, coefficients C; and the relative

coefficient strength %
C3

Note that using the resulting tuning ratios the coefficients still not vanish. This is due
to the machining precision of Mathematica, the sensitivity of the coefficients C'; on the
tuning ratios and the upper limit ¢ in the sum of the coefficients. Additionally to the
value of the coefficients C; also the relative coefficient strength % are displayed which

2
denotes the contribution of the coefficient to the frequency shift.
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Figure 4.11: Tuning ratio T'R; of the correction electrodes as a function of the tuning
ratio T' Ry of electrode T4 such that Cy and Cg are compensated respectively.

The model can be extended to vary two of the three electrodes at the same time to
tune the coefficient Cg to zero additionally. Obviously it would also be possible to try to
compensate Cy and Cg using two or three electrodes and to compensate Cy, Cg and Cy
using three electrodes. But this would only lead to more experimental difficulties since
every additional free parameter is a source of error and furthermore would require more
high-precision voltage supplies. The procedure can be visualised by considering the three
planes TRy ¢ as a function of two of the three tuning ratios T'Rg 3 4 for compensating
Cy, Cg and Cy respectively. The solution for compensating all three coefficients is repre-
sented by the intersection of all three planes which is shown in Figure 4.13 for the third
configuration since there exists a reasonable intersection.

Using two electrodes to compensate Cy, Cg and Cg the results for the optimal tuning

rations are shown in Table 4.3.
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Electrode T4 & P7 | Electrode T4 & T5 | Electrode P7 & T5
(i=1,j=2) (i=1,j=3) (i=2,j=3)
TR; —4.55573 x 10% 5.03411 x 10° —2.47966 x 103
TR; 5.6662 x 10° —3.13469 x 10° 1.2651 x 10°
TRy 9.54985 x 10! 9.54816 x 10! 1.02968
Cyinm™' | —9.57496 x 10° —9.60658 x 10° —1.28524 x 10*
Cyinm™! 2.67029 x 107° —1.2207 x 1074 1.81198 x 107°
Cs in m™! 1.875 x 1071 —1.5 1.46451 x 10'3
Cg in m™! 1.024 x 103 —2.048 x 10? 7.38516 x 1016
g;;; in m 2.91262 x 10713 —1.32273 x 10712 1.09695 x 1013
(%g inm? | —2.13595 x 10713 1.69194 x 10~12 —6.89829
% in m? 1.2183 x 10713 —2.40466 x 10713 2.70661

Table 4.3: Compensating the coefficients Cy, Cg and Cg at the same time using two
electrodes. Displayed are the tuning ratios T'Ry, coefficients C; and the relative
coefficient strength %

Unfortunately the resulting tuning ratios are not realisable since at least one of them

exceeds the typical range of the current voltage supplies of =10V to 10V and also would

influence the potential in the regime of the particle oscillation significantly.

The used electrodes in this configuration are not symmetrically arranged around the ring

electrode which also could lead to high tuning ratios since they have to compensate the

additional coefficient Cs and the anharmonicity introduces by using a non-symmetric
configuration. Thus it might be worth it to vary all three electrodes at the same time
despite the resulting difficulties mentioned before. Varying all three electrodes the system
on linear equations is overdetermined, i.e. the solution is dependent on one of the tuning
ratios. An example is given in Figure 4.12. The plot shows that even using all three

electrodes no realisable tuning ratios can be achieved.
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Figure 4.12: Tuning ratios T'Ro, T'R3 and T'R4 as a function of the tuning ratio T'R; such
that Cy, Cg and Cg are compensated simultaneously.

The next two configurations are similar to each other. Both use a symmetric configuration
around the ring electrode but with different distances from the centre. Furthermore the
considered electrodes are closer to the ring electrode than in the first configuration.
Unfortunately, to realise these configurations significant changes of the experimental
setup have to be done. Besides, the closer the electrodes are to the trap centre the more
precise the voltage supplies have to be, since the potential and thus the coefficients C}

act more sensitive on closer contributions.

Configuration 2

The second attempt considers the additional electrodes Vs, Vg, Vi and Vi3 where V5&Vi3
and V& V1o are connected. The set of electrodes V5&Vi3 is denoted as Eo, with the
corresponding tuning ratio T'Re, where the set of electrodes V& Vis is denoted as Fjs,
with the corresponding tuning ratio T'R3. The procedure is the same as for the first
configuration. Compensating Cy and Cg using only one additional set of electrodes leads

to the results shown in Table 4.4.
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4.4. Analytical Approach

Electrode Es Electrode E3
TRz | —5.83143 x 107* | —9.31349 x 107°
TR, 8.81016 x 10! 8.81015 x 107!
Cyinm™" | —1.85087 x 10* —1.85087 x 10*

Cyinm™' | —1.43051 x 1076 1.19209 x 1076
Csinm™' | —3.90625 x 1073 | 3.90625 x 1073
Cginm™' | 3.88216 x 10'7 3.88217 x 107
Sinm | —4.17579 x 1071 | 3.47982 x 1071°
S inm? | 6.16072 x 10716 | —6.16069 x 10716

€8 in m? 3.30802 3.30801

Table 4.4: Compensating the coefficients Cy and Cg at the same time using one set of
electrodes. Displayed are the tuning ratios T'Ry, coefficients C; and the relative

C-

03?2'

coefficient strength

Considering both sets of additional electrodes to compensate Cy, Cg and Cg gives the

tuning ratios shown in Table 4.5.

TRy —2.10877 x 102
TR3 3.36795 x 10!
TR, 9.57212 x 101

Cyinm~! | —9.15397 x 10°
Cyinm™t | —5.96046 x 107
Cg inm™! 1.5625 x 1072

Cg in m~! —2.56 x 102
% inm | —7.11314 x 10~
% inm? | —2.037x10"14
% in m® | —3.64588 x 10~

Table 4.5: Compensating the coefficients C4, Cg and Cg at the same time using both
sets of electrodes. Displayed are the tuning ratios T'RR;, coefficients C; and the

relative coefficient strength CjQ
et

Unfortunately also with this modified configuration no realisable tuning ratios can be
achieve.
To reduce the necessary tuning ratios the idea is to use electrodes closer to the ring

electrode.
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4.4. Analytical Approach

Configuration 3

The third attempt considers the additional electrodes Vg, V7, Vi1 and Vio where V& Via
and V7&V71. The set of electrodes V& V7o is denoted as Es, with the corresponding tuning

ratio T' Ry, where the set of electrodes V7& V77 is denoted as E3, with the corresponding

tuning ratio T'R3. The procedure is the same as for the last configurations. Compensating

Cy and (g using only one additional set of electrodes leads to the results shown in

Table 4.6.

Electrode Es

Electrode E3

TR{273}
TRy

Cy in m™!

Cyin m™!
Cs in m™!
Cginm™!
Cy

¢z nm

£6 in m?2

s in m?

7.85148 x 1079
8.81025 x 101
—1.85073 x 10%
0
0
3.88186 x 107
0
0

3.30879

—9.31349 x 107°
8.81015 x 1071
—1.85087 x 10*
1.19209 x 1076
3.90625 x 1073
3.88217 x 107
3.47982 x 1071°

—6.16069 x 1016
3.30801

Table 4.6: Compensating the coefficients Cy and Cg at the same time using one set of
electrodes. Displayed are the tuning ratios T'Ry, coefficients C; and the relative

coefficient strength %
c3

Considering both sets of additional electrodes to compensate Cy, Cg and Cy gives the

tuning ratios shown in Table 4.7.
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TRy 1.17953
TRs 0.994446
TRy 0.999762

Cyinm™! | —5.08661 x 10!
Cyinm~t | 5.96046 x 106
Ceinm™ | 1.17188 x 1072

Cginm™! 0

%;; inm | 2.30369 x 10~
%@, inm? | —8.90424 x 1078
%21 in m3 0

Table 4.7: Compensating the coefficients C4, Cg and Cg at the same time using both

sets of electrodes. Displayed are the tuning ratios T'R;, coefficients C'; and the
relative coefficient strength %
et

The intersection of the planes of TRy as a function of TRy and T Rs representing the
coefficients Cy, Cg and Cg is shown in Figure 4.13.

PlaneInt2.pdf

Figure 4.13: Tuning ratio TRy of the correction electrodes as a function of the tuning
ratio T'Rs and T'Rg of electrode sets Fy and FE5 such that C4, Cg and Cy
are compensated respectively for the third configuration.

Thus, for this configuration Cy, Cg and Cg can be compensates using realisable tuning
ratios. However, the applied tuning ratios lead to a different Cy coeflicient. Hence the
axial frequency changes to w, = \/% = 33328.2Hz for a typical ring voltage of
V., = —4.5V. This is a significant change in the axial frequency w,. Consequently the

detection system would have to be modified if this configuration would be realised.

Conclusion:

In conclusion, it is possible to compensate Cy and Cg at the same time with one additional
electrode, even using rather easily accessible electrodes as T4, P7 and T5. Unfortunately
to compensate Cg additionally a different trap configuration has to be considered and

the detection has to be adjusted due to the change in the axial frequency.
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5. Detection Principles

5. Detection Principles

Among the confinement in the Penning trap an accurate detection system is essential to
measure the free cyclotron frequency with high precision. The free cyclotron frequency is
measured by measuring the three eigenmodes w4y and w, of the Penning trap, which are
related to the free cyclotron frequency via the invariance theorem (2.17). Furthermore

the Larmor frequency wy, has to be measured.

First, in subsection 5.1 the axial detection systems is discussed. Then, in subsection 5.2
the sideband technique is presented where the radial frequencies are measured by cou-
pling them to the axial motion. Finally, in subsection 5.3 a discussion of the detection of

the Larmor frequency is given.

5.1. Axial Detection System

In the following the detection principle to measure the axial frequency w, is discussed
since the other relevant frequencies are measured indirectly by measuring the axial fre-
quency. The modified cyclotron frequency w, and the magnetron frequency w_ are mea-
sured by sideband coupling to the axial motion and the Larmor frequency wy, is obtained
by measuring frequency shifts of the axial frequency w,. This is discussed in detail in
subsection 5.2 for the the modified cyclotron frequency w4 and the magnetron frequency

w_ and in subsection 5.3 for the Larmor frequency wr,.

In this section the detection principle is sketched while a detailed discussion can be
found in [20,22,26,27|.

5.1.1. Image Current Detection

The motion of the particle with charge ¢ induces a tiny image current I, in the trap
electrodes
q . q
I, = —2=—uw,z 5.1
p DZ DZ z ( )
where v = wr was used and D, is the effective electrode distance which depends on the
trap geometry and describes the coupling strength of the particle to the detection system

(for a detailed discussion see [22]|). The image current, which usually is of the order of
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5.1. Axial Detection System

fA, can be converted to a detectable voltage U, by connecting an inductor L to the trap

electrodes.

Penning trap

amplifier

B =

Figure 5.1: Schematic of the detector [22].

As shown in Figure 5.1 the inductor L together with its own parasitic capacity Cp,
parasitic resistance R, and capacity of the trap electrodes Cr forms a parallel resonance

circuit. The induced image voltage is given by
Uy = Zal, (5.2)

where Z; denotes the impedance of the resonator of the detection system and reads

1 1

1
= — 4+ — +wC, jwC’
7 Rp+iwL+M p T 1wl

S Ly =

= Zd ==+
p wiwL
1 w2 —w?
p wng

(5.3)
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5.1. Axial Detection System

where the resonance frequency of the resonator

1
“=1a
1
e 5.4
L(C, + Cr) (54)

was introduced. It can be easily seen that on resonance, i.e. w = wy, the parallel tuned
circuit acts as a simple parallel resistance. Furthermore the particle interacts with the

detection system and thus loses energy due to the real part of the impedance

1
RP

a4 (@R
RZ wiwL
2 2
R, (w§wL)

= . 5.5
(w%wL)2 + RIQ, (w2 — w%)2 (5:5)

Re(Zq) =

In experimentally more accessible quantities the real part of the detection system can be
expressed as

Re(Za) = Rp(w) = woLQ (5.6)

where @) is the quality factor or Q)-value of the detection system and for a parallel
tuned circuit is given by @ = R\/% which together with the definition of the resonance
frequency wq results in the expression above. Formally the quality factor @ is defined
as the ratio of stored energy to energy loss per cycle. Expressed in experimentally more

accessible quantities the quality factor is defined by

wo
Q=2 (5.7)

where Aw is the width of the transfer function at half maximum (FWHM). It is important
to state that the resistance R, = R, (w) is frequency dependent. Expressing the real part
of the impedance of the detection system in terms of the quality factor () as mentioned

before it reads

(wow)?

(wow)2 + Q2 (w2 — wS)Q.

Re(Zy) = R, (5.8)

Unfortunately in the experiment the parasitic capacity C), and resistance R, as well as
the capacity of the trap electrodes C'r are not known. Therefore it is necessary to measure

the effective parallel resistance R, by measuring wp and @) because the inductivity L is
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5.1. Axial Detection System

the only known quantity. Moreover, on resonance a voltage drop U, = R,[, = woLQI,
can be detected. Since the signal strength scales proportional to R, it is important that
it is as large as possible. Afterwards the measured signal of the detection system gets

amplified and then analysed using a Fourier transformation.

5.1.2. Particle - Detector Interaction

While an excited particle dissipates in the detection system and can be measured as a
peak [28], in thermal equilibrium with the detection system the particle causes a short

at its axial frequency [22,29]. This is the subject examined in this section.

In the last section it was shown that the motion of the particle generates a tiny image
current. However, the particle interacts with its own image current and therefore loses
energy due to the real part of the impedance of the detection system Re(Z;) = R,(w).

This leads to an additional force

q

Findzﬁz

Up. (5.9)
Thus the equation of motion of the particle modifies from a harmonic oscillator to

F.
2+w§z+—£d =0
2

e it -L Ritwii=0 (5.10)

2
Dim

where in the second step (5.1),(5.2), (5.6) and (5.9) were used. This equation of motion
describes a damped harmonic oscillator with damping or cooling constant

2

V. = LR, (5.11)

2
Dzm
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5.1. Axial Detection System

which leads to a Lorentz like line shape with width Aw, = ~7,. Now (5.10) can be

expressed in terms of the induced image current I, instead of the particle position z:

D2 . D2
mq;Ip + mQQsz/Ipdt + RyI, =0
. 1
& L, + . /Ipdt + R,I, =0 with (5.12)
P
mD2 q2
l, = qzz and ¢, = D22 (5.13)

Consequently the particle can be described as a series tuned circuit with impedance

l
& Zy =it (W —w? 5.14
p=i2 (W —w?) (5.14)
where the axial resonance frequency of the particle

2

Wz

1
- 5.15
e (5.15)

was used. The total impedance can be calculated by connecting the series tuned circuit

of the particle in parallel to the parallel tuned circuit of the detection system:

L1,
Ztot Zd Zp

1 1\
& i = | — 4+ —
tot (Zd + Zp>
1 Wwiow? o ow 1 -1
& Tt = | — +1i 0 _ =
ot [Rp o ( W(%WL lp w? — w%)]
1y wowi w1
Ry wiwL lp w2—w?

1y (e w1 )
R2 wawL lp w2—w?

& Ziot =

(5.16)
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5.1. Axial Detection System

To describe the expected signal in the frequency domain the real part of Z;,4 has to be

considered

X(w) = Re(Ziot)

_ Ry
- W22 1 2
L+ RZ% ( waLO - %wQ—wg)
w? — w?
=R, S (R 2) . 5 (5.17)
(w? —w?)” + <w25L (w? —wd)” — Rpﬁ)
This expression can be simplified according to
R, 1
= 5.18
wng wAwg ( )
where (5.4), (5.6) and (5.7) were used and
R
Tp = Aw, (5.19)
P

where (5.11), (5.13) and (5.15) were used. The resulting line shape after changing the

sign in the last term of the denominator reads

w? —w? 2
x(w) =R, ( ) 5 - (5.20)
(@ =)’ + (g (w8 - %) +wiw,)

Typical line shapes for small and large detuning of the axial frequency with respect to

the resonator resonance frequency are shown in Figure 5.2.
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Figure 5.2: Typical line shapes for small and large detuning of the axial frequency with
respect to the resonator resonance frequency. (v, = 639 646 Hz)

Note that the line shape in (5.20) sometimes is also denotes as the effective resistance

Reff = X(CU)

From this result it can be easily seen that

e if the particle is on resonance, i.e. w = w,, x(w) vanishes and therefore the particle
represented by a series tuned circuit acts as a perfect short to the detector which

can be observed as a dip in the resonator spectrum.

e if the system is operated at the resonance frequency of the detection system, i.e.
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5.1. Axial Detection System

w = wy, the effective resistance reads

Reyy =R

0.21
w=wp P(w? = w2)? + (wAw,) (5.21)

2

with the FWHM of Aw, =7, = 55— R).

2
Dzim

o if the frequency is far detuned from w, then x(w) is given by R,.

The fact that the particle shorts the detector at its resonance frequency is used to measure
the axial frequency w, in thermal equilibrium with the detection system at temperatures
of a few Kelvins. This minimizes frequency shifts which increase with higher energy and
therefore higher temperature. To understand the whole measuring principle thermal noise

has to be taken into account.

5.1.3. Noise Spectrum

The noise of a resistor R at a certain temperature 7" with bandwidth Av is given by the

Johnson-Nyquist-noise [30, 31|

up = V4kpTRAv in units { ] (5.22)

%
vVHz
where kp is the Boltzmann constant. However, it is convenient to consider the Jonson-

Nyquist-noise per unit bandwidth

Up = \/4kpTR in units [.F‘I/] . (5.23)

z

To obtain precise measurements a large signal compared to the noise background is
required. Additionally there are several other noise sources. The noise sources are denoted

by ey. Finally the signal to noise ratio SN R reads

2 2
SNR = ,/"L‘"gzez;e". (5.24)

Since u, > e, the noise sources e, often are neglected in the numerator.
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5.1. Axial Detection System

5.1.4. Effective System

In the previous sections the combined system of particle and detector were discussed
which led to an effective resistance Ryy. Additionally in this section the coupling to the
amplifier is considered. If the amplifier would be directly coupled to the resonator the
input resistance R;, of the amplifier would limit the @ factor [22]|. Therefore the model

in Figure 5.3 is introduced.

detection circuit

ideal amplifier

Figure 5.3: Schematic of the particle detection system [22].

The particle is modelled as a current source I, in parallel to the resonator discussed
before. The amplifier is coupled to the resonator by a coupling capacity C. and its input
is represented by parallel RC' circuit with capacity C;, and resistance Rj;,. The noise
components introduced by the amplifier are described by the current source i, and the
voltage source e,. The amplifier is coupled to the resonator inductively and capacitively.
The inductive coupling is realised by using a tap on the coil of the resonator resulting in

an inductive coupling factor of
N

TN+ N

where N1 and Ns are the windings above and below the tap. The capacitive coupling is

Kl (5.25)

implemented by a capacitive coupling factor

Ce
Fe= —+. 5.26
¢ Cc + Czn ( )
Consequently the total coupling factor is given by
K = KiK. (5.27)

Due to the coupling of the amplifier to the resonator the effective resistance of the whole
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5.1. Axial Detection System

detection system has to be modified

1 K2\
Rs o < + )
Y Reff Rzn
Refme/li2

= —" 1 5.28
Reff—l-Rm/H2 ( )

Unfortunately the effective resistance of the whole detection system R,s can not be
calculated and has to be measured. This can be easily done by fitting the frequency
dependent transfer function Rg,s(w) to get the resonance frequency wp. Furthermore the

Q-factor has to be measured. Finally Ry is given by
Rays = woLQ (5.29)

where L still is the inductivity of the inductor introduced in subsubsection 5.1.1. Finally
the gain due to the amplifier has to be considered. Since the gain factor has to be measured
anyway it is usually absorbed into Rys. In the following always the full resistance has

to be considered.

5.1.5. Signal to Noise Ratio SNR

To evaluate the signal to noise ratio SN R in the experiment it is important to distinguish

between a dip and peak detection.

Peak Detection

Using the peak detection method the resulting signal of the particle is measured against

the noise of the system. A typical peak spectrum is shown in Figure 5.4.
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Figure 5.4: Peak measurement spectrum [32].

According to subsubsection 5.1.4 the signal at the amplifier input is given by

Usys = Royslsys with Igys = kI

_ ]%eff]%in//‘?2 wl
]%eff‘i‘]%in/"/i2 b

1
:K/IpReffﬁ.
1+

(5.30)

The total noise e at the input of the amplifier is composed of the thermal noise of the
detection system e, = \/4kpT Rsys, the voltage noise e, and the current noise i,. For

typical dimensions in the experiment i, < ey, can be neglected [22]:
iy = €2 + 4kpT Ryys. (5.31)

Thus the signal to noise ratio SN R reads

1 (“[pReff)2

. (5.32)
(1 + ReécfHQ)Z 6% + 4kBTRsys

SNR =

Adjusting the coupling factor s the signal to noise ratio can be maximised. The optimal

coupling factor can be calculated to

=

62
~| P 5.33
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5.1. Axial Detection System

which results in an optimised signal to noise ratio

Reys
4kpT (1+ i)

SNR =1, (5.34)

Hence the SNR depends on the amplitude of the particle but the sensitivity is given

by the factor Rets . To obtain a high SNR and therefore a high precision
tknT (L)

detector it is necessary to

e optimise the detection system to get a high R.r.

e use a high input resistance Ry, at the input of the amplifier with an relative low

voltage noise e,.

e operate the system at cryogenic temperatures to reduce the impact of thermal

noise.

Dip Detection

In contrast to the peak detection using the dip detection the signal to noise ratio SN R is
given by the ratio of the peak of the Lorentz spectrum combined with other noise sources
and the input noise e, of the amplifier. Neglecting the input current noise ,, < e;;, and

the voltage noise e, < e, in the numerator of the SN R the reads

[4kpT Ry
SNR = | =270
eTL

Re Rin/HQ
4T Restlunl
eff+Rin/K?
= . 5.35
6% ( )

Using a small coupling constant  the resistance of the system Ry, increases but at the

same time the signal strength decreases according to (5.30).

Typical signals for dip detection for small and large detuning of the axial frequency

with respect to the resonator resonance frequency are shown in Figure 5.5.
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Figure 5.5: Typical signals for small and large detuning of the axial frequency with re-
spect to the resonator resonance frequency.
v, = 639646 Hz, Av, = 5Hz, Ayy = 25Hz

Note: To be consistent with other literature it is convenient to redefine R, (w) as the full

resistance which has to be measured anyway in the experiment.

5.2. Sideband Coupling

The sideband coupling technique is used for example to determine the radial eigenfre-
quencies by coupling them to the axial motion and cooling the radial modes. In this

section the main idea is presented where a detailed discussion can be found in [33, 34].
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Two modes z; and x; with frequencies w; and wj, respectively can be coupled by ap-
plying a rf-drive
E(xj, xk) = Re (E()eiw’“ft (x]é'k + xké’j)) (536)

with amplitude Ey and frequency w,f. This rf-drive couples the modes at the sum and
difference frequencies w,; = w;j £ w;. This additional driving field leads to modified

equations of motions for the modes
- 2 qE0 w1t
T +wix; =—=e“ 5.37
J Ja m k ( )
Eq .
B + wiay, = %e’wta;j. (5.38)

This system of coupled differential equations can be solved by transforming it to a system
where the dynamical matrix has only non-diagonal terms and complex eigenvalues which

are equivalent to a oscillating system. The transformation is given by

xj oy — L it (5.39)
VTTMW;
Xi(t)
Tp > Aew’“t (5.40)
TIMW

and focuses on the energy transfer of the modes. The energy transfer rate is given by the

driving strength and can by expressed in terms of the so called 'Rabi’ frequency

qEo

Qo= ——7-—.
2m, /wjwy,

(5.41)

Obviously the energy transfer increases with higher amplitude Ey of the applied driving
field. In the following the sideband coupling is described for the example of coupling
the axial and magnetron motion. If the axial amplitude vanishes initially and a resonant
rf-drive, i.e. w,y = w, +w_, is applied, the energy transfer between the modes can be

expressed as oscillating amplitudes of the modes
() .
z(t) = zpsin ?t sin (w.t + ¢2) (5.42)

p—(t) = p_ocos (%Ot> sin (w—t + ¢_) (5.43)
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5.2. Sideband Coupling

where ¢, and ¢_ are arbitrary phases. The amplitudes zg and p_ o are modulated with
%. A Fourier transformation of (5.42) reveals modified eigenfrequencies
Qo

Wiy =w, F 5 (5.44)

Consequently, applying a rf-drive results in a double dip spectrum of the axial frequency,
instead of the single dip spectrum discussed before. This double dip is shown in Fig-
ure 5.6. For resonant coupling the distance between the two dips equals the resonant
Rabi frequency €g. If a non-resonant rf-drive is applied, i.e. w,f = w, + w_ + § with
0 # 0, the system oscillates with the so called modified or reduced Rabi frequency
Q= \/m and the energy is not transferred completely between the two modes. The

resulting modified eigenfrequencies can be calculated [33] to be
1
Wi =Wz g (60+Q). (5.45)
Finally the magnetron frequency can be obtained via

Wt wr=2w, —0 = w; +wpp —w_. (5.46)
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Figure 5.6: Double dip spectrum [20].

The same calculation can be done for the modified cyclotron frequency wy. If a rf-drive

with frequency w,y = wi — w, + ¢ is applied, the modified cyclotron frequency can be

o4



5.3. Detection of the Larmor Frequency

calculated according to

W+ wr=2w, =0 =w, — Wy +wq. (5.47)

In summary, using the technique of sideband coupling the radial frequencies can be

measured indirectly by coupling them to the axial motion.

5.3. Detection of the Larmor Frequency

In contrast to the three eigenmotions w4 and w, of the particle in the Penning trap,
the spin procession frequency or Larmor frequency wy, is not accompanied by an image
current induced by the particle in the trap electrodes. Thus the image current detection
described in subsection 5.1 can not be used for the Larmor frquenecy wy, itself. Instead,
the spin-flip probability pgr to change the spin state from up to down or vice versa as a
function of the excitation frequency w, ¢ is determined. Fitting the spin flip probability

psF(wrp) the Larmor frequency wy, can be extracted.

5.3.1. Continuous Stern-Gerlach Effect

To measure the spin state non-destructively the continuous Stern-Gerlach effect [35] is
used. The basic idea is to couple the spin magnetic moment (s to the axial motion.
This can be achieved by adding a strong inhomogeneous magnetic field, called magnetic
bottle, which is shown in Figure 5.7. The inhomogeneous magnetic field is implemented
by ferromagnetic ring electrode at the centre of the trap which produces the quadratic

magnetic field

2
B(Z,p) = Bye, + By <<Z2 — p2> €, — ,()Zé},) (5.48)

with quadratic component Bs additionally to the homogeneous field By as it was de-

scribed in section 2.
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Figure 5.7: Schematic of the particle detection system [20].

Hence the equation of motion for the axial motion has to be modified by adding the
magnetic potential ¢rqg = —ﬁsg with the magnetic moment jis; = g%g , the axial
component of the spin S, = Aimg and the spin quantum number for the (anti-)proton

mg = j:%. Therefore the magnetic potential is given by

q h
mag — T9——=B 4
®mag ngQ (5.49)

where the energy difference A¢p,qq = g%B can be expressed in terms of Agyqy = Iwy,
where wy, denotes the Larmor frequency

wr, = g%B. (5.50)

The additional term in the magnetic potential shifts the energy levels for spin-up and
spin-down as shown in Figure 5.8.
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Figure 5.8: Magnetic Potential for spin-up and spin-down state of the spin of the particle
[22].

The magnetic potential gives rise to an additional force of ﬁmag = —6d>mag =V (ﬂsé)
Thus the equation of motion reads

. 8(bel (Z) _ 8¢mag(z)
0z 0z

mzZ = F(z) =

0 q
= —20%qV,z + 9 <g% (Bo + 3222) Sz)

= —205qV,z + gngzSz
m
h
= —20%qV,z + gq—BgzmS
m

h
= —-209qV,z + gq—Bgz (5.51)
2m

where the upper and lower sign in the second term always denote the spin up and down
state respectively. The axial equation of motion still describes a harmonic oscillator but

now with a shifted axial frequency

\/202(1‘/7« F o B,
Wz SF = m

h
4 Bs (5.52)

— 17 g—210
Wy + nggwg

o7



5.3. Detection of the Larmor Frequency

where w, is the axial frequency without the magnetic bottle. Since the correction term

is small compared to w, Taylor expansion to first order can be used which yields

h
Wz, SF = Wy (1 +9 d BQ)

4m2w?
A
—w, F % (5.53)
with the frequency difference between spin up and down state
qh
A = Bs. 5.54
Wz SF ngzwz 2 ( )

This technique was introduced by Dehmelt et. al. [36] and successfully applied to electrons
and positrons. The challenge to adapt this method to protons or antiprotons is the fact
that the (anti-)proton mass is much larger than the mass of the electron or positron.

Thus the frequency difference is much smaller according to (5.54).

5.3.2. Double Trap Scheme

As shown in subsubsection 5.3.1 the additional magnetic bottle is essential to determine
the spin state of the particle. Unfortunately the strong magnetic field inhomogenity in-
troduced by Bs gives rise to frequency shifts as discussed before such that measuring
the unperturbed cyclotron frequency w, would lead to significant systematic uncertain-
ties. This problem is solved by using the so called double trap scheme where the spin
detection and high-precision frequency measurements are spatially separated. It was first
introduced by Haeffner in 2003 [37]|. The double trap scheme uses two traps, the analysis
trap (AT) to determine the spin state of the particle and the precision trap (PT) to
measure the free cyclotron frequency w. and the Larmor frequency wy. The schematic

procedure is shown in Figure 5.9.
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analysis trap transport section precision trap target

initialize spin state measure w. & probe w,
) P TRx
read final spin state

)

Figure 5.9: Double trap scheme [20].

First the spin state is identified in the AT. Then the particle is transported to the
PT where the free cyclotron frequency w. is measured while simultaneously a probing
frequency w,s is applied to perform a spin flip. Afterwards the particle is moved back to
AT to read out the final spin state. This gives the information whether a spin flip occurred
in the PT. After repeating this scheme for many measurements the spin flip probability
psr(wys) for the tested frequency w,; can be determined. Scanning the applied probing

frequency w, s to perform a spin flip the Larmor resonance frequency can be obtained.
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6. Temperature Evaluation

6. Temperature Evaluation

Considering precision measurements it is of main importance to characterise and analyse
the systematics. To achieve a certain precision goal it is necessary to ensure that the
corresponding systematics are smaller that the precision goal. Regarding both measure-
ments, i.e. charge to mass ratio ¢/m and g-factor, one of the most problematic systematics
is the axial temperature which contributes to the modified cyclotron frequency shift as
follows

—kpT,. (6.1)

Compared to the systematics of the axial frequency (10*7)7 By-value (10*9) and Bs-value
(1073) the systematics for the axial temperature is rather large (1) [22,32]. Therefore it
is of great importance to reduce the systematics for the axial temperature by analysing

it more precisely. A way to determine the axial frequency is presented in this section.

6.1. Theoretical Description

The line shape of the particle in the detection system was derived in section 5 and

according to (5.20) reads

2 _ 12 2
x(v) = R, ; ( :) 5 (6.2)
(2 =12 + (s 0 = v?) +vAr.)
Apparently the particles thermal state moves through a Boltzmann distribution
1
p(T) = e /T (6.3)
0

with average temperature Typ. Taking this into account the thermal line shape is some
kind of convolution of the Boltzmann distribution and the original line shape. In a more
physical frame the thermal line shape is the original one weighted with the Boltzmann

distribution ) -
xal) = 7 /O ATy (v)e~ T/, (6.4)

Unfortunately, as described in section 3, the frequency shifts scale with the axial energy

of the particle. Taking the first order frequency shift into account the unperturbed axial
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6.1. Theoretical Description

frequency v, is shifted as follows

301 B ) . (6.5)

Vo= vy | 14+ —5
z z ( 4C22 qu
According to the equipartition theorem the relation of the temperature and the average
axial energy is given by E, = kT where kp is the Boltzmann constant [38]. Therefore

the thermal line shape reads

9\ 2
3Cy kpT
e RP(”Q‘”E(lﬂc;%fw))
Xen(v, Tp) = = dr 5 e T/,
To 0 9 9 30, kpT |2 1 2 2 2
vi —v2 <1+@W> +(VAVO (v —v )—l—VAI/z>
(6.6)
The signal on the FFT then reads
S =10logg[A - xth + B] (6.7)

where A and B are related to the resonator and amplifier noise, i.e. the noise floor,
respectively. If the particle shorts the detection system at its resonance frequency v, the
signal reads 10log,, [B] = 8 where 8 denotes the amplifier noise. Therefore the scaling
factor B is given by

B = 10%. (6.8)

In contrast, for frequencies not equal to the axial frequency but still on the peak of the res-
onator the noise of the resonator dominates, i.e. the signal reads 101og; [A - Xoff-resonant + B] =
« where a denotes the resonator noise. Thus the scaling factor A is given by
101 — B
A= ——, (6.9)
Xoff-resonant
To summarise, the movement of the thermal state of the particle leads to an asymmetry
in the line shape. Beside the negative aspect of this phenomenon, it can be used to
determine the average temperature Ty of the system.
In the following two different approaches are discussed to extract the average temperature

out of the asymmetric line shape.
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6.2. Asymmetric Line Fitting - SNR

One way to determine the average temperature Tj of the system is to consider the SINR
as a function of the tuning ratio TR. Having a closer look at (6.6) it becomes clear that
the SNR also changes with the average temperature Tg. For higher temperatures the
slope of the SNR(TR) curve should be higher than for lower temperatures. The advan-
tage is that the data is not as noisy as for fitting the spectra directly which is further

discussed in subsection 6.3.

Trying to fit the SNR as a function of the tuning ratio TR also has the advantage
that it is sufficient to use the line shape on resonance with the resonator, i.e. v = 1y
which is given by (5.21)

N

P2 =12 4+ (vAw,)? (6.10)

since to determine the SNR the line shape of the resonator far away from the axial

frequency does not contribute. On one hand this simplifies expression (6.6) to

9\ 2
3C4 kT
1 o0 R, (1/2 — 1/3 (1 + 740;% T?/r ) >
dT e~ T/To

Xth(¥, To) = — N2
Cy kT 2
0 (ﬂ —v2 (14 27;%57) > + (vAw.)

-7 (6.11)

and on the other hand it improves the computing time. Unfortunately there exists no
closed analytic solution neither for (6.6) nor (6.11). Hence the integral has to be evalu-
ated numerically and consequently the fitting routines of Mathematica can not be used.
Therefore the SINR as a function of the tuning ratio TR has to be simulated for several
average temperatures Ty and afterwards the best fitting 7y can be obtained by min-
imising the x? value. However, those simulations take a lot of computing time since the
numerical integral has to be evaluated for every TR and every bin of the FFT of the
whole spectrum. Afterwards the SNR for each simulated spectrum can be extracted.
This procedure has to be done for every single guess of the temperature Ty. Finally the

optimal Tj can be determined.
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6.2. Asymmetric Line Fitting - SNR

6.2.1. Characterisation of the Fitting Routine

First the fitting routine has to be developed and tested. For this purpose data sets for
FFT spans of 25 Hz, 50 Hz and 100 Hz were recorded. While in the previous subsection
the general idea of extracting the average temperature was discussed, now a detailed
discussion of the fitting routine itself is given.

Before starting the measurement the quantities g"’/j and 8‘9%’5% have to be measured for

the LabVIEW routine. The measurement routine itself varies the tuning ratio TR and
measures or fits several quantities. The variation of the T'R causes a change in the coef-
ficients C'; and thus modulates the strength of asymmetry introduced by the Boltzmann
distributed motion of the thermal state of the particle. For the fitting routine significant
quantities are the SINR, dip width Av,, ring voltage V,., axial frequency v,, resonator
and amplifier noise level. Since the LabVIEW routine scans several times through the
tuning ratio interval the mean values and standard deviations for each TR have to be

calculated. An example for those quantities is given in Figure 6.1.
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Figure 6.1: Mean values for a FF'T span of 25 Hz.

Afterwards the optimal tuning ratio T'R,,; can be determined by taking the T'R where
the highest SN R is achieved. Furthermore the optimal dip width Av;, 4, is determined
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6.2. Asymmetric Line Fitting - SNR

and according to section 5 the resistance R, can be calculated as follows

1
= 12
Tz 2rAv, (6.12)
m (D, 2
R,=—|(— 6.13
P Tz < q ) ( )

where 7, = 7—12 denotes the damping time constant and the optimal values for the dip
width has to be used. Also the quantities o and [, which denote the resonator and
amplifier noise respectively, are determined for the optimal tuning ratio. Besides, the
coefficients Cy and C4 have to be calculated. According to subsection 2.1 the second
expansion coefficient can be directly calculated from the ring voltage and the axial fre-
quency, i.e. Cy = 2”;‘72 “Z | As described in subsection 2.2 the coefficients C; =E;j+D;-TR

can be factorised. Moreover, it is assumed that for the optimal tuning ratio no asym-

metry is introduced. Therefore, considering T'R,,; the coefficient Cy has to vanish, i.e.
0 =C4 = Es+ Dy - TRyp. This can be used to define Fy4 since Dy is examined to be
rather stable. Thus Fy = —Dy - T R,,; where Dy is calculated from potential theory and
consequently any coefficient C4 = E4 + D4 - TR can be calculated. It is important to
stress that the coefficients Cy and C4 have to be calculated for each tuning ratio TR
individually. Subsequently the integral (6.11) can be evaluated numerically for each fre-
quency of the spectrum for all tuning ratios. Then the SN R has to be calculated which
can be done easily be taking the difference between the maximum and minimum of the
calculated signal (6.7) since the line shape of the resonator was not considered in (6.11).
This whole routine has to be repeated for several average temperatures Ty of the system.

An example is shown in Figure 6.2.
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Figure 6.2: Comparison of measured data and simulations for different average tempera-
tures Ty at a FF'T span of 25 Hz.

Afterwards the average temperature Ty which fits the measured data best can be deter-

mined by minimising the y? value which can be calculated as

x2=Z<fi_xi>2 (6.14)

- or)
i

where x; denotes the measured data point, f; denotes the simulated data point and o;
denotes the measured standard deviation of data point x;. To get a first estimate of the
best fitting average temperature of the system simply Ty from the simulated values can be
determined where the minimal y? value is obtained. In the region of the minimum x?(7p)
behaves as a quasi harmonic function [39,40] such that a simple second order polynomial
fit can be used to determine the exact minimum. Furthermore the error of the deter-
mined T o value can be calculated by adding 1 to the minimal x? value and solving for
the corresponding temperatures Tp; and T, [40,41]. Since the data points were fitted
with a quasi harmonic function the errors to the left and right, i.e. |Tp opr — To,| and
|T0,0pt — T0,1], are approximately the same ATy = |Tp.opt — T04| = |T0,0pt — T0,r|- Finally
the resulting average temperature of the system is given by Tt = Tp opr == ATp.
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25 Hz FFT Span

In Figure 6.3, next to x? as a function of the average temperature Tp, the fit of x? in the

region of the minimum is shown.
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Figure 6.3: x?(Tp) for a FFT span of 25 Hz.

Using only the simulations with stepwidth of the temperature d7p = 1 K and determining
the minimum, the best fit is achieved for 20 K which is shown in Figure 6.4. Fitting the
x? curve in the minimum yields a best fitting temperature of Ty = (20.4 4 0.4) K.
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Figure 6.4: Simulated and measured SNR(TR) for a FFT span of 25 Hz.

In Figure 6.4 it becomes clear, that the simulation fits the measured data close to the

optimal tuning ratio T'R,,: quite well whereas for much smaller or larger tuning ratios
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6.2. Asymmetric Line Fitting - SNR

TR the simulation deviates more than the scatter of the data, i.e. the standard deviation.
It can be stated that close to TR, the simulation is systematically smaller than the
measured data whereas far from T'R,,; it behaves the opposite way. Therefore it is useful
to have a look at the best fitting temperature if some outer tuning ratio points are
dropped. According to the observation before the temperature Ty should decrease with
increasing number of dropped outer points since a lower slope corresponds to a lower
temperature. However, instead of considering the y?-value it is more useful to consider
the relative y2-value, i.e. xy2-value divided by the number of data points, since the y?
value automatically decreases with decreasing number of points. The result is shown in
Figure 6.5. As expected the best fitting temperature and relative y?-value decrease with

increasing number of dropped outer points.
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Figure 6.5: Best fitting average temperature Ty and corresponding relative y2-value after
symmetrically dropping outer T'R points at a FFT span of 25 Hz.

50 Hz FFT Span

In Figure 6.6, next to x? as a function of the average temperature Tp, the fit of x? in the

region of the minimum is shown.
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Figure 6.6: x?(Tp) for a FFT span of 50 Hz.

Using only the simulations with stepwidth of the temperature d7p = 1 K and determining
the minimum, the best fit is achieved for 19 K which is shown in Figure 6.7. Fitting the
x? curve in the minimum yields a best temperature of Ty = (19.4 £ 0.3) K.
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Figure 6.7: Simulated and measured SNR(TR) for a FFT span of 50 Hz.

As for the 25 Hz FFT span it becomes clear, that the simulation fits the measured data
close to the optimal tuning ratio TR, quite well whereas for much smaller or larger
tuning ratios TR the simulation deviates more than the scatter of the data, i.e. the
standard deviation. The result after dropping outer points is shown in Figure 6.8.As
expected the best fitting temperature and relative y?-value decrease with increasing

number of dropped outer points.
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Figure 6.8: Best fitting average temperature Ty and corresponding relative y2-value after
symmetrically dropping outer T'R points at a FFT span of 50 Hz.

100 Hz FFT Span

In Figure 6.9, next to x? as a function of the average temperature Tp, the fit of x? in the

region of the minimum is shown.
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Figure 6.9: x%(Tp) for a FFT span of 100 Hz.

Using only the simulations with stepwidth of the temperature d7p = 1 K and determining
the minimum, the best fit is achieved for 19 K which is shown in Figure 6.10. Fitting the
x? curve in the minimum yields a best temperature of Ty = (19.1 £ 0.3) K.
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Figure 6.10: Simulated and measured SNR(TR) for a FFT span of 100 Hz.

As for the 25 Hz and 50Hz FFT span it becomes clear, that the simulation fits the
measured data close to the optimal tuning ratio TR, quite well whereas for much
smaller or larger tuning ratios TR the simulation deviates more than the scatter of
the data, i.e. the standard deviation. The result after dropping outer points is shown in
Figure 6.11. As expected the best fitting temperature and relative y?-value decrease with

increasing number of dropped outer points.
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Figure 6.11: Best fitting average temperature Ty and corresponding relative x2-value after
symmetrically dropping outer T'R points at a FFT span of 100 Hz.

71




6.2. Asymmetric Line Fitting - SNR

Impact of higher order coefficients C;

As mentioned before, the simulations reproduce the measured data quite well for tun-
ing ratios TR close to the optimal tuning ratio T'R,, whereas for large detuning the
simulations deviate more from the measured data than the scatter of the data, i.e. the
standard deviation. A possible explanation could be that for large detuning of the TR
from the optimal tuning ratio T'R,,: the impact of the higher order coefficients C; be-
comes significantly large. Therefore the simulations additionally were done including the
coefficients Cg, Cs and C1¢ where they have been calculated from potential theory to get
a first impression of the impact. An example is shown in Figure 6.12 for a FFT span of

25 Hz and an average temperature of 20 K.
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Figure 6.12: Comparison of simulations including different orders of coefficients C; at a
FFT span of 25 Hz.

Figure 6.12 shows that the difference between the simulations including different orders
of Cj coefficients is negligible compared to the scatter of the measured data. However, it
is noteworthy that the deviation between the simulations is higher close to the optimal
tuning ratio TR, and decreases for larger detuning of the tuning ratio T'R. Consequently
they behave the opposite way than expected. Even after some additional cross-checks and
tests I have not found an explanation for this behaviour. Nevertheless, including higher
order coefficients the curve SN R(T R) looks more asymmetric in the regime of the optimal
tuning ratio T'R,,; although the simulation including only Cj fits the measured data

better as the values in Table 6.1 confirm.
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Maximum order of C; coefficients included x? value
4 56.7063
6 73.8014
8 72.0468
10 72.0574

Table 6.1: Comparison of the x2-value for the simulations including different orders of
C; coefficients.
Since the differences are negligible anyway with respect to the standard deviation of the

measured data in the following only Cjy is considered.

After the fitting routine was tested and improved, the temperature from several data

sets can be evaluated.

Remarks

Regarding the y2-value and the uncertainty of the fitted temperature ATy it is impor-
tant to keep in mind that with increasing overall x2-value often also the slope of x2(Tp)
increases which leads to a lower uncertainty. Therefore it is useful always to consider the

dimension of the y?-value additionally to the uncertainty ATp.

Furthermore the routine could be improved by using a smaller stepwidth d7y to ob-
tain more precise results. Due to computation time and remaining time of the internship
it was necessary to stay with a rather high stepwidth. Consequently in the future this
routine could be optimised by reducing d7y.

Moreover, instead of assuming that Cj vanishes for T'R,,; the coefficient Cy; could be

determined from burst measurements close the the T'R scans. This could improve the
fit.

6.2.2. Evaluating Feedback Data

Here tuning ratio T'R scans for different feedback strengths are evaluated.
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In total seven data sets with different dip widths Av, were measured. As in subsub-
section 6.2.1 for every data set the best fitting temperature is calculated using the y2-
method and additionally the behaviour of the best fitting temperature after dropping

outer points is considered. Afterwards the results are summarised.

It is also noteworthy that the measured data still is quite noisy such that the optimal
tuning ratio T'R,p; not always can be determined by simply taking the maximal SNR

value but it has to be 'guessed’ manually to obtain better results of the simulations.

Data Set 1:

The dip with of this data set reads Av, = (1.8 £ 0.2) Hz. The results are shown in Fig-
ure 6.13. Using only the simulations the best fitting temperature is Ty = 7K. Fitting
the y2-curve in the region of the minimum it an average temperature of the system of
To = (7.1 £0.2) K is obtained.
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Figure 6.13: Results for first data set.

Data Set 2:
The dip with of this data set reads Av, = (2.8 +0.3)Hz. The results are shown in
Figure 6.14. Using only the simulations the best fitting temperature is Ty = 8 K. Fitting

the y2-curve in the region of the minimum it an average temperature of the system of

Ty = (8.7 £ 0.3) K is obtained.
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Figure 6.14: Results for second data set.

Data Set 3:
The dip with of this data set reads Av, = (4.2 +0.5)Hz. The results are shown in
Figure 6.15. Using only the simulations the best fitting temperature is Ty = 20 K. Fitting

the x2-curve in the region of the minimum it an average temperature of the system of
To = (20.3 £0.5) K is obtained.
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Figure 6.15: Results for third data set.

Data Set 4:

The dip with of this data set reads Av, = (6.0 +0.7) Hz. The results are shown in
Figure 6.16. Using only the simulations the best fitting temperature is Ty = 13 K. Fitting
the x2-curve in the region of the minimum it an average temperature of the system of
To = (12.6 £ 0.4) K is obtained.
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Figure 6.16: Results for fourth data set.

In the region of the best tuning ratio T'R,,; the measured data is very noise such that
it was a challenge to ’guess’ a reasonable optimal tuning ratio T'R,,; as can be seen in

Figure 6.16. Therefore this results have to be considered carefully.

Data Set 5:

The dip with of this data set reads Av, = (8.2 £0.9) Hz. The results are shown in Fig-
ure 6.17. Using only the simulations the best fitting temperature is Ty = 27 K. Fitting
the x2-curve in the region of the minimum it an average temperature of the system of
To = (27.2 £0.6) K is obtained.

78




6.2. Asymmetric Line Fitting - SNR

40
. IIT}H 1 10000(+
30 llr‘ll hi}l{ o
2 I
£ 550 il 1]1 ] 6000
@ ] l 1 # "
& IIIIETII Ilf Ilh 40001
20 | TI}TIILI Sl III ]
] .
rITLIT Il 1 y !1 ‘T TI.—_ L
“-1;{**%}%1111”1“1 Mgy ™ .
L S I N S S ]
" oswes om0 osws  osawo T R B R
TR ToinK
(a) SNR(TR) in dB (b) x*(Tp)
(blue: measured data, orange: simulation)
28.0
55-
27.5
50
27.0
4sf >
= £ 265
a0f =
26.0
= 255
30
24 25 25 2‘7 28 25 3‘0 2.0 5 10 15 20 25 30 35
ToinK H of symmetrically dropped outer TR points
(c) x*(Tp) at minimum (d) Ty in K for symmetrically dropped outer points

(blue: simulation, black: fit)

Figure 6.17: Results for fifth data set.

Data Set 6 & 7:
The dip width of those data sets was around Av, = 1.2Hz and there the LabVIEW
fitting routine failed several times such that it was not possible to analyse the data rea-

sonably.
Summary

A summary of the results is shown in Table 6.2 and plotted in Figure 6.18 where the
feedback was turned off at Av, = (4.2 +0.5) Hz.

79



6.2. Asymmetric Line Fitting - SNR

Dip width Av, in Hz | Best fitting temperature Ty in K x>
1.8+0.2 7.1£0.2 87.50
2.8+0.3 8.7+0.3 75.64
4.24+0.5 12.6 £0.4 50.35
6.0+ 0.7 20.3+0.5 61.80
8.24+0.9 272+ 0.6 29.63

Table 6.2: Best fitting temperature Ty as a function of the dip width Av, and corre-
sponding x2-value.

As already discussed in subsubsection 6.2.1 the results show again that the uncertainty
of the best fitting temperature Ty increases with decreasing overall x?-value due to the

decreasing slope of the x?(Tp)-curve.

Toin K

2 4 6 8 10
Av,in Hz
Figure 6.18: Best fitting temperature Ty as a function of the dip width Awv,.
(black points: simulation, blue point: "problematic’ data set as mentioned

before, blue line: fit considering all points, orange line: fit dropping blue
point)

Considering all data points the resulting linear dependency reads

Av,
Hz

To= (0.8+03)K+ (3+1)K (6.15)
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whereas after dropping the blue point at Av, = (4.2 +0.5) Hz

A
Ty = (1.57 £ 0.02) K + (3.12 + 0.06) K HVZ
VA

(6.16)

is obtained.

Feedback Gain

In [42] D’Urso derives that for a real feedback amplifier the effective temperature T, as

a function of the gain g is given by

(6.17)

2 T
Te:T[l—g—i— 9 9}

1—9g T
where T is a feedback 'noise temperature’ and 1" denotes the resistor temperature.

Using
Rpeps = Rpo(1—g) (6.18)

where R, is the resistance without feedback (¢ = 0) and

D.\?
Ry erp=2rAv,m ? (6.19)

and considering that the gain was turned of at Av, = 1.2 Hz the gain for each dip width
can be calculated. Consequently the resulting data can be fitted according to (6.17) which

is shown in Figure 6.19. The obtained fitting parameters are given by

T, = (1.24+0.9)K (6.20)
T = (14.1 £ 0.4)K. (6.21)

Unfortunately as can be seen the fit is very good. Therefore in the future it is important

to take more data points especially for g > 0.5.
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Figure 6.19: Tj) as a function of the gain g.
(gray points: measured and simulated data, blue line: fit according to (6.17))

6.2.3. Axial Temperature of H~ and p

To compare the charge to mass ratio ¢/m and the g-factor of the proton and antipro-
ton the corresponding quantities are measure for an antiproton p and H ~-ion since the
correction regarding proton and H ™ -ion are known precise enough. Switching from an-
tiprotons to H ~-ions some adjustments of the experimental setups have to be done. To
compare the results afterwards it is important to make sure that the condition were the
same, for example that the axial temperature was the same for both measurements. In

this section the axial temperature is determined for a p and H~ measurement in early
2018.

Hydrogen lon H~

The dip with of this data set reads Av, = (2.5+0.1)Hz. The results are shown in
Figure 6.20. Using only the simulations the best fitting temperature is Ty = 6.5 K. Fitting

the x2-curve in the region of the minimum it an average temperature of the system of
To = (6.8 £0.4) K is obtained.
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Figure 6.20: Results for the hydrogen ion H~ data set.

Antiproton p
The dip with of this data set reads Av, = (2.34 £ 0.08) Hz. The results are shown in
Figure 6.21. Using only the simulations the best fitting temperature is Ty = 6.5 K. Fitting

the y2-curve in the region of the minimum it an average temperature of the system of

To = (6.8 £0.4) K is obtained.
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Figure 6.21: Results for the antiproton p data set.

The results show that the axial temperatures for the H~ and p measurement were iden-
tical within the uncertainties.
Furthermore this result corresponds to an improvement of the systematics for the axial

frequency of a factor of approximately 2.5.

6.3. Asymmetric Line Fitting - Single Spectra
Instead of fitting the SNR as a function of the tuning ratio TR, in this approach the

spectra are fitted directly. Therefore the full line shape (6.6) has to be considered. The

procedure is similar as before. Since the integral still has to be evaluated numerically the
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line shape has to be simulated for several average temperatures 7Ty and the best fitting
Tp can be obtained afterwards using the x2-method as described in subsubsection 6.2.1.
The only difference is that for single spectra there exists no standard deviation o; such
that the x?-value has to be modified as x? = >_,(f; — z;)%. To develop and characterise

the fitting routine the data set for 25 Hz from subsubsection 6.2.1 was used.

For the highest SNR, i.e. the optimal tuning ratio TR, it is quite simple to fit the
spectrum since it is assumed that Cj vanishes for T'R,,:. Hence the integral does not

have to be evaluated. The result is shown in Figure 6.22.

@

T A

.E :"

g 1L H Measured Spectrum

& -90 T | m Fitted Spectrum
-100+

639635 639640 639645 639650 639655

vin Hz

Figure 6.22: Comparison of simulation and measured data for TR, at a FF'T span of
25 Hz.

For a detuning of the tuning ratio T'R with respect to T'R,, it becomes much more
difficult since the integral has to be evaluated numerically. Another problem is the large
noise on the spectra. Nevertheless the fitting routine as before can be used to determine
the temperature. The resulting temperatures as a function of the tuning ratio from the
simulation are shown in Figure 6.23 whereas in Figure 6.24 several examples of the

simulation compared to the measured data are given.
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Figure 6.23: Results for fitting single spectra at a FFT span of 25 Hz.

The resulting averaged temperature reads Ty = (18 £ 3) K. Obviously the obtained un-
certainty of the temperature is much larger than with the SNR(TR) fitting method for

this data set in subsubsection 6.2.1.
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Figure 6.24: Comparison of measured and simulated averaged spectra for several tun-

ing ratios TR < TRy where TR,y = 0.875075 for single spectra. (blue:
measured data, orange: simulation)

To preserve better results it is useful to average over many spectra measured at the same
tuning ratio T'R to reduce the noise.

6.4. Asymmetric Line Fitting - Averaged Spectra

Instead of using single spectra all spectra for a certain tuning ratio TR can be aver-
aged. This reduces the noise significantly. Afterwards the temperature of the system can
be determined using the y2-method described in subsubsection 6.2.1 can be used. The
resulting temperatures without and with fitting the y2-curve in the region of the mini-

mum are shown in Figure 6.25 whereas in Figure 6.26 several examples of the simulation
compared to the measured data are given.
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Figure 6.25: Temperatures Tj as a function of the tuning ratio at a FFT span of 25 Hz.

The resulting averaged temperature reads Ty = (21.6 £ 1.5) K. Obviously using averaged
spectra the fitting routine provides much better results with respect to the the SN R(TR)
fitting but still with an uncertainty much larger than for the SNR(TR) fits.
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Figure 6.26: Comparison of measured and simulated averaged spectra for several tuning

ratios TR < TRy where TRy, = 0.875075 for averaged spectra. (blue:
measured data, orange: simulation)

It is noteworthy that the fit gets worse for larger detuning of the tuning ratio T'R with

respect to the optimal tuning ratio TR,y as already mentioned for the SNR(TR) fit
method.
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7. Phase Sensitive Methods

7. Phase Sensitive Methods

S. Stahl [43] introduced a new measurement technique to determine the g factor of a
bound electron. Instead of measuring the frequency of a particle in the Penning trap di-
rectly, the phase sensitive detection is based on the determination of the phase. Typically

such a measurement is on the order of one magnitude faster [20].

7.1. Measurement Technique

The phase sensitive method is based on the fact that the phase of particle evolves with
a different velocity compared to a local oscillator if the frequency of the oscillator does
not match the resonance frequency of the particle exactly. This can be used to determine
the Larmor frequency vy since a spin flip of a particle leads to frequency change as
described in subsection 5.3. The basic principle of the phase sensitive method is shown

in Figure 7.1.

phase imprint phase evolution phase detection

particle motion

excitation pulse

phase readout

time

Figure 7.1: Principle of phase method measurements [20].

First an excitation with well defined but unknown frequency v,; close to the expected
axial frequency v,y ~ v, is performed. This imprints the well defined but unknown phase
of the local oscillator to the axial particle motion. After the excitation the particle is
decoupled from the local oscillator. During the following free evolution time t.,, the
phase of the particle evolves freely with the axial resonance frequency v,. Afterwards
the particle is re-coupled to the local oscillator and the phase information is read out
with an FFT. Finally the particle is cooled down to the initial energy value and the next

measurement starts.

In case of a spin flip the Larmor frequency can be determined as follows:

The relative phase of the particle in the initial state is measured

A1 (°) = 360 (y — 122) - tevo. (7.1)
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Then a spin flip is performed which leads to a change of the axial frequency Awv,. Thus

the repeated measurement of the relative phase gives

Aa(®) = 360 (7 — (v + Av2)) - Feror (7.2)
Now the difference of the relative phase differences can be evaluated
A(°) = A1 (°) — Aga(°)
= 360Av; - teyo- (7.3)
Thus the frequency difference ]
Av, Agdé(o) tl (7.4)

can be extracted. A schematic sketch of this principle is shown in Figure 7.2.

>

slower
spin up /\\//\\//\//\\//\\/ O
Tg .. faster ' phase shift
spin down— — " s ‘ +

Figure 7.2: Principle of frequency differences and corresponding phase shifts [43].

The relation between frequency resolution and phase resolution is given by

1o (Ad()

o (Av) = 55

(7.5)

where o (Av,) is the frequency resolution, o (A¢(°)) is the phase resolution, i.e. the phase
scatter or uncertainty (standard deviation) in the phase determination, and 7' denotes
the measuring time [43]. Therefore, to obtain a high frequency resolution it is important
to reduce the phase scatter in the phase determination. Basic measurements on the phase

scatter are discussed in subsection 7.4.

a(A¢(°))
360

pared to the Fourier limit. Actually, the Fourier limit is the worst case which can occur.

In conclusion, the phase sensitive method gives an advantage of a factor com-
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7.2. Contribution of the Averaging Time 7,,, of the FFT to the SNR

Next to experimental parameters also the averaging time 74,4 of the FF'T has an impact
on the SNR.

Using the peak detection the particle is excited and then cools down due to the inter-
action with the detector. Therefore the signal decreases exponentially since the particle
decays. Hence the averaging time 74,4 of the FF'T has a large impact on the SN R. During
the averaging times 7,4 the particle already decays such that the SN R decreases. Thus
for large 74,4 only noise is measured whereas for short 7,,, white noise still limits the
stability. To determine the optimal averaging time 7,,, the dependency is examined in

this section.

In section 5 the image current induced by the motion of the particle in the penning

trap was derived

I=-L;:=

q
D, D, W, 2. (7.6)

To express the image current in terms of the energy of the particle the energy of a

harmonic oscillator E, = %mw§z2 can be considered which leads to

q [2E,

As the amplitude is the quantity of interest it is conventional to use the effective value

q [E.
Lerr =\ m (7.8)

where for an (approximately) harmonic motion the crest factor of \% has to be included.

Now the decay of the particle due to interaction with the detection system can be taken

into account. The energy E, of the particle after the time t is given by

t

E.(t) = Ege 7= (7.9)

Yz - Rsys
is the cooling time constant with the effective resistance of the detection system on

2
where Ej is the initial energy of the particle after excitation and 7, = L+ = 2 (Di)
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resonance Rys = wo@L. Therefore the effective induced image voltage reads

[Ey _
Ues = Rsys D, EO@ 7 . (7.10)

To obtain the measured signal U, sy has to be averaged over the averaging time 74,4 = ﬁ

of the FFT, where BW is the resolution bandwidth per bin:

_ [E, Tavg
Ueff ys =0 / € QTZ dt
z m Tavg

q
D
q Ey 1 __t Tavg
=R =2 [—2 m}
sysDZ m Tavg =6 0
q
D
S

E > _ Tav
_ Ry, -L [ E0 2T (1—e 275). (7.11)
z m Tavg

Similar to subsubsection 5.1.3 the SNR can be calculated taking the input amplifier

noise into account which is given by

= \/4kpTR;,Av

(7.12)

1
Tavg

v=

where R;, is the input resistance of the amplifier in therefore according to subsubsec-
tion 5.1.4 is given by R;, = Rsys. Consequently the SINR reads

U2, +e2
_ eff
SNR = |11
n
| q [Eo 2r AN 4kpTRsys
- =0 &1z — 2 L~ °Jds
Rsys D M Tang (1 e Tz ) —+ Tave
- 4kpTRsys
Tavg

B Tav 2

]%Sysz%;27% (],—— e_-QTj )} ;ﬁé%ig 4—z4klgjd]%sys

= — . 7 13
kT Ry (7.13)

An example for the SN R as a function of the averaging time 74,4 is shown in Figure 7.3.
Consequently the achieved SN R can be significantly improved by choosing the averaging

time 74,4 correctly.

93



7.3. Relativistic Shift

14
12}

10

SNRin dB

0 200 400 600 800 1000
Tavg iN MS

Figure 7.3: SN R as a function of the averaging time 74,4 of the FFT.
wp = 2w 645261 Hz, Q = 20000, L = 2mH, D, = 0.0103m, T'= 10K,
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7.3. Relativistic Shift

In the previous sections the particle in the Penning trap was considered non-relativistic
since the velocity is much smaller than the speed of light. Nevertheless a small relativistic

frequency shift occurs. The axial non-relativistic frequency w, was derived in section 2

w, = ) 22 (7.14)
m

To discuss the relativistic frequency shift the mass m has to be replaced by the relativistic

mass ym where
1
N = (7.15)

1= (2)°

is the Lorentz factor. Furthermore the relativistic relation for the kinetic energy
Elin = ymc® — mc? (7.16)
can be used to express the relativistic mass as

Ekin
=— +m (7.17)

ym
c
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7.3. Relativistic Shift

Using those relations for the axial kinetic energy the relativistic axial frequency reads

2qV;Cy
ym

[ 29V, 0y
%—i—m

 qvicy 1

a m 14 £

Wz, rel =

mc?
E.
= 1-—
e < 2m62>
= w; + Aw, rel (7.18)

where the Taylor expansion to first order \/11475 ~ 1— 4 for ¥ < 1 was used and the

relativistic frequency shift
sz,rel o E,

_ 7.19
W, 2mc? (7.19)

was introduced. The frequency shift due to relativistic effects is shown in Figure 7.4. The
relative frequency shifts are on the order of 107 such that for typical axial frequencies
this corresponds to shifts on the order of mHz. Therefore the impact of relativistic effects

can be neglected.

0,
-5.x10710}
3| 3
<
-1.x107%}
-1.5%x107%
0.0 0.5 1.0 1.5 2.0 2.5 3.0
EineV

Figure 7.4: Relative relativistic frequency shift as a function of the axial energy.

95



7.4. Basic Measurements of Phase Scatter

7.4. Basic Measurements of Phase Scatter

Before implementing phase methods in the experiment, it is useful to have a first glance
at the phase scatter that can be achieved for a given SN R. Furthermore the impact of

different FFT spans and resolutions can be examined.

The setup for this kind of measurements is given by a clock, two signal generators and
a FFT (here SR1 was used). The clock provides a 10 MHz reference for all other instru-
ments such that they are synchronised. One signal generator generates a harmonic signal
with a given frequency and defined but unknown phase. The second signal generator
introduces white noise to reduce the signal strength and make sure that the noise and

signal are uncorrelated. Finally the FFT reads out the phase of the signal.

The measurement routine was implemented in LabVIEW and can be reduced to the

following steps:
1. Generate a signal with random but known phase ¢;.
2. Wait for a free evolution time tg,, = 1s.
3. Measure the phase ¢o and the SN R of the signal.

Afterwards the phase difference A¢ = ¢ — ¢1 can be calculated. But for further mea-
surements more important the scatter of the phase oy, i.e. the standard deviation, can
be obtained. Additionally the error of the scatter, which is given by \/% where N
denotes the number of measurements, is calculated.

This is done several times for different signal amplitudes to get a relation between the
SNR and the phase scatter o4 with corresponding error. The result for an example is

shown in Figure 7.5.
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Figure 7.5: Phase scatter o4 as a function of the SN R for a signal frequency of v = 20 kHz
and n = 200 points per SN R.

Vary the Resolution
The resolution of the FFT is the number of frequency bins used. The results for different

resolutions are shown in Figure 7.6.
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Figure 7.6: Phase scatter o4 as a function of the SINR for several FF'T resolutions for a
signal frequency of v = 20kHz and n = 50 points per SN R.

Vary the Span

97



7.4. Basic Measurements of Phase Scatter

The span of the FFT is the difference between the maximal and minimal frequency of

the frequency window. The results for different spans are shown in Figure 7.7.
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Figure 7.7: Phase scatter o4 as a function of the SINR for several FFT spans for a signal
frequency of v = 20kHz and n = 200 points per SNR.

Note: Obviously for some measurements the phase scatter o4 does not decrease with
increasing SN R but stays on a rather high level of more than 100°. This scatter is equal

to measuring random phases. Honestly I did not understand this unexpected behaviour.
In conclusion the phase scatter o4 decreases with increasing SN R as expected, without
showing significant differences between the different resolutions and spans (with respect

to those where not only random phases were measured).

Those results can be used as a benchmark for further measurements, to estimate the

necessary SN R to achieve a certain phase scatter o.

98



A. Expansion Coefficients C;

Appendix

A. Expansion Coefficients ()

The complete solution of the Laplace equation with Dirichlet boundary conditions for a

trap with p electrodes reads

2 o= | Vi cos(knzo) — V,, cos(kn A P Vi—-Vi_1 . .
o(p, 2) Y Z 1 cos( O)k: €05 ( ) + Z Wl (sin(kpz2i) — sin(kpz2i—1))
n=1 n i=2 n
X ToUna) sin (ky, (2 4 2¢)) - (A1)

where k, = " and z. denotes the centre of the ring electrode such that the origin already
was shifted to z.. As stated in subsection 2.2 the potential can be expanded at p = 0 to

obtain a better understanding of the potential in axial direction:

[ee]
$(0,2) =V, Y Oy (A2)
§=0
The coefficients C; are given by the Taylor expansion coefficients divided by ring electrode
voltage V.
1 97¢(0,2)
;= —_— . A3
TVl 02 (A.3)

z=0
The aim of this section is to derive a closed formula for the C; coefficients. For this
purpose it is necessary to calculate the derivatives of ¢(0,z) and to evaluate them at

z = 0. To shorten the formulas, define the coefficient

2 |V knzo) =V, kn A P v v
B, = 1 cos( Zo)kn pcosknlt) + zz:; Vi k%‘c; - (sin(kpz2i) — sin(kpz2i—1))
1
A4
" To(kna) (A4)
such that the potential at the radial centre of the trap reads
#(0,2) = Z By, sin (ky, (z + 2¢)) - (A.5)
n=1



A. Expansion Coefficients C;

o i=0:
$(0,2)|._, = #(0,0) = Z By sin (kp2c) (A.6)
o j—1
ZB ky, cos (kn (2 + 2¢))
:>8¢é(: ?) . = zn:Bnk:n cos (knzc) (A7)
o j=2
82202'2 — ZB k2 sin (kp (2 + 2c))
:>8(2(£2’Z) ) :—;Bnkisin(knzc) (A.8)
o =3
7 702 =3 Bak o5 b (2 + )
;xw ) _;Bnkf; cos (knze) (A.9)
o j—4:

0*9(0, 2)
e ZB EXsin (k, (2 + 2.))

:>8 #(0, 2)

i = Bukjsin (knz) (A.10)

z=0

Now the idea is to express the change of the sign and sin and cos as shifts of sin.

Remembering the relations between sin and cos or using

sin(z + y) = sin(z) cos(y) + sin(y) cos(z) (A.11)

IT



A. Expansion Coefficients C;

it is easy to see that

sin (37 + g) = cos(z)

sin (z + ) = — sin(x)
. 3m
sin <:1: + 2) = — cos(z)
sin (x 4 27) = sin(x). (A.12)

Thus a closed formula for the expansion coefficients is given by

1 i c  J
Ci =751 2. B (%) s (” (nAZ i ;»

2 = | Vicos(knzo) — Vp cos(kpA) P ViV, . )
:m ngl o + ; W (sin(kpz9;) — sin(kpz2i-1))
(nm/A)T . nze j
— =1]. Al
X To(kna) sin | A + 5 (A.13)
In the case of a 5-pole trap the argument of the last sin simplifies to %(n + j) since

zc = 5 for any symmetric trap.
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