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Chapter 1

Introduction

The atomic nucleus is a unique mesoscopic quantum mechanical system, where
the interaction of the nucleons still requires further investigation. Only a
few, very light isotopes are well described by models derived from first
principles. To model most isotopes one must depend upon calculations
that are more or less phenomenological. Improving nuclear models is a
collaborative effort that requires substantial experimental contributions. One
important advance in experimental nuclear physics in later years has been the
development of radioactive ion beams making experiments with nuclei not
available in nature possible. Reaction studies with radioactive ion beams offer
the possibility of testing nuclear models in new regions of the nuclear chart. An
important application of our understanding of nuclear physics is to astrophysical
questions, for instance how elements heavier than iron are synthesized in stellar
environments. The measured solar abundances are not reproduced in calculations
with todayÂt’s models and nuclear data inputs. Some important nuclear data
inputs are level density, radiative strength function and deformation. The work
in this dissertation is contributing to increased knowledge of nuclear properties of
some important isotopes.

The 167,168,169Ho isotopes are interesting because there has only been scarce
experimental information available for the neutron-rich Ho-isotopes. The
deformation of rare-earth isotopes in the mass region 160 ≤ A ≤ 180 is believed
to be of importance to the stellar abundance peak seen around A ≈ 160. For
very neutron-rich isotopes in this region, the theoretical deformation calculations
deviate depending on the model of choice. It is interesting to investigate new
means to derive the deformation of mid-shell nuclei. The results for 167,168,169Ho
using in-beam γ-ray spectroscopy following a deep inelastic multi-nucleon
transfer reactions from 82Se beam on 170Er target, carried out at Laboratori
Nationali di Legnaro (LNL) in Padova, Italy, are presented.

The density of energy levels increases rapidly with excitation energy, and
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CHAPTER 1. INTRODUCTION

it becomes challenging to discern energy levels experimentally. Atomic nuclei
excited into the quasi-continuum region are appropriately described by statistical
concepts. The nuclear physics group at the Oslo Cyclotron Laboratory (OCL) has
developed a method to extract level density and radiative strength function from
first-generation γ-ray spectra for excitation energies between the ground state and
the neutron (proton) binding energy. The level density and radiative strength
function are significant inputs to nuclear reaction rate calculations. Moreover, the
level density of atomic nuclei provides insight into the disorder of the nucleus as a
quantum mechanical system and the radiative strength function is instrumental in
understanding collective resonances. The radiative strength function and level
density of the isotope 44Ti, which is important for astrophysical reaction rate
calculations, has been extracted and discussed. An enhancement of the radiative
strength function, compared to experimental expectations, has been observed for
isotopes ranging from 56Fe to 98Mo. This enhancement has not been observed
for the Sn-isotopes. To gain an increased understanding of this enhancement
it is interesting to investigate the radiative strength functions of Cd-isotopes in
the mass region between the Mo-isotopes and the Sn-isotopes. New, unexpected
results for the radiative strength functions of the Cd-isotopes are presented.

Exploring unstable isotopes or nuclei at high excitation energies requires
development in instrumentation and separator technique. A spectrometer for the
study of transfer reactions at the upgrade of the radioactive ion-beam facility at
CERN, HIE-ISOLDE [1], has been proposed. A large portion of the work for
this dissertation has been focused on simulations and calculations to explore the
scientific possibilities and limitations that arise from the choice of a particular
ion-optical1 design for such a device.

The structure of the dissertation is organized as follows: Chapter 2 gives an
overview of the physics cases that are important for this work and the relevant
theory. Chapter 3 gives a general overview of relevant spectrometer technology
and the tools used in this work to simulate ion-optical performances. Chapter 4
addresses the experimental setup and data analysis of the experiment from
LNL, as well as the experimental results. Chapter 5 presents and discusses the
experimental results for the Ti- and Cd-experiments at OCL. Chapter 6 presents
the simulations performed for spectrometers with realistic beam parameters for
HIE-ISOLDE. The papers included in the dissertation are presented and discussed
in chapter 7. The results are discussed and the future outlook is given, and finally
the conclusions are presented in chapter 8.

1Ion-optics involves the focusing of plasma and ion streams.
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Chapter 2

Nuclear structure and reactions

Through groundbreaking experiments the behaviour of the atomic nucleus has
been gradually uncovered. Atomic nuclei will exhibit both features best described
as single particle and collective states. It was eventually realized that the protons
and neutrons are held together by an effective nuclear force originating from the
strong force within the nucleons. An outstanding theoretical effort resulted in a
good understanding of the most important features of nuclear structure. Although
atomic nuclear matter has been intensively studied the last fifty years, our
theoretical understanding of nuclear matter is still far from flawless. There is no a
priori theory that fully describes all aspects of nuclear properties simultaneously,
and the quality of theoretical calculations tends to decline with the increasing
excitation energy of nuclei. Calculations from first principles are limited to ≈ 12
nucleons using Monte Carlo Techniques [2] and cases where scattering is also
considered to ≈ 5. One of the reasons for this is that the strong force is not
well enough understood and non-perturbative in the case of low energy processes
such as nuclear reactions and the many-body quantum mechanical problem is
too involved to be solved exactly for most cases. Consequently, large variety
of nuclear models exists, each fine tuned to certain mass regions or certain aspects
of the nuclear structure. For these reasons, experimental work is still essential to
nuclear physics. In the optimistic spirit of reductionism [3] nuclei are described
as a many-body wave function of its constituent nucleons. From this point of view
further experimental knowledge of unstable isotopes is an important benchmark
for testing basic assumptions in theoretical calculations. Increased experimental
knowledge also improves the possibilities for improving semi-empirical models.
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CHAPTER 2. NUCLEAR STRUCTURE AND REACTIONS

2.1 Nuclear structure
Models of nuclear structure have developed from two main approaches to
understanding and modeling atomic nuclei. In the macroscopic approach atomic
nuclei are described by bulk properties such as shape, radius and density and
are inspired by the liquid-drop model [4]. In the microscopic approach one
considers atomic nuclei as collections of nucleons and describe nuclei using
many-body wave functions and their properties. This type of model describes
nuclear properties by wave-functions of single particles considered more or less
as independent particles. The difference between the two approaches is illustrated
by figure 2.1.

Figure 2.1: Macroscopic vs Microscopic descriptions of atomic nuclei.

2.1.1 Open shell nuclei and collective models
The excited states that exist below the excitation energy needed to break a
neutron or proton pair in even-even nuclei should be mainly collective by nature.
This assumption has been supported by the reduced transition probabilities for
the excitation of such states being many times higher than expected for single
particle states. Most isotopes will exhibit ground state deformation. However,
a certain number of nuclei have been shown to exhibit evidence of coexisting
different shapes at similar excitation energies. It is currently believed that shape
coexistence might occur in all nuclei except for in the lightest [5].

2.1.2 Closed shell nuclei and microscopic models
As discussed not only the energy of assumed single particle energy levels in nuclei
are important to shell model calculations, but one would also want to know to
what extent observed energy levels are pure single states and how they are best
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2.1. NUCLEAR STRUCTURE

described quantum mechanically. The spectroscopic factors give a measure of
how well energy levels are described by theory, and thus also information on to
what extent they can be considered single particle states. Recently, new methods
to determine spectroscopic factors from direct reactions have been developed, as
for example the work discussed in reference [6]. The importance of the choice of
optical model parameters to the extraction of spectroscopic factors and why it is
probably important to use a set of elastic scattering data at different beam energies
are discussed in reference [7].

2.1.3 The quasi-continuum region and statistical properties
The discrete energy region of the nucleus is where nuclear states have well-defined
quantum numbers, while the continuum energy region is where the level spacing
becomes smaller than the inherent width of the states. As the excitation energy of
the nucleus increases beyond the discrete region, the number of levels increases
exponentially. As the level spacing decreases, the mixing that occurs due to small,
residual interactions dilutes the quantum mechanical purity of states. The nucleus
in the quasi-continuum region is therefore well described by statistical properties.

Figure 2.2: Excitation energy-spin diagram illustrating the quasi-continuum
region that has been studied with the Oslo method in this thesis.

The level density is defined as the number of quantum energy levels accessible
at a specific excitation energy, within a given energy bin. The radiative strength
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CHAPTER 2. NUCLEAR STRUCTURE AND REACTIONS

functions provides information on the probability for transitions between different
excitation energies, thereby describing the average electromagnetic properties
of excited nuclei.The level density and gamma strength functions are important
properties of the nucleus, that are needed to describe decay by γ-rays in the
quasi-continuum region. In this thesis warm nuclei at low spin have been
investigated, see the region of interest in the Energy-Spin diagram of figure 2.2.

For a range of applications the knowledge of the average properties of
isotopes, such as the level density and γ strength functions, are important.
One example is Hauser-Feshbach calculations of nuclear reaction cross-sections
needed to model how elements are formed in stellar environment [8]. Statistical
properties of nuclei reveal details of nuclear structure that are hard to access by
studies of discrete levels, such as thermodynamical properties. The statistical
properties of 44Ti and 105,106,111,112Cd are discussed in chapter 5.

2.2 Experimental probes for studying the properties
of atomic nuclei

Learning about the inner structure of atomic nuclei requires reactions with probes
that can access the nucleus. To study the nuclear properties of isotopes one may
chose from a variety of available techniques and reactions the method best suited
for the studies of interest. Different reactions can give information on different
aspects of atomic nuclei. This chapter will present a short overview of the
reactions that are relevant for the simulations or the experimental work of this
dissertation.

2.2.1 Coulomb excitation

In coulomb excitation experiments a heavy ion beam typically impinges on a
heavy ion target, at beam energies below the threshold for reactions involving
the strong force. Excitation is caused by the time-dependent electromagnetic
field between the target and beam nuclei. When γ-ray spectroscopy is combined
with particle identification of the scattered particles from Coulomb excitation
experiments, transition probabilities can be found. Reduced transition rates for
the transitions from the first 2+ →0+ (B(E2)20) and 4+ →2+ (B(E2)42)) in
even-even nuclei are sensitive to the deformation as well as the degree of the
collectivity of the isotope [9]. Figure 2.3 gives an overview of the isotopes where
reduced transition probabilities are experimentally studied. This type of reaction
is well suited for studying the collective properties of atomic nuclei. In the case
that sufficient beam energy is provided one may reach higher excitation energies
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2.2. EXPERIMENTAL PROBES FOR STUDYING THE PROPERTIES OF
ATOMIC NUCLEI

through multi-step excitation.

Figure 2.3: An overview of the current knowledge of the ratios of the transition
probabilities B(E2)42

B(E2)20
[10].

2.2.2 Direct transfer reactions
Transfer reactions are nuclear reactions where one or more nucleons are
transferred between the nuclei involved. Nucleon transfer reaction is an
important source of information on nuclear structure. Single-nucleon pickup
and stripping information are of great importance as they provide information
on the occupational probabilities of single-nucleon states. Pickup reaction probe
hole states in the nucleus of interest while the knock out and stripping reaction
gives information on particle states. Data from such reactions are simplest to
interpret in cases where the target nucleus has spin zero and when the reaction to
high accuracy can be considered to happen in one step. This happens when the
interaction between the projectile and target nucleus is weak [9].

The beam energies that are going to be available at HIE-ISOLDE make a large
variety of reactions above the coulomb barrier accessible. One would typically
have a light particle, such as deuteron, transferring a neutron or proton to a heavier
nucleus. In such single nucleon transfer the Q-value (energetic balance) of the
reaction gives information on the position of the states, the angular distribution
is related to the spin and parity of the state and the total cross section gives a
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CHAPTER 2. NUCLEAR STRUCTURE AND REACTIONS

measure of the overlap of the structures of the original and recoil nucleus. Using
two nucleon transfer reactions can reveal the paring properties of nucleons.

In single particle transfer reactions a radioactive beam will impinge on e.g. a
target containing deuteron. The transfer of a neutron or proton to the ions of the
beam will result in the heavy products being forward focused. Typically there is
a considerable overlap of the beam ions and recoils of interest. For this type of
reaction a recoil separator must be placed at 0◦.

2.2.3 Fusion-evaporation reactions

In cases where one is interested in learning about excited states of nuclei one
would often opt for studying nuclei through reactions. In fusion-evaporation
reactions two nuclei fuse and evaporate neutrons and γ-rays. Fusion-evaporation
reactions is another class of reactions that results in forward focused recoils
although the distribution is isotropic in the center of mass. As the cross sections
often are lower than for direct transfer, this type of reaction requires quite high
beam intensities in the context of RIB, but might be achievable in the future
at HIE-ISOLDE. This type of reaction is well suited to produce proton-rich
nuclei with high excitation energy and large angular momentums. Nuclear
super-deformation has been studied in fusion-evaporation experiments and this
reaction type is also well suited for building completing level schemes.

2.2.4 Deep inelastic reactions

In deep inelastic transfer reactions a fixed target of a heavy element is also used.
The cross section for few particle transfer is peaked close to the grazing angle
of the reaction and varies depending on the chosen beam and target. At large
angles the production of low energy products is favored. To be able to chose the
channels of interest in deep inelastic reactions it is thus necessary to rotate the
recoil spectrometer to the angle of interest [11]. In deep inelastic reactions one or
several nucleons may be transferred between the beam and target. The energies are
such that also nucleons deep within the nuclei are involved in the reaction, hence
the name. As for fusion-evaporation one may attain relatively high excitation
energies and angular momenta, however the cross section for neutron evaporation
is lower, thus the reaction mode may be well suited for studying neutron-rich
nuclei. The maximum cross section for deep inelastic transfer reactions occurs at
the grazing angle given by

θgr(lab) =
2.88ZtZp[931.5+(Tlab/Ap)]

Ap[(Tlab/Ap)2 +1863(Tlab/Ap)]
× 1

Rint
[rad] (2.1)
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2.3. RADIOACTIVE ION BEAM FACILITIES

where Tlab is the projectile energy in laboratory coordinates in MeV, Zt the atomic
charge of the target nucleus, Zp the atomic charge of the projectile nucleus, Ap is
the mass of the projectile nucleus in atomic units and Rint is the interaction radius
that can be calculated by the equations given in Ref. [12]

Rint =C1 +C2 +4.49−C1 +C2

6.35
[ f m] (2.2)

where Ci is given by Ci = Ri(1−Ri
−2)[fm] and Ri = 1.28Ai

1/3−0.76+0.8Ai
−1/3

[fm].

2.3 Radioactive ion beam facilities
Accelerated beams has since the work of Cockcroft and Walton [13] been a much
used tool to study nuclei. The reactions mentioned above all require an accelerated
beam. One way to further expand our current knowledge is by doing experiments
with radioactive ion beams. Experimental information on radioactive isotopes is
an important benchmark for testing nuclear models.

As illustrated by the Segre chart shown in figure 2.4 a large number of isotopes
remain undiscovered. Theoretical calculations estimate that about 30% of all
possible isotopes have been produced and studied in laboratories, making studies
of the remaining 70% an interesting challenge for experimentalists.

Today, several dedicated radioactive ion beam (RIB) facilities have been in
operation for years. Currently, upgrades are carried out to facilitate beams with
even shorter lived nuclei and with higher beam energies and new facilities are
being constructed (e.g. FRIB at Michigan State University). There are two main
production methods used in RIB production. One method is to have a primary
beam produce a cocktail of radioactive isotopes by impinging on a thin target and
further select the isotope of interest by separators in-flight. The in-flight method
works satisfactorily for proton-rich nuclei as neutrons tend to be knocked out in
the reactions at the primary target. Furthermore even very short lived isotopes
can be produced and studied using this production method. Examples of RIB
facilities where the in-flight method is used is RIPS at RIKEN [14] and the FRS
facility at GSI [15]. The other method of production is the Isotope Separation
On-Line (ISOL) method [16]. The ISOL technique was invented at the Niels
Bohr Institute in 1951 by Otto Kofoed-Hansen and Karl Ove Nielsen who had
the idea of coupling a Uranium target to the ion source of an electromagnetic
recoil separator [17]. The principles of the ISOL-method is shown in figure 2.5.
The ISOL technique has the benefit of rather pure beams with well defined beam
emittance. The main drawback of the method is that the ISOL technique has
many stages that are rather time consuming, in this context, the variety of beams
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CHAPTER 2. NUCLEAR STRUCTURE AND REACTIONS

Figure 2.4: Within the borderlines defined by the proton, Bp, and neutron, Bn,
drip-lines and the fission barrier B f it is believed that 6000 nuclei can be formed
of which the stable nuclei are the best studied (black squares). Unstable isotopes
that have been observed are shown in colors depending on the mode of decay. It
is clear that the majority of the unobserved isotopes lie on the neutron rich side
of the valley of stability. Also given on the figure as vertical (horizontal) lines are
the magic numbers for neutrons(protons) as established for stable isotopes.

Figure 2.5: A schematic presentation of the principles of the ISOL technique.

available is limited to life times above a few ms of the isotopes of interest.
Furthermore, only elements with chemical properties allowing diffusion out of
the primary targets can be produced. Examples of ISOL facilities are SPIRAL at
GANIL in Caen, France and ISOLDE at CERN. The RIB facility ISOLDE has
been in operation at CERN since 1967 and is the longest serving experimental
facility at CERN [18]. The present ISOLDE facility has been in operation since
1992 [19, 20, 21] and has been expanded several times. In the early history of

12



2.4. HIE-ISOLDE

ISOLDE mass measurements was the dominating experimental activity. Over the
history of ISOLDE more than 800 radioactive isotopes have been successfully
produced and delivered for experiments. An overview of the elements that RIBs
have been delivered for is shown in figure 2.6.

Figure 2.6: The elements that have been delivered as beams at ISOLDE so far are
shown in colors, figure adopted from ref. [22].

The latest addition was REX-ISOLDE, a post accelerator for the secondary
radioactive beams [23, 24], made spectroscopy experiments requiring higher
energy a possibility. Currently beam energies of ≈ 3 MeV/u is available at
ISOLDE [25]. The accelerated beams available at ISOLDE in combination with
the γ-ray spectrometer MINIBALL [26, 27] has proven to be particularly well
suited for coulomb excitation experiments [28].

2.4 HIE-ISOLDE
The ongoing High Intensity and Energy (HIE) upgrade of ISOLDE
(HIE-ISOLDE) [1] aims at substantially increasing the energy range, the intensity
and the quality of the secondary radioactive beams produced at the ISOLDE
facility [29]. The planned layout of the experimental area of HIE-ISOLDE is
shown in figure 2.7. The aim of the upgrade is to provide experimenters with
smaller beam emittance, higher energy of the post-accelerated beam and higher
intensities. In order to achieve higher energies for the post-accelerated secondary
beam an upgrade of REX-ISOLDE is being commissioned.

The energy upgrade will take place in stages. When the upgrade is finalized,
the existing linac will be replaced by a superconducting linac. When the
final stage of the upgrade is completed, post-accelerated radioactive beams
with kinetic energy of ≈ 10 MeV/u will be a possibility, but already in 2015
beams of ≈ 6 MeV/u will be available. This will open the door to nuclear
reaction studies and expanding the available scientific program compared to the
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CHAPTER 2. NUCLEAR STRUCTURE AND REACTIONS

existing REX-ISOLDE. This, in combination with better quality of the beam and
higher intensities will open the door to examining several scientific questions of
fundamental interest [30]. For many physics cases one is interested in reactions
where one or a few nucleons are transferred to the beam. In inverse kinematics,
few-nucleon transfer results in the reaction products (recoils) being forward
focused. In deep inelastic transfer reactions, where one or several nucleons are
transferred from a heavy target to the beam or vice versa, the preferred angle is
often close the grazing angle and the angular spread of the products is large. In
these cases a recoil separator is often well suited or even needed to tell recoils and
beam apart, to select the exit channel and to do spectroscopic studies. When the
HIE-ISOLDE energy upgrade is completed, multi-step Coulomb excitation will
also be feasible. For several physics cases a spectrometer may be useful for event
tagging.

Figure 2.7: A view of the current layout of the ISOLDE facility at CERN. The
enlarged portion of the figure shows the area of the experimental hall where
the superconducting linac is situated and a possible arrangement of the new
experimental stations.

As mentioned, more than 800 different radioactive isotopes have been
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2.4. HIE-ISOLDE

produced at ISOLDE. Ions as light as 8Li and as heavy as 224Ra [31] have
been successfully accelerated. An even larger diversity of beams is expected
to be available at HIE-ISOLDE. Given the many experimental possibilities it
is interesting to see what different types of spectrometers and separators can
achieve. The simulations and calculations carried out for a future spectrometer
for secondary reactions at HIE-ISOLDE are presented in chapter 6.
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Chapter 3

Mass spectrometers and ion-optics

In this chapter the essential theory behind the ion-optical calculations and
simulations described in chapter 6 and Paper 4 is described and discussed here.

3.1 Spectrometers and recoil separators

The term mass spectrometer would be used to describe any device capable of
producing spectra that enables the experimenter to tell apart reaction products
with different masses. A recoil separator is a device that physically separates
the reaction products (recoils) from the unreacted beam components [32].
Traditionally in nuclear physics, the separation of recoils from beam has been
achieved by dispersing the particles according to their mass-to-charge ratio (A/q)
using a combination of electrostatic and magnetic elements. In this case the
particles are detected at the focal plane using position sensitive detectors. The
position information gives the A/q of the detected particle. Mass identification
must rely on a pure beam or be carried out using auxiliary detectors.

In particle physics, particle tracking has been an essential tool in the
experimental tool box for decades. Recently, ray-tracing spectrometers have also
been designed for nuclear reaction studies. This type of spectrometer relies on
tracking detectors and off-line reconstruction of ion characteristics to identify the
transported products. In principle, any spectrometer or recoil separator could be
improved by tracking to correct for aberrations or to identify the products. In
nuclear physics, so far, magnetic spectrometers have been used in combination
with tracking. Ray-tracing results in a more intricate off-line data analysis,
but facilitates higher order aberration corrections than is possible by hardware
alone [33, 34]. As aberrations are corrected for in analysis, ray-tracing devices
allow large acceptances. Measuring the momentum of ions can also be achieved
using a large acceptance magnetic spectrometer.
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3.2 Ion-optics and transfer maps
When we speak of an ion beam we usually refer to either a continuous or
bunched collection of ions with motion somehow bounded within a suitable
volume of phase-space. Ion-optics is the field of focusing beams and
plasma-streams. Mostly dipole and quadrupole electromagnetic fields play
a similar role to glass lenses in optics. In addition higher order fields are
applied for correction purposes. The trajectory of charged particles through
ion-optical elements depends on the particle’s rigidity against electromagnetic
deflection as well as the field distribution of the ion-optical elements. The
most straight forward way to decide the motion of charged particles through
ion-optical elements would be by computing their path by solving the equations
of motion for the electromagnetic fields of the elements. This type of calculations
are computationally demanding, especially for more complicated ion-optical
elements. Therefore it is commonplace to use transfer matrices for the principle
design and analysis of ion-optical systems, including spectrometers and recoil
separators. Calculations should still always be compared to a full electromagnetic
model with realistic field simulations before an instrument is ordered.

3.2.1 Emittance and Liouville’s theorem
The concepts of statistical physics are commonly applied to beam physics, as the
interactions among the ions of the beam bunches often can be neglected. Beam
emittance is a statistical concept used to describe the spread of the coordinates
of particles in the position-momentum phase-space occupied by a beam bunch.
Liouville’s theorem applies in any system that can be described by matrixes with
trace = 0, such as conservative Hamiltonian systems [35]. Electrically charged
particles moving in static magnetic and or electric fields are examples of such
systems where the equation is valid. Liouville’s equation describes the time
evolution of a phase-space distribution:

dρ

dt
=

δρ

δ t
+

n

∑
i=1

(
δρ

δqi
q̇i +

δρ

δ pi
ṗi

)
= 0, (3.1)

where qi are the canonical coordinates and pi the conjugate momenta. In the case
of the six-dimensional phase-space of the beam bunch the equation is called the
Liouville’s theorem. If the motion in each Cartesian plane is decoupled from that
in the other planes, then the emittance remains constant. One may define the
phase-space density of many non-interacting particles by considering systems,
each of which has slightly different initial conditions. The theorem states that
phase-space density of the beam bunch is preserved as one follows the motion of
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the particles. The theorem is valid for any assembly of particles where the particle
density allows the assembly to be described as an assembly of non-interacting
particles. For the specific cases considered in Chapters 4 and 6 this is reasonable
assumption, as the beam intensities is too low for interaction between the beam
particles to take place. Different definitions of emittance are in use, as discussed
in appendix A.

Emittance is reduced when a beam is accelerated. This is the reason why
the emittance of a machine usually is quoted as normalized emittance (εn). The
user may then calculate the expected emittance at any given energy. The resulting
emittance is often referred to as geometric emittance. The geometric root mean
square emittance, εrms, is given as

εrms = pq =
√
〈x2〉〈x′2〉−〈xx′〉2, (3.2)

where x is the deviation of the particles from the optical axis and x′ is the
inclination of the path of the particle in the x-z-plane.

3.2.2 Transfer maps
The development of the optical coordinates r of the ion-optical system is given
by the differential equation r′ = f(r,s), where s is an independent variable usually
chosen as the path along the reference trajectory and the function f is found by
the Cartesian equations of motion through the electromagnetic fields [36]. The
details of the function f is given in chapters 3, 4 and 7 of reference [37]. The final
coordinates, r f are given by the map M mapping the initial coordinates ri at si to
the final coordinates r f at s f as in equation 3.3.

r f = M (ri,si,s f ) (3.3)

This allows the final coordinates, X f , of particles to be decided as a function of
their initial coordinates, Xi as in equation 3.4

X f = M Xi (3.4)

The Y coordinates are correspondingly treated. The position vectors X and Y must
correspond to the order of M. For example second order calculations where the
energy and position deviates from the central particle at si requires the coordinates
given in equation 3.5 and 3.6

Xi = {xi,ai, ti,δi,xiai,a2
i ,y

2
i ,yibi,b2

i ,xiδi,aiδi,δ
2
i }, (3.5)

Yi = {yi,bi,yixi,bixi,yiai,biai,yiδi,biδi} (3.6)
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revealing that even for second order calculations the position of particles at the
exit of an ion-optical system can depend upon many factors, thus making the
calculation of image aberrations complicated for systems where higher order
calculations must be carried out.

Only for a few, simple systems may the above equations of transport be solved
exactly. Usually one must find approximate solutions and often the dependence
of r f on s is expanded in Taylor series using propagator of the dynamical system
r f = exp(∆s ·L f )ri where L f is the directional derivative L f = f ·∇δs. The transfer
map’s accuracy then depends on the nature of the system and the number of
expansion terms calculated.

3.2.3 Ion optical codes
Ion-optical codes can be divided into two families; codes that calculate the
trajectories in electro-magnetic fields and codes that calculate the transfer matrix
of an ion optical system for given fields. Simion and Comsol are examples of
commercial software operating by the first mentioned principle. On the other
hand, GIOS and COSY infinity [38, 39, 40] are examples of transfer matrix
based codes. Calculating the trajectories by solving the equations of motion for
detailed field calculations give the most accurate results. However, setting up
and configuring such calculations are time consuming and must be redone for
every time one wants to change the geometry or such of the ion optical system in
question. Furthermore, the simulations tend to be computationally challenging in
the sense that each ion being traced takes much processor time and memory. The
transfer map approach is well suited for simulations that require a high number
of simulated events or calculations where one wants to experiment with several
different ion optical layouts.

COSY infinity employs differential algebraic approach to ion beam
optics [41]. This approach allows transfer matrices to be calculated up to arbitrary
order, only limited by the available computer capacity [42]. COSY infinity has
been selected for the simulations presented in chapter 6. Calculations in COSY
infinity is performed with scaled coordinates, as shown in figure 3.1.

3.2.4 Sources of image aberrations
Geometric aberrations are an inherent property of any ion-optical system and
relates to the positional and angular extension of the beam entering the system.
These aberrations cannot be corrected using higher order fields. Chromatic
aberrations are observed when one studies the trajectories of particles with kinetic
energy that deviates from the energy of the particle moving along the central
path, in other words when δK 6= 0 [37]. For experiments where a RIB induces
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Figure 3.1: The scaled coordinates used in COSY infinity for all calculation.

the reaction, it is of great importance to be able to utilize as much of the
available beam as possible, also when that results in relatively large beam spot
sizes at the target. For this reason, aberrations that depend upon the product of
geometric quantities and energy deviation, for instance, are crucial to the overall
performance of spectrometers and recoil separators for RIB experiments.

Higher order elements such as sextupoles can remove lower order aberrations
such as third order, but they will introduce higher order aberrations. With the
advance of fast and position sensitive detectors, reconstruction correction [43] is
achievable.

3.3 Separator and spectrometer design

When considering different separator or spectrometer designs different criteria
can be considered depending upon the purpose of the device [37]. For an angle
and energy focusing device, also called recoil separator, the design requirement is
that the dispersion due to angular and energy spread is negligible or written with
transfer matrix elements:

(x|a) = (x|δK) = 0. (3.7)

21



CHAPTER 3. MASS SPECTROMETERS AND ION-OPTICS

where (x|a) is the angular dispersion and (x|δK) the energy dispersion. This
implies that higher order elements that may contribute to the angular or energy
dispersion must be kept small by the design of the system [32].

The smallest rigidity difference that can be solved, ∆min, is given by

R∆ =− 1
∆min

=− (x|∆)
(x|x)2x10

, (3.8)

where x10 is the maximum deviation in the x-direction of the beam, (x|x) is
the image, (x|∆) is the dispersion due to the rigidity ∆. For the physics cases
considered in this dissertation rigidity resolving power is often an important
criteria. The dispersion of interest is sought maximized by the ion-optical design.
The FWHM resolution is also commonly given.

When studying reactions with low cross sections or when using radioactive
ion beams the acceptance and transmission of a spectrometer or recoil separator
is of particular importance. A device is also described by its angular and energy
acceptance.

3.4 Spectrometers
In the case of recoil separators the x-position at the focal plane is expressed in the
case of first order calculations as

x = (x|x)x0 +(x|a)a+(x|δK)δK +(x|δM)δM (3.9)

where x0 is the relative x-deviation of the ion at the target, δK the relative
energy deviation and δM the relative mass deviation. To obtain mass focus one
must design the recoil separator to have (x|δE) = (x|a)a = 0, thus providing
angular and energy focus. The Fragment Mass Analyzer (FMA) at Argonne
National Laboratory [44] is an angle and energy focusing recoil separator. FMA
has inspired the design of several similar machines including EMMA under
construction at TRIUMF [45]. Due to the symmetric design shown in figure 3.2,
the energy dispersion is canceled, and as the quadrupoles provide angular focus,
the only remaining dispersion at the focal plane is due to the A/q-ratio. This
type of separator is often referred to as a recoil separator. In this case ion-optical
aberrations must be corrected with hardware and thus there is a practical limit to
the maximum achievable acceptance as the geometrical aberrations grow with the
deviation of the rays from the optical axis.

There is also the option of combining a momentum separator with a traditional
A/q separator. This is done, for example, at the Holifield Radioactive Ion Beam
facility. The Recoil Mass Spectrometer (RMS) consists of two separation stages.

22



3.4. SPECTROMETERS

Figure 3.2: A schematic overview of EMMA taken from ref. [45].

The first part disperses products according to their momentum and the second
stage according to A/q. This gives the possibility of physically blocking the beam
in the first separation stage even in cases where the beam and recoils of interest
have similar kinematic characteristics. The focal plane after the momentum
separator alone can be used if mass identification is not needed. Otherwise
one must make use of the whole 25 meter long separator in order to have mass
identification [46, 47].

A new vacuum-mode recoil separator MARA at JYFL [48] is being
constructed and commissioned at JYFL. It will be constructed out of a quadrupole
triplet, an electrostatic dipole and a magnetic dipole. The device has been
designed to have≈ 1

250 resolving power and 10 msr angular acceptance, assuming
a beam spot sized ±1.0×±1.5 mm2. MARA is currently under construction.

As mentioned earlier, ray-tracing spectrometers offer the possibility of
correcting aberrations in the off-line analysis and thus improving the overall
resolution of the device. Examples of this type of separator are VAMOS at
GANIL [49] and PRISMA at LNL [50].
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Chapter 4

Deep inelastic transfer reactions
studied with PRISMA+CLARA at
LNL

In this thesis the neutron-rich 167,168,169Ho isotopes have been investigated.
The motivation was two-fold. First, and most importantly, the deformation of
rare-earth nuclei is believed to be important to understanding the stellar abundance
peak seen at A ' 160. Therefore, it is interesting to investigate new methods to
derive information on deformation for unstable rare-earth isotopes. Only scarce
experimental information for 167,169Ho existed prior to this work. Secondly,
PRISMA represents one of the spectrometer types considered for HIE-ISOLDE.
One focus of this thesis is simulations and calculations to compare various
spectrometer types, see chapter 6.

4.1 Experimental setup

The neutron-rich nuclei studied in this work were populated using multi-nucleon
transfer reactions at Laboratori Nationali di Legnaro (LNL) in Padova, Italy. A
primary beam of 82Se impinged on a 500-µg/cm2 thick self-supporting 170Er
target. The beam was delivered by the Tandem XTU-ALPI accelerator complex
at LNL [51] and had an energy of 460 MeV and an intensity of ∼2 pnA.
Beam-like fragments were identified event-by-event using the PRISMA magnetic
spectrometer placed at the grazing angle of 52◦. The energies of the γ-rays emitted
by beam-like as well as target-like fragments were measured using the CLARA
germanium detector array [52]. A Micro-channel Plate (MCP) detector [53]
placed at the entrance of the spectrometer provides a start time as well as entrance
position and angle. The ions subsequently pass through a magnetic quadrupole
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that focuses the ions in the vertical direction, a magnetic dipole that bends the
ions ∼ 60◦ clockwise in the horizontal plane, and a ∼ 3 m flightpath to a focal
plane detector [54], as shown in figure 4.1. The final detector consists of a Multi
Wire Parallel-Plate Counter (MWPPAC) that provides a second time signal and
position for the ions and a padded IC placed 70 cm away from the MWPPAC that
provides ∆E and total energy for the ions.

Figure 4.1: Layout of PRISMA spectrometer at LNL.
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4.2 Calibration and tracking
PRISMA is a magnetic spectrometer where the identification of the ions passing
through the spectrometer relies on tracking. In order to identify the detected
ions the path of every single ion has to be reconstructed. This requires proper
calibration of the three detectors of the setup, namely the MCP start detector at the
entrance of the spectrometer, the MWPPAC at the focal plane and the IC-chamber.
Reconstructing the path of the ions includes finding the total path length traveled
by the ion from the target to the focal plane (lion) and the bending radius through
the magnetic dipole magnet (ρion). Details of the data acquisition system at LNL
at the time of the experiment is described in [55].

4.2.1 The start detector of PRISMA
The start detector of PRISMA is a MCP detector that provides both 2D spatial
coordinates and time signal. The MCP is mounted 250 mm from the target in a
steel box with transparent entrance and exit windows with a 45◦ tilt relative to the
beam axis. It is a 80x100 mm2 rectangle mounted in a V-shape configuration as
shown in figure 4.2. At the exit window of the steel box there is a 20µg carbon foil
biased at '−2300 V, while the rest of the box is biased at '−2000 V. Electrons
produced in the carbon foil as the ions transverse it are accelerated towards the
MCP. The position resolution has been measured to ' 500-600 µm and the time
signal ' 350 ps [53].

Figure 4.2: Configuration of the MCP start detector at the entrance of PRISMA,
figure taken from referance [53].

A proper calibration of the space coordinates measured by the MCP detector
placed at the entrance of PRISMA is very important for the overall accuracy of
the track reconstruction. Errors in this calibration will propagate throughout the
analysis and result in poorer mass resolution in the final step of the analysis, as
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well as making it more difficult to distinguish charge states and fine tune the offset
of the Time-of-flight. The detector can be calibrated both by the four points on
the calibration mask placed underneath the carbon foil (see figure 4.3) and by
knowledge of the size of the detector and the center of the calibration crossing.
Minor distortions of the electron’s path from the carbon foil to the MCP can
take place because the detector is rotated 1-2◦ with respect to the horizontal axis.
Therefore the (x,y) coordinates can be calibrated as in equations 4.1-4.2.

xcal = ax +bxx+ cxy (4.1)

ycal = ay +byy+ cyx (4.2)

where x and y are the measured coordinates of the ions before calibration and
xcal and ycal after calibration.

The MCP was calibrated using the coordinates for the reference points given
in the PRISMA-CLARA manual on the LNL document server, and the result is
shown in figure 4.3.

Figure 4.3: Left panel: Placement of the calibration mask, figure taken from
reference [55]. The right panel shows the position distribution in the MCP detector
after calibration

4.2.2 The focal plane detector of PRISMA
The focal plane detector of PRISMA [54] consists of a MWPPAC, that provides
a time signal and a measurement of the spatial coordinates, and a ionization
chamber providing ∆E−E measurements. The MWPPAC has a surface area of
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100 x 13 cm2 perpendicular to the optical axis and is placed at about 330 cm from
the magnetic dipole. The entrance and exit windows are covered with 1.5 µm
mylar foils and the detector is filled with C6H10 gas at 6.5 mbar pressure (in this
experiment). The detector has a central cathode and two wire planes for the x-
and y-direction orthogonally oriented with respect to each others. The electrode
is divided into ten independent sections each sized 100 x 130 mm2 thus providing
an xle f t and xright signal for each section, as well as a time signal and the amplitude
of the cathode signal. The spatial resolution is given by the step distance of the
wires; 1 mm steps for the x-direction and 2 mm steps for the y-direction.

The MWPPAC is followed by an multi-section, transverse field ionization
chamber that is mounted ≈ 60 cm further away from the dipole. This detectors
read-out is divided into 40 sections; ten divisions in the x-direction, corresponding
to the ten sections of the MWPPAC, distributed over four rows in the z-direction.
The divided read-out allows for creating ∆E−E plots for Z identification of the
ions. The active volume of the chamber is 110·20·120cm3 and it is filled with
CH4-gas. The maximum pressure of the chamber is 100 mbar.

The MWPPAC detector is calibrated using the width and placement of each
section together. The span of the xle f t−xright must equal the width of the section.
This allows calibrating the XMWPPAC in mm. The ionization chamber detector’s
40 signals are aligned by using a pulse generator prior to the running period.

4.2.3 Track reconstruction
Once the position output of both the MCP and MWPPAC detectors are calibrated
and the ionization chamber has been aligned, the tracks of the ions can be
reconstructed. The tracking procedure is only applied to events where there are
hits in both the MCP, the MWPPAC and a signal from the ionization chamber
detector where the side pads have not fired. The tracking of the ions was
carried out in accordance with the fast tracking procedure developed and used
at LNL [55]. Starting with the measured position of the ion in the MCP detector
(xi,yi), the ion’s position at the MWPPAC detector can be calculated once you
have made a guess for the bending radius, ρguess, through the dipole magnet. The
calculated position at the MWPPAC (x f ) is compared to the measured position
(XMWPPAC) and the hits in the ionization chamber. The ρguess is increased or
decreased depending on the difference between calculated and measured position
at the MWPPAC detector. The trials end when the calculated and measured
position differ < 1 mm. This fast procedure assumes that the y-coordinate remains
constant after the ion enters the magnetic dipole. The calculations are of first
order.

The tracking procedure reconstructs the bending radius of the ion through the
magnetic diple, ρion, the total flight path, lion, the speed, vion, and the range in
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the ionization chamber. This, in combination with ∆E and E as measured in the
ionization chamber, both the charge state, q, and mass, A, of the ions are decided.

4.2.4 Calibration of the time-of-flight

The Time-of-Flight (τ) is found by taking the difference between the time signal
from the MCP detector and from the MWPPAC. The τ-signal has random offsets
that varies for the ten sections of the MWPPAC. The first step in calibrating τ is to
plot τ against XMWPPAC. Due to drift this has to be repeated for each run file. Then
the ten sections are aligned with respect to each others. Next, τ is plotted against
lion/ρion and the offset needed to make the straight line intercept the origin of the
coordinate system. Eventually, fine adjustments must be made to the offset of τ

by looking at the position and FWHM of γ-ray lines after Doppler correction (see
below) from known isotopes. In this experiment lines from 82Se were used as this
was the most strongly populated isotope and thus easy to identify.

The ratio of the mass of the detected ions to the charge state, A/q, is
proportional to the product of the radius of the ions through the magnetic dipole,
ρion, and the velocity of the ions v/c = β , as expressed in equation 4.3

A/q ∝ ρionβ . (4.3)

The ρionβ relation should remain constant for all positions in the focal plane,
X f p. Consequently, when all the detectors are correctly calibrated ρionβ plotted
as a function of X f p should result in a series of straight lines corresponding to
the different A/q states produced and detected in the experiment, as shown in
figure 4.4.

Figure 4.4: The A/q vs X f p for this experiment.
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4.2.5 Doppler correction
As the γ-rays are emitted by the ions in-flight, the frequency of the detected γ-ray
is shifted according to the velocity of the ion and the angle between the path of
the detected γ-ray and the flight path of the ion. The γ-ray energy at rest(Eγ,rest)
is given by

Eγ,rest = Eγ,labγ(1−β cos(θpγ,lab)), (4.4)

where Eγ,lab is the detected γ-ray energy, θpγ,lab is the angle between the detected
γ-ray and the ion flight-path defined as shown in figure 4.5, β is the ratio of the
speed of the ion to the speed of light and γ = 1/

√
(1−β 2). For the experimental

set-up at CLARA-PRISMA the angular position of the HPGe-crystals are given
in appendix B. The fine-correction of the Time-of-flight is done by looking at the
FWHM of known peaks in the γ-ray spectra from the target-like isotopes. In this
experiment the 654.75 keV 2+ →0+ transition in 82Se was used for the general
fine-correction and for checking that the Time-of-flight for each of the ten sections
of the MWPPAC detector were well aligned, as this transition was generously
populated. A FWHM energy resolution of about 0.9% was achieved for Doppler
corrected γ-ray peaks from target-like products.

Figure 4.5: Left panel: The geometry of typical CLARA-PRISMA experiments.
Right panel: Illustration displaying the angle used for Doppler correction.

In the case of the target-like ions the angle of the ion must be calculated from
kinematics by assuming a binary reaction. This introduces an extra source of error
explaining the difference in FWHM for Doppler corrected γ-ray lines belonging
to beam- and target-like products. This introduces additional uncertainty in both
the velocity and angle needed in equation 4.4 and the FWHM energy resolution
for γ-ray peaks from the target-like ions was ≈ 1.1% [56].

4.2.6 Ion identification
The energy signals from the ionization chamber are used to identify the element
of the detected ions either by plotting ∆E −E or by reconstructing the range of
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the ions and plotting this against the total energy deposited in the detector. The
experimental elemental separation in this experiment is shown in figure 4.6. The
charge state of the ion must be decided since A/q ∝ Bρion/v. The charge state, q,
of the detected ion is found by plotting ρionv against the total energy deposited in
the ionization chamber detector, E . The experimental charge state separation is
shown in figure 4.7.

Figure 4.6: Left panel: Experimental element separation (Z-value) separation,
here shown using ∆E−E from the ionization chamber detector where the signals
from the first two rows of pads where summed to produce ∆E. Right panel: The
resulting element separation when using the reconstructed range of the ions in the
ionization chamber.

Figure 4.7: Left panel: Experimental charge state (q-value) separation, here
shown for only Br-isotopes. Right panel: The resulting charge state distribution
for Br-isotopes.

When q is known, the mass, A, of the detected ion is found from the
experimental A/q-values. The mass spectrum for the Br-isotopes produced in
the experiment is shown in figure 4.8.
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Figure 4.8: The mass spectrum for the Br-isotopes, with the corresponding
Ho-channel labels shown above the mass peaks.

4.3 Experimental results for target-like reaction
products

In the deep inelastic 170Er+82Se-reaction ≈ 50 reaction channels were open. The
pressure of the focal plane detector of PRISMA was optimized with respect to
the beam-like products in this experiment. The target-like events were therefore
reconstructed from the kinematics by assuming a binary reaction, and the γ-rays
of the events were Doppler corrected with the reconstructed velocity. The region
of the nuclear chart of the beam-like isotopes accessible through the reaction is
shown in figure 4.9.

Figure 4.9: The region of the nuclear map where the products of the deep inelastic
transfer reaction 170Er+82Se are situated.
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4.3.1 Results for Ho-Isotopes
There has only been scarce experimental information available for the
neutron-rich Ho-isotope. In particular, the isotopes 167,168,169Ho were previously
studied only in β -decay and particle spectroscopy experiments where the
interpretation of data has relied on Nilsson model descriptions [57, 58, 59, 60].
The use of the CLARA [52] and PRISMA [50, 61, 62] set-ups at the Legnaro
National Laboratories (LNL), employed in this study, has been demonstrated
for a number of cases and is discussed in a recent investigation of neutron-rich
Dy-nuclei [56]. Nuclear deformation plays an important role in nuclear synthesis,
where the deformation of rare-earth nuclei has played a role in explaining stellar
abundances [63]. Experimental measurements of the nuclear deformation are
lacking in many cases and the parameters are chosen according to systematics
or calculated theoretically. It is therefore interesting to explore ways to extract
this information in cases where direct measurements are not feasible.

The level schemes of the yrast-transitions of isotopes 167,169Ho are extended
to higher spins. The energy level information is used to extract the deformation
parameters for the isotopes 167,169Ho. The experimental and calculated level
scheme is shown in figure 4.10.

Figure 4.10: The experimental and calculated level schemes in this thesis.

Particle + Triaxial Rotor (PTR) calculations were carried out for
163,165,167,169Ho using the codes GAMPN, ASYRMO and PROBAMO [64].
These codes use a modified oscillator potential and diagonalize the particle +
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triaxial rotor Hamiltonian in the strong-coupling basis. The single-particle matrix
elements are expressed in the deformed scheme as described in reference [65].
The standard values for the κ and µ strength parameters were used [66]. The
most important input to the model is the deformation parameters ε2, ε4 and γ . In
addition, the code also takes as input the Coriolis attenuation parameter, ζ . The
rigid-body moment of inertia was normalized using the experimental energy of the
first 2+ state for the even-even nucleus considered as the core in the calculations
(162,164,166,168Dy). Pairing correlations were included, via a BCS approximation,
using the values G0 = 19.2 MeV and G1 = 7.4 MeV for protons and neutrons [67].

Deformation parameters as obtained from fitting PTR calculations to
experimental data and from the TRS discussed in Paper 1 included in this thesis.
Deformation parameters calculated with the finite-range droplet model (FRDM)
from reference [68] are also given. Rather than applying the PTR-calculations to
produce level schemes, the PTR-input parameters were fitted to give the closest fit
to the experimental level scheme. The deformation parameters were thus inferred
from the experimental data using a χ2-minimization procedure. Starting from the
experimental level energies, Eexp

i , and the level energies predicted by the PTR
model, EPTR

i , a penalty-function was defined as:

χ
2 =

1
nlevels

i=Imax

∑
i=7/2

(Eexp
i −EPTR

i )2

σ2 , (4.5)

where the sum was taken from the ground state to the 17/2− and 19/2−-states in
167Ho and 169Ho respectively. The weight, σ , is estimated with the experimental
uncertainty of the excited levels included in the fit. The uncertainty of the fitted
deformation parameter values was estimated by randomly varying the energy
placement of the excited levels included in the fit according to the experimental
uncertainty, and fitting the parameters. The results from the fit are compared
to theoretical predictions for the deformation parameters in table 4.1. The
fitted deformation parameter ε2-values have reasonable uncertainties, while the
sensitivity to the γ-parameter is low. This method of extracting information on
the deformation shows promise for isotopes that are not experimentally available
for direct measurements of quadrupole deformation. This is important for future
work on isotopes with short lifetimes that can only be studied through secondary
reactions in RIB-facilities. This is the first time that the deformation parameters
for 167,169Ho has been extracted from experimental information.

The γ-ray transitions from excited states in 168Ho were identified by gating on
84Br. Here one can distinguish a γ-ray transition at 143 keV. The isotope 168Ho
has been studied in β -decay from 168Dy in previous work. The level scheme of
168Ho can e.g. be found in reference [60]. In that study the 143 keV transition
was assigned as a (1)− → 3+ isomer, with a half life longer than 4 µs. A life
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Table 4.1: Deformation parameters as obtained from fitting PTR calculations to
experimental data and from the TRS-calculations discussed in Paper1 included in
this thesis. Deformation parameters calculated with the finite-range droplet model
(FRDM) from reference [68] are also given.

Isotope Method ε2 γ ε4 ζ

163Ho
χ2+PTR 0.24±0.0020 -0.2±0.72 -0.097±0.03 0.5±0.005
TRS (h̄ω= 0.0) 0.255 3.678 -0.041
TRS (h̄ω= 0.1) 0.254 -3.590 -0.039
TRS (h̄ω= 0.2) 0.253 -5.732 -0.041
FRDM 0.258 0.007

165Ho
χ2+PTR 0.246±0.0023 0.55±0.74 0.039±0.027 0.5±0.006
TRS (h̄ω= 0.0) 0.261 3.398 -0.036
TRS (h̄ω= 0.1) 0.260 0.209 -0.033
TRS (h̄ω= 0.2) 0.260 -4.644 -0.035
FRDM 0.267 0.020

167Ho
χ2+PTR 0.263±0.0022 1.0±0.4 0.500±0.001
TRS (h̄ω= 0.0) 0.266 0.439 -0.027
TRS (h̄ω= 0.1) 0.264 0.231 -0.026
TRS (h̄ω= 0.2) 0.263 -0.646 -0.025
FRDM 0.267 0.033

169Ho
χ2+PTR 0.261±0.0038 0.27±0.33 0.097±0.026 0.500±0.003
TRS (h̄ω= 0.0) 0.264 0.135 -0.018
TRS (h̄ω= 0.1) 0.264 0.152 -0.017
TRS (h̄ω= 0.2) 0.264 -0.312 -0.034
FRDM 0.275 0.040

time of this magnitude is not compatible with this work, as only prompt γ-ray
transitions are analyzed. The γ-ray gated spectra for the previously observed 488
keV transition is observed together with a close lying transition at 483 keV. Both
of these transitions are unique to 168Ho. When gating on the 488 keV-line, which
according to Ref. [60], decays to the 143 keV level in 168Ho, the 143 keV γ-ray
line is not seen. However, gating on the 483 keV γ-ray line, that also is unique
for 168Ho in this experiment, the 143 keV γ-ray line is seen. This is an indication
that the ordering of levels is likely different than previously suggested. A new
ordering of levels is suggested, as shown in figure 4.11.

Figure 4.11: The suggested ordering of levels in this work and the ordering given
in reference [69].
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4.3. EXPERIMENTAL RESULTS FOR TARGET-LIKE REACTION
PRODUCTS

In conclusion, the present results prove the suitability of multi-nucleon transfer
reactions as a means to study the nuclear properties of neutron-rich rotational
nuclei. A new method to extract deformation parameters for well deformed nuclei.
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Chapter 5

Statistical properties of warm nuclei

The nuclear physics group in Oslo has developed a method for simultaneous
extraction of the level density and radiative strength function. The application
of the Oslo method to nuclear reaction data has provided several interesting
results, such as experimental evidence for the sequential breaking of nucleon
Cooper pairs [70, 71], pygmy resonances [72, 73] and a so far unexplained
enhancement of the radiative strength function for low γ-ray energies [74, 75].
The level density of atomic nuclei provides information on the degree of disorder.
Thermodynamical quantities such as entropy, temperature and heat capacity can
be derived within the microcanonical ensemble from the level density. This has
provided interesting insight in the statistical properties of atomic nuclei [76, 77,
78, 79, 80]. The possible systematic errors of the Oslo method are discussed in
reference [81].

Theoretical models tend to deviate from experimental results in the
quasi-continuum excitation energy region [82]. In addition, large enhancements,
compared to theoretical predictions, of the radiative strength function for low
γ-ray transition energies has been observed in several isotopes in the 50− 100
mass region [74, 75, 83, 84, 85], including the radiative strength function of 46Ti.
The effect has been seen in experiments applying other techniques than the Oslo
method, see e.g. [86]. Figure 5.1 shows how the experimentally extracted radiative
strength function shows an enhancement ≈ 10 times compared to the GDR-tail
for low energies. The enhancement of the radiative strength function has not been
observed in the mass region of the Sn-isotopes or rare-earths. The Cd-isotopes
are intermediate to the region of the nuclear chart where an enhancement of the
radiative strength function has been observed and the region where there is no
evidence of any enhancement. It is therefore interesting to study the radiative
strength function for Cd-isotopes.

Level densities and radiative strength functions are, together with optical
potentials, a key ingredient of Hauser-Feshbach models when accurate
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Figure 5.1: The points indicate radiative strength function of 57Fe extracted as
compared to the GDR-tail, see reference [83].

calculations are needed for all excitation energies [87, 88]. Most cross-section
calculations for astrophysical applications depend of Hauser-Feshbach model to
some extent. For very short-lived isotopes that need to be included in network
calculations, it is not possible to experimentally study the level density and
thus theoretica l models are needed. The accuracy of network calculations
depend substantially on the accuracy of the level density input [89, 90, 91]. The
proton-rich Ti-isotopes are of great importance to nuclear astrophysics. For this
reason a series of experiments to study the radiative strength function and level
densities of Ti-isotopes was conducted at OCL. In particular the level density
and radiative strength function of 44Ti are important to understand the observed
abundance of this isotope in the youngest known galactic supernova remnant;
Cassiopeia A (Cas A). The calculations for the 40Ca(α,γ)44Ti reaction, mainly
responsible for the presence of 44Ti, can be improved with an increased knowledge
of its level density and radiative strength function.

5.1 Experimental details

The Oslo Cyclotron Laboratory (OCL) has a Scanditronic MC-35 cyclotron that
delivers beam for nuclear physics experiments. The layout of the cyclotron and
experimental hall is shown in figure 5.2. The analyzing magnet, a magnetic dipole
with adjustable slit and poles shaped to focus both in the horizontal and vertical
direction, provides sharp beam energy with typical energy spread of ≈ 0.1-0.2%.
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Figure 5.2: Layout of the cyclotron and experimental hall at OCL.

5.1.1 Experimental setup for the Ti-experiments

Details for the reaction and target used in the experiment described in this section
is given in table 5.1. The experiment lasted for ten days and the average beam
intensity was ≈ 0.5 nA of 32 MeV protons. In this experiment eight collimated
∆E − E Si detectors were used to detect the charged particles emitted from
reactions in the target in coincidence with γ-rays from the reactions. The front
detectors were ≈ 140 µm thick and the back detectors were 1500 µm. The
emitted γ-rays were detected with the collimated NaI(Tl) scintillator detectors of
the multidetector setup CACTUS [92]. The scintillator signal is read out with a
photo multiplicator tube (PMT). A schematic illustration of both types of detectors
is shown in figure 5.3. CACTUS covers 17.7% of 4π and the total efficiency
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has been measured to be 15.2 % for 1.3 MeV γ-rays, while the relative energy
resolution is ≈ 6% for 1.3 MeV γ-rays. The NaI(Tl)-crystals are 5"×5". In
addition an HPGe detector was mounted as a monitor detector. The eight particle
telescopes cover≈0.2% of 4π sr. In this experiment brass collimators sized 6×10
mm2 where mounted. The energy resolution is broadened by the large solid
angle covered by each particle telescope and the average energy resolution was
≈ 270-330 keV FWHM1 for the experiment discussed here. The beam intensity
is measured with a Faraday cup after the target chamber and CACTUS setup.

Table 5.1: Target composition and reaction details.
Target Isotope Thickness Reaction Beam

Composition enrichment [mg/cm2] of interest energy
46Ti 86.0% 3.0 46Ti(p,tγ)44Ti 32 MeV
47Ti 1.6%
48Ti 10.6%
49Ti 0.8%
50Ti 1.0%

Figure 5.3: Left panel: A schematic drawing of the ∆E − E particle detectors
used in the experiment. Right panel: A schematic drawing of the NaI scintillator
detectors used to detect γ-rays.

The master gate is opened and events accepted and stored in this experiment
satisfied the following conditions:

1. One and only one front detector gave a signal

1This experiment took place in November 2006 prior to the upgrade to the SIRI particle
detectors
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2. The signal from this front detector > 1.0 MeV (corresponding to protons)

3. No other front detectors gave a signal > 1.0 MeV within ± 4 µsec

4. When a front detector gives a signal there must be a signal from a back
detector within 50 ns

Events are created event-by-event and the stored data have the following
structure {E,∆E,Eγ1,Tγ1,Eγ2,Tγ2 , . . . ,Eγn ,Tγn}. Details of the data acquisition at
the time this experiment was conducted can be found in ref. [93].

5.1.2 Experimental setup for the Cd-experiments
The Cd-experiments were carried out after the SiRi particle detector [94] was
installed. SiRi consists of eight trapeziums modules mounted at a fixed angle
with respect to the beam axis. The distance to the target is 5 cm. The spacial
distribution of the trapeziums is illustrated by the photo of the detector setup in
figure 5.4. The front (∆E) detector of each trapezoid are assigned to individual

Figure 5.4: Left panel: The eight trapeziums of SIRI distributed on a ring. Right
panel:The front of one of the SiRi trapeziums, which has eight arch-shaped ∆E
detectors. The angular assignments of each of the ∆E detectors are indicated in
the figure. One tick on the axes corresponds to 2 mm in reality.

angles of 40−54◦, as illustrated in the right panel of figure 5.4. Each trapezium
consists of eight independent ∆E pads and one common E detector on the back.
In total, SiRi has 64 ∆E−E detectors. The detector thicknesses are 130 µm (∆E)
and 1550 µm (E). A conic Al absorber with a mass thickness of 2.8 mg/cm2

covers the front of the trapeziums in order to stop δ electrons. As each tick on
the axes in figure 5.4 corresponds to 2 mm in reality, each detector is less than 2
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mm wide in the y-direction. As the old Si detector system had a 6 mm opening
in this direction, SiRi gives an improvement in the energy resolution from less
spread in the scattering angle. In addition, there is an improvement in the detection
efficiency from a larger total solid-angle coverage ≈ 6%.

5.2 Data analysis

5.2.1 Selecting reaction of interest

The front and back Si-detectors were calibrated using the elastic peak and known
levels in 46Ti. The reaction of interest was selected by selecting the data
corresponding to the tritium ions in the ∆E−E plot. The ∆E−E plot is shown in
figure 5.5, where the energy deposited by particles in the front detectors is plotted
against the energy deposited in the back detectors.

Figure 5.5: ∆E−E-plot for the 46Ti+p experiment, showing the reaction channels
populated in the experiment.

The Cd-experiments were carried out with self-supporting 106Cd (96.7 %) and
112Cd (99.5 %) targets and 38 MeV 3He beam. Gates were set on 3He and α

particles, corresponding to the 105,106,111,112Cd-isotopes.
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5.2.2 Time-spectra gating
The γ-ray spectra were energy calibrated using known peaks from the
surroundings. The background from natural radioactive sources in the laboratory
is reduced by gating on the prompt time peak and subtracting the background
by gating on the smaller peak in the region next to the prompt peak as shown in
figure 5.6.

Figure 5.6: The time difference between the particle time signals and the NaI time
signals, after the alignment of the time signals from CACTUS. The events with
signals arriving in the interval (t1, t2) are used for the background spectrum and
the events arriving in the interval (t3, t4) are the prompt events.

5.2.3 Particle energy-γ-ray energy matrix
Once the reaction of interest has been selected and the background has been
subtracted one can construct a matrix where the excitation energy of the isotope
of interest, Ex, is plotted against the γ-rays seen in coincidence with particles
corresponding to this excitation energy. This matrix is the starting point for the
Oslo method.
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5.3 The Oslo method
The Oslo method is a procedure that allows the simultaneous extraction of level
density and radiative strength function from particle-γ-ray coincidences. The
Brink-Axel hypothesis [95, 96] is believed to valid for the quasi-continuum in
the isotopes studied. This assumption can mathematically be formulated as

P(Ex,Eγ) ∝ τ(Eγ) ·ρ(Ex−Eγ) (5.1)

Where τ(Eγ) is the transmission coefficient, ρ(Ex−Eγ) the level density and
P(Ex,Eγ) the first generation matrix. Given that the γ-ray decay taking place in
the quasi-continuum is of multipole L, then the radiative strength function can be
calculated from the normalized transmission coefficient by the following relation

f (Eγ) =
1
π

τ(Eγ)

E2L+1
γ

(5.2)

where f (Eγ) is the radiative strength function (RSF).

5.3.1 Unfolding the γ-ray spectra
The first-generation method requires full-energy γ-ray spectra for each excitation
energy bin of the atomic nuclei studied. The γ-ray spectra are unfolded using the
response function for the CACTUS array. Thus the γ-ray spectra are corrected for
each bin of excitation energy are corrected for the escape peaks, annihilation peak,
Compton scattering events and the detector efficiency [97]. The matrix elements,
Ri j, of the response matrix R relate the response in energy channel i when the
detector is hit by γ-rays with an energy corresponding to energy channel j. For
the incident γ-ray energy channel j, the response function is normalized so that
∑i Ri j = 1. The folding can then be expressed as

f = Ru (5.3)

where f is the folded γ-ray spectrum and u is the unfolded.

1. As the first trial function u0 for the unfolded spectrum, the observed (raw)
spectrum r is used, setting

u0 = r. (5.4)

2. The first folded spectrum f0 is then calculated as

f0 = Ru0. (5.5)
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3. The next trial function u1 is obtained by adding the difference spectrum r f0
as a correction to the original trial function u0 giving

u1 = u0 +(r f0). (5.6)

4. The new trial function u1 is folded again to get the next f1, which again is
used to generate the next trial function

u2 = u1 +(r f1) (5.7)

5. Steps 2-4 is repeated until convergence is attained, fi ≈ r

5.3.2 First generation γ-rays
Spectra with the first γ-rays emitted in cascades from the populated excitation
energies are extracted using an iterative subtraction procedure called the "first
generation method" [98]. See figure 5.7 for an illustration of the principle of the
first generation method.

Figure 5.7: Illustration of the principle of the first generation method, the figure is
adopted from reference [92].

5.3.3 Extraction of level density and radiative strength
function for 44Ti

Given a matrix of first generation γ-ray spectra, the experimental level density,
ρ(Ex), and average γ-ray transition probability, τ(Eγ), can be extracted. This
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is achieved through a global χ2-minimization of ρ(Ex) and τ(Eγ) to the
experimental first generation matrix [99].

χ
2 =

1
nd f

Emax

∑
E=Emin

Emax
γ

∑
Eγ=Emin

γ

(
Pth(E,Eγ)−P(E,Eγ)

∆P(E,Eγ)
) (5.8)

Pth(E,Eγ) =
ρ(E−Eγ)τ(Eγ)

∑
E
Eγ−Eγmin

ρ(E−Eγ)τ(Eγ)
(5.9)

As the factorization of the first generation matrix into ρ(Ex) and τ(Eγ) has
an infinite number of possible solutions, as shown by equations 5.10 and 5.11,
the functions must be normalised by using boundary conditions to fix the free
parameters A, B and α of the following equations:

ρ̃(E−Eγ) = Aexp[α(E−Eγ)]ρ(E−Eγ) (5.10)

τ̃(Eγ) = Bexp(αEγ)τ(Eγ) (5.11)

The parameter A is fixed by fitting the function to known, discrete levels at
low excitation energies. The values used to decide A were chosen as the values
extending upwards in excitation energy to where the number of levels seen in the
experiment exceeds the number of known levels, as illustrated in figure 5.8.

Figure 5.8: The two normalizations of the level density (left panel) and the
radiative strength function (right panel) for 44Ti.

As there are no measurements of the resonances at the neutron binding energy,
since 44Ti is an unstable isotope, the level density was extrapolated using a
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theoretical description of the level density and the slope of the function was
chosen so that the function intercepted the level density at the binding energy.
Two alternative approaches were used, a microscopic and a closed-form formula.
The calculations of Goriely, Hilaire ann Koning (GHK) was chosen as the
microscopic approach and the constant-temperature (CT) formula as the closed
form formula. The two level density functions resulting from the different choices
of normalization are shown in figure 5.8.

The lack of experimental data on the level spacing D0 and also the average
radiative width of the s-wave resonances 〈Γγ0〉 made assuming a value based
upon the systematics of the Ti-isotopes necessary. To account for the uncertainty
of such an assumption a large error for the adopted 〈Γγ0〉-value was assumed.
Given the interconnection between the level density and the radiative strength
function, the two level density options result in combination with the upper and
lower limit assumed for 〈Γγ0〉 gives rise to four functions as shown in figure 5.8.
Several combinations of models and model parameters were found to provide
reasonable fits. The various level density and radiative strength function models
were thus tested directly on the experimental primary γ-ray spectra. The model
combinations taken into consideration are listed in table 5.2 and described in detail
in Paper 2. The GDR parameters applied to the radiative strength function

Table 5.2: Input combinations, for the Level density function (LD) and Radiative
Strength Function (RSF), utilized in this work.

Combination LD model RSF model References
Input 1 CT Fitted General Lorentzian with CT [100, 101]
Input 2 GHK Fitted General Lorentzian with CT [102, 101]
Input 3 CT Averaged Generalized Lorentzian [100]
Input 4 GHK Averaged Generalized Lorentzian [102]
Input 5 CT Standard Lorentzian [100]
Input 6 GHK Standard Lorentzian

models are estimated from the values in RIPL-2 [103], as experimental values
are not available. For the lower excitation energy region, any of the six input
combinations result in reasonable reproduction of the data. For the high-energy
region (7.4 MeV≤Ex≤ 9.8 MeV), input combinations input 2 and input 3 give the
best reproduction of the experimental spectra out of the six model combinations,
as seen from figure 5.9. The standard Lorentzian model in combination with the
GHK level density reproduces the overall shape of the distributions rather well,
while the values in absolute terms are overestimated.
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Figure 5.9: Experimental primary γ-ray spectra (solid squares) and those obtained
from multiplying the extracted level density, ρ , and radiative strength, τ , functions
(red line) for 7.4 ≤ E ≤ 9.8 MeV. These are compared with calculated spectra
using the six inputs as described in the text. The experimental and calculated
spectra are given for excitation-energy bins of 0.47 MeV.

5.3.4 Extraction of level density and radiative strength
function for 105,106,111,112Cd.

For the isotopes 105,106Cd the level density at the neutron separation energy, ρ(Sn),
was estimated from the systematics for the Cd-isotopes. The level density at the
neutron separation energy was calculated for all Cd-isotopes where the neutron
resonance spacing D0 is known. The uncertainty of ρ(Sn) for 105,106Cd was
set to 50 %. Two different approaches were used for interpolating between the
experimental values and ρ(Sn). In the upper panel of figure 5.10 the resulting
level densities when applying a Fermi-gas (FG) approach is shown. As a
second approach, the combinatorial and Hartree-Fock-Bogoliubov approach of
reference [102] was applied. The resulting level density for this approach is shown
in the lower panel of figure 5.10. The reactions studied are expected to polulate a
narrow spin range. Thereofre, a reduced spin-cutoff parameter, σ̃ ≈ 4.5, has also
been taken into account. In the case of 112Cd, both the level spacing of the neutron
resonance, D0, and the average radiative width of the s-wave resonances 〈Γγ0〉 are
experimentally known [103]. Four normalizations for the level density of 112Cd
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Figure 5.10: Upper panel: Normalized level densities with a Fermi-gas
approach. Lower panel: Normalized level densities with a combinatorial plus
Hartree-Fock-Bogoliubov approach.

is shown in figure 5.11. The effect of the reduced spin range is not large at low
excitation energies, but is of importance for higher excitation energies. The effect
can be as much as a factor of 2, for example at E = 7.9 MeV. For 105,106Cd 〈Γγ0〉
is estimated from the systematics of the Cd-isotopes.
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Figure 5.11: Four normalizations of 112Cd: the Fermi-gas approach (FG, red
squares), FG approach with a reduced spin-cutoff parameter (red, open squares),
the combinatorial plus HFB approach (blue triangles), and with a reduced spin
range (open, blue triangles).
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Figure 5.12: The radiative strength function of (a) 105Cd, (b) 106Cd, (c) 111Cd, and
(d) 112Cd for the four normalization approaches on the level densities discussed
in the text.
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5.4 Results for 44Ti
The results for the RSF are consistent with the RSF being independent of
temperature, as illustrated by figure 5.9, in accordance with the Brink hypothesis.
In spite of that, the averaged generalized Lorentzian model with a variable
temperature averaged over the excitation-energy region, also gives a rather good
description of the overall shape of the RSF data when normalized to the CT level
density.

Figure 5.13: Data on the Maxwellian-averaged reaction rate for the 40Ca(α,γ)44Ti
reaction from reference [104] are compared to calculations with varying inputs
described in Paper 2 included in this thesis. (b) Ratio of the calculated of the
reaction rates to the experimental data. The upper dotted line indicates a 40%
deviation from the experimental data and the lower dotted line indicates a 20%
deviation.

The Maxwellian averaged reaction rate for 40Ca(α,γ)44Ti is calculated with
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the most consistent inputs. The data of reference [105] is the result of an integral
measurement on the 40Ca(α,γ)44T cross section corresponding to an energy
window of Eα = 2.1− 4.2 MeV for the incoming α particles. Inputs utilizing
both CT and GHK normalizations for the level density provide calculated integral
cross sections that are compatible with the experimental result σave

exp ' 7.0(10)µb .
The calculations result in σave = 7.1 and 6.9µb for the CT and GHK normalization
respectively. The cross section calculations are also compared to the DRAGON
data, as shown in figure 5.13. Input 1 and 2 are the model and parameter
combinations that provided best consistency with the integral measurement,
while input 7 gives the best consistency to the DRAGON data. There is a
discrepancy between the cross section measurement results of references [105]
and [104], making simultaneous optimization for the results of both experiments
not possible.

One aim was to establish whether a significant enhancement of the RSF at
low γ-ray energies is present in 44Ti and what importance such an enhancement
would have for the production of the isotope in stellar environment. The data
are compatible with an low energy enhancement of the RSF, but the presence of
such an enhancement is not necessary to produce a consistent set of LD function
and RSF. The enhancement of the RSF does not have a significant impact on
the neutron capture cross section. This is consistent with previous results that
indicate that the low energy enhancement of the RSF has greatest importance for
the neutron capture cross section of reactions involving neutron rich nuclei, as
discussed in reference [106].

5.5 Results for the Cd-isotopes
The results for 105,112Cd are compared to results for other isotopes that have been
investigated in this mass region, see figure 5.14. The radiative strength functions
of 111,112Cd show no strong enhancement for the low γ-ray energies. All the
Cd-isotopes investigated have strong similarities to 117Sn at higher γ-ray energies.
105,106Cd show a moderate low energy enhancement of the radiative strength
function, compared to 117Sn. The radiative strength function of 105Cd carries
in this sense a resemblance to both that of 95Mo and 117Sn. To further investigate
the nature of the radiative strength function of 105Cd calculations were carried
out. The GLO model was adopted and the extra strength of the Sn isotope was
modeled as a Gaussian function (pygmy resonance). Such a Gaussian resonance
must also be included for the Eγ ∼ 5− 8 MeV region for 105Cd. The results of
the calculations are shown in figure 5.15, together with available photo-nuclear
data. Previous studies of nuclei with fewer protons than Cd have all shown a low
energy enhancement of the radiative strength function. Nuclei with more protons
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Figure 5.14: Comparison of the radiative strength functions of 95Mo, 105,112Cd,
and 117Sn.

than Cd all lack the low energy enhancement. Furthermore, the radiative strength
functions of an isotopic chain have all displayed similar shape. This is the first
time that a drastic change of the radiative strength function has been observed as
a function of neutron number.
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Figure 5.15: Calculations using the GLO model with a constant temperature
(Tmin) and a variable temperature (Tf ≈

√
E f ) compared to data of 105Cd for the

normalization giving the lowest possible low-energy strength (FG) and the highest
(combinatorial plus-HFB, reduced spin window). The black triangles show the
extracted strength function for a higher cut on Eγ and E in the first-generation
matrix of 105Cd . Photonuclear data from references [107, 108] are also shown.
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Chapter 6

Ion-optical calculations and
simulations

In this dissertation two examples of separators of have been studied in
simulations having the HIE-ISOLDE upgrade in mind. A set of nuclear direct
transfer reactions have been simulated using the expected beam parameters for
HIE-ISOLDE. An ion-optical layout based upon the design of EMMA (recoil
separator layout), currently being built at TRIUMF in Canada [45], see figure 6.1,
and a second layout based upon the design of PRISMA (ray-tracing layout) at
LNL in Italy (see figure 6.2) have been used. The main characteristics of the two
layouts are given in table 6.1.

Figure 6.1: Ion-optial layout of mass-separator (not to scale).

One of the main areas of study at HIE-ISOLDE is expected to be direct
reactions in inverse kinematics. The cone of the heavy recoils exiting the target
will have a rather narrow angular distribution where the maximum angle of
deflection, θ , mainly depends upon the mass difference between the light and
heavy recoil, as illustrated by figure 6.3.

Light beams can achieve full stripping when interacting with the fixed target
for the beam energies available at HIE-ISOLDE. For heavier beams, such as
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Figure 6.2: Ion-optical layout of ray-tracing spectrometer (not to scale)

Sn-isotopes, the ions interacting with the target will have a broad distribution of
charge states and the maximum angle of deflection will be very small as illustrated
in figure 6.4 for the case of 133Sn. In other words, the recoils’ deflections is
comparable to the deviation of the beam. A spectrometer for reaction products

Table 6.1: Comparison between the recoil separator layout and ray-tracing layout.
Property Recoil sep. Ray-tracing

Solid angle 16 msr 80 msr
Horizontal angular acceptance 3.6◦ 10.0◦

Vertical angular acceptance 3.6◦ 12.0◦

Total flight path 9.5 5.8 m
Max. magnetic rigidity 1.0 Tm 1.32 Tm

Max. electrostatic rigidity 25 MV -

60



6.1. RAY-TRACING SPECTROMETERS FOR NUCLEAR PHYSICS

Figure 6.3: The cone of outgoing, beam-like reaction products in a two body fixed
target experiment.

at HIE-ISOLDE must therefore handle high workloads (either by high beam
rejection or fast readout) and cover a large solid angle.

6.1 Ray-tracing spectrometers for nuclear physics

In order to become acquainted with detectors and measurement methods utilizing
ray-tracing, a data set from the PRISMA spectrometer was studied, as discussed in
chapter 4. The primary code used in the simulations is the ion-optics code COSY
infinity. The layout of PRISMA is shown in figure 6.2. The target chamber in
PRISMA is surrounded by the CLARA gamma detector array for the detection
of prompt gamma rays. At HIE-ISOLDE the MINIBALL would be used for
the same purpose. Between the target chamber and the y-focusing quadrupole
a Multi Channel Plate (MCP) detector [53] is placed. This gives an x-y signal
with a resolution of about 1 mm for exit angle determination and a time resolution
of about 400 ps for time-of-flight measurement. A focal plane detector [54]
gives position, a second time signal from the Multi-Wire Parallel Plate Avalanche
Counter (MWPPAC) and multiple ∆E signals from an ionization chamber. The
position information from the start and focal plane detectors is used to track
the particles through the spectrometer and to extract angle information in order
to Doppler correct gamma spectra taken at the target position. The difference
between the time signal from the focal plane and the start detector gives the
time-of-flight with a resolution below 1 ns. Plotting one or two ∆E-signal versus
the sum of ∆E-signals from the ionization chamber allows for the identification of
the atomic number of the tracked particle.
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Figure 6.4: Panel a) The angular distributions of reaction products of three
reactions in direct reactions in inverse kinematics at 10MeV/u beam energy.
Panel b) The charge state distribution of 133Sn after a 0.1 mg/cm thick deuterated
polyethylene target.

6.2 Simulations

A magnetic spectrometer layout based upon PRISMA shown in figure 6.2 as
well as on the EMMA design shown in figure 3.2 have been chosen for initial
simulations. Table 6.1 summarizes the main characteristics of the two designs.
The primary aim was to simulate a set of reactions for three different beam
energies; 3 MeV/u, 5 MeV/u and 10 MeV/u with both a recoil separator and
ray-tracer designs using beam parameters for HIE-ISOLDE. The focus is on the
higher energies as these are most interesting for future experiments. The reactions
are also simulated with different beam characteristics at the target.
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The kinematics of the simulated reactions is calculated with a script written
in the ROOT environment [109, 110]. The atomic masses were taken from the
AME2003 evaluation [111, 112]. The studied transfer reactions have maximum
scattering angles ranging from 0.3◦ to 7.0◦ relative to the optical axis. The beam
transport was simulated using COSY infinity 9.0 [113] and the interaction of the
particles with matter was simulated using SRIM 2008 [114] and GEANT4 [115,
116]. As input to the simulations a normalized emittance of 0.3π·mm·mrad was
assumed for both the x-a and y-b planes. The beam energy is assumed to have an
energy spread of 0.5 % FWHM. This corresponds to the expected yet somewhat
optimistic emittance and beam energy distribution for HIE-ISOLDE. A beam
waist was assumed at the target position. Figure 6.5 shows the simulated particle
distribution at the target position prior to taking any interaction between target and
beam particles into account.

Figure 6.5: The geometric emittance distributions at the exit of the
superconducting linac. The upper panels (a) and (b) show the 5.6 MeV/u stage,
while panels (c) and (d) show the distributions for 10.2 MeV/u.
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Nuclear reactions with secondary beams available at ISOLDE are simulated
using a Monte Carlo approach. Direct transfer reactions are simulated in inverse
kinematics assuming a uniform distribution with respect to the center-of-mass
angle. The beam interaction with matter in detectors was simulated with the
Monte Carlo simulation package, GEANT4 [115, 116] and the charge state
distributions where calculated with Lise++ [117] using the model of Schiwietz
and Grande [118]. The ion-optical maps used in the simulations included here
were calculated using COSY infinity 9.1 [113].

COSY infinity is utilized for calculating transfer maps used in the simulations
discussed here. The field settings used to calculate the transfer maps are found by
fitting to obtain the relevant focus.

6.2.1 Beam parameters for HIE-ISOLDE
An example of the expected, geometric beam parameters at the exit of the
HIE-ISOLDE linac for are given in table 6.2 and displayed graphically in
figure 6.5. A Gaussian beam profile providing a 90% RMS geometric emittance
distribution at the secondary target is assumed.

Table 6.2: The Twiss parameters (see appendix A) of the Courant-Snyder
invariant for the beam profile expected at the exit of the linac at HIE-ISOLDE
for A/q≈ 4.0 [119].

Energy [MeV/u] ε90%rms α β γ ε90%rms α β γ

x− x′ y− y′

5.9 4.34 0.27 1.00 1.07 4.05 -0.04 1.07 0.97
10.2 3.13 0.292 1.54 0.71 3.20 0.002 1.21 0.83

0 However, the emittance will depend upon the charge-to-mass ratio (A/q) of
the accelerated beam. For the A/q = 4.5, the largest value accepted by the linac,
the normalized transverse emittance, εn,90%rms = 0.3 mm mrad [120]. This value is
consequently used in the simulations discussed in this dissertation. It has also been
assumed that the beam can be delivered at the secondary target position with any
set of Courant-Snyder parameters calculated from the geometric emittance. The
emittance growth from the linac exit to the secondary target position is assumed
to be negligible in the simulations.

If one for example assumes a beam-spot of 1 mm diameter at the secondary
target, then the conservation of the emittance results in a angular extension of the
beam of about ≈ 5 mrad, as illustrated by figure 6.6. If a larger diameter of the
beam-spot is acceptable, a smaller angular deviation is achieved, as shown in the
graph of figure 6.6.
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Figure 6.6: Upper panel: The emittance assuming 1 mm diameter beam-spot at
the secondary target. Lower panel: How the maximum angular deviation of the
beam varies with the maximum x-deviation (for εn,90% at 5 Mev/u) at the target
position.

65



CHAPTER 6. ION-OPTICAL CALCULATIONS AND SIMULATIONS

6.2.2 Reaction kinematics and charge state distributions

As previously mentioned, the heavy products of direct transfer reactions are
distributed within a narrow cone with respect to the beam axis. Figure 6.7 shows
the angular distribution of both a light and a heavy reaction product, for the case
where a 0.1 mg/cm2 deuterated poly-ethylen target is simulated. In the transfer
reaction d(132Sn,133Sn)p the ion of interest, 133Sn, has a maximum angular
deviation from the beam axis of ≈ 0.62◦. In comparison, the angular deviation
of the beam is ≈ 0.3◦ or ≈ 5 mrad when a 1 mm diameter 90% beam-spot
is required. As the reaction cross section can be expected to peak at forward
angle, an overlap ≥ 50% between beam and reaction product must be taken into
account. This implies that beam rejection or high workload is essential for physics
cases similarto d(132Sn,133Sn)p. For the case of reactions with relatively light
beams, such as d(9Li,10Be)n, the maximum angle of the kinematic distribution is
≈ 12−16◦, making acceptance a crucial parameter.
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Figure 6.7: Upper panel: The angular distribution given by the kinematics of
the transfer reaction d(132Sn,133Sn)p from ground state to ground state. Lower
panel: The angular distribution of the recoil and ejectile from the transfer reaction
d(9Li,10Be)n assuming a ground state to ground state transition.

As the HIE-ISOLDE linac accepts A/q ≈ 2.5-4.5 the ions have to be charge
bred and lower A/q-ratio implies long breeding time for heavier ions, thus
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resulting in decreased beam intensity due to decay and loss. In this dissertation
the conservative value A/q = 4.5 has been assumed in all simulations. For a
beam energy of 3 MeV/u 9Li the 3+ charge state would comprise 92% of the
intensity after passing through a 0.1 mg/cm2 deuterated poly-ethylen target. For
beam energies above 4.5 MeV/u more than 99% of the ions are fully stripped after
the target. For the case of a Sn-beam passing through the same target, a large
number of charge states are produced, as previously shown in figure 6.4.

6.3 Spectrometer simulation results
The impact of beam structure on the performance of a future
MINIBALL+spectrometer setup at HIE-ISOLDE is an important aspect.
The instantaneous ion rates per area are important parameters. Figure 6.9
illustrates the time-of-arrival distribution for beam and recoils at the focal plane
for the ray-tracing layout. As there is virtually no beam rejection for A & 20 as
compared to the recoils for at 0◦, the detector performance and the release profile
from EBIS will limit the possible beam intensity that is technically feasible. For
the mass separator layout it is important to set up the separator for high beam
rejection.

The results from the simulated transfer reactions, with respect to yield and
mass resolution, are summarized in table 6.3. The yield is defined as the fraction
of the ions entering the separator and being transmitted to the focal plane detector,
or in other words this figure is a combination of the geometric acceptance and
the actual transmission. The detector efficiencies are not taken into account in
table 6.3. The mass resolution of the ray-tracing layout is quoted for the For

Table 6.3: Simulation results. Alt.1 is the ray-tracing layout and Alt.2 the recoil
separator, as described above.

Reaction Beam energy Yield ∆ A Yield ∆A/A Beam
Alt.1 Alt.2 rej.

9Li(d,n)10Be 5.0 MeV/u 100% 236 54% 983 100%
22Mg(d,n)23Al 5.0 MeV/u 55% 256 54% 806 100%
68Ni(d, n)69Cu 5.0 MeV/u 99 % 327 22 % 330 88.1%
68Ni(d, n)69Cu 10 .0 MeV/u 97 % 319 22 % 331 87.7%

132Sn(d,p)133Sn 5.0 MeV/u 98 % 318 38 % 368 93 %
132Sn(d,p)133Sn 10.0 MeV/u 96 % 298 36 % 354 95 %

191Pb(dd,p)192Pb 5.0 MeV/u 97 % 274 14.6 % 398 90 %
191Pb(dd,p)192Pb 10.0 MeV/u 96 % 271 6.6 % 363 96 %

recoils heavier than 69Cu, there is a decrease in yield for the case of the mass
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separator layout. As the mass of the recoil increases, the ∆A/q of two adjacent
peaks decreases, making the mass resolution of greater importance. Due to
aberrations related to the initial a and b coordinates of the recoils, the angular
acceptance must be reduced.

6.4 The time structure of beams at HIE-ISOLDE
The beams at REX-ISOLDE have both a macro- and micro time structure. The
macro-time structure is determined by the charge breeder realease profile (EBIS
pulse) and the release from the primary target. A general overview of the
time structure of HIE-ISOLDE beams is provided in figure 6.8. This again is

Figure 6.8: The time structure of beams at HIE-ISOLDE. (A)
Protons from PSB (B) RIBs released from the ISOL target (C)
Accumulation/cooling/macro-bunching (up to 100 Hz) (D) Charge breeding
in EBIS (E) Duty cycle of linac matched to EBIS (F) Micro bunching of EBIS
beam pulse by the RFQ at 101.28 MHz [120].

convoluted by the RF acceleration window of the accelerator. The micro structure
is determined by the accelerating RF field and will be operated at 101.28 MHz.
Self-extraction gives FWHM ≈50 µs distribution while slow extraction provides
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a shape with FWHM optimally peaked around 300-500 µs. The trap tubes inside
the EBIS limit the possibility to shape the pulse to an approximately uniform
release profile. The simulations show that the maximum particle rate at the focal

Figure 6.9: Time of arrival of ions at focal plane plotted against the horizontal
position for the beam and reaction products of 68Ni(d, n)69Cu at the focal plane
of the ray-tracing layout.The distribution for 5 MeV/u and an integrated beam
intensity I = 107 particles/second is shown.

plane is ≈ 106 particles per cm2 per second if the beam rate is ∼ 107 pps.
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6.5 Response function for LaBr3:Ce scintillator
detectors at OCL

Upgrading the γ-ray detection system CACTUS with LaBr3:Ce in place of
NaI(Tl) would result in higher efficiency, better energy resolution and faster time
signals [121]. The research group has already received two new, large volume
LaBr3:Ce detectors. Higher efficiency will allow for the study of reaction channels
with low cross sections or to study reactions induced by low intensity beams. The
improved energy resolution will allow setting gates on γ-ray lines corresponding
to different spins. This in turn would allow, given high enough statistics, to
study the reactions also above the particle binding energies or to study the angular
dependence of the level density and radiative strength function.

As described in section 5.3.1 the unfolding procedure for the γ-ray spectra
is crucial for the Oslo Method. As LaBr3:Ce will respond differently to γ-rays,
a new response function had to be extracted. This has been achieved through a
studies of a combination of experimental data from an experimental campaign
made possible by borrowing detectors and data from GEANT4 simulations, as
described in details below.

6.5.1 The response function
The response function of a γ-ray detector, such as LaBr3:Ce scintillator detectors,
depends on the interactions with matter that the photons can undertake at the
relevant energy. This includes photoelectric absorption, pair production and
Compton scattering. Because Compton-scattered photons and one or both of the
annihilation photons can escape from the detector and thus deposit only part of
the full energy, one must correct the observed γ-ray spectra for such incompletely
detected photons. Additional background from backscattered annihilation and
Compton γ-rays in the experimental setup give rise to peak structures at 511
and ≈ 200 keV, respectively. In addition one must take into account the internal
activity of the scintillator material (≈ 1000 counts/second).

The energy transferred to the electron, Eelectron, by the γ-ray that is scattered
at an angle θ is given by equation 6.1.

Eelectron = Eγ −
Eγ

1+ Eγ

mec2 (1− cos(θ)
(6.1)

Experimental spectra from mono-energetic γ-ray lines at 1770, 2834, 4963,
9634, 14586 and 17619 keV were used to verify the energy resolution function
and to ensure the quality of the simulated data by allowing comparison. The
GEANT4 simulations were in addition carried out for steps of energy of 500 keV,
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starting at 500 keV and ending at 20 MeV. Between these values the response
is interpolated using three point interpolation for the photon production peaks
and the full energy-peak. Compton events were interpolate between channels
corresponding to the same scattering angle, θ , as illustrated in figure 6.11. The
scintillator material LaBr3:Ce has self activity [122] that also has been accounted
for.

Table 6.4: Target compositions and reaction details.
Target Enrichment/ Thickness Reaction of interest Beam energy
Composition composition [mg/cm2]
Natural Si 3.5
28Si 92.2% 28Si(p,pγ)28Si 16 MeV
29Si 4.7%
30Si 3.1%
Natural C 1.0
12C 98.9% 12C(p,pγ)12C 16 MeV
13C 1.1%

Table 6.5: Important parameters used for the LaBr3:Ce material in the
simulations [123].
Light yield Yph 63 photons

keV Edep
Primary decay time τprimary 0.016 µsec

Figure 6.10: Left panel: A picture showing CACTUS with six LaBr3:Ce
scintillator detectors inserted. Right panel:A picture of one of the LaBr3:Ce
scintillator detectors with PMT.
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Figure 6.11: The interpolation of the Compton part of the simulated or measured
response functions c1 and c2, illustrating the increase of ∆θ with the full γ-ray
energy Eγ , the figure is taken from reference [93].

6.5.2 Simulation results
A simulation that, from first principles, simulates the energy resolution of a
scintillator read out by PMT must include the atomic decay of the crystal and the
electron cascade the collected light produces in the PMT. Simulating with such
detail is complicated and computationally demanding. Therefore, the resolution
of the LaBr3 detectors is simulated by adding a Gaussian spread on to the energy
deposited by electrons in the crystal. The resolution of the LaBr3 crystals is quoted
to be 2.9% FWHM at 1.3 MeV γ-ray energy, while the photon yield is said to be
63 photons/keV deposited energy. This implies that the energy resolution due to
the spread in photon numbers and the variation in the number of electrons read
out of the PMT is estimated by a variance σ ≈√Edep×78/2.35 as discussed in
reference [124].
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Chapter 7

Brief introduction to papers

7.1 Paper 1:The neutron rich isotopes 167,168,169Ho
studied in multi-nucleon transfer reactions

The aim of this paper was primarily to shed new light upon the nuclear structure
and the macroscopic properties of the moderately neutron-rich Holmium-isotopes.
The isotopes 167,168,169Ho had been studied using the PRISMA and CLARA
setups at INFN-LNL. The experiment was a thin-target experiment with 170Er
as the target and 82Se as the beam. The mentioned isotopes were the target-like
products that corresponded to the beam-like 85,84,83Br resulting from the deep
inelastic transfer reaction. Deep inelastic transfer reactions are well suited for
experimental studies of the collective properties. The level schemes are extended
to higher spins and revised. Particle + triaxial rotor and Total Routhian Surface
calculations have been carried out for the two odd-A Ho isotopes. Using a
minimization procedure the deformation parameters for 167,169Ho are extracted
and compared to theoretical calculations. The placement of an isomer in 168Ho
was also revisited.

This paper is submitted to EPJ A.

7.2 Paper 2: Primary γ-ray spectra in 44Ti of
astrophysical interest

The nucleus 44Ti is a key isotope for the investigation of the inner regions of
core-collapse supernovae and their young remnants. This isotope is thought to
be exclusively created in supernovae, with a large variation of yields depending
on the supernova type. The background for this article was the need to better
understand the observed 44Ti abundance in the Cassiopeia A supernova. Both
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level density and radiative strength function are input in large network calculations
of nuclear reaction rates.

The nuclear physics group at the Oslo Cyclotron Laboratory has developed
a unique technique to extract simultaneously the level density and radiative
strength function from primary γ-ray spectra. The primary γ-ray spectra for 44Ti
has, applying the Oslo method, been extracted from particle-γ-ray coincidence
data of the 46Ti(p, tγ)44Ti reaction, and the level density and radiative strength
function was successfully extracted. The experimentally extracted level density
and radiative strength function were used to calculate reaction rates for the
40Ca(α,γ)44Ti reaction. This reaction is considered as the main production
mechanism for 44Ti in the Cassiopeia A supernova. The 40Ca(α,γ)44Ti cross
section and corresponding Maxwellian-averaged astrophysical reaction rate rate
was estimated.

7.3 Paper 3: Transitional γ strength in Cd isotopes

The level densities and radiative strength functions of 105,106,111,112Cd have been
extracted from particle-γ coincidence data using the Oslo method. The level
densities are in excellent agreement with previously known levels at low excitation
energy. More low-energy strength is apparent for 105,106Cd than for 111,112Cd. For
γ-ray energies above ≈ 4 MeV, there is evidence for moderate extra strength,
similar to what has been previously observed for the Sn-isotopes. The origin of
this extra strength is unclear. Possible explanations are that the increased strength
is due to E1 and M1 transitions originating from neutron skin oscillations or the
spin-flip resonance, respectively. Still, the radiative strength functions display no
strong enhancement for low γ-ray energies.

7.4 Paper 4: Simulations for a HIE-ISOLDE
spectrometer

HIE-ISOLDE will provide a wide range of exotic beams with small emittance
and beam energy of ≈5-10.2 Mev/u. The primary motivation of this paper was to
explore the scientific scope of two different spectrometer layouts, given realistic
beam characteristics at HIE-ISOLDE. A doubly achromatic, recoil-separator
ion-optical layout was compared with a ray-tracing, magnetic spectrometer layout.
A set of transfer reactions and a case of deep inelastic transfer reaction were
simulated for different beam settings. The results showed that both spectrometer
types have clear benefits and drawbacks. The results also show that for both
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layouts the high instantaneous particle rate at the secondary target may provide
technical challenges.
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7.5 Paper 1
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Abstract. The neutron-rich rare-earth isotopes 167,168,169Ho have been studied using the PRISMA and
CLARA setups at INFN-LNL. The level schemes are extended to higher spins and revised. Particle +
triaxial rotor and Total Routhian Surface calculations have been carried out for the two odd-A Ho isotopes.
Using a minimization procedure the deformation parameters for 167,169Ho are extracted and compared to
theoretical calculations. The placement of an isomer in 168Ho is also revisited.

1 Introduction

Well deformed nuclei in the rare-earth region have long
been described by collective models [1]. Nevertheless, there
has only been scarce experimental information available
for the neutron-rich Ho-isotopes that belong to this group
of nuclei. In particular, the isotopes 167,168,169Ho have pre-
viously been studied only in β-decay and particle spec-
troscopy experiments where the interpretation of data has
relied on Nilsson model descriptions [2–5]. In a recent
work, a study of isomers in 169Ho has been performed [6]
which also emphasizes the interest of further γ-ray spec-
troscopy studies of these isotopes. In this paper we present
the first results for 167,168,169Ho using in-beam γ-ray spec-
troscopy following a deep inelastic multi-nucleon transfer
reaction. Modern γ-ray detectors coupled to ray-tracing
spectrometers make studies of this kind possible. The use
of the CLARA [7] and PRISMA [8–10] set-ups at LNL,

employed in this study, has been demonstrated for a num-
ber of cases and is discussed in a recent investigation of
neutron-rich Dy-nuclei [11]. From a general standpoint,
nuclear deformation parameters are of fundamental inter-
est for the description and understanding of atomic nu-
clei. Nuclear deformation is also important to other fields
such as our understanding of nuclear synthesis, where the
deformation of rare-earth nuclei has played a role in ex-
plaining stellar abundances [12]. Experimental measure-
ments of the nuclear deformation are lacking in many cases
and the parameters are chosen according to systematics or
calculated theoretically. Different theoretical models tend
to suggest different deformation parameters in the case
of unstable isotopes. It is therefore interesting to explore
ways to indirectly extract this information from experi-
mental data in cases where direct deformation measure-
ments are not feasible. In this work the energy level infor-
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mation is used to extract the deformation parameters for
the neutron-rich isotopes 167,169Ho.

2 Experiment

The nuclei studied in this work were populated using multi-
nucleon transfer reactions. A primary beam of 82Se im-
pinged on a 500-µg/cm2 thick self-supporting 170Er target.
The beam was delivered by the Tandem XTU-ALPI accel-
erator complex at LNL and had an energy of 460 MeV and
an intensity of ∼2 pnA. Beam-like fragments were iden-
tified event-by-event using the PRISMA magnetic spec-
trometer placed at the grazing angle of 52◦. The energies
of the γ-rays emitted by beam-like as well as target-like
fragments were measured using the CLARA germanium
detector array.

PRISMA is a large acceptance magnetic spectrome-
ter consisting of a 30 cm diameter magnetic quadrupole
and a dipole magnet with 1.2 m curvature radius and 60◦

bending angle. The total flight path to the focal plane
detector is ≈ 6.5 meters. PRISMA’s main characteristics
are a large solid angle of 80 msr, a momentum accep-
tance of ∆p/p = ±10% and a dispersion of ≃ 4 cm per
percent in momentum. A position sensitive microchannel
plate (MCP) is placed at the entrance of PRISMA, 25 cm
down-stream of the target and is used to measure the
transverse position of ions entering the spectrometer [13].
As the position of the ions are measured with a resolu-
tion of ≈ 1 mm, the (θ, ϕ) direction of an ion entering
PRISMA is determined with a sub-degree resolution. The
MCP also provides the time reference for the ions travers-
ing the spectrometer.

After the dipole and a ≈ 3 m flightpath, a 1 m wide
multiwire parallel-plate avalanche counter (MWPPAC) seg-
mented in ten elements is mounted. It measured the (x, y)
position and provided a stop-time for the time-of-flight
measurement. The MWPPAC was followed by an ioniza-
tion chamber (IC) with padded readout. It had four sec-
tions along the optical axis of PRISMA and ten sections
transverse to it. These measure the energy and energy-
loss characteristics of the transmitted ion [14]. The atomic
number, Z, was determined in the normal manner using
the ∆E − E technique (see Fig. 1).

In its full configuration, CLARA consists of 25 Compton-
suppressed CLOVER detectors [15] distributed in a hemi-
sphere opposite to the entrance of PRISMA, covering the
angles θ = 98◦–174◦ and ϕ = 5◦–330◦ with respect to the
entrance direction of the spectrometer. In this experiment
23 CLOVER detectors were mounted. Each CLOVER de-
tector is composed of four germanium crystals surrounded
by a BGO Compton-suppression shield.

The triggers used in the experiment were coincidences
between the MCP and CLARA or the MWPPAC detec-
tors and CLARA. For an event to be considered valid the
ion had to be detected in the MCP, the MWPPAC and
the IC and not in any of the side ionization chambers.

Fig. 1. Panel a: Energy deposition in the IC detector versus
reconstructed range. Panel b: The sum energy deposited in
the first two rows in the IC detector vs. the total energy (color
online). The black lines show the cuts discussed in the text and
Table 1.

3 Data Analysis

The ion trajectory in PRISMA is reconstructed on an
event-by-event basis using the position measurements in
the MCP and the MWPPAC together with the time-of-
flight (τ). The mass of an ion is subsequently determined
from the reconstructed path length (l) and the bending
radius (ρ) using the procedure described in Refs. [16,17].
The range of the ions in the IC is approximated by weight-
ing with the energy deposited by the ion along the path
of the ion through the IC. The approximated range and
∆E are used in order to determine the atomic number Z
as indicated in Fig. 1. The mass-to-charge ratio (A/q) of
the ion is obtained from:

A

q
∝ Bρτ

l
(1)

where B is the magnetic field of the PRISMA dipole.
As an example, the distribution of the Br-isotopes in the
current experiment is shown in Fig. 2. Although the mass
resolution is good enough to distinguish the heavy target-
like products (A/∆A ≈ 200 for elastic scattering of 82Se),
the Z-resolution is not sufficient. One principal idea be-
hind the experiment was to explore if detecting γ-rays
from the heavy fragments in coincidence with the light
binary-partner in PRISMA would provide γ-ray spectra
of sufficient quality for rare-earth isotopes. The mass of a
fragment is determined using eq. 1 after its charge state, q,
has been extracted. The charge, q, can in turn be deduced
from the relation:
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Fig. 2. A/q vs x-position in the MWPPAC with gate on
Z = 35 for part of the data (color online).

q ∝ Eτ

Bρl
(2)

where E is the total energy deposited in the IC. By
plotting E against ρβ, as shown in Fig. 3, the different
charge states can be clearly separated.

The masses of interest were selected based on the re-
constructed mass spectrum shown in Fig. 4 in order to
produce γ-ray spectra for different exit channels. The γ-
rays were assigned to either a beam- or target-like product
based on the Doppler corrected γ-ray spectra. The veloc-
ity vector of the beam-like fragment was obtained from
the (θ, ϕ) position in the MCP and the time-of-flight be-
tween the MCP and the MWPPAC. The corresponding
vector for the target-like fragment was calculated using
two-body kinematics assuming a binary-reaction. Doppler
correction for the beam-like products performed on an
event-by-event basis gave an energy resolution of 4.4 keV
(0.7 %) at 655 keV. The corresponding resolution for the
target-like fragments was 5.8 keV (1.1 %) at 542 keV [11].

A ray-tracing spectrometer like PRISMA gives the op-
portunity to select a range of excitation energies of the
reaction products via an appropriate gate on the total
kinetic energy loss (TKEL). By gating on small TKEL-
values, γ-ray transitions following transfer-evaporation re-
actions and decay in the quasi-continuum of the binary
reaction partner are suppressed [11,16]. Furthermore, by
comparing the relative intensities of γ-ray lines for varying
cuts on Z for a given reaction, one can study the back-
ground from adjacent Z channels. This method gives the
possibility to firmly assign a channel to the observed γ-
rays.

4 Results

For the reaction channel involving one proton pickup, a
gate on Br (Z = 35) in this experiment will yield coinci-
dences with γ-ray transitions from both Br and Ho iso-
topes as discussed above. The yields for the Br-isotopes
populated in the experiment are compiled in Table 1. Only
events where at least one γ-ray is detected is given. The
first column gives the counts using the range cut shown
in panel a of Fig. 1. In the second and third column the
two cuts shown in panel b of Fig. 1 are used. One can

q
17 18 19 20 21 22 23 24 25 26 27 28 290

50

100

150

200

310×
(b)

Fig. 3. Panel a: The charge state separation for the Br-
isotopes (color online). Panel b: The charge state distribution
for the Br-isotopes.

A (beam-like)
79 80 81 82 83 84 85 860

10000

20000

169

168
170
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171

(b)

Fig. 4. Panel a: Z vs A distribution produced in the ex-
periment (color online). Panel b: The mass spectrum for Br-
isotopes (beam-like), corresponding to the undetected target-
like Ho-isotopes (assuming no neutron evaporation).
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Table 1. The number of counts for Br-isotopes in the experi-
ment, given different selections for Z. The range cut is shown
in panel (a) of Fig. 1. The ∆E −E cuts are shown in panel (b)
of the same figure where cut 1 is the larger of the two displayed.

A Counts ∆E − E ∆E − E
range cut cut 1 cut2

79 11310 4176 0
80 24060 8559 0
81 59360 17720 45
82 260600 52600 776
83 244700 97820 7758
84 158100 67900 4236
85 106600 35920 2385
86 35630 8486 426

conclude that the range cut is more prone to leakage from
the beam.

4.1 Excited states in 167,168,169Ho

In-beam studies of 169Ho in previous work has been carried
out using particle spectroscopy [3] of the 170Er(3He,α)169Ho-
reaction and recently in a thick-target transfer reaction [6].
Thick-target transfer experiments have limited sensibility
for fast transitions from collective states with effective life-
times below the ps range and no direct particle γ-ray co-
incidences of the kind presented here were known before
the current study. 167Ho has previously been studied us-
ing in-beam particle and γ-ray spectroscopy [18,3]. Higher
spins have been populated in this work and thus the level
schemes for 167,169Ho have been extended.

The γ-ray transitions of 169Ho were identified by gating
on 83Br. The ∆E − E cut 1 in Table 1 was used for the
singles spectra shown in Fig. 5. The transitions seen in
this work are listed in Table 2. The γ-ray gated spectrum
in Fig. 5 was created with gates on the γ-ray transitions
at 97, 120, 140 and 161 keV. By gating on low TKEL
values the γ-ray transitions following evaporation and γ-
ray decay of the quasi-continuum are suppressed which
results in a cleaner γ-ray spectrum (see Fig. 5). The level
scheme shown in Fig. 8 is constructed based upon the γ-
gated spectra and systematics

In the case of 85Br the binary partner is 167Ho. Simi-
larly by gating on this nucleus, selecting low TKEL values,
and Doppler correcting for A = 167 the γ-ray spectrum
shown in Fig. 6 was produced. The γ-ray background from
Er channels was identified using the ∆E−E cuts described
above (see Table 1). The γ-ray gated spectrum in Fig. 6
was created with gates on the γ-ray transitions at 98, 122,
142 and 163 keV. The γ-ray transitions that were identi-
fied in this work are given in Table 2.

The γ-ray transitions from excited states in 168Ho were
identified by gating on 84Br. Here one can distinguish a
γ-ray transition at 143 keV, see Fig. 7. 168Ho has been
studied in β-decay from 168Dy in previous work. The level
scheme of 168Ho can eg. be found in Ref. [5]. In that study
the 143 keV transition was assigned as (1)− → 3+ with a
half life longer than 4 µs. The transition seen in flight in
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Fig. 5. Panel a: Singles spectrum for γ-rays in coincidence
with 83Br, Doppler corrected for 169Ho. Panel b: As in panel 5
but gated on TKEL values < 3 MeV. The transitions belong-
ing to 170Er are indicated with * and the transitions of 169Er
are indicated with **. Panel c: Summed γ-ray gated spectra
created with gates on the γ-ray transitions at 97, 120, 140 and
161 keV.

this work is however not compatible with such a long life
time.

The γ-ray gated spectra for the previously observed
488 keV transition is observed together with a close ly-
ing transition at 483 keV. Both of these transitions are
unique to 168Ho. When gating on the 488 keV-line, which
according to Ref. [5], decays to the 143 keV level in 168Ho,
the 143 keV γ-ray line is not seen. However, gating on the
483 keV γ-ray line, that also is unique for 168Ho in this
experiment, the 143 keV γ-ray line is seen. This is an in-
dication that the ordering of levels is likely different than
previously suggested.

5 Discussion

The odd-A isotopes 167,169Ho have been assigned to have
a 7/2− ground state based on systematics which is sup-
ported by β-decay studies [19]. This assignment is also
supported by the findings in Ref. [3], and corresponds to
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Table 2. Intensities, corrected for the detector efficiency of CLARA, for the γ-ray transitions observed in 169,167,168Ho in this
work.

169Ho 167Ho 168Ho
Eγ(keV) Ex(keV) Ii → If Intensity Eγ(keV) Ex(keV) Ii → If Intensity Eγ(keV) Intensity

97.(4)b 97a 9/2− → 7/2− 734 ± 30 98 98.2a 9/2− → 7/2− 92 ± 11 134.4 66 ± 10

119.(5)b 218a 11/2− → 9/2− 1004 ± 37 121.7 220a 11/2− → 9/2− 73 ± 12 142.9 271 ± 20

217.(9)b 218a 11/2− → 7/2− 795 ± 39 142.1 363 13/2− → 11/2− 67 ± 12 154.0 184 ± 17

139.(6)b 357 13/2− → 11/2− 978 ± 38 163.1 530 15/2− → 13/2− 62 ± 14 173.9 295 ± 22

258.(2)b 357 13/2− → 9/2− 523 ± 23 185.2 715 17/2− → 15/2− d 191.9e 186 ± 18

160.(9)b 518c 15/2− → 13/2− 1360 ± 46 206 921 19/2− → 17/2− d 351.8 245 ± 24

182.(2)b 700 17/2− → 15/2− 1039 ± 42 215 1136 21/2− → 19/2− d 482.7e 92 ± 16

301.(7)b 700 17/2− → 13/2− 1258 ± 53 487.6 518 ± 39

202.(6)b 902 19/2− → 17/2− 975 ± 42

384.(0)b 902 19/2− → 15/2− 210 ± 23

222.(7) 1125 21/2− → 19/2− 401 ± 28
238.(2) 1363 23/2− → 21/2− 832 ± 40
a Level also observed in Ref. [3].
b γ-ray transition also observed in Ref. [6].
c Level also observed in Ref. [3] but not given an assignment.
d γ-ray transition confirmed only by γ-gating, thus no intensity given.
e γ-ray transition also observed in Ref. [5]
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Fig. 8. Left panel: Experimental and theoretical level scheme for 169Ho. Central panel: Experimental and theoretical level
scheme for 167Ho. Right panel: Old [5] and suggested new ordering of levels for 168Ho, see text for details.

the ground state being a 7/2−[523] Nilsson-orbit. This in
turn implies that these isotopes have quadrupole defor-
mations in the range, ϵ2 = 0.16 − 0.4. The deformation
has been predicted in previous work [20] to be ϵ2 ≈ 0.27.
In the following we attempt to determine the deforma-
tion parameters from the current experimental result for
167,169Ho.

Particle + Triaxial Rotor (PTR) calculations were car-
ried out for 163,165,167,169Ho using the codes GAMPN,
ASYRMO and PROBAMO [21]. These codes use a mod-
ified oscillator potential and diagonalize the particle +
triaxial rotor Hamiltonian in the strong-coupling basis.
The single-particle matrix elements are expressed in the
deformed scheme as described in Ref. [22]. The standard
values for the κ and µ strength parameters were used [23].
The most important input to the model is the deforma-
tion parameters ϵ2, ϵ4 and γ. In addition, the code also
takes as input the Coriolis attenuation parameter, ζ. The
rigid-body moment of inertia was normalized using the
experimental energy of the first 2+ state for the even-
even nucleus considered as the core in the calculations
(162,164,166,168Dy). Pairing correlations were included, via

a BCS approximation, using the values G0 = 19.2 MeV
and G1 = 7.4 MeV for protons and neutrons [24].

The deformation parameters were inferred from the ex-
perimental data using a χ2-minimization procedure. Start-
ing from the experimental level energies, Eexp

i , and the
level energies predicted by the PTR model, EPTR

i , a penalty-
function was defined as:

χ2 =
1

nlevels

i=Imax∑

i=7/2

(Eexp
i − EPTR

i )2

σ2
, (3)

where the sum was taken from the ground state to the
17/2− and 19/2−-states in 167Ho and 169Ho respectively
(see Table 2). The weight, σ, is estimated with the experi-
mental uncertainty of the excited levels included in the fit.
The scanned space was limited by (0.2, −10, −0.08, 0.0) <
(ϵ2, γ, ϵ4, ζ) < (0.4, 15, 0.1, 1.0). This procedure resulted in
a global minimum in the four dimensional space for 169Ho
(see Fig. 9). In order to investigate this further the same
minimization procedure was applied to 163,165Ho [25,26].
In this case the two signatures up to spin Imax = 19/2
were used. This maximum spin was chosen as it is ex-
pected from TRS calculations (see below) that the defor-
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Fig. 6. Panel a: Singles spectrum for γ-rays in coincidence
with 85Br Doppler corrected for 167Ho with gate on TKEL
values below 3.5 MeV. The transitions belonging to erbium
channels are indicated with *. b) Same spectrum with the back-
ground from 167Er channel subtracted. Panel c: Summed γ-ray
gated spectrum with gates on the γ-ray transitions at 98, 122,
142 and 163 keV.

mation pameters are approximately constant up to h̄ω ≈
0.2 MeV, see Table 3. In the case of 167Ho varying ϵ2 and
ζ gave the best fit.

Projections of the penalty function for the four dimen-
sional parameter space is shown in Fig. 9 for 167,169Ho.
One can conclude that the fit is rather sensitive to the
value of ϵ2 and ζ.

It is interesting to compare the parameters resulting
from the procedure above to Total Routhian Surface (TRS)
calculations [27–29]. The TRS calculations were carried
out using the WSCSM [30] code which calculates the quasi-
particle levels in the rotating Woods-Saxon potential using
the Hartree-Fock-Bogoliubov formalism. The total energy
surface, consisting of a macroscopic liquid drop part and
the microscopic shell correction, is calculated and mini-
mized in the (β2, β4, γ) deformation parameter lattice. The
shell correction is calculated with a residual pairing inter-
action with the Strutinsky shell correction and the Lipkin-
Nogami BCS approach for the pairing interaction [31]. The
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Fig. 7. Panel a: Singles spectrum for γ -rays in coincidence
with 84Br Doppler corrected for 168Ho. Panel b: γ-ray gated
spectrum for the 488 keV gate. Panel c: γ-ray gated spectrum
for 483 keV gate.

Total Routhian Surface calculations for 163,165,167,169Ho
indicate that the minima for γ-deformation is rather broad.
The uncertainty of the fitted parameters due to the exper-
imental uncertainty of the energy of the levels is given in
table ??, while the uncertainty of ϵ2 calculated by TRS is
believed to be ≤ 0.007 [20]. The experimentally extracted
ϵ2 and values show best agreement with the values pre-
dicted by TRS. The deformation parameters are converted
from β-parametrisation to ϵ-parametrisation according to
the relations given in Ref. [32].

6 Conclusion

The neutron-rich rare-earth isotopes 167,168,169Ho have been
studied in an in-beam experiment and the level scheme is
extended to higher spin values and revised for these iso-
topes. Particle + triaxial rotor calculations and TRS cal-
culations have been carried out for two neutron-rich odd-A
Ho isotopes thus providing information on their deforma-
tion. Furthermore, the placement of isomers in 168Ho in
previous work appear inconsistent with the current re-
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above for 169Ho, but for the case where all four parameters were fitted. See Sec. 5 for details.

Table 3. Deformation parameters as obtained from fitting PTR calculations to experimental data and from the TRS calculations
in this work (similar to the calculations found in Ref. [20]). Deformation parameters calculated with the finite-range droplet
model (FRDM) from Ref. [33] are also given.

Isotope Method ϵ2 γ ϵ4 ζ

163Ho
χ2+PTR 0.24±0.0020 -0.2±0.72 -0.097±0.03 0.5±0.005
TRS (h̄ω= 0.0) 0.255 3.678 -0.041
TRS (h̄ω= 0.1) 0.254 -3.590 -0.039
TRS (h̄ω= 0.2) 0.253 -5.732 -0.041
FRDM 0.258 0.007

165Ho
χ2+PTR 0.246±0.0023 0.55±0.74 0.039±0.027 0.5±0.006
TRS (h̄ω= 0.0) 0.261 3.398 -0.036
TRS (h̄ω= 0.1) 0.260 0.209 -0.033
TRS (h̄ω= 0.2) 0.260 -4.644 -0.035
FRDM 0.267 0.020

167Ho
χ2+PTR 0.263±0.0022 1.0±0.4 0.500±0.001
TRS (h̄ω= 0.0) 0.266 0.439 -0.027
TRS (h̄ω= 0.1) 0.264 0.231 -0.026
TRS (h̄ω= 0.2) 0.263 -0.646 -0.025
FRDM 0.267 0.033

169Ho
χ2+PTR 0.261±0.0038 0.27±0.33 0.097±0.026 0.500±0.003
TRS (h̄ω= 0.0) 0.264 0.135 -0.018
TRS (h̄ω= 0.1) 0.264 0.152 -0.017
TRS (h̄ω= 0.2) 0.264 -0.312 -0.034
FRDM 0.275 0.040

sults. The presented results prove the suitability of multi-
nucleon transfer as a means to study the nuclear proper-
ties of neutron-rich rotational nuclei. They also provide a
method to infer deformation parameters for neutron-rich
isotopes.
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Primary γ -ray spectra for a wide excitation-energy range have been extracted for 44Ti from particle-γ
coincidence data of the 46Ti(p, tγ )44Ti reaction. These spectra reveal information on the γ -decay pattern of
the nucleus and may be used to extract the level density and radiative strength function applying the Oslo method.
Models of the level density and radiative strength function are used as input for cross-section calculations of the
40Ca(α,γ )44Ti reaction. Acceptable models should reproduce data on the 40Ca(α,γ )44Ti reaction cross section as
well as the measured primary γ -ray spectra. This is only achieved when a coherent normalization of the slope
of the level density and radiative strength function is performed. Thus, the overall shape of the experimental
primary γ -ray spectra puts a constraint on the input models for the rate calculations.

DOI: 10.1103/PhysRevC.85.014320 PACS number(s): 21.10.Ma, 25.20.Lj, 27.40.+z, 25.40.Hs

I. INTRODUCTION

The titanium isotope 44Ti is of great astrophysical interest,
because it is believed to be produced in the inner regions
of core-collapse supernovae and in the normal freeze-out of
Si burning layers of thermonuclear supernovae [1], with a
large variation of yields depending on their type [2]. The
determination of the 44Ti yield might reveal information on
the complex explosion conditions. The production yield of 44Ti
directly determines the abundance of the stable 44Ca, and also
influences the 48Ti abundance through the feeding of 48Cr on
the α chain. The theoretical prediction of the 44Ti production
in core-collapse supernovae is sensitive to the chosen reaction
network and the adopted nuclear reaction rates.

Cassiopeia A (Cas A) is the youngest known galactic
supernova remnant and is, at present, the only one from
which γ rays from the 44Ti decay chain (44Ti → 44Sc → 44Ca)
have been unambiguously detected [2]. The discovery of the
1157-keV γ -ray line from 44Ca was reported by Iyudin et al.
[3], while measurements of the 67.9- and 78.4-keV lines from
44Sc were presented by Renaud et al. [2]. From the combined
γ -ray flux, the half-life of 44Ti, and the distance and age of the
remnant, an initial synthesized 44Ti mass of 1.6+0.6

−0.3 × 10−4M�
was deduced. This is thought to be unusually large, a factor of
2–10 more than what is typically obtained by current models
(see, e.g., [4,5]).

The main production reaction of 44Ti is the 40Ca(α,γ )44Ti
reaction channel with a Q value of 5.127 MeV; the cross

*a.c.larsen@fys.uio.no
†Current address: National Superconducting Cyclotron Laboratory,

Michigan State University, East Lansing, MI 48824-1321, USA.

section for this reaction is very important to estimate the 44Ti
yield. Recent cross-section measurements on this reaction [6]
have lead to an increase of the associated astrophysical rate,
giving a factor of ∼2 more in the predicted yield of 44Ti. Thus,
the theoretical models become more compatible with the Cas
A data; however, this would make the problem of “young,
missing, and hidden” galactic supernova remnants even more
serious: Supernovae that should have occurred after Cas A are
still not detected by means of γ -ray emission from the 44Ti
decay chain. It is still an open question whether the Cas A is
a peculiar case (asymmetric and/or a relatively more energetic
explosion), or that the Cas A yield is in fact “normal,” because
it is in better agreement with the solar 44Ca/56Fe ratio [2].

There are many uncertainties connected to the yield esti-
mate, the most severe ones being attributable to astrophysical
issues. However, there are also significant uncertainties related
to the nuclear physics input, in particular the nuclear level
density (NLD), the radiative strength function (RSF), and the
α-particle optical model potential. All these quantities are
entering the calculation of the astrophysical reaction rates.
The NLD is defined as the number of nuclear energy levels
per energy unit at a specific excitation energy, while the
RSF gives a measure of the average (reduced) transition
probability for a given γ -ray energy. Both quantities are related
to the average decay probability for an ensemble of levels
and are indispensable in a variety of applications (reaction
rate calculations relevant for astrophysics or transmutation
of nuclear waste), as well as for studying various nuclear
properties in the quasicontinuum region.

In this work, we have extracted primary γ -ray spectra from
the decay cascades in 44Ti populated via the two-neutron
pickup reaction 46Ti(p,tγ )44Ti. These spectra are measured
for a wide range of initial excitation energies below the neutron

014320-10556-2813/2012/85(1)/014320(13) ©2012 American Physical Society
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threshold, and they put a constraint on the functional form of
the NLD and RSF.

In Sec. II we describe the experimental details, give an
overview of the analysis, and present the obtained primary γ -
ray spectra. Different normalizations of the NLD and RSF are
discussed in Sec. III, and the applied models are tested against
the primary γ -ray spectra in Sec. IV. In Sec. V various input
models are used for estimating the 40Ca(α,γ )44Ti cross-section
and reaction rates, and the calculated results are compared to
existing data from Nassar et al. [6] and Vockenhuber et al. [1].
Finally, a summary and concluding remarks are given in Sec.
VI.

II. EXPERIMENT AND ANALYSIS

The experiment was conducted at the Oslo Cyclotron
Laboratory (OCL), where the Scanditronix cyclotron delivered
a 32-MeV proton beam bombarding a self-supporting target
of 46Ti with mass thickness 3.0 mg/cm2. The beam current
was ≈0.5 nA and the experiment was run for ten days. Unfor-
tunately, the target was enriched only to 86.0% in 46Ti. The
main impurities were 48Ti (10.6%), 47Ti (1.6%), 50Ti (1.0%),
and 49Ti (0.8%). The reaction of interest, 46Ti(p, tγ )44Ti, has
a Q value of −14.236 MeV [7]. Particle-γ coincidences from
this reaction were measured with eight collimated Si �E − E

particle detectors and the CACTUS multidetector system [8].
The Si detectors were placed in a circle in forward direction,

45◦ relative to the beam axis. The front (�E) and end (E)
detectors had a thickness of ≈140 and 1500 μm, respectively.
The CACTUS array consists of 28 collimated 5′′ × 5′′ NaI(Tl)
crystals for detecting γ rays. The total efficiency of CACTUS is
15.2(1)% at Eγ = 1332.5 keV. Also, a Ge detector was placed
in the CACTUS frame to monitor the experiment. The charged
ejectiles and the γ rays were measured in coincidence event
by event.

To identify the charged ejectiles of the reactions, the
well-known �E − E technique is used. In Fig. 1, the energy
deposited in the �E detector versus the energy deposited
in the E detector is shown for one particle telescope. Each
“banana” in the figure corresponds to a specific particle species
as indicated in the figure.

By gating on the triton banana, the events with the reaction
46Ti(p, tγ )44Ti were isolated. The 46Ti(p, dγ )45Ti data have
been published previously in Ref. [9]. The singles and
coincidence triton spectra are shown in Fig. 2. We note that the
excited 1.904-MeV 0+ state (Et ≈ 16 MeV) is rather weakly
populated. This is expected on the basis that � = 0 states are,
in general, much weaker populated in the (p, t) reaction at 45◦
compared to, for example, � = 2 and 4 (see Ref. [10]). The
populated spin range is estimated to J ≈ 0–6h̄ based on the
observed triton peaks and their coincident γ -decay cascades,
in accordance with the findings in Ref. [10].

Two-neutron pickup on the 48,50Ti impurities in the target
give rise to peaks at higher triton energies than the ground state
of 44Ti owing to their lower reaction thresholds; the Q values
are −12.025 and −10.560 MeV for the 44Ti(p, tγ )46Ti and
50Ti(p, tγ )48Ti reactions, respectively. This means that there
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FIG. 1. (Color online) Identification of particle species using the
�E − E technique.

is a background from such events in the spectra that cannot be
removed (an ≈14% effect).

Using reaction kinematics and the known Q value for the
reaction, the measured triton energy was transformed into
excitation energy of the residual nucleus. Thus, the γ -ray
spectra are tagged with a specific initial excitation energy
in 44Ti. Further, the γ -ray spectra were corrected for the
known response functions of the CACTUS array following
the procedure described in Ref. [11]. The main advantage
of this correction method is that the experimental statistical
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uncertainties are preserved, without introducing any new,
artificial fluctuations.

Information on NLD and RSF can be extracted from the
distribution of primary γ rays, that is, the γ rays that are
emitted first in each decay cascade. To separate these first-
generation γ transitions from the second- and higher-order
generations, an iterative subtraction technique is used [12].
The γ -ray spectra fi for excitation-energy bin i obviously
contain all generations of γ rays from all possible cascades
decaying from the excited states of this bin. The subtraction
technique is based on the assumption that the spectra fj<i for
all the energy bins Ej < Ei contain the same γ transitions
as fi except the first γ rays emitted, because they will bring
the nucleus from the states in bin i to underlying states in the
energy bins j . This is true if the main assumption of this
technique holds: that the decay routes are the same whether
they were initiated directly by the nuclear reaction or by γ

decay from higher-lying states.
The obtained first-generation matrix P (E,Eγ ) of 44Ti is

shown in Fig. 3. The diagonal where E = Eγ is clearly seen.
Here, two peaks are particularly pronounced: one from the
decay of the first excited state at E = Eγ = 1083 keV and
the other from the decay of the second 2+ state at 2887 keV
to the ground state. There are also more diagonals visible,
for example, for Eγ = E − 1083 keV, where the decay goes
directly to the first excited 2+ state, and so on.

Before extracting the NLD and RSF from the P matrix, we
have set a lower limit for the γ -ray energies (Emin

γ ) and a lower
and upper limit for the excitation energy (Emin, Emax). The
limits on the excitation-energy side are put to ensure that the
spectra are dominated by decay from compound states (Emin),
and that the statistics is not too low (Emax). On the γ -ray energy
side the limit is set to exclude possible leftovers of higher-
generation decay, which might not be correctly subtracted in
the first-generation method (see Refs. [13,14] and references
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FIG. 3. (Color online) The first-generation spectra for each
excitation-energy bin in 44Ti. The dashed lines are limits set for the
further analysis (see text).
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FIG. 4. Original (a), unfolded (b), and first-generation (c) γ -ray
spectrum of 44Ti for excitation energy E = 6.1 MeV.

therein for more details). In Fig. 4, the original, unfolded, and
first-generation γ -ray spectrum of 44Ti for excitation energy
E = 6.1 MeV are displayed.

With the first-generation matrix properly prepared, an
iterative procedure is applied to extract NLD and RSF from the
primary γ -ray spectra. The method is based on the assumption
that the reaction leaves the product nucleus in a compound
state, which then subsequently decays in a manner that is
independent of the way it was formed, that is, a statistical decay
process [15]. This is a reasonable assumption for states in the
quasicontinuum, where the typical lifetime of the states is of
the order of 10−15 s, whereas the reaction time is ≈10−18 s. In
addition, the configuration mixing of the levels is expected to
be significant if the level spacing is comparable to the residual
interaction [15]. This is normally fulfilled in the region of high
level density.

If compound states are indeed populated, the γ decay from
these states should be independent of the reaction used to
reach them. In previous works (e.g., Ref. [16]) it has been
demonstrated that the direct reactions (3He,3He′) and (3He,α)
into the same final nucleus do produce very similar decay
cascades. Also, the extracted NLD and RSF were found to
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FIG. 5. (Color online) Comparison of experimental primary γ -ray spectra (solid squares) and the ones obtained from multiplying the
extracted ρ and T functions (red line) for several excitation energies. The experimental and calculated spectra are shown for excitation-energy
bins of 467 keV.

be equal within the expected fluctuations.1 This indicates that
even though a direct reaction such as (p, t) is used, compound
states are likely to be populated at sufficiently high excitation
energy [as mentioned already for the Emin limit set in the
first-generation matrix P (E,Eγ )].

The ansatz for the iterative method is [13]

P (E,Eγ ) ∝ ρ(Ef)T(Eγ ), (1)

meaning that the first-generation matrix P (E,Eγ ) is assumed
to be separable into two vectors that give directly the functional
form of the level density at the final excitation energy Ef =
E − Eγ , and the γ -ray transmission coefficient T for a given
Eγ . This is done by minimizing

χ2 = 1

Nfree

Emax∑
E=Emin

E∑
Eγ =Emin

γ

(
Pth(E,Eγ ) − P (E,Eγ )

�P (E,Eγ )

)2

, (2)

where Nfree is the number of degrees of freedom, �P (E,Eγ )
is the uncertainty in the experimental first-generation γ -ray
matrix P (E,Eγ ), and the theoretical first-generation matrix is
given by

Pth(E,Eγ ) = ρ(E − Eγ )T(Eγ )∑E
Eγ =Emin

γ
ρ(E − Eγ )T(Eγ )

. (3)

Every point of the ρ and T functions is assumed to be an
independent variable, so that the reduced χ2 of Eq. (2) is
minimized for every argument E − Eγ and Eγ . Note that T
is independent of excitation energy according to the Brink

1Porter-Thomas fluctuations and statistical uncertainties must be
taken into account.

hypothesis [17]. If we had an excitation-energy dependent
γ -ray transmission coefficient, T = T(E,Eγ ), it would, in
principle, be impossible to disentangle the level density and
the γ -ray transmission coefficient.

It is well known that the Brink hypothesis is violated
when high temperatures and/or spins are involved in the
nuclear reactions, as shown for giant dipole resonance (GDR)
excitations in Ref. [18] and references therein. However,
because both the temperature reached (T ∝ √

Ef ) and the
spins populated (J ∼ 0 − 6h̄) are rather low for the experiment
in this work, these dependencies are assumed to be of
minor importance in the excitation-energy region of interest
here.

To inspect how well the iterative procedure works, we have
compared the experimental first-generation spectra for several
excitation energies with the ones obtained by multiplying the
extracted ρ and T functions. The result for a selection of
primary γ -ray spectra is shown in Fig. 5. As can be seen,
the agreement between the calculated and the experimental
first-generation spectra are, in general, quite good, although
there are local variations where the calculated spectra are not
within the error bars of the experimental ones. These variations
could well be attributable to large Porter-Thomas fluctuations
[19], as there are relatively few levels in this nucleus.

The iterative procedure to obtain the level density and the γ -
ray transmission coefficient uniquely determines the functional
form of ρ and T; however, identical fits to the experimental
data is achieved with the transformations [13]

ρ̃(E − Eγ ) = A exp[α(E − Eγ )] ρ(E − Eγ ), (4)

T̃(Eγ ) = B exp(αEγ )T(Eγ ). (5)
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Thus, to obtain the absolute normalization of the level
density and γ -ray transmission coefficient, the transformation
parameters A, α, and B must be determined independently.

III. NORMALIZATIONS AND MODELS FOR LEVEL
DENSITY AND RADIATIVE STRENGTH FUNCTION

A. Level density

Usually, the level density ρ(Ef ) is normalized to known,
discrete levels at low excitation energy and to the total level
density at the neutron separation energy ρ(Sn), which is
deduced from neutron resonance spacings D0 and/or D1 (see,
e.g., Ref. [20]). However, for the 44Ti case, no neutron (or
proton) resonance data are known because the target nuclei for
the neutron and proton capture reactions are unstable. We are
therefore left with only two types of experimental constraints,
namely the known levels at low excitation energy and the
observed first-generation spectra (which also depend on the
γ -ray strength).

We have chosen two different approaches to normalize our
data, and, of those, to estimate the sensitivity on our results
to this normalization procedure: (i) apply theoretical level
densities based on microscopic calculations, and (ii) use a
standard closed-form formula with global parameters. For the
first approach, we have used recent calculations of Goriely,
Hilaire, and Koning [21] (hereafter labeled GHK). For the
second approach, we have applied the constant-temperature
(CT) formula [22]:

ρCT(E) = 1

T
exp

(
E − E0

T

)
, (6)

where the nuclear temperature T = 1.50 MeV and the energy
shift E0 = −0.08 MeV are taken from the global parametriza-
tion of Refs. [23,24]. The level-density data normalized to
these two approaches are shown in Fig. 6.

We observe that our data follow closely the known, discrete
levels [25] at low excitation energy, and especially in the region
2.4 < E < 5.2 MeV. This is gratifying, as it implies that the
Oslo method does indeed give reasonable results for the level
density. We also see that there is a decrease in the level density
for 4.0 < E < 5.2 MeV and an abrupt increase for 5.8 < E <

6.2 MeV. These structures are not well described by any of the
models used for normalization. They might be attributable to
shell effects and/or α-clustering effects (because 44Ti is an
N = Z nucleus). An increase in the level density could also
indicate the breaking of a nucleon Cooper pair and/or the
crossing of a shell gap.

We note that both the ground state and the 0+ state at
E = 1.9 MeV are not very pronounced in Fig. 6. Also, we see
that there is less direct decay to the ground state and the excited
0+ state compared to the 2+ state at 1083 keV and the 4+ state at
2454 keV, especially at higher excitation energies (see Fig. 3).
This could imply that there are relatively few spin-1 states
populated in the (p, t) reaction (assuming that dipole radiation
is dominant in this region). This is not surprising because the
spin distribution is expected to have a maximum for J = 3–4.

We see that the resolution on the level density is rather
poor at low excitation energies, roughly 600 keV for the first

Excitation energy E (MeV)
0 1 2 3 4 5 6 7 8 9

)
-1

 (
E

) 
(M

eV
ρ

L
ev

el
 d

en
si

ty
 

-110

1

10

210

310

410

510  Known levels 
 Oslo data, CT norm. 

 Oslo data, GHK norm. 

 CT model 

 GHK calc. 

FIG. 6. (Color online) Experimental data points (solid squares)
normalized to the CT model (dashed line) and data points (blue, open
circles) normalized to the calculation of GHK (dash-dotted line). The
black, solid line represents the known levels taken from Ref. [25].

excited 2+ state. This may be explained by the fact that the
level density in this region is mainly determined by decay
involving high-energy γ rays, which have a resolution of up
to ≈300 keV (similar to the triton-energy resolution). As a
consequence, the resolution of the level density gets better and
better for increasing excitation energy. In addition, the rather
large amount of other Ti isotopes in the target may give a
smoothing effect on the extracted quantities (both the NLD
and RSF).

B. Radiative strength function

Because there are no experimental data on neither the
level spacing D nor the total, average radiative width for
s-wave resonances 〈�γ 0〉 for 44Ti, we must find the absolute
normalization parameter B of the RSF by other means. To
have a rough approximation of the absolute strength, we have
looked at experimental values of 〈�γ 0〉 for other Ti isotopes
found in Ref. [26] (see Fig. 7). From these values, the educated
guess of 〈�γ 0〉 = 1200(600) meV seems to be reasonable for
44Ti. The RSFs of 44Ti for the two choices of level-density
normalization are shown in Fig. 8. Also, the upper and lower
limits are indicated, corresponding to 〈�γ 0〉 = 1800 meV for
the CT normalization and 〈�γ 0〉 = 600 meV for the GHK
normalization, respectively.

From Fig. 8, it is seen that for Eγ > 4 MeV, the RSF of 44Ti
seems to reach a relatively smooth behavior with increasing
strength as a function of Eγ . Naturally, as seen from Eq. (5),
the slope varies depending on the normalization chosen for
the level density. For energies below Eγ ≈ 4 MeV, we observe
on average a slight increase in strength for decreasing γ -ray
energy. However, we see that the data in this region display
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quite large variations, which could be attributable to Porter-
Thomas fluctuations [19].

A low-energy increase in the RSF data has been seen
previously in several light and medium-mass nuclei with
the Oslo method [27–31], with the two-step cascade method
following neutron capture [27], and recently also in proton
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FIG. 8. (Color online) Normalized RSFs for the two normaliza-
tions of the level density. The dashed line is the upper limit for the
CT normalization, while the dash-dotted line is the lower limit for
the GHK normalization.

capture [32]. However, for 44Ti, the increase at low energies is
not as strong as in, for example, 56,57Fe [27].

As of today, it is not clear whether the low-energy increase
is attributable to some sort of collective decay mode(s) or if
it is an effect of other structural effects in these nuclei. An
analysis of simulated data using the DICEBOX code [33] has
demonstrated that for light nuclei, the spin distribution of the
initial populated levels may have a considerable influence on
the possible decay paths from these levels [14]. This seems
to be attributable to a combination of several factors: (i) the
low level density in light nuclei at low excitation energy,
(ii) restrictions on the possible populated spins of the initial
levels, (iii) the dominance of dipole radiation from highly
excited levels, and (iv) a rather large asymmetric parity
distribution up to rather high excitation energies. As is shown
in Ref. [14], these factors may lead to a significant increase
in the extracted RSF for low γ -ray energies compared to the
input RSF function used to generate the γ -ray spectra. It is not
unlikely that a similar effect may be present in 44Ti as well.

C. Models for the radiative strength function

In general, the γ decay in quasicontinuum is expected
to be dominated by electric dipole radiations. Also, there is
experimental evidence that a giant magnetic dipole resonance
(also known as the magnetic spin-flip resonance) is present in
several light and medium-mass nuclei (see, e.g., Ref. [34]).

We have applied the commonly used generalized
Lorentzian (GLO) expression [35,36] for the E1 strength. This
model is given by Ref. [36]

fGLO(Eγ , Tf ) = 1

3π2h̄2c2
σE1�E1

×
[

Eγ �(Eγ , Tf )(
E2

γ − E2
E1

)2 + E2
γ �(Eγ , Tf )2

+ 0.7
�(Eγ = 0, Tf )

E3
E1

]
, (7)

where the Lorentzian parameters �E1, EE1, and σE1 corre-
spond to the width, centroid energy, and peak cross section
of the giant electric dipole resonance (GDR), respectively.
We have made use of the parametrization of RIPL-2 [26] to
estimate the GDR parameters as these are unknown exper-
imentally. Owing to the dynamic ground-state deformation
of 44Ti (β2 = 0.27 [26]), the GDR is assumed to be split in
two components and thus two sets of GDR parameters are
applied (see Table I). In addition, we have assumed a constant
temperature Tf of the final states in accordance with the Brink
hypothesis [17].

To account for the small increase in strength at low energies,
we have added a Lorentzian resonance of the form

fup(Eγ ) = 1

3π2h̄2c2

σupEγ �2
up(

E2
γ − E2

up

)2 + E2
γ �2

up

, (8)

with centroid energy Eup = 1.9 MeV, width �up = 1.3 MeV,
and a peak cross section σup that will vary according to which
NLD model that has been used for normalization. Such a shape
of the low-energy increase seems to be in accordance with data
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TABLE I. Parameters used for the RSF models.

Model EE1,1 σE1,1 �E1,1 EE1,2 σE1,2 �E1,2 Tf EM1 σM1 �M1 Eup σup �up

(MeV) (mb) (MeV) (MeV) (mb) (MeV) (MeV) (MeV) (mb) (MeV) (MeV) (mb) (MeV)

CT + GLO 17.23 43.16 5.98 21.58 21.54 9.19 0.50 11.6 0.8 4.0 1.9 0.060 1.3
CT + GLO, upper limit 17.23 43.16 5.98 21.58 21.54 9.19 0.80 11.6 0.9 4.0 1.9 0.070 1.3
GHK + GLO 17.23 43.16 5.98 21.58 21.54 9.19 0.40 11.6 0.7 4.0 1.9 0.015 1.3
GHK + GLO, lower limit 17.23 43.16 5.98 21.58 21.54 9.19 0.15 11.6 0.3 4.0 1.9 0.010 1.3

and model descriptions in Refs. [37,38] for the Mo nuclei and
was used also in Ref. [39]. The constant temperature Tf is
slightly varied for the two models to give the best fit to the
data. All parameters used are given in Table I.

The lower and upper limit of the absolute normalization
will necessarily give slightly different parameters to get the
best fit to the data. These parameters are also given in Table I.

Another frequently used model for E1 strength is the
standard Lorentzian (the Brink-Axel model, see Ref. [26] and
references therein). The expression reads

fSLO(Eγ ) = 1

3π2h̄2c2

σE1Eγ �2
E1(

E2
γ − E2

E1

)2 + E2
γ �2

E1

. (9)

This model is independent of excitation energy, in accordance
with our assumption behind Eq. (1). However, as described in
Ref. [26], this model is known to generally overestimate the
value of 〈�γ 0〉 and neutron-capture cross sections.

For the magnetic transitions, a standard Lorentzian as
recommended by the RIPL-2 library [26] and shown in Fig. 9
is adopted (see Table I for the corresponding parameters).

The resulting models and the extracted data for the
two adopted NLD normalizations are shown in Fig. 9 (the
models corresponding to the best fit for the lower and upper
normalization limits are not shown). We see from Fig. 9 that
the shape of the SLO model does not fit the extracted RSF
very well; in particular, the low-energy part is very different in
shape. The enhancement of the RSF data at low γ -ray energies
may be explained by the spin distribution of the initial levels
as described previously.

D. Temperature dependence of the strength function

As discussed already, we rely on the Brink hypothesis when
extracting the NLD and RSF. We would like to investigate if
this hypothesis is reasonable, and we have therefore extracted
the RSF for two different excitation-energy regions, 4.5 �
E � 7.1 MeV and 7.3 � E � 9.9 MeV (see Fig. 10 for the
result using the CT normalization). We observe that there are
rather large, local fluctuations, for example, at Eγ ≈ 5.5 MeV,
which makes it hard to draw any firm conclusion whether
the extracted RSF is dependent on excitation energy or not.
As already mentioned, we expect large differences owing
to Porter-Thomas fluctuations in the decay strength of this
nucleus. However, the gross features seem to be quite similar
for the two excitation-energy ranges.

To get a better understanding on the possible temperature
dependence, we have also used the standard GLO model with

a varying temperature corresponding to the accessible final
excitation energies of the two ranges. The temperature is
estimated by Tf ∝ √

Ef , and the models displayed in Fig. 10
represent the average RSF within the three excitation-energy
regions 4.5 � E � 7.1 MeV, 7.3 � E � 9.9 MeV, and 4.5 �
E � 9.9 MeV. The maximum final temperature reached is
in the range 0.50–1.14 MeV for initial excitation energies
between 4.5 and 9.9 MeV and with Emin

γ = 2.2 MeV.
We observe that for γ energies between 2.2 and 5.2 MeV,

the upper range can give more than a factor of 2 larger γ
)
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FIG. 9. Radiative strength functions and fitted models for (a) the
CT and (b) the GHK normalization. Note that the SLO model has not
been fitted to the data.
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FIG. 10. (Color online) Radiative strength functions extracted for
two different excitation-energy regions as compared to the one from
the total excitation-energy region under consideration (all cases are
normalized to the CT level density). The standard GLO model is also
shown for these ranges of excitation energy and the extreme cases
Tf = 0 and E = 9.9 MeV.

strength in the GLO model than the lower range. The largest
experimental fluctuations are also of the order of a factor
two, but on average, the experimental data seem not to have
such a strong dependence on the final excitation energy as the
standard GLO model would imply.

Finally, we have calculated the GLO model for the direct
decay to the ground state (Tf = 0 MeV) and for the highest
temperatures reached, namely for initial excitation energy
E = 9.9 MeV. These cases are also displayed in Fig. 10. It
is clear that the zero-temperature calculation is not similar to
the experimental data below Eγ ≈ 6 MeV. In fact, the exper-
imental data lie in between the two extreme cases. As argued
above, the overall shape of the RSF seem to be rather similar
for the two excitation-energy ranges. Thus, it is probably quite
reasonable to apply a constant temperature in the GLO model
in accordance with the Brink hypothesis. We note, however,
that the GLO model averaged over the total excitation-energy
range covered (blue solid line in Fig. 10) agrees rather well
with the average shape of the experimental data.

IV. REPRODUCTION OF EXPERIMENTAL PRIMARY
γ -RAY SPECTRA

As described in the previous section, both the NLD and
the RSF deduced from the present experiment are affected
by severe uncertainties associated with the normalization
procedure that in the case of 44Ti cannot be reliably constrained
by additional experimental data. For this reason, the different
NLD and RSF models are now directly tested on the primary
γ -ray spectra, which in turn correspond to the fundamental

quantity entering the description of the radiative decay in
reaction models.

There are 24 experimental spectra for excitation energies
4.5 � E � 9.9 MeV with bin size 233.4 keV. Owing to the
poor statistics, we have compared the average of two bins
as in Fig. 5. For the level density, we have applied the
known levels for E < 3.7 MeV and either the CT model
or the GHK calculation above this energy. The calculated
spectra are scaled to get the best possible agreement with
the experimental spectra, which are normalized such that∑E

Eγ =Emin
γ

P (E,Eγ ) = 1.
We have also calculated the primary γ spectra using

the standard GLO model with a variable temperature in
combination with the two level density models. For each initial
excitation energy (4.5 � E � 9.9 MeV), we have used the
GLO model with Tf ∝ √

Ef and made an average of all these
RSFs for the whole excitation-energy region that is used for
the analysis.

Finally, we have applied the SLO model in combination
with the two NLD models.

The six model combinations shown in Figs. 11 and 12 thus
correspond to the following:

(i) input 1, the CT level density and the fitted GLO model
with constant temperature;

(ii) input 2, the GHK level density and the fitted GLO model
with constant temperature;

(iii) input 3, the CT level density and standard GLO model
averaged over the experimental excitation-energy range
(blue, solid line in Fig. 10);

(iv) input 4, GHK level density and standard GLO model
averaged over the experimental excitation-energy range
(blue, solid line in Fig. 10);

(v) input 5, the CT level density and the SLO model;
(vi) input 6, the GHK level density and the SLO model.

We find that for the lower excitation energies (E �
7.0 MeV), all the input models give a rather good reproduction
of the spectra, and also they give relatively similar results.
However, for the higher excitation energies (7.4 � E �
9.8 MeV), there are clear deviations for the different inputs,
and input 4 gives a significantly worse fit than the others. This
is not so surprising, considering that the slope of the standard
GLO model is very different from the RSF model fitted to
our data using the GHK level density. It is seen in Fig. 12
that this mismatch in slope leads to a wrong overall shape of
the primary spectra (overestimating the low-energy part and
underestimating the high-energy part). The models that are
consistent in slope behave much better.

In general, for the high-energy region, input 2 and input 3
give the best reproduction of the experimental spectra out of
the six model combinations. The SLO model gives also rather
good results, in particular in combination with the GHK level
density. This could be an indication that the overall shape
of this model might be correct, although the absolute value is
probably too large (as seen in Fig. 9). However, in combination
with the CT level density the spectra calculated with this model
underestimate the intensity of the low-energy γ rays compared
to the measured ones.
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FIG. 11. (Color online) Experimental primary γ spectra (solid squares) and those obtained from multiplying the extracted ρ and T
functions (red line) for 4.6 � E � 7.0 MeV. These are compared with calculated spectra using the six inputs as described in the text. The
experimental and calculated spectra are given for excitation-energy bins of 466.8 keV.

Naturally, using the extracted ρ and T data points give a
much better fit than any model, as structures especially in the
level density are lost when using the smooth models.

V. CAPTURE CROSS SECTION AND
MAXWELLIAN-AVERAGED RATE

The model combinations described in Sec. IV can further
be applied for estimating the 40Ca(α,γ )44Ti cross section and
the corresponding reaction rate. We have used the code TALYS

[24] for the cross-section and reaction-rate calculations. In all
calculations we have used the α optical-model potential (OMP)
of McFadden and Satchler [40]. We have also tested other
α-OMPs such as the one developed by Demetriou, Grama,
and Goriely [41]; however, it turns out that in this case, the
results are rather insensitive to the choice of α-OMP.

The model sets applied for the cross-section and reaction-
rate calculations are as follows:

(i) input 1, the CT level density and the corresponding
fitted GLO model;
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FIG. 12. (Color online) Same as Fig. 11 for 7.4 � E � 9.8 MeV.
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(ii) input 2, the GHK level density and the corresponding
fitted GLO model;

(iii) input 5, the CT level density and the SLO model;
(iv) input 6, the GHK level density and the SLO model;
(v) input 7, the CT level density and the standard GLO

model;
(vi) input 8, the GHK level density and the standard GLO

model;
(vii) input 9, the CT level density and the corresponding

fitted GLO model for the upper normalization limit
(〈�γ 0〉 = 1800 meV);

(viii) input 10, the GHK level density and the corresponding
fitted GLO model for the lower normalization limit
(〈�γ 0〉 = 600 meV).

For the standard GLO model, we have followed the
prescription used in TALYS, where the temperature of the final
states is calculated from the relation [26]

Tf = √
(Ei − � − Eγ )/a. (10)

Here Ei is the initial excitation energy in the compound
nucleus, � is a pairing correction, and a is the level density
parameter. There is thus a specific GLO RSF for each initial
excitation energy (no averaging over a large excitation-energy
window as was done with inputs 3 and 4 in Sec. IV).

The Maxwellian-averaged astrophysical reaction rate
NA〈σv〉(T ) for a temperature T is given by

NA〈σv〉(T ) =
(

8

πm

)1/2
NA

(kT )3/2G(T )

×
∫ ∞

0

∑
μ

(2Iμ + 1)

(2I 0 + 1)
σμ(E)E

× exp

[
−

(
E + E

μ
x

)
kT

]
dE, (11)

where m is the reduced mass of the initial system of projectile
(here the α particle) and target nucleus (here 40Ca), k is
the Boltzmann constant, NA is Avogadro’s number, E is the
relative energy of the target and projectile, Iμ,E

μ
x are the spin

and excitation energy for the excited states labeled μ, and σμ is
the reaction cross section. Further, the temperature-dependent,
normalized partition function G(T ) reads

G(T ) =
∑

μ

(2Iμ + 1)/(2I 0 + 1) exp
( − Eμ

x

/
kT

)
. (12)

See the TALYS documentation for more details [24].
For the above expressions, local thermodynamic equilib-

rium is assumed in the astrophysical environment, so that the
energies of both the targets and the projectiles, as well as their
relative energies E, obey Maxwell-Boltzmann distributions
corresponding to the temperature T at that location. Also,
the relative populations of the various nuclear levels with
spin and excitation energy Iμ,E

μ
x obey a Maxwell-Boltzmann

distribution.

A. Uncertainties in the calculations

The key ingredients in the rate calculations (NLD, RSF,
and α-OMP) all contribute to the uncertainties but in different
temperature regions. By varying the α-OMP, the rate will
change most at low temperatures (below ≈1.5 × 109 K), while
the NLD and RSF both have a significant impact on the rate at
higher temperatures (above ≈1.5 × 109 K).

The 40Ca(α,γ ) reaction only populates states with total
isospin zero in 44Ti, and dipole transitions with no change in
total isospin are suppressed in self-conjugate N = Z nuclei
[42]. Because complete isospin mixing is assumed in the
determination of the RSF, a corrective factor must be included
before applying the extracted RSFs in the cross section
and reaction rate calculations. For α captures, a standard
prescription is to divide the RSF by a constant factor fiso of
typically 5 to 8 [6,42], giving a reduced RSF f ′ of f ′ = f/fiso.

However, it is not obvious how the value of this correction
factor should be determined, because it is related to the
degree of isospin mixing (for a large degree of mixing the
correction factor should be small and vice versa). Also,
high-energy γ rays decay to low-lying states, where the isospin
mixing might be small, while low-energy γ rays decay in the
quasicontinuum, where one expects a large degree of mixing.
Therefore, one could, in principle, expect that fiso would vary
as a function of γ energy. To estimate such a function is,
however, a very complicated task and beyond the scope of the
present work. We therefore assume a constant fiso, although
this is probably quite crude.

Another source of uncertainty is the value of 〈�γ 0〉. Because
this value is not known experimentally, the uncertainty in
this quantity is correlated to the uncertainty in fiso. This is
because one can obtain basically the same cross section and
reaction rate for a range of 〈�γ 0〉 values by adjusting fiso

correspondingly (a small value of 〈�γ 0〉 in combination with
a small fiso and vice versa).

We have calculated the integral cross section of
the (α,γ )44Ti reaction for incoming α energies between
2.1 and 4.2 MeV. This corresponds to excitation energies in
44Ti in the range E = 7.2–9.3 MeV, which is the most relevant
region for astrophysics. In the calculations, we have adopted a
constant fiso = 5, and we have also tested a larger correction
factor of fiso = 8. In addition, we have considered the assumed
uncertainty of 50% in the estimated value of 〈�γ 0〉 combined
with the uncertainty in slope (either the CT or the GHK level
density, which represent the extremes in slope of the extracted
RSF). The results for all the considered inputs are given in
Table II.

We see from Table II that changing the isospin correction
factor leads to a change in the calculated cross section of
typically 2–3 μb, except for the SLO model where different
values of fiso give up to ≈5 μb change in σave. The uncertainty
in 〈�γ 0〉 and slope will also give a change in σave of up
to ≈5 μb.

We therefore conclude that the absolute value of the reaction
cross section of the α capture on 40Ca is highly uncertain. Also,
intrinsically very different models of the level density and the
RSF may yield practically the same cross section by adjusting
fiso and/or 〈�γ 0〉. Thus, we find that although our data may put
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TABLE II. Integral cross sections for the
various model combinations.

Model combination σave (μb)

fiso = 5 fiso = 8

Input 1 7.1 4.9
Input 2 6.9 4.9
Input 5 17.8 13.2
Input 6 19.2 14.5
Input 7 5.6 3.8
Input 8 6.9 4.9
Input 9 9.7 6.9
Input 10 5.0 3.4

a constraint on the functional form of the NLD and RSF, and in
particular the correlated slope of the two quantities, other data
are needed to further constrain the cross section and reaction
rate. This is addressed in the following.

B. Comparison with other data

We have compared our calculations with two recent data
sets, one from Nassar et al. [6] and one from Vockenhuber
et al. [1]. In the following discussion we have used fiso = 5,
unless stated otherwise.

Nassar et al. [6] performed an integral measurement on
the 40Ca(α,γ )44Ti cross section corresponding to an energy
window of Eα = 2.1–4.2 MeV for the incoming α particles.
The originally estimated energy-averaged cross section was
σ

exp
ave = 8.0(11) μb; however, it was pointed out by Vocken-

huber et al. [1] that, owing to an overestimate of the 40Ca
stopping power, the cross section should be reduced by about
10%: σ

exp
ave 
 7.0(10) μb.

Using the model combinations input 1 and input 2, we get
σave = 7.1 and 6.9 μb for the CT and GHK normalization,
respectively (see Table II). This is in excellent agreement with
the Nassar results. Note that if we exclude the low-energy
enhancement in inputs 1 and 2, σave yields 6.6 and 6.7 μb for the
CT and GHK normalization, respectively. Thus, the effect of
the small low-energy enhancement is not significant compared
to neither the current experimental uncertainty on the integral
cross section nor the uncertainties in the calculations owing
to the isospin suppression factor and the unknown absolute
normalization of the RSF.

Further, if we apply the standard GLO model in the
calculations, we obtain σave = 5.6 and 6.9 μb using the CT
and GHK level density (input 7 and input 8), respectively.
The former is slightly smaller than the lower experimental
limit on σ

exp
ave . The latter agrees very well with the Nassar

data; however, we noted in Sec. IV that the GHK level
density in combination with the averaged, standard GLO did
not reproduce our experimental spectra above E ≈ 7 MeV.
Therefore, input 8 is probably not correct.

The calculations with the SLO model are many standard
deviations too large compared to the Nassar data, even for
fiso = 8. Thus, we do not use inputs 5 and 6 further. We also see
that the upper normalization limit, input 9, is only acceptable
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FIG. 13. (Color online) (a) Data on the Maxwellian-averaged
reaction rate for the 40Ca(α,γ ) reaction from Ref. [1] are compared
to calculations with inputs 1, 2, 7, and 8. (b) Ratio of the calculated
reaction rates and experimental data. The upper dotted line indicates
a 40% deviation from the experimental data, while the lower dotted
line indicates a 20% deviation.

for fiso = 8. However, the lower normalization limit (input 10)
seems to be a bit too low for fiso = 5 and even more so for
fiso = 8.

With the inputs 1, 2, 7, and 8, we have estimated the reaction
rate according to Eq. (10) and compared to the DRAGON
data of Vockenhuber et al. [1]. The results are shown in the
top panel of Fig. 13. As seen here, all these four inputs give
a reasonable reproduction of the measured rates, and they
can hardly be distinguished from each other over the entire
temperature range. We also note that the cross-section range
spans over 10 orders of magnitude, and it is quite impressive
how well the calculated rates follow the overall functional form
of the data.

However, we observe that some models overestimate the
rate somewhat, especially at higher temperatures. Now, the ex-
perimental rate could be too low for temperatures above T9 ≈
4 MeV because of missing resonances (only six resonances
with measured resonance strengths are known for excitation
energies at and above 9.3 MeV [1]). We note, however, that
the rate at these high temperatures is not important for the final
44Ti mass yield [1].
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The combination of CT level density and standard GLO
(input 7) gives a better reproduction of the DRAGON data at
high temperatures than the others. However, this combination
gave a too-small average cross section as compared to the
Nassar result. We therefore confirm the slight inconsistency
between the two measurements, as discussed in Ref. [1]. As
already mentioned, we observed that the combination of the
GHK level density and the averaged, standard GLO model
(input 4) was not able to give a reasonable description of
our primary γ spectra for initial excitation energies above
≈7 MeV. Therefore, input 8 cannot be recommended on the
basis of the present data.

To get a clearer picture of the deviation of the calculated
rates vs the DRAGON data, the ratio of the calculated and
experimental rate is shown in the bottom panel of Fig. 13.
Here it is seen that input 7 gives the best fit to the DRAGON
data for all temperatures above T9 ≈ 1.7 (T9 = 109 K). The
large overestimate of the rate for T9 < 1.5 is common for all
model predictions and is attributable to problems with the α

OMP at very low energies.
It is seen from the lower panel in Fig. 13 that all the

calculated rates lie within 40% of the DRAGON data for
1.8 � T9 � 4.5, and for the 20% upper limit in the range
2.2 � T9 � 3.7. However, only input 7 (CT level density
and standard GLO) is within the experimental error bars for
1.8 � T9 � 4.5.

It should be noted that by using the lower normalization
limit for the RSF (blue, dashed-dotted line in Fig. 8), an
excellent agreement with the DRAGON data is obtained.
However, as stated previously, a good reproduction of the
DRAGON data implies a too low integral cross section (in
this case σave = 5.0 μb) as compared to the Nassar data.
However, using the upper normalization limit for the RSF
(dashed line in Fig. 8), it is necessary to use the larger value of
fiso = 8 to obtain a reasonable agreement with the data (see
Table II).

To summarize, we have found that the model combinations
input 1, input 2, and input 8 are in excellent agreement
with the Nassar cross-section measurement. However, input 8
(GHK level density and standard GLO) is not in accordance
with our primary γ spectra for the relevant excitation-energy
region (E = 7.2–9.3 MeV) and should therefore not be used.
The DRAGON data are best described with input 7 (CT

level density and standard GLO) and the lower normalization
limit of our RSF data (input 10). We also see that the small
enhancement in the RSF at low Eγ is not very important for the
integrated cross section or the rate, as it gives a contribution
of maximum 0.5 μb.

VI. SUMMARY

Particle-γ coincidence data of the 46Ti(p, tγ )44Ti reaction
have been measured at OCL. By use of the Oslo method,
primary γ -ray spectra have been extracted for initial excitation
energies in the range E = 4.5–9.9 MeV. From these spectra,
the functional form of the level density and the RSF have been
determined.

We have shown that a consistent normalization of the NLD
and RSF is necessary to obtain a reasonable reproduction of
the primary spectra. Also, the RSF seems to be independent of
excitation energy and thus of the temperature, in accordance
with the Brink hypothesis. However, the GLO model with a
variable temperature, and averaged over the excitation-energy
region, gives a rather good description of the overall shape of
our RSF data when normalized to the CT level density.

Using input models consistent with our data gives an
excellent reproduction of the Nassar integral measurement of
the 40Ca(α,γ ) reaction cross section. Also the DRAGON data
of the reaction rate are rather well reproduced. However, we
note that there is a discrepancy between the two datasets, so
that it is not possible to use one model combination to obtain
optimal agreement for both measurements simultaneously.
Nevertheless, on the basis of our present data, it is clear that
certain model combinations are not acceptable, although they
might give reasonable results compared to the cross-section
data.
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T. Lönnroth, J. Rekstad, A. Schiller, S. Siem, and A. Voinov,
Phys. Rev. C 79, 024316 (2009).

[21] S. Goriely, S. Hilaire, and A. J. Koning, Phys. Rev. C 78, 064307
(2008).

[22] A. Gilbert and A. G. W. Cameron, Can. J. Phys. 43, 1446 (1965).
[23] A. J. Koning, S. Hilaire, and S. Goriely, Nucl. Phys. A 810, 13

(2008).
[24] A. J. Koning, S. Hilaire, and M. C. Duijvestijn, in Proceedings

of the International Conference on Nuclear Data for Science
and Technology, April 22–27, 2007, Nice, France, edited by
O. Bersillon, F. Gunsing, E. Bauge, R. Jacqmin, and S. Leray
(EDP Sciences, Les Ulis, France, 2008); [http://www.talys.eu/].

[25] Data extracted using the NNDC On-Line Data Service from the
ENSDF database [http://www.nndc.bnl.gov/ensdf/].

[26] T. Belgya et al., Handbook for Calculations of Nuclear Re-
action Data (IAEA, Vienna, 2006); [http://www-nds.iaea.org/
RIPL-2/].

[27] A. Voinov, E. Algin, U. Agvaanluvsan, T. Belgya, R. Chankova,
M. Guttormsen, G. E. Mitchell, J. Rekstad, A. Schiller, and
S. Siem, Phys. Rev. Lett. 93, 142504 (2004).

[28] E. Algin, U. Agvaanluvsan, M. Guttormsen, A. C. Larsen, G. E.
Mitchell, J. Rekstad, A. Schiller, S. Siem, and A. Voinov, Phys.
Rev. C 78, 054321 (2008).

[29] M. Guttormsen et al., Phys. Rev. C 71, 044307 (2005).
[30] A. C. Larsen et al., Phys. Rev. C 73, 064301 (2006).
[31] A. C. Larsen et al., Phys. Rev. C 76, 044303 (2007).
[32] A. Voinov, S. M. Grimes, C. R. Brune, M. Guttormsen, A. C.

Larsen, T. N. Massey, A. Schiller, and S. Siem, Phys. Rev. C 81,
024319 (2010).
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The level densities and γ -ray strength functions of 105,106,111,112Cd have been extracted from particle-γ
coincidence data using the Oslo method. The level densities are in very good agreement with known levels
at low excitation energy. The γ -ray strength functions display no strong enhancement for low γ energies.
However, more low-energy strength is apparent for 105,106Cd than for 111,112Cd. For γ energies above ≈4 MeV,
there is evidence for some extra strength, similar to what has been previously observed for the Sn isotopes. The
origin of this extra strength is unclear; it might be due to E1 and M1 transitions originating from neutron skin
oscillations or the spin-flip resonance, respectively.

DOI: 10.1103/PhysRevC.87.014319 PACS number(s): 25.20.Lj, 24.30.Gd, 25.40.Hs, 27.60.+j

I. INTRODUCTION

Recent measurements on the γ -strength function of several
nuclei in the Fe–Mo mass region have revealed an unexpected
enhancement for low γ energies (Eγ � 3–4 MeV) [1–5].
However, no such feature was seen in the heavier Sn isotopes
[6,7] or in the rare-earth region [8–10].

For 95Mo, this low-energy enhancement has very recently
been confirmed by an independent measurement and method
[11]. It has also been shown in Ref. [12], that if this increase
persists in exotic nuclei close to the neutron drip line, it could
boost the Maxwellian-averaged neutron-capture cross sections
up to two orders of magnitude.

However, as of today, there are more questions than answers
regarding the low-energy enhancement. There is no theoretical
work predicting such a behavior, the underlying physics is
unknown, neither the multipolarity nor the electromagnetic
character have been determined, and nobody knows for which
nuclei the onset of this structure takes place.

So far, there is only one nucleus, 60Ni, where there are strong
indications that the enhancement is due to M1 transitions
[13]. One should however be careful to draw any general
conclusions, because 60Ni is in many ways a special case.
It has only positive-parity states below excitation energies
of ≈4.5 MeV, which has significant consequences for the
two-step cascade method employed in Ref. [13]. As discussed
in Ref. [13], it means that for the secondary γ ray, M1
transitions are strongly enhanced compared to E1 transitions.

The motivation for this work is to determine the transitional
region of the low-energy enhancementÊ by investigating the
γ -strength function of Cd isotopes using the Oslo method.
The Cd isotopes have Z = 48 and are in between Sn (Z = 50)
and Mo (Z = 42). Thus, these experiments are a part of the
experimental campaign exploring the onset of the low-energy
enhancement.

*a.c.larsen@fys.uio.no

In Sec. II, we give the experimental details and briefly
describe the data analysis. In Sec. III, the normalization
procedure of the level densities and γ -strength functions
is discussed. Further, we compare the measured γ -strength
functions with semi-empirical models in Sec. IV. Finally, we
give a summary and outlook in Sec. V.

II. EXPERIMENTAL DETAILS AND DATA ANALYSIS

The experiments were performed at the Oslo Cyclotron
Laboratory (OCL), utilizing a 38-MeV 3He beam de-
livered by the Scanditronix cyclotron. In the first ex-
periment, the beam was bombarding a self-supporting
target of 106Cd (96.7% enrichment) with mass thickness
1.1 mg/cm2. Typical beam currents were 0.3–0.5 electrical
nA (charge state 3He2+). In the second experiment, the
target was 99.5% 112Cd with mass thickness 0.95 mg/cm2.
The beam current was ≈0.1–0.2 electrical nA (charge
state 3He2+). Both experiments were run for five days.
The reactions of interest are 106,112Cd(3He,3He′γ )106,112Cd
and 106,112Cd(3He,αγ )105,111Cd. The Q values of the pick-
up reactions are 9703.9(124) keV and 11183.295(3) keV,
respectively [14].

Particle-γ coincidences were measured with the silicon
ring (SiRi) particle-detector system [15] and the CACTUS
array for detecting γ rays [16]. The SiRi system consists of
eight 130-μm thick silicon detectors, where each of them is
divided into eight strips. One strip has an angular resolution of
�θ = 2◦. Each of these segmented, thin detectors are put in
front of a 1550-μm thick back detector. The full SiRi system
has then 64 individual detectors in total, covering scattering
angles between 40–54 ◦ and a solid-angle coverage of ≈6%.
For the Cd experiments, SiRi was placed in forward angles
with respect to the beam direction.

The CACTUS array consists of 28 collimated 5′′ × 5′′
NaI(Tl) crystals. The total efficiency of CACTUS is 15.2(1)%
at Eγ = 1332.5 keV. The charged ejectiles and the γ rays were

014319-10556-2813/2013/87(1)/014319(10) ©2013 American Physical Society
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FIG. 1. (Color online) Singles particle spectra (thick, black
line) and in coincidence with γ rays (thin, red line) from (a) the
112Cd(3He,α) reaction and (b) the 112Cd(3He,3He′) reaction. The
dashed lines indicate the neutron separation energies for the final
nucleus.

measured in coincidence event-by-event, with time resolution
of ≈15 ns.

Using the �E-E technique, each charged-particle species
was identified. Gates were set on the 3He and α ejectiles to
select the correct reaction channel. Furthermore, the reaction
kinematics and the known Q value for the reaction allowed us
to relate the measured ejectile energy to the excitation energy
of the residual nucleus.

In Fig. 1, the 3He and α spectra with and without γ -
coincidence requirements are shown. It is interesting to see
how the 3He and α spectra in coincidence with γ rays differ
at the neutron separation energy. They both display a drop
because the neutron channel is open. However, while the
3He spectrum shows a rather abrupt drop (compatible with
the energy resolution of ≈200 keV), the slope of the α
spectrum is much less steep and a minimum is not reached
until ≈Sn + 1.5 MeV. This can be explained by considering
the final nuclei in the reactions 112Cd(3He,3He′nγ )111Cd and
112Cd(3He,αnγ )110Cd. In the latter case, the odd, final nucleus
111Cd has many states within a relatively broad spin window
at low excitation energy. However, this is not so for 110Cd,
where there are only 0+ and 2+ states below ≈1.5 MeV.
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FIG. 2. (Color online) Excitation energy vs. γ energy matrix for
105Cd. The γ -ray spectra are unfolded for each excitation-energy bin.
The dashed line indicates the neutron separation energy in 105Cd.
The dashed-dotted line shows where the E = Eγ diagonal would be
in 104Cd for the extreme case where the outgoing neutron has zero
kinetic energy.

As the (3He,α) reaction favors high-� transfer in general, the
populated states very likely have an average spin larger than 2.
Thus, there is an effective spin hindrance which explains the
observed behavior in the α spectrum.

The γ -ray spectra for each excitation-energy bin were
unfolded using the known response functions of the CACTUS
array, as described in Ref. [17]. The main advantage of this
method is that the experimental statistical uncertainties are
preserved, without introducing new, artificial fluctuations.

The matrix of unfolded γ spectra for each excitation-energy
bin is shown for 105Cd in Fig. 2. One may notice a peculiar
feature in this matrix. Surprisingly, there is a considerable
amount of γ rays from 105Cd that survive several MeV above
Sn, see the region to the right of the dashed-dotted line in Fig. 2.
For example, the intensity of 5-MeV γ rays is practically
the same for the excitation-energy region 7.0–8.0 MeV and
8.5–9.5 MeV. This could be caused by the difference in spin
between the populated initial states and the spin of the first
excited states in 104Cd (2+, 4+).

After the γ spectra were unfolded, the distribution of
first-generation γ rays1 for each excitation-energy bin was
extracted via an iterative subtraction technique [18]. The basic
assumption of this method is that the decay routes are the
same regardless of the population mechanism of the initial
states (either directly via the nuclear reaction or from γ decay
from above-lying states). For a discussion of uncertainties and
possible errors of the first-generation method, see Ref. [19].

From the excitation energy vs. first-generation γ -ray ma-
trix, one can extract the functional form of the level density and
the γ transmission coefficient. This is done with an iterative

1The first γ ray emitted in the decay cascade.
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procedure as described in Ref. [20], with the following ansatz:

P (E,Eγ ) ∝ ρ(Ef )T (Eγ ). (1)

Here, P (E,Eγ ) is the experimental first-generation matrix,
ρ(Ef ) is the level density at the final excitation energy Ef , with
Ef = E − Eγ , and T (Eγ ) is the γ -transmission coefficient.
Every point of the ρ and T functions is assumed to be an
independent variable, and a global χ2 minimum is reached
typically within 10–20 iterations.

The method is based on the assumption that the reaction
leaves the product nucleus in a compound state, which then
subsequently decays in a manner that is independent on the way
it was formed, i.e., a statistical decay process [21]. Therefore,
a lower limit is set in the excitation energy to ensure that decay
from compound states dominates the spectra. In addition, an
upper excitation-energy limit at ≈Sn is employed.2 Because of
methodical problems with the first-generation method for low
γ energies, γ rays below ≈1.0 and 1.5 MeV for 105,111Cd and
106,112Cd, respectively, were excluded from the further analysis
(see also Ref. [19]).

The γ -transmission coefficient T is a function of Eγ only,
in accordance with the Brink hypothesis [22], which in its
generalized form states that any collective decay mode has the
same properties whether it is built on the ground state or on
excited states. This assumption is proven to be incorrect for
nuclear reactions involving high temperatures and/or spins, see
for example Ref. [23]. However, in the present work, neither
high-spin states nor high temperatures are reached (Tf ∝ √

Ef ,
and the populated spin range is centered within J ∼ 2–8 h̄).
Therefore, eventual spin and/or temperature dependencies
should not have a significant impact on the results.

III. NORMALIZATION OF LEVEL DENSITY AND
γ -STRENGTH FUNCTION

The extracted level density and the γ -ray transmission
coefficient give identical fits to the experimental data with
the transformations [20]

ρ̃(E − Eγ ) = A exp[α(E − Eγ )] ρ(E − Eγ ), (2)

T̃ (Eγ ) = B exp(αEγ )T (Eγ ). (3)

Therefore, the transformation parameters A , α, and B were
determined from external data.

A. Level density

For the level density, the absolute normalization A and the
slope α can be determined from the known, discrete levels [24]
at low excitation energy, and from neutron-resonance spacings
at the neutron separation energy Sn [25]. For the latter, we
must estimate the total level density at Sn from the neutron
resonances, which are for a few spins only. Also, because of
the selected lower limit of Eγ for the extraction of ρ and T (see
Sec. II), our level-density data reach up to E ≈ Sn − 1 MeV.

2When the neutron channel is open, the excitation energy is not well
defined anymore, because neutron energies are not measured.

Therefore, we must interpolate between our data and the level
density at Sn. We have here chosen to use the back-shifted
Fermi gas (FG) model with the parametrization of von Egidy
and Bucurescu [26] for that purpose.

Because the spin distribution is poorly known at high
excitation energies, a systematic uncertainty will be introduced
to the slope of the level density and γ -strength function
(see Ref. [19] for a thorough discussion on this subject). In
addition, the light-ion reactions in the experiments populate
only a certain spin range, which usually is for rather low spins.
Therefore, the full spin distribution should also be folded with
the experimental spin distribution.

In this work, we have tested two different approaches to nor-
malize the level densities. First, we have used the back-shifted
Fermi gas parametrization of von Egidy and Bucurescu [26] to
estimate the total level density at the neutron separation energy,
ρ(Sn). Second, we have used the microscopic level densities of
Goriely, Hilaire, and Koning [28] at high excitation energies.
These level densities are calculated within the combinatorial
plus Hartree-Fock-Bogoliubov approach, and are resolved in
spin and parity. The applied parameters are listed in Table I,
together with the Fermi-gas parameters of Ref. [26] used for
the interpolation between our data and the estimated ρ(Sn).

We start with the back-shifted Fermi gas approach. We
adopt the expression for the spin cutoff parameter from
Ref. [26]:

σ 2(E) = 0.0146A5/3 1 + √
1 + 4a(E − E1)

2a
, (4)

where A is the mass number, a is the level density parameter,
and E1 is the backshift parameter (see Ref. [26] for further
details). The total level density can be calculated by

ρ(Sn)

= 2σ 2

D0

1

(It + 1) exp[−(It + 1)2/2σ 2] + It exp[−I 2
t /2σ 2]

,

(5)

where D0 is the level spacing of s-wave neutrons and It is the
ground-state spin of the target nucleus in the (n, γ ) reaction.
In Eq. (5), it is assumed that both parities contribute equally
to the level density at Sn (see Refs. [20] and [19]).

From the Fermi-gas calculation, we get ρFG(Sn), which
differs somewhat from the semi-experimental value ρ(Sn).
Therefore, a correction factor η is applied to ensure that the
Fermi-gas interpolation matches ρ(Sn) (see Table I).

As there is no information on the level spacing for 105,106Cd
(104,105Cd are unstable), we have estimated the total level den-
sity at the neutron separation energy from systematics for these
nuclei, see Fig. 3. Here, we have calculated the semiexperi-
mental ρ(Sn) for all Cd isotopes where the neutron resonance
spacing D0 is known. For all D0 values we have used the
Reference Input Parameter Library (RIPL-3) evaluation [25],
except for 117Cd where we have also used the RIPL-2 value.

It is striking how the values of ρ(Sn) actually decrease
as a function of Sn for the isotopes with A � 108. This is
probably an effect of approaching the N = 50 closed shell.
It is, however, unfortunate that there are no experimental D0

values for these nuclei, so the uncertainty of the estimated
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TABLE I. Parameters used for the calculation of ρ(Sn) (see text).

Nucleus Iπ
t D0 Sn σ (Sn) a E1 ρFG(Sn) ρ(Sn) η σ̃ (Sn) ρ̃(Sn) shift EHFB range Ii

(eV) (MeV) (MeV−1) (MeV) (105 MeV−1) (105 MeV−1) (105 MeV−1) (MeV) (h̄)

105Cd 0+ − 8.427 5.71 10.88 − 0.567 1.43 1.78(89)a 1.25 4.5 1.11(56)a 0.042 1/2 − 13/2
106Cd 5/2+ − 10.874 5.85 11.39 0.746 6.44 8.05(40)a 1.25 4.5 5.3(26)a 0.052 0 − 6
111Cd 0+ 155(20) 6.976 5.43 13.56 − 0.640 2.99 3.87(91) 1.29 4.5 2.68(72) 0.435 1/2 − 13/2
112Cd 1/2+ 27(2) 9.394 5.61 13.82 0.713 11.9 12.0(25) 1.01 4.5 7.8(16) 0.540 0 − 6

aEstimated from systematics.

ρ(Sn) for 105,106Cd must necessarily be large; we have assumed
a 50% uncertainty.

The normalization procedure is demonstrated for 112Cd in
Fig. 4. The agreement between our data and the discrete levels
[24] is very satisfying. We notice however that the ground
state seems to be underestimated; this is probably because
there are very few direct decays to the ground state, most of
the decay goes through the first 2+ state. We also see that the
triplet of two-phonon vibrational states 0+, 2+, 4+, at about
E ≈ 1.4 MeV, is clearly seen in our level-density data, as well
as the one-phonon first excited 2+ state at 0.62 MeV (see,
e.g., Ref. [27] for a discussion on the vibrational nature of Cd
isotopes).

The level densities normalized with the back-shifted Fermi
gas approach are shown in Fig. 5(a). Again, the effect of
approaching the N = 50 closed shell is clearly seen. The slope
in level density is smaller for 105,106Cd than for 111,112Cd. Also,
we see that the level densities of the neighboring isotopes are
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FIG. 3. (Color online) Estimation of ρ(Sn) for 105,106Cd. The
filled, black squares are calculated from known neutron resonance
spacings in RIPL-3 [25] using Eq. (5) with σ values from Ref. [26].
The filled, violet square is the result for 117Cd using the D0 value
recommended in RIPL-2. The small, open diamonds connected with
lines are calculated values from the back-shifted Fermi gas approach
[26] multiplied with a common factor of 1.25 to bring them within
the error bars of the semiexperimental ρ(Sn) values. The blue, open
square and the red, open cross are the estimated values for ρ(Sn) of
105,106Cd, respectively.

parallel, but the increase in level density of the odd-A nucleus
compared to the even neighbor is smaller for 105Cd than for
111Cd.

For the second approach, we have used the combinatorial
plus HFB calculations of Ref. [28]. Here, we have normalized
our data to obtain a best fit to the microscopic level densities
at high excitation energies (E � 4–5 MeV). As described in
Ref. [28], an energy shift is used in order to optimize the
reproduction of the known, discrete levels. The applied energy
shifts are listed in Table I.

The level-density data normalized to the microscopic
calculations are shown in Fig. 5(b). It is seen that the two
independent normalization methods yield very similar results.

We have also taken into account that the spin distribution
of the initial levels could be rather narrow. As discussed in
Ref. [29], the (3He,α) reaction in forward angles gives an
average spin transfer of ≈5h̄ at E ≈ 5 MeV in the rare-earth
region. For excitation energies below 3 MeV, it is shown in
Ref. [30] that the 106Cd(3He,α)105Cd reaction involves � =
2, 4, and 5.

Turning to the inelastic scattering, where vibrational states
are favored, we see from the 106,112Cd data below E ≈ 3 MeV
that levels with I = 2, 3, 4 are strongly populated. For levels
with higher spins the data are inconclusive, but it is clear that
they are significantly less populated. We therefore estimate
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FIG. 4. Normalization of the level density of 112Cd to the known,
discrete levels (jagged line), and ρ(Sn) (see text).
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FIG. 5. (Color online) Normalized level densities of
105,106,111,112Cd with (a) the Fermi-gas approach and (b) the
combinatorial plus Hartree-Fock-Bogoliubov approach.

a reduced spin cutoff parameter, σ̃ , to be ≈4.5 for all the Cd
nuclei studied here. This corresponds to a reduced level density
at Sn, ρ̃(Sn). For the microscopic level densities, which are
spin-dependent, we filter out the levels within the approximate
experimental spin range (see Table I).

The four different normalizations are shown for 112Cd for
E = 3–8 MeV in Fig. 6. As seen in this figure, the effect of the
reduced spin range is not large at low excitation energies, but
could be as much as a factor of 2 for example at E = 7.9 MeV.

B. γ strength function

The slope of the γ strength function is given by the slope of
the level density, see Eqs. (2) and (3). Therefore, the only pa-
rameter left to determine is the absolute value B. This is done
using known values on the average, total radiative width at Sn,
〈�γ 0〉, extracted from s-wave neutron resonances [25] by [31]

〈�γ (Sn, It ± 1/2, πt )〉

= D0

4π

∫ Sn

Eγ =0
dEγ BT (Eγ )ρ(Sn − Eγ )

×
1∑

I=−1

g(Sn − Eγ , It ± 1/2 + I ), (6)
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FIG. 6. (Color online) The various normalizations of 112Cd: the
Fermi-gas approach (FG, red squares), FG approach with a reduced
spin-cutoff parameter (red, open squares), the combinatorial plus
HFB approach (blue triangles), and with a reduced spin range (open,
blue triangles).

where It and πt are the spin and parity of the target nucleus in
the (n, γ ) reaction, and ρ(Sn − Eγ ) is the experimental level
density. The spin distribution is assumed to be given by [32]

g(E, I ) 
 2I + 1

2σ 2
exp[−(I + 1/2)2/2σ 2] (7)

for a specific excitation energy E, spin I , and a spin cutoff
parameter σ . All values are known in Eq. (6) except the
parameter B, which can now be determined.

For 111,112Cd, the values for 〈�γ 0〉 are 71(6) and
106(15) meV, respectively. However, again we lack neutron
resonance data for 105,106Cd. We must therefore estimate 〈�γ 0〉
and D0 for these nuclei. For the FG approach, D0 is evaluated
from the previously estimated ρ(Sn) values (see Table I). We
get D0 = 375(188) and 16.3(82) eV for 105,106Cd, respec-
tively. The combinatorial plus HFB calculations predict D0 =
294 eV and 13.6 eV for 105,106Cd, respectively.

To estimate the average total radiative width, we have
considered systematics from the Cd isotopes where 〈�γ 0〉 is
known, see Fig. 7. It is difficult to predict with reasonable
certainty the unknown values for 105,106Cd because of the
possible shell effects. Because we also lack data on 108,110Cd,
it is especially problematic for 106Cd. We have therefore also
assumed that for γ energies above ≈5–6 MeV, the strength
functions for all the Cd isotopes should be very similar, because
this region should be dominated by the low-energy tail of the
giant electric dipole resonance (GDR). The GDR is mainly
governed by the number of protons, and thus it is reasonable
to believe that the properties should be the same for all Cd
isotopes, at least to a large extent.

As shown in Fig. 7, we have fitted a quadratic function to the
〈�γ 0〉 values of the odd Cd isotopes, and for 105Cd we estimate
〈�γ 0〉 = 187(94) meV. For the even isotopes, we only have
two data points. However, considering the trend for the odd
isotopes and claiming the postulated similarity of the strength
functions at high Eγ , we have chosen a rather large value of
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FIG. 7. (Color online) Estimation of 〈�γ 0〉 for 105,106Cd (see text).
The black squares are known values for odd Cd isotopes and the black
triangles are for the even ones; all values are taken from Ref. [25].
The dashed-dotted line represents the best fit with a quadratic function
for the odd nuclei. The blue, open square is the estimated 〈�γ 〉 for
105Cd, and the red, open triangle for 106Cd. The dashed line indicates
a quadratic function for the even isotopes in the same fashion as for
the odd ones. Estimations of 108,110Cd are shown for completeness
(green, open diamond and cyan, open cross, respectively).

300(150) meV. To guide the eye, we have shown a quadratic fit
as for the odd case, and displayed the predicted 〈�γ 0〉 values
also for 108,110Cd (see Fig. 7).

The normalized γ strength functions for the four different
level-density normalizations of 105,106,111,112Cd are shown
in Fig. 8. We clearly see a difference in the strength for
Eγ < 4 MeV for the heavier 111,112Cd compared to the lighter
105,106Cd. For the latter, the tendency is a more flat and even
a slightly increasing γ -strength function, while for the former
the γ strength is decreasing when Eγ decreases. Although
there is no strong low-energy enhancement as in Fe or Mo, it
could indicate that this is the transitional mass region for the
low-energy enhancement of the γ strength.

Another observation is that all the Cd strength functions
seem to change slope at Eγ ≈ 4 MeV. Above this value, the
slope is significantly steeper than for lower γ energies. This
has previously been seen in Sn isotopes [6,7]. These issues
will be further addressed in the following section.

IV. COMPARISON WITH OTHER DATA AND MODELS

As mentioned in the previous section, our Cd data on the
γ -strength function lack a strong low-energy enhancement,
although the lighter isotopes appear to have more low-energy
strength than the heavier ones. In addition, it is very likely
that some extra strength is present in the region of 4 � Eγ �
8 MeV.

In Fig. 9, we have compared the strength functions of
105,112Cd with 95Mo [2] and 117Sn [6]. It is very interesting to
see how much 112Cd resembles 117Sn. On the other hand, 95Mo
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FIG. 8. (Color online) Gamma-ray strength functions of (a) 105Cd,
(b) 106Cd, (c) 111Cd, and (d) 112Cd for the four different normalization
approaches on the level densities.

is very different from both 112Cd and 117Sn, while 105Cd seems
to be somewhat in between 95Mo and 117Sn for 2 � Eγ �
4 MeV. For higher γ energies, also 105Cd looks very much the
same as 117Sn.

To gain more insight of the observed γ strength functions,
we would like to compare our data with model calculations.
One of the more widely used models for the E1 γ strength
is the generalized Lorentzian (GLO) model [33,34]. This is
a model tailored to give a reasonable description both on the
photoabsorption cross section in the GDR region, and on the γ
strength below the neutron separation energy. It is in principle
dependent on the temperature of the final states Tf , which
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FIG. 9. (Color online) Comparison of γ strength functions of
95Mo, 105,112Cd, and 117Sn (see text).
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TABLE II. Parameters used for the RSF models.

Nucleus EE1,1 σE1,1 �E1,1 EE1,2 σE1,2 �E1,2 Tmin Tmax EM1 σM1 �M1 Epyg σpyg Cpyg(Tmin) Cpyg(Tmax)
(MeV) (mb) (MeV) (MeV) (mb) (MeV) (MeV) (MeV) (MeV) (mb) (MeV) (MeV) (MeV) (10−7 MeV−2) (10−7 MeV−2)

105Cd 14.7 151.8 4.39 17.0 75.8 5.81 0.35 0.40 8.69 0.94 4.0 8.7(2) 1.5(1) 2.2(2) 1.1(1)
106Cd 14.6 153.7 4.37 16.9 76.7 5.79 0.35 0.40 8.66 0.94 4.0 8.7(2) 1.5(1) 2.4(2) 1.1(2)
111Cd 14.5 162.8 4.28 16.8 81.3 5.67 0.37 0.47 8.53 0.90 4.0 8.7(2) 1.5(1) 2.9(3) 1.7(2)
112Cd 14.4 164.5 4.26 16.7 82.1 5.65 0.37 0.40 8.51 0.89 4.0 8.7(2) 1.5(1) 3.7(3) 2.4(4)

is in contradiction to the Brink hypothesis [22]. However, by
introducing a constant temperature, the hypothesis is regained.

The strength function within the GLO model is given by

fGLO(Eγ , Tf )

= 1

3π2h̄2c2
σE1�E1

[
Eγ �(Eγ , Tf )(

E2
γ − E2

E1

)2 + E2
γ �(Eγ , Tf )2

+ 0.7
�(Eγ = 0, Tf )

E3
E1

]
, (8)

with

�(Eγ , Tf ) = �E1

E2
E1

(
E2

γ + 4π2T 2
f

)
. (9)

The Lorentzian parameters �E1, EE1, and σE1 correspond
to the width, centroid energy, and peak cross section of
the GDR. We have made use of the parametrization of
RIPL-2 [25] to estimate the GDR parameters as these are
unknown experimentally for the individual Cd isotopes, see
Table II. Because the even-even Cd isotopes are known to
have a nonzero ground-state deformation [25], the GDR is
split in two and we have therefore two sets of Lorentzian
parameters (denoted by subscripts 1 and 2, see Table II). For
the M1 strength, we have used a Lorentzian shape with the
parametrization in Ref. [25].

We treat the extra strength for high γ energies in the same
way as for the Sn isotopes [6,7], adding a Gaussian-shaped
pygmy resonance:

fpyg = Cpyg
1√

2πσpyg

exp

[
−(Eγ − Epyg)2

2σ 2
pyg

]
. (10)

Here Cpyg is a normalization constant, σpyg is the standard
deviation, and Epyg is the centroid of the resonance.

The temperature of the final states is assumed to be constant,
and is treated as a free parameter to get the best possible
agreement with our data. As the normalization is uncertain,
also the temperature is uncertain. In general, we get a slightly
higher temperature for the normalization options that give the
largest low-energy γ strength. We denote the temperature for
the normalization giving the largest low-energy strength Tmax,
and the smallest low-energy strength Tmin. The adopted γ -
strength model parameters are given in Table II.

As there are no photoneutron cross-section data on the
individual Cd isotopes, we have compared our measurements
with (γ, x) data on natural Cd from Ref. [35] and (γ, n) data on
106,108Pd taken from Ref. [36]. Assuming that the photoneutron
cross section σγ (Eγ ) is dominated by dipole transitions, we

convert it into γ strength by [25]

fγ (Eγ ) = 1

3π2h̄2c2

σγ

Eγ

. (11)

In Fig. 10, our data on the γ strength function of 105Cd
and the photonuclear data are shown together with the model
calculations for the lowest temperature Tmin in the GLO model.
It can be seen that the calculations are in reasonable agreement
with the Pd data from Ref. [36] and our data down to Eγ ≈
3.5 MeV. For lower γ energies, our data show significantly
more strength than the constant-temperature calculations.

Because γ decay has a considerable probability also above
Sn for 105Cd, see Fig. 2, we have extracted the strength function
for this nucleus up to Eγ ≈ 9.3 MeV. This is done by choosing
a higher Eγ limit of 2.25 MeV in the first-generation matrix to
ensure that we do not mix with data from the 104Cd channel.
The resulting strength function is displayed in Fig. 10 as open
squares. Although the statistical errors are quite large, we are
able to bridge the gap up to the (γ, n) measurements, thus
further supporting the presence of an enhanced strength in the
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FIG. 10. (Color online) Calculations using the GLO model with a
constant temperature (Tmin) and a variable temperature (Tf ∝ √

Ef )
compared to data of 105Cd for the normalization giving the lowest
possible low-energy strength (FG) and the highest (combinatorial-
plus-HFB, reduced spin window). The black triangles show the
extracted strength function for a higher cut on Eγ and E in the
first-generation matrix of 105Cd. Photonuclear data from Refs. [35,36]
are also shown.
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6–10 MeV region. It is also a strong indication that the 〈�γ 〉
value we have chosen for normalization is reasonable.

The resulting γ -strength models for all the Cd isotopes
studied here are shown together with our data and the
photonuclear data in Fig. 11. We observe that the models
fit our data quite well, in particular for 111,112Cd. The extra
strength between Eγ ≈ 5–8 MeV seems to be well described
by a Gaussian function just as in the Sn case.

As of today, the origin of this strength is not well
understood. It could be due to enhanced probability for E1
transitions due to the so-called neutron skin oscillation, see
Refs. [6,7] and references therein. There is also a possibility
that the M1 spin-flip resonance gives more strength than the
parametrization we have adopted here. In a recent work on
90Zr by Iwamoto et al. [37], it is shown how both an E1
pygmy dipole resonance and an M1 resonance are present in
the energy region Eγ ≈ 6–11 MeV, with similar strengths. It
could be that the same is the case also for the Cd isotopes.
Unfortunately, with our experimental technique it is not
possible to separate E1 and M1 transitions in the γ strength. It
would therefore be highly desirable to investigate this further
with the experimental technique applied in Ref. [37].

Assuming that all the pygmy strength is of E1 type, we have
compared the energy-integrated strength of this structure with
the classical energy-weighted Thomas-Reiche-Kuhn (TRK)
sum rule (without exchange forces) given by [38]

σTRK 
 60
NZ

A
[MeV mb] . (12)

The results are shown in Table III.
The uncertainty of the normalization gives a rather large

uncertainty in the fraction of the sum rule, but the general
trend is an increasing pygmy strength as the neutron number

TABLE III. Maximum and minimum integrated strengths of the
pygmy resonance.

Nucleus σ (Tmax) σ (Tmin) TRK % of TRK
(MeV mb) (MeV mb) (MeV mb)

105Cd 11.3 21.8 1563.4 0.7–1.4
106Cd 11.3 24.4 1575.9 0.7–1.5
111Cd 17.4 28.7 1634.6 1.1–1.8
112Cd 24.4 37.4 1645.7 1.5–2.3

increases. This is in agreement with expectations based on the
neutron-skin oscillation mode, see for example Ref. [39].

We note that for 105,106Cd, the models underestimate the
strength for Eγ < 3 MeV. Also, we find it not possible to
compensate for this by just increasing Tf , because then the
overall strength will be too large for the data at higher γ
energies. In an attempt to describe the extra strength at low
γ energies, we have tested a variable temperature of the final
levels, Tf ∝ √

Ef , in the GLO model. This is shown as a solid,
blue line in Fig. 10. It is seen that the variable-temperature
model is rather successful in describing the low-energy data
for the normalization giving the lowest low-energy strength.

It is however hard to explain why one should have a constant
temperature for 111,112Cd and a variable one for 105,106Cd. By
inspecting the level densities, they all have an approximately
constant slope in log scale, compatible with a constant-
temperature level density ρCT(E) ∝ exp(E/T ). This has re-
cently been supported by particle-evaporation experiments
in lighter nuclei [40]. In addition, the variable-temperature
approach is not able to reproduce the data normalized to
give maximum strength at low γ energies (reduced spin
range for the initial levels). We therefore conclude that it is
more probable that some low-lying strength is present below
Eγ ≈ 3.5 MeV for 105,106Cd, similar as for the Mo isotopes
but not as strong. However, one must keep in mind that the
uncertainty in the level-density normalization hampers any
firm statements. Further studies of nuclei in this mass region
are ongoing, and will hopefully shed more light on this issue.

V. SUMMARY AND OUTLOOK

The level densities and γ -ray strength functions of
105,106,111,112Cd have been deduced from particle-γ coinci-
dence data using the Oslo method. The level densities are
in excellent agreement with known levels at low excitation
energy. We note that the slope in level density decreases from
the heavier 111,112Cd to the lighter 105,106Cd. This is probably
due to the neutron number approaching the N = 50 closed
shell.

The γ -ray strength functions for all the Cd isotopes display
an enhancement for Eγ > 4 MeV, very similar to features
observed in the previously studied Sn isotopes. The nature of
this extra strength could not be determined in the present work,
but could in principle be due to both E1 and M1 transitions.
Future investigations are highly desirable to resolve these
multipolarities.
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At γ -ray energies below 3 MeV, the γ -strength function
of the lighter 105,106Cd isotopes show an increase compared
to 111,112Cd. Although this might be due to the vicinity of
the N = 50 shell closure and the resulting reduced level
density in the lighter isotopes, it is more likely that this
work uncovered the mass region exhibiting the onset of
the low-energy enhancement. Further measurements are in
progress and the results will provide more details regarding
this transitional region.
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Abstract

HIE-ISOLDE is the upgrade of the radioactive ion beam facility ISOLDE at

CERN. Nuclear reactions are simulated for realistic HIE-ISOLDE beam param-

eters and the performances of a mass separator and a ray-tracing spectrometers

are compared.

1. Introduction

The ongoing HIE-ISOLDE upgrade [1, 2] of the ISOLDE radioactive ion

beam facility at CERN encompasses the energy upgrade of the post-acceleration

and improved beam characteristics. The first stage of the energy upgrade will

make 5.5 MeV/u beams available by 2014/2015 and the final stage 10.2 MeV/u

by 2016/2017. This work explores the suitability of mass separator and ray-

tracing spectrometers for nuclear reaction experiments at HIE-ISOLDE, assum-

ing realistic beam parameters.

Nuclear reaction studies are expected to be an essential part of the exper-

imental program with post-accelerated Radioactive Ion Beams (RIB) at HIE-

ISOLDE. In reaction studies with an unstable isotope as the beam, a separator

or spectrometer may be useful for tagging the beam constituent of interest,

selecting the reaction channel of interest or for reducing the experimental back-

ground. Mass separators are ion-optical devices that disperse reaction products

at the focal plane according to their mass-to-charge ratio; A/q. Ray-tracing

∗Corresponding author
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spectrometers are spectrometers that do not physically separate the transmit-

ted reaction products at the focal plane. The ion identification depends upon

track reconstruction based upon position measurements ant time-of-flight from

at least two positions at a proper distance. Mass separators have the advantage

of high resolution and potentially high beam rejection. However, the mass reso-

lution usually depends crucially on the spatial and angular extent of the reaction

products entering the device, due to aberrations that depend on geometric fac-

tors. This effectively limits the possible acceptance of mass separators. A typical

example of a mass separator built for reaction studies is the Fragment Mass An-

alyzer at Argonne National Lab [3]. For the case of ray-tracing spectrometers,

aberrations affecting the mass resolution will can partly be corrected during

in the tracking procedure during off-line analysis, allowing devices with large

acceptances. VAMOS at GANILi [4, 5] and PRISMA at INFN, LNL [6, 7] are

examples of ray-tracing spectrometers dedicated nuclear physics experiments.

To further explore the suitability of mass separators and ray-tracing spec-

trometers for the experimental conditions expected at HIE-ISOLDE, simulations

have been carried out for one mass separator layout based upon the design of

EMMA at TRIUMF [8] and the second based upon PRISMA at LNL. The focus

in this work is transfer reactions in inverse kinematics because this type of reac-

tion is both expected to be of great interest and because they are in particular

challenging to separate properly. Cases have been selected to cover a variety of

masses and angular distributions of the products. In addition one case of deep

inelastic transfer reactions has been selected.

2. Physics Cases

HIE-ISOLDE offers a unique possibility for campaigns of reaction studies us-

ing exotic isotopes due to the large number of available secondary beams. Direct

transfer reactions are foreseen, from the letters-of-intent for HIE-ISOLDE, to be

an important part of the experimental program at HIE-ISOLDE. Direct reac-

tions such as (d,p) and (d,n) provides information the single particle structure

of the populated in the experiment, in the form of spectroscopic factors, and is
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therefor important input to nuclear shell model calculations. As such, spectro-

scopic factors may also be important for testing the performance of theoretical

predictions for single particle states. Transfer reactions in inverse kinematics

are experimentally demanding as the outgoing cone of heavy recoils is sharply

forwardly focused thus overlapping with the beam. The outgoing light ejectiles

on the other hand cover large angles as illustrated by figure 1.

Figure 1: Panel a) The angular distributions of reaction products of three reactions in di-
rect reactions in inverse kinematics at 10MeV/u beam energy. Panel b) The charge state
distribution of 133Sn after a 0.1 mg/cm thick deuterated polyethylene target.

Typically the cone’s angular extent ranges from ±15 deg with respect to the

direction of impact for light projectiles to ≤ ±1 deg for heavier beams. A set of

transfer reactions ranging from light masses (Li) and up to rather heavy masses

(Pb) have been simulated. An overview of the selected reactions is given in
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table 1.

Table 1: The reactions chosen for the current work. The Q-value and kinematics calculcula-
tions are based upon the data in reference [9].

Reaction Q-value [MeV]
9Li(d,n)10Be 17.4

22Mg(d,n)23Al -2.08
68Ni(d, n)69Cu 7.34
132Sn(d,p)133Sn 0.018

191Pb(dd,p)192Pb 8.18

3. Beam properties

The beam parameters chosen for the simulations presented in this paper

are the parameters expected once the existing linac at ISOLDE has been com-

pletely replaced with the new superconducting modules for the HIE-ISOLDE

upgrade, as given in table 2. The emittance is given as ε90%rms. The phase-

space distribution of the coordinates of the beam bunches are approximated

as 2D Gaussian distributions. The time-energy coordinates are assumed to be

decoupled from the spacial coordinates, also with a Gaussian distribution. The

Table 2: Expected beam parameters at HIE-ISOLDE.

Energy εx−x′,90%rms εy−y′,90%rms

[MeV/u] [mmmrad] α β γ [mmmrad] α β γ
5.9 4.34 0.27 1.00 1.07 4.05 -0.04 1.07 0.97
10.2 3.13 0.292 1.54 0.71 3.20 0.002 1.21 0.83

emittance will depend upon the charge-to-mass ratio (A/q) of the accelerated

beam. For the A/q = 4.5, the largest value accepted by the linac, the normalized

transverse emittance, εn,90%rms = 0.3 mm mrad [10]. This value is consequently

used in the simulations discussed in this dissertation. It has also been assumed

that the beam can be delivered at the secondary target position with any set of

Courant-Snyder parameters calculated from the geometric emittance. The emit-

tance growth from the linac exit to the secondary target position is assumed to

be negligible in the simulations.
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A beam-spot of 1 mm diameter at the secondary target will, thanks to the

conservation of emittance, result in a angular extension of the beam of about

≈ 5 mrad, as illustrated by figure 2. If a larger diameter of the beam-spot is

acceptable, a smaller angular deviation is achieved, as shown in the graph of

figure 2.

Light beams can achieve full stripping when interacting with the fixed tar-

get for the beam energies available at HIE-ISOLDE. For heavier beams, such as

Sn-isotopes, the ions interacting with the target will have a broad distribution

of charge states and the maximum angle of deflection will be very small as illus-

trated in figure 1 for the case of 133Sn. In other words, the recoils’ deflections is

comparable to the deviation of the beam. A spectrometer for reaction products

at HIE-ISOLDE must therefore handle high workloads (either by high beam

rejection or fast readout) and cover a large solid angle.
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Figure 2: Upper panel: The emittance assuming 1 mm diameter beam-spot at the secondary
target. Lower panel: How the maximum angular deviation of the beam varies with the
maximum x-deviation (for εn,90% at 5 Mev/u) at the target position.
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4. Simulation details

Nuclear transfer reactions with secondary beams available at ISOLDE are

simulated using a simple brute force Monte Carlo approach. The spacial-

momentum coordinates of the beam particles were sampled from from separate

2D Gaussian distributions for the x−x′ and y−y′ planes. The initial beam en-

ergy of every particle was sampled from an independent Gaussian distribution,

while the time of arrival at the target was assumed to be separable from the

energy and was sampled from a function parametrized to match the expected

macro time-structure. The transfer reactions are simulated in inverse relativistic

kinematics assuming a uniform distribution with respect to the centre-of-mass

angle. Finally, the beam interaction with matter in detectors was simulated with

the Monte Carlo simulation package, GEANT4 [11, 12] and the charge state dis-

tributions where calculated with Lise++ [13] using the model of Schiwietz and

Grande [14].

5. Ion-optical calculations and transport

The ion-optical maps used in the simulations included here were calculated

using COSY infinity 9.1 [15]. The tracks through the ray-tracing ion-optical

layout were reconstructed. The bending radius through the magnetic dipole was

found by an iterative procedure. An experimental uncertainty of ≈ ±0.1 mm

was added to the position of the ions at a distance of 240 mm from the target.

The bending radius of the ions through the magnetic dipole, ρion, was then

found by an iterative procedure. ρion was fitted to give a difference between the

calculated and simulated position at the focal plane ≤ 1 mm. The total flight

path, lion, and velocity, vion, were then found by integrating the path from

the target to the focal plane. The experimental uncertainty, due to electronic

readout, in measuring time-of-flight was assumed to be 0.5 ns FWHM.

Nuclear reactions in different mass regions described in section 2 have been

simulated for two different spectrometer layouts. One layout is based on the

design of the mass seperator EMMA that is currently being built at TRIUMF
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in Canada [8]. This layout is symmetric with two magnetic quadrupoles at

both entrance and exit, and with two electrostatic dipoles centered around a

magnetic dipole, see figure 3. These layouts were chosen as they represent two

different ways of performing mass spectrometry. The distances between the

Figure 3: Upper panel: Ion-optical layout of ray-tracing spectrometer (not to scale). Lower
panel: Ion-optial layout of mass-separator (not to scale).

dipoles are adjusted so that energy dispersion is, to first order, cancelled and

at the focal plane dispersion is only due to the A/q of the transmitted ions.

The other layout is based on the PRISMA raytraycing spectrometer at LNL

in Legnaro [6]. This layout consists of a start detector that provides entrance

positions, directional angle and a start time signal, a magnetic quadrupole and
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a magnetic 60 degrees dipole magnet followed by a position-sensitive detector

that provides position and stop time. The position sensitive detector is followed

by an ionization chamber that provides charge and atomic number information

for the detected ions, as shown in figure. 3. The magnetic dipole disperses the

ions according to their momentum to charge ratio,p/q. As, for most reactions of

interest, the different products will have overlapping p/q the ion identification

depends upon track reconstruction. The main properties of the two layouts

utilized in this work are summarized in table 3. The GEANT4 geometry used

to simulate the interaction of the ions with the focal plane detector is shown in

figure 4.

6. Results for transfer reactions in inverse kinematics

The ray-tracing layout, thanks to a large acceptance, will transmit several

populated charge states to the focal plane both for the beam and reaction prod-

ucts, while the mass separator rejects both beam and one charge state. In the

case of light transfer reactions with rather light beams the beam and heavy

reaction products are well separated at the focal plane for both types of spec-

trometer layouts. The results shown and in figure 6 are for the spectrometer

case. The position, in the x-direction, of the ion at the focal plane is directly

related to the A/q-value of the ion. For the Ni case the full angular distribu-

tion of the reaction products could be transmitted to the focal plane with a

good result in terms of mass resolution. For the Sn and Pb cases the angle of

the incoming cone of reaction products had to be reduced to achieve adequate

Table 3: Comparison between the A/q-separator and ray-tracing layouts.

A/q-separator ray-tracing
Solid angle 16 msr 80 msr
Horizontal angular acceptance 3.6◦ 10.0◦

Vertical angular acceptance 3.6◦ 12.0◦

Mass resolution 1/368 1/300
Max Bρ 1.1 Tm 1.2 Tm
Max Eρ 25 MV -
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Figure 4: The focal plane detector geometry applied for the simulations for the ray-tracing
spectrometer layout, here shown with an ion track.

mass resolution. For the heavier cases, a certain portion of the beam is also

transmitted to the focal plane, as also seen from table 4.

The results for the ray-tracing layout are shown in figure 7 for the ray-

tracing case. The shown mass resolution is the result of tracking the ions and

reconstructing the mass. Therefore all charge detected charge states for a given

isotope will be collected in the same mass peak. For the cases of Be and Al, the

beam could be blocked out in the simulations, as the beam and recoil are well

separated after the dipole magnet. For the heavier cases, the beam overlaps the

recoils and the charge states of the beam is equally well transmitted to the focal

plane. The maximum count rates at the focal plane corresponds to ≈ 0.1 of the

total beam intensity per cm2. The mass resolution for the ray-tracing layout

was found to depend heavily upon correct identification of the charge states,

and the time-of-flight resolution. The simulated charge state distribution for

the Cu case is shown in figure 5.

For the case of 132Sn(d,p)133Sn simulations have also been carried out for
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beam spots of different sizes to study the importance of the beam spot size for

the mass resolution at the focal plane, see figure 8 for the mass separator layout.

As shown the physical extension of the beam spot is rather important for this

type of device. For the ray-tracing type little difference is seen between a 1 mm

and 5 mm radius beam spot. The simulation results for transfer reactions in

inverse kinematics are summarized in table 4.

Figure 5: The simulated charge state separation for the Cu case.

Table 4: Simulation results. Alt.1 is the ray-tracing layout and Alt.2 the recoil separator, as
described above.

Reaction Beam energy Yield ∆ A Yield ∆A/A Beam
Alt.1 Alt.2 rej.

9Li(d,n)10Be 5.0 MeV/u 100% 236 54% 983 100%
22Mg(d,n)23Al 5.0 MeV/u 55% 256 54% 806 100%
68Ni(d, n)69Cu 5.0 MeV/u 99 % 327 22 % 330 88.1%
68Ni(d, n)69Cu 10 .0 MeV/u 97 % 319 22 % 331 87.7%
132Sn(d,p)133Sn 5.0 MeV/u 98 % 318 38 % 368 93 %
132Sn(d,p)133Sn 10.0 MeV/u 96 % 298 36 % 354 95 %

191Pb(dd,p)192Pb 5.0 MeV/u 97 % 274 14.6 % 398 90 %
191Pb(dd,p)192Pb 10.0 MeV/u 96 % 271 6.6 % 363 96 %
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Figure 6: Mass spectra for recoil the separator layout.
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l

Figure 7: Mass spectra, after tracking, for the ray-tracing spectrometer layout.
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Figure 8: The importance of beam-spot size for mass separator layout. Here shown for the
case of 133Sn at 5 MeV/u. Panel a) 0.5 mm radius circular beamspot at the target. Panel
b) A 1 mm radius beam spot. Panel c) A 2 mm radius beam spot. Panel d) A 6 mm radius
beam spot.
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7. Summary and outlook

The HIE-ISOLDE linac upgrade that will make 10 MeV/u beams available

is expected to be finalized by the run period 2016 and a spectrometer is planned

to be installed by then. This provides the time frame for the for use when the

final energy upgrade stage is completedand commissioned during the following

shut down periods.
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Chapter 8

Conclusion and outlook

Through the work presented in this dissertation the level scheme of the
moderately neutron rich isotopes 167Ho, 168Ho and 169Ho has been extended.
The experimental level scheme was utilized to extract information on the
quadrupole deformation of the odd isotopes studied through a least-square fit
of the parameters of the PTR-model. This method of extracting information on
the deformation shows promise for isotopes that are not experimentally available
for direct measurements of quadrupole deformation. This is the first time that
the deformation parameters for these Ho-isotopes have been determined from
experimental data. The developed method could be important for future studies of
the deformations of isotopes with short lifetimes.

The level density and radiative strength function for the isotope 44Ti was
extracted from the first generation particle-γ-ray matrix from the 46Ti(p, tγ)44Ti
reaction. A set of model and parameter combinations were shown to reproduce
the primary γ-ray spectra and the averaged Maxwellian cross section for the
stellar production of 44Ti was calculated. The results have given important
information on the production rate of this isotope in super novae, and thus
has taken science one step closer to explaining the large discrepancy between
theoretical expectations for the abundance of 44Ti and experimental abundance
numbers from astrophysical observations.

The isotope 44Ti is a typical example of an isotope that is challenging to
study with the Oslo method. The cross section for producing 44Ti in experiments
with stable beams and targets is low, and the target utilized contained significant
amounts of contaminants. The results from the 46Ti(t, p)44Ti experiment
demonstrates that even for targets with rather high impurities, the Oslo method
may also be applied. The fact that the level density function and radiative strength
function for 44T was successfully extracted, has moved the boundary for the type
of physics cases to be considered as candidates for the Oslo method.

The level densities and radiative strength functions of 105,106,111,112Cd have
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been extracted from particle-γ coincidence data using the Oslo method. The
radiative strength functions of 111,112Cd show no strong enhancement for the low
γ-ray energies. All the Cd-isotopes investigated have strong similarities to 117Sn at
higher γ-ray energies, which we interprete as a neutron-skin resonance. 105,106Cd
show a moderate low energy enhancement of the radiative strength function.
Previous studies of nuclei with fewer protons than Cd have all shown a low energy
enhancement of the radiative strength function. Nuclei with more protons than Cd
all lack the low energy enhancement. Furthermore, the radiative strength functions
of an isotopic chain have all displayed similar shape. This is the first time that a
drastic change of the radiative strength function has been observed as a function
of neutron number. The low energy enhancement has been shown to have a great
impact on the neutron capture cross section if present in neutron-rich nuclei. The
Cd-results demonstrate the importance of conducting experimental studies of the
radiative strength function of neutron-rich isotopes.

A set of nuclear reactions have been simulated using realistic beam parameters
for HIE-ISOLDE. The transfer of reaction products have been calculated for
a recoil separator layout and a ray-tracing layout. The two types of devices
have been compared, showing that the recoil separator has superior beam
rejection. This is a positive factor with regards to count-rate issues and detector
considerations. Furthermore, the mass separator layout is superior with regards
to mass resolution. The ray-tracing device is superior with regards to flexibility
and recoil transmission. Simulations have also been carried out to study the
response function of LaBr3:Ce scintillator γ-ray detectors. The experiments at
OCL with LaBr3:Ce scintillator detectors clearly demonstrate the advantage of
these detectors for the Oslo method.

8.1 Outlook
The natural continuation of the work in this dissertation will be the design
study for a HIE-ISOLDE spectrometer followed by experimental campaigns
utilizing the device and the wide experimental opportunities that will be present
at HIE-ISOLDE. HIE-ISOLDE offers a wide range of high quality beams. At
the Oslo Cyclotron laboratory the CACTUS detector array is to be upgraded with
LaBr3 scintillator detectors and two new detectors have been acquired so far. This
upgrade is undertaken with the possibility of also employing the detectors at other
facilities in mind. In particular it is interesting to study the decay of unstable
nuclei from high excitation energies and the statistical properties of exotic nuclei.

One pressing question, is the nature of the low energy enhancement of the
radiative strength function. The Oslo group has been allocated beam time for
a study of the statistical properties of neutron rich nuclei in inverse kinematics,
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starting with a 66Ni-beam [125]. As mentioned, the low energy enhancement
of the radiative strength function if present in neutron rich nuclei will strongly
affect the neutron capture cross sections. This is an important input to stellar
models of the synthesis of elements heavier than iron. If successful, it will be
interesting to also study the radiative strength function of neutron rich Cd-isotopes
and Sn-isotopes. I would also like to propose to study the spin distribution of states
and the properties of the pygmy resonances in both proton and neutron rich Sn-
and Cd-isotopes.

The results on 44Ti shed new light on the stellar production of this isotope, but
the large abundance observed in Cassiopeia A remains unexplained. If attempts at
producing ISOL-beams consisting of Ti-isotopes are successful, it would be very
interesting to study the statistical properties of 44Ti in inverse kinematics.
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Appendix A

Emittance and Twiss parameters

A.1 What is emittance

Emittance can be thought of as the position of the particles in a beam bunch
multiplied by the diversion of that same bunch. Longitudinal emittance: The rms
normalised emittance, εN is given by according to Lapostolle (1971) [126]:

εN = βγε =< βiγi >
2 (< xi

2 >< ai
2 >−< xiai >) (A.1)

Figure A.1: Emittance
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Definition of transverse emittance:

εtrans = 6π
w2−D2(d p

p )2

B
(A.2)

Where w is the width of the ion beam, d p
p is the momentum spread, D is the

dispersion function at the measurement spot in the accelerator/beam line and B is
the value of the β function at the measurement point. Normalized emittance. The
standard definition uses an average βγ to correct for the acceleration. As long as
the beam has small momentum spread this is a good approximation.

Emittance growth [127].

A.2 The Twiss parameters
The linear transformation of elliptical emittance diagrams is specified by the
Twiss parameters A, B, C and ε . The equation for an ellipse centered on the
x-y coordinate axis is given by:

Cx2 +2Axy+By2 = ε (A.3)

Where x is the deviation from the optical axis in the horisontal direction, y in the
vertical direction, C and B are associated with the eccentricity of the ellipse in
x and y, while A gives the inclination of the ellipse with respect to the x− and
y−axis. As mentioned before, the emittance, ε , equals the product of the ellipse’s
extension along the x- and y-axis, or 1

π
of the area of the ellipse. Other parameters

such as α , β og γ [128]. The envelope equations are derived in ref. [129].
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Appendix B

CLARA angles

The angular positions of the CLARA crystals used for Doppler correction:
Crystal no. 002 θ = 171.1000 φ = 225.0000
Crystal no. 003 θ = 171.1000 φ = 315.0000
Crystal no. 000 θ = 171.1000 φ = 45.0000
Crystal no. 001 θ = 171.1000 φ = 135.0000

Crystal no. 006 θ = 157.9000 φ = 351.4000
Crystal no. 007 θ = 150.5000 φ = 353.3000
Crystal no. 004 θ = 150.5000 φ = 7.7000
Crystal no. 005 θ = 157.9000 φ = 9.6000

Crystal no. 010 θ = 157.9000 φ = 81.4000
Crystal no. 011 θ = 150.5000 φ = 83.3000
Crystal no. 008 θ = 150.5000 φ = 97.7000
Crystal no. 009 θ = 157.9000 φ = 99.6000

Crystal no. 014 θ = 157.9000 φ = 171.4000
Crystal no. 015 θ = 150.5000 φ = 173.3000
Crystal no. 012 θ = 150.5000 φ = 187.7000
Crystal no. 013 θ = 157.9000 φ = 189.6000

Crystal no. 018 θ = 157.9000 φ = 261.4000
Crystal no. 019 θ = 150.5000 φ = 263.3000
Crystal no. 016 θ = 150.5000 φ = 277.7000
Crystal no. 017 θ = 157.9000 φ = 279.8000

Crystal no. 021 θ = 135.1000 φ = 45.4000
Crystal no. 022 θ = 137.5000 φ = 36.7000

133



APPENDIX B. CLARA ANGLES

Crystal no. 023 θ = 132.7000 φ = 32.0000
Crystal no. 020 θ = 129.3000 φ = 40.1000

Crystal no. 026 θ = 129.3000 φ = 140.9000
Crystal no. 027 θ = 132.7000 φ = 149.1000
Crystal no. 024 θ = 137.5000 φ = 144.4000
Crystal no. 025 θ = 135.1000 φ = 135.7000

Crystal no. 028 θ = 135.1000 φ = 225.5000
Crystal no. 029 θ = 137.5000 φ = 216.7000
Crystal no. 030 θ = 132.7000 φ = 212.1000
Crystal no. 031 θ = 129.3000 φ = 220.2000

Crystal no. 034 θ = 129.3000 φ = 321.0000
Crystal no. 035 θ = 132.7000 φ = 329.2000
Crystal no. 032 θ = 137.5000 φ = 324.4000
Crystal no. 033 θ = 135.1000 φ = 315.7000

Crystal no. 038 θ = 131.4000 φ = 355.8000
Crystal no. 039 θ = 124.5000 φ = 356.2000
Crystal no. 036 θ = 124.5000 φ = 4.8000
Crystal no. 037 θ = 131.4000 φ = 5.2000

Crystal no. 042 θ = 131.4000 φ = 85.8000
Crystal no. 043 θ = 124.5000 φ = 86.2000
Crystal no. 040 θ = 124.5000 φ = 94.8000
Crystal no. 041 θ = 131.4000 φ = 95.2000

Crystal no. 046 θ = 131.4000 φ = 175.8000
Crystal no. 047 θ = 124.5000 φ = 176.2000
Crystal no. 044 θ = 124.5000 φ = 184.8000
Crystal no. 045 θ = 131.4000 φ = 185.2000

Crystal no. 050 θ = 131.4000 φ = 265.8000
Crystal no. 051 θ = 124.5000 φ = 266.2000
Crystal no. 048 θ = 124.5000 φ = 274.8000
Crystal no. 049 θ = 131.4000 φ = 275.2000

Crystal no. 054 θ = 103.8000 φ = 356.9000
Crystal no. 055 θ = 97.8000 φ = 356.9000
Crystal no. 052 θ = 97.8000 φ = 4.1000
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Crystal no. 053 θ = 103.8000 φ = 4.1000

Crystal no. 058 θ = 103.8000 φ = 26.9000
Crystal no. 059 θ = 97.8000 φ = 26.9000
Crystal no. 056 θ = 97.8000 φ = 34.1000
Crystal no. 057 θ = 103.8000 φ = 34.1000

Crystal no. 062 θ = 103.8000 φ = 56.9000
Crystal no. 063 θ = 97.8000 φ = 56.9000
Crystal no. 060 θ = 97.8000 φ = 64.1000
Crystal no. 061 θ = 103.8000 φ = 64.1000

Crystal no. 066 θ = 103.8000 φ = 86.9000
Crystal no. 067 θ = 97.8000 φ = 86.9000
Crystal no. 064 θ = 97.8000 φ = 94.1000
Crystal no. 065 θ = 103.8000 φ = 94.1000

Crystal no. 070 θ = 103.8000 φ = 116.9000
Crystal no. 071 θ = 97.8000 φ = 116.9000
Crystal no. 068 θ = 97.8000 φ = 124.1000
Crystal no. 069 θ = 103.8000 φ = 124.1000

Crystal no. 074 θ = 103.8000 φ = 146.9000
Crystal no. 075 θ = 97.8000 φ = 146.9000
Crystal no. 072 θ = 97.8000 φ = 154.1000
Crystal no. 073 θ = 103.8000 φ = 154.1000

Crystal no. 078 θ = 103.8000 φ = 176.9000
Crystal no. 079 θ = 97.8000 φ = 176.9000
Crystal no. 076 θ = 97.8000 φ = 184.1000
Crystal no. 077 θ = 103.8000 φ = 184.1000

Crystal no. 082 θ = 103.8000 φ = 206.9000
Crystal no. 083 θ = 97.8000 φ = 206.9000
Crystal no. 080 θ = 97.8000 φ = 214.1000
Crystal no. 081 θ = 103.8000 φ = 214.1000

Crystal no. 086 θ = 103.8000 φ = 236.9000
Crystal no. 087 θ = 97.8000 φ = 236.9000
Crystal no. 084 θ = 97.8000 φ = 244.1000
Crystal no. 085 θ = 103.8000 φ = 244.1000
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Crystal no. 090 θ = 103.8000 φ = 266.9000
Crystal no. 091 θ = 97.8000 φ = 266.9000
Crystal no. 088 θ = 97.8000 φ = 274.1000
Crystal no. 089 θ = 103.8000 φ = 274.1000

Crystal no. 094 θ = 103.8000 φ = 296.9000
Crystal no. 095 θ = 97.8000 φ = 296.9000
Crystal no. 092 θ = 97.8000 φ = 304.1000
Crystal no. 093 θ = 103.8000 φ = 304.1000

Crystal no. 098 θ = 103.8000 φ = 329.9000
Crystal no. 099 θ = 97.8000 φ = 329.9000
Crystal no. 096 θ = 97.8000 φ = 334.1000
Crystal no. 097 θ = 103.8000 φ = 334.1000
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