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FILTERS FOR LIMITED ANGLE TOMOGRAPHY

ABSTRACT

Tomographic reconstruction from projections has been studied for the
case where projections are available within only a limited angular range.
This situatioﬁ is of interest in transmission computerized tomography (<D
with the desire to reduce patient radiation dose and decrease scan time,
but is of particular interest in emission CT employing a dual-detector,
large area, statiounary positron camera. Efficient usage of the data from
such a camera requires full, three—dimensiomal reconstruction with the re-
stricted range of projections viewed by the imaging system. Cne such re-
construction algorithm, based on back-projection with subsequent frequency
space filtering, has been cousidered, and the derivation of anmalytic ex-
pressions for the appropriate filters corresponding to four possible point
response functions is given. The effectiveness of the filters for decon-

volution is demonstrated for some computer-simulated images.

Terms: Positron emission tomography - Emission computed tomography -

Limited angle reconstruction - Three-dimensional deconvolution.

IR R NEY Ve TR R IEY RE TR T SRR R UL ML DT T RN L LR s UL L B L L



1. INTRODUCTION

The X-ray transmission scanner, by combining information from a
series of one—dimensional projections, is able to recomstruct the distri-
bution of linear attenuation coefficients for a two~dimensional, trans-
verse cross—section of the human body. Usually, the projection angles are
distributed uniformly through 360°, with a spacing that depends upon the
resolution required in the final image. Interest in reconstructions where
the projection angles are limited to a range of less than 360° stems from
the desire to reduce both the scan time and the dose delivered to the

patient, while maintaining an image resolution adequate for diagnosis.

The imaging information in emission tomography comes from photons
emitted by a radiocactive source distributed within the patient. Interest
in limited angle reconstructions arises in this case from restrictions
imposed by the geometry of the imaging system. Since the photoms are
emitted isotropically into the full solid arngle, the dose delivered to the
patient is clearly independent of the number and angular distribution of
the projections actually measured. Maximum use of the available informa-
tion is obviously made by covering as much of the full solid angle as
practically possible. No imaging system offers complete coverage, and,
in nuclear medicine, detection is usually limited to photons from a single
direction incident on a large area, position-sensitive detector. Although
the detector (e.g. an Anger camera) 1s sensitive to photons from any
direction within its acceptance angle, restriction to only one directiom,
by means of a lead collimator, is necessary to form a meaningful projec—
tion of the radionuclide distribution. The multiple projections required
for tomography are obtained by rotating tﬂis system through one complete

. 1) . .
revolution ~, or by rotating a pair of such detectors through half a
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revolution ). Reconstructicn methods amalogous to those for X-ray trans-
. 3) . . . .
misslon tomography are then used to produce a series of two-dimensional

transverse sections mapping the internal radionuclide distribution.

An obvious disadvantage of the above system is the need to limit the
direction of the incident photons to form a meaningful image, thereby re-
ducing considerably the potential sensitivity of the camera. This draw-
back is overcome with the use of positron-emitting radionuclides, where,
instead of the emission of a single photon, the radiocactive decay releases
a positive electronh). The two photoans that are created by the subsequent
positron-electron annihilation are emitted 180° apart, so that detection
of this photon pair in coincidence defines a direction (see fig. 1). The
directional restrictions of single-photon emission may now be relaxed,
accepting all incident photons and resorting into specific projections at

a later time.

The rotation of a dual detector system operating in coincidence col-
lects sufficient projéction information for a complete tomographic recon-
structioﬁs), providing the angle of rotation is at least 180°. Additional
projections are redundant except in as far as they help reduce statistical
error. When the rotational angle is less than 180° or, more likely, the

§)

detector system is stationary, limited angle recomstruction is necessary .

The most commonly used reconstruction methods are variatioms cof the

7,8}

filtered-back projection approach , with the filtering usually perfor-—

med in Fourier space. Determination of the appropriate frequency—space
filter is therefore a prerequisite of the reconstruction. The image ob-

5)

tained by simple back-projecticn of the projection data may be expressed

as a convolution of the unknown radionuclide distribution with the point
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response function of the imaging system ', so that the corresponding
frequency-space filter is the Fourier transform of this response func-

tion.

This paper will describe the derivation of a class of filters appro-~
priate for limited angle reconstruction based om back-projection with
filtering. For completeness, an outline of the reconstruction method will
be given in the next sectiom, andlthe choice of a suitable point response
function is discussed in sectionm 3. Section 4 covers the derivation of
the filters, and in sectioun 5 some reconstructions for computer-simulated

images are presented.

2. TFOURIER DECONVOLUTION

The unmodified, simple back-projection of a series of projections ob-
tained by imaging a single point, yields a function that represents the
system response to a poiat source. If simple back-projection gave a true
recoustruction, the point response fumction would also be a point, but
this is of course not the case. In two dimensions, for section imaging,
the system point response function (p.r.f.) varies as the inverse distance
from the poiat source, while in three-dimensions the p.r.f. varies as the
inverse square of this distancelo). Assuming this function is invariant
of the position of the point source within the field of view of the imaging
system, the result of imaging an unknown, extended distribution £(x,y,2)
and then back—projecting the unmodified projections can be expressed as a

9.

convolution of £(x,v,z) with the invariant p.r.f., hix,y,z) :

fe ol

oo
£(x,v,2) = / jp j.f(x',y’,z') hix-x',y-y',z-2") dax’ dy’ dz' , (1)
S = —o
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where £(x,7,z) is the image estimate from simple back-projection. The
most elegant way to solve eq. (1) for the unknown function f£(x,y,z) 1s to
use the Fourier convolution theorem in three-dimensions, so that the con-

volution reduces to a point-wise product:

F(kxskyskz) = F(kx)ky’k—z) H(kx,ky’kz) » (2)
where
@ [~~] [0}
?(k ,k ,k ) = '[ [ .[ E(x,y,z) e—ZWL(XKx+yky+ZkZ) dx dy dz {3a)
Xy zZ S0 = -
o e ] vl
F(k ,k ,k ) = .[ f .[ f(x,y,2) e_ZWICka+yky+Zkz) dx dy dz {3b)
L z —_— - =0 .
[+ o] =] 2]
Hik_,k_,k ) = J. j- jr h(x,y,z) e_ZWl(ka+yky+Zkz) dx dy dz . (3¢)

Equation (2) may then be solved formally for F(kx,ky,kz):
= F 4
Bl koak) = Bl ko k) /B KK )
assuming H(kx’ky’kz) # 0. The function f£(x,y,z) is then obtained from the
inverse Fourier transform of F(kx,ky,kz). The practical problems associa-
ted with the implementation of this Fourier deconvolution method have been

1)

. . Byl )
discussed extensively elsewhere ’ and will not be repeated here.

The functiom %(x,y,z) is represented as a three-dimensional grid of
measured samples, and thus f(kx,ky,kz) is cbtained from the discrete
Fourier transform of %(x,y,z). The function h(x,y,z), however, camn often

) such that eg. (3¢) could be

. . . 1
be expressed in a simple algebralc form
directly evaluated to vield a closed-form expression for H(kt’ky’kz)' Such

an expression would eliminate the need for numerical integration and offer

greater flexibility to the Fourier deconvolution method.
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Unfortunately, the evaluation of this integral is not always straight-
forward. The degree of difficulty depends on the angular limitations of
the imaging system. Thus, if the point Tesponse fgnction is zero outside

a three-dimensional region denoted by {, eq. (3¢) may be written:

Hlk,kgok ) = ﬂf h(x,y,2) o 2TL Rt YRy ERE) gy gy gz (5
Q

The integratiom is straightforw&rdlz) for @ = 47, the full solid
angle, but this does not correspond to a practically realizable system.
Tquation (5) has also been evaluated for the case of the circularly sym-
metric, rotating dual-detector positron camerala). In section & of this
paper, eq. (5) will be ovaluated for the more restrictive region imposed

by a stationary detector system. First, however, it is necessary to pro~

vide an algebraic representation of the system response function.

3. THE SYSTEM POINT RESPCNSE FUNCTION

The amplitude of the point respomse function, a distance r from an
isotropic point source of unit strength, is given by the usual Luverse
square law:

r? = x% + yz + z% (6)

h(x,y,z) =
s it

For 2 limited angle, stationary system, the amplitude of the p.r.f.
is given by eq. (&) within the acceptance come of the system, and will be
zero outside. The geometry of this cone will depend upon the geometLry of

the detectors, as shown in fig. 2 for detectors of square sectiom.

If F(x,v,z) is comstructed by back-projecting the projection data
~ onto two-d imensional planes parallel to the detectors, an additicnal fac-
tor of cos 8 is required to account for the angle (&) between the perpen-
dicular to the plane and the line joining any point on the plane to the

point source. 1In this case, the appropriate p.r.f£. is given by
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h(x’y’z) = Jﬂﬂl— cos 9 =

1]
4mr?

. (7)

Hin

For the integration region {, comes of both circular and square sec-—
tions are of interest, corresponding to the two types of detectors that
have been used as stationary positron imaging devices -- the Anger camera

13) )

. 19 .. . 6,1
(circular) '’ and the multiwire proportional chamber {square) ? .
The four functions of interest [eqs. (6) and (7) with square and circular
sections] may be combined into one expression, as follows. Let the maxi-

mum acceptance angles in the xz and yz planes be y: and ¥, (fig. 2), re-

spectively, and set

& = tan y; , 0 <y < % s
T
B = tan y; , 0 < Yy < 7
For n = 0,1 define the region Qn in three-dimensional space by
Q = {(x,y,Z) : 0< |yl sBlz], 0g V%% + ny? g cx|zf}

with the convention that ¢ = 8 if n = 1. Thus n = 0 corresponds to a cone

]

of rectangular cross-section, and n 1 to a cone of circular cross-
section. The special case of a square section is found by taking o = B

for n = 0.

For m = 0,1, define the functicn:

L 2]® for (x,v,2) €
. L2yirm/2 'Y n

I
i
4 (xz

2
+
h o (x,y,2) = 7

m,n

(8}
0 ctherwise

It is easy to see that the function h n(x,y,z) is identical to the

0,

function of eq. (6) within the region Qq, and the function h n(x,y,z) is

1,

identical to the function of eq. (7), again within the region Qr' Thus

the four functions of interest are combined into the single expression of

eq. (8).
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4. EVALUATION OF THE FILTER, H(k ,k ,k )
xI—yi—z=

Substituting eq. (8) into eq. (5), it is easy to verify that
H(kx,ky,kz) is real, and can be writtenm according to the notation intro-

duced in the previous section as:

w +8z Yalz-ny*

o
1 z
Hm,u(kx’ky’kz I j‘ (x? + y2 + z2)1+m/2
o Rz -/a?z-ny*

X COS (xkX + yky + zkz) dx dy dz . (9)

It can also be shown that H n(kx’ky’kz) is an even function in the

variables kx’ ky’ kz, and thus it is sufficient to evaluate the integral-

(9) for k., k_, k_ 2 0.
vy Tz
Introduce £, n, L as integratiom variables and u, v, w as Fourier

space variables by setting

X=C£C5, Y=5Cn, z =0, (10)
u = akx . v o= Bky R w o= kz . {(11)
With the netation
R (u,v,w) = — H [E- v w] (12)
m,n af ‘m,nta’ B’
and using eqs. (10) and (11), eq. {9) becomes
o+l +/l-un?
R n(u,v,w) = J[ jﬂ Jr cos [(ug + vn + Tié}z df dn dzg
’ ) (1 + a?g? + 8%n%)
—-v1-on*®
? (13)

Equation (13) is evaluated by considering the limit as y + = of

v o+l + l nP

2 (v, v = j j‘ J. cos L(uf + vn * Yic;z 4E dn dz , (14)
o (L +a?g? + 827
¢ -1 —yi-un*

DRI AR T F R T L TR IR s TR IR L ) R
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2 2 2

assuming always that u® + v* + w* > 0, Changing the order of integration

in (14), and integrating with respect to Z:

+1 +v‘/l--nnE
(v 1 jr Jf sin [(ug + yn + w)y] dZ dn
R (u,v,w) = — L (1)
wE . J(uE +vn s w1+ afE? + g2n2)lt0/2
“l /T-an?

Now, for u > 0, let

t=uE+wn+w or E=1(c-wn-w, (16)
and substituting into (13),
+1 bp
) - sin Yyt
Rm’n(u,v,W) = ffgm(t,n) - dt dn , (17}
_l an
where
1 1
gm(tsn) = 2T uz 1+m/2 (18)
[1 + T (t -vn.-w)? + anz]
an =yn +w-u vl - an® , (19)
bn =vn +w+uvl - an® . - (20)

Equation (17) may be written:

1 bp
(v) gm(t,ﬂ) = gm(om)
Rm n(u,v,w) = jr Jr = sin vyt dt dn
-1 ay
+1 by
+Igm<o,n>'/‘%t—d: dn . (21)
-1 an

. . 15 - . .
According to the Riemann-Lebesgue lemma ), the inner integration of
the first double integral in eq. (21) vanishes for v + ©. Using the sine

integral,



with the property

. m
oo = + —
Si{e=) R

it can be shown that, as v + =, eq.

+1
1

Rm’n(u,v,w) =3 f pm(n) I:sign (bn) - sign (an):t dn ,

-1

where

(21) becomes

1

pm(n) = %;

2

1
a
[l +o7 o+ wy? + gn?

Consider the indefinite integral,

Pm(n) = jrpm(n) én

It can be easily verified tha

t

l+m

1

p_(n) = —
m 2al+u1/2 Ec

where
a = a(u,v) =
b = blu,v,w)
¢ = c(u,v,w)

From (24) and (25), and using

Po(n)

P {n)

a

[}

[

+ (n+b)2]l+m/2 ’

avw

a(u,v)

u’la

¥

(u,v) + a?Bw?]

table of standard integrals

a®(u,v)

tan—1 [n s b] 3
Ve

n+b
yo + (N+b)7?

}l+m/2 )

16)

3

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30}

J—



Returning to eq. (22}, let n

< +

Rm O(u,v,W)

»

Rm o(u sV, W)

»

Rm O(u,v,w) =

Rm O(u,v,w)

*

i, eqgs.

3

n

Rm 1(u,v,w) =

Rm l(u,v,w) =

_10_

0, and using eqs. (19) and (20):

]

v o+ w T u ., (3D

=y o+ W o+ U, (32)

An analysis of the straight limes (31) and (32) for the range

1, yields for the integral, eq. (22), the results for u > O

for O<u+v<w {33)

] - Pm(—l) for v > 0,
(34)
|v—u| L ws ]v+u|
] ~- P [- uz W] for vzu>0
D gwesv—-u
=P (1) - P (1) for u>wvz20

{19) and (20) yield the curves
v+ w - u/l - n?, (37)
vn + w + uw/l - n? . (38)

Analysis of these curves for the range -1 £ n € +l gives for the

integral, eq. (22), again for u > G,

for Vu® + v? < w , (39)
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Finally, for u = 0, v > 0, evaluating

eq. (15) analogously to egs. (16)

to (22), the result is:
Rm,n(u,v,w) =0 for u=0, w>v>0, (41)
R (u,v,w) = 1 L [- E} for =0 0 gw<gv (42)
m,n v m,n v)’ he ’ = = i
where
1 ~1{avl - on?
L () = ——t—— tan [____} 43)
0,n arl + B*n /1 + 8%n?
t,n (1 + 82n%) Y1 + a¥(i-m?) + g%n®
It remains, therefore, to express these results in terms of the
original frequency space variables, kx’ ky, kz. Define
Qm(n) = af Pm(n) (43)
so that, from (29) and (30), after soue manipulation,
2
_ 1 oy | Bgn + kK,
Qe(M = Ty tan [ ok, s {(46)
z
Kk Rken + k. k
am =5 — —— =, (67)
3 Vkgky + (Bkgn + kykz)
where
2
k3 = ki + & (48)
kK = kG + ky + K (49)

are the two-dimensiomal and three-dimensional frequency space radii, re-

spectively.

Finally, using eqs. (12), (33) to (36}, and (39} to (47},

i = id ; = -
Hm’o(xx,ky,kz) 0 for Q< akx + pky < kz . kx >0 (50)
k L,k Lk My T K 1
Hm,o( x, y, Z) - Qm Bky - Qm(- )
for k >0, k_ >0, |8k -uk | <k <ak_ =+ 8k
X y ¥ X z b4



~ 12 =

akx - kz akx + kz
Hm,O‘kx’ky’kz)zqm[ BEy J'Qm{' Bky J

for Rk >ak >0, 0<k <@gk -ak , (52)
v x z b4 p.4
Hm,O(kx’ky’kz) =Q (1) - c;m(-1>
for ok > Bk 20, 0<k <ok - gk |, (53)
X ¥ z X y .
Hm,l(kx,ky,kz) =0 for ak, < kz , kx 20, (54)
-k k + k /cxzki - k*
7 k,k,kJ=0. e 2
m, Lt X ¥ =z m ok
-k k= k vatk? - Kk?
_Qm .y z X 2 Z
2
ak?
for 0 <k <ok, , k >0 (55)
z 2 x
Hy (K okpk) = ki L n[— gkf—] , k=0, k>0, 0<k <ok,
’ b ] ¥ (56)

wvhere Qm is given by eqs. (46) and (47), Lm a by eqs. (43) and (44), and

»
k% by eq. (48). This therefore completes the evaluation of a closed-form
expression for the filter appropriate for use in eq. (4) with stationary

detectors of either rectangular or circular cross—section. Note that the

results could easily be generalized to detectors of elliptic section.

)

Q
It has been suggested that reconstructions can be improved by back-
projecting with a weight proportional to some power of cos 8. This is
incorporated into the above analvsis by taking values of m other than O

or 1, but it of course necessitates the evaluation of the corresponding

indefinite integrals.
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5. APPLICATION OF THE FILTER

Equations (30) to (56) have been evaluated for m = 0,1 at various
values of (kx’ky’kz) and compared with the standard numerical integration
of eq. (9) in order to check, numerically, that the expressions are indeed
equivalent. A discussion of the use of these filters with the reconstruc~
tion method outlined in section 2 is essentially beyond the scope of this
paper, but for completeness some pictorial examples will be included.
However, important details concerning the implementation of eq. (4) have

8
been deliberately omitted, and may be found elsewhere ).

A computer;generated phantom was used, consisting of a cylindrical
shell containing a uniform sphere within which was 1ocatgd a smaller
sphere, off-centre. The distribution of simulated positron activity for
four transverse sections through this phantom is shown in fig. 3a.
Annihilation events were simulated according to this activity distribu-
tion, for detectors of both square and circular cross-section. After
back-projection of the aunihilation events, the functicn f(x,¥,z) ou
planes corresponding to those in fig. 3a are shown in fig. 3b for detec-
tors of square sectiom. Incorporating eqs. (50) to (53) and (36) into
eq. (4), these images are filtered and the resulits shown in fig. 3ec. The
improvement in contrast and image clarity is obvious, as may be seen also
from a profile through the phantom for the plane containing the high acti-
vity sphere ("tumour') (fig. 4). The same improvement is seen, using
eqs. (954) to (56}, for images with detectors of circular cross—-section:
the back—-prcjected and filtered images are shown in figs. 5a and 5b, re-
spectively, for the same phantom. A more detailed study will be the sub-

ject of a further publication.
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Positron annihilation data from <» vivo imaging with a pair ef square-
section, multiwire proportional chambers have been successfully recon-—
structed using the filter described by egs. (50) to (53) and (56). A full
description of the system, together with the images obtained, may be found
elsewherelk’17).

6. CONCLUSION

Filters for image reconstruction from a limited range of views are
of interest for both transmission and emission computed tomography. In
this paper, the derivation of a closed-form expression for some appro=~
priate three~dimensional filters has been given, by evaluating analyti-
cally the Fourier transform of the system point response functiom within
a region ). Closed-form expressions have the advantage of flexibility,
and eliminate tedious numerical integratiom, with associated problems of
precision and stability. Such expressions may be evaluated rapidly, and
as required, during filtering, removing the need for precalculation and

storage on some external device.
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Figure captions

Fig. 1 : Coincidence detection of photon pairs from electron-positron

annihilation.

Fig. 2 : The acceptance cone for the point respounse function with
detectors of square section.
Fig. 3 : a) Distribution of anmmihilation events on four sectioas

through a computer-generated phantom.
b) The back-projected distributions for detectors of square
section. Same phantom cross-sections as fig. 3a.

¢) The corresponding images after filtering.

Fig. 4 : A profile through the region containing the high activity

sphere ("tumour').

rig. 5 : a) Same as fig. 3b, but for detectors of circular sectiom.

b) The corresponding images after filtering.
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Fig., 3
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