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ABSTRACT
Residue techniques are used to evaluate a definite integral depending on
several parameters and containing a product of two polylogarithm functions (or two
logarithms in the degenerate case). The results are given in terms of infinite
hypergeometric type series. Some special cases for which the infinite series can be

expressed in closed form are considered.
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sy, o ENTRODUCTION .wi-iiaraie 5 -

It is the purpose of this paper ‘to .evaluate the integral-

-
Iy p(®omw,T) = nf xq-jLi;n(—ag)Lim(-mxr) dx (1.1)

for posxtlve 1ntegers n,m, complex u, o, w, and real r# 0 such that the 1ntegra1
et -; ;r. }r-’r 774".- !

exlsts L1 (z) is the polylogarlthm functlon deflned for IzI 1 and k 1 2 by the

power series [5, p. 189]

A zj : '
Li, (2) = " (lz] < 1) (1.2)
3=1 7

and £6T 121 Y BY (5, B. 192] 4]

1

le(z} = ( 1) le[;

]—]1, 10%(-2)
k-2

- ;—,— 1+ 0¥ - 2% -5y e (1.3)
i=0

where Z(q) is the Riemann zeta function and where the logarxithm is defined on its

principal sheet. For k = 1 we obtain from (1.2)

Li1(z) = -ln {1 - z) (t.4)

as a degenerate case. Interest in polylogarithms, which have been investigated in
the past by many mathematicians, has revived in recent years on account of their
applications in quantum electrodynamics, group theory, and geometry,

An integral representation of Lik(z) given recently by Marichev {8, p. 105],

namely

atie
. _ 1 r{sif{-s) _-s
le(-z) = 27 I — %1 ¢ ds {1.5)
a-ie (75

(<1 <a<Q, largz| <w, k=0, 1, 2, ...)
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allows us, by using the product theorem of the Mellin transform, and by applying the
residue theorem, to evaluate the integral (1.1).

From (1.3), we find

2

Liy(-z) = - ;—, iz +0(n® 2 2) (24w (1.6)

which can be used, together with (1.2), to show that the'integral (1.1) converges
under the conditions:
-1 -r (Rea<0 ifr >0
(1.7)
-1 {Rea ¢ -xr ifr <0,
and |arg o| < wx, larg w| < w.
We may add here that, by making the substitution x = E1’r, we obtain from (1.1)

the 'symmetry' relation

= 4 a 1
In'm(u,o.m,r) =TTl Im.n(r'”'o'r] . (1.8)
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2. AN ALTERNATIVE INTEGRAL FOR In n{u,o,u,r)

In this section, we derive a Mellin-Barnes integral for In n By introducing
L

{1.5) into {1.1), we find with the {(allowed) substitution rs = -s’,

atie a’tie r[E]r[- g] .
I =1 fauie 1 FSITE=s) =S gg) (L. AL X [5] ds
n,m a u 2vi n-1 2ri a-1 u
a Irl : a-i" (_S) [E]
0 | a'sie T
-1/x

where 2 = ow . Applying well-known theorems for the Mellin transform (see, e.g.,

sneddon [12, pp. 262-297]), in particular the product theorem

Ctim

Q] du __1_ *(s)q (5)2° S
8- | fe@i®es,
0 C~1

we see that

g (s) = D™+ s - wits + 70

1-m
* =rlElrl- 8|8
£l = r[r]r[ r][r] !
and that therefore
Ytie
(_1)n+1 . ri{s + a)f(-s - u)r[f]r[- %] -5
I {(a,0,w,r}) = ———— =—= 2 " ds , (2.1)
n,m oMr] 2%i n-1(s m-1
(s + a) [—]
. r
Y-i=
where
max(0, -1 - Re o) ¢ vy = Re s < min(r, -Re a) {r > 0)

_ (2.2)
Re 5 < min{0, -Re &) (r < Q) .

max(r, -1 - Re a) < ¥y

Using [2, No. 8.3343]

r{z)f(-z)

i

- X CsSC vz
z '



the integral (2.1) can he written as.

In;m.(-u,0~,w,r')-:— m ‘- _JI;. ‘P (S;G,I,Z) ds- Ty {(2.3)
where
ntl 2 . —nfs)-m -
(s a,r Z) i—lﬁr———— csc [w(s + a)] csc [t%](s + a) n[%} mz s (2.4)
o lr :

Formula-{2.3) is more suitable:than (2.1) for evaluation by the residue theorem.

We may note here that In m-is a special case of a very general integral, namely

(a, A ),{a,,A),...,(a_,BA )}
2; J x(s)z ds = HE :[ L ¢ 2 PP ] (2.5)
I
L (b1rBi)'(bZ'BZ)""'(hq'Bq)
where
n n
T F{(b. - B. - a., + A.
g (bJ Bjs) _E1 r aj AJs}
x(s) = —= = .
q P
¥ r(1-b,+B.s) T Tr(a. - A.s)
J=m+1 7Y jann ]
and where L is a contour separating the poles of I‘(bj _ Bjs) (3 =1,2,...,m) from
the poles of (1 - a:.| + Ajs) (j = 1,2,...,n). This integral is known as Fox's H-

function (see Mathai and Saxena [10, p. 2]). By comparison with (2.1), it follows

that

(f4a, 1), ..., (14, 1), (1, 1/x), ..., (1,1/1}

(@ o,0,0) = —— g2 0] [(1’_/:: (2.6)

n,m o &+n, m+n
g |rl w

(0, 1/x), ..., (0, V/x), (a,1),...;(a,1}

‘with n repetitions of the brackets (1+e,1), (a,1) and m repetitions of {1,1/r),

(G, 1/x).
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For rational r = #p/q, it is possible to express the integral (2.1) as a spe-

cial case of Meijer's G-function in the logarithmic case. Substituting 5 = s/p in

Wy . : A

(2.1}, we obtain

L. EOR f-:':i A 1+1“

I - (- 1)n+1 1 | r(ps + a)P(-ps - u)P(qs}F( qs) Z d§ (2.7)
nm ou(i”m ‘1n-1¢ mdz 2%i - (5 + u/p)n 1»m~1 :

Y-im

where ; = y/p. Using the¢pggguct theorem of the gamma functionf[Z, No. 8.335%],

equation (2.7) can:bgégg;;ten as .

R R RS T ;"'i"' :
;- e en?Pe 4 Y] il O N
ey Eﬁﬂ: 0'(+1)m 1 " 2'1 e +oafp + WFSEE )
: . . f,' "; kil Fov '{—iu
Cooviomg it muld ey osaven L

e : ; . 1 e “:4__, o
: %W | E{s f*§‘tlllri'§~' % %] T P[s + 1} [ -5+ %]z 9? ds . . .. (2.8)
q=0 N - spkd T 320 .

. By comparison with Meijer's G-function (3, p. 176] defined by

Brin nowwlen . i
n
SERATEE S F %X r(bj + 8) T r(i';'aj‘*%53“
m,n j=1 s
! Gp,q(z P g e oz dS" i (2.9)
f{t - b. - s) m F(a + s)
RILIuE S ' J i=n+t '

we see that

_q 01 2-p-g - ~¢ la.
p(®0/0 20 = (1) m(f'r’l = cf"j[z P b’] , (2.10)
ot (1) P.q b}
where
B=n+nm+ p+q-2
n=p+q (2.11)

oS
i

Qs
1
B



and.
[1+ (1 +a-3)/p 3=1, ....p
1+ (1 - 3)4g j=ptl, ..., pHq
aj C 1+ a/p J = ptg+i; ..., ptqtn-1
LT = phaen, L., pHatniRs2,
| (2.12)
[ a/p i=1, ..., n1
oo =, L, neme2
b, = - -
J (a+ 3 -1)/p i = ntm-1, ..., n+m+p-2
| (3 - 1)/g j = p+n+q-1, ... D¥mpHQ-2 .

From theﬂgénenal Ehebry of the G-function we‘inow [9; p. EG] that, fbf’B = q,
Gﬁ'?(z) has three singular points: at z = 0, z = «, and z = (—1)i+;—5. Using results
dgégved by Marichev [7], who investigated the behaviour of the G-function in the
heiqhbourhood-df.ifs Singuldfities. it follows thatifbf.i ? n - B'>_1, Gé'étz) is

: P

analytic and therefore continuous in the whole sector larg z| < s(m + n - p), and
thus also at the singular point (41)i+ﬁ-5. From (2f13) we haveri +hn - 5 =:§'4'q 5.1
{p,q € N). It follows that, for rational r, the funct§on\(2.1) is analytic and
continuous in the whole sector |larg Z| < w(1 + 1/r). Using the anquticity of the
integral (2;1)uwith respect to r..it follows thaf‘this bropérty Bolds fo¥'any real

r. We shall use this continuity propertf of (2.1) when considering the examples in

Section 4.



3. THE EVALUATION OF THE INTEGRAL

Using techniques developed by Marichev [6, 81 and, for thé'idgarithnic case of
integrals (2.1), (2.5), by Adamchik .and Marichev [1], and Mathai and Saxena [9,
p. 1571, [10, p. 76]. it is poss;blérto evaluate the integral (1.1) in terms of

infinite (hypergeometric type) series. We thus obtain the following

Iheorem
Let r # O be real, «, o, uw be.conpiex witﬁ larg o| < », |arg w| < w, and let
2 = ow /Y. Further, with N = {1,2,3,...}, let

1 ifxeN _
hix) = h(x) = 1 - h(x) ,
0 otherwise , ’

and

1 ifx >0
H(x) =
Le ifxco.

Then, for {7] # 1 and

-1 -r<{Rea(0 ifr >0

-1 {Re a ¢ -r ifr ¢ 0,

the integral (1.1) can, for a # 0, be expressed in the form

a-1_. . r _
X Lln( ox)le(-mx ) dx =

(-1)"(tsgn )" e ;E: (-1)% ese [r(a # Ir)i)1(a £ |xlx) Pk RHITIK
k

- - -m -
3 (eh)0-1)P T%T T ZE: -1)* esc [i a + QJ{q + 2] 2-nz+2
L

£ (-1 (4sgn )™ 1o ;E: (-nFHTIRE g R HIEIR
.- ' K :



n
[i {r|k *3 t |1k * ln. Z]

TEE o g RN Y
)
B (10" B ey -0 ® Z n_1u[‘ ¢ ln "'] " x
= 1
n, 0
m+1-m1 m+1-ut1 —mz
. Z [n2+n-1](-“q)_.2 : Z £, 'I-njB* B*. ) - .
n-1 N
m _4
= 1 1 1
+ h{ta) Z m—"i'[-;ln Z) X
=0 1
2,
n-m B-m_-m
! m2+n-1 -mz z -ns .
P S
m2=0 m3=0
+ H(+1}(-1)P(sqn r)m-q/r'nﬂrmu-m
n+t
a n+a/fr 1 1 n1
h[— m](‘ﬂ n_' [— = in Z] X
n=0 |
1
n+l-n, a+1-n -n,
n_+m-1 -n -n
Z [2 ](nu) 2 Z T 3B* Bst
-1 na n-r‘l-n1 —nz-na
R I "
n
n
T a )_~n-1 1 X 1
)™ ), e )
n =
n-n n-n_-n
! n, :«“2-'*:1‘?1 W 8, 1 2 A, , |
(-1 [ el ][,—] Z - Bl [:—] . (3.1
-1 3 n, n-n -n,-n (1
n_= n_=0
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and for @« = 0 (which.implies x; <. O), in the. £orm ;« .o iy an o -

w}ﬁ'Lin(-Gx}Lin(-wxr) 25 = A
_(;1)m+n {[rl—nr :E: (—ﬁ)k csc (xlr|k) k-(m+n)z+|r|k o

gvgraredosdr Yoo Aelong addt ATt b TT am DU e lde D T e b B el el s
- -{m+ 3
+ IJ':I.l 1: ;Ej (--1)£ csc [IT%T] ') (m n)a+2 T R R ST N

_ Iri-n zE: (_1)K(1+r)K—(m+n)Z+[r|K [TrTKn + 1n ZJ}
K : P TR N T AT

P Ty ey

afrs §owrid Yo o H R T

v + H(+1)( 1)1‘1+1 m+n+1 m.x

m+n+1 mnélim

m -m,
1 [ 1 1 2% % o
i (-1 r BB (3.2)
. Z M Z R metnm

PRV A S S P L j . = P R .
N | p} =42 =2l 15 , R & T
woAdial i AT S Y P ST TS AT S ‘ .
Bj are the Bernoulli numbers, where

.ﬂ‘égfijri %; g—?.c§c {s + x)

(3.4)
A S O S B IR R ds ]

s 0 f L

and where the loqarlthm is defxned on 1ts prxncxpal sheet.

ERSTATEE RATT IR PN U To0 JE e T ot S '
The summatlon 1nd1ces k,l for the sums Ik, [ respectlvely are restrlcted to

those values'k,z € N for whlch

rlk + 0 ¢ N, (2 + &)/|r| ¢ N . (3.5)
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The sum [K is to be taken over those values of K € N for which
K+ ach. S (3he)

In all the expressions above, the upper sign corresponds to (| > 1, the lower sign
to |41 ¢ 1. S o N S
Using the theory of the H-function [10], we find that the poles of the function

e, m(s;u,r.?,). or equivalently, of

@n m(s;u,r) = ¢csc [w({s+a)] csc [I%](s + u)—n[%}fm ' (3.7}

which need to be taken into accdunr vhen evaluating the inté§1a1 (1.1), are those
which, for |Z]| > 1 lie on the right, and for |2] < 1 on the left, of the line Re s =
v¥. In the first case the values of the correspondrng re51dues must be multlplred by
a factor -1. The relevant poles are:
211
i) At s =‘0 rf r (‘OﬁwPole of order m + 2 if a € N, df orderm + n + 2 if a = 0,
of order m + 1 if « ¢ {O,N}.
ii) At s = -a. If r ¢ O: pole of order n + 2 if aof/r € N, of order n + 1 if a/r éﬂ
{O,8). If r > O: pole of order n + 2 if -afr € N, of oxrder n + 1 if -a/r ¢ N.

iii) At s = |r|lk and at s = -o + & for k,f € N. Both poles of order 1 if |rlk #

-a + £, single pole of order 2 if |rlk = -a + £.
121 <1
i) At s = 0 if r > 0. Pole of order m + 2 if -a € N, of order m + 1 if -a ¢ N.

ii) At s

I}

-|lxrlk and at s = -d.— % for k,L € N."Both.poles or order 1 if |r|k #

a + £, single pole of order 2 if Irlk =a + L.

The resrdues correspondrng to these poles can be evaluated by standard nethods,
maklng use of the Lelbnrz formula for the mth derivative of a product of k functlons

of one variable, namely



1

- ]
[gx] £, (08, (x)... £, (x) =

-m ST B-M, T T N T T TSP S
(m ) n-m Y (m )

m 1 1 2
Z (mt)f1 (x) Z ['z ]fz (x) x (3.8)
ml=0 q2=0 -
nm . m

BB, T ( 1) (n-m -...- -1)
“'k—1 L .
mk_1=0

together with elementary properties of the cosecant and cotangent functions, and the

power series expansion

;- ‘ o
¥X CSC WX = ;E: lZ_ET_Ei IBjI(rx)J (1x] < 1). (3.9)

=0

By collecting the computed residues appropriately one obtains formulae (3.1) and

(3.2) of the Theorenm.

We here list, for convenience, the first six functions Cj(x) defined by (3.4):

x &, (x) (3.10)

¢ (x) =1
¢ (x} = -cos x

¢ (x) =2 - sin’ X

¢.(x) = cos x (sin2 X - 6)
g (x) = sin* x - 20 sin® x + 24

cos x (-sin‘ X + 60 sin® x - 120} .

Es(x)
We may add here that it is not difficult to evaluate the finite sums in (3.1)

and (3.2) by a symbelic algebra system such as REDUCE [3].
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4.  SPECIAL CASES
In this section, we consider some special cases of (3f1) and f3.2). For

notational purposes, we make use of the Lerch function [2, No. 9.550]

k S :
d(z,u,v} = ZE: —“*E———E (lz] < %, -v ¢ {O,N}) , (4.1)
k=0 (k +¥)

which is a:ggﬁerélizatidnﬁbfﬁthe'poiylpgariihm function (1.2). In particular, for

u=2, v=1/2, we have

k 2k+1 :
1Y & 1) (2)™ 4 . g
(23] =% Z R AL (4.2)
— 2k + 1) .
k=0
where
Z -
Ti, (z) = [ £ arctan t dt (4.3)
o

is the arctangent integral.
4.1 = -2 =

In this case conditions (3.5), (3.6) become
2k ¢ N, %’2¢n, 2KeN,

which exclude all k € N (hence [k = 0), but permit all odd values of % € N, ah& all

K € N. Thus, from {3.2) with 2 = o/w, and using (1.2),
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{ Li_ (-ox)Li (-ex %) gé = (1) {é"“*"-z+1¢[—z*2,-+n,%]

+2

5= (n+1) -2*2) + 2% 1n 2 Li.+n{—z+2)}

(m + n)I.J.m_ﬂ_|_1

Cmendt 0 0 b n}ri+1i.-‘fl;'

- ~K
m+n+ 1. m E 1 1 1 E 2. % %
+ H{+1)(-x) 2 T [— 7 in Z] (-2) Bll Bl+n+1-ll1 _mz

1 2
S e TR I (4.4)
: (12 <1, myn € N, larg ol < v, larg w] < ¥} .
1 v

In particular, for n=mn=1, using (1.4):
TSR 2y k 7 P N LSS .

A R A VL

- dx
ij|-1r1(1+t:1x)ln{‘t+m()')""--
|
i 1:'? 5 : i\ T
i i, 3 2 "
- - In 2+ 35 % 1ng (1Z1 » 1)
Li, (-2%%) x 3 214, -0t + P "
o (zl <1 .
| (4.5)

oot PSR ) i D 1
T ' : -2, dx _
[1n (1 + ox)Li, (-ux?y ¥ =

Fopmloa

| . % _\'z,1+1‘l¢f-‘-_z+2=’;3"%] % LJ. ( Z ) -;— In 7 Li, ("Z+2)
N b EEN
1. 4 5 2 .2 33 &
—_glnz.'.T.z.u 1n Z+Wﬂ' (IZI)1) (4.6)

o a<cn

4

J i, (~ox) 1n (1 + wx’ ;5 = % [1n (14 ux)Liz(—mx'z) %5 . (4.7)
0 L
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W
o]
i~

Forn=mn

<. , -2, dx _
{ Li, (-ox)Li, (-wx ) x -
¥ + X n . n
% wl+1®[-l+2,4¢%]\+1% Li (-2 ) * % In ¢ Li (-3 2)
1 s 5 2 . 3 159 & -
39 In” 2 + " In” 2 + 1340 " ln 2 (121 » 1
- | | N (4.8)
1o ) o - 1zl <N

Using the fact that the integral is continuous for Iafb ofw| < ¥/2, we can set

c =w =1 and obtain from (4.4):

T o unys o2y Ax _ () 1 1] : _
{ Li (-%)Li_(-x -)’x =2 ..?q[ tLn+mg)+ (n+mLi o 1)}
' 4.9)
k k
= o~ (nt1) ] _on+m ZE: (-1) - (n + m) ZE: (-1 .
(2k + 1)nﬂn kn+n+1
k=0 k=1
In the case of n + m odd, these series are well known (e.g. [11, No. 5.1.3.3,
5.1.4.2]). We thus obtain
o n+m+1 n+m+1
_— Lo -2 g_g:_ _ = {n+2) __®5 _ u
{ Li xLip(-x ") 2= =2 (n ¥+m - 1)! {IEn+m—1| n+m4+1 IBn+m+1|} :
{4.10)

(n,m e N, n + m odd)

This formula is remarkable in so far as it contains both the Bernoulli and Euler

numbers. For n = m = 1, formula (4.9} reduces to

Jin@ s 0+ x?) Eoe- 223, (4.11)

0

where G is Catalan's constant.



15

4.2 = = -

In this case conditions (3.5), (3.6} become

2k + 2 ¢ N,

%9,_+_1¢u, KI2eN,

which exclude all k € N (hence rk = (), but permit all odd ﬁélués of L e N, all

K e H\{1} if |Z] > 1, and all K € N if || < 1. Thus, from (3.1) with Z = o//w

T -.J . -;  T2 _v
{ X TLi(-ox)Li. (-ux®)dx =

o1 G2 X
-2, E
(2L + 1) (zz + 3)"

=0

Y ! o .
k (k + 1) (k + 1) B ¥k + 1)
n+1
n
"M"’Z Lu[-lln?.]‘x.
nt. v .
=0
n+1-n cee n#1-n -n. ;:;
1 n2+m-1 _nz 1 2 _ns. - ‘
;E: [ m-1 ](‘2'} ;E: 2 Bn3Bn+1-n1-n2-n3 (4.12a)
n,= n, =0

{121 > 1, m,n € N, Jarg aof < x,; larg w| ¢ )
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T o3, . 2 _
{ X °Li (-ox)Li_ (-ux®)dx =

AT
-1)® 2m-1'°fw ZE: {-Zn)

m
po (21 P 1T

B - 2.k
- 22 Z-—-—?v—mg +nZ —-2mg ) O
{(k + 1) x + n° oy K+ 1
m+1
n
R Z m:! (- 1 1m 2 x
m, =
nt+i-m n+1-m -
; ! m-n-1y,  -m, - K -mz .
o Z [ | ]“('2"')- Z By Bat-n,a, -
T N O A L
SERNERE X m, =0 .

(121 € 1, m,n e N, jaxg o] ¢ v, |arg w| < )

Using the relations [1t, No. 5.2.5.5,15, 5.2.6.1,2]

L2243
;E: (1) x 1 {1 + x ) arctan x - %-x '

(22 + 1)(22 ¥ 3)

=
o

ST

Z <K+ _

2x + (1 - x) 1In (1 - x) - Liztx} :
k(k + 1) SR '

=

*_'
-l

xk+1

fl

""E'_ (x - 1) 1In (1 -x) + X(Liz(x) -1),
K (k + 1)

=
jury

xk+1
=x+(1-x)1n(1-x),

>

kik + 1)

-
H
-

(4.12b)

(4.13)
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iiwe findsfor-n-s m:=.4;;.after: some:calculation;.: .
wsugwed oo gt o P D S

x2 1n (1 + ox) In (1 + wx?) dx =

Ly

3 {wi ol (145 - fufy) - dzean (]

+ u[r %3 + 10 [%ﬁ} + ?2 lz]} (la//w] ? 1)
=1 ome . : - :.] 1 (4.14)

1y
+ o ly 18 - 1p2 (2] -5 2
; =+,Ozr[t £ 1w [m] > r]} (lo//al < 1) .
L
For o + fu, we obtain in the limit, using Liz(—1) = —12/12,
e 2 ¥
| x In (1+2)1n(1+x)dx=3 (4.15)
0
Usiqg the fact that the integral is continuous at o = w = 1, we obtain
L Faatdes L a ST
{x Lip (~X)Li, (%7) dx =, "
2
(_1}n 2m 1“. Z (":l) -
top (20 + D720 + 3)
p ) —tet® Z ¥
" FRAN n+1 n
o1 Kk + 1) e K D
n+1 n+1—n2
n_+m-1 -n -n
- Z [2 ](—zn 2 Z 2 g Bt (4.16)
m-1 3 2 3

n= n=
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From [11, No. 5.1.24.14] we see that the first sum can in, general be expressed only
in terms of generalized zeta functions Z(j,1/2) and (j,1/4). For n = m, however,

using the relations {11, No. 5.1.24.10, 5.1.24.15]

- n- 2
k1 ntk-1
ZE: NETSIYN o [ ]- AR N
oy K+ 0t X=0
- m=2, ;' . : I o
n+k-1 ' ‘
+ Z (-1)"[ | ](1 219K} (- k)
k=0 k
min-1y Bn-2 x) -
+ (—1)‘[ ] -1 ’[ ]2 1n 2 (4.17)
n-1 m-1 :
. (m, n € N)
and
2{: (-n* R
) n n
o (2t D2+ 3)
. 4 ey
[(n-1}/2]
1 ¥ (2n - 2k - 2)! 2k _
OTLY AN - 2 _ e b was
27 B L (n - 2k - 11(2K)? 2k
- (n e N)

*) Note the misprint in [11, No. 5.1.24.10], where the factor (—1)‘ reads (—1)“.
*x) Note that [11, No 5.1. 24 15] is erroneous: IEZkl there reads F.2k and

(2n ~ 2k - 2)! (2n - k - 2)!
- 2k - 1! ~ reads (n -k - 1)
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where EZk are the Euler numbers, we find that

P . 2 _
J X Lln( x)Lln(—x ) dx =

: [(n-1)72]) \ :
n-2 o701 2 (2n - 2k - 2)1

2k
T m- 2k - 11T * IE

2kI
k=0

n-1 .
¢ (-1 Z L0 - e - 2R D2 g Ky x4 1)
X=0

n -k

- Rt pkktn- 1,k ~Jp* o*
(2r) E (-1 i (21) 2 2788l E (4.19)

Because of the fact that only even integers occur as arguments for the zeta
function, expression (4.19) represents a polynomial in = with rational coefficients.
However, when computing (with REDUCE) the right-hand side of (4.19) for small values
of n, it turns out that only the first term remains. We therefore conjecture that,
for all n e N;

I ¥ (-oLi (-x)) dx = 2% % | (4.20)

This is equivalent to the statement that, for all n € N,
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[(n-1)/2] v

n (2n - 2k - 2)!  _2k+2
(-1 :E: m-2k- nizor " 1yl
X=0

+ Z{: [-1)" - (-1)¥)(x - n) 2.2 :! KMo x4 1)
k=0 ‘ ‘

n

+ ZE: (”1)k {n + E!- 1)! {2‘)n-k+1 "
k=0

n-k+1

é p-3 129 - 212"TKT - ) B
J'n + 1 -k - 3)! j
=0 .

k-l =0 - (4.2

waever, we hgéé fiot ‘been able’ to prove this relation. We note that, for n = 1,
equation (4.20)} agrees with (4.15).

4.3 r.o= 4, a=-142 . -

In this. case conditions (3.5), (3.6) become

¢W, Lt3¢m, K

+1
| =
m

=

k3

which permit all k.4 & N and exclude all K € N {hence [, = 0). Thus from (3.1)

K
with 2 = ¢/w
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T o-3/2 . _— _
e

(+1)‘”2 /5 ——L—-—+ GNP —L_
k (1 + 2k) =1 (1 +22) m,n
n_m+1 1 1 ®
- H(+1)2 ) | fo i"""!- (-; In 2 X
S b T Lo
m-m n-m, -
m +n-1 m 1 %
Y
Z [ n-1 ] ¥ n, ®°R m (2
m, = o m3=0
n
B_n+1 1 n,
- H(+1)2 ] J“' E__ — - ln z]
‘-, . b 0 vt
n-n n-n, -
! m, +n 1 230, 177 n, , .
S 3 ) LD MRS CRR G e
n,= n3=0
(121 £ 1, mn e N, larg of < v, larg ol < m).
Using the relations
. 2k . x)
D ERSURID S I SR AW Bt _ L2 :
k(2k 7 1) =2 x Arth x ~"1In (1 - x°)
k=1
;E: K2k =17 k =Ty 2x Arth x + 1n (1 - xz) - {(4.23)
k=1 cont:,

*) Note the misprint in [11, No. 5.2.5.8].



o
%)

x 2K 2 2 1 SONRE o C
-1n (1 - %°) - 2 Arth x - ¥ 151, () - Li, (-x)} + 4

2
k=1 k(2k + 1)
x2k . 2 . . . ‘{'. “‘ ] " .
—F———==-Iln (1 - X) - 2x Arth x + X {ri, 0 - 1i, (-0}
o €2k - 1)
2k o y o '
;E: —3—35—————-= Li2(x2) +21n (1 -~ xz) + % Axth x - 4 (4.23)
oq K2k £ 1)
x2¥ NP S 2
——=——— = -Li, (x") + 2 1n (1 - x) + 4x Arth x
o X2k -1
x2k 2 ) 2 8 . 2' ‘.: S LorE
— = Li (x®) + 4 1n (1 - x°) + = Arth x + = {Li_(x) - Li (-x)} - 12
2 2 2 X . X 2 2
ot X {2k + 1)
B P ) ‘
X o Li(x*) - 41n (1 -x") - 8x Arth.x + 2x {Li_(x) - Li (-x)}
k2(2k _ 1)2 2 2 2

Lo
n
——

and [5, p. 6]
b Gf) = 2 i, 0 + L, 0k, (420

we can express {4.22) in closed form for n = 1,2 and m =_j,2..After some calculétion
with REDUCE we obtain for n =m = 1:

-3fe

X In (1 + ox) 1n (1 + wx) dx =

O §

4 {J‘E w1+ B+ [ln (1+ f)-1m j—E—]} , (4.25)
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where, because of the symmetry of the integral -With respect to o and w, we can

assume |afw]| > 1.

For n =1, m = 2, formula (4.22) reduces to::

-3/2
x”

S g

ln (1 + ox)Liz(-wx) dx

4:{24’3[Li2[- B -1 +j§]] - m[z 1n {14,/ - 1n ]%]} (4.26a)

(lofe] > 1)

—r[BJTu"ln [1 + j%] + JE{B 1n [1 + E] +1n? 2 - 412+ Liz'[- fg] +%12]}

(4.26b)

({o/el < 1)

L}
—

The same expression, with o and v interchanged, holds for n=2, m

For h = m = 2, we obtain from (4.22)

E x—3!21-1.‘,(—<:rx)L3'.2(-unc) dx =
2n {3!6[2 1n [1 + ]g] - 1i, [_ E]]

+ m[m 1n [1 + EJ + 1n’ %- 8 1n%+ 8 Liz(— %] + % 12]} . (4.27)

where, as for (4.25), we can assume |o/w] > 1.
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For ¢ = w' = 1, ‘the above results lTead to

2 10 (14 x) dax = 8x In 2

Ot

3 10 1+ x) Li, (-x) ax = - % x(¢ + 24 1n 2) (4.28)

x’:'"?4["1.{'12'("-1‘)]"T dx = -g- w(x + 24 1n 2) .
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