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Abstract

One of the proposed experiments at AEgIS concerns the spectroscopic study
of antiproton bound system of medium and heavy nuclei. In this work the anti-
protonic atom transition energies are calculated for the elements of interest and
the infuence of different corrections are explored, such as finite-size effect, va-
cuum polarization and strong interaction shift. As the antiprotonic atoms will
be formed in high magnetic field, splitting due to Zeeman effect was com-
pared to transition energies for different principal quantum numbers. In order
to understand the deepest quantum level available for spectroscopic study, the
overlap of the antiproton wave function with the nucleus is calculated.
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1 Introduction

When antiprotons are stopped in matter, they can replace one of the outer shell electrons, thus creating an
antiprotonic atom. After the capture, antiproton starts to deexcite by Auger process, radiative transitions
and annihilation [1]. Auger process dominates at states with large principal quantum number n [2].
After all electrons are expelled, deexcitation happens through radiative transitions. At states with smaller
principal quantum number n, energy level shift due to strong interaction occur which results in shift of
transition energy [3]. Other effects, such as relativistic effect, vacuum polarization and finite size effect,
can also change transition energy [4].

As the AEgIS collaboration plan to produce antiprotonic atoms [5], it is important to estimate the
expected transition energies of the antiprotonic atoms proposed for study at AEgIS.

As the antiprotonic atoms will be formed in high magnetic field B ~ 5 T, it is important to
compare Zeeman splitting to transition energy with between energy levels with large principal quantum
number n (Rydberg states).

Antiprotonic bound systems provide an excellent benchmark for high field QED and study of
nuclei.

2 Calculations
2.1 Energy levels and transition energies

The most simple model that can describe antiprotonic atoms is the Bohr model. Energy levels of the

antiproton are given by[3]: ,
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Where p is reduced mass of the antiproton, which accounts for the mass shift [6], Z is the nuclear charge

and n is the principal quantum number. Using the above equation it is possible to estimate transition

energies of the antiproton as a difference between different energy values.
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The Bohr’s model does not account for relativistic effects therefore energy values given by the

Dirac equation are preferred:
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where v = \/(j +1/2)2 — (aZ)2 and N = n — j — 1/2. The Dirac equation removes the degeneracy
of levels with the same total angular momentum j.
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A more precise formula for energy levels of antiprotonic atoms which includes vacuum polariza-
tion and relativistic effects is [2]:
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In the equation above a;; = (I — j)/(l + 1/2). And the vacuum polarization is calculated based on [7]
as follows: (2l +1) [
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Where E,, is calculated using equation 1.

As protons and neutrons are distributed inside the nucleus, the point charge approximation is not
sufficient for energy level calculations. This results in a difference between calculated energies and
experimentally observed energies - the finite size effect. The finite size effect can be treated as a small
perturbation [4]:

Ers = (Rulo(r) — Z/r|Ru) = /OOO(¢ — Z/7)| Ry |?r?dr, 5)

where ¢(r) is the potential produced by the finite charge distribution and R,;(r) is the radial wave
function.

Potential ¢ can be calculated as:
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Figure 1 shows potential due to point charge and potential due to continuous charge distribution. As can
be seen, potential due to charge distribution is finite at 7 = 0 while point charge potential is infinite. This
results in lower bound state energies as the electrostatic attraction is smaller for finite charge distribution.

To calculate the potential in equation 6 charge distribution is needed. In many cases Fermi distri-
bution is assumed for both neutrons and protons [8]:

Po
p(r) = . (7
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Here c is half-density radius and ¢ is the skin thickness. Values ¢ = 1.1 - A3 fm and ¢t = 2.5 fm are
assumed. Each density is normalized as follows:

/T pa(r)ridr = A. (8)
0

An example of density distribution is shown in figure 2.

At lower levels strong interaction becomes significant compared to electrostatic interaction, there-
fore strong interaction shift of the energy levels should be considered. In many cases interaction potential
is assumed to be [9]:
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Figure 1: Potentials due to point charge (blue curve) and finite charge distribution (red curve) for 160.
Charge distribution was assumed to have form given in equation 7.
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Figure 2: Assumed density distribution for neutrons and protons inside the thallium nucleus (A=201,
Z=81), as well as total nuclear density.

where Ay and A; are effective scattering lengths which vales are taken as Ag = [—1.16 + 90.86] fm and
A1 =[-0.63 4 40.63] fm [10] and M is the mass of the nucleus.

As there are many uncertainties in the shape of neutron distribution as well as due to limited
precision of scattering lengths, potential 9 is reduced to a simpler form [11]:

1
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where @ is an averaged effective scattering length and p(r) = pz(r) + pn(r) is total nuclear density.

Similarly to the finite size effect, strong interaction energy shift is treated perturbatively:
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0

As the potential is proportional to the nuclear density, the energy shift due to strong interaction is also
proportional to the overlap of antiprotonic wave function with nuclear density.

A comparison between potential 9 and 10 was made by comparing estimated energy shifts to the
reported shifts in [4]. The comparison results are shown in figure 3. In the comparison value for @ =



transition Eboh’r Edirac Evp Est Efinite Etot Eexpa [13]
10—9 382.61 | 383.81 | 385.87 | 0.015 | -0.0020 | 385.88 | 386.05 £ 0.17

Table 1: Energy for the 10 — 9 transition in thallium. Energies are given in keV. Total energy is
calculated as Ey, + Eg + Efinite, Where I, is calculated using equation 3
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Figure 3: Comparison of potential in equation 9 (red bars) and equation 10 (blue bars) to experimental
data taken from [4] (green bars) for different atoms.

[1.53 + ¢2.50] fm was taken from [12]. It can be seen that potential (see eq. 10) describes experimental
data better and it will be used in other calculations.

Described corrections to transition energies were compared to experimental data taken from [13]
(see tab. 1). Total energy with finite-size correction and strong interaction shift equals to experimentally
observed transition energy within reported experimental error.

2.2 Annihilation probability
Three main deexcitation processes are Auger transitions, radiative transitions and annihilation on the
nucleus [14].

Auger process dominates in the upper part of the cascade while radiative transitions take over
at lower energy levels [2]. In case when all electrons are expelled from the antiprotonic atom, Auger
process can no longer happen, therefore the only deexcitation processes possible are radiative transition
and annihilation.

Radiative transition rate for dipole transitions is given by [14, 15]:

4e? [ ag \? max(ly,l2) [7
rad 0 3 1,02 3
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As the antiproton reaches lower energy levels, its wave function overlap with a nucleus becomes
larger. The antiproton radial distribution of absorption probability is proportional to the overlap of the
wave function and nucleus [16]:

Po(r) = p(r)|Ru(r)*r? (13)

The total overlap of the antiprotonic wave function and a nucleus can be estimated by integrating
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Figure 4: Wave function overlap with nucleus for different circular states for iodine (A=127, Z=53) and
ruthenium (A=101, Z=44).

equation 13:
overlap:/ p(r)| Ryt (1) |?r2dr-. (14)
0

Note, that nuclear density used in equation 14 is not normalized i.e. p(r << ¢) = 1 and p(r >> ¢) = 0.

Described overlaps were calculated for lodine (A=127, Z=53) and Ruthenium (A=101, Z=44) for
circular states only (I = n — 1 states). Results are shows in figure 4. The last observed transition in
iodine is n = 8 — n = 7 [9], which means that at n = 7 antiproton annihilation occurs. The overlap at
n = 7 for iodine is 2.5 - 1079, This allows for estimation of the last transition in ruthenium by finding
state with similar overlap. The state with similar overlap is n = 6 with an overlap of 1.505 - 10~°, which
means that the last transition can be expected tobe n =7 —= 6.

In figure 5 overlap for different (n, 1) states is shown. It can be seen, that overlap for circular states
is much smaller than for other states which results in smaller annihilation probability. It can also be seen
that for atoms with smaller atomic number the overlap is also smaller.

As the dominating processes for low n levels are radiative transition and annihilation, the last
observable transition can be estimated bu taking the ratio of annihilation rate and transition rate.

The annihilation rate is given by [14, 17]:

ca; 2 o
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0

Therefore an annihilation is expected when capture rate for n-th state is significantly larger than radiative
transition rate from n-th state ton — 1, i.e. F;?g_l/Ffzi_l)_}(n_l7n_2) >> 1.

2.3 Zeeman splitting

As the measurements will to be performed in a strong magnetic field, Zeeman splitting may become
comparable or even greater than splitting between E,, energy levels for Rydberg states.

As the field is in the order of 1 T, the strong field approximation can be used for such calculations.
For an unperturbed antiprotonic atom in a circular state (n, [ = n — 1) all 2l + 1 = 2n — 1 magnetic
sublevels are degenerate. In an external magnetic field the degeneracy is removed and each magnetic
sublevel acquires additional energy:

Ez = (gpms +mi)upB, (16)
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Figure 5: Wave function overlap with nucleus for different (n,[) states for iodine (A = 127, Z = 53),
thallium (A = 205, Z = 53) and nitrogen (A = 14, Z = 7).

where g is g-factor of the antiproton, yp is Bohr magneton, m; is magnetic quantum number and B is
external magnetic field along the quantization axis [18].

The splitting between magnetic sublevels with m; = [ and m; = —l[ is:
AEz(l) = QZMBB. (17)

Thus the ratio of Zeeman splitting (equation 17) and transition energy between n and n — 1 energy
sublevel is:

(18)
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Splitting to transition energy ratio as a function of n for Iodine (A = 127, Z = 53) is shown in
figure 6. In case of electron shielding (Z = 1) Zeeman splitting is less than 2% at 5 T field compared to
transition energy in a wavelength region accessible by lasers. On the other hand assuming that there is
no electrons in the atom (Z = 53), splitting for transitions in laser accessible wavelength range is from
~ 10% to ~ 30% at 5T field. Thus energy levels are resolved at 5 T field.

3 summary

Calculations for antiprotonic atoms were carried out for transition energies, overlap of antiprotonic wave
function with nucleus and Zeeman splitting for different energy levels. Calculated transition energies
agree with experimental data within the stated experimental error. In case of thallium (Z=81, A=205)
he greatest contribution to energy level shift comes from vacuum polarization, while finite-size effect is
smaller than the experimental uncertainty.

Calculations also showed that wave function overlap first increases with angular momentum quantum
number [ and drops for circular states (n=I-1), which results in lower annihilation rate for circular states.

Finally Zeeman spitting was estimated to be less than 30% at 5 T field for laser accessible trans-
itions, which means that energy levels are resolved.
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Figure 6: Zeeman splitting and transition energy (n+1 — n) ratio as a function of n for Iodine (A = 127,
Z =53)at B=1Tand B =5 T. Plot on the left shows splitting at Z = 1 assuming electron shielding
and plot on the right shows splitting at Z = 53. Green region shows transition in a wavelength range
from 1200 nm to 400 nm
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