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ABSTRACT

The generalized polylogarithms of Nielsen are studied, in particular their
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1.

INTRODUCTION

¥ At “the beginning of this century, Nielsen [1] published & monograph "Der
Eulersche Dilogarithmus und seine Verallgemeinerungen" in which he discussed a
fa.mly of functions defined by " '

8 »-(x) = (™ f 10"t 108(1 - xt) dt (1.5)
n,p (n - 0)pl J t
for positive integers n and P ‘and complex x. The log (1 - xt) is to be understood
on its principal sheet. Consequently, we cut the x-plane from +1 to +w. This
formula embodies many particular cases treated separately by other authors, e.g.,
Buler's dilogarithm, Spence functions, Legendre's or Kummer's trilogarithm, poly-
logarithm, etc., For all these functions, however, the value p =1 is character-
istic, so that for p > 1 Eq. (1.1) defines functions not treated before the publi-
cation of Nielsen's monograph, We therefore call these functions Sn,p(x) Nielsen's
generallzed polylogarithms,

" "Although Nielsen provided an extensive theory of the 8 (x), his article
(which unfortunately suffers from quite a number of mispmnts) does not seem to be
sufficiently well-known to people working in areas where these functions appear,:

No reference could be traced in any of the relevant handbooks or integral tables.

Two of the authors (J.A.M. and E.R,.) are engaged in calculations of higher

order radiative corrections in quantum electrodynamics, where knowledge of the

functions 'Sn‘p(x)' seems to play an essential role [2]. In the past, special cases
$ ]

‘of 5 p(x) were discussed and some of their typical properties (functional rela-

tionas rediscoveréd by people working in the field mentioned [3],[4] :,':[5]. Our
interest in Nielsen's monograph was initiated by a reference given in the book of

Lewin [6] who treats the special case p = 1 in detail.

The aim of the present article is twofoldi  to provide a useful tool for people
interested in problems where S (x) may appear, and to give an accurate method

for its numerical evaluatlon, at least for some small values of n and Pe

Nielsen, referring to the dilogarithm, wrote in his paper: "Man darf also
mit Recht sagen, dass ein triibes Schicksal iiber dem Dilogarithmus und den ihn
behandelnden Arbeiten geschwebt hat, so dass ein nicht uninteressanter Abschnitt
der elementaren Integralrechnung beinshe ganz in Vergessénheit gesunken ist", It
seems that, with these words, he unfortunately predicted the destiny of his own
paper. It is therefore the hope of the authors that, by their small contribution
to the problem, attention will again be drawn to Nielsen's important work on a
useful family of functions,




2,1 Definitions and notation

The basic definition is given in Eq. (1.1). For p = 1, n 2 2, one alsa writes
S, = Sy @) . )

These functions Sn(x) are called polylogarithms., In particular, for n = 2 we have
Euler's dilogarithm ' '

X
[lg(1-9%),

2 %) = ; - = = —————= 3t ,
J t J t

o . 0

Py
N
.
n
~

for n = 3 the trilogarithm, etc. It is, then, appropriate to introduce the term
"generalized polylogarithm" for the case p > 1.

The polylogarithms are closely related to the Spence functions [7]

f L _4(t) t -1

Ln(x) = | T at ; L, (t) = — - (2.3)

In fact, qnerhas

5,6 = I, (1 - x) .
The termsv used are not consistent throughout the literature., Some times the Spence
function for n = 2 as defined in Eq. (2.3) is called the dilogarithm [8] and vice-
verse [9]. The notation for the functions also varies, e,g. Lewin [6] and other
authors [10],[11] use

Lin(x) = Sn(x) .

Integrating Eq. (1.1) for p = 1 by parts and using appropriate substitytions,
one obtains v

. ‘= . x 7.0 tn-1 ) % 7_0 10511-1 % |
5 (%) (n - 1) g e - x a* (n-1) J t(t - x) i (2.)

For n = 1 it is easy to see from Eg. (1.1) that




~log (1=x)
s =t 4t =L 9o (1<) (@.5)
0 (o< x 2 1) .
where
oo
D,(x) = f ett- - at (2.6)

o]

is known as the Debye function [8],

2,2 Some general properties

Again from the definition (1.1) of 5 p(x) we obtain by differentation and
3
partial integration

a Sn-.1 (ax)
= Sn,p(ax) =--—---—‘-P--——x (n22). (2.7)
Hence
F 8, (at)
Sp,p(®) = of —Il-lfl——dt . (2.8).

With the usual definition of the logarithm on the branch cut -« < x g 0, namely
log (x * i€) = log |x| * imo(=x) , (2.9)

where 6(x) =1 if x 2 0 and 8(x) = 0 if x < 0, we find that S, p(x) is real for
9
% 5 1. Across the cut from +1 to +o the real part of S, P(x) is continuous, where~
i

as the imaginary part changes sign..

For our purposes it is sufficient to consider x as real, if not otherwise
stated, slthough many of the formulas given remain valid for complex x, in partic-
ular the important relations (3.5) and (3.11).

The imaginary part of the boundary value of Sn p(x) at the cut is studied in
B : | N
detail in Section 4.

The values of § p(x) for the special arguments x = 1, x = =1, and x = 4
]
are of particular interest in the theory of the generalized polylogarithms,
Following Nielsen, we set '

=8 4
sn,P n)P()

= (=1)P -1 2.
0,p = (1P 8, (1) (2.10)
a =

S 0y .
n,p n,p(/Z)
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Relations between these values are studied in Section 3.4. As in Eq. (2.1) we

write

5, = s1'1--1,1 y % = %n-1,1 ? 8y E8n1,1 "
We note already that for all n and p
=8 . (2.11)

Tnis can be deduced from Eg. (1.1) by the substitution
by parts, No similar relation exists for ¢ and a
¢

2,3 Relatlon to the hypergeometric function.
Power series expansions,

The functions S p(x) are related to derivatives of the hypergeometric func-
. ¢
tion with special arguments. From the integral representation

2Fr (0,85 v; 2) =;—(—ﬁ—)§§-——?-:—;—)— / P - )P e )@ ar (2.12)

we obtain by comparison with Eq. (1.1)

I C) il il 556+ 1;
Spyp(8) = e L (ARG ESE x)Le:o (2.13)

Recalling the power series expansion

JFy(a,fs vs 2) =1 + aﬁ_;z_' R ala + 1)8(8 + 1) LA (2.14)

¥ v(y + 1) 2.

we have
(_1)n-1 an+1"1 = ('a)s x°
- ' s ! o
P (n - 1)p! 36" "oc® Ly B +s sl a=8=0 (2.15)
where
(@)g = Ple + s)f(e) =ala +1) eos (a +8~1)

1

(a)o
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is the Pochhammer symbol, By differentiating with respect to 8 it follows that

x) 1 CHR X §
A ] 2.1
n,p * p. aap sn s! ( )

s:Q =0
Writing
s
(a) ~/\, (-9°*% 5 (") ¢ (2.17)
o=1

. - *
where the SﬁJ) are the Stirling numbers of the first kind, defined by [8] )

= o
log® (1 + x) = s! S s % (x <y (2.18)
G=s |
we see that
aP 0 : for s < p
—— (a) = (2019)
8a” s @=0 (=1)P*2 ot Sgp) for s 2 p .

Introducing this result into Eq. (2.16), we obtain

o (- 1) (P)

p+S +8

> @ +s)ip+9)°

p(x) = (2.20)

which is the power series expansion of the generalized polylogarithm, Using the
asymptotic relation [8]

@) o+ =1y + log (b + )P

(S -»> eo) (2.21)

p+s

(p - 1)

one can show that this expansion is valid for |x| < 1. Of course, Eq. (2.20) can
also be obtained directly from the definition (1.1) with the help of Eq. (2.18).

*) These numbers are connected wtt? the generalized Bernoulli numbers, see [7]
For recurrence relations of §pJ/ see Eq. (6.6) below,




Nielsen writes

3 W
D,D+8 +8s
S = 2'
N e (2.22)
s=0
so that in his notation
s 4(p)
-1)" §
oo s (2.23)
Ppts " p s - 1)
We note as special cases of Eq. (2.20) for the dilogarithm
2 g 2 3
X
Su,0(x) = 82 (x) =Z?=%+22‘-5+23£5+ (2.24)
8=1
. *)
and in generzl, for the polylogarithm /,
‘ = © x XX %
Sn(x)=z-;-ﬁ=-;-ﬁ+-éﬁ+-3~ﬁ+ coe » (2-25)
s=1
For p > 1, the series become more complicated, €.8+ One can show that
o s-1 5 2 3
| - Iy x| x =z 1,0 x
e =) () 1) Fd () () E
s=2 r=1
(2.26)
and
oo s=2 s=1
T\ T . S 3 4
1 1\\ X 1 X _ 1 1 1 1 X
s ) = - - = - e T LR Vv .
w330 <) (Z r < Z q/> 2 T2 2’ [(2 ' 3>+2 "3]4“‘2*
8= r=1 q=r+1i

+ ooe o

+'1<'1+1\+1X'1~]—J-{i
2\3 4/ 3 4| 5m=2

*¥) 'This series is also a special case of Lerch's transcendent

(2.27)

8(z,0,0a) = 2502 +5)S. In fact, one has S,(x) = x8(x,n,1) = F(x,n), some=~

times called Jonquiére's function [12],[13].

Mitchell [14] writes
Sn(x) =4 (1’nlx)'
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For x » 0, we see from Eq. (2.20) that

s, (x) =_..1_.I.1 £+ 0P '  (2.28)
sP p'p

3. TRANSFORMATIONS OF THE ARGUMENT OF Sp, p (%)
bl

1e auxilicry functions

L (x) _ (=qyp 10! £ 10201 = 1) at

o

n,p -1t | b (3.12)
(--1)“"1 f 1ogn"1 t log" (1 + t) it ;

= ! ° . b

Mn’p(X) el " t (3.1b)

Their connection with S p(x) is easily obtained by performing the substitution
3 .
t! = tx, One finds that

n-1
N (1) 10g'x - ,
r=0

n-1
(=1)T 1og"x
tp 00 < o ) L

I‘! n"‘r,P(_x) . (3.2b)
r=0
The corresponding inverse relations are
n-1 10g®
' log x
Sn:P(x) - s! Ln-s,P(x) : - (3032)
53=0
" n=1 s
p \ ' logx
sn’p(-x) = (=1) Z —r Mn_s’P(x) . (3.31;)
' 5=0 '

As is clear from their definitions, the functions L, p(x)-and M p(x) ‘have a
b4 ¢ ]

more complicated anslytic structure than Sn p(x). They: are, however, convenient
L. - - 3
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(x).

for the study of some transformations of the argument of Sn p
t

3.1 The reflection x » 1 - x

By performing the substitution t/ = 1 - t in Eq. (3.1a) and then integrating
*
by parts, we have

n+p
G 10l 3 2081 - %) - (3uh)

nip.

1 - - -
Ly,plt = %) + Iy (&) =8 o

Expressing L p(x) in terms of S P(x) by means of Eg. (3.2a) we obtain with the
$ ] s
help of

n-1

Y

ZJvns<:>=«n”1

s=0

and

1) = 8 1) =
Ln,P( ) n’P( ) sn:P

the relation

n-1 p-1
..... s r r
\ s - 1 -
S, (x):L—-———los,x{s -> (1) 13%( x)S (1-x)~%
sP Se n=-3,p - Tr. P-ryn=8 |
5=0 r=0
(3.5)
-1)P

i 1ognxlogp(1 -X) .

For n =p =1, Fq. (3.5) reduces to the well-known formula for the dilogarithm

Sa(x) + S2(1 - x) =82 -logxlog (1 =-x) . (3.6)

It follows from Eq. (3.5) that a similar relation, which would combine polylog-
arithms of arguments x or 1 - x with elementary functions only, does not exist
for Sn(x) if n2 3, Thus, for the trilogarithm one has

S3(x) = 83 = Sy, 2(1 - x) + log x {s2 = S2(1 - x)} -g_- log? x log (1 - x) .
(3.7)

*) The corresponding formulae of Nielsen [1] § 12(8),(9) contain a sign error.
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This relation contains a function S;, 2(x) which is not a polylogarithm. However,
if one considers the set of generalized polylogarithms S_ p(x) , no functions other
)

than these and elementary functions are required for arbitrary n amd p in Eq. (3.5).

3.2 'The inversion x » 1/x

In this case, Nielsen proceeds as follows, By substituting t’ = 1/t in the
integral of Eq. (3.1b) and using

1) = (-1)P -1) = .
M, () = (0P 5, (1) = oy (3.8)
he finds after some manipulation
n - n+as-~1 1 .. 1ogn+Px B
M (x) = (=1) M - - .+ C
n,p s n+8,p=-8 \ x (n=-1wpl(a+p); WP
® : (3.9)

where

-1

Cyp = (1 - (-)D) opp = (-7 Z <n er -, (3.10)
r=1 ) _

leo]

r ) nte,per

Applying Eq. (3.3b) and using the identity

n-1 r
wl m

8’ fa+r-s-1 Rl nrr-m=1)

s! r ) Inepes T m! r=m n+r-m.
8=0 : m=0

where the quantities Xy and y.j are related by

n- n-1
. - U g _ \—;\ (-1 )PaP , _
n-/, ps o’ CIVREETEE .
p=0 p=0

" he obtains (after making the substitution x » -x) the relation

p~1 s
n s log" (= h+s8s-r-1 1
Sn,p(x) = (=1) z (-1) ___5.;(_3:_1 < 8 = > Sn+s-r,p-s <;> *
s=0 r=0
| , (3.11)
P . logr!-x) 1og™'P (=x)
+ ) {>_.: r! Sar,p * (n +p)! }.

=0
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For the dilogarithm, this formula becomes

Sz (x) = =S (i": - 82 "'" log? (=x) » (3.12)

and for the polylogarithm

n-2

T 1o re n -
W0 = (0" 5, (3)- ) 2L (s () g, e
= NERTS

This relation was already known to Jonquidre [15],[16]. Following [12],[13], this
formula can also be written as

0+ (075, (1) - - BBl (1) (5.)

n, 2wl

where Bn(x) is the Bernoulli polynomial of order n,

Contrary to the case of the reflection x » 1 - x, there is here a relation
(3.13) which, for any n, combines polylogarithms of arguments x and 1 /x with ele-
mentary functions only. Moreover, only polylogarithms with the same n appear in
this relation, For p 2 2, several generalized polylogarithms S " ,(1/x) are
needed in Eq. (3.11), but only elementary functions are used in adgitlon to these,

We insist on the fact that the generalized polylogarithms S (x) are a closed
set, in the sense described above, under the transformatlons we have considered,
S (1 -x)and S, (1 /x) can be expressed as linear combinations of S, (x) with

n,p
coefficients constructed from rational numbers and the functions log (+x and

log (1 = x). In addition, there appear terms composed of %,p° %n,p’ log (+x),
log (1 = x). Te Egs. (3.5), (3.11) may be said to be homogeneous of degree n + p
in the sense that if n + p is the degree of S, (x), s » and if logu is

n,p’ n 2P
of degree g, then each term in both equations is of degree n + p,

363 Other transformations

If we consider the reflection Py(x) = 1 = x and the inversion P,(x) = 1/ as

belonging to the group of the bilinear transformations

p(x) = SEL8

YX + 3

with real coefficients and a§ - By # 0, we see that they generate a subgroup
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Po (x) = PyPy (x) = P2Pa2(x) =

Pi(x) =1 - x
Pa(x) = = |
, ) (315)
Ps(x) = P2Py(x) =TT
Py(x) = PyPa(x) = = = 1
Ps(x) = PaP1Po(x) = —E—= |

By repeated use of Eq. (3.5) and (3.11) it is therefore easy to see that

/ 1 x -1 x -\
SnsP K‘l - x>, Sn’P < x >’ Sn:P '<X - 1>

can be expressed as homogeneous combinations (in the above sense) of § (x) with

the above-mentioned components and with additional terms involving log (x -1).

For reasons of simplicity we give explicitly only the known fbrmulaé fbr the

dilogarithm:
S2(1 = x) = 3. - Sa(x) ~ log x log (1 - x)
5 - = =5(x) - s -'1"10 2 (=x)
2 x = 2 2 2 ‘g
Sz (1 1 x> = 82(x) - 2 sz + log x log (1 - x) = % log? (x =1)  (3.16)

Sz (EL:—1> = Sa(x) +2 s +-%]Dg2 () + log x log (1 = x) ~ log® x

S (25) = -8:00 - 108" (1 - )

where we have used Eq. (2.9) and Eq, (3.23) below.

From Eq. (3.15), one obtains as solution of the equations

Pi(x) =x (=1, eeey 5) .
the six values

x =+1, -1,

Nl
-
N
-
Pl
1+
N1 IS
\Nl
P.
L]

These numbers define the fixed points of the subgroup.
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An interesting functional relation for Sn(x) has been found by Riihl [17].
Using Eq. (2.4) one can prove by a partial fraction expansion that

B
m n-f \ k
5.(x") =m Zij 8, (e, ) (3.17)
k=1

L2mik/m

where el]: = are the mth roots of unity. In particular one has

Sn(xz) o oot [sn(x) + Sn(-x)] . | (3.18)

We add here that other higher order functional relations, which combine poly-
logarithms of more complicated arguments, have been dlacussed recently by Maier
and Zshn [11] for the trilogarithm S;(x) and by Wechsung [18] for the pentalog-
arithm Ss(x).

3.4 Relations between numerical values
' for special arguments

In this section we investigate the relations between the constants sn, s
On,p and an,p' These numbers play a special role in the theory of the generalized
polylogarithms, since they are values of Sn’p(x) for arguments which are invariant
under the bilineer transformations discussed in the previous section, In partic-

ular, explicit relations between these constants will be given for n + p = 2 , ..., 5.

The s, can be expressed in terms of the Riemann zeta function with integer

arguments

s, =¢(n) . (3.19)
As is well-known from the theory of this function, we have for even n = 2m

22m-1w2m| BZml

(3.20)
(2m)!

Szm = §(2m) =

where the BZm are the Bernoulli numbers., In particular,

7

82 ='—6
S22 o

84 =5 82 55 -

No similar relations are known for odd values n =2m + 1.
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We have noted already that for all n and p

K A = s - .
n,p Psn

Furthermore, Nielsen proved that for aJ.l n and p R sn D can be expressed as a poly-
‘tomial in terms of 8 £8 4 (2 £ q n + p), with rational coefﬁclents. . his

q -1,
polynomial is homogeneous of degree n + p, if we say as in Section 3, 2 that s n,p
is of degree n + p. A closed formula for this polynomial has been founlby
Riihl {17], namely
_n.._u-\..‘l 1 ne1 'n, o -‘,
5 (1) /‘_Z_l._o_g ‘lzlog"U-'l:)dt
%P " (g - 1)t t
(- 1)t ° (3.21)
[ (n+p) /2] k+1 o '
z (~1) Z Hp(m1,m2, cens mk) ,
= T oo S, Sy eee sy
1 2 L N ] nll{ 1 2 k
k=1 mi">‘2 h
Z ~qBy= 1P
where
so,-1 . L
P 11 SN m L e
%(m»"mz’ o0 mk) = Z ( 1 \ < 2> see <m1(> (3.22)
py/ \P,p Py
Pj_21 : :
z"1=‘|Pi=P

The proof of this relation is given in Appendix 1, In particulai‘, one finds -that

1 1 1
82,2 =‘§s4 -553 =75 s? =7 8
82,3 = 2 85 - S283 ‘
*
10 )
83,3 = "3 3¢ -'g 5234 = 3 +% s3

3
e 1
84,2 = ‘g S¢ = S284 -3 8%
1 *)
S4,3 = 5 8; = 2 8285 -'g 8384 + L
10 1 L DT
S4,4 =‘§E 8g =3 8286 = 4 838; --gz 83 +-§_ s2s, + 8283 - e 834 v

Another general result is known for 'cr;,' namely

o, =(1-2"" 4 (3.23)

n,

*) Note that [1] §18(19) does not give the last term correctly,
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which follows from Eq, (3.18). No similar relations seem to exist for the ¢

in the case p 2 2 or for the a_ .
n,p

By é::ploitlng the information contained in Eq. (3.5), (3.11) for the special

arguments -1, 0, "4, 1, 2, the following results are found:

n+2=2
1
-t "2
s2 = - /'t log (1 t) at = &
°
. 1
02 = /t-' log(1+t)dt=-%sa
]
1
-1 1 1 1
ag = = th 1og(1-§t>dt=552--2-1°g=2
0
n + =
) 1 ‘ (3-24)
01,2 = %/t" log” (1 + %) dt:-&s;
o
1
o3 = = ,.ft"1 logtlog(1+t)dt=£s3
H
1
1 -1 1 1 1
84,2 = 3 [ t log? (1--2~t>dt='§s;--6'log:'2
o
foom 1 7 1 1 *)
ayg = ]t 1ogtlog<1--§t>dt=583--§«521052+-310532
(4]
+p =
1 ” )
1 - 2
84 =-=% jft log tlog(‘l-'_t)dt:'gsg
0
o , .
a,,2=.% ft"’ log t log® (1 - t) dt = 7= a2

*) Note the misprint in [1]§.20(3).
**) Found by other methods, given here for completeness.

n,p
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1

4 -1
o5 = % [ t7 log® (1 + t) dt
[+]
2 ' 1 2 1
= -5-s§—a4-%331052+z32:ljog 2-'51;19842
1
1 -
02,2 % - 7% / t™ log t log® (1 + t) dt
J .
' A 1
=-£s§+2a‘+11'_33log2--2-szlog22+-:1—2'105‘2
1
_ 2 -1 2 2
04 = th log tlog(1+t)dt=-226$z
0
1
Bi,s =% / t™ log® <1--% >dt
.- 0 )
2 2 _ 1 4 2 1
= 5sz-a4—853log2+zszlog- 2-——1-2-105‘2 (_3,21..)
1
4 - 2 1
Ba 2 7" t log t log 1--51; dt
[+]
. Logz 4 Lotogt
= g Sz 85310g2+2410g 2
n+p=
1 *)
1 -
82,3 = % j[ t'vlogtlogs (1-1t)dt=2s, - 3,3,

0

1

1 -4 4
,4 = z[t log (1 + t) dt

0

1 s 1
= 85 - as - as 10512--11& s310g22+-g§2 log 2-36 10552

*) FPound by other methods, given here for completeness,
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1
0'2’3="% [ £ logtlogs (1 + t) at
J .
= %2 --észss+2a5+2a4log2+%8319822
1 3 A
- 2 + 1 2
332 log 5 og®
!
1 -t 4
03,2 = T _;, }:Eﬂlog tlog (1+t) dt:--ggss +'2'3_g§;;
0 i B k -
1
os =.-1-6- f 7 108 tlog(1+t)d.t -}gss
]

3]

1
a1, 511;/ £ 10gt <1 -2 )dt
[o]

1
= 85 = as - a4 log 2 --125 s3 1ogz 2 + 2 82 log® 2 - 21* log® 2 (3.24)
Tl : - ' :
1
8z 3 = -16- [ £ 1ogtlogz' <‘l --% >d
o _ P

6 1 2
= —3385 =7 8283 - as +-173 83 10822 --5- H 1032-112 Sz log® 2

1 5

+ % log” 2

f

as 2 = -1-1 *t;‘-1 logz t log2 <1 -% >dt LR i

[]
1 1 {_-.‘, 0t FEREN "v. 1 N f-';"‘ 1 ' T
= 3p 85 = 8283 + a5 + a 1og2--2—03§1062+'§53 19822'

-%szlog 2 + o= o1og 2

I

We can summarize fhe'ée".lrééults» as follows, wEbAr"ri + p = 2and3 thése con-
stants can all be expressed in terms of s, sz, and log 2, For n+ p = 4 and 5,
however, not only s, and ss are needed, but also a, and ag. -No. expression.involv-

ing only s, and ss is knowpfora4and Bgeci o e afmaitem vepn ol s {a

<
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We remark that, according to Eq. (2.25), for n2 2

so that we could write here for n = 1

log ——
2‘r

r=1

(3.25)

(3.26)

It should be noted that the general structure of the relations (3.2!;)' for

higher n + p remains unknown,

Many of the above relations are contained in Nielsen's paper, in most cases

(3.27)

implicitly. Furthermore, the following general relations, which can be deduced
by using properties of the function IL P(x), are satisfied by the above expres-
4
sions
_ lo,gp +1 2
a =0 - SR s——
2 "LP (p+ 1)
and
n P
c Nt /n+p=-qg=-1 E n+p=-=9g-=1
8 = > [+2 + g .
np /, ( p -1 > q,n+p-g L ( n-1 > q,n+p-q
q=1 q=1

(3.28)

, . .
This last formula corrects Eq.§ 19 (12) of Nielsen ). Nielsen actually claims

in this connection that for all odd n + p, o, P
4]
polynomial (in the sense of Section 3, 2) in terms of 8

can be expressed as a homogeneous
(2% q<n +p) alone,

with rational coefficients, e.g.
01,4 .
=1/ 8,85 + " 8 (3.29)
0'2,; —
However, using Eq. (3.28) for n + p = 5, one finds
2 0y 4+ 02,3 = 31,-4"".‘03,? - 04,1
’ ' (3-30)
6 01,4 + 3 023 = 82,3 =~ 03,2

*) Note that [1], Egs. §19(11) and (13) are also wrong, as can be easily veri=-

fied numerically for smsll n,p.
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The appearance of the combination 2 01,4 + Oz, 3 prevents us from finding independ-
ent separate expressions for 01,4 and 02,3 Because of this, and in view of the
fact that Nielsen's proof is erroneous, we doubt whether his statement is correct.

DISPERSION RELATIONS

It was noted above that Sn,p(x) has a branch cut along the real axis from
1 to », In this section we want to exploit the information contained in the in-
tegral representation of Sn,p(x) in terms of its discontinuity across the branch
cut, Relations obtained through this procedure are usually called dispersion re-
lations by theoretical physicists, In this way one can express a number of
integrals involving Sn,p(x) in terms of Sn,p (x) of higher order and logarithms,

From the definition (1.1) or from Eq. (3.11), which are both valid for com-

plex arguments z = x, we see that for z » o
= n+p
Sn,p(z) = 0(log z)

or

s, _(2)
lim —2Eee _
Z»00 1
in the whole of the cut z-plane., We note further from Eq. (2.28) that S, p(z) /z

L]
is regular at z = 0, because of p 2 1, Simce S p(z)/z has no singularities other
9

than the branch cut along 1 < x < ) it is possible to apply the Cauchy theorem to

this function, giving

1 1 Sn’p(C)
- Sy, p(?) ey J ) ag (e1)

for any contour not crossing the branch cut, If the contouwr is as shown in Fig. 1,
the integral over the circle vanishes for { - = and one obtains the "dispersion

relation"
1 1 F£s. _(L+ie) -8 (¢ ~ie€)
= o— /. n,p n,p
Sn’P(z) 2mi ;I (¢ - z) a
(442)
_ _1 FoIn sn,p(g) .
EETED
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AY

Y. -
x

Fig, 1

The boundary value along the cut is obtained from formula (4.2) if we set z real
plus a small positive imaginary part ic(€ » 0+), which means

[ £ = p/ EA(9LS + inf(z) .

{ -2z - i€ { -2z

Changing the variatle of integration to t = 1 / end replacing z by x, we finally
have

Sn’p(x) = --1- at . (4.3)

. 1

t o -
X

1
P
[+]

The value of Im S p(1 /t) can be found from relation (3.11), noting that on

4
the right-hand side the imaginary parts come from log (-x) only. In general, we .
have
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LN (-1)32 (-1)"‘("” - (t) x
=1

s=1

[(=t)/2] 2k m2k=1 |,

. \ ( 1)k W 08 } ( )
X 2 o= f '_ L4
k=0 (2k + 1)if@ - 2k = 1)!

n-1 [(=-1)/2] 2k . pe2ked
o L

oy N T _nk log Itl_
(=1) Z./ (-1) Cn—r,p éo (-1) (2x + 1)i(r - 2k = 1)!

r=1

[ (n+p-1)2] ok
S e e
(Ck + 1)'(n+p =2k - 1)

k=0

where the sum over s or r is replaced by zero if p = 1 or n = 1, respectively.
In particuler, we obtain for p = 1 either from Eq, (4.4) or directly from the
definition (1.1) o ' ' . o

n *
dma (1) i e 2
so,‘_:"bha'l?: .
= 10g™ 6 )
5, (x) T / = (1.6)

which can be found also from Eq. (2.4).

“. For p =2, one can start from Eq. (4.;) with n = 1, and by applying the opera-
tion, ‘/;*dt/t'-~_repeatedly one obtains, withthe help of Eq. (2.7), the expression

*) Lewin [6] page 2 and following uses a different convention for the imaginary
parts, :

*%) This relation is also true for n = 1, if we define S (x) = =log (1 = x).
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n=1 .

_%Imsn-z 2 <%>- ey { o _ni - 105.. ¥, %og_ 1)t} )

r=0

Inserting this into Bg. (4.3) and using Eqy (h.6) gives - ~--no B

P
(448)
= ()7 (80,0 + 5, )+ ) (-1)r Sy rS,.(x) t 8pq 08 (1 -x) .
(Crael2) -

Hence in particular

St,2(x) + S3(x) + 82 log' (1 = x) ~ T UL (409)

t-Jd
x

[—-let

- Sa,2(x) = S4(x) + 8252(x) + 85 log (1 - x) (2010)

o
&t jJa
1 \7

IR G

Qs
o+
[{]

S 2() + Ss(x) + 935a(x) = 8285(8) + 84 Tog (4 = x) » (i)

—_—
72}
>
—
ot
~—
=9
ct
'

_With the help of the derivative relation (2,7), and after several integi‘ations by
‘ part,s » the integral on the left~hani side of Eq. (4.8) can be written as

=

1S L(%) ‘

-1 r

/ —i———-j‘- dt =8 _4 log (1 ~-x) + (-1) s rSr(x) +
o = :

N

(4e12)
_’_...('_bj):xfnﬁ [ . n-m-j (:) S (Xt) G
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which yields, by comparison with Eq. (4.8), an expression for an integral contain-
ing a product of two polylogarithms, namely '

f ie:a-.lﬁ?féfl at = (=1)" {(-1)n [sn_z,?_(x) N sn(le -

o2 (%.13)
- z (-1)° sn_rSr(x)} m22, n-mz23)
r=m+1i

‘ *
This formla was found by Nielsen in a different way ).

The procedure used for deriving formula (4.3) can also be applied to the
function

log (1 - x) Sn(x) .

This permits us to write the representation

' ["“‘{“g (-3) Sn(ﬂ}dt. (i)

1

log (1 - x) Sn(x)

Using

Im {f(}z)g(z)} In £(z) Re g(z) + Re £(z) Im g(z)
we obtain, using Eq. (4.5),

log (1~ x) Sn(x)

| | (&.15)
.’ : n
- [ _.‘yl? Re S_ (1) + GO <1ogn"1 t log (1 - t) - log" t>:| .
4 -- t (n-1)!
[+
Fronm Eq_o (3013) we find
n

s (240 -0 (0 ) BT

*) Note the misprint in [1]§16(4). The right-most term should read Sn+q 4 2(x).
]
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Inserting this result into Eq. (4.15) and using Eqs. (4.6), (4.8), we get

n 1
(=1) / at 1ogn'-1 t log (1 - t)

(n-1): )t -%
' n-1
= log (1 ~ x) Sn(x) -8 )+ Sn_1’2(x) -n Sn+1(x) + » n ;,+’(x) ?
(- 2) L

(4a17)
P

This formula is valid for n 2 2, the sum on the right-hand side being equal %o

zero for n = 2, In particular, we have

14
f gt 7 log t log (1 - t)
£t -4

o

= log (1 - x) <Sz(x) - Sz> + S1,2(x) = 2 S3(x)

--1-[ dt log? t log (1 - t)
2% 1—,...1

= log (1 = x) (Ssl(x) - s3> + 82,2(x) = 3 84(x) + 825:(x) (4?18)

1
d
—Lf t1logstlog(1-t)
t
3. J t -

X

=log (1 - x) <S4(x) - 34> + S3,2(x) - 4 Ss(x) + 8283(x) + 3352(x) '

For n = 1, the relation degenerates into

- [ e (1-) =g (103 - 80 (919)
o vt ? i




5e
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We note that from the last two equations (4.18) one has again

1 2 )
S2,2 =70 82 83,2 = 2 85 - 8283 .,

0

It is also possible to derive from Eq, (4417) the relation

¥ R

n 1
*n-1,2 2 ®ne1 T2 <523n-1 T 83%pp e ¥ “n—1"’2) (4.20)

which was found by Nielsen in a different way.

Integral representations similar to Eq, (4.3) and (4.14) can be written not
only for § p(x) but also for any product of these functions., These relations,
3
however, become more and more complicated and we shall not enter into a systematic

exposition here,

ZEROS OF Sn,p (x)

A numerical tabulation of Sn,p(x) for real x and given values n, p indicates
that Re Sn,p(x) has ‘p zeros on the positive real axis, whereas Im Sn,p(x) has
p -~ 1 zeros on this axis, It is likely that this behaviour is true for all in-
teger values n > 0, p > O,

The zeros are listed in the following table. The power of 10 is given in

. brackets.




- 25 =

Zeros of Re Sy p(x) Zeros of Im Sn’p(x)

1,25951 70369 845 (1) -

1.52632 71090 716 5.50374 16162 127
2,02726 44791 049 (2)

8.51716 73342 884 (1) -

1.13731 31682 930 1.72742 72723 880
4.05240 89793 124 2,18159 46206 047 (1)
1.,90643 92968 251 (3)

2.54017 89405 €85 1.50703 76165 000 (1)
1.59132 98541 959 (3)

5,92142 82381 245 (2) -

1.0490k 29488 273 1.25797 98074 030
1,82294 50380 456 3.44695 79596 227
1,00395 03309 198 (1) | 7.34010 94853 004 (1)
1.56965 39058 200 (4)

1,42483 20595 226 2,69029 17059 732
8.10590 99054 472 6.35446 47062 776 (1)
1.49730 20568 994 (&)

4.4.3896 57602 040 4.11373 61548 842 (1)
1,21889 20295 292 (4)

1]
n

4,18245 60820 696 (3) -
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6. THE NUMERIGAL CALCULATION OF S_ _(x)
2

6.1 Existing tables and
computational procedures

A review of tables of polylogarithms anl related functions is given by
Fletcher et al, [7]. No tables seem to exist for the generalized polylogarithms

Sn,p(x) with p > 1,

An Algol procedure [19] is available for the dilogarithm S»(x). This pro-
cedure c¢alculates the function for real x to about 13 significant digits.

6.2 A method for the calculation of S, P(x)
.. 3

We discuss a method for the numerical evaluation of the generalized polylog-
arithm function Sn P(x) for some small positive integers n, p and arbitrary real
b4

Xe

In the interval -1 g x < ', we define the function

~ _ ' n -p
5,,00 =pt 2" %P 5 (x) ()

which has the property
S 0) =1, 6.2

For a fixed pair of integers n, p we approximate this normalized function §n p(x)
‘ y

in the given interval by a Chebyshev series

!

X \ hx + 1
5,000 % ) oF Tr< 5 > | (6.3)
r

where
Tr(x) = cos (r arccos x) (6.4)

is the Chebyshev polynomial of degree r,

For -1 < x5 %, Sn,p(x) is then obtained directly from Eq. (6.1) by means
of this approximation. In the case %% < x £ 2, we use in addition the reflection
formula (3.5). For -« < x < =1 and 2 < x < = the inversion formula (3.11) is
used,

We have restricted ourselves to the calculation of the c:’p for the integers

1sngs 4y, 1Sps 4, n+ ps 5, We present in this paper Chebyshev coefficients
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for the 10 functions 81’1; Sg,z; Sz’q; 81,3; Sz’z; S3’1; S1,4; Sz,;; S;,z; S4,1.
The method may, however, be used in principle for the calculation of Sn P(x) for
t4

other positive integer values of n and p.

Because of the fact that ‘§n,p (x) has a branch point at x = 1 and all its
derivatives higher than the (n - 1)st become infinite at x = 1, it is clear that
the function cannot be approximated by a polynomial near this point, We have
therefore chosen x = Y4 empirically - as the upper limit of the basic interval for
the approximation,

6241 Jhe calculation of the
Chebyshev coefficients

For the calculation of the c;"P we used the method developed by Hivie [20],
which is available as a Portran program written in double precision mode,

In order to calculate the required input values §n p(x) in -1 3 x5 Y, we
, .
proceeded as follows, In the interval =Y/ < x g ’/2, we used the power series
expansion (2,20), which gives

. @) |
() = 40(1) (p+s), (pﬂ) PE"_‘ . (6.5)

S

This sum was calculated in double precision mode until an accuracy of ~1072° was
regched, The Stirling numbers S(Sp) were generated beforehand by their stable re-
currence relation [8]

0 _ 1) _ ()

o+ o

T Yo

(6.6)

!
-

s1(°) =0, sép) =

and the quotients S(p)/S(p) were stored for p = 1(1)4, o = 1(1)100,

bIn the interval -1 5 x < 14, the evaluation of the power series becomes dif-

ficult when x approaches -1, A direct numericsl integration of the definition

(1.1) is not advisable for n > 4, since the integrand behaves like

£ 1061 ¢ 108 (1-xt) = o(® " 1021 t) (6.7)

for % +0, Forn = ’1, however, the logaﬁ.thmic factor in ‘the rlght-hand side '
d:.sappears and in this case we have integrated '
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1
E",p(x) = (-1 px? f t-1 lod (1 - xt) dt ~ (6.8)

numerically, using an accurate double precision Geussian integration routine [24].
Special care has been teken in the computation of the logarithm near t =0, and

(x).

a relative error of ~ 10 2" was reached in the result §n P
]

In the case n > 1, we write Eq, (1.1) as

+p =1 2 ! -1
Sp,p () #l—)——(;_nj.P. <[ + ) log” 1‘:? (1 —xt gy (6.9)

Substituting t = 8t’ in the first integral, we obtain the relation

R - n- ' ‘ -
(_1)n+p 1 f 1°gn 1 t 1o§p (1 - xt) at = zj _(_:'_'_)_s__}_?és_s, s (6x) . (6.10)

n~1)ip! t s! n=3,p
For 5 = ‘4 this leads to
. n_:] ( 1 2)3 .
x _op ) o loe?) x
S,p®) =27 Z = Spes,p <2> +
3=0

(6.‘i1)

- 1 -
(-1)™? ! n _=p f log" Ty 1o (1 - xt)
+ ——p X dt
(n - 1)} t
1/2

Because we now have =% < x/2 < - %, the functions En_s,p(x/Z) may now be cal-
" culated from the power series (6.5 ), The integral on the right~hand-side was
integrated numerically in the same way as in Eq, (6.8), since the integrand has no

singularities in the region of integration.

6,3 The Algol procedure

We give an Algol procedure for the computaﬁon of the real and imaginary
parts of Sn,p,(x)_ for arbitrary real x and the 'values of n and p given sbove, The
procedure makes use of an auxiliary procedure Cheby already described by Clenshaw
et al, [22] -




procedure Snp(n,p,x,ReSnp,ImSnp) ;

Yalue n,p,x; integer n,p; real x,ReSnp,ImSmp ;

comment '.Ihis procedure calculates the real part ReSnp and the imaginary part ImSnp
of N:Lelsen s generallzed polyloganthm function

.L_)ff:l 108' t log (1-xt)

.S
n’P (n=-1)!p t

for given integers n and p satisfying 1 s n k4, 1 £ p L4, n+p<L5, Thus, any
of the 10 functions 51,1, S1,2, Sz,1, 51,3, Sa 25 83 15 Se,4s Sz 3, Ss, 2, 34 1-
can be evaluated, The argument x can be any real number. For x < 1, S (x) is
real valued and ImSnp w:.ll be set to zero. In most cases, 13 to 14 s:.gmflcant
diglits are correct, for except:z.ons see Sectlon 6 5. An error exit La 18 provided

for illegal values of n or P

Dbegin integer r,s,n1,p1,.j,k :
real x1,y,srr,sri,srir,srii,h,q,chsum; v
array Sat1,C[1:4,1:4], fact,vr,vi[0:5],w[0:4],pi[4:5] ;
switch Chebysw := L11,112,113,144,1a,1a,la,La,la, Ia, 121, 122,
123,1a,la,la,la,la, la,la, 131, 132, La, La, La,
la,la,la,la,la,Li1;
gwitch retsw := R1,R2,R3,R4,R5;
switch vsw := V4,V2,V3,VL,V5;
if n<1\/n>1+\/p<1Vp>2+\/n+p>5_§£e_1_f_1‘_§gj:g_1aa;

comment All constants needed in the different branches of the procedure are given

in the following statements, slthough for certa;Ln values n,p,x it may happen that

only some of them are used in the relevant branch, The f’ollow:mg notat:.ons hold:

fact[r] = r!, pi[r]= T, Sati[r,s] = §, (1) =8 r,s’ c[r,s] = - C, s;

fact[0] = fact[1] t= 1; pi[1] &= 3. 14159 26535 89793,
Sor r .=2_§_1i_eg1unt115do
begin Lo
fact[r] i= v x fact[r-1]; pi[r] ¢= pi[1] x pi[r-1]
end ; o

comment The numerical values of s are given by

2(3) e L)
Yol (1) 22 (5)=¢ (2)¢(3)

27 (5)-£(2)2(3) *




amd of cr,s by

£(2) £(3) 4
(c. ) = 0 ~ThL (&) ~£(5)=¢(2)¢(3)
28 %) 2(5)+(2)¢(3) *
0 * *

" where £(m) is the Riemann zeta function;
Sat1[1,1] t= C[1,1] := 1,644,935 LO6ES 48226 ;
Sat1[1,2] := Sat1[2,1] := C[1,2] := 1,20205 69031 5959 ;
Sati[1,3] := Sati[3,1] := C[1,3] t= 1,08232 32337 11138;
Sat1[1,4] 1= Sati[k,1] t= C[1,4] := 1.,03692 77551 L3370;
Sat1[2,2] := 0.27058 0808 27785;
Sat1[2,3] = Satd[3,2] t= 0,09655 11599 894k ;
C[2,1] t= C[h,1] t= 03
C[3,1] = 1.89406 56589 9L492; C[2,2] := =~ C[3,1]; "
C[3,2] = 3.01423 21054 LO666; C[2,3] t= = C[3,2];
if x = 1 then
begin
ReSmp $= Sati[n,p]; ImSnp := 0; go to Lo
end
else if x 2 -1 A x < 0,5 then
begin
nl := n;bp‘l i=p; x1 t= x;
yi= (b xxt+1)/3; 5 :=1; go to Leh;
R1: ReSnp := chsum; InSmp := 0; go to Lo
end
glse if x < =1V x > 2 then

.

begin comment The inversion formula (3.11) is used;
ki=n+p;xtt=x;J t=4;
Vs vr[0] = 1; vr[1] t= In(abs(x1));

vi[0] := vi[1] := O; )
forr i=2 step | until k do
besin
ve[r] i= vr[1] x vr[r-1]; vi[r] = 0
end ; '

if x > 1 then

£(5)

*
*

*

begin comment If § < 0, the real and imaginary parts of log? ¢ are computed

in the following statements, The definition log (=¢)
is used for £ > 0; ’

= 105 lfl - iw




P
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Bo to vsw[k];
V52 vr[5] := vr[5] - 10 x pi[2] x vr[3] + 5 x pi[k] x vr[1];
vi[5] 8= 10 x pi[3] x vr[2] = 5 x pi[1] x ve[4] - pi[5];
Wi vrl4] i= ve[4] - 6 x pi[2] x vr[2] + pi[4];
vif4] 2= 4 x (pi[3] x ve[1] - pi[1] x vr[3]);
V3: wvr[3] 3= vr[3] - 3 x pi[2] x vr[1];
vi[3] t= =3 x pi[1] x vr[2] + pi[3];
v2: wvr[2] t= vr[2] - pi[2];
vi{2] 5= =2 x pi{i] x vr{i];
Vi:  vi[1] 2= ~pi[1]
end;
for v t= 2 gtep 1 until k do
begin
ve[r] := vr[r]/fact[r];
vi[r] := vi[r]/fact[r]
end ;
£ to retsw[j];
Bt xt t=1fxsy s (bxxt +1)/3;5:=2;
srir := wrlk]; srdi s= vi[k};

for v :=0 step 1 until n -1 do
begin
h := C[n-r,p]; ,
srir = srir + ve[r] x h; srii t= srli + vi[r] x h
gend;
ReSnp := ImSnp = 0; q ¢= 13
for s +=0 gtep 1 wntil p ~ 1 do
sri-::ari i=0;pl t=p = 83
for v i= 0 gtep 1 until s do
begin
nl s=n + s -~ r; go to Leh; ,
R2t  h := (fact[n1-1]/(fact[s-r] x fact[n-1])) x chsum;
srr i= srr + vr{r] x h; sri t= sri + vi[r] x h
end; -
ReSnp := ReSmp + q x srr; ImSnp ¢= ImSnp + q x sri;
qt=-q ’
gnd ;
ht= (=1)Tn; q = (=1)Tp;
ReSnp ¢= h x ReSmp + q x srir;
ImSnp ¢= h x ImSnp + q x srii;
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2 X lo
end
else :
Dbegin comment The reflection formula (3.5) is used;
w[0] :=1; w[1] t= 1n(x);
for v i=2 step 1 unbil n do
wir] t=w[1] x w[r-1]/r;
kt=p;xt i=1=x;J:=5; go toV;
BR5: y i= (b x xi + 1)/5; § i= 33
h t= («1)Tp x w[n];
ReSmp i= vr{p] x h; ImSnp ¢= vi[p] x h;
for s := 0 step 1 until n - 1 do
begin
srr = 8ri t=0;qi=1;pl 3=n ~ 353
forr 1= 0 step 1 untilp - 1 do
begin |
nt :=p - r; go to Leh;
R3s h i= q x chsum; _
srr t= srr + vr[r] x h; sri = sri + vi[r] x h;
qt==q
end;
ReSnp := ReSmp + w[s] x (Sati[p1,p] - srr);
ImSnp := ImSmp ~ w[s] x sri :
&nd;
£ 1o Io
end; : -
Leh: begin comment The eppropriate Chebyshev approximation is calculated; -

\

£o 1o Chebysw[10 x n1-10+p1];
L11: chsum := Cheby(y,cS11,n811); go to L;
L12: chsum := Cheby(y,cS12,nS12); go to L;
121¢ chsum := Cheby(y,cS21,n521); go %o L;
L13: chsum := Cheby(y,cS13,n513); @ %o L;
122: chsum := Cheby(y,cS22,n522); go to L;
L34t chsum ;= Cheby(y,cS31,nS31); go to L;
1A4: chsum := Cheby(y,cS514;nS14) 5 g0 1o L;
L23: chsum := Cheby(y,cS23,n523); go to L;
L32: chsun := Cheby(y,cS32,nS32); go to L;
Li1: chsum := Cheby(y,cS41,nS41) ;
L:  chsum := chsum x x11p1/(fact[p1] x piTni);.

£0 Yo retswlj]

i

. enmd;
Lot end Smp
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6.4 Numerical values of the
Chebyshey coefficients

,,,,,, - - The ooefﬁcié;}t_s c:’p are presented in the same format as Qven by Clenshaw
et al. [21], where further explanations can be foundi, The numbers were calculated
in double precision mode on a CDC 6600 computer, and then rounied to 15 decimal

digits. 4All the expansions are given for the interval -1 s x s %




. Y -
81,1(::) =X Z °r T

r

QO =

m N4 W e

N N N N NN = e s e e e m e e
Mo WN = 0 O O® 4 0 U0 » W N = O O

26

cS11

°r

2640
1493506 43008
0616607 30329
0402487 93229
0¢00468 63619
0s00100 16274
000023 20021
0400005 68178
0+00001 44963
38163
10299
2835
793
225
64
18
S
1

1016448 10529

+82246 70334

69969
27855
24228
59447
96164
96094
22718
00557
29463
04264
75389
87085
36708
74338
79117
50291
62421
48274
14437
4342
1312
398
121
37

11

30025

24113

g =
z r

o (-1)rcr =

2840
190361
0+43131
010002
0602442
0400622
0s00164
0400044
000012
0400003

77825
13184
25071
41559
51246
07883
40792
27749
45398
98586
28485
8317
2450
727
217
65

19

56648
65320
49049

52197

37235
12350
02645
41678
12838
95646
69950
08473
39499
64962
58023
46158
80328
02044
83845
56368
17346
5356
1659
5185
160
=1e)
16

151604 BO6E76 82043

060102 84515 79798
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c321

N (hx-ﬁ- 1>
3‘

Sp,1(x) = x ZiJ, °r %

r

@ NP WWN - O

N IV N N e s e s et e s e e e
W N = 00 ® 40U, Dd W N - O

‘c
Z T

>:'(-1)rcr

(&)
r

23.0
1498841 72133 83495
C.08518 81314 86831
0.+00855 98522 20133
0000121 17721 44129

0400020 72276 85308

0400003 99695 86914
83806 40658
18684 89447
4366 60867

1059 17334

264 78920

67 87000

17 76536
4 73417
1 28121

35143
9754
2736

775
221
64
18

1407442 63872 16080

490154 26773 69695

cS13

IF hx + 1
S1’3CX) - 181253 r ?r( 3

r

) . '
B B - A R S e

® N0

11

12

13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

20

30

2e
T

E’(-1)rcr

Cp

3040
1496322 05598 27298
0472926 80632 07265
022774 71490 93207
0006809 08329 61969
0.02013 70118 30638
0,00595 47848 01966
0400176 76901 39589
000052 74821 85025
0400015 82746 14600
0,00004 77492 20758
0+00001 44792 04084
44115 48863
13500 38702
4148 17790
1279 33069
395 90696
122 90546
38 26584
11 94589
3 73858
1 17273
36866
11613
3665
1159
367
116
37
12

2403533 01589 58561

s42754 25938 07133




‘ r

-1 2640

0 1490043
i ocezg0s2
2  o.08081
3 0e00995

& 0e00211
5 0400047
6  0.,00011
7 0400002
8

o

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

2s

26

- 35'-'

79041

-

o

<

- W
N
4]

n
o

72804
50305
05496
13084
31042
81078
87396
74921
3saz2
37694
71736
65856
82787
23840
64352
18660
5446
1599
a72
140
az
13

.= 1430426 36530 97896

2 (-1)7c_=  e70228 53725 49243

eS31
N 4x + 4
| YSB.‘l(x) = X Z Cr Tr( 3
r ‘cr
-1 2140
0 1497600 02334 aasas
i 8.5438% 05760 98007
2 0400295 09117 82781
'3 0400031 47780 97198
4 0400004 31484 60293
s o 69381 82301
6 12464 03504
7 2429 36280
8 504 08271
) 109 90749
10 24 94666
1 5 85396
12 1 41269
13 34915
14 8809
15 2263
16 591
17 156
18 42
19 11
20 3
21 1
e = 1.03495 81233 47798
zc@q)ré£= 094703 28294 97246
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cS14 R cS523
@ =E Y o p () &) =X o m (e
i S X)) = - R <] — ) . " “ S x) = , c
r cr ' r - cr
-1 3240 o -1 2840 .-
TH 2412810 42369 22831 0 - L, 00 111490128 06437 35539
1 “1e06917 20744 98122° 1. ~:0454138 28546 51707

0¢13649 97959 03205
. 0403417 94232 82074

2 Ti0s41527 19325 17684 2

3 "7 0414610 33293 62224 3

4 0404904 73264 87838. . - 4 - Qe00869 02788 35829
8 0401606 34086 03956..- « : . 5 .: 0s00225 28408 41555

6 0.00518 88935 07895 - 6 0400059 51608 98065

K 0400166 29871 73242 7 0400015 99561 77662

8 8

0400053 05827 99692 - - - 0400004 36521 30961

9 0400016 88702 92506... .. .= 9 0.,00001 20747 46884
10 0400005 36832 80590 - - 110 33801 81755
11 0400001 70592 33125 "% © 11 9563 24763
12 54217 43743 .12 2731 31288
13 17239 40821 - -~ 13 - 786 69684
14 5485 32751 . . 14 228 31955
15 1746 77950 15 - 66 72049
16 556 75505 16 . 19 61910
17 177 62342 . 17 : 5 80178
18 . 56 72244 %, 18 “o 1 T2463
19 18 13132 19 : 51511
20 e e S 0t 5 80123 20 — 15453
21 - 1 85789 - 21 e 4654
i - R R 1 22 o 1407
23 19108 . 23 - 427
24 6136 24 L 130
25 1972 25 40
26 634 0 R& .o . . 12
27 204 27 ' a
28 66 i 28 - ’ . - 1
29 21
30 7 I'e = 1467446 10799 35393
31 2
32 1 E’@d)rcr= +51848 46959 29011
Z'cr= 2476734 02168 90396

z'od)rbr= ¢30096 09217 61363




cS32 S cSLi
2 it Tl
“ s3,2(x) = 2.1!—6. Z/ r Tr('Lx';:-l) Sl’_,1(x) =x L °r Tr(l*x; L
r cr r cr
-1 2440 -1 1840
0 1491537 01309 26997 0 1498687 30334 26943
17 0419725 24967 95338 1 0402225 77012 68255
2 0s02603 37031 39182 2 0400101 47557 47032
3 0400409 38216 82611 3 0400008 17515 62503
4 0400072 68170 71098 a 89997 35466
"5 0400014 09187 92608 5 12082 39865
6 0400002 92045 89136 6 1861 69135
7 ‘ 63763 11640 7 317 47228
8 14516 78496 8 58 52146
9 3420 52806 9 11 47394
10 829 43024 10 2 36517
11 206 07841 11 50820
12 52 28234 12 11308
13 13 50664 13 2592
14 3 54513 14 610
15 94364 15 147
16 25433 16 36
17 6931 : 17
18 1908 18 2
19 ' 530
20 148 ZYcr= 1401680 11584 84537
21 42 .
22 12 2’@4)rcr= ¢97211 97704 46910
23 3
24 1

z cr = 1418597 03081 898623

r
2 (=1) c.= 78298 23527 99505
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6.5 Numerical tests and accuracy

The Algol procedure has been tested on a CDC 3800 computer at the University
of Geneva, A FORTRAN version has been written using»éomplex arithmetic and tested
for the following cases on a CDC 6600 computer at CERN., '

i) Evaluation of S p(x) =plpx? S1,p (x) for p 1(1)4, »
= -100(10)-10(1)-1 (0.1)0. 9(0.01)0.99, x=1-10" = 3(1)13]. The results
" .have been compared with those obtained from

-log (1-x) @

P
S X) =p X
1!P( ). P

o

by numerical integration. Agreement was fourd in most cases to 13 or 14
significant digits, except in the case p > 2 for m = 8, where in the worst
case, p = 4, at least 10 signiﬁ.cant digits agreed.

ii) Evaluation of S (x) =x S, 4(x) for n = 1(1)k,
2
x = =0.7(0.1)0. 9(0 01)0.99. The results have been compared with those found
from o

1(x)

[#) (s + 1)n+

by direct summation. Agreement was found to 13 or 14 significant digits in
all cases.

iii) Evaluation of

1,p(®)
5, 500 = [ ol g

for x < 1 ard

t)
n-1 p(
S ’p(x) =s,p* [ e A

t
1

for x > 1 by numerical integration for n = 2(1)4, p = 1(1)4, n + p < 5,
£20000, £10000, +1000, *100, *10, *5, =2, =1, 0.5, 1.5, 1 *+ 10™® with
6,11 for Re Sn’p(x) and x = 1,01, 1.1, 1.5, 3.5, 10, 100, 1000, 10000,
20000 for Im Sn,p(x)° Agreement to 13 or 14 significant digits was found in
practically all cases,

X

m
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0f course, accuracy is lost for values of x in the neighbourhood of a zero,
One or two digits of Re Sn,p(x) may also be lost for p > 3 in the regions -
-2 $x<-1and 0.5 x ¢ 0.8, In the case of Im Sn,p(x)’ acouracy will be lost
for 1<x<1+8 (8§ >0), because of Im Sn,p(1) = 0. & varies between < 0,01 for
n =1, p arbitrary, and approximately 0,19 for n = 3, p = 2, Nevertheless, an
absolute accuracy of around 10-12 is likely to be obtained in all these cases.

The results obtained for the polylogarithms Sn(x) were also checked against
the 10-figure table of the Amsterdam Mathematisch Centrum [23], Occasional dis=-
crepancies of one or two units in the tenth figure were fourd,

The authors had no access to the 20 figure table of Shafer [24].

Acknowledgement
We thank Dr, W, Riihl for reading the manuscript and for helpful comments, in
particular for giving the proofs of Eq. (3.17) and (3.21).




APPENDIX 1

The proof of Eq. (3.21) uses some of the ideas of Nielsen's proof and proceeds
as follows, . Using Eq. (2.12) with -a instead of a, one obtains, analogously to

Eq. (2.13),

(_1)n+p-1 antp=1
m,p "~

- B 2 (=a,85 B +1; 1)]
(n - 1)!p! 38" 0e® [ o | e

which can be written as [25]

i i o TR )
TP (. 4)ipt 3™ e L BI(1 + o + B)

a=3=0

Using [25]

= m&(m) m
log T(1 + 2) = —z + (~1) - 2 (lz] = 1)

we can write

( 1’)n+p-1 : an+p -1 I:ﬂ ‘P(“:ﬁ):i
nsP -
(n-1)pta =50

where

o(a,8) = - i "L [ - 57

m=2

Nielsen's theorem follows by noting that any ¢(q) in this expression is multiplied
by a homogeneous polynomial of degree q in a and B, Expanding the exponential
function yields

(=1 )n+p-1 an+p=1
] = ————
WP (- 4)ipt 2™ Tad?

k

o 3 ST

k=0 1:1 m.
i

\48

(1) ii—“‘i-’- (e t-a -a %] LH

2
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In order to carry out the differentiations with respect to a, we apply the Leibniz
formula

R | £ ®)
S]], 5]

N ! )  ®,) ®,)
= b L. 2% 5 L
i ZJ BBt ooe Byt 1 e, © & oy &

8o that each sum over n, is differentiated 12 times with respect to a. FT:'le .pi
can therefore be restricted by

-1
A

1.SP1-<-m1-1; \L/pi=Po
i=1

Ve obtain

= )k o K = m {(my) /m; mi_ib
b LT e R

. » /ﬁ:__o

Applying the Leibniz formula again for differentiation with respect to g and
setting 8 = 0 gives the condition

so that

from which Eg, (3.21) follows.
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As an example we give the calculation of s4 4.

n=k,p=b £ py =k Zm =8 4CUEEN

Sa,s = Ha(8) §8§- --;- {[H‘(z’é) * H‘(é’z)] ﬁs—% + [10,5) + K (5,3)] 38:5>+

. “afa,

24 1 ([H(2,2,4) + B, 2402) + By (12, 2)]

+ H, (z;,u) +

liN

ol

4
b [Ha(25353) + He(35253) + Ha(353,2)] "’“’; } -i H(2,2,2,2) 2

We obtain

ORI 70
R@e)  =mG2) = (])(5)mw0
o -w - () 2)+(2) ()
o (-
He(2,2,4) = Ha(2,4,2) = Ha(4,2,2) = (f) (f) (4> -2
B30 = m0,2) = w032 = 2(5)(7)(3) - %
wasn () (YE) D)

so that

35 2

10
B4, 4 === 3g --5- S28¢ =~ L 8385 —Jéz sz +fs§_s4 +szs§ --é-'l: s% .

L




APPENDIX 2
e

We give here the explicit forms of the reflection formula (3.,5) and the in-

version formula (3.11) for 1 s n<$ k4, 1 <p <4, n+p s 5.

The reflection formulae (3.5) for x < 1

Si,‘l(x)
St,z(x)
.Sz,i(x)

S, 3(x)

Sz’z(x).

83, 1(x)

St,4(x)

Sz, 3(x)

=82 = 51,4(1 = x) - logx log (1 - x)
=85 = S2,9(1 - x) + log (1 = x) St,1(1 = x) +-;- log x log® (1 - x)
=83 = 5,2(1 = x) + logx [s: - Sy,1(1 = x)] —-;- log® x log (1 =~ x)
=8, = S;,’,(1 -x) + og (1 = x) Sz’,(1 - x)
- = log? (1 - ) s 1 1 3
g x) S1,1(1 = x) ~ % log x 1og* (1 = x)
4 ‘
=7 8¢ - S2,2(1 = x) + log (1 = x) 8,21 - x) +
+ log x [83 = S2,4(1 = x) + log (1 = x) S1,:(1 =~ x)] +
+-[-‘111.og“’itlog2 (1 -x)
=84 = 5¢,3(1 - x) + log x [85 = 5¢,2(1 -~ x)] +

1
+% log® x [s, = Sy,1(1 = x)] -% log® x log (1 - x)

85 = S4,1(1 = x) + log (1 - x) Ss,4(1 -~ x) -

S5 l08 (1=x) Se,0(1- %) +Z 108 (1-%) 8,401 =)+

1
* o log x log* (1 - x)

2 85 = 8283 - 53,2(1 - X) + log (1 - x) 52,2(1 - x) -

1
-3 log® (1 - x) S4,2(1 = x) + log x [84 = S3,1(1 - x) +
+ log (1 = x) S2,4(1 = x) -f% log* (1 = x) S4,¢(1 ~x) -

- -115_ log® x log® (1 - x)

N
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w
s ¥ e .

Ss,z(x) 2 85 = 8233 - 52,3(1 - X) + 1og (1 - x) S, 3(1 - x) -F- S A
+1ogx[ S4v-Sz a(‘l-x)+log (1-x)qu(1-x)]+
*‘;‘ 1622 x ['8:"- 33,1(1 -'x) +'log'(1'- x) S,":,(1 - x)] +

+ -11-2- log® x log® (1 =:x): -

Su,0() = 85 = S1,4(1 = %) +logx [84 = 84,5(1 = W4

'+-%1og x [85 = S4,2(4 = x)]. "‘Z log® x [sa - 51, 1(1 -x)] -

21“ log* x 1og (1 ~-x)

The reflection formulae (3.5) for x2 1

The formulae for the real part Re S p(x) can easily be found by replacing

in the above expressions:

lOg (1 - x) by 108 (x - 1) ‘ ‘ ~r~ ) S T ‘»'l 5 e; @
log® (1 = x) by log® (x = 1) =2® -~
log -+~ x). by, log (x -1) =:3° log (x:= 1) .

log* (1—x) by log* (x 1)-61r log? (x-1)+1r Y

For the imaginary part Im S P(x). the following expressions ‘hold:
L]

- log x-;

1
- = Im Sy,4(x)

) ‘
- = In 81,2(x)

S1,’,1(:1 - x) +.10g x log (x - 1) 1 _:;:f TR

1 1 : 3
-~ In Sz,1(x) = - 3 log® x S gt Pt ~

= 71,- Im 51, 3(") sz;‘ (1 - x) - ;'-08 (X - 1) 31 1(1 - x) SR

--1 log x [log” (x - 1) - 2 sz]

n

) 8
-=In Sz2,2(x) = 84,2(1 = x) + log x S1,1(1 = x) +% log® x log (x - 1)

1 1. 3
~=In Ss,1(x) - -2 log’ x
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"T;l; In S’:Q(x) S3,1(1 = x) - log (x = 1) Sa,4(1 ~ x) +
+ 3 [20g® (x = 1) = 2 82] S, (1 - %)+

+% log x [1log® (x = 1) -~ 6 82 log (x ~ 1)]

-2 10 8;,3(x) = 82,2(1 - %) - log (x - 1) Sy,2(1 - x) +

]

o+ log x [S2,4(1 - x) = log (x = 1) Ss,4(1 = x)] -

--3 log® x [log® (x = 1) = 2 8;]

1
--1-1 Im S3,2(x) = S1,3(1 = x) + log x 8,2(1 - x) +3 log? x 84,1(1 = x) +

+% log® x log (x -~ 1)

[}

1 1
-= Im S4’1»(x) - log* x

The inverégon formulse (3.11) for x » 1

1
Re Sy,¢4(x) =2 82 - S,,,(;) !--% log® x
o 1 1 2
Re S1,2(x) = 83 = 51,2 ) F Sz, % + log x Sq,4 -3105 X - 382 logx
1 1 3
Re Sp,4(x) = Sz2,4(5 ) -7 108" x + 2 82 log x

Re Sy,3(x) = -'1[? 8 = &,3(31-:> + Sz,z( > Ss, ,( > +

+ log x l}i,z(%) - Sz,1< )]«»-— (6 s; - log® x) S ,(;)-
2 ,
2

log* x += 3, log® x

2#

1 : 4 1 1
Re Sa,z(x) = 2 84 + Sz,z<;> -2 S:,q(;) - log x S: 1( > o log* x -
*‘g s log® x + s3 log x
1\ _ 1
Re S;,g(x) =2 84 - S;,|<;> -a-: 1084 X + 82 1052 x




4 1 1
Re 31,4(3:) = 85 = S¢,4 <-:-E> + 52’3<;> - 33’2<;> 5 S4,1<;> +
/1 o 1 1
..-.f"'logx E1,3<;> - SZ,2<;> + S3,g<-;:>:l + :
1 1‘ B 1
+-?: (1082 x-6 Sz) SZ,’<;>‘-~S‘1’2<;>]+

+% (1083 x - 18 S2 log‘x) S1’1<'31{> +-;l%-6 J.Ogs X -'% S2 1083}(: +

+-11:§ 84 log x

1 1 1
Re Sz,3(x) = 55 + 828; + Sz,:(;) -2 33,2<;> +3 34,1<‘;c> +

RO

1 1 1 1 '
+% (log® x - 6 8) Sz"(?c') =955 log” x * % 82 log® x -
--1-? s4 log x

-

L ) ] L AN
Re Ss,z(x) = 85 = 2 8,3, 83’2<;> + 3 s4,,<§> + log x Sz,,<;> +

+12010gx 2.s;zlog x+2sglog X + 2's4 log x

Re S84,4(x) = S"’(%) --1-%-5 log® x +-13 sz log® x + 2 54 log x

- log x

i

1
--In S1,1(x)

A | 1\ 4. .

== Im Sy,2(x) = =82 + Sa,s<;> + 3 log® x

1 1.

--;;Irnsg,1(x) == log® x

-l ims (x) =84 2(%) -8 1\_10‘3‘8,1 --1103vx+s log x
T 13 152\ x %1 x € L x 6 8 2 108
e tm Se a(x) mss = Se o[ 2) 4D 108 x = 85 1

p 2,2 = 83 2,1( % z log” x - s2 log x

]

1 3
-6105 x

1
3l

Im Ss’q(x)
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+ log x l:sz,,t< ) - Si,z<;>:]+ (%'1032 x - s:) Sq,q(i-) +
""'21')_'._103"‘35"%)32 log® x.

et tna(2) - sun(Z) oz -
"/ \"/ \*/

-—log‘x-t--;-sz log® x

Ml

3 1N

] .
- Inm Sz,s(x)

P"

1
-;ImS;,z(x) -84 + S;,.(-:-:->+-1-105‘x--1 s, 1og® x + 83 log x

2h 2

1 4
-= In Se, 1 (x) - log* x

The inversion formulae (3.11) for x < - 1

S1,1(x) == = St,i(%) ‘.% log® |x|
1 1
S1,2(x) =85 - Sf,z(}) + Sz,1<;> + log |x| 31 1( > r & 108 I x}

Sz,1(x) = Sa,.<-:-c> -% log> |x| - 82 log |x|

ol o))
+ log | x| Sq,z(i'> - sz,.(i):l --;-,10_3? [ ] 31,1(31:)‘ 2= 106 ||
82,2(x) = --E 8, + Sg,z<-31c> -2 S,,,(i) - log |x] Sz,,(-:-;) +
—21-; 105‘ x| + 83 los | x|
83,1(x) = -% 84 = S;,a(,-’:) % ] los le 7%»8: 196’ lxlv




-)_,_9..

0@ = - Sa(3) ¢ ses(3) e () ¢

sz,s(x)

S:, 2 (x)

Sa, 1(x)

: 1 1 R
+ log |x| Si,3<':':') - Sa,z(';t) + s”’(;:)___] + SR
/1 ANy AN L

1
+ 770 og” ||

e . 1
=85 + 82835 + Sz,:,(-;) -2 S;,,a<.:2> + 3 Sh'(‘;) +

i, AN L
+ log |x| |2 S:,'t(":;) - Sz,z(;l‘)]‘*'é 1_982 [ «| Sz,i(‘;c;) -

..-1—;-6 log® |x| =~ 84 log | x|

4 1 Al 5
S5 + 8283 = S:,‘;(i) +3 S4,1<;> + log |x| S;,,( > 120 105 |« 4
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APPENDIX 3
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mmnv 8L08¢ 0/8l¢ G9108°L

* N
*

*

(5=) 29808 91096 00S€1*S

() ML6LE £82¢5 16820°9
(€=) 9¢62¢ 712616 91E2L N
(2=) %L6LS vL2L6 89560 H

0l¢¢H 1GGLL 26950°1

)

E 3

* .
(¢=) 9249 9nEl 909.8°%¢
(2=) 10066 nels zheLhL
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¢ee6e L 94109°6

(2-) 64819 22¢99 ¢eslete

(€-) 9¢G2¢ *eGLS 9LezL
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(2-)
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62607 65165 29510
vLLzZL 022h0 0¢Glh6

(2~)
(z=)

x

(2-) 90696 6406 £9568°H
(2=) 0£659 89G1L 968LL°g
(1) c6%6h 6821l LG206° 1

(2=) %L61S vl2l6 89¢G0°H
(z-)
(v=) Shgll 2%308 0850L°2
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