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Asymptotic Likelihood Distribution for Correlated &
Constrained Systems

In Particle Physics, search for new signals is done with the help of theory of likelihood tests and
their asymptotic approximations. For a recorded data n, likelihood ratio tests are used to find out
the likeliness for strength parameter to have a particular value or to find out a range of strength
parameter for which confidence level is above a threshold level.

In my project, I had to study the asymptotic likelihood distribution when there are 2 signal
processes and these processes are correlated. And thus we have 2 strength parameter namely
and p2. And the covariance matrix is non diagonal. Alternatively, correlation coefficient

cov(py, 1)
0,102

Is non zero. Also, the value of strength parameter are taken to be greater than zero for physical
reason that the signal processes can only add to background signal.

Let there be a population K from which n samples are picked up. A variate x is measured for
these samples and the distribution function for the x is f(x, O1, O, ..., On). Mathematically
simple hypothesis is a set of values for ©’s .Likelihood tests is a Mathematical theory which is
used to test likeliness of a test hypothesis to be true i.e. the value of © belongs to test hypothesis.
It is also used to test likeliness of a hypothesis in comparison to alternative hypothesis.

Let

® = h dimensional space of ©
o = test hypothesis

For © in ®, we have

Oi=06pifor(i=1,2,...,m)

Let X = {xi. X2. ..., Xa} = value of x for n samples picked from population



Associated Probability density function will be

P(X,0) = Hf(xa, 0., ... 00)
a=1

Likelihood ratio is defined as
A= P,/P,
Where, P, =Sup(P(X,0)) forfew

P, = Sup(P(X,0)) forfeg

Wilks assumes existence of maximum likelihood estimators of © (© which maximize P over
complete h dimensional space) and models the probability distribution P around © as Gaussian
with covariance matrix V and information matrix I.

0 = Maximum likelihood estimators

He then proves that the value of A depends of choice of ® and for Gaussian distribution of
probability

—2log(d) = 2, +0 <i)

Vn
m
Where x2, = Z cij(6; — 60:)(8; — 60;)
ij=1

and c¢;; = elements of information matrix I

Note: for gaussian distribution, ] = V™1

1
Vn
likelihood ratio as a function of test hypothesis.

For large sample, we drop off O ( ) term. Above equation gives the distribution of log-

We now proceed to geometrical interpretation. We can see the distribution as square of distance
between maximum likelihood estimator, which would be represented by a point in h dimensional
space, and the value of © in ® which would maximize P, a point in h dimensional space which
lies within region . This distance is calculated in a curved Riemannian Geometry in general.

Now, coming to problem statement. We set m = 2. So, for ©; and O
©1=001 and ©2=0p forregion ®
©1>0 and ©,>0 forregion ®

61,0, can be any real number



We still do not consider correlation between 2 parameters.
The distribution in this case becomes.

x? for 6;,>0,6,=>0

2 6,<0,6,=0
—2log(A) = X12 for t 2z
Xi for 6,=0,0,<0

X2 for 6,<0,6,<0

Now that we have the result for a special case of p = 0, we can proceed to general case which
will involve correlation between the 2 parameters.

For this, we have
©1=00 and ©,=0p forregion ®

©1>0600 and ©2,>0pr forregion ®

61,0, can be any real number

Zi= gz — Bo;
1Y = elements of 1-1(6,)
Now for -2log(1), we have

—2log(2) = infyew(Z = (6 = 65))'1(6o)(Z — (6 = 6,))
— infoep(Z — (6 = 69))'1(60)(Z — (6 — 6))

In this case, we have to use a transformation T to diagonalize the information matrix and then the
distribution becomes

for Z = PZ
2+ 77 =) forZ; 20,7, 20
7} =x? forZ, 20,7, <0

72 = ¥ forZ, <0,Z, =0
0 =y forZ <0,Z, <0

—2log(1) =

The asymptotic distribution of -2log()) is a mixture of y2, y? and y3 with mixing probabilities
1/ 2= D, 1/ o and p respectively. And mixing probability p is given as

1

_ -1 _i —1/_
P= g8 12/ 1)) T mes P
11122



where I;j are (i, ) entries of information matrix

Above result gives us the asymptotic likelihood distribution for 2 constrained and correlated
parameters.
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