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Some Tests for Checking the Smoothness of

leasurements of Bubble Chamber Track Images

1. Introduction

In the analysis of bubble chamber events, a number of
neasurements are made along cach track in each of the photographs
(views)° The tracks arc measured in at least two views, (normally
three) and a combination of the measurements in all of the views
is used to make a three-dimensgional reconstruction of the track -
within the bubble chamber. Before attempting any spatial rccons-
truction, cne first makes a chceck on the smoothness of the measurcments
in each individual view, and if onc finds a mcasurement which is
inconsistent in compariscon with the other measurements then one
rejeccts this bad measurcment. One implies herc that any deviation
from the smooth curve is causcd by a bad measurcment, but onc must
also admit the possibility of a track having a kink in it. To try
and recognize a genuine kink in a track -from a single two-dimensional
picture is both-difficult and dangerous, and this problem is best

-left to a thrce-dimensional analysis using all the available vicws.
For the purpose of this rcport, one makecs the implicit assumption
that any deviation, which ariscs from a genuinc kink in a track, will
not have a large cnough magnitude to cause a measurcment to be
rejected. Bad measurcments can in principle arise in two ways
(l, the operator is oither careless or lmexperienced ond really
makes o bad measurement, or (2) tne measuring machine produces a
gspurious digitizing, which when interpreted as a measurement, bears

.no rclation to the other measurcments along the traek(oxcept by pure
coinoidence)c

The uvsual test thoet is nnde to check the smoothness of the
measurcments is to fit a circle through them and to reject any
measurcrnent which lics further away from the circlc than a given
tolerance. To safeguard against the possibility of rejecting good
measurcments by mistake, this tolerance generally has to be much
larger than the known measurcment crror, becausc not all tracks
appear circular on the film. The main reason for the non-circularity
of some tracks is that particles with a comparatively low momentum
tend to be slowed down within the chamber and deviate from their
original path. There are othecr reasons why track images on the film
arc non-circular, but the cncrgy loss cffect is the most important one.

The simple circle £it test does however find most of the
bad measurements, but there arc others which it cannnot possibly
discover. In order to weed out all the obvious bad points, more
elaborate checks arce needed and a method with this aim in mind is
described in the following secctions. -
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Classification and Detection of Bad Measurements

It ig convenient to classify bad measurements into three
categories : '

1. The measurement is so bad that it could not possibly correspond
to a point in the chamber.

2. The bad measurement could refer to a point within the chamber,
but it is still quite remote from the track.

3. The bad measurement lies somewhere in the region of the track.

Bad measurements of type (1) can easily be detected by
knowing the range of values of the x and y coordinates of points on
the film. If the coordinates of any measurement violate these known
limits then the measurement can immediately be flagged as a bad
measurement. '

One may consider bad measurements of types 2 and 3 together
and it will be supposed, for . the argunent, that there 1s just one bad
measurement amongst a set of good ones. If one fits a circle by
least squares through these measurements one should obtain one of two
possibilities, which are shown in Figs l(a) and 1(b). In Fig. 1(a)
the bad measurement is in the region of the track and belongs to
type (3). This kind of bad measurement may be detected in the usual
way of comparing the deviations of individual measurements from the
circle with a certain tolerance. This test can however be made more
powerful by making the tolerance a function of the radius of curvature
of the fitted circle. As was pointed out in the Introduction, only
low energy tracks are liable to deviate appreciably from a circle,
whereas high energy tracks (1arge radius of curvature) should fit
a circle very closely.

In Fig. 1(b) one has a bad measurement of type (2). In this
case the bad measurement fits the circle very well and would not be
detected by looking at the individual deviations. Instead, though,
one may consider the angular separations of neighbouring measurements
along the circle. By the angular separation of two measurements one
means the angle between the two radius vectors joining the centre of
the circle to the measurements (see Fig. l(c))g A bad measurement
of the kind shown in Fig. 1(v) will clearly have a much larger angular
separation from its neighbouring measurcment, than the average angular
separation between the other mecasurements, and hence this gives one
a good mcans of detecting bad mcasurements of this type. Of course
for this kind of test it is implicitly assumed that the measurcments
are correctly ordered along the circle, whereas when they arc input-
to the geometry program, they could be in some other order, particu-
larly the bad nmeasurement, which in this casc has almost surcly been
produced by a spurious digitising from the measuring device. Now one
of the initial tasks of a geometry program is to order the measure~-
ments relative to the beginning of the track and it can be secn that
a useful by-product of making a circle fit to the measurements is
that it also provides an excellent method for ordering the points;
i.e. the angular separation of cecach measurement from the first
measurement can be computed and the measurements ordered accordingly.
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3. Details of a method for rejecting bad neasurenents

The ideas presented in the last section described a set
of tests which will detect bad neasurenents of various types. In
this section these ideas are combined into a single nethod which nay
be used for detecting and rejecting bad measurenents along a track.
The nmethod is presented as a series of stages which correspond to
stages within a computer progran. It is assumed that only one bad
neasurenent 1s allowed per view of each track and if the method
detects two bad measurcments on one view, then that view "is rejected
for the track. (In practice, nmeasurenents rejected at stage 1 of
the method could well be onmitted from thig count of bad measurements.)

Stage 1 : The x and y coordinates of each neasurcnent are checked
against preset maxinun and mininun values. If either
coordinate lics outside its permitted range, the measurement
is rcjected.

R

Stage 2 ¢+ A circle is fitted to the measurenments and the radius and
coordinates of the centre of the circle determined.
An explanation of how one fits the 'best'! circle to a sect
of points is given in Appendix I.

Btage 3 ¢ Using the circle fitted in stage 2, one then determines

the angular scparation (6) of each measurenent from the
first measurenent, in a clockwise direction, say, the
range of & being fron O0-2n radians. At this stage one
does not know whether the track is going in a clockwise
or anti-clockwise direction, but one can decide this by
counting the nunber of neasurements which have a € value
lesg than n, and the nunber for which © lies in the range
n-271,. If the majority of neasurements have an angular
separation in the range wn-2n, then one assumes that the
track is really travelling in an anti-clockwise direction
and the angular separation € is replaced by 2n-6. For
exanple, the track in Pig. 2 has 3 points which lie in the
range O-7 and 8 points in the range n-27n and is hence
deduced to be going in an anti-clockwise direction.

One also has to be careful that onc does not make the
inmplicit assunption that the first measurement in the

list of measurcnents is nccegsarily the first measurencnt
along the track, though it is rcasonable to assunme that

it does lic somewhere near the beginning. This situation
can be allowed for by conputing the angular separations

of the neasurcnents from a point somewhere before the

first neasurcnent instead of the first neasurencent itself.
If one takes this point to be at a small angular separation,
& , from the first measurenment then one sinply changes the
values of & onc has already conputed: to (8 + O ) lQﬂ!

(ioe. nodulo 2%). For exanple in Fig. 3, ther® arc 5
rneasurenents along a track and one assunes that their rcal
order is 2, 1, 3, 4, 5, though they have been measured in
the order 1, 2, 3, 4, 5. Measurenent 2 would initially have
o 8 value of nearly 2n, wherceas the other ncasurcnents
would all have small © values. However, after referring
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.Stage 4 -:
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the neéasurcicnts to the point P instead of to the
first measurement, the © value of ncasurcment 2 has
o velue of the sanme order as the others

These final © values for the ncasurenments are now used
to order the nmeasurcments along the track in terms of
increaging values of :

After ordurlng the ncasurcnents, one can now couputo the
onguler separation (ﬁ ) between consccutive neasurenecnts
i.e. . o= 9. - 6,
¢1 i+l i
The largest value of ﬁl is extracted and the nean value
of the renainder found., If one supposes therc arec n
neagurcnents, then_ tho neon g is given by

ﬁ = 1 :E: gi ﬁmax.
(n=-2 i=1
Onc Wlshes to use these values of ﬂ to try and extract
bad neasurenents of the kind shown %n Fig. l(b) One
assunes onc has o bad neasurenent of this type if a _3op
between two neasurencnts is too large, i.e. if ﬁ > nﬁ
where K is sone pre-assigned constant. As one 1s only
interested in removing one bad measurenent and not nore
than one, 1t is safe to assume that a single bad measurc-
nent of this type will appear cither as the first or last
measurenent in the reordered get, One now considers the
various posgibilities.

a) All valucs of ﬁ 4 Kﬁ ¢ - no ncasurenent is rejccted
ﬂnd one procec&s to stage 5.

b) More than one value of ﬁ ) Kﬁ - reject the view
for this track.

¢) One valuc of ﬁ b Kﬁ, but it is not By or ¢ ;-
in thls case ofic has a large gep somewherce in the
niddle of the track, as shown in Fig. 4 and it is
hard to say whether one should reject the view for
this track or not. Our decision has been to kecp the
view, on the principle that the gap was probably made
~dolibératly (o,g. o confused region on the filmg

a) ¢ ) Kﬁ - reject the last measurenment. Bofore
proce cding to stage 5 one should first return to
stage 2 to reflt the circle.

>~K¢ ¢ - reject the first neasurenent and then as
a%ove in (d), However, in this casc onc first nceds
to nake an additional check. DLet us consider the
gituation in Fig. 5.. The first meagurencnt is o wild
point and the other measurencents, 2-6, are good.
Because the necasurements arc ordered relative to the
first necasurenecnt, thée points 2«6 will have becn put
into reverse order, so that nmcasurcment 6 is now the -
second point, etc. In this case one cannot just



Stage 5
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order. It is inpossible to ‘introduce checks for every

‘conceivable arrangement of points, but some test is

certainly necessary herc, as it is a not inmprobable
situation. A sinple and probably sufficient test is

to check whether the original second measurcment is the
sane as the rcordered second neasurcnent. If they arc
not the sonme, then one supposes that the ncasurenents
have been reversed and they are put back into their
original ordcr. '

At this stage one can presunme that no widely inaccurate
neasurenents are present anongst the data and also that

one knows the paraneters of a circle fitted to the
neasurcrnents. One now proceeds to test for bad
neasurenents of the type shown in PFig. l(a). One nakes

the standard test of econporing the perpendiecular deviatione
of the necasurenents from the circle with a certain tole-
ronce. This tolerance could be taken as a constant for

all tracks, but it is more profitable to make it a function
of the radius of the fitted circle. A discuséion on the
forn of this function is given in Appendix IT. If the
tolerance is cxceeded, then the ncasurcnent, which gives
the naxinun deviation is removed.and o second circle

Titted to the remaining neasurencnts. The deviations of
the measurcnents from this new circle are now computed

and in turn conparcd with the tolerance, If the tolerance
is again cxcecded, this implics that there are at least

two bad ncasurencnts and hcnce the view should be rejected.
Before rejecting the view completely though, there is one
further test one should make. The assunption, which has
hag been inplied so far is that o bad neasuremcnt will
autonatically have the largest deviation, whereas, although
this is true in the vast majority of cascs, it is known
that therc can be cxccptions when the bad neasurenent
appecars at one end of the track. A typical example is
shown in Fig. 6, where the bad necasurcnent is the first
proint, but the second point is flagged as the one with

the largest deviation. In order to take account of this
possibility, onc should therecfore, in the cases where two
neasurenents have becen rcjected, nake a third fit, in
which the two rejected neasurenents are replaced and
instead, the end point ncarcst the first rejected neasu--
rcenent is renoved. If this third £it is still not acccep-
table, then the view is rejected. This sequence of tegts
has been found to be perfectly satisfactory in practice.

Another, norc complete approach would be to say that if
the first fit is not acceptable, then one tries nany
sccond fits, in which cach né¢asurcnent in turn is rcmoved
fron the set of necasurcments. The fit, which produces

the snallest sun of squarcs of the deviations, could then
be congidered to be the best fit and the neasurenent,
which was onitted from this fit, becomes the rejccted
neasurenent. This approach, though, nust become rather
tine~consuning when there are many points along the track,
and for this reason, is not reccomnended.



4. Conclusions

The nethods described in this report Weﬁf‘incorporated into
the CERN bubble chamber geometry progran, THRESH]-, at . the beginning
of 1966. The previous snoothness test in THRESH was sinply to compare
the deviations of the measurcments from the fitted cirecle with a
constant tolerance., Before the new routines were introduced into the
progran, tests werc carricd out on a few hundred cvents. The results
of these tests were very satisfactory. All known isolated neasurenent
errors, which had remained undetected before, werc now detected and
accordingly deleted.
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Aggendix I

On fitting a circle to a get of track measurements

One assunesg from the outset that the 'best! circle fit to
a set of points is defined as that it which mininises the sun of +ho
squares of the perpendicular deviations of the points to the circles
i.e., if the coordinates of the centre of the circle are (W u) the
radius of the circle is R and the distance of a point P 74 ) to the
centre of the circle is r,, then the deviation of the p01n% P'from the
circle is *

; ' L . e 2 ‘
and the 'best! circle £fit nininises z&i. If one writes down the
equation of the circle as i

Is

2 2
X +y = 2A\xX - 20y - ¢ =0

] N I 2R
£ = \J/(%i - ) + (yi - - »/% + AT+

‘The problen of ninimising 7& with respect to the three
paraneters A, 4 and ¢ is a non~linear one and the solution would have to
be found by an iterative nethod.

then

In practice it is not necessary to go to the leangths of an
iterative procedure, which would, of course, bc time-consuning for a
conputer progran. Instead Jlct us consider the quantity

= %2 + w2 2 x. —-.2U - C
€y = F Iy > S *“y; g o o
= (x, - N+ (y. = ) = (c+A7 + p%)
ol o + :
= r, -1
L
= (rl - R) (ri + R)

1!

oR 4+ &
§i(LR +0.) & 2R,

One sces therefore that the quantity ei/QR is.practical%y the sane as Si
and hence one can try to minimise the quantity E(ei/QR)“ instead.

One first perforns a rotation and: translation of the coordinate
system which will nake the track approximatcly parallel to the x-axis.
Let (x Y ) and (x 3 Y ) be the first and last mcasured points. res poctlvelyo
The poInt™ (x,y,) bccofics the zcro of the new COOTdLH%TC systern and- the
axes are rotated through an angle © given by & = [(y -y )/(x ~%s H
(sce Pig. 7a). In this new coordinatc systen onc sces tnat or a?l
tracks which do not have too large a sagitta, the absolute value of the
y coordinate of the centre of the circle is approximately the sane as
the radius (see Fig. 7b).

i.c. Ra (u{

uging this relation one nay writc
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!
The gquantity e; nay be conveniently cxpressed as

2 2
- o — X - -8
& “o<xi +'yi> R T ST

2

!
The problenm of mininising Z(e.) with respect to the parameters a, a

and a, 1is a linear one and helice ig dircetly solvable.

1

!

One hag shown that the quantity e. is practically equivalent
to the real deviation 4, for all tracks with small sagittac, which in
fact comprises_the majo%ity of bubble chanber tracks. For tracks which
have larger saglfttac, one may still be reasonably confident that
nininising Z(e,) will producc the best circle fit. This is because
tracks with la%gc sagittae nust as g consequence have small radii,
and one can see that nininising 2(6%)‘ or even Z€2 for that natter,
beconcs less scnsitive to the value of R, when R Ts snall. The one
region wherc the nethod will fail though, is in the rcgion of the
singularity, u=0; d.e. those tracks mecasured through an angle of about
180°, For these tracks, one nust nininisce some other quantity and since
the valuc of R nust be very suall in this casc, thc quantity Zei should
be quite sufficient. '

It would be wrong though, to assume that nininising Zé? will
always produce the sane answer as nininising %§2. When the radi&s of the
track is large and the necasurcnents not particuiarly accurate, it is
possible to arrive at quite different solutions. An exanmplc of this
phenonenon is given in Fig. 8. In order to show the difference betwecen
the two fits morc clearly, thc y-scale has been greatly nagnificd, which
results in the circle fits appearing as ellipses. The measured points
are denoted bg the large crosses; curve A is the circle f£it obtainecd, by
nininising Ze$ and curve B ig the circle produced by minimisingi)(g;) .

i
For curve 4 : R = 213 zaﬁ = 0.0139; R2Zd§_= 629
For curve B : R = 796; % = 0.0037; R7E62 = 2353

Both these circle fits, in fact, obviously have the wrong sign
of curvaturc conparcd to the real curve, but the point of the cxanmple
is sinply to demonstrate that two diffcrent solutions are possible.

Ag an additional check to make surc that minimisingﬁl@ f)2
really did produce the same answer as nininising 262, a conparisonn of
the results,of the two nethods was made for about 1500 tracks. To
nininise 4, onc has to start with a first approxination to the parameters
A, L oand c %say AN, b and c ), to express the paraneters in terms of
small deviations Fron®the inftial values, i.e.A = A (1 +6W ctc, and
then to lincarise the least squarcs cquations in terZms of the new
parancters g\, Ji and dc. After solving for &\, i and dc, one replaces
10, b and ¢ by the new values of A, K and ¢ rcspectively and then
repea%s the procegs. One judges the iteration to have converged when the
increments 4§\, §i and dc becone less than some pre-assigned value.
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Ag expected, comparison of the rcsults of the two fite for the
1000 tracks showed no significant ulth ¢ wiiab The progran for
finding the solution whlok nininisce 385 and the work involved in making
the comparigons was carriced out by Ir. XK. eyer® whilst working as a

CTRY

igitor in the DD Division of CERN.

o

‘gFor'a further discussion on the subjcct of circle fits th;
reader is refcerrced to tlc OOOJpry progran report by Solnitz ot al

* on leave from the Forschungsstelle fiUr Physik Hoher Encrgicn,
Fast Berlin
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Appendix IT

An expression for the tolcecrance as a function

of the radius, in a circle fit test

As was explained in the Introduction, high energy particles
travelling through the bubble chamber in a nagnetic field leave tracks
which generally appear very circular on the film, and the higher the
energy of the particle, the smallcr is thc curvaturc. On the other
hand, low encrgy particles are found to noticeably lose cnergy as they
pass through the chanber, and their tracks correspondingly deviate fron
a circular path. When one applies a circle f£it test to detect any bad
neasurcnents, onc can use this knowledge to make a more accurate test,
by exprecssing the tolerance, which one is using to throw out a neasurenent,
as a function of the fitted radius of the circle. In order to deternine
a suitable form for this function, the following data was accumulated.

The nmeasurenents of about 600 track images were plotted on the
Calcomp Plotter at CERN. These measurenents were exanined very carefully
by eye to see if any bad measurement could be detected. The accuracy of
the Plotter is such that good neasurcnents lie perfectly on a smooth
curve, and the regolution which one obtaing by looking along the line of
neasurenents (i.e. putting one's eye close to the plane of the plotted -
points) is such that errorg of 10-20 p in the £iln plane are clearly ob-
gserved. If one detected a bad nmcasurenent (i.e, deviation from the smooth
curve), this track inage was discarded, but if all the neasurements
appearcd to be good, then one recorded the radius of the circle fitted
to these neasurenents and the nmaxinun deviation of a measurenent from this
circle.

A plot was made of radius (R) against noxinmun deviation (d) and
this is shown in Fig. 9, each track being rcpresented by one dot. The
radiug is the radius of the track image projected onto the botton surface
of the front glass (given in cm), and the deviation is the deviation in the
film plane (given in microns). In order to naoke a reagonable scale for the
radius, the maximun radius shown is 1000 cns, but the behaviour of tracks
with radii above this value is no differcnt from other tracks with a
large radius.

All deviations shown on this plot are genuine deviations of well
neasured points, therefore any tolerancec, which on¢ is going to use to
reject bad neasurenents, nust lic above this level. One secs that quite
a low tolerance could be used for tracks with a large radius, but this
would have to increase sharply as the radius gets smaller. Because of
this behaviour, one has chosen to express the tolecrancc as a sccond order
function of the radius for valucs of R between O and some value R_, and

. 0
to keep the tolerance fixed for R:»Ro,

i.e. let d. be the tolecrance for R = O

and let dl be the tolerance for R = RO

then the tolerance nay be expr ssed as

d

1l

. o
R Y .
. —d [ b A— £ <R<T
d; + (d2 ..l)(l ) for O<R<R

d = dl for R)/RO
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For the data given in Fig. 9 one has used the values

j=esd (| o E = /4 J
dy = 7.5 d, = TT7.5 R 100

and in IMg. 9, this tolerance is drawn as the continuous curve above the
plotted points. -

It should be noted that the data contained in Fig. 9 was obtaincd
from tracks belonging to a particular cxperiment (i.c. 5.7 Gev/c anti-~
proton bean in the Saclay 80 cn hydrogen bubble ohamber), and will not
necessarily be valid for other experinents. The general bchaviour should
be the sane though, and one could use the function given above in
equation (1) with appropriate values for the paraneters dl, d? and Ro°

The work involved in accurnwulating the data shown in Fig. 9 was
carried out by Mrs V. Alles-Borelli*,

* now at the Instituto Nazionale di Fisica Nuclcare, Bologna
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