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Summary

We consider the production of a lepton and a neutrino each with large transverse momentum at
the LHC and the Tevatron, in the so called charged current Drell-Yan process. We propagate the
uncertainties due to the knowledge of the proton structure to the prediction of several observables
defined for this scattering process. We study the covariance with respect to variations of the
proton parameterisation of the bins of the considered kinematical distributions. We introduce
this covariance in the formulation of a fit that determines the preferred value of the W boson
mass from the analysis of the experimental data and apply this procedure to different sets of
proton parameterisations. We study the robustness of the determination of the PDF covariance
matrix from Monte Carlo data. We study the covariance matrix under the variation of mW to
understand the difference in the dependence of the differential distributions between mW and the
PDF uncertainty.

Contents

1 Introduction 2

2 The charged-current Drell-Yan process 3

3 Kinematics 4

4 Proton Parton Distribution Functions 5
4.1 Physical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
4.2 The imperfect knowledge of the proton . . . . . . . . . . . . . . . . . . . . . 6
4.3 The Hessian matrix method . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1



4.4 The Neural Network approach of NNPDF . . . . . . . . . . . . . . . . . . . 8

5 The determination of mW from a set of data 9
5.1 A templates fit technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
5.2 The role of pseudodata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

6 Numerical results for the PDF covariance matrix 11
6.1 Computational setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
6.2 PDF uncertainties on the distributions . . . . . . . . . . . . . . . . . . . . . 12
6.3 The correlation matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
6.4 Evolution of the eigenvalues of the PDF covariance matrix . . . . . . . . . . 15
6.5 Dependence of the eigenvectors of the PDF covariance matrix on mW . . . . 18
6.6 Result of the fits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

7 Numerical results for the mW covariance matrix 21
7.1 The correlation matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
7.2 Evolution of the eigenvalues of the mW covariance matrix . . . . . . . . . . . 22
7.3 Dependence of the eigenvectors of the mW covariance matrix on mW . . . . 24

8 Conclusions 26

1 Introduction

At the present time, the Standard Model of Elementary Particles describes the electro-
magnetic, strong and weak interactions and classifies all known elementary particles. The
Standard Model has been enormously successful in providing theoretical predictions which
match experimental results, but leaves unexplained many phenomena, most notably the
matter-antimatter asymmetry and neutrino oscillations, which implies that at least two of
the three neutrinos have a non-zero mass - in obvious contrast with the massless neutrino
hypothesis of the Standard Model. Many theoretical physicists have spent a great deal of
time trying to extend the Standard Model - which was completed in the mid 1970s - but up
to this day none of these extensions are supported by experimental observations. The Stand-
ard Model now needs to be put under even more rigorous tests and that’s why theoretical
physicists are currently working on making very precise predictions in the hope of finding
small discrepancies when compared to accurate experimental measurements. For example,
the recent measurement of the anomalous magnetic dipole moment of the muon at Fermilab
Muon g-2 [5] indicated a 3.7 standard deviations disagreement with respect to the current
best Standard Model prediction [2], and may shed light where speculations have proliferated
for too many years if proved to be a real discrepancy instead of just an unfortunate series
of events that sometimes happen, like a random noise or an unlucky accumulation of little
mistakes here and there.

Whether it be true or not, making very precise predictions through the Standard Model
is, as of now, the only effective way physicists have to look for where tiny effects of New
Physics may be at fault. In this regard, the electroweak sector of the Standard Model offers
the possibility of making particularly precise tests. In fact, the mass of the W boson mW
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is connected to the masses of the top-quark and the Higgs boson (see for example Ref.[9]).
Measuring mW then tests this prediction and the overall self-consistency of the Standard
Model (see Fig. 30 of Ref.[1]).

This work is meant to be a continuation of Ref.[3], whose authors have suggested that the
uncertainties on the knowledge of the structure of the proton might not be an insurmountable
limitation for high-precision measurements of the Standard Model parameters, but there are
still some aspects that are not clear and need to be investigated thoroughly.

It has to be said that there are many sources of experimental and theoretical errors that
need to be studied carefully, but in this report we will concentrate on the uncertainties due
to the knowledge of the proton and ignore the others. For these reasons, we will study one
of the many processes that experimental physicists have investigated for decades at CERN
and Fermilab: the Drell-Yan process. Given a set of experimental data (pseudodata) we will
employ a fitting technique to extract mW from this data and propagate the uncertainties
due to the knowledge of the proton to the measurement of the mass of the W boson. Of
particular interest for this report is the recent high-precision measurement of the W boson
mass with the CDF II detector [10]. The authors of this paper have asserted through their
research that the mass of the W boson is significantly higher than the best Standard Model
prediction with a discrepancy of 7 standard deviations. Were it to be undoubtedly true, a
new revolution would have already started in physics, but in their work there are several
critical aspects that have casted many doubts among the particle physics community. In
this work, we study in more details the parton distribution uncertainties with the goal of
trying to validate or confute part of their work.

2 The charged-current Drell-Yan process

In 1970 Drell and Yan [8] pointed out that Feynman’s parton model of hadrons [11] - which he
developed to study electron-proton and electron-neutron deep inelastic scatterings - could be
extended to high-energy hadron-hadron collisions. Originally, they applied the parton model
to account for the production of high-mass lepton-antilepton pairs as an electromagnetic
process in which a quark and an anti-quark coming from a pair of interacting hadrons
annihilates and then converts to a high-mass lepton-antilepton pair, namely the square of
the invariant mass of the final state is M2 = (pℓ− +pℓ+)

2 ≫ 1GeV2. Drell and Yan proposed
that the quark-antiquark pair, after the annihilation, are at first converted into a Z boson
or a virtual photon γ∗ which then decays into a lepton-antilepton pair. In a simple and
naive parton model, the cross section of such a process can be obtained by weighting the
cross sections of the subprocesses qq → ℓ−ℓ+ with the proton collinear Parton Distribution
Functions (PDFs) of the quark fq(x,Q

2) and anti-quark fq(x,Q
2), where Q2 is the squared

invariant momentum transfer, and summing over all quark-antiquark combinations involved
in the process. The Drell-Yan mechanism can be generalized and applied to the production of
lepton-neutrino pairs each with large transverse momentum, at the CERN LHC, via proton-
proton collisions, by simply replacing the differential cross section of the subprocess with
that of the subprocess dσ̂(ab → W → ℓνℓ +X,Q2) - the sum and the PDFs have also to be
changed accordingly.
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dσ(pp → W → ℓνℓ +X,Q2) =
∑
a,b

∫ 1

0

dx1

∫ 1

0

dx2fa(x1, Q
2)fb(x2, Q

2)

×dσ̂(ab → W → ℓνℓ +X,Q2) (1)

where a and b can be quarks, antiquarks, gluons or photons, and the summation is over
all the possible parton flavors; X includes everything that we left out, x1 and x2 are the
fraction of the longitudinal momentum of the respective parent hadron that is being car-
ried by a quark or antiquark and dσ̂(ab → W → ℓνℓ + X,Q2) is the cross section of the
subprocess. Drell and Yan derived this cross section by assuming that there are no parton-
parton interactions, which stems from the hypothesis that the mass of the lepton-antilepton
pair is assumed to be large when compared the mass of a nucleon. Thus, Heisenberg un-
certainty principle applied to energy and time implies that the time of interaction between
the quark and antiquark is short on the nuclear time-scale, in other words, the annihilating
quark-antiquark pair doesn’t interact with other components of the original hadrons.

The process of Eq.(1) is mediated by the W boson, and is called charged-current Drell-
Yan process. Its counterpart, the one mediated by a virtual photon γ∗ or a Z boson, is the
neutral-current Drell-Yan process.

3 Kinematics

The previous section presented a general statement of the Drell-Yan process, now we need to
define some observables that, if measured, may help us study this process and hopefully the
W boson. The formulation we are going to provide is shared by other processes, so we will,
at first, give a general recount and then return to the charged-current Drell-Yan process.

As an example, we will consider the Large Hadron Collider (LHC) at CERN. Inside the
accelerator, two high-energy particle beams travel at a speed close to the speed of light. The
beams travel in opposite directions in separate beam pipes kept at ultrahigh vacuum and are
made to collide when physicists want to. The basic picture of such a collision is the collision
between two protons traveling at the same speed, but in opposite directions. During the
LHC Run 2, the center of mass energy was

√
s = 13TeV, so each proton carries a 6.5TeV

momentum. It follows that these protons are ultrarelativistic and to simplify the calculations
we have neglected the mass of the protons. Conventionally, the direction of their momentum
is taken to be the z axis. When such a high-energy collision happens, it’s the partons of
which the protons are made of that are colliding against each other, and they carry a certain
fraction of the momentum of the proton they come from with probability given by their
respective PDF. So, now we concentrate on the partons. The two partons annihilates to
form an intermediate particle which then decays. Generally, we are interested in measuring
quantities associated to the products of the decay of the intermediate particle and then
reconstruct quantities associated to this particle. Let’s assume that the intermediate particle
decays into two particles. In this case we might be interested in measuring the angles of
the two particles with respect to the beam axis - which we assumed to be the z axis, but
these angles are not always easy to measure, we need a substitute. We have chosen an axis
of reference, so geometrically, it is now natural to ponder about which observables lie in the
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plane transverse to the beam axis. This is important, because it is impossible to know in
which specific point the collision happened and then measure quantities with respect to that
point, nor do we care. Moreover, since the transverse plane is, like the name says, orthogonal
to the beam axis, Lorentz Boosts along the direction the beam axis don’t affect observables
defined on the transverse plane. Being Physicists, a universal quantity that we would like to
measure is the momentum, specifically the transverse momentum, which is the momentum
of a particle transverse to the beam axis:

p⃗⊥ ≡ (px, py), p⊥ ≡ |p⃗⊥| (2)

A related observable is the transverse mass. If we don’t known all the four components
of the four-momenta, we cannot know the invariant mass of the particles that come from the
decay of the intermediate particle, so the best we can do is consider their transverse mass,
which is defined as:

m⊥ ≡
√

(E⊥,1 + E⊥,2)2 − (p⃗⊥,1 + p⃗⊥,2)2 (3)

where E⊥,i for i = 1, 2 are the transverse energy of particle 1,2 and is defined by:

E2
⊥ ≡ m2 + p2⊥ (4)

4 Proton Parton Distribution Functions

4.1 Physical background

In simple terms, the proton collinear Parton Distribution Functions express the fact that the
proton is not an elementary particle. In the case of Eq.(1), the cross section of the process
was factorized in terms of the cross sections for the hard interaction between two partons,
coming from the initial hadrons, weighted by the respective PDF of the parton. The cross
sections for the scattering of the partons can be computed in perturbative QCD, while the
PDFs, their weights, are universal functions that depend only on the scale µ at which the
processes is happening. This property is expressed by what is commonly called factorization
theorem. The factorization of the cross sections or differential cross sections is a fundamental
property of QCD with which we can calculate the cross sections of processes that involve
the scattering of partons, and is therefore valid at high-energies, where high means that the
characteristics Compton wavelength of the processes are of the order of the proton radius. At
collider energies this condition is clearly satisfied, moreover such an high-energy scale makes
it so that the proton and its constituents have almost a light-like momentum, and it also
stands to reason that they are collinear. Indeed, processes in which a parton may acquire a
large transverse momentum are suppressed at high-energies (see Ref.[12]). Concealed inside
of the proton, partons interact with each other resulting in a complex system in which every
parton’s momentum follows a certain distribution. When the proton is probed at a scale µF

- the factorization scale - the probability of finding a parton of type a inside the proton with
a fraction of the longitudinal momentum of the proton falling in the infinitesimal interval
[x, x+ dx] is given by fa(x, µ

2
F )dx. These distributions are what we call Parton Distribution
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Functions. The dependence of the distributions fa(x, µ
2
F ) on the scale µF is known and given

by:

dfa(x, µ
2
F )

d log µ2
F

=
αS(µ

2
R)

2π

∑
b

∫ 1

x

dz

z
fb(z, µ

2
F )Pab

(x
z

)
(5)

where µR is called renormalization scale, Pab are the splitting functions and αS(µ
2
R) is

the strong coupling constant at the renormalization scale µR. Eq.(5) is a really famous set
of integro-differential equations called Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
evolution equations or QCD evolution equations, and can be solved in perturbative QCD
if the boundary conditions are known, it is thus necessary to know the set of distributions
{fa(x, µ2

0)} at a reference scale µ0 for every x. The PDFs x-dependence cannot be calculated
from first principles and must be determined experimentally by comparing the cross sections
of processes like that of Eq.(1), for which the cross sections for the hard interactions are
known, from the theoretical standpoint, with a satisfactory degree of accuracy.

It goes without saying that experimental data comes with uncertainties, so how do we
cope with these uncertainties in the formulation of a model that extracts PDFs from the
data?

4.2 The imperfect knowledge of the proton

The knowledge of the proton structure plays an irreplaceable role in describing and under-
standing the physics of hadron colliders. For the last 50 years much of the information on
the PDFs was obtained from lepton-hadron deep inelastic scatterings, especially at HERA
before it was dismantled in 2007, but different processes depend on the proton structure in
different ways. In high-energy events, the study of jets provides insight into the gluon PDF
of the proton, while Drell-Yan processes are a sensitive tool to probe sea quark distributions
at the LHC. Furthermore, at hadron colliders like the LHC and Tevatron, the production of
W and Z bosons is mainly sensitive to up and down quarks and, depending on the charac-
teristics of the process and the experimental uncertainties, it provides constraints on parton
distributions or at least a cross-check. In the last years, many experimental improvements
and theoretical developments have enriched the physical description of the proton. Still,
our knowledge of the structure of the proton is imperfect and it may deeply affect other
measurements.

As useful as they may be, PDFs come along with the particular point of view of the
theoretical framework that is used to extract PDFs from experimental data and the experi-
mental uncertainties altogether. In simple terms, PDFs are determined by global fits to all
the available deep inelastic scatterings and proton-proton high-energy collisions data, but
how do we proceed from here?

First of all, there is no commonly accepted unique set of PDFs that describes the proton.
At the moment we have sets of experimental data points, each with an error, that indicate
roughly the value of a PDF for a certain fraction of the longitudinal momentum. These
points individuate, in a cartesian plane, regions where each of the real PDF of the proton is
supposed to be. Therefore, every choice of a set of PDFs that lives inside these regions are
equivalently good at a first approximation. We have established that given these limitations,
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extracting a single set of PDFs from the data might non to be a satisfactory answer to the
problem of determining sensible PDFs. If extracting a single set of PDFs does not work,
then maybe we could extract several sets. This idea stems from the desire to discretize the
region in which PDFs can live. So, now the problem has been moved to discretizing this
space of functions in terms of N replicas of PDFs, where N is a finite, and hopefully low,
positive integer, while retaining the error band in the space of functions, which means that
the discretization process must not be destructive towards statistical information. The space
of functions needs to be sampled in a way that allows for statistical analysis of observables
that depends on PDFs. Observables will therefore be affected by an uncertainty that depends
on the PDFs, which is an uncertainty of theoretical origin like the uncertainties encountered
in perturbation theory.

4.3 The Hessian matrix method

The basic idea of the Hessian matrix method is that we have to somehow take into account
Nsources sources of systematic errors in a best-fit paradigm. This can be done in several
ways, but an important point is that given a best-fit method for the data, or in other words,
given a χ2 function, we can study its behavior around its global minimum - assuming that
the aforementioned χ2 function is sensible. The key point is that the goodness-of-fit that we
want to minimize with respect to the free parameters has to be to useful to the assessment
of the uncertainties of the extracted PDFs.

The two equivalent methods proposed in Refs.[15, 13] offer a way to exploit experimental
systematic errors and estimating the uncertainties of the PDFs, but their details are out
of the scope of this report. Nevertheless, we would like to present some of their aspects.
What matters is that we know how the prescribed χ2 changes in a neighborhood of its global
minimum through an eigenvector basis - made of Nsources vectors - of the Hessian matrix of
χ2 calculated at its global minimum. From this method, 2Nsources + 1 replicas of PDF are
extracted from the data. One is the best-fit PDF replica S0, the central PDF replica, the
other 2Nsources PDF replicas come from moving backwards and forwards in the direction of
each of the eigenvectors. If O is an observable that is computed through PDF, then given
the 2Nsources +1 replicas of PDF, the uncertainty of the observable is given by the following
formula:

∆O =
1

2

√√√√Nsources∑
k=1

[
O(S+

k )−O(S−
k )

]2
(6)

where O(S±
k ) are the predictions for O computed through the two PDF replicas indi-

viduated by the kth eigenvector. Additionally, if O1 and O2 are two observables that might
be correlated or not, their covariance and correlation are given by:

∆(O1,O2) =
1

4

Nsources∑
k=1

[
O1(S

+
k )−O1(S

−
k )

] [
O2(S

+
k )−O2(S

−
k )

]
(7)

ϱ(O1,O2) =
∆(O1,O2)

∆O1∆O2

(8)
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4.4 The Neural Network approach of NNPDF

In recent years, cutting-edge developments in artificial intelligence techniques have been ap-
plied to many fields in physics. In particular, they have aided the implementation of new
modeling techniques in high-energy physics. Among these developments, neural networks
have become indispensable to fit PDFs. Fixing the functional forms of the PDFs paramet-
erisation introduces a bias and makes it difficult to even estimate the uncertainty due to this
bias. Neural networks answer the question: is there a way to fit data points in a natural
and unbiased approach? Indeed, neural networks provide an unbiased PDFs parameterisa-
tion and an estimate of the PDFs uncertainties. The basic idea is to implement machine
learning fitting tools to set a neural network on a Monte Carlo replica of the data and then
train it. The essence of this method is viewing the input experimental data along with its
correlated uncertainties like a probability distribution from which it is possible to extract
random replicas of the data. A single replica is not enough to sample the space of functions
in a statistically significant way, so its necessary to extract as many replicas as needed to
arrive at the desired accuracy. From each Monte Carlo replica of the data a PDFs set is
extracted via the minimization of a suitable goodness-of-fit. This method provides an en-
semble {S} of PDF replicas, in particular, the central replica which we now call replica 0 is
just the average over the ensemble of PDF replicas. Moreover, if O is an observable then the
mean and uncertainty of the observable with respect to PDF variations are just the average
and standard deviation over the ensemble of PDF replicas, and are given by the following
formulas:

⟨O⟩PDF = ⟨O[{S}]⟩ = 1

Nrep

Nrep∑
k=1

O(Sk) (9)

σ(O)PDF = σ(O[{S}]) =

√√√√ 1

Nrep − 1

Nrep∑
k=1

(O(Sk)− ⟨O[{S}]⟩)2 (10)

where Nrep is the number of PDF replicas, and from now on we will use the label PDF
to avoid having to specify that the quantity that we are considering is computed on the
ensemble of PDF replicas {S}. Similarly, if O1 and O2 are two observables, their covariance
and correlation are given by:

σ(O1,O2)PDF =
1

Nrep − 1

Nrep∑
k=1

(O1(Sk)− ⟨O1⟩PDF ) (O2(Sk)− ⟨O2⟩PDF ) (11)

ρ(O1,O2)PDF =
σ(O1,O2)PDF

σ(O1)PDFσ(O2)PDF

(12)
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5 The determination of mW from a set of data

5.1 A templates fit technique

At hadron-hadron colliders like the CERN LHC or Fermilab Tevatron, mW is determined
from the measurements of observables of the charged-current Drell-Yan process like the
transverse momentum of the charged-lepton pℓ⊥ and the the transverse mass of the W boson
(of the lepton-neutrino pair) mW

⊥ . In this report, we concentrate on the differential cross
sections with respect to the aforementioned kinematical observables, whose sensitivity to
mW is enhanced by the presence of a kinematical peak.

In the previous section, we explained that the experimental uncertainties of the PDFs
are an essential aspect that cannot be ignored and that it is represented via a collection of
PDF replicas that are equivalently good from a theoretical point of view, leading to a source
of theoretical systematic error that has to be accounted for in a fitting technique meant to
extract mW from a set of data. The first step consists of using the mathematical tools of
the Standard Model and Monte Carlo simulations to generate the theoretical predictions
for some distributions of Drell-Yan observables. These theoretical distributions are called
templates and are computed at a certain perturbative degree for some input parameters,
one of which is the mass of the W boson. The problem is that the templates introduce a
theoretical systematic error which is due to the degree at which we stopped the perturbative
expansion, but also to modeling uncertainties, and PDF uncertainties. The distorsions on the
templates make the measurement of mW really challenging. Distortions at the per mille level
are enough to induces shifts on the order of O(10MeV) on mW . These uncertainties have
been thought to be a bottleneck in the measurements of mW , but, as already mentioned, all
of the studies expect for Ref.[3] used a fitting procedure whose goodness-of-fit is the common
χ2. The intuition of the the author of Ref.[3] is that the uncertainty introduced by the PDFs
is highly correlated and can be exploited to make precision measurements by minimizing a
suitable goodness-of-fit. Following their footsteps, we introduce this systematic error in the
definition of the following goodness-of-fit via a collection of free parameters:

χ2
k(α) =

∑
i∈bins

((T0,k)i − (Dexp)i −
∑

r∈R αr(Sr,k)i)
2

σ2
i

+
∑
r∈R

αr
2 (13)

where the parameters αr are nuisance parameters that help describe the PDFs as sources
of systematic errors. Every αr is enumerated by the index r that takes values in R, the space
of PDF replicas. For every bin i of the distribution, (Dexp)i is the experimental value of the
bin, (T0,k)i is the corresponding value of the bin predicted by the Standard Model under the
hypothesis that the mass of the W boson is mW,k computed with the replica 0 of the PDFs
set. This is an important point. The Lagrangian of the Standard Model depends on mW and
so does every prediction that we wish to make about Drell-Yan cross sections. It is therefore
necessary to make a choice for mW if we wish to make predictions that have to be compared
to experimental data. If the PDFs sets have been extracted by the NNPDF collaboration,
then the differences between the predictions of the Standard Model with respect to PDFs set
variation Sr,k = (Tr,k − T0,k)/

√
Nrep − 1 are the systematic errors of theoretical origin that

we are trying to account for in this fitting procedure. Contrarily, in the case the PDFs sets
have been extracted through the hessian method, then Sr,k = (T +

r,k−T −
r,k)/2. The theoretical
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distributions, which from now on we will call templates, are not only affected by the choice
of mW , but also by statistical Monte Carlo errors, moreover there may also be experimental
errors, but for the sake of simplicity we will ignore these errors. The uncertainty σi of the
ith bin is therefore the Monte Carlo error of this bin, σi = σMC

i . Finally, the quadratic
penalties

∑
r∈R αr

2 represent a Gaussian penalty that we associate to the PDF replicas.
A crucial point of this section are exactly the nuisance parameters αr. Our final goal is
extracting mW from experimental data, but before that we need to make a choice for the
nuisance parameters. In principles, we could choose them however we want, but it doesn’t
guarantee that they are the optimal choice that defines a reasonable χ2. We are for this
reason motivated to opt for minimizing every χ2

k(α) with respect to the nuisance parameters
αr. For every choice of mW,k, χ

2
k(α) is minimized by a collection of parameters αk

r,min that
depends on the choice of the W boson mass, but remarkably when substituted in χ2

k(α) they
give the same result for every mW,k as proved in Ref.[7]. The final result is:

χ2
k,min =

∑
(a,b)∈bins

(T0,k −Dexp)a(C
−1)ab(T0,k −Dexp)b (14)

so, the minimum of χ2
k(α) with respect to the nuisance parameters is simply a quadratic

form represented by the inverse of a matrix that contains the covariances with respect to
PDF variations between bin a and bin b of the distribution. The preferred value for mW

is taken to be mW,j, where j selects the smallest χ2 among the sequence {χ2
k,min}. For the

scope of this report it is also fundamental to associate an error to the preferred value of the
W boson mass. The rule ∆χ2 = 1 indicates the range of values of mW in which we expect
to find the true value of the mass of the W boson with a 68% confidence level. Half of this
interval is the standard deviation.

In our case C is, for example, given by:

C = ΣPDF + ΣMC (15)

where ΣMC is a diagonal matrix whose elements are the Monte Carlo variances of every
bin of the distribution, (ΣPDF )ab is the covariance between bin a and bin b with respect to
PDF variations, which are given by Eq.(7) and Eq.(11).

We feel obliged to highlight that neglecting every other sources of errors, except for the
PDF and Monte Carlo uncertainties, is not a limitation for the scope of our report. It is not
just a mere simplification, and can be seen in a broader way. Imagine that we have at our
disposal such a huge amount of experimental data that their statistical error is negligible
and that the sources of systematic errors are under control and likewise negligible. Would it
be possible to extract a very accurate measurement of mW ? The answer is no. The reason
comes from Eq.(14): the templates are affected by theoretical uncertainties that are not
under our control, in particular PDF uncertainties.
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5.2 The role of pseudodata

In the previous section we presented a fitting technique to extract mW from a set of experi-
mental data, yet our real goal, in this report, is not measuring mW , but rather presenting a
new method with which the mass of the W boson may be extracted with a more accurate es-
timation of the PDF uncertainty. For this reason we let some theoretical distributions be the
experimental data, meaning that we treated them as if they were real experimental data and
used them to validate our method. In fact, if we generate templates with a given PDFs set for
various hypothesis of the W boson mass and then let the template generated with the mW,0

mass hypothesis act like experimental data, or in other words, if we treat a specific template
as pseudodata, we expect the sequence χ2

k,min to be, in an appropriate cartesian plane, a
parabola centered at mW,0 with value 0. This choice provides an immediate cross-check to
the well-being of the data simulated through Monte Carlo simulations. More importantly,
if we fit the same pseudodata with templates generated with other PDFs set we should not
expect the χ2 parabola to still be centered at mW,0 with value 0. Templates generated with
different PDFs sets induce shifts on the preferred value of the W boson mass, call mW,j

the new value. The shifts mW,j − mW,0 are the representation of our imperfect knowledge
of the proton structure as a source of theoretical systematic error. These shifts allows us
to compare models via the theoretical distributions generated with their application and is,
therefore, not limited to PDF uncertainties and can also be used to study how much certain
types of corrections influence the final results, for example we could choose to ignore some
radiative or QCD corrections. This approach is useful because it can give insights to the
order of magnitude of the errors pertaining the corrections that we chose to exclude and then
add them to the final results as another component of the theoretical systematic error. The
method is also useful from the experimental standpoint. The shifts mW,j − mW,0 that one
observes when comparing the pseudodata with several templates generated using different
PDFs sets is a measure of the difference that experimental physicists would obtain if they
fitted the data once with the templates generated with a PDFs set and then with another
set. Studying the PDF uncertainty is therefore essential to make sure that the measured
values of mW are both sensible and not afflicted by an excessive PDF uncertainty.

Moreover, when pseudodata are fitted with templates with different PDFs sets, the ∆χ2 =
1, 4, 9 rules become questionable and might not be able to estimate the uncertainty in a
statistically significant way.

6 Numerical results for the PDF covariance matrix

6.1 Computational setup

We use the charged-current Drell-Yan Monte Carlo event generator of POWHEG-BOX [4] to
simulate a sample of ∼ 100 × 106 pp events at the CERN LHC and ∼ 100 × 106 pp events
at the Fermilab Tevatron and Pythia8.2 [14] for the parton shower at the center-of-mass
energy of, respectively,

√
s = 13TeV and

√
s = 1.96TeV. We generate the event sample

using the NNPDF31 nlo as 0118 set, and then we reweight it to the PDF sets shown in Table
6.1 using the reweight framework of the POWHEG-BOX. We chose mW,0 = 80.385GeV
as our central value of the mass of the W boson, while the templates were generated for
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mW,k ∈ [80.285, 80.485] GeV in 1MeV step length.

PDF Set
1 NNPDF23 nlo as 0118

2 NNPDF30 nlo as 0118

3 NNPDF40 nlo as 01180

4 MSTW2008CPdeutnlo68cl

5 MMHT2014nlo68cl

6 MSHT20 nlo as 0118

7 CT10

8 CT14nlo

9 CT18NLO

10 cteq61

11 cteq66

12 CJ15NLO

13 ABMP16 5 nlo

Table 1: PDF sets in which the NNPDF31 nlo as 0118 set has been reweighted to. Expect
for the first three sets, all the others are Hessian sets.

6.2 PDF uncertainties on the distributions

The choice of PDFs influences at great lengths physical observables affecting the total cross
section and distorting the shape of the differential cross section distributions. It is, for this
reason, relevant to distinguish between the PDF uncertainty of a differential cross section
and its normalized counterpart. For the sake of brevity, we shall refer to a differential
cross section and its normalized counterpart respectively as absolute distribution and shape
distribution. The PDF uncertainty of the former is generally bigger because both the shape
and total area under the absolute distribution are affected by the choice of the PDFs of the
proton, while the area under the latter has been normalized to 1, so the choice of PDFs of
the proton influences only its shape. Moreover, it’s the shape that is sensitive to the precise
value of mW through the location of its Jacobian Peak (kinematical peak), in this case the
total cross section is mostly irrelevant. Since the area around a Jacobian Peak is the one that
is sensitive to the precise value of mW , we could then forget about the tails and redefine the
shape distribution of, for example, the charged-lepton transverse momentum, on a shorter
domain and ask that the distribution is normalized on the new domain I:

dσ

dpℓ⊥

∣∣∣∣
I

=
1∫ pℓ⊥,max

pℓ⊥,min

dpℓ⊥
′ dσ

dpℓ⊥
′

dσ

dpℓ⊥
(16)
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6.3 The correlation matrix

We show the correlation matrices with respect to PDF variations of the shape distributions.
The observables that we considered are the transverse mass of the W boson and the charged-
lepton transverse momentum with central cut at the LHC and the same observables at the
Tevatron with cut on the transverse momentum of the W boson. The labels on the x and y
axis indicate the observable and the bin and help identifying the sixteen matrices of which
the joint correlation matrix is composed of. The distributions have been generated with the
hypothesis mW,0 = 80.385GeV.

In these two figures, we can see that the correlation matrices exhibit a clear structure.
In every block of the matrix there are well delimited zones where the correlation is either
negative or positive separated by small regions where the change of sign of the correlation
is abrupt. In the self-correlation matrices (the blocks on the diagonal) the Jacobian Peak
plays the role of a dividing ridge. The bins before the peak are strongly correlated with
each other just like those after the peak. Conversely, the bins before the Jacobian Peak are
strongly anti-correlated with respect to those after the peak. A similar structure, although
less defined, is also present in the cross-correlation matrices especially between observables
of the same collider, while it’s definitely weaker when we consider two observales from the
two different colliders.

On the whole, this correlation pattern is also influenced by the choice of the PDFs set.
It seems like MSHT20nlo as118 is enhancing every structure making them more defined and
the observables more correlated.
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Figure 1: NNPDF31 nlo as 0118

Figure 2: MSHT20 nlo as 0118

14



6.4 Evolution of the eigenvalues of the PDF covariance matrix

Figure 3: Evolution of the eigenvalues of the PDF covariance matrix with respect to the
number of W boson production events. We considered the shape distributions with respect
to the transverse mass of the W boson and the transverse momentum of the charged-lepton,
both at the Tevatron with cut on transverse momentum of the W boson. The distributions
have been normalized on the ranges [75, 85] GeV and [35, 45] GeV respectively. The distri-
butions have been generated with the hypothesis mW,0 = 80.385GeV and bins with length
of 0.5GeV.
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Figure 4: Evolution of the eigenvalues of the PDF covariance matrix with respect to the
number of W boson production events. We considered the shape distributions with respect
to the transverse mass of the W boson and the transverse momentum of the charged-lepton,
both at the LHC with central cut. The distributions have been normalized on the ranges
[75, 85] GeV and [35, 45] GeV respectively. The distributions have been generated with the
hypothesis mW,0 = 80.385GeV and bins with length of 0.5GeV.
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The goodness-of-fit that we defined in one of the previous sections depends strongly
on the eigenvalues of the covariance matrix that we use. In particular, after diagonalizing
the covariance matrix and considering that the goodness-of-fit is a quadratic form, it can be

rewritten as a sum of terms of the form (B̃−T̃ )2

λ
, where λ is an eigenvalue of the PDF covariance

matrix and B̃, T̃ are linear combinations of bins whose coefficients are the elements of the
eigenvector associated to the eigenvalue λ; we use B̃ if the bins comes from the experimental
distributions and T̃ if they come from the templates. It follows that if one of the eigenvalues
is distinctively smaller than all the others, the width of the χ2 will be strongly influenced
by this particular eigenvalue making the distribution particularly narrow. We have studied
the χ2 distributions thoroughly and found out that it is common for the PDF uncertainty
estimated via this method to be under 1MeV. If this were true, then it would mean that
the PDF uncertainty is always negligible with respect to the other sources of error, but
such a strong statement needs to be properly justified. Is this behaviour physical or is it a
byproduct of numerical errors? We then studied how the eigenvalues of the PDF covariance
matrix change with respect to the number of events to understand which of them are physical
and which are not. Those that are not should then be considered to be equal to 0: they are
not 0 due to the finite precision of the algorithm one uses for computing eigenvalues. For an
eigenvalue to be physical we expect it to converge as the number of events increases. In the
figures above, most of the eigenvalues are not converging: this behaviour is quite intriguing
and raised more questions without answering any of the previous. At this moment, we are
still unable to conclude that those eigenvalues that are not converging are not physical. It
may actually be due to other reasons, for example, 106 events might not be enough to let all
the physical eigenvalues converge or maybe the PDF covariance matrix also depends on the
number of replicas that constitutes the PDFs set. In this case, the NNPDF31 nlo as 0118 has
100 replicas, while MSHT20 nlo as 0118 has 65, but there exist PDFs set with 1000 replicas.
We can only conclude that this aspect needs to be investigated in more details.
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6.5 Dependence of the eigenvectors of the PDF covariance matrix
on mW

Figure 5: Dependence of the eigenvectors of the PDF covariance matrix on mW . We con-
sidered the shape distributions with respect to the transverse mass of the W boson and
the transverse momentum of the charged-lepton, both at the Tevatron with cut on trans-
verse momentum of the W boson. The distributions have been normalized on the ranges
[75, 85] GeV and [35, 45] GeV respectively. The distributions have been generated in the
mass range [80.335, 80.435] GeV and bins with length of 0.5GeV.
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Figure 6: Dependence of the eigenvectors of the PDF covariance matrix on mW . We con-
sidered the shape distributions with respect to the transverse mass of the W boson and the
transverse momentum of the charged-lepton, both at the LHC with cut on transverse mo-
mentum of the W boson. The distributions have been normalized on the ranges [75, 85] GeV
and [35, 45] GeV respectively. The distributions have been generated in the mass range
[80.335, 80.435] GeV and bins with length of 0.5GeV.

In this section we further studied the PDF covariance matrix. In particular, we studied
the dependence of its eigenvectors on mW and compared their spread with their statistical
and PDF errors. It is immediately clear that the spreading due to a change in mW always
wins over the statistical and PDF errors or it’s of the same order of magnitude. The PDF
and statistical errors never win over the dependence on mW . Take the eigenvectors that are
widely spread. A small change in mW modifies the value of the eigenvectors significantly
along with that of the χ2 distribution. Consequently, such a change is penalized and the
preferred value for mW is brought near mW,0. On the other hand, some eigenvectors may
not change conspicuously even after a considerable change in mW . These eigenvectors are
dominated by the effect due to the statistical or PDF errors. We can therefore conclude
that there are, without a doubt, some eigenvectors that can change significantly the χ2

distribution only due to the dependence on the PDFs.
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6.6 Result of the fits

Figure 7: Comparison between the fitting techniques used to estimate the PDF uncertainty
and shift on mW . The templates were generated with NNPDF40 nlo as 0118 and used to fit
pseudodata generated with fourteen different PDFs sets in the mW,0 hypotesis.

We applied the fitting technique we introduced in one of the previous sections using as
covariance matrix the PDF covariance matrix. We have also employed the fitting technique of
Ref.[6] to study how the PDF uncertainties and the shifts from mW,0 vary with respect to the
fitting method and the PDFs sets. We chose fourteen PDFs sets for the pseudodata, including
NNPDF40 nlo as 0118, and also chose this PDFs set for the templates. It follows that when
the templates generated with a certain PDFs set are fitted on pseudodata generated with
the same PDFs set, the shift on the best fit for mW must be 0 as the distributions are
the same and there can’t be a better option to fit the pseudodata. It is interesting to
notice that the fitting method of Ref.[6], which we denominated as B.C.V., returns smaller
PDF uncertainties, depending on the PDFs sets, when we use as covariance matrix the
PDF covariance matrix plus the Monte Carlo error. This behaviour is rather curious and
contributes to opening new questions around the fitting technique we employed. Why is the
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B.C.V. method better when it does not account for correlation? It also rather troubling
to see that the PDF uncertainties are always 1MeV when we only use the PDF covariance
matrix: this undesired effect is most definitely due to some possible unphysical and really
small eigenvalues of the PDF covariance matrix that makes the χ2 distribution quite narrow.
The results for the shifts of mW are also very interesting. First of all, the shifts calculated via
the B.C.V. method are always bigger while those calculated with only the PDF covariance
matrix are most of the time 0 or small, meaning that the possible unphysical eigenvalues make
it so that any other distribution, apart from the one generated with the mW,0 hypothesis, is
extremely penalized. Such a strong statement can’t be trusted before the problem has been
thoroughly explored, but the results of the previous section are opening a way toward an
answer for which more research is needed. We also notice that the for every PDFs setm the
other shift are roughly the same. Moreover, there is no clear benefit in employing a fitting
technique or the other.

7 Numerical results for the mW covariance matrix

7.1 The correlation matrix

Figure 8: NNPDF31 nlo as 0118

We show the correlation matrices with respect to mW variations of the shape distribu-
tions. The observables that we considered are the transverse mass of the W boson and the
charged-lepton transverse momentum with central cut at the LHC and the same observables
at the Tevatron with cut on the transverse momentum of the W boson. The labels on the x
and y axis indicate the observable and the bin and help identifying the sixteen matrices of
which the joint correlation matrix is composed of.
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This matrix exhibits an undeniably clear block structure with either perfect correlation
or anti-correlation which are divided at the Jacobian Peak. This structure is shared by other
observables and does not change with the PDFs set or the collider.

7.2 Evolution of the eigenvalues of the mW covariance matrix

Figure 9: Evolution of the eigenvalues of the mW covariance matrix with respect to the
number of W boson production events. We considered the shape distributions with respect
to the transverse mass of the W boson and the transverse momentum of the charged-lepton,
both at the Tevatron with cut on transverse momentum of the W boson. The distributions
have been normalized on the ranges [75, 85] GeV and [35, 45] GeV respectively. The distri-
butions have been generated in the mass range [80.335, 80.435] GeV and bins with length of
0.5GeV.
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Figure 10: Evolution of the eigenvalues of the mW covariance matrix with respect to the
number of W boson production events. We considered the shape distributions with respect
to the transverse mass of the W boson and the transverse momentum of the charged-lepton,
both at the LHC with central cut. The distributions have been normalized on the ranges
[75, 85] GeV and [35, 45] GeV respectively. The distributions have been generated in the
mass range [80.335, 80.435] GeV and bins with length of 0.5GeV.

Most of the comments that we made in the section dedicated for the evolution of the
eigenvalues of the PDF covariance matrix still hold true, but, in this case, there are more
eigenvalues that are clearly converging or have converged. This kind of behaviour is, after
all, something that we expect. The block-structure of the correlation is more defined and
simpler, therefore we expect to need less eigenvalues to describes a simpler structure and for
these eigenvalues to converge faster for the structure to emerge as clear as in the matrix of
the previous section.
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7.3 Dependence of the eigenvectors of the mW covariance matrix
on mW

Figure 11: Dependence of the eigenvectors of the mW covariance matrix on mW . We con-
sidered the shape distributions with respect to the transverse mass of the W boson and
the transverse momentum of the charged-lepton, both at the Tevatron with cut on trans-
verse momentum of the W boson. The distributions have been normalized on the ranges
[75, 85] GeV and [35, 45] GeV respectively. The distributions have been generated in the
mass range [80.335, 80.435] GeV and bins with length of 0.5GeV.
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Figure 12: Dependence of the eigenvectors of the mW covariance matrix on mW . We con-
sidered the shape distributions with respect to the transverse mass of the W boson and
the transverse momentum of the charged-lepton, both at the LHC with central cut. The
distributions have been normalized on the ranges [75, 85] GeV and [35, 45] GeV respectively.
The distributions have been generated in the mass range [80.335, 80.435] GeV and bins with
length of 0.5GeV.

We also studied the eigenvectors of the mW covariance matrix. In particular, we studied
the dependence of its eigenvectors on mW and compared their spread with its statistical
error and its systematical error due to variations of mW . The same comments that we did
in the analogous section for the eigenvectors of the PDF covariance matrix still hold true,
though in the present case, some error bands are more noticeable. On the whole, the PDF
and mW exhibits similar behaviours that we still struggle to fully understand.
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8 Conclusions

All in all, our work raised more questions than it was able to answer. Nonetheless, we hope
that we have at least paved a bit the way for a future study that may be a proper continuation
of Ref.[3] and that will help to elucidate the physics of the W boson via validating or not
the part of Ref.[10] that has to do with PDF uncertainties.
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