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This project uses Artificial Neural Networks (NN) to approximate the parton-level probability
distribution function of the Matrix Element Method (MEM) of multivariate analysis. The MEM is a
powerful tool for analysis of the t#H (bb) process, however it is slow and computationally expensive.
Using a NN to approximate the parton-level function could dramatically speed up the analysis.
NN models were trained with success for simplified 3 and 4 particle final state systems, using
Python, Keras and Tensorflow. Fitting a NN to the integrand for the full gg — tt — WTbbW ~

process proved more difficult.

Active learning, transfer learning and cosine annealing failed to

yield improvements. However training on the log of the integrand and supplying additional derived
parameters to the network produced a significantly improved accuracy. Due to time constraints
the project was not extended to the full tH (bb) process, however training NNs on n-dimensional
Gaussians suggested the error in NN prediction scales exponentially with number of dimensions,
which may suggest difficulties for the higher dimensional t£H (bb) system.

I. INTRODUCTION

The Matrix Element Method is a powerful tool for data
analysis of High Energy Physics data, and could be espe-
cially useful for future analysis of the interesting tZH (bb)
process. [1] However it is slow and computationally ex-
pensive to use, limiting its applicability. [2]

This project aims to use machine learning and artificial
neural networks [3] to speed up the computation.

A. Structure

The structure of the Report is as follows:
I. Introduction

IT: Motivation and Background

III: Overall Method

IV: Simple Case: Three Particle final state, no PDFs
or matrix element

V: Four Particle final state, no PDFs or matrix ele-
ment

VI: tt(W+bbW ) system
VII: Alternative Approaches
VIII: Dimensionality Scaling
IX: Discussion
X: Conclusion
References

Appendix

* Also at Pembroke College, Cambridge University.

II. MOTIVATION AND BACKGROUND

A. The ttH process

FIG. 1. Feynman diagram of the ttH (bb) process in the
lepton—+jets channel. [4]

Following the discovery of the Higgs Boson in 2012 [5]
[6] interest has moved towards studying some of its rarer
production and decay modes. Of particular interest is the
so-called "ttH” process, or the production of the Higgs
with a pair of top quarks, which accounts for only ~ 1%
of Higgs produced. [7] The t¢H cross section allows us to
directly measure the Higgs-top Yukawa coupling. [8] As
the Yukawa coupling strength is proportional to mass and
the top quark is the heaviest Standard Model particle the
coupling is expected to be substantial. Its precise value
could give us strong hints as to the energy scale of BSM
(beyond the standard model) physics. [9]

The most common decay mode of the Higgs is to a bb
pair (58% branching ratio), making a t£H (bb) process. [§]
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FIG. 2. The outputs of the t#H(bb) process in the lep-
ton-+jets channel. [10]

The two top quarks decay to a W boson and a b quark.
The W bosons can decay to a number of final states.
This analysis aimed to look at the ”lepton+jets” channel
of the t£H (bb) process, where one W decays to a charged
lepton + neutrino and the other to a pair of light quarks
(FIG. 1).

The quarks give rise to QCD jets, giving a final state of
four b-quark jets, two light-quark jets, a charged lepton
and missing momentum and energy due to the neutrino
(FIG. 2). [4]

Unfortunately other processes can give rise to two top
quarks and two bottom quarks, giving a significant back-
ground (including the dominant irreducible background
shown in FIG. 3). There is also a degree of error in iden-
tifying b-quark jets (b tagging) and we can sometimes
misidentify jets as leptons or photons or vice-versa, giving
an additional "reducible” background. Jets are also more
difficult to characterize precisely than leptons or photons,
giving uncertainties in their energy and momenta. [8]

As a result separating the signal from the background
requires the use of ”multivariate” analysis, using as much
information from the data as possible. [7]

B. The Matrix Element Method

One promising multivariate technique is the Matrix El-
ement Method. This is based on the Neyman-Pearson
lemma, which can be informally stated as ”The most
powerful test statistic A, for a simple hypothesis test of a
given significance, is the ratio of the two likelihood func-
tions”. The likelihood function L£(f|x) is the probability
density of the hypothesis parameter 6 given the observed
data x. Consider the joint probability density J(x,0)
which depends on both & and 6 so that

FIG. 3. Feynman diagram of the dominant irreducible
background process, tibb in the lepton+jets channel.
It is very similar to tZH(bb) but with a gluon instead
of the Higgs. It is about 30x more frequent than the
ttH process. [4]

Prob(z N §) = P(x, 0)dzdd

Treating it as a function of @ only, keeping x constant,
gives you the likelihood function L£(f|x). Treating it as
a function of x only, keeping 6 constant, gives you the
probability density function P(x|6). Thus P(x|d) (which
we can calculate) has the same form as the likelihood
function, if we instead treat it as a function of 6 and
keep x fixed. [11] Thus we seek to calculate
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We can express the probability density for each event

and process ¢ in terms of the normalised differential cross
section [1]

P(x | ttH)

AMa) = P(z | background)

(1)

ldai
ag; dx

Py(x) = (2)

However the detector can only measure the final state
particles to a give resolution and uncertainty, and thus
the reconstructed event  may not be identical to the true
?parton level” data y. To account for this we convolute
with transfer functions W (x,y) which model how the
detector converts between the "hard” process and the
observed quantities.

Pi(x) = / )W (, y)dy 3)

Now at a hadron collider like the LHC the initial state
particles (for example gluons) carry only some unknown



fractions x1,xs of the momentum of the colliding pro-
tons. The distributions of z1,x9 are given by parton
distribution functions f(z) (PDFs).

We can determine % from Fermi’s Golden Rule,
which relates it to the squared matrix element |M;|? of

the process

doi(y) =

where F is a flux factor and d®"(y) is the Lorentz
invariant phase space element for IV final state particles.
Putting it all together gives
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(5)

For N final state particles we have 4N + 2 total
parameters (z1,z2 plus N four-momenta). However
m? = p'p, for each particle plus overall pi = ph,
(energy-momentum conservation) gives N+4 constraints,
leaving 3N — 2 free parameters all together. For the ttH
process there are 8 final state particles, giving 22 free
parameters. [1]

This makes equation (5) very slow to compute. One of
the slowest steps is evaluating the P;(y) element of the
integrand (Eq. 6)

T 4
Pi(y)dy = J(e2)f(e2)dades “F M0 () (6)

This is the motivation for approximating the P;(y)
function using an artificial neural network (NN). Once
sufficiently trained the NN can be used to evaluate Eq. 5
in a fraction of the time, helping to speed up the analysis
of ttH data.

C. Neural Networks

Artificial NNs are an example of of machine learning.
This is where you give computers the ability to learn a
solution to a problem without that solution being ex-
plicitly programmed. There are two main classes of ma-
chine learning, supervised and unsupervised. In super-
vised machine learning the goal is to produce a function
Z = F(Y) that can take in a set of input parameters
(also termed " features”) Y and predict a desired output
Z. To achieve this we provide the computer with a large
set of correct answers, {Y}, Z;}, and "train” the model
by modifying the proposed function F(Y") until the pre-
dictions match the training set, Z; = F(Yj}).

Here we want F(Y") to approximate P;(y) as closely as
possible. As the function is continuous this is an example
of a ”regression” problem. [3]

For multidimensional highly non-linear functions, such
as P;(y), a useful way to do this is an NN. These are in-
spired by the structure of the brain, which contains a

(z,y)do" (y)

network of millions of neuron cells with electrochemical
impulses passing between them. Likewise an artificial
neural network consists a number of interconnected arti-
ficial "neurons” or "nodes”.

Inputs qo(O) y
Output
Activation
Function

Weights

FIG. 5. Diagram of a single neuron showing the prop-
agation process. The neuron takes a weighted linear
sum of the inputs and applies the activation function.
[12]

A simple "feed forward” network contains layers of
nodes connected in series (FIG. 4). Each node takes a
weighted linear combination of the outputs from nodes
of the previous layer, applies some non-linear ” activation
function”, then outputs the result to the next layer (FIG.
5). [3]
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FIG. 4. Diagram of a simple feed forward neural net-
work with two hidden layers. The 1/(1 4+ ¢77) is a
common activation function. [13]

The difference between the predicted and real outputs
is described using a ”loss” function, L, for example the
mean squared error between real and predicted. An al-
gorithm modifies the weights associated with each node
so that the loss function decreases as training progresses.

The Universal Approximation Theorem states that a
neural network with one ”hidden layer” of nodes between
input and output can in principle approximate any N-
dimensional function to an arbitrary degree of accuracy,
given a sufficiently large (though finite) number of nodes.

In practice however it is more feasible to instead use
multiple hidden layers connected in series. [3]



D. Comparison with other methods

Other multivariate analysis methods currently used for
ttH analysis include Boosted Decision Trees (BDTs) and
classification neural networks trained on the low level fea-
tures. The advantage of the MEM is that it incorpo-
rates knowledge of the underlying physics into the anal-
ysis. Also in principle (thanks to the Neyman-Pearson
lemma) it provides the most powerful possible discrimi-
nant, and the power of the discriminant is not limited by
the amount of available simulated Monte-Carlo events.
[1)[14]

III. OVERALL METHOD

To implement the neural network we used the Python
library Keras[15] with TensorFlow[16] as the backend.

Python was also used to create the training sets and
encode the analytic function. LHAPDF[17] was used to
provide the PDFs, and the matrix element came from
MadGraph5_@NLO’s python plugin [18].

The two main possible methods of sampling were uni-
form sampling (implemented simply using numpy[19]) and
Markov Chain Monte-Carlo (MCMC) sampling, using
the python package emcee[20]. MCMC allows sampling
with a sample density proportional to the function value.
The vegas[21] algorithm was used to perform integrals
over the phase-space.
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FIG. 6. Diagram of a generic three body final state
process. The parameters eliminated using the con-
straints are shown with a red slash. The remaining 7
parameters were used to train the network.

In general the Keras system trains the NN by ran-
domly dividing the training sample into a ”train” set
(80%) and a ”validation” set (20%). The purpose of
the ”validation” set is to check that the network is gen-
uinely modelling the function, as opposed to just the spe-
cific "train” set (a phenomenon called ”over-training”).
Keras also divides up the training data into batches, us-
ing one batch per step of optimizer algorithm.

The time the algorithm takes to use all the data is
called an "epoch”. My training ran for 100 epochs, or
until the validation loss failed to decrease for a certain
”early stopping” period.

There were a number of possible hyper-parameters for
training the network. I could change:

1. the training set (its size and the sampling method
used)

2. dropout [22] and regularisation [23]

. the number of layers

W

. the number of nodes in each layer
. the loss function

. number of training batches

. normalisation of the input features

. the activation functions

© 0w N O

. the optimizer algorithm
10. the early stopping patience

In general I experimented by changing one hyper-
parameter at a time and testing whether or not it im-
proved the NN accuracy.

To evaluate the NN performance I plotted the 1D nor-
malised distributions over the parameters, marginalised
over the remaining dimensions. The distributions were
normalised because I was most interested in getting the
shape of the function correct, the normalisation constant
can be fitted later.

For each plot I computed the sum of the squared errors
for the 20 bins, denoting this as ”A?” (Eq. 7).

20
M\ = Z(NN — true function)?

%

(7)

An overall test statistic was then defined as the average
A2 over the evaluation parameters. The smaller this test
statistic the more accurate the NN.

IV. SIMPLE CASE: THREE PARTICLE FINAL
STATE, NO PDFS OR MATRIX ELEMENT

A. Method

The first step was to model a simplified process with
three massless final state particles, where we neglect the
matrix element (which contains the physics) and the
PDFs, leaving just the phase-space density.

We can also neglect the normalising factor 1/0; which
does not change the shape of the function. Then explic-
itly the Lorentz invariant phase-space element is

N

pln pout H

J

d3p;

doVN =
(27)32E;



For a collision of two massless gluons the flux factor
F = s = 2x179809 where s = squared centre of mass en-
ergy, sop = maximum possible s which is (2Epeam)?. Re-
solving the ¢ function gives overall phase-space density
F(y) (Eq. 9) expressed in a minimal basis of 7 parame-
ters.

277(2m) 7" d*p1d®pa dp.s
I1I2E4 E1E2E3

beam

F(y)dy = 9)

For each network trained 1D marginals were plotted
for each of the 7 parameter variables (FIG. 6), with both
the analytic function and NN predicted distributions nor-
malised.

To evaluate how well the network approximated the

function the A? statistics and overall test statistic were
computed as described above.

B. Results

Trial and error testing achieved a ~ 30 fold improve-
ment in the test statistic from ~ 0.2 for the first model
tried to ~ 0.006 for the best model shown on the next
page.

FIG. 7 shows one of the 1D marginals, showing a
good agreement between NN prediction and true func-
tion. The other 1D marginals showed similar levels of
agreement. FIG. 8 shows the distribution of the ratio of
NN prediction vs true function for a MCMC sample.
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FIG. 7. TOP: 1D histogram of parameter |p2| for the
best performing model for the simple 3 final state par-
ticle system. green = network prediction, red and blue
= true distributions from a uniform and MCMC sam-
ple respectively. Plots are normalised.

BOTTOM: ratio of NN prediction over true function.
Dashed lines indicate error margins using a Poisson
estimation of the error.

fun/ferue — 1

FIG. 8. Histogram of the ratio of NN prediction / true
function - 1, drawn from a MCMC sample, with a
fitted Gaussian curve.



MODEL # 40

test statistic = mean(\?)
parameters (in order)

\? for each parameter

training time
NN integral / true integral
true function range

NN function range

0.00582 £ 0.0022

|p1], 61, @1, P2, b2, P2, P23
[0.0153 £ 0.0022, 0.0012 £ 0.0003, 0.00046 + 0.00043, 0.0068 +
0.0006, 0.00260 %+ 0.00023, 0.00028 + 0.00017, 0.0142 + 0.0006 ]

9802.74 s

1.0393 4+ 0.0018

0< f<0.143

4.4 x 10730 < f < 0.0129

training set
no. MCMC points
no. uniform points

ddropout & regularisation

uniform and MCMC sampling

3,750,000
40, 000, 000
None

nodes per layer (in units of n_unit) [8, 6, 5, 5, 4, 4, 2]

loss function

no. training batches
initial batch normalisation
use physical points only
activation functions
n_unit

optimizer

early stopping patience

mae (mean absolute error)

500.0

True

True

[relw’, ‘relu’, 'relu’, relu’, relu’, relu’, 'relu’, 'softplus’]
8

adadelta

3 epochs

TABLE I. Table of network settings for the best performing model for the simple case of three final state
particles, no PDF's or matrix element.



I found that the best training sample consisted mostly
of uniformly sampled points, with an additional smaller
MCMC sample. The activation function 'relu’ (Rectified
linear unit) is a common choice, as its simple form allows
faster training. For the final layer I found a modified form
of 'relu’, ’softplus’ = In(e* + 1) to be most effective, in
part because it ensures a positive output and the function
is strictly positive.

Although I was evaluating the performance of the net-
work using a mean squared error statistic, I found the
mean squared error (mse) loss function performed signif-
icantly worse than the mean absolute error (mae).

V. FOUR PARTICLE FINAL STATE, NO PDFS
OR MATRIX ELEMENT

The next most complicated case is with four particles
in the final state, but still neglecting the PDF factors and
the matrix element.

A. Method

As in the previous section I experimented with differ-
ent choices for the network training, and evaluated the

MODEL # 210

NN based on 1D marginal plots. The parameters chosen
were:

Ip1], 01,01 [p2|,02, 02 D23 |pal, 04, Ps

I also found I could train a binary classification NN
to determine the boundaries of the physical region (the
region of phase-space where 0 <= 1,22 <= 1 and the
phase-space density is non-zero) with a good degree of
accuracy. If the physical points are given a value of 1
and the non-physical points zero, then an estimate of the
error

Err. = mean(|true value — NN prediction|) x 100%

gives ~ 1%. Thus I could focus on training the other
network to model the function in its non-zero region, ig-
noring its behaviour everywhere else.

Hence the 1D plots only contain points sampled from
the physical (non-zero) phase-space region.

B. Results

The best performing network is shown below.

test statistic = mean(\?) 0.0657 £ 0.0012
parameters (in order)

A2 for each parameter

Pz3, |p1‘7 91’ ¢17 |p2|a 927 ()2327 |p4|7 047 ¢4
[0.076 +0.013 , 0.1505 +0.0013 , 0.0617 = 0.0005 , 0.00039 £ 0.00027 , 0.1026 + 0.0004 ,

0.0795 4+ 0.0014 , 0.001238 £+ 0.00019, 0.1209 , 0.1230 £ 0.0020 , 0.0598 £ 0.0014 ,

0.00184 =+ 0.00007 ]

training time 3628.76 s
NN integral / true integral 1.378 £ 0.004
true function range 0< f<9.05

NN function range

1.03x 107° < f < 6.21

training set
no. MCMC points
no. uniform points

dropout & regularisation

uniform and MCMC sampling
37,500,000
1,000, 000

None

nodes per layer (in units of n_unit) [8, 6, 5, 5, 4, 4, 2]

loss function

no. training batches
initial batch normalisation
use physical points only
activation functions
n_unit

optimizer

early stopping patience

mae (mean absolute error)

100.0

True

True

[reluw’, relw’, 'relu’, relw’, 'relu’, 'relu’, 'relu’, ’softplus’]
20

adadelta

50 epochs

TABLE II. Table of network settings for the best performing model for the case of four final state particles, no

PDFs or matrix element.
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FIG. 9. 1D histogram of parameter |p:| for the best
performing model for the simple 4 final state particle
system.
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FIG. 10. Simple 4 final state particle system, no PDF's
or ME. Model # 210. Plot of loss function on ”train”
set (blue) and on the ”validation” set ( ) vs.
epoch.

FIG. 10 shows a plot of the loss function as a function
of training epochs.

While still a reasonable fit, the NN does not model
the true function as well as in the three particle case,
particularly in the low function value tails (FIG. 9).

For this case I found that it was better to use a mostly
MCMC sample, with a small amount of uniformly sam-

pled points. This is likely because the uniform sam-
pling performs increasingly poorly for higher dimensional
spaces.

VI. #(WThbW ™) SYSTEM

A. Method

I then moved on to a system with full PDFs and matrix
element: production of a t pair which decay to b quarks
and W bosons (FIG. 11). At this stage I am not including
the W decays, so we again have a four particle final state.

g wt 1
t
b 2
t A
N b 3
i
g W™ 4

FIG. 11. Feynman diagram of the gg — tf — Wb bW~
process.

Now we can anticipate that the matrix element will
introduce resonances and Breit-Wigner peaks for Wb in-
variant masses close to the top mass m;. [24]

These sharp peaks will make it more difficult to train
the network. Hence I transformed an alternative basis,
denoted B, in which the function has a flatter distribu-
tion.

Two of the momenta variables are replaced by func-
tions of the Wb invariant masses, mis and msy4, defined
in Eq. 10. T'; = top decay width.

m? —m?
mtft
p.3 1s also replaced by a new parameter (3 (Eq. 11)

where « is an arbitrary constant.

t = arctan ( (10)

(11)

(3 = tanh (ﬁ)

E beam



However unfortunately it is not possible to express the
function analytically in these new parameters. So to ob-
tain the training data I first sampled points in basis A,
then for each point calculated both the function value
and the corresponding point in basis B.

A [p1], 01,01 |p2|,02,02 (3 |pal, 04, P4

B : t12,01, 01 |p2|,02,02 (3 t34,04,¢4

However to maintain consistency with the previous
models I evaluated the network using the same parame-
ters and method as for the simple 4 particle case.

B. Results

It was noticeably more difficult to obtain a good fit
with this more complicated case than with the simpler
cases without PDFs or matrix elements. The 1D plots
for the substituted parameters, |p1| and |py|, were par-
ticularly bad (FIG. 12). Plots for other variables were
marginally better (FIGs. 13, 14). As uniform sampling
proved inefficient for this system, the NN were evaluated
using MCMC sampling to obtain both the true function
and the NN function distributions. An uncertainty esti-
mate was obtained by evaluating with multiple samples,
then taking the mean and standard deviation of the test
statistics.

There was also a significant error in the normalisation,
with the ratio of integrals over the whole phase-space
being (NN integral / true integral) = 13.3 £ 1.1 (this

should ideally be 1). This NN over-prediction can also
be seen in FIG. 16 with the red and green curves shifted
to the right of the blue and curves respectively.

FIG. 15 also shows that the "train” loss decreases much
more than the ”validation” loss, indicating the network
suffers from significant over-training.

These results gave motivation for trying alternative ap-
proaches to improve the training performance.

4.01 [ uniform weighted by NN prediction, 6063687 samples)
35 4 1 MCMC from true function3750000 samples)
: 1 MCMC from NN model, 1000000 samples)
3.0 A
2.5 A
2.0 A
1.5 A1
1.01 _=|_|_=|—|=|__==
0.5 A
0.9 T T T T T
—— NN(mcmc) / true mecmc
—— NN(uniform) / true mcmc
0 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

[Pl

FIG. 12. 1D marginal for parameter |pi| and the best
NN for the t{(WWTbbW ™) process. blue = true function
from MCMC sampling. magenta = NN prediction
from uniform sampling, green = NN prediction from
MCMC sampling.
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FIG. 13. 1D marginal for parameter |p:| and the FIG. 14. 1D marginal for the I_/V+b invariant mass mi2
tH(WTbbW ™) process (model # 6). and model # 6 for the tZ(WTbbIW ™) process.
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FIG. 15. t{(WTbbWW ™) system. Model # 6. Plot of loss FIG. 16. t#(WTbbW ™) system. Model # 6. log-log his-

function on ”train” set (blue) and on the ”validation” togram of function values from the true function (uni-

set (orange) vs. epoch. form sample = blue, MCMC = orange), the NN pre-
diction (uniform sample = red, MCMC = green) and
the training sample (purple).



MODEL # 6

11

test statistic = mean(\?) 2.86+£0.21
test parameters (in order)

A2 for each parameter

917 (bl? |p2‘7 627 ¢27 947 ¢4’ |p1‘7 |p4|7 P=z3
[0.66 £ 0.20, 0.50 +0.16, 1.02 £ 0.22, 0.58 £ 0.19, 0.31 +0.04, 0.51 £ 0.16,

0.38+0.22,9.9+1.0, 11.94+ 0.3, 2.8 £ 0.9]

5553.57 s
13.3+£1.1

training time

NN integral / true integral

training set

no. MCMC points 37,500,000
no. uniform points 4,000, 000
dropout & regularisation None

uniform and MCMC sampling

nodes per layer (in units of n_unit) [8, 6, 5, 5, 4, 4, 3, 2, 1]

loss function

no. training batches 110.0
initial batch normalisation True
use physical points only True

activation functions
n_unit 30
optimizer adadelta

early stopping patience 30 epochs

mae (mean absolute error)

[relu’, relw’, 'relu’, 'relu’, 'relu’; 'relu’, 'relu’, 'relu’, relu’, ’softplus’]

TABLE III. Table of network settings for model # 6 for the tt(WbbW ) system.

VII. ALTERNATIVE APPROACHES
A. Training on In(F(y))

The true function for the t£(W+bbIW ™) system spans
many orders of magnitude (FIG. 16). Hence perhaps
it would be easier for the NN to model the log of the
function rather than the function directly. As In(F(y))
extends well into the negative numbers, the activation
function for the last layer was changed from ’softplus’ to
linear’ to allow negative NN outputs.

This approach gave a modest improvement, with a test
statistic of 2.41 4+ 0.08 vs 2.86 £ 0.21 for model # 6.
Pleasingly it also does go significantly towards improving
the normalisation problem, with a ratio (NN integral/
true integral) of 1.25 & 0.12 compared to 13.3 £+ 1.1 for
model # 6.

As one might expect the log-log plot of function val-
ues (FIG. 18) also looks better for most of the range,
although it has worse agreement at high function values.

B. Training without PDFs

One way to simplify the t£(WbbW ™) system is to
train on the function without the PDF's, then multiply
the NN by the PDF factors at the end.

This was tested using the same network settings as
model 6 (TABLE III.). However surprisingly it produced
a worse result, despite the apparent simplification, with
a test statistic of 4.30 4+ 0.02. This may be because

— train
test

100 4

loss

A
i oran A% 2 S VWIS

0 20 40 60 80 100
epoch

FIG. 17. t{(W bW ™) system, trained on In(F(y)). Plot
of loss function on ”train” set (blue) and on the ”val-
idation” set ( ) vs. epoch.

the PDF's smooth the edges of the function, making the
shape easier to model, or because the PDF's concentrate
the high function values in a smaller phase-space region,
meaning the NN needs to be accurate over a smaller vol-
ume.
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FIG. 18. t{(W'hbW ™) system. Model trained on
In(F(y)). log-log histogram of function values from

the true function and NN.

C. Active Learning

The principle behind "active learning” is as follows.
[25] In general if samples are drawn randomly, then in-
creasing the size of the training sample will only be of
limited benefit, as samples in regions that the NN mod-
els well contribute little new information.

Instead we can focus our sampling on regions where
the network performs badly and would benefit from new
information. My implementation of active learning con-
sisted of:

1. Train a NN model

2. Take uniform samples drawn from the physical re-
gion, and keep only a certain fraction (25%, 50%
...) of the points with the highest errors (NN vs
true function) . Obtain 1,000,000 such points.

3. Add these new points to the training sample, ran-
domly discarding points from the old sample so the
total size stays the same.

4. Train the NN further on the new training sample

5. Repeat steps 2-4 until the network converges on the
true function.

For simplicity I first tried this on the four particle final
state system without PDFs or matrix element. Unfortu-
nately this failed to produce the desired convergence, as
shown by the plot of the test statistic and individual A2
values in FIG. 19.
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0.0
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FIG. 19. Results of active learning with 10 iterations
for the simple 4 particle final state system.

An attempt to apply active learning to the
tt(W+bbW ~) system fared even worse. This time I only
added to the training sample without removing points,
in an attempt to increase the training stability. This also
failed to yield the desired convergence (FIG. 20)

—— test stat. 6 [pal
6, @2 |Pal
20 1 64 Pz3
|p2| [N
15 4
10 A
51 /\—/_f_/
0 4

0 2 4 6 8
no. iterations

FIG. 20. Results of active learning with 10 iterations
for the tt(W bW ~) system. No discarding of previous
samples.

One possible reason for this is that the comparisons
between NN and true function are made using normalised
plots. Hence the regions with largest error change as



the normalisation changes, making it hard for the active
learning to pin down a single under-sampled region.

D. Transfer learning

As mentioned previously, training a classification net-
work to distinguish between physical and non-physical
regions of the phase-space works very well, with errors of
around 1%. This motivated the use of ” Transfer learn-
ing”, where we can use a NN model trained on one system
as a basis for a NN for a related system. [26]

The classification network has already learnt some in-
formation about the function. Hence I tried retrain-
ing the classification network (modifying the final net-
work layer to allow regression instead of classification) to
model the complete function.

Again for simplicity I tested this on the simple four
particle final state system without PDFs or matrix ele-
ment.

Unfortunately this produced a worse result than simple
training, with a test statistic of 0.259 compared to 0.0642
for the best NN for that system.

E. Stochastic gradient descent with cosine
annealing

Loshchilov & Hutter (2017) [27] describe a new method
of training using an algorithm called ”stochastic gradi-
ent descent with warm restarts”, the simplest version of
which uses a process called ”cosine annealing”.

The detail is described in [27]. ”Gradient descent” is
an optimisation algorithm. It tries to minimise the loss
function by taking small steps down the gradient of the
function in the space of NN weights, w. ”Stochastic”
gradient descent speeds up this process for large training
samples by only calculating the loss function for one data
point at a time (Eq. 12). You can also use small batches
of points.

wip1 = w; — NV L(x4, yi; w;) (12)

The size of the step is controlled by the ”learning
rate” n. ”Cosine annealing” varies the learning rate si-
nusoidally with the training epoch. This can help the
algorithm escape local minima by allowing larger steps
from time to time.

I used a Keras implementation of this available at [28]
to try to overcome the over-training problem with the
tt(W+bbW ~) system.

Unfortunately this failed to produce any improvement
in training, as is apparent from the test statistic of 4.64+
0.21 compared to 2.86 £+ 0.21 for model # 6, and FIG.
21.
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FIG. 21. t#(WTbbW ™) system. Stochastic gradient de-
scent with Cosine Annealing. Plot of loss function
on "train” set (blue) and on the ”validation” set (

) vs. epoch. Over-training is apparent as the
”validation” fails to follow the ”train” line.

F. Including additional training features

The minimum number of parameters needed for a IV
particle final state system is 3N — 2. However there is no
reason why we cannot use more. In particular we can give
the network derived parameters like the particle energies
and the Wb invariant masses. The potential advantage
of this is that it removes the need for the network to
calculate the derived features itself, making its job easier.

The list of 21 input parameters tried (x) is below

01, o1, [p2|, 02, d2, 04, G4, P1|, |Pals (35 P23, t12, t34, M2,
ma4, 1, T2, B, By, E3, B4 (%)

This approach gave a significant improvement in the
test statistic, with a value 1.36 £ 0.09 vs 2.86 £ 0.21 for
model # 6. A plot vs. parameter |p;| is shown in FIG. 22.
However this decrease came largely from better fitting to
the |p1], |ps| parameters, the ones substituted for training
model 6. The \? statistics are listed in TABLE IV.

01 b1 |p2| 02 o2
1.22 +£0.06(0.26 £0.13{1.09 £0.17| 1.0£+0.4 |0.124+0.01
04 P4 1 |pal P23

0.88+0.13{0.15+0.02{1.14 £ 0.16|1.19 £ 0.14|6.61 = 1.44

TABLE IV. Table of \? statistics for each evaluation
parameter for model # extra parameters no. 1 for
the tZ{(WtbbIW ™) system.
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FIG. 23. t{(W'bhbW ™) system. Model # extra param-
eters no. 2, trained on In(F(y)). log-log histogram of
function values. Compare to FIGs. 16 and 18.

test statistic = mean(\?) 1.07 £0.07

test parameters (in order)

A2 for each parameter

01, ¢1, |p2‘> 02, ¢2, 04, ¢a, |p1‘> |p4|7 P=3
[0.85+0.21, 0.81 +0.25, 0.93 £ 0.22, 0.55 £ 0.07, 0.64 +0.14, 1.37 £ 0.42,
0.54+0.01, 0.58 £ 0.22, 0.81 £ 0.48, 3.7 £ 1.2]

training time 2821.58 s

NN integral / true integral 0.93 +£0.10
training set MCMC sampling
no. MCMC points 37,500, 000
dropout & regularisation None

nodes per layer (in units of n_unit) [8, 6, 5, 4, 4, 3, 3, 2, 1]

loss function

no. training batches
initial batch normalisation
use physical points only
activation functions
n_unit

optimizer

early stopping patience

mae (mean absolute error)

110.0

True

True

[relw’, ‘relu’, ‘relu’, ‘relu’, ‘relu’; ‘relu’, 'relu’, 'relu’, ‘relu’, ’linear’]
16

adadelta

30 epochs

TABLE V. Table of network settings for for model # extra parameters no. 2, trained on In(F(y)).

tH(WT bW ™) system.

For the



A2 test stats

The obvious next step is to try using the extra pa-
rameters (%) and training on In(F(y)). This produced a
further improvement with a test statistic of 1.07 + 0.07
and A2 values shown in TABLE V.

The log-log plot of function values (FIG. 23) also shows
excellent agreement. The 1D marginal plots for this
model are included in the appendix.

VIII. DIMENSIONALITY SCALING

I also sought to investigate how the performance of
these NN scales with the dimensionality of the problem.
To do this I tried training a network similar to the ones
used above to model a N-dimensional Gaussian function
(Eq. 13).

fgauss(y) = €xXp ( - %ﬂ'y - Il’|2> (13)

1

(2ra2)N

The network was trained on 1,000,000 MCMC points
and evaluated using a A2 test statistic as with the others.
I also fitted a normal distribution to the fy N/ firue — 1
distribution, as in FIG. 8, and saved its o value as an
alternative test of goodness of fit.

The results for N = 1,2...30 are shown in FIG. 24.

Both measures of goodness of fit show a roughly expo-
nential dependence on N (i.e. roughly linear in the log
plot). This may suggest significant difficulties in apply-
ing the NN approach to the full t£H (bb) system, with 22
dimensions compared to the 10 dimensions I have tackled
so far.

NN performance for n dim. gaussian: model 1
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1072 4

10-3 4

+ test stat. + +
+ 0o
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Wtrue

+ F10°
L 104

103

o from a gaussian fit of

E 102

L 101

E10°

FIG. 24. log plot of two measures of goodness of fit for

15
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20

25

NN modelling a N-dim Gaussian vs. N.

30
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IX. DISCUSSION
A. Training time & time to predict

The networks were trained on a NVIDIA Tesla K40c
12GB GPU, and had training times in the order of an
hour or so.

Comparing the time taken to predict points using the
NN and using the true function is difficult, as the NN can
be run on the GPU while the true function cannot easily
do the same. However as the NN is entirely vectorised &
the true function can only compute points one at a time
(a limitation due to the LHAPDF and MadGraph python
functions) the NN will be increasingly faster for larger
sample sizes.

B. Possible Improvements and Directions for
Future Work

Clearly the most promising avenue of improving net-
work training for the t£(W*+bbW ~) system is training on
In (F(y)) and using additional derived input features.

As the integral ratio for that model is now close to 1
(0.93£0.10) we could revisit using active learning to im-
prove the model fit still further. Evaluating the error by
comparing the raw function values (not normalised ones)
could allow active learning to converge on the correct fit.

Comparing the raw function values should also al-
low you to identify under-sampled regions of phase-
space. Poor fitting in the low or high function value
regions could be improved by sampling using MCMC
over (F(y))7, for a suitable choice of v. In other words
we would still train on F(y) (or In F(y)) as before, but
the sampling density would be proportional to (F(y))”.
Thus 7 < 1 gives you more samples from low function
value regions and v > 1 gives you more from high value
regions.

Another approach which could make training easier is
to train on the ratio (Eq. 14) of signal to background.

_ Finu(y)
Fin(y) + Fokg. (y)

As the signal and irreducible background processes for
the full tZH (bb) are fairly similar (see FIG. 1 vs FIG.
3) some of the Breit-Wigner resonances will cancel out,
making R(y) a smoother and easier function to train on.
However we would not only need to calculate fuoxgs (y),
but as the ratio depends on both functions we would
also need to do significantly more work to turn it into
the desired MEM likelihood ratio, using methods similar
to those in [29] for the ”joint likelihood ratio”. We could
test this for the tZ(W+bbIW ~) system by using a system
with a different m; as the ”background” process.

The accuracy of all the models could potentially be
improved with larger training samples. I was limited by
the memory available on the GPU used.

R(y)

(14)



Finally of course the method needs to be implemented
for the full 22 parameter tZH (bb) lepton-+jets system.
How feasible this is remains to be determined, as the ex-
ponential scaling with dimensions found for the Gaussian
function suggests difficulties. Nonetheless it is certainly
worth pursuing further.

X. CONCLUSION

I successfully implemented python code to approxi-
mate the parton-level integrand from the Matrix Element
Method using a neural network.

This was able to fit the phase-space density function
for a simple 3 particle state and simple 4 particle state
without PDFs or the matrix elements, with best A? test
statistics of 0.00582 + 0.0022 and 0.0657 + 0.0012 respec-
tively, and showed good agreement by eye.

However including the PDFs and Matrix element to
make a more realistic t£(W bWV ~) system made training
and fitting the network more challenging. A number of
approaches were tried to improve model training:

e Training without PDF's

e Active learning

16

e Transfer learning

e Stochastic gradient descent with cosine annealing

which all proved unsuccessful. However by including
more derived features in the network inputs and training
on the log of the function I was able to achieve a sig-
nificant improvement in model accuracy from a mean A2
statistic of 2.86 £+ 0.21 to 1.07 £ 0.07.

Due to time constraints I was not able to implement
the approach for the full +£H (bb) system.

Fitting a NN to a n-dimensional Gaussian suggested
the error in model fitting scales exponentially with num-
ber of dimensions, which may indicate difficulties for the
22 dimensional ttH process. However the avenues for
improvements I have identified may help overcome these.
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The 1D marginal plots for model # extra parameters 2, trained on In(f(y)), for the t£(WbbW ) process. From
left to right, top to bottom: 61, ¢1, |p2|, 02, d2, b4, G4, |P1], |P4|, P23 . blue = true function from MCMC sampling.
magenta = NN prediction from uniform sampling, green = NN prediction from MCMC sampling.
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