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| Abstract

The topic of this thesis is a new approach to solve the DGLAP evolution equation to obtain not only the
collinear Parton Distribution Functions (PDFs) but also the Transverse Momentum Dependent (TMD)
PDFs (TMDs). The DGLAP equation is solved with the Parton Branching (PB) method, which allows
a determination of kinematic variables at every branching and a construction of the TMDs in a large
range in longitudinal momentum fraction x and evolution scale µ2.
The new method is validated against the semi-analytical solutions for the usual integrated parton dis-
tribution functions. Moreover, the PB method enables to study details of the parton evolution in a way
which is not possible in standard methods. The PB method is applied to perform a fit to HERA H1 and
ZEUS combined F2 data using the xFitter package. The newly obtained TMDs are used for predictions
of the Z boson p⊥ spectrum and a comparison with a measurement from LHC is performed.
This thesis is a part of a broader approach to obtain predictions for many QCD observables where
the hard process and higher order corrections follow the same TMDs. The method to solve evolution
equations is a first step towards a consistent treatment of parton densities and the simulation of higher
order corrections used in the predictions for high energy collisions of particles.

| Zusammenfassung

Das Thema dieser Arbeit ist die Lösung der DGLAP - Evolutionsgleichung um kollineare Partondi-
chterverteilungen (PDFs), wie auch Transverse Momentum Dependent (TMD) PDFs (TMDs) zu bestim-
men. Die DGLAP-Gleichung wird mit der Parton Branching (PB) -Methode gelöst, eine Methode, die
eine Bestimmung von kinematischen Variablen in jedem Schritt ermöglicht und die die Bestimmung
der Partondichteverteilungen in einem großen Bereich des longitudinalen Impulsbruchteils x und En-
twiklungsskala µ2 erlaubt. Die neue Methode wird mit semi-analytischen Lösungen der DGLAP Ge-
lichung validiert. Die PB-Methode ermöglicht es, Details der Partondichte-Evolution in einer Weise zu
studieren, die in den Standardlösungen nicht möglich ist. Die PB-Methode wird angewendet, um die
Startverteilungen mit Hilfes der kombinierten HERA H1 und ZEUS Messungen der Protonstrukturfun-
tkion zu bestimmen. Diese TMDs werden für Vorhersagen des Trnasversalimpulsspektrums des Z Boson
bei LHC und einem Vergleich mit Messungen verwendet.
Die vorliegende Arbeit These ist ein Teil eines groesseren Projektes um Vorhersagen für Messungen
zu erhalten, wobei der partonische Prozess wie auch höhere Ordnung Korrketuren mit den gleichen
TMDs bestimmt werden. Die Methode zur Lösung der Evolutionsgleichungen ist ein erster Schritt in
Richtung einer konsistenten Behandlung von Parton-Dichten und der Simulation von höheren Ordnung
Korrekturen bei hochenergetischen Teilchenkollisionen.
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1 | Introduction

1.1 | Preface

The Standard Model (SM) is the theory of Particle Physics which explains the structure of matter
in the Universe describing the elementary particles and the electroweak and strong interactions between
them. It arose in the second half of the XX century and it was formulated in the current version in the
mid 1970s.

Elementary particles are divided into fermions (quarks and leptons) and bosons. Mathematically, the
SM is based on the Quantum Field Theory (QFT) which allows one to write the Langrangian density
(called very often Langrangian) to describe the kinematics and dynamics of the theory. The SM is a gauge
invariant theory- its Lagrangian is invariant under the local SU(3) × SU(2)L × U(1)Y symmetry. The
group symmetry of colour is SU(3), SU(2)L is the approximate isospin symmetry (exact, if u and d had
the same masses) and U(1)Y is the baryon number conservation symmetry. The SM can be divided into
the sectors: Quantum Chromodynamics (QCD) sector, electroweak sector, which incorporates Quantum
Electrodynamics (QED) and weak interaction, Higgs sector and Yukawa sector. Each of these sectors has
its own Lagrangian.
This thesis is focused on the QCD part of the SM that is the theory which predicts that hadrons are
built from quarks and gluons and glue together via the strong interaction. The key ingredients of the
QCD are the colour confinement and the asymptotic freedom, the consequences of the running of the
QCD coupling αs, which is decreasing with the scale. QCD is a perturbation theory - any dimensionless
observable can be written as an expansion in terms of αs.

The SM is an extremely successful theory. An enormous amount of measurements turned out to be
consistent with its theoretical predictions. Nevertheless, it is already known that the theory is not com-
plete. There are phenomena, like baryon asymmetry, neutrino masses or galactic velocity distribution,
which cannot be explained within the SM. A great effort focuses on finding hints of a theory which could
describe physics beyond the Standard Model (BSM). To find them, the SM must be well understood.
That is why it is so important to perform precision measurements: every inconsistency can be a clue of
how to construct the BSM theory and which of the existing ones can be preserved and which should be
abandoned.

A powerful tool to predict the cross sections is the QCD collinear factorization theorem. It allows one
to separate the processes at different scales and factorize them into the perturbatively calculable parton
level cross sections dependent on the process and the universal parton distribution functions (PDFs) -
pieces which contain non-perturbative information on the hadron structure and which, extracted once
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Chapter 1. Introduction

in a given experiment, can be used to obtain predictions in another one. The evolution of the PDFs is
described by the QCD evolution equations. However, there are observables where the collinear approx-
imation cannot give the satisfactory results and where also the transverse degrees of freedom have to
be taken into account to achieve predictive power. This is where the Transverse Momentum Dependent
(TMD) factorization theorems enter the game.

Several approaches to the TMD factorization theorem exist and many methods were proposed to
obtain TMD PDFs. The differences between them, such as the formalism used, the TMD concept or the
physical application, make the effort of comparing them very complicated. Most of these methods have
limited kinematic regions in which they can be used. A recipe, which could describe the data in the broad
range of the phase space, is on the wish list of particle physicists.

In this thesis a new approach to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution
equation is proposed. We show, that by solving it with the Parton Branching (PB) method one can
construct TMD PDFs. These TMD PDF sets can be used in a wide kinematic range. To demonstrate
the fact, that this method works, we apply the obtained TMD PDFs to LHC measurements.

The thesis is organised as follows.

In Chapter 1 we introduce the basic concepts of QCD: asymptotic freedom and colour confinement.

Chapter 2 explains the origin of DGLAP- the central equation for this thesis. We begin with the
Parton Model to explain the Deep Inelastic Scattering and we show how, by including the QCD
corrections, one can explain the Bjorken scaling violation. We introduce the concept of Parton
Distribution Functions (PDFs) and factorization theorem.

In Chapter 3 we move forward to the Parton Branching method and discuss the aspects of DGLAP
necessary to interpret the equation in terms of a parton branching process. We show how the
association of the kinematic variables with the evolution scale leads to a certain ordering conditions.
We present the idea of the Sudakov form factor which allows for a probabilistic interpretation of the
evolution equation and enables the solution using Monte Carlo methods.

In Chapter 4 the Balitsky-Fadin-Kuraev-Lipatov (BFKL) and the Catani-Ciafaloni-Fiorani-Marchesini
(CCFM) evolution equations are discussed. These equations introduce the k⊥ dependence to the PDF.

Chapter 5 presents two approaches to the TMD factorization theorem: the high energy (k⊥) and the
Collins-Soper-Sterman (CSS) factorization. Examples of the existing TMD parametrizations are quoted
and shortly compared. The areas, where the TMDs can be applied, are reviewed and examples of TMD
applications are given.

In Chapter 6 we begin the discussion of the Parton Branching (PB) method. We motivate the
introduction of the new method to obtain TMDs and explain the details of the solution. The way how
to obtain the k⊥ dependence by solving DGLAP is described.

In Chapter 7 we validate the PB method by comparing the obtained collinear PDFs with the results
from another evolution package, QCDNUM.

In Chapter 8 we present the results for the collinear PDFs and TMDs we obtained using the PB
method. We study the effects of different ordering conditions on collinear PDFs and TMD densities.
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1.2. Colour confinement and asymptotic freedom in QCD

In Chapter 9 we perform a fit of the integrated TMDs obtained with the PB method to HERA F2

data. We apply the resulting TMDs to the LHC measuerements of the Z boson p⊥ spectrum to
illustrate that the method works.

In Chapter 10 we summarize the results presented in this thesis and give conclusions.

1.2 | Colour confinement and asymptotic freedom in QCD

Before we start the actual introduction to the topic, in this section we would like to briefly introduce
the QCD running coupling, asymptotic freedom and colour confinement, the basic concepts of QCD. We
follow the argumentation from [1].

Let us assume we have a dimensionless observable R dependent on a single energy scale Q2, bigger
than all the other scales in the process. In a renormalizable quantum field theory R can be expanded in
the powers of the coupling αs. During such a procedure a scale µ, at which the ultraviolet divergences
are removed, is introduced. The observable R is dimensionless so it can depend only on a ratio Q2/µ2.
However, the scale µ is an arbitrary parameter and the observable R should not depend on that. This is
guaranteed mathematically by an equation

µ2 d
dµ2

R

(
Q2

µ2
, αs

)
≡
(
µ2 ∂

∂µ2
+ µ2 ∂αs

∂µ2

∂

∂αs

)
R = 0 . (1.1)

One can define

β(αs) = µ2 ∂αs
∂µ2

(1.2)

where αs is the fixed bare coupling, and

t = ln

(
Q2

µ2

)
(1.3)

to rewrite eq. (1.1) (
− ∂

∂t
+ β(αs)

∂

∂αs

)
R(et, αs) = 0 . (1.4)

The solution of this equation is obtained by defining the running coupling αs
(
Q2
)

t =

∫ αs(Q2)

αs

dx
1

β(x)
(1.5)

with αs(µ2) ≡ αs. From that one can see that R(1, αs(Q
2)) is a solution of eq. (1.4).

Differentiation of eq. (1.5) gives the renormalization group equation for the coupling αs:

Q2 ∂αs
(
Q2
)

∂Q2
= β

(
αs
(
Q2
))

. (1.6)

The function β has a perturbative expansion

β
(
αs
(
Q2
))

= −b1α2
s

(
Q2
) (

1 + b2αs
(
Q2
)

+ b3α
2
s

(
Q2
)

+ ...
)

(1.7)

whose coefficients were obtained at the 1-loop level in [2–4], 2-loop in [5–7], 3-loop [8, 9] and 4-loop
in [10] by calculating corrections to the bare QCD vertices. The Feynman diagrams contributing to the
β function at the 1-loop level are shown in fig. 1.1 and the 1-loop coefficient is given by

b1 =
33− 2nf

12π
(1.8)
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Chapter 1. Introduction

where nf is the number of active flavours. There are different ways of treating the number of flavours in
the calculations. One of the most popular ones is the Variable-Flavour-Number Scheme (VFNS) where
the light quarks are assumed to be massless and the heavy quarks are not active at the scales below
their masses. Once the mass threshold of the heavy quark is reached, the number of flavours changes. In
the Zero-Mass VFNS (ZM-VFNS), after reaching the mass threshold, one still neglects the mass of the
heavy quark in the calculation of the short-distance cross sections.

Figure 1.1: The Feynman diagrams contributing to the β function at the 1-loop level.

The coefficients bi for i ≥ 3 [1] depend on the renormalization scheme - the way of absorbing the
infinities arising in the perturbative calculation of the Feynman diagrams beyond the tree level. The
counterterms to cancel the divergences are introduced using a set of renormalization conditions fixed
by the renormalization scheme. The frequently used renormalization schemes are Minimal Subtraction
(MS) [11] and Modified Minimal Subtraction (MS) [12] scheme.

From eq. (1.6) and (1.7) at the 1-loop accuracy one obtains the relation between αs
(
µ2
)
and αs

(
Q2
)

(both in the perturbative region)

αs
(
Q2
)

=
αs
(
µ2
)

1 + αs (µ2) b1t
. (1.9)

For large t → ∞ the strong coupling decreases αs
(
Q2
)
→ 0 if b1 > 0 which is true for nf ≤ 16. This

feature of QCD is called asymptotic freedom. At the higher scales, at small distances, the coupling is
small and the quarks and gluons can be treated as the free particles. The approach to the asymptotic
behaviour is slow, the coupling decreases as an inverse power of lnQ2. On the other hand, at smaller
scales, i.e. large distances, the coupling is very strong and the quarks and gluons are confined inside the
hadrons and this is the reason why they are not observed as the free particles. The behaviour of αs is
opposite to the QED coupling α which increases with scale.

The solution of eq. (1.4) can be written in terms of the series expansion

R
(
1, αs

(
Q2
))

= R1αs
(
µ2
) (

1− αs
(
µ2
)
b1t+ α2

s

(
µ2
)
b21t

2 + ...
)
. (1.10)

From that one can see that by using the running coupling, the logarithms of Q2/µ2 are resummed order
by order. By cutting the series at pieces ∼ αs one obtains the leading order (LO) approximation, by
cutting the series at the pieces ∼ α2

s one obtains the next-to-leading order (NLO) approximation etc.

The solution for the running coupling can be also written in terms of a parameter Λ in the following
way

ln
Q2

Λ2
= −

∫ ∞
αs(Q2)

dx
1

β(x)
(1.11)
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1.2. Colour confinement and asymptotic freedom in QCD

and from that at LO one obtains
αs
(
Q2
)

=
1

b ln
(
Q2

Λ2

) . (1.12)

The parameter Λ corresponds to a scale at which the running coupling diverges and gives the order of
magnitude of a scale at which αs becomes strong. The precise definition of Λ depends on the renormaliz-
ation scheme and its value is approximately 200 MeV. It means that at the scale Q ' 1 GeV αs becomes
strong and the perturbation theory breaks down.

Λ depends also on the number of active flavours. Some conditions are imposed on Λ to guarantee the
continuity of αs: definitions for different flavour numbers at the scales µ = m where m are the masses of
heavy quarks, have to be matched.

QCD tells us how the running coupling changes with the scale but its actual value has to be measured
experimentally. Different measurements can be compared when αs is given at the same reference scale,
very often chosen to be the mass of the Z boson MZ . Measured at the scale Q, it can be evolved to the
mass of the Z boson using the renormalization group equation truncated at a given order. An example
of some of the αs measurements performed in the hadron collisions is shown in fig. 1.2 [13].

Figure 1.2: An overview of some of the αs measurements made in hadron collisions [13] and the world-
average value [14].
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2 | Deep Inelastic Scattering, Parton

Distribution Functions and QCD

Evolution Equations

This chapter gives a short overview on the Parton Model, Deep Inelastic Scattering (DIS), Parton
Distribution Functions (PDFs), collinear factorization theorem and QCD evolution equations - the basics
of this thesis. We review how the Parton Model can explain the Bjorken scaling and how the QCD
corrections justify the Bjorken scaling violation and lead to the DGLAP evolution equation. We discuss
the importance of the PDFs and collinear factorization theorem. We summarize different solutions of
the DGLAP evolution equation and mark where our method enters the stage. Extensive literature (e.g.
[1, 15–20]) covers these topics in detail, here only the most important results are summarized.

2.1 | Parton Model and Deep Inelastic Scattering

The Parton Model was introduced before QCD achieved a status of the theory of strong interactions.
It was formulated at the end of 1960s ( [21–25]) using the basic idea that the interactions of hadrons
can be described as the interactions of partons, the point-like constituents of hadrons. In the simple
Parton Model, very often called naive in the literature, partons inside one hadron do not interact with
each other, which is a good approximation in processes with high transverse momentum transfer. An
improved version of the Parton Model including QCD corrections is still widely used nowadays and par-
tons are understood to be quarks and gluons.

The Parton Model was used to explain Deep Inelastic Scattering (DIS) [26] where a lepton l scatters on
the proton P through the exchange of a virtual photon γ∗, Z orW+/W− boson with four - momentum q

l + P → l′ + ... . (2.1)

The momentum transfer q2 must be large enough to eject the quark from the proton. The final state
consist then of the outgoing lepton l′ and other produced particles with a large total invariant mass.
The proton normally does not survive the scattering, that is why the process is called inelastic. DIS is
very often compared to a microscope - thanks to the high transverse momentum of the virtual photon
one can go deeply inside the proton and probe its structure at distances much smaller than its size. The
photon - proton interaction time is much shorter than the time needed by partons to interact with each
other, which is why the structure of the proton stays the same during the probing time and the Parton
Model can be used to describe the DIS.
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2.1. Parton Model and Deep Inelastic Scattering

In this section we focus on DIS of an electron on a proton through the exchange of a virtual photon,
as shown in fig. 2.1. We do not consider any electroweak effects coming from Z or W+/W− exchange.

P

p

p+q
q

k
k’

electron

proton

photon

quark

electron

quark

Figure 2.1: DIS Feynman diagram.
Figure 2.2: The LO Feynman diagram contrib-
uting to DIS process.

To calculate the DIS inclusive cross section, we will consider the underlying process of an electron-
quark scattering which at LO can be calculated within perturbative QED. An electron e− with a
four-momentum k interacts with a quark qf (being a point-like constituent of a proton with the four-
momentum P ) with a four-momentum p through the exchange of a virtual photon γ∗ with a four-
momentum q = k − k′ which is transferred from the electron to the quark. The outgoing particles are
an electron with four momentum k′ and a quark of the same flavour as the incoming one with the four-
momentum p′ = p+ q. The LO diagram contributing to the DIS is shown in fig. 2.2.
It is assumed that the quark and proton are collinear, the quark carries a fraction ξ of the proton mo-
mentum p = ξP . The DIS cross section is given by the cross section of the electron-quark scattering,
multiplied by a probability density ff (ξ) that a proton contains a quark of a flavour f with momentum
fraction ξ, integrated over all possible ξ and summed over all possible quark flavours f [16]

σ
(
e−(k) + proton(P )→ e−(k′) +X

)
=

∫ 1

0

dξ
∑
f

ff (ξ)σ
(
e−(k) + qf (ξP )→ e−(k′) + qf (p′)

)
. (2.2)

The functions ff (ξ), called parton distribution functions (PDFs) or collinear PDFs, cannot be computed
from the rules of perturbative QCD since they contain also non-perturbative information on hadron
structure and they must be extracted from experiments.

The LO differential cross section for electron-quark scattering is given by the formula [16]

dσ
dt̂

(
e−qf → e−qf

)
=

2πα2Q2
f

ŝ2

(
ŝ2 + û2

t̂2

)
(2.3)

where Qf is electric charge of a quark in units of e , α is the QED coupling and ŝ, û, t̂ are the Mandelstam
variables for two body scattering at the parton level. In DIS, the Mandelstam variables are given by

ŝ = (p+ k)2 = 2p · k = 2ξP · k = ξs

t̂ = q2 ≡ −Q2 (2.4)

where ŝ is the center of mass energy of the electron-quark system, s = (P+k)2 is the center of mass energy
of the electron-proton system, the masses of proton, quark and electron are set to zero P 2 = p2 = k2 = 0

11



Chapter 2. Deep Inelastic Scattering, Parton Distribution Functions and QCD Evolution Equations

and the relation for Mandalstam variables is ŝ+ t̂+ û = 0. The variable Q2 is called the virtuality of the
photon. Moreover, the following variables are defined in the literature to describe DIS

x =
Q2

2P · q ,

y =
P · q
P · k (2.5)

where x is the so-called Bjorken x and y is a dimensionless variable equal to the fraction of electron’s
energy transferred to the proton in the proton’s rest frame. The following relation holds for Q, x, y and
s: Q2 = xys. Using the above defined variables, the differential cross section for DIS, eq. (2.2), can be
rewritten

dσ
dξdQ2

=
∑
f

ff (ξ)Q2
f

2πα2

Q4

(
1 + (1− y)2

)
. (2.6)

The outgoing quark is on mass-shell p′2 = 0 so the following relation holds

p′2 = (p+ q)2 = p2 + q2 + 2p · q = −Q2 +
Q2ξ

x
= Q2(ξ/x− 1) = 0 . (2.7)

Thus ξ = x and Bjorken x is the longitudinal fraction of the proton’s momentum carried by the parton.
In the calculation above the definition of Bjorken x with the substitution P = p/ξ was used.

The DIS cross section for the electron proton scattering can be parametrized in the following way [1]

d2σ

dxdQ2
=

4πα2

Q4

(
1 + (1− y)2

2

F2

(
x,Q2

)
x

+
(1− y)

x

(
F2

(
x,Q2

)
− 2xF1

(
x,Q2

)))
(2.8)

where the mass of the proton is neglected and Q2 is much lower than the mass of the Z boson Q2 �M2
Z .

The formula is a consequence of electromagnetic current conservation and symmetry arguments [15]. The
functions F1 and F2 parametrize the interaction of the virtual photon with the proton, i.e. the whole
QCD physics in DIS. This parametrization agrees with eq. (2.6) after identifying

F2

(
x,Q2

)
=
∑
f

xff (x)Q2
f (2.9)

and

F2

(
x,Q2

)
= 2xF1

(
x,Q2

)
. (2.10)

The functions F1 and F2 are the so-called structure functions. Eq. (2.10) is called Callan - Gross relation
and it is a consequence of the fact that the spin of the quarks is 1/2 [27]. The relation is true for
massless quarks, without intrinsic transverse momenta. When QCD corrections are taken into account,
it is violated.
By dividing eq. (2.8) by a factor 2πα2

xQ4

(
1 + (1− y)2

)
one obtains the formula for the reduced cross section

σr, which is equal to F2 at low Q2 and not very large y [28]. At LO this function is independent of Q2.
This feature is called Bjorken scaling. The reduced cross section is shown in fig. 2.3 as a function of
Q2 for different values of x . The figure shows that the Bjorken scaling, being deduced from the Parton
Model, is a very good approximation at large (but not very large) x and not very large Q2. This is the
region explored by the first DIS measurements at Stanford Linear Accelerator Center (SLAC) [29,30].
For smaller x and very large x one can clearly see the violation of Bjorken scaling which comes from
higher order contributions to DIS. This issue is the subject of the next section.
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2.2. Introduction to the DGLAP evolution equation

Figure 2.3: The HERA measurement of neutral current e+p reduced cross section σr vs Q2 for different
values of x. Figure from [28].

(a) Quark emits a gluon before entering the hard

interaction.

(b) The cross section factorizes into a two pieces

marked with the colour frames.

Figure 2.4: One of the higher order contributions to DIS.

2.2 | Introduction to the DGLAP evolution equation

The LO DIS cross section from eq. (2.8), discussed in the previous section, is proportional to the
second power of the QED coupling α2. Now we would like to concentrate on the QCD corrections. One
example of the QCD corrections to DIS comes from the diagram shown in fig. 2.4a where a quark, being
a proton’s constituent, emits a gluon before the interaction with the virtual photon. Such a diagram
gives the contribution proportional to the QCD running coupling αs.

13
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(a) General process in which a quark splits into

a quark and gluon. Gluon continues the evolution

and enters the hard process.

(b) General process in which a gluon emits a gluon

before entering the hard process.

(c) General process in which a gluon splits into a

quark pair. One of the quarks continues the evolu-

tion and enters the hard process.

(d) General process in which a quark emits a gluon

before entering the hard process.

Figure 2.5: General processes in which a parton splits before entering the hard interaction.

2.2.1 | QCD corrections: factorization of the process

The cross section for DIS including also the gluon radiation can be factorized in the collinear limit
(when it is assumed that the angle between beam axis and emitted gluon is small) into two parts
calculated separately, as shown in the fig. 2.4b [1, 17]. The part marked with the green frame is the
LO electron-quark scattering for which the matrix element was given in the previous section. The part
marked with the red frame corresponds to the splitting of an initial quark into a gluon and a quark.

One can imagine a more general process, in which the parton 1 (being the proton constituent) splits
before the interaction into the particles 2 and 3. The particle 3 enters the interaction with another initial
particle X. Y is the final state of the interaction. The processes to be considered here are shown in
fig. 2.5, where the interaction with large momentum transfer is denoted with the gray circle and it is not
necessarily DIS.
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2.2. Introduction to the DGLAP evolution equation

The formula to compute the cross sections from fig. 2.5 is given by [16]

σ1+X→2+Y =
Ns

2
√
λ((pX + p1)2,m1,mX)

∫
|ME1+X→2+Y |2(2π)4δ(4)(p1 + PX − p2 − pY )×

×
∏
j=2,Y

1

(2π)3

d3pj
2|−→p j |

(2.11)

where Ns is a symmetry factor when the final state consists of identical particles, λ(x, y, z) = x2 + y2 +

z2−2(xy+xz+yz), m1 = mX = 0 are the masses of the initial particles (quark and electron in fig. 2.4a),
and the momenta are explained in figures. The four-momenta of the particles 1 and X do not have a
transverse component and are given by

p1 = (p, 0, 0, p) ,

pX = (EX , 0, 0,−EX) . (2.12)

With this choice
√
λ((pX + p1)2, 0, 0) = 4pEX .

In the collinear limit the matrix element factorizes in the following way [1, 16,17]

|ME1+X→2+Y |2 = |ME3+X→Y |2|ME1→2+3∗ |2P2
3 (2.13)

where ME3+X→Y is a matrix element for the interaction of the particles 3 and X producing the final
state Y , P3 is the propagator of the particle 3 which can be a gluon or a quark and ME1→2+3∗ is the
matrix element for the splitting of the particle 1 into the particles 2 and 3. It is important to notice that
in this approximation, when ME3+X→Y is calculated, the incoming particle 3 is taken to be on-shell, but
during the calculation of ME1→2+3∗ it is assumed that particle 3 is slightly off-shell.

The cross section σ3+X→Y is given by

σ3+X→Y =
Ns

2
√
λ((pX + p3)2, 0, 0)

∫
|ME3+X→Y |2(2π)4δ(4)(p3 + pX − pY )

∏
j=Y

1

(2π)3

d3pj
|−→p j |

. (2.14)

Assuming that m3 = mX = 0 and ignoring the transverse component of p3 (which is a good approxima-
tion because p3 is only slightly off-shell and is important only in the propagator [16], see also Sec. (A.2)
and eq. (2.17) where the full expressions for 4-momenta are given) we obtain

√
λ((pX + p3)2,m3,mX) =

4zpEX . With that, eq. (2.11) can be evaluated in the following way

σ1+X→2+Y =

∫
σ3+X→Y |ME1→2+3∗ |2zP2

3

1

(2π)3

d3p2

2|−→p 2|
. (2.15)

In Appendix (A.2) the matrix element for |ME1→2+3∗ |2, in the case when the particle 3 is a slightly
off-shell gluon with momentum fraction z, is calculated. Here just the final expression (eq. (A.26)) is
quoted

|ME1→2+3∗ |2 = 8παsCF
p2
⊥
z2

(
1 + (1− z)2

1− z

)
(2.16)

where CF = TF
N2−1
N , N being the number of SU(N) generators, N = 3 in SU(3) and TF = 1

2 . The
quark and gluon four-momenta are

p2 = ((1− z)p,−p⊥, (1− z)p−
p2
⊥

2(1− z)p ),

p3 = (zp, p⊥, zp+
p2
⊥

2(1− z)p ) (2.17)
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with the convention pµ = (p0,−→p ) = (p0, p⊥, p
3). The gluon propagator is

P2
3 =

(
1

p2
3

)2

=
(1− z)2

p4
⊥

. (2.18)

Combining eq. (2.15)-(2.18) and using d3p2 = πpdp2
⊥dz the cross section formula for the process shown

in fig. 2.5a is obtained:

σ1+X→2+Y =
αs
2π
CF

∫
σ3+X→Y

dp2
⊥

p2
⊥

dz
1 + (1− z)2

z
. (2.19)

The integral over p2
⊥ runs from 0 up to some maximum scale µ2, called factorization scale (which

cannot be larger then s). One can clearly see that this integral is divergent and some cut off on the initial
scale µ2

0 (which is O(Λ)) must be introduced. From that one gets the final result for the cross section in
fig. 2.5a

σ1+X→2+Y =
αs
2π
CF

∫
σ3+X→Y dz ln

(
µ2

µ2
0

)
1 + (1− z)2

z
. (2.20)

This allows an interpretation that the cross section σ1+X→2+Y of the process depicted in fig. (2.5a) is
equal to the cross section σ3+X→Y times the probability that the initial quark will split into a gluon and
a quark. Analogous interpretations hold for all processes in fig. 2.5.

2.2.2 | Evolution and LO splitting functions

One can imagine that the splitting processes from fig. 2.5 take place continuously and before a
parton enters the hard interaction many splittings happen. This cascade of splittings is called initial
state radiation and it is sketched in fig. 2.6.

Figure 2.6: The splittings inside the proton take place continuously.

It is interesting to look at the transverse momenta of the partons propagating in the cascade in
fig. 2.6. For this purpose let us assume we have two branchings, as shown on the left hand side of fig. 2.7.
In the collinear approximation one can factorize the matrix element for this process in an analogous way
as in fig. 2.4b, dividing the process from fig. 2.7 into a matrix element from fig. 2.5d and the matrix
element for the gluon emission. To do so one assumes that the particle which undergoes the splitting is
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2.2. Introduction to the DGLAP evolution equation

Figure 2.7: The event with two branchings and with many branchings.

on mass-shell compared to the produced particles and the angle of the emission of the produced particle
with respect to the beam line is small. If p2

2⊥ � p2
1⊥ the virtuality of the quark between the particles 1

and 2 is very small compared to the virtuality of the quark which enters the interaction and it can be
ignored while computing the emission of the particle 2. The integral over the transverse momenta gives
then the factor (αs

2π

)2
∫ µ2

µ2
0

dp2
2⊥

p2
2⊥

∫ p22⊥

µ2
0

dp2
1⊥

p2
1⊥

=
(αs

2π

)2 1

2
ln2

(
µ2

µ2
0

)
(2.21)

where the α2
s term is multiplied by a logarithm which can be large when the difference between the scales

µ2
0 and µ2 is large. In the opposite case, when p2

1⊥ � p2
2⊥ or when p2

2⊥ ≈ p2
1⊥ one can not assume that

the particle which undergoes the splitting, is on the mass-shell compared to the produced particles when
calculating the next emission, and the collinear approximation is broken. Moreover, even if we still use
the same formalism to compute the cross section, we find that if the emission of the particle 1 involved
larger transverse momenta than the emission of the particle 2, the emission of the particle 2 does not
change much the cross section. The contribution coming from it can be neglected so that there is at least
one power of the large logarithm ln

(
µ2

µ2
0

)
less at a given order of αs. That is why in this approximation

the main contribution comes from partons strongly ordered in transverse momenta for which p2
2⊥ � p2

1⊥.
This result can be generalised to the case with n emissions (fig. 2.7 right). If the momenta are ordered
in the following way

p2
1⊥ � p2

2⊥ � p2
3⊥ � ... (2.22)

then the contribution from these emissions is proportional to(αs
2π

)n 1

n!
lnn
(
µ2

µ2
0

)
. (2.23)

The interaction is called hard interaction because the particle, which enters the interaction, has higher
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transverse momentum than all the previous particles in the cascade.

From the discussion above the following interpretation arises: it is known from the Rayleigh criterion
in optics that one can distinguish two points which are separated by a distance r when the following
relation holds

r = Aλ , (2.24)

where λ is the wavelength with which one wants to probe the object and A is a constant describing the
properties of the apparatus used for the observation (for example for a microscope it involves the diameter
of the lens and focal length of the objective). To distinguish the emitted and propagating partons in the
cascade, it is necessary to resolve transverse distances between them. To resolve partons with a transverse
momentum smaller than some p⊥, one needs a probe with a wavelength of the order of 1/p⊥. It means
that by using a probe with smaller wavelength one can resolve more partons at smaller distances inside a
proton than with a probe with bigger wavelength. That is the reason why DIS is very often compared to
a microscope: it serves to probe, using the virtual photon (or another exchanged particle), the structure
of the proton. The photon’s virtuality can be considered as the resolution scale of the process: a photon
with virtuality Q2 can probe distances inside the proton of order 1/Q and it can resolve particles with
virtualities of the same order. Partons which are emitted with a p⊥ smaller than a certain value given
by a resolution scale, are non-resolvable. This feature is illustrated in fig. 2.8 [15].

Figure 2.8: Virtual photon with a higher virtuality Q2 can resolve more partons inside the proton than
a photon with lower virtuality Q2

0.

One can ask then the question what happens with the parton distribution when the scale µ2 changes
by a small amount from µ2 to µ2 + ∆µ2. The probability that the quark of a flavour i carrying a
momentum fraction x′ at scale µ2 will split into a gluon at the scale µ2 + ∆µ2 with momentum fraction
x is then given by ∫ 1

0

dx′
∫ 1

0

dz
αs
2π
CF

∆µ2

µ2

1 + (1− z)2

z
fqi(x

′, µ2)δ(x− zx′)Θ(x′ − x) (2.25)

where fqi(x′, µ2) is the probability to find inside a proton at a scale µ2 a quark of flavour i with energy
fraction x′ > x, where x is the momentum fraction of the considered final gluon at the scale µ2 + ∆µ2.
The delta function δ(x− zx′) is the energy-momentum conservation condition, z is the splitting variable
and Θ(x′ − x) is the Heaviside step function to guarantee that the parent parton has higher momentum
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fraction than the daughter one. It can also happen that inside the proton there is a gluon at the scale µ2

and it will not split up at a scale µ2 + ∆µ2. The probability to find a gluon with the proton’s momentum
fraction x at scale µ2 + ∆µ2 is then given by

fg(x, µ
2 + ∆µ2) = fg(x, µ

2) +

∫ 1

0

dx′
∫ 1

0

dz
αs
2π
CF
∑
i

∆µ2

µ2

1 + (1− z)2

z
fqi(x

′, µ2)δ(x− zx′)Θ(x′ − x)

(2.26)
and it can be rewritten in a form of an integro-differential equation

dfg(x, µ2)

dµ2
=

∫ 1

0

dx′
∫ 1

0

dz
αs
2π
CF
∑
i

1

µ2

1 + (1− z)2

z
fqi(x

′, µ2)δ(x− zx′)Θ(x′ − x). (2.27)

The piece αs
2πCF

1+(1−z)2
z is called a real part of a leading order (LO) quark - gluon splitting function

because it describes the splitting

PRgq(z, µ
2) =

αs
2π
CF

1 + (1− z)2

z
(2.28)

and it has a probabilistic interpretation that a quark at the scale µ2 will undergo the splitting into a
gluon with a momentum fraction z of the parent quark. It is the same for all quark flavours so Pgqi ≡ Pgq.

The splitting function PRgq(z, µ2) is divergent when z → 0. This corresponds to the situation when the
gluon entering the hard interaction has an energy→ 0. On the other hand, to be able to use perturbative
QCD in the calculation, some minimum scale of the hard process ŝ has to be assumed. To be able to
study such a process with a gluon at very low x, the energy of the incoming beams must be very large.
The formalism, which is being described in this section, leading to the DGLAP equation (see later in
this section), is not a good description in the limit of s→∞ or equivalently x→ 0. There must be some
small cut off on the value of z protecting against situation when s → ∞. Nevertheless, there are other
formalisms (like BFKL equation [31–34]), which are more appropriate in the region of small x.

Up to now only the splitting of a quark into a gluon was considered. But as one can see from fig. 2.5,
it is also possible that a gluon splits into gluon pair and this process contributes to the gluon distribution.

The real part of the LO gluon-gluon splitting function, the one visualised in fig. 2.5b, is given by the
formula

PRgg(z, µ
2) =

αs
2π

2CA

(
1− z
z

+
1

1− z + z(1− z)− 1

)
(2.29)

where CA = NC = 3 is the number of colours. This equation is divergent when z → 0 and z → 1. The
first divergency was already discussed in the case of PRgq. The second divergency corresponds to the case,
when the energy of the emitted gluon (particle 2 in fig. 2.5b) is very small. It is also the case when the
transverse momentum of the gluon 2 is very small. Such gluons with pµ2 → 0 are called soft gluons. One
needs to find a way to regularize this singularity. Additionally, in the case of gluon splitting into a gluon
there are also virtual corrections, shown in fig. 2.9a, which must be included. Such virtual contributions
affect the region of z = 1 because they do not change the momentum fraction. They can be computed
from the diagrams or from unitarity arguments (for more details see e.g. [1, 15]). The full expression for
the gluon-gluon splitting function is given by

Pgg(z, µ
2) =

αs
2π

2CA

(
1

(1− z)+
+

1− z
z

+ z(1− z)− 1

)
+

(
11

6
CA −

2

3
TRnf

)
δ(1− z) (2.30)

where TR = 1
2 , nf is the number of active flavours. The plus prescription is defined in the following way

for any test function ϕ ∫ 1

0

1

(1− z)+
ϕ(z) dz =

∫ 1

0

1

1− z [ϕ(z)− ϕ(1)] dz . (2.31)
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(a) Virtual contributions to the LO gluon distribu-

tion function.

(b) Virtual contributions to the LO quark distribu-

tion function.

Figure 2.9: LO virtual contributions to the DIS process.

It is important to mention that in the cross section calculations the divergences from soft and collinear
(when the angle of the emission goes to zero) emissions and virtual corrections cancel exactly via Bloch,
Nordsieck [35] and Konoshita, Lee, Nauenberg [36,37] theorems for suitable defined inclusive quantities.
For exclusive quantities the cancellation is not exact. The contribution, which is not cancelled, can be
potentially large and it needs to be additionally resummed to obtain proper cross section prediction.

With this result, the full equation for a gluon distribution function can be written as

dfg(x, µ2)

dµ2
=

∫ 1

0

dx′
∫ 1

0

dz
1

µ2

(∑
i

Pgq(z, µ
2)fqi(x

′, µ2) + Pgg(z, µ
2)fg(x

′, µ2)

)
δ(x− zx′)Θ(x′ − x)

(2.32)
where, to make the notation consistent, the following relation was used

PRgq(z, µ
2) = Pgq(z, µ

2) (2.33)

because there are no virtual corrections to be accounted for at LO for the splitting of a quark into a gluon.

Now we can discuss the quark distribution corresponding to fig. 2.5c and fig. 2.5d. The LO real part
of the splitting function of a gluon into a quark (shown in fig. 2.5c) is given by

PRqg(z, µ
2) =

αs
2π
TR
(
z2 + (1− z)2

)
. (2.34)

This expression is not divergent and there are no virtual contributions at LO so PRqg(z, µ2) = Pqg(z, µ
2).

The case of quark-quark splitting is similar to gluon-gluon case. The real part of the LO quark-quark
splitting function (fig. 2.5d) is given by

PRqq(z, µ
2) =

αs
2π
CF

(
1 + z2

1− z

)
. (2.35)

This expression is divergent when z → 1 which corresponds again to the emission of a soft gluon.
Similarly, as in the gluon-gluon splitting case, there are also virtual corrections shown in fig. 2.9b, which
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have to be taken into account. The full Pqq splitting function is then

Pqq(z, µ
2) =

αs
2π
CF

(
1 + z2

(1− z)+
+

3

2
δ(1− z)

)
. (2.36)

Fig. 2.5d and fig. 2.9b show that at LO a quark can split only into a quark of the same flavour.

It is worth to draw the diagrams contributing to the LO splitting functions as the amplitudes squared
as shown in fig. 2.10 for quark - quark splitting. One can notice that these diagrams contain 1 loop. That
is why the LO splitting functions are very often called 1-loop splitting functions.

Figure 2.10: The amplitude squared diagrams contributing to quark - quark splitting function at LO.

The evolution equation for a quark density can be written now in an analogous form as eq. (2.32)

dfq(x, µ2)

dµ2
=

∫ 1

0

dx′
∫ 1

0

dz
1

µ2

(
Pqg(z, µ

2)fg(x
′, µ2) + Pqq(z, µ

2)fq(x
′, µ2)

)
δ(x− zx′)Θ(x′ − x) . (2.37)

Both eq. (2.32) and eq. (2.37) can be put together in a compact form

dfi(x, µ2)

d lnµ2
=
∑
j

∫ 1

x

dz
z
Pij(µ

2, z)fj(x/z, µ
2) , (2.38)

where i, j denote quarks and antiquarks flavours (we have nf quark flavours which can depend on
the evolution scale so nf ≡ nf (µ2)) or gluons. This is the famous Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution equation [38–41] which describes the evolution of parton distribution functions
fi(x, µ

2) with the scale µ2. The initial distributions cannot be calculated using the perturbative QCD but
they have to be determined from the measurements, for example in the DIS experiments by measuring
the cross section at a given value of Q2. The predictions for inclusive reduced cross section σr vs x for
a given Q2 compared to the data coming from H1 and ZEUS are shown in fig. 2.11 [42]. The DGLAP
equation explains the Bjorken scaling violation observation. If the initial distribution fi(x, µ2

0) is known
then one can obtain the distribution at another scale fi(x, µ2) using the DGLAP equation, as illustrated
in fig. 2.12.

Very often, instead of parton distributions, momentum-weighted parton distribution functions are
used f̃a,

f̃a(x, µ2) ≡ xfa(x, µ2) , (2.39)
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Figure 2.11: The combined HERA data for the inclusive reduced cross sections vs x for different values
of Q2 measured at

√
s = 318 GeV compared to the predictions from HERAPDF2.0 NNLO [42].

for which the evolution equation has the form

d f̃a(x, µ2)

d lnµ2
=
∑
b

∫ 1

x

dz Pab(µ
2, z) f̃b(x/z, µ

2) . (2.40)

Figure 2.12: The DGLAP evolution equation evolves the parton distribution functions in µ2.

Up to now we said nothing about the running coupling. It is a feature of QCD that αs depends on the
renormalization scale. The easiest choice is to set µ2, which is the only scale in the processes discussed
up to now, as the scale in αs:

αs ≡ αs(µ2) . (2.41)
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2.2.3 | Sum rules in DGLAP

In Sec. (2.2.2) in eq. (2.36) we presented the formula for the Pqq splitting function which includes the
real splittings and virtual corrections. The virtual corrections can be computed from the diagrams using
the Feynman rules, but there is a trick with which the answer can be obtained much faster [40]. It uses
the quark number conservation rule (i.e. baryon number conservation). Let us define the net (non-singlet)
number of quarks and antiquarks of a given flavour i as

f(x, µ2)NS
qi = fqi(x, µ

2)− fqi(x, µ2) . (2.42)

Such distribution evolves only according to Pqq splitting function. It is because the splitting of Pqg
contributes equally to the quark and antiquark distribution. Let us concentrate for a moment on the Pqq
piece of eq. (2.37). We can rewrite it in a following way

fqi
(
x, µ2

)
+∆fqi

(
x, µ2

)
=

∫ 1

0

dx′
∫ 1

0

dz
(
δ(1− z) + ln

(
µ2

µ2
0

)
Pqq

(
z, µ2

))
fqi
(
x′, µ2

)
δ(x−zx′)Θ(x′−x)

(2.43)
where ∆fqi

(
x, µ2

)
= fqi

(
x, µ2

)
−fqi

(
x, µ2

0

)
. The piece Pqq = δ(1− z) + ln

(
µ2

µ2
0

)
Pqq

(
z, µ2

)
can be inter-

preted as a probability density to find inside a quark another quark with a fraction z of the momentum
of the mother quark. The piece with δ(1 − z) corresponds to the situation when the quark distribution
does not change and it includes the virtual corrections. The probability density Pqq integrated over z
has to give 1. Thus the integral over the quark-quark splitting function should give 0 [1, 17]∫ 1

0

dzPqq(z, µ2) = 0 . (2.44)

The straightforward way of taking into account eq. (2.44) in eq. (2.35) is to replace

αs
2π
CF

(
1 + z2

1− z

)
→ αs

2π
CF

(
1 + z2

1− z

)
+

. (2.45)

Using eq. (2.44), eq. (2.45) it can be rewritten in a form of eq. (2.36).

Let us also discuss briefly one of the rules satisfied by the parton densities, which is especially
important in this thesis: the momentum sum rule for the splitting functions. To begin with, we notice
that the sum over momentum fractions of all partons inside proton should be equal to 1∫ 1

0

dx x
∑
i

fi(x, µ
2) = 1 . (2.46)

Integrating eq. (2.38) between µ2
0 and µ2 gives

fi(x, µ
2) = fi(x, µ

2
0) +

∫ µ2

µ2
0

d lnµ2
1

∑
j

∫ 1

x

dz
z
Pij(µ

2
1, z)fj

(x
z
, µ2

1

)
. (2.47)

This can be inserted into eq. (2.46)∫ 1

0

dxx
∑
i

fi(x, µ
2) =

∫ 1

0

dxx
∑
i

fi(x, µ2
0) +

∫ µ2

µ2
0

d lnµ2
1

∑
j

∫ 1

x

dz
z
Pij(µ

2
1, z)fj

(x
z
, µ2

1

) = 1 .

(2.48)
The momentum sum rule is fulfilled at every scale, also at µ2

0 which results in
∫ 1

0
dxx

∑
i fi(x, µ

2
0) = 1.

It means that the second part of the eq. (2.48) must be equal to 0. With the change of the integration
variable from x to a = x

z one obtains∑
i

∫ µ2

µ2
0

d lnµ2
1

∑
j

∫ 1

0

dx
∫ 1

x

dzPij(µ2
1, z)

x

z
fj

(x
z
, µ2

1

)
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=
∑
i

∫ µ2

µ2
0

d lnµ2
1

∑
j

∫ 1

0

dz
∫ z

0

dxPij(µ2
1, z)

x

z
fj

(x
z
, µ2

1

)
=
∑
i

∫ µ2

µ2
0

d lnµ2
1

∑
j

∫ 1

0

dzzPij(µ2
1, z)

∫ 1

0

daafj
(
a, µ2

1

)
= 0. (2.49)

This equality must be always true so

∑
i

∫ 1

0

dz zPij(µ2, z) = 0 (2.50)

This is the momentum sum rule for the splitting functions and it expresses the conservation of the mo-
menta in the splittings of quarks and gluon [1].

2.2.4 | DGLAP evolution and NLO splitting functions

At NLO there are more diagrams, which need to be taken into account. In addition to the LO diagrams
introduced in Sec. (2.2.2) also diagrams proportional to α2

s are considered.
It is interesting to mention that to obtain a complete set of splitting functions, 18 1-loop Feynman
diagrams were computed at LO, 350 2-loop diagrams at NLO and 9607 3-loops diagrams at NNLO [43].

DGLAP equation with LO splitting functions sums the contributions coming from the strongly
ordered emissions discussed in Sec. (2.2.2). An event with n emissions gives the factor

∼
(αs

2π

)n
lnn
(
µ2

µ2
0

)
. (2.51)

This is the leading logarithm approximation (LL) where the power of the logarithm is the same as the
power of αs. DGLAP with LO splitting functions sums such terms up to all orders in αs. The NLO
splitting functions sum contributions, where one of the emissions is not strongly ordered so terms like

∼
(αs

2π

)n
lnn−1

(
µ2

µ2
0

)
. (2.52)

Respectively, this is called next-to-leading logarithm (NLL) approximation [44].

In fig. 2.13 some of the diagrams for the squared amplitudes contributing to the NLO quark-quark
splitting functions are shown. These diagrams contain 2 loops so the NLO splitting functions are very
often called 2-loop splitting functions. From these diagrams one can see that at NLO a quark can split
into or a quark or antiquark of either the same or different flavour. The formulas for the NLO splitting
functions calculated in the MS scheme are given in [45–47] and in Appendix (A.1).

In is important to note that, except the increased amount of diagrams and, as a consequence, the
increased complexity of the computation, the concept of the splitting functions remains simple and their
structure is the same as at LO. These issues will be discussed in detail in the next subsection.

2.2.5 | Structure of the DGLAP splitting functions

In this subsection the DGLAP splitting functions are discussed in more detail. Their structure is one
of the essential points in solving the DGLAP equation.
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Figure 2.13: Schematic representation of some of the NLO splitting diagrams. The diagrams contain 2

loops.

The DGLAP splitting functions Pab(z, µ2) depend on two variables: the splitting variable z and the
evolution scale µ. The dependence on µ enters the splitting function via the running coupling αs(µ2)

and the number of flavours nf ≡ nf (µ2).
The splitting functions have a perturbative series expansion

Pab
(
z, µ2

)
=

∞∑
n=1

(
αs(µ

2)

2π

)n
P

(n−1)
ab

(
z, µ2

)
. (2.53)

SU(nf ) symmetry leads to the following relations for the splitting functions at any order in αs

Pqiqj = Pqiqj , (2.54)

Pqiqj = Pqiqj , (2.55)

Pqig = Pqig ≡ Pqg , (2.56)

Pgqi = Pgqi ≡ Pgq . (2.57)

The splitting functions are flavour independent since the strong interaction is flavour independent.
At LO the series expansion in eq.(2.53) is truncated after the first term

Pqg
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
qg

(
z, µ2

)
, (2.58)

Pgq
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
gq

(
z, µ2

)
, (2.59)

Pgg
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
gg

(
z, µ2

)
, (2.60)
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Pqiqj
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
qiqj

(
z, µ2

)
≡ αs(µ

2)

2π
δijP

(0)
qq

(
z, µ2

)
(2.61)

so
P (0)
qiqj

(
z, µ2

)
≡ δijP (0)

qq

(
z, µ2

)
(2.62)

and
P

(0)
qiqj

(
z, µ2

)
= 0 . (2.63)

This means that at LO a quark can split and continue the evolution only as a gluon or as a quark of the
same flavour.

At NLO, the splitting functions are the following

Pqg
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
qg

(
z, µ2

)
+

(
αs(µ

2)

2π

)2

P (1)
qg

(
z, µ2

)
, (2.64)

Pgq
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
gq

(
z, µ2

)
+

(
αs(µ

2)

2π

)2

P (1)
gq

(
z, µ2

)
, (2.65)

Pgg
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
gg

(
z, µ2

)
+

(
αs(µ

2)

2π

)2

P (1)
gg

(
z, µ2

)
. (2.66)

In this case the splitting functions for quarks are more complicated than at LO because a quark can
continue the evolution not only as a gluon or quark of the same flavour but also as a quark/antiquark of
different flavour or antiquark of the same flavour. The NLO splitting functions for a quark splitting into
a given quark/antiquark are given by

Pqjqj
(
z, µ2

)
=
αs(µ

2)

2π
P (0)
qjqj

(
z, µ2

)
+

(
αs(µ

2)

2π

)2

P (1)
qjqj

(
z, µ2

)
, (2.67)

Pqi6=jqj
(
z, µ2

)
=

(
αs(µ

2)

2π

)2

P (1)
qi6=jqj

(
z, µ2

)
, (2.68)

Pqjqj
(
z, µ2

)
=

(
αs(µ

2)

2π

)2

P
(1)
qjqj

(
z, µ2

)
, (2.69)

Pqi6=jqj
(
z, µ2

)
=

(
αs(µ

2)

2π

)2

P
(1)
qi6=jqj

(
z, µ2

)
. (2.70)

At NLO
Pqi6=jqj

(
z, µ2

)
= Pqi6=jqj

(
z, µ2

)
. (2.71)

The splitting functions can be also decomposed as follows

Pab
(
z, µ2

)
= Dab

(
µ2
)
δ(1− z) +Kab

(
µ2
) 1

(1− z)+
+Rab

(
z, µ2

)
, (2.72)

where Dab and Kab are diagonal in flavour,

Dab

(
µ2
)

= δabda
(
µ2
)
, Kab

(
µ2
)

= δabka
(
µ2
)

(2.73)

(there is no summation over repeated indices) and the function Rab does not contain any power diver-
gences when z → 1 (no terms ∼ (1 − z)−n for n = 1, 2, ...) but it can contain logarithmic divergences
(terms ∼ lnn(1 − z), n = 1, 2 ). These can be, however, integrated to give a finite result (see the NLO
splitting functions given in Appendix (A.1)). The functions Dab and Kab, or equivalently da and ka, and
the functions Rab in eq. (2.72) have the following expansions

da
(
µ2
)

=

∞∑
n=1

(
αs(µ

2)

2π

)n
d(n−1)
a

(
µ2
)
, ka

(
µ2
)

=

∞∑
n=1

(
αs(µ

2)

2π

)n
k(n−1)
a

(
µ2
)
, (2.74)

26



2.3. Features of DGLAP

Rab
(
z, µ2

)
=

∞∑
n=1

(
αs(µ

2)

2π

)n
R

(n−1)
ab

(
z, µ2

)
.

At LO, da, ka and Rab have the form

d(0)
q =

3

2
CF , d(0)

g

(
µ2
)

=
11

6
CA −

2

3
TR nf , (2.75)

k(0)
q = 2 CF , k(0)

g = 2 CA , (2.76)

R(0)
gg (z) = 2CA

[
1− z
z

+ z(1− z)− 1

]
,

R(0)
gq (z) = CF

1 + (1− z)2

z
,

R(0)
qg (z) = TR

[
z2 + (1− z)2

]
, (2.77)

R(0)
qiqj (z) = −CF (1 + z) δij , R

(0)
qiq̄j (z) = 0 ,

where nf ≡ nf (µ2) and the SU(Nc) color factors (with Nc = 3 the number of colors) are given by

CA = Nc , CF =
N2
c − 1

2Nc
, Tr (TATB) = δAB TR =

1

2
δAB (2.78)

and TA, TB are the Gell-Mann matrices (SU(3) generators).
The formulas of the splitting functions at NLO are given in Appendix (A.1).

2.3 | Features of DGLAP

In the previous sections we discussed general features of the DGLAP equation. Now we would like to
concentrate more on two aspects, which are important for the parton branching method.

2.3.1 | Momentum sum rule

In this section we discuss a reformulation of the evolution equation (eq. (2.40)) using the momentum
sum rule introduced in Sec. (2.2.3) in order to treat the virtual corrections.

To begin with, let us insert eq. (2.72) into the evolution equation (eq. (2.40))

d f̃a(x, µ2)

d lnµ2
=

∑
b

∫ 1

0

dz Pab(µ
2, z)f̃b(x/z, µ

2)Θ(z − x)

=
∑
b

∫ 1

0

dz

(
Kab(µ

2)
1

(1− z) +Rab(µ
2, z)

)
f̃b(x/z, µ

2)Θ(z − x)

−
∑
b

∫ 1

0

dz

(
Kab(µ

2)
1

(1− z)

)
f̃b(x, µ

2)Θ(1− x)

+
∑
b

∫ 1

0

dz Dab(µ
2)δ(z − 1)f̃b(x/z, µ

2)Θ(z − x)

=
∑
b

∫ 1

x

dz

(
Kab(µ

2)
1

(1− z) +Rab(µ
2, z)

)
f̃b(x/z, µ

2)

−
∑
b

∫ 1

0

dz

(
Kab(µ

2)
1

(1− z) −Dabδ(1− z)
)
f̃b(x, µ

2)

=
∑
b

∫ 1

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)
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−f̃a
(
x, µ2

) ∫ 1

0

dz PVa
(
µ2, z

)
(2.79)

where the PVa
(
µ2, z

)
= ka

(
µ2
)

1/(1− z)− da
(
µ2
)
δ(1− z) contains the virtual corrections.

At this stage one can notice two possible difficulties for a numerical solution: the presence of virtual
pieces with the δ(1 − z) function and the fact that all the integrals after the second equality sign in
eq. (2.79) are separately divergent. This divergence is treated formally correctly when the divergent
pieces are under one integral written with a plus prescription. Once the decomposition from eq. (2.31)
is written with two separate integrals, they are not properly defined anymore. However, if one wants to
obtain a numerical solution of the evolution equation it is better to not use the plus prescription and
take this singularities into account in another way.

First, we concentrate on the presence of the delta function. In Sec. (2.2.3) the momentum sum rule was
introduced in eq. (2.50). Let us insert it into the DGLAP evolution equation. We do this by subtracting
the momentum sum rule inside eq. (2.79)

df̃a(x, µ2)

d lnµ2
=

∑
b

∫ 1

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

−f̃a
(
x, µ2

) ∫ 1

0

dz PVa
(
µ2, z

)
− f̃a

(
x, µ2

)∑
c

∫ 1

0

dz zPca
(
µ2, z

)
=

∑
b

∫ 1

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

−f̃a
(
x, µ2

) ∫ 1

0

dz PVa
(
µ2, z

)
−f̃a(x, µ2)

∑
c

∫ 1

0

dz z

[
Kca

(
µ2
) 1

(1− z)+
+Dca

(
µ2
)
δ(1− z) +Rca

(
µ2, z

)]
=

∑
b

∫ 1

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

−f̃a
(
x, µ2

) ∫ 1

0

dz PVa
(
µ2, z

)
−f̃a(x, µ2)

∑
c

∫ 1

0

dz z

[
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

)]
−f̃a(x, µ2)

∑
c

∫ 1

0

dz z
[
Dca

(
µ2
)
δ(1− z)

]
︸ ︷︷ ︸∫ 1

0
dz [Dca(µ2)δ(1−z)]

+f̃a(x, µ2)
∑
c

∫ 1

0

dz

[
Kca

(
µ2
) 1

1− z

]

=
∑
b

∫ 1

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

−f̃a
(
x, µ2

) ∫ 1

0

dz PVa
(
µ2, z

)
−f̃a(x, µ2)

∑
c

∫ 1

0

dz z

[
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

)]
+f̃a(x, µ2)

∫ 1

0

dz

[
ka
(
µ2
) 1

1− z − da
(
µ2
)
δ(1− z)

]
︸ ︷︷ ︸

PVa (µ2,z)

=
∑
b

∫ 1

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)
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−f̃a
(
x, µ2

)∑
c

∫ 1

0

dz z

(
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

))
. (2.80)

By using the momentum sum rule, the PV part of the splitting functions was replaced by the real
part of the splitting function. One sould note that the virtual corrections are still included in eq.(2.80),
just written in a different way.

2.3.2 | Endpoint z → 1 contributions to the evolution

Now we will discuss the second possible difficulty for a numerical solution of eq. (2.79) mentioned in
Sec. (2.3.1), i.e. the limit of z → 1. In eq. (2.80) one can still notice the problem that the integrals are
divergent for z → 1 when they are written separately (without using the plus prescription).

As discussed in Sec. (2.2.2), partons emitted with the transverse momentum smaller than a certain
value cannot be resolved. Using energy-momentum conservation it can be reformulated into the condition
that partons with z larger than some value zM are non-resolvable. This corresponds to the limit of z → 1

of eq. (2.40) where the soft gluons are emitted. These singularities are cured by the plus prescription where
the divergencies cancel between real emissions and virtual corrections. However as already mentioned, if
one does not want to use the plus prescription, these singularities must be taken into account in some
other way.

Let us analyse the z → 1 contribution to the evolution equation eq. (2.80). To begin with it is useful
to split the integration region in two subregions z < zM and z > zM , where zM > x is a parameter
with a value near 1, zM = 1− ε, ε� 1. The parameter zM can be understood as a separation between
resolvable and non-resolvable branchings, branchings with z > zM cannot be resolved. We rewrite the
evolution equation eq. (2.80) as

df̃a(x, µ2)

d lnµ2
=

∑
b

∫ zM

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

+

−f̃a
(
x, µ2

)∑
c

∫ zM

0

dz z

(
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

))
+
∑
b

∫ 1

zM

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

+

−f̃a
(
x, µ2

)∑
c

∫ 1

zM

dz z

(
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

))
. (2.81)

We can use z = 1 + (z − 1), eq. (2.73) and the Taylor expansion of the parton density f̃b(x/z, µ2) =

f̃b(x, µ
2) + x(1− z)f̃ ′b(x, µ2) +O(1− z)2 to analyse the region z > zM of eq. (2.81)

∑
b

∫ 1

zM

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

+

−f̃a
(
x, µ2

)∑
c

∫ 1

zM

dz z

(
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

))
=

=
∑
b

∫ 1

zM

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

)) [
f̃b(x, µ

2) + x(1− z)f̃ ′b(x, µ2) +O(1− z)2
]

+

−f̃a
(
x, µ2

)∑
c

∫ 1

zM

dz (1 + (z − 1))

(
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

))
=

=

∫ 1

zM

dz ka
(
µ2
) 1

1− z
[
f̃a(x, µ2) + x(1− z)f̃ ′a(x, µ2) +O(1− z)2

]
+
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−f̃a
(
x, µ2

) ∫ 1

zM

dz ka
(
µ2
) 1

1− z − f̃a
(
x, µ2

) ∫ 1

zM

dz(z − 1) ka
1

1− z +O(1− zM ) =

= O(1− zM ) . (2.82)

Above we have used that the integration over the pieces containing Rab for z > zM gives at most terms
of order O(1− zM ).

Therefore one can rewrite eq. (2.80) up to O(1− zM ) as

df̃a(x, µ2)

d lnµ2
=

∑
b

∫ zM

x

dz

(
Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

))
f̃b

(x
z
, µ2
)

+

− f̃a
(
x, µ2

)∑
c

∫ zM

0

dz z

(
Kca

(
µ2
) 1

1− z +Rca
(
µ2, z

))
. (2.83)

It is thus convenient to define the kernels in the bracket as the real-emission branching probabilities
PRab

(
αs(µ

2), z
)
,

PRab
(
µ2, z

)
= Kab

(
µ2
) 1

1− z +Rab
(
µ2, z

)
(2.84)

and rewrite eq. (2.83) as

df̃a(x, µ2)

d lnµ2
=

∑
b

∫ zM

x

dz PRab
(
µ2, z

)
f̃b

(x
z
, µ2
)

+

− f̃a
(
x, µ2

)∑
c

∫ zM

0

dz zPRca
(
µ2, z

)
. (2.85)

One can notice that the same cut off zM was introduced in both pieces on the right hand side of the
evolution equation eq.(2.80). If the cut off was different in these two pieces then the cancellation between
the pieces of order O(1) would not be exact.

The practical choice of the form of the zM parameter will be discussed in Sec. (3.1.3) where the issue
of resolvable branching is further investigated.

2.4 | Solutions of DGLAP and PDFs measurements

Before we move to the PB method to solve DGLAP and to construct TMDs, in the last section of
this chapter we would like to describe the landscape of the existing DGLAP solutions and introduce the
mother of the TMD factorization - the collinear factorization theorem.

2.4.1 | Methods to solve the DGLAP equation

The DGLAP evolution equation eq. (2.38) is an integro-differential equation and it does not have an
analytical solution in the x-space. Nevertheless, there are many other methods to solve DGLAP available.
This section gives a short overview of these methods. Further references can be found in [48–51].

Mellin transform In the first method the DGLAP evolution is solved in the Mellin space. The DGLAP
equations can be formulated in the Mellin space by taking the Mellin transform of the parton distributions
[1] (so called moments)

fa(j, µ2) =

∫ 1

0

dxxj−1fa(x, µ2) . (2.86)
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The anomalous dimension is defined in the following way

γab(j, µ
2) =

∫ 1

0

dxxj−1Pab(x, µ
2) . (2.87)

With these definitions, the DGLAP equation eq. (2.38) can be written in a form

µ2 dfa(j, µ2)

dµ2
=
∑
b

γab(j, µ
2)fb(j, µ

2) (2.88)

which is now a simple product whereas eq. (2.38) is a convolution. An analytical solution of this equation
can be obtained but the inverse Mellin transform cannot be done analytically and a numerical procedure
is required to obtain the distributions in the x-space. Many results were obtained with this method
(see e.g. [52–54]). Its accuracy is good, but it is CPU time consuming. Moreover, the results are model
dependent [48,50]. The reason for that is that the limit of x→ 0 corresponds to infinite energy. Because
of that every moment has an uncertainty which is reduced by model dependent assumptions. One way
of dealing with this problem is to use truncated Mellin moments instead of full moments [48,55,56]. The
method works well for j ≥ 2.

Laguerre polynomials The method based on the Laguerre polynomials expansion solves the DGLAP
evolution directly in the x-space. This method was proposed by Furmanski and Petronzio [57]. It reduces
the DGLAP integro-differential equation into a set of ordinary differential equations. An evolution func-
tion is introduced, expanded in terms of the Laguerre polynomials, then the integro-differential equation
becomes a simple differential equation rewritten in terms of some recursion relation and at the end of the
evolution the parton distribution is calculated via summation of the Laguerre coefficients expansion [49].
This method is very efficient for x > 10−3 [50], however, it has some accuracy problems in the small x
limit since the Laguerre polynomials go to infinity for x→ 0 [49].

Brute force The DGLAP equation can be also solved directly in the x-space with so called brute
force method [58–61]. The idea is very simple: the space in x and µ2 is divided into a small steps, the
differential is calculated then in the following way

df(µ2)

dµ2
=
f(µ2

m+1)− f(u2
m)

µ2
m+1 − µ2

m

(2.89)

and the integral is calculated as ∫
dxf(x) =

∑
m

(xm+1 − xm)f(xm) . (2.90)

The evolution is then solved step by step and, if the space in x and µ2 is divided into many small inter-
vals, the accuracy of this method can be high but it is CPU time consuming.

Polynomial spline The next numerical method to solve DGLAP is the polynomial spline interpolation
used by QCDNUM [62]. The function to be interpolated is divided into n intervals and it is parametrized
in each interval by the polynomial of order k. Continuity conditions are imposed on the function at each
of the grid points and its derivatives, usually on all but the highest derivative. This gives us n + k − 1
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free parameters. The function f(x), which one wants to interpolate in this method, is sampled at n+ 1

points x0 < x1 < ... < xn and it is rewritten as a linear combination of B-splines Yi

f(x) =
∑
i

AiYi(x) . (2.91)

In the DGLAP case the function to be evaluated is the derivative of the parton density (or more
strictly speaking in QCDNUM it is the derivative of the momentum weighted parton density f̃(x, µ2) =

xf(x, µ2)). The right hand side of the DGLAP equation eq. (2.40) is rewritten as a linear combination
of B-spline coefficients and weight functions.

In QCDNUM there are two interpolation schemes, a linear and a quadratic one. The accuracy in-
creases with the number of grid points but it also causes an increase of CPU time, nevertheless the
QCDNUM method is very fast. Both interpolation schemes were compared with another evolution pack-
age and per mill level agreement was obtained between these two packages at small and medium x. At
higher x the accuracy is ∼ 2 − 3% but it can even reach < 1% for x < 0.9 depending on technical
details [62].

Parton Branching The DGLAP equation can be also solved with a parton branching (PB) method
[63–66]. Applying the PB method the splitting variables z and scales µ2, at which the branchings hap-
pen, are generated according to the appropriate distributions. With this method the whole chain in the
evolution is generated, with the information about all partons and their momenta. Moreover, the kin-
ematics of every single splitting process can be treated exactly and this makes this method attractive
comparing to semi-analytical solutions of the evolution equations. The uncertainty of this method is easy
to estimate by the statistical uncertainty of the Monte Carlo sample used. The parton branching allows
also to construct MC Parton Shower programs - key ingredient of nowadays experimental analyses of
high energy collisions. The parton branching method is the main topic of this thesis and will be discussed
in details later on.

2.4.2 | Collinear factorization theorem

In Sec. (2.1) the DIS cross section in eq. (2.2) was written as a convolution of the partonic cross
section and parton distribution function. This formalism can be generalized. The cross sections for
other QCD processes with a large momentum transfer can be written in an analogous way, using the
parton level cross sections, computable in perturbative QCD, and the parton distribution functions which
incorporate all the non-perturbative physics and collinear singularities. This is the content of the QCD
collinear factorization theorem [67, 68] which is proven for sufficiently inclusive observables in the final
state of the scattering of colorless hadrons, i.e. besides DIS and diffractive DIS, also for the Drell-Yan
(DY) process and single particle inclusive spectra [67]. The factorization theorem is the basis of many
QCD calculations, e.g. Monte Carlo generators are based on it. The theorem is also assumed to be valid
for processes for which it is not strictly proven.

As an example, let us consider the DY cross section. The LO differential cross section σ for a collision
of two protons with the four-momenta P1, P2 is shown in fig. 2.14. A partonic differential cross section σ̂
of a quark - antiquark collision, which carry the fractions ξ1 and ξ2 of the protons momenta, is multiplied
by the probabilities to find inside the protons the partons with these momentum fractions. Then it is
integrated over all possible momentum fractions carried by the quarks and summed over all possible

32



2.4. Solutions of DGLAP and PDFs measurements

quark flavours i, j to give the DY differential cross section [67]

dσ
dQ2dy

∼
∑
i,j

∫ 1

x1

dξ1
∫ 1

x2

dξ2fi/1(ξ1, µ)σ̂ij

(
x1

ξ1
,
x2

ξ2
, Q,

µ

Q
, αs(µ)

)
fj/2(ξ2, µ) . (2.92)

In eq. (2.92) Q is the lepton pair invariant mass, µ is the renormalization scale, x1 = ey
√

Q2

s , x2 =

e−y
√

Q2

s , y = 1
2 ln

(
q·P1

q·P2

)
is the rapidity of the lepton pair.

The essential point of the factorization theorem is that the parton distribution functions are universal
for a given hadron - if they are measured in one process, let us say DIS, they can be used in a calculation
for another process involving the same hadrons, for example proton-proton collisions.

Figure 2.14: Illustration of the QCD Factorization Theorem for the LO DY. The dotted frame represents
the partonic cross section σ̂.

The short and long distance physics can be divided between PDFs and partonic cross sections in a
different way, defined by the factorization scheme. The same scheme has to be used for both the par-
ton density and the partonic cross section to obtain consistent results. Frequently used schemes are the
MS [12] and in earlier days also the DIS scheme [69].

2.4.3 | PDFs measurements

There are many measurements from which PDFs can be extracted. The kinematic range in x and Q2

covered by these experiments is presented in fig. 2.15. This section gives a short overview of some of them.

The basic process, in which PDFs are measured, is DIS. The measurements of the DIS process
were performed in fixed target experiments (e.g. Bologna-CERN-Dubna-Munich-Saclay (BCDMS) and
NMC experiments at CERN, E665 experiment at Fermilab, SLAC National Accelerator Laboratory) and
collider experiments (HERA at DESY), for overview see e.g. [70].
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Figure 2.15: The phase space in x and Q2 covered
by different PDFs measurements [71].

Figure 2.16: The parton distribution functions from
HERAPDF2.0 at NLO and NNLO [42].

There are two DIS processes from which PDFs are extracted: neutral current (NC) in which a lepton
scatters on a proton through the exchange of a virtual photon or a Z boson, and charged current (CC)
where a lepton scatters on a proton through the exchange of a W+ or a W− boson. NC scattering allows
to measure the valance quark distributions and the gluon distribution which enter the evolution of a
quark through the DGLAP equations (which is the consequence of the Bjorken scaling violation). The
quark flavour separation is possible in the CC exchange.

The cornerstone DIS collider experiment took place at HERA electron(positron)-proton acceler-
ator [42] at DESY. There were two phases at HERA: HERA I in 1992-2000 and HERA II in 2002-2007
during which the two experiments, H1 and ZEUS, collected a total integrated luminosity of approximately
≈ 0.5fb−1 each. From 1994 the electron beam energy in HERA was Ee ' 27.5 GeV and for most of the
time the proton beam energy was Ep = 920 GeV which gives the center of mass energy of

√
s ' 320 GeV.

HERA NC measurements covered the range of 0.045 ≤ Q2 ≤ 50000 GeV2 and 6 · 10−7 ≤ x ≤ 0.65 and
the CC experiments covered the range 200 ≤ Q2 ≤ 50000 GeV2 and 1.3 ·10−2 ≤ x ≤ 0.4. The predictions
of inclusive reduced cross section σr vs x for a given Q2 compared to the data coming from H1 and ZEUS
are shown in fig. 2.11. The x and Q2 dependence of the reduced cross section was used to determine the
sets of parton distributions. The parton distribution functions from HERAPDF2.0 at NLO and NNLO
are shown in fig. 2.16 [42].

Another group of important measurements of PDFs are the measurements performed in proton-
antiproton collisions (pp) at the Tevatron at Fermilab and proton-proton (pp) collisions at the Large
Hadron Collider (LHC) at CERN.

In a Drell-Yan process, shown in fig. 2.17a, the quarks and gluon PDFs can be measured. The W
and Z bosons are sensitive to different combinations of quark flavours and flavour separation is indir-
ectly possible. The example of the impact of DY ATLAS data on xu-sea quark PDF is shown in fig. 2.17b.
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(a) (b)

Figure 2.17: DY process from which quark PDFs can be constructed and the impact of the ATLAS 8 TeV
DY data on the xu-sea quark PDF [72].

Figure 2.18: Vector boson + jet production.

In vector boson + jet production shown in fig. 2.18 the flavour of the quarks can be accessed directly
if the final state is explicitly tagged.

One of the processes which can be used to constrain the u and d valence quark parton densities or sea
antiquark densities, is the annihilation process of valence quark from one proton and sea antiquark from
another proton in which a W+ or a W− is produced (ud→ W+, du→ W−), shown in fig. 2.19a. Since
there are more u valence quarks inside proton than d quarks,W+ are produced more often thanW−. This
asymmetry was measured at the LHC in ATLAS, CMS and LHCb (e.g. [73–77]) and in D0 and CDF ex-
periments at the Tevatron [78–80] providing better constraints on the quark PDFs. The comparison of the
PDF constraint with and without CMSW data is shown in fig. 2.19b [77] and the improvement is visible.

The strange quark PDF is constrained mainly from the NOMAD DIS experiment with neutrino scat-
tering shown in fig. 2.20a [81], but also the LHC experiments produce constraints by studying W + c

production, as shown in fig. 2.20b [73]. The processes initiated by d or d quarks are Cabibbo suppressed.
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(a) (b)

Figure 2.19: Process contributing to theW+/W− asymmetry measurement to constraint the quark PDFs
and the comparison of the d valance quark PDF with and without CMS data [77].

(a) (b)

Figure 2.20: Neutrino scattering DIS and W + c production process from which s-quark PDFs can be
constrained.

(a) (b)

Figure 2.21: Processes in which quark and gluon PDF can be determined and the improvement of the
gluon PDF constraint with CMS inclusive jets data is visible [82].
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(a) (b)

Figure 2.22: The diagrams for the top pair production from which gluon PDF can be constrained and
the improvement of the gluon PDF constraint with top quark production data [83].

Inclusive jet production in pp collisions at the LHC is directly sensitive to gluon and quark PDFs [82].
A simultaneous extraction of PDFs and αs measurement is possible in these processes. The diagrams
contributing to the PDFs studies are shown in fig. 2.21a. The improvement of the PDF constraint in-
cluding CMS measurements is shown in fig. 2.21b.

A significant improvement in the uncertainty of the gluon distribution, as shown in fig. 2.22b, is
obtained from top pair quark production [83]. The diagrams contributing to this process are shown in
fig. 2.22a.

Forward c and b production, shown in fig. 2.23a, analysed by LHCb [84] can be used to constrain
the gluon PDF, both at low and high x. The impact of these data on the gluon PDF is shown in fig. 2.23b.

(a) (b)

Figure 2.23: The diagram contributing to forward c and b production and the impact of the forward
heavy flavour production on the gluon PDF [84].

There are many groups extracting PDFs from the experimental data, among them are MSTW [85],
CTEQ [86], NNPDF [87] and HERAPDF [88]. In general, the results obtained by these groups are
in agreement but there are some differences for example in the choice of the data sets, heavy flavour
treatment, initial parametrizations, treatment of uncertainties or the order in the perturbation theory.
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equation

DGLAP evolution scale µ does not have a priori any physical meaning but it can get one by associating
the evolution scale with a given kinematic variable. In this section we discuss possible associations and
ordering conditions which arise as the consequences of these choices. We also investigate further the issue
of the zM parameter defining the resolvable and non-resolvable branchings. In the second part of this
chapter we rewrite the evolution equation using a Sudakov form factor which provides the appealing
interpretation of the evolution equation in terms of parton branching picture.

3.1 | Interpretation of the evolution scale

3.1.1 | Virtuality and p⊥-ordering

In this section we discuss the physical interpretation of the evolution scale in the DGLAP evolution
equation. The kinematics of the splitting process together with the notation is shown in fig. 3.1 where µ′

is the scale of the branching. For a given four vector with coordinates k = (k0, k1, k2, k3) = (Ek,
−→
k ) =

Figure 3.1: The kinematics of the splitting process.

(Ek, k⊥, k
3), where k⊥ = (k1, k2), one can define the light cone variables k = (k+, k−, k⊥), where k± =

1√
2
(k0 ± k3). Using the light cone variables the following relation holds

k2 = 2k+k− − k2
⊥ . (3.1)

From that we obtain

k− =
k2 + k2

⊥
2k+

. (3.2)
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From the kinematics indicated in fig. 3.1 one can write a momentum conservation condition

kb = ka + qc (3.3)

which can be rewritten in terms of the minus component conservation as

k2
b + k2

⊥,b

2k+
b

=
k2
a + k2

⊥,a

2k+
a

+
q2
c + q2

⊥,c

2q+
c

. (3.4)

Assuming that k+
a = zk+

b , q
+
c = (1− z)k+

b , eq. (3.4) can be rewritten

k2
b + k2

⊥,b =
k2
a + k2

⊥,a

z
+
q2
c + q2

⊥,c

1− z . (3.5)

Particle b and c can be put on mass shell k2
b = 0, q2

c = 0. In the collinear approximation the strong ordering
in the transverse momenta holds k2

⊥,b � k2
⊥,a and one can neglect k⊥,b = 0 giving us k⊥,a = −q⊥,c. We

thus obtain

k2
a(1− z) = −q2

⊥,c . (3.6)

One can associate the virtuality of a parton a with the DGLAP scale of the branching µ′2. Defining the
virtuality as µ′2 = −k2

a one gets

µ′2(1− z) = q2
⊥,c . (3.7)

With this association the partons in the cascade are ordered in virtuality. The condition from eq. (3.7)
is called virtuality ordering condition.

In the limit of z → 0, important for the high energy regime, eq. (3.6) becomes

k2
a = −q2

⊥,c . (3.8)

From that one can associate the DGLAP branching scale with the transverse momentum

µ′2 = q2
⊥,c . (3.9)

With this association the partons in the cascade are ordered in p⊥ and eq. (3.9) is known as p⊥-ordering
condition.

3.1.2 | Angular ordering

In this subsection we introduce colour coherence phenomena of QCD and the ordering condition
arising out of that. Coherence effects are common to all gauge theories. An example of the coherence is
the Chudakov effect in QED [89], the suppression of soft photons bremsstrahlung from e+e− pairs.

Θee

Θ
p

+zp

+(1-z)p

Figure 3.2: Emission of the soft photon from the e+e− pair.
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The Chudakov effect is shown in fig. 3.2 [1]. Let us assume that the angles are small Θee,Θ � 1.
The time during which a photon can be emitted from the electron, can be estimated from the un-
certainty principle as the inverse of the energy imbalance in the vertex e− → γe−, ∆t = 1/∆E

where ∆E = p −
√
z2p2 + k2

⊥ −
√

(1− z)2p2 + k2
⊥ ≈

k2⊥
2z(1−z)p , which is equal to k2⊥

2zp for z → 0. The
transverse momentum of the emitted photon in the small angle approximation is k⊥ ≈ zpΘ. From
that ∆t ≈ 2/zpΘ2 ∼ 1/zΘ2p. During this time the electron-positron pair separates by the distance
∆b ∼ Θee∆t. Only photons which can resolve the electron-positron pair, can be emitted. Otherwise they
would see only the total charge of the e+e− pair, which is zero so there cannot be any emission and the
interaction cross section is zero. In order to be able to resolve the e+e− pair, the photon wavelength λ
has to fulfil the condition ∆b > λ/Θ. From that Θee > Θ for photon to be able to resolve the e+e− pair.
A similar effect occurs in QCD where the coherence effect reveals itself as an angular ordering of the soft

=+

i

j

k

l

i

j

k

l

i

j

k

l

Figure 3.3: Example for e+e− → qqg forming a colour singlet. The emission from lines i and j at angles
larger then Θij/2 can be computed as an emission from the parent line l.

gluons emissions studied in [90–92]. The difference between QCD and QED is that the electric charge of
the photon is replaced by the colour charge of the gluon. When the radiation comes from two external
lines which form a colour singlet, the effect of angular ordering is the same as in the QED case. An
example can be the e+e− → qq system, where the radiation from the qq pair outside the cone between qq
is suppressed. The interesting case is e+e− → qqg when the soft gluon is radiated from a system of three
partons i, j, k which form a colour singlet (for an educational description see e.g. [1]). The soft gluon can
be radiated from each of the partons i, j, k proportionally to the colour charge squared of the emitter.
The incoherent radiation from parton i and j can occur only in the cone of angle Θij/2. If the angle
is larger in the direction of parton k, the contribution from line i and j occurs as a coherent radiation
which is proportional to the squared sum of their charges and can be calculated as a radiation from the
internal line l. This feature is shown in fig. 3.3.

The coherent branching phenomena appears in the cascades of soft gluons emissions as shown in
fig. 3.4. From this diagram we have

|q⊥,i| = |−→q i| sin Θi = (1− zi)|
−→
k i−1| sin Θi . (3.10)

Similarly, for the next emission

|q⊥,i+1| = |−→q i+1| sin Θi+1 = (1− zi)(1− zi+1)|−→k i−1| sin Θi+1 . (3.11)
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θi

q  i+1, ┴

q  i , ┴

qi+1

qi

θi+1

Ei

Ei-1

Ei+1

Figure 3.4: Coherent branching in the cascade of soft gluons emissions.

When one calculates q⊥,i, it is assumed that k⊥,i−1 = 0 and the angle Θi is with respect to the beam
line. Similarly, to compute q⊥,i+1, k⊥,i is neglected so the angle Θi+1 is with respect to the beam axis.

Defining the rescaled transverse momentum [93]

|q⊥,i|
1− zi

≡ q⊥,i (3.12)

one obtains
q⊥,i+1

q⊥,i
= zi

Θi+1

Θi
(3.13)

and from that using the angular ordering condition Θi+1 > Θi one obtains ordering condition for rescaled
transverse momenta

q⊥,i+1 > ziq⊥,i . (3.14)

This condition reduces to ordering in rescaled transverse momenta for large z. For z → 0 the transverse
momenta are free to perform a random walk [94].

One can associate the rescaled transverse momenta with the DGLAP scale at which the branching
happens, q⊥,i = µ′, and write

q2
⊥,i = (1− zi)2µ′2 . (3.15)

Eq. (3.15) is known as the angular ordering condition.

3.1.3 | zM definition

As explained in Sec. (2.3.2), partons emitted with a transverse momentum smaller than a certain
value given by a resolution scale cannot be resolved. This can be expressed in terms of a condition on
zM : branchings with z > zM are non-resolvable. In this sense the zM parameter defines the resolution
scale. It can be fixed to some given value close to 1

zM = fixed . (3.16)

It can also change dynamically with the evolution scale since the resolution depends on the evolution
scale. Two possible prescriptions are given by the virtuality and angular ordering conditions.
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If one replace q⊥,c with some minimum |q⊥,0| ≡ q0 in the eq.(3.7) and eq.(3.15), one obtains conditions
for the zM value. For virtuality ordering

q2
0 = (1− z)µ′2 → zM = 1−

(
q0

µ′

)2

(3.17)

and for the angular ordering

q2
0 = (1− z)2µ′2 → zM = 1−

(
q0

µ′

)
. (3.18)

3.1.4 | Renormalization scale choice

It has been shown [95] that together with the virtuality ordering condition the renormalization scale
in αs should be chosen to be q2

⊥, rather than the branching scale µ′2 what in the case described in
Sec. (3.1.1) gives

αs ≡ αs((1− z)µ′2) . (3.19)

With this scale choice some extra large logarithms compared to the basic DGLAP eq. (2.38) with αs(µ′2)

are resummed.

In [91] it was quoted that with the angular ordering condition the argument of αs should be

αs ≡ αs
(
(1− z)2µ′2

)
(3.20)

which again corresponds to the transverse momentum squared of the emitted parton. With such a
choice the DGLAP equation is improved compared to the one with virtuality ordering - by taking the
angular ordering condition and rescaling the renormalization scale in αs, the phase space available for
the successive emissions is reduced and the large infrared corrections are resummed [91,95].

3.2 | Sudakov form factor

3.2.1 | DGLAP with Sudakov form factor

Eq. (2.85) may be rewritten in terms of the Sudakov form factor, defined as

∆a(µ2, µ2
0) ≡ ∆a(µ2) = exp

(
−
∑
b

∫ µ2

µ2
0

dµ′2

µ′2

∫ zM

0

dz z PRba(µ′2, z)

)

= exp

(
−
∑
b

∫ lnµ2

lnµ2
0

d lnµ′2
∫ zM

0

dz z PRba(µ′2, z)

)
. (3.21)

Using the following relation

d ∆a(µ2)

d lnµ2
= −∆a(µ2)

∑
b

∫ zM

0

dz z PRba(µ2, z) , (3.22)

one obtains from eq. (2.85)

d f̃a(x, µ2)

d lnµ2
=
∑
b

∫ zM

x

dz PRab(µ
2, z) f̃b(x/z, µ

2) +
1

∆a(µ2)

d ∆a(µ2)

d lnµ2
f̃a(x, µ2) . (3.23)

Comparing eq. (2.85) and eq. (3.23) one can notice that the virtual piece of the evolution equation is
now rewritten with the Sudakov form factor. The Sudakov form factor and eq. (3.23) resum the virtual
and non-resolvable contributions to all orders [1].
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3.2. Sudakov form factor

Eq. (3.23) can be rewritten as

∆a(µ2)
d

d lnµ2

(
f̃a(x, µ2)

∆a(µ2)

)
=
∑
b

∫ zM

x

dz PRab(µ
2, z) f̃b(x/z, µ

2) . (3.24)

Let us rewrite eq. (3.24) changing the names of the variables: µ→ µ1 and z → z1 and dividing both
sides by ∆a(µ2

1)

d

d lnµ2
1

(
f̃a(x, µ2

1)

∆a(µ2
1)

)
=

1

∆a(µ2
1)

∑
b

∫ zM

x

dz1 P
R
ab(µ

2
1, z1) f̃b(x/z1, µ

2
1) . (3.25)

Integrating over d lnµ2
1 we obtain

f̃a(x, µ2) = ∆a(µ2) f̃a(x, µ2
0) +

∑
b

∫ lnµ2

lnµ2
0

d lnµ2
1

∆a(µ2)

∆a(µ2
1)

∫ zM

x

dz1P
R
ab(µ

2
1, z1) f̃b(x/z1, µ

2
1) (3.26)

where we have used ∆a(µ2
0) = 1. Now, let us write the same kind of solution also for f̃b

(
x
z1
, µ2

1

)
:

f̃b

(
x

z1
, µ2

1

)
= ∆b(µ

2
1)f̃b

(
x

z1
, µ2

0

)
+
∑
c

∫ lnµ2
1

lnµ2
0

d lnµ2
2

∆b(µ
2
1)

∆b(µ2
2)

∫ zM

x
z1

dz2P
R
bc(µ

2
2, z2) f̃c

(
x

z1z2
, µ2

2

)
,

(3.27)

which can be inserted into eq. (3.26). Of course, the solution for f̃c
(

x
z1z2

, µ2
2

)
can be written in the same

way and inserted into eq. (3.27).
By using the Sudakov form factor one obtains an equation, which has the probabilistic interpretation

in the parton branching picture. This will be described in Sec. (3.2.2) and in Sec. (6).

3.2.2 | Probabilistic interpretation of the Sudakov form factor

The Sudakov form factor defined in eq. (3.21) has an intuitive interpretation of being the probability
of an evolution without any resolvable branching. One can notice that the expression in the exponent of
eq. (3.21) gives the probability that there is a branching of a parton a into a parton b at a given scale
µ′2 and z, integrated over all z valueas between 0 and zM , all µ′2 values between µ2

0 and µ2 and summed
over all partons species.

Under some simplified assumptions, using the unitarity and the Markov property (the process has no
memory: the probability that a splitting happens depends only on the scale of the previous splitting,
all the splittings that had happened before do not play any role) one can easily prove that the Sudakov
form factor is the probability of an evolution without any resolvable branching.

The sum of the emission probability PE between the scale µ0 and µ and the probability of no emission
PNE between the same scales must be equal 1 (this is the so-called unitarity condition)

PNE(µ2, µ2
0) + PE(µ2, µ2

0) = 1 (3.28)

so
PNE(µ2, µ2

0) = 1− PE(µ2, µ2
0) . (3.29)

Now, dividing the interval between µ2
0 and µ2 into n intervals (and assuming that µ2

0 < µ2
1 < µ2

2 < ... <

µ2
n−1 < µ2

n ≡ µ2) one can notice, that the probability of no emission between scale µ0 and µ means
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Chapter 3. Interpretation of DGLAP evolution equation

that there was no emission between µ0 and µ1, µ1 and µ2 etc. up to µn−1 and µ so one can use the
multiplication law

PNE(µ2, µ2
0) = PNE(µ2

1, µ
2
0)PNE(µ2

2, µ
2
1)...PNE(µ2, µ2

n−1) . (3.30)

Under the assumption that the intervals in µ are equally distributed we obtain

µ2
i = µ2

0 + i
µ2 − µ2

0

n
(3.31)

where i = 0, 1, 2, ..., n. Then from eq. (3.30) and eq. (3.31) one obtains

PNE(µ2, µ2
0) = limn→∞

n−1∏
i=0

PNE(µ2
i+1, µ

2
i ) = limn→∞

n−1∏
i=0

(
1− PE(µ2

i+1, µ
2
i )
)
. (3.32)

Now, let us assume that all PE(µ2
i+1, µ

2
i ) are equal so PE(µ2

i+1, µ
2
i ) =

PE(µ2,µ2
0)

n . Then, the above equation
can be continued in the following way

limn→∞

n−1∏
i=0

(
1− PE(µ2

i+1, µ
2
i )
)

= limn→∞

(
1− PE(µ2, µ2

0)

n

)n
= exp

(
−PE(µ2, µ2

0)
)

= exp

(
−
n−1∑
i=1

PE(µ2
i+1, µ

2
i )

)

= exp

(
−
∫ µ2

µ2
1

dµ′2
dPE(µ′2)

dµ′2

)
(3.33)

where the definition of the exponential function was used e−x = limn→∞
(
1− x

n

)n. Now one just needs
to express the probability of a real emission between µ′2 and µ′2 + dµ′2 as

dPE(µ′2)

dµ′2
=

1

µ′2

∫ zM

0

dz z
∑
b

PRba(µ′2, z) (3.34)

and from that one obtains

PNE(µ2, µ2
0) = exp

(
−
∫ µ2

µ2
0

dµ′2

µ′2

∫ zM

0

dz z
∑
b

PRba(µ′2, z)

)
≡ ∆a(µ2, µ2

0) (3.35)

which proves that the Sudakov form factor is the probability of an evolution without any resolvable
branching.

3.2.3 | Idea of Resummation

In this section the problem of a soft gluon emissions is approached in a different way than before. In
Sec. (2.2.2) in eq. (2.19) we have obtained the result for the cross section for the process from fig. 2.5a,
where a quark splits into a quark and a gluon and continues the evolution as a gluon which enters the
hard interaction. The same equation can be also written for fig. 2.5d where a quark emits a gluon before
entering the hard interaction

σ =

∫
dp2
⊥

p2
⊥

dzσ̂PRqq(z, µ
2) (3.36)

where σ̂ is the hard process cross section. Differentiating eq. (3.36) with respect to p2
⊥ we obtain

dσ
dp2
⊥

= σ̂
1

p2
⊥

∫
dzPRqq(z, µ

2) . (3.37)
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3.2. Sudakov form factor

From the angular ordering, discussed in Sec. (3.1.3), one obtains the limit on z integral zM = 1− q0
µ′ . Let

us consider a simplified form of the splitting function PRqq(z) ≈ αs
2π

2CF
1−z [92]. After performing the integral∫

dzPRqq(z, µ2), assuming that µ′2 = s and q2
0 = p2

⊥ is some minimal p2
⊥, the following formula can be

written for the case of 1 gluon emission

dσ
dp2
⊥

= σ̂CF
αs
π

1

p2
⊥

ln

(
s

p2
⊥

)
. (3.38)

This result was originally obtained by studying the Drell-Yan cross section [96]. This differential cross
section diverges for soft gluon emission, when p2

⊥ → 0. The idea, on how to solve this problem was
proposed in [96] and for soft photon emissions in e+e− → µ+µ− in [97].

For the total cross section the following relation holds∫ s

0

dσ
dp2
⊥
dp2
⊥ = σ̂(1 +O(αs)) . (3.39)

This integral can be divided into two integrals∫ s

0

dσ
dp2
⊥
dp2
⊥ =

∫ k2⊥

0

dσ
dp2
⊥
dp2
⊥ +

∫ s

k2⊥

dσ
dp2
⊥
dp2
⊥ (3.40)

and used to define the partially integrated cross section

Σ(k2
⊥) =

1

σ̂

∫ k2⊥

0

dσ
dp2
⊥
dp2
⊥ . (3.41)

Taking the derivative from the partially integrated cross section one obtains a formula for the differential
cross section dσ

dk⊥
dΣ(k2

⊥)

dk2
⊥

=
1

σ̂

dσ
dk2
⊥
. (3.42)

From that
Σ(k2

⊥) ≈ 1− 1

σ̂

∫ s

k2⊥

dp2
⊥σ̂CF

αs
π

1

p2
⊥

ln

(
s

p2
⊥

)
= 1− αs

2π
CF ln2 s

k2
⊥
. (3.43)

This result is called double-leading-log approximation because the logarithm is squared.
This formalism can be extended to the emission of more soft gluons, because for soft gluons the

matrix element factorizes. Summing up all the contributions from n→∞ gluon emissions one obtains

Σ(k2
⊥) = exp

(
−αs

2π
CF ln2

(
s

k2
⊥

))
= exp

(
−
∫ s

k2⊥

dp2
⊥

p2
⊥

∫ zM

0

dz PRqq(z)

)
. (3.44)

The factor Σ(k2
⊥) is referred to as Sudakov form factor. Eq. (3.44) has a similar structure as eq. (3.21).

One can notice that there is an extra z factor in eq. (3.21). The origin of this factor comes from using
momentum weighed parton densities f̃(x, µ2). Using eq. (3.42) one gets

dσ
dk2
⊥
≈ σ̂ αs

π
CF

1

k2
⊥

ln

(
s

k2
⊥

)
exp

(
−αs

2π
CF ln2

(
s

k2
⊥

))
. (3.45)

All the soft gluons giving the contribution αns
(

ln2
(
s
k2⊥

))n
are now resummed via the exponent, up to

all orders in n. The expression from eq. (3.45) does not diverge when k2
⊥ → 0 but instead it goes to zero.
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4 | Other QCD evolution equations

4.1 | BFKL evolution equation

The DGLAP evolution equation sums the contributions proportional to αns
(

lnn
(
µ2

µ2
0

)
+ lnn−1

(
µ2

µ2
0

)
+ ...

)
.

These contributions are based on collinear factorization so they come from the small angle emissions.
However, in the high energy limit, i.e. small x, it becomes important to sum the contributions propor-
tional to αns lnn 1

x . In Sec. 2.2.2 it was discussed that the splitting functions PRgg and PRgq are divergent for
z → 0 when the gluon, entering the hard interaction, carries only a very small energy. Moreover, when
one looks at fig. 2.16, one can see that at small x the gluon parton distribution function dominates. This
is why the approach presented in this section concentrates on gluon evolution.

The evolution equation, which sums terms coming from the 1/z singularity, αns lnn 1
x , is the Balitsky-

Fadin-Kuraev-Lipatov (BFKL) evolution equation [31–34]. It evolves the parton density in x: if the
parton distribution is known at some scale x0 it can be evolved with BFKL towards x < x0 as shown in
fig. 4.1 [15].

Figure 4.1: The BFKL evolution equation evolves the parton distribution functions in x.

The BFKL equation originates from consideration of a collision of two quark-antiquark bound states
called quarkonia for which perturbative QCD can be used. The dominant LO process comes from a t-
channel gluon exchange shown in fig. 4.2. The ME for this process is proportional to the gluon propagator

MELO ∼
igµν
l2⊥

. (4.1)

The cross section for this LO process is calculated by taking into account all possible gluon connections to
quarks and antiquarks. After the integration over the transverse separations, x1⊥, x2⊥, between quarks
and antiquarks in the quarkonia pairs and their longitudinal momentum fractions and after proper
summation and averaging over the quantum numbers, one obtains a cross section independent of s [15].
In [98,99] the rule was obtained that the contribution of each t-channel exchange particle with spin j to
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4.1. BFKL evolution equation

the total scattering cross section is

sj−1 (4.2)

where s is the center of mass energy squared. When the exchanged particle is a gluon, the cross section
should be constant with energy

σ ∼ s0 . (4.3)

However, the analyses of the total cross section measurements in pp and pp collisions showed that the
cross sections grow approximately as [100]

σ ∼ s0.08 . (4.4)

Figure 4.2: LO quarkonium-quarkonium scattering amplitude at high energy.

Figure 4.3: Quarkonium-quarkonium scattering amplitude together with its complex conjugate at high
energy. The shaded rectangle G denotes all leading ln s corrections to the LO process.

As a side remark, it is interesting to mention, that before QCD was developed, the cross section of
the collision of two hadrons was described in terms of t-channel exchange of some hypothetical particle
called pomeron. A single pomeron exchange cross section within this description is given by

σ ∼ sε(0)−1 (4.5)

where ε(0) is called pomeron intercept. The pomeron with ε(0)− 1 = 0.08 is called soft pomeron.

The increase of the scattering cross section with the energy given by eq. (4.4) is caused by higher
order corrections to the process from fig. 4.2. BFKL sums all leading ln s corrections, which are denoted
in fig. 4.3 with a shaded rectangle called Green function G of the BFKL equation.
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Chapter 4. Other QCD evolution equations

Figure 4.4: Diagrams contributing to the effective Lipatov vertex [15].

Figure 4.5: LO virtual contributions to the quarkonia scattering amplitude.

All real gluon emission corrections to the scattering from fig. 4.2 are shown in fig. 4.4 on the right
hand side of the equality sign. The leading ln s contributions from all of them sum to the so-called ef-
fective Lipatov vertex represented by the black dot in the vertex on the left hand side of the equality sign
of the fig. 4.4.

Diagrams in fig. 4.5 together with their mirror reflections are all the LO virtual contributions to the
quarkonia scattering amplitude.

The total contribution to the amplitude from the virtual corrections from fig. 4.5 can be written
as [15]

MEvirt = MELO(l⊥)ω(l⊥)Y (4.6)

where Y ∼ ln s, MELO is the matrix element for the process from fig. (4.2) and ω(l⊥) is so called Regge
trajectory.

It turned out that the higher order virtual corrections in αs to the amplitude from fig. 4.2 proportional
to ln s can be accounted for by writting the gluon propagator from eq. (4.1) as

igµν
l2⊥

sω(l⊥) . (4.7)
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4.1. BFKL evolution equation

It can be understood as an exchange of a hypothetical particle called reggeized gluon with spin j = 1−ω.
Such gluons are denoted with the bold gluon line on the Feynman diagrams.

The BFKL equation has the following form [15]

∂G(l⊥, l
′
⊥, Y )

∂Y
=
αsNc
π2

∫
d2q⊥

(l⊥ − q⊥)2

(
G(q⊥, l

′
⊥, Y )− l2⊥

2q2
⊥
G(l⊥, l

′
⊥, Y )

)
. (4.8)

This equation takes into account all the gluon emissions represented by the ladder diagram from fig. 4.6
where the Lipatov vertices and regeized gluons are shown. It is proven [33,101] that the BFKL equation
sums all the leading ln s corrections up to all orders in αs, i.e. all the contributions

∼ αns lnn s . (4.9)

Figure 4.6: BFKL evolution ladder.

The BFKL evolution can be also written in terms of an evolution of unintegrated gluon distribution .
The quarkonium-quarkonium cross section in light cone variables can be written in the following way [15]

σ ∼
∫

d2x1⊥d2x2⊥

∫ 1

0

dz1dz2|Ψ(x1⊥, z1)|2|Ψ(x2⊥, z2)|2∫
d2l⊥d2l′⊥
l2⊥l
′2
⊥

(
2− e−il⊥x1⊥ − eil⊥x1⊥

) (
2− e−il′⊥x2⊥ − eil′⊥x2⊥

)
G(l, l′, Y ) (4.10)

where x1⊥, x2⊥ are the transverse sizes of the quarkonia systems and z1, z2 are the light cone momenta
fraction carried by the quarks exchanging gluon, Ψ are the quarkonia light cone wave functions. From
there one can introduce a concept of unintegrated gluon distribution F(x, l⊥) by defining

F(x, l⊥) =
αsCF
π

∫
d2x2⊥

∫ 1

0

dz2|Ψ(x2⊥, z2)|2
∫

d2l′⊥
l′2⊥

(
2− e−il′⊥x2⊥ − eil′⊥x2⊥

)
G(l, l′, Y ) . (4.11)

The unintegrated distribution function obeys the same equation as the Green function

∂F(x, l⊥)

∂ ln
(

1
x

) =
αsNc
π2

∫
d2q⊥

(l⊥ − q⊥)2

(
F(x, q⊥)− l2⊥

2q2
⊥
F(x, l⊥)

)
(4.12)

and it counts the number of gluons inside the hadron with a longitudinal momentum fraction x and the
transverse momentum l⊥.
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Figure 4.7: Proton in the plane transverse to the beam axis. At small x many new partons are created.

The BFKL equation predicts a cross section which rises as a power of energy σtot ≈ s4NC
αs
π ln 2 [102].

This violates the Froissart- Martin bound [103]. The Froissart-Martin bound is a consequence of the black
disc limit which in nonrelativistic quantum mechanics says that the total cross section for the scattering
of the point-like particle on an infinite spherical potential of a radius R (the "black disc") is limited
σtot ≤ 2πR2. Froissart and Martin obtained the QCD version of the black disc limit by considering
hadron-hadron collision with impact parameter b. From eq. (4.4) it is known that the cross section has
to grow with energy as some positive power ∆. It also has to decrease with the increase of the impact
parameter b. Froissart and Martin assumed the slowest physically possible fall e−2mb where m is the
mass of the lightest QCD bound state pion. The probability of the interaction is then [15]

p ∼ s∆e−2mb . (4.13)

The black disc upper limit can be obtained by requiring that p ≈ 1

s∆e−2mb = 1 . (4.14)

From that one obtains
b =

∆ ln s

2m
. (4.15)

By putting R = b and σtot ≤ 2πR2 one obtains the bound

σtot ≤
∆2π ln2 s

2m2
(4.16)

which says that the total cross section can not be greater than the logarithm squared of center of mass
energy squared multiplied by some constant.

In BFKL, the transverse sizes of the emitted partons are similar x⊥ ≈ 1
k⊥

because their typical
transverse momenta are of the same order [15]. As a consequence, at some point during the evolution
process partons start to overlap and a dense system is produced. The picture arising from BFKL can be
illustrated by fig. 4.7 [15]. At smaller x there are many more partons inside the proton than at higher x
and they create the so-called Colour Glass Condensate (CGC) [104].

Some mechanism has to be introduced to the BFKL equation to slow down the small x evolution in
order to make the cross section obey the Froissart - Martin bound. A solution is a concept of saturation
which says that at very high energies partons can recombine: two partons can merge into one. This effect
is proportional to the number of pairs of partons which scales as N2. It can be introduced to BFKL
by adding a non-linear term [105, 106]. The exact form of the equation in the limit of large number of
colours Nc was given by Balitsky and Kovchegov (BK) [107, 108] and generalised beyond large Nc by
Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-Kovner (JIMWLK) equation [104,109–112].
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4.2. CCFM evolution equation

4.2 | CCFM evolution equation

The Catani-Ciafaloni-Fiorani-Marchesini (CCFM) equation [93,113–115] combines the formalism of
the BFKL evolution equation and DGLAP. It resums not only the singularities coming from 1/z terms
in the splitting function but also 1/(1− z) terms. In the high energy limit CCFM is equivalent to BFKL
equation, for large x and high Q2 it is similar to DGLAP evolution. It includes the angular ordering
condition to treat properly gluon coherence effects.

In DGLAP evolution, the Sudakov form factor contains the 1/(1 − z) terms which cancel the di-
vergences coming from the soft gluons. The idea incorporated in the CCFM equation is to treat the
singularities at 1/z in a similar way as the 1/(1 − z) terms are treated in DGLAP. This is done by
introducing so-called non-Sudakov form factor.

In the CCFM formalism the DGLAP equation is rewritten for an unintegrated PDF which depends
now on one extra variable - transverse momentum k⊥ [93, 94]

q2 d
dq2

xA(x, k2
⊥, q

2)

∆s(q
2, Q2

0)
=

∫
dz

dΦ

2π

P̃

(
z,
(
q
z

)2

, k2
⊥

)
∆s(q,Q2

0)
x′A

(
x′, k′2⊥ ,

(
q

z

)2
)

(4.17)

where
−→
k ′⊥ = |−→k ⊥ + (1− z)/(z−→q )|, −→q is at the azimuthal angle Φ, z = x

x′ and q is defined in eq. (3.12)
together with ordering condition in eq. (3.14).

The Sudakov form factor is defined as

∆s

(
q2, Q2

0

)
= exp

(
−
∫ q2

Q2
0

dq′2

q′2

∫ 1−Q0
q′

0

dz
αs
(
q′2(1− z)2

)
1− z

)
(4.18)

where αs = CAαs/π. The splitting function is given by

P̃
(
zi, q

2
i , k

2
⊥,i
)

=
αs
(
q2
i (1− zi)2

)
1− zi

+
αs

(
k2
⊥,i

)
zi

∆NS

(
zi, q

2
i , k

2
⊥,i
)

(4.19)

where the non-Sudakov form factor ∆NS is

∆NS

(
zi, q

2
i , k

2
⊥,i
)

= exp

(
−αs

(
k2
⊥,i
) ∫ k2⊥,i

z0ziq2i

dq′2

q′2

∫ z0

zi

ln
dz
z

)
(4.20)

and

z0 =


1 if k⊥,i/qi > 1 ,

k⊥,i/q⊥,i if zi < k⊥,i/qi ≤ 1 ,

zi if k⊥,i/qi ≤ zi .

(4.21)

The Sudakov form factor resums contribution from large z region, non-Sudakov from small z.

Both of the evolution equations discussed in this chapter introduce the concept of PDF which depends
on the new variable - the transverse momentum. In the next chapter we discuss this topic further.
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5 | Transverse momentum dependent

PDFs

5.1 | TMD factorization theorem

Collinear PDFs describe the structure of hadrons in the longitudinal direction only. But one can
think also about a 3-dimensional imagining of hadrons with some "extended" parton distribution. Such
a distribution is the Transverse Momentum Dependent (TMD) PDF which is a generalization of the
concept of the PDF. TMD PDFs depend not only on x and µ2 but also on k⊥. The TMD PDFs will be
referred to as TMDs throughout this thesis.

Collinear factorization gives predictions for a wide range of sufficiently inclusive observables in which
only one hard scale is relevant (for example the virtuality of the exchanged photon in DIS) and the
transverse momenta are integrated over. However, it is known that there are some observables, for
example with the transverse momenta measured in the final states, which cannot be predicted with
standard collinear factorization (e.g. [116]). In this case TMD PDFs are introduced and a new TMD
factorization theorem is obtained to factorise perturbative and non-perturbative dynamics. There are
many areas where the TMDs play an important role, such as resummation of all orders in the QCD
coupling in high-energy hadronic collisions, a proper and consistent simulation of parton showers, multi-
scale problems in hadronic collisions etc. TMD factorization theorems can be divided into two groups.

Collins-Soper-Sterman factorization Collins-Soper-Sterman (CSS) style of the TMD factorization
has been formulated for processes like semi-inclusive DIS(SIDIS), DY and e+e− annihilation [117–130].
The formalism is valid for for q⊥ � Q.

High energy (k⊥-) factorization Another type of TMD factorization theorem was obtained for
heavy flavours and heavy boson production in the high energy limit s → ∞ and for arbitrarily large
momentum transfer [131–136].

These two approaches differ in many aspects, such as the formalism used, the TMDs concept or the
physical application and this makes the comparison of them very complicated.

Historically, the CSS TMD factorization formula was obtained for the DY cross section [123]. When
one looks at the eq. (3.45)

dσ
dk2
⊥
≈ σ̂ αs

π
CF

1

k2
⊥

ln

(
s

k2
⊥

)
exp

(
−αs

2π
CF ln2

(
s

k2
⊥

))
(5.1)
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it can be interpreted as a resummation of the contributions proportional to αns ln2n
(
s
k2⊥

)
by exponenti-

ation of the soft gluon emissions. The formula for the cross section vanishes when k2
⊥ goes to zero. The

suppression is too strong since the measured cross section does not vanish at small k⊥. The idea how to
deal with this problem was to introduce transverse momentum conservation for the n gluons emission
δ(p2
⊥ − k2

⊥1 − ...− k2
⊥n), where p2

⊥ is the sum of the transverse momenta of all emitted gluons. The next
issue was how to include in the cross section formula not only terms proportional to αns ln2n

(
s
k2⊥

)
but

also sub-leading contributions. These were incorporated within CSS formalism. The delta function and
the exponentiation was performed within CSS in b space, where b is a variable Fourier conjugated to the
transverse momentum. The following cross section formula was obtained

dσ
dQ2dydQ2

T

∼ 4π2α2

9Q2s

1

(2π)2

∫
d2b exp(iQT · b)

∑
j

e2
j

·
∑
a

∫ 1

xA

dξA
ξA

fa/A(ξA, 1/b)
∑
b

∫ 1

xB

dξB
ξB

fb/B(ξB , 1/b)

exp

(
−
∫ Q2

1/b2

dµ2

µ2

[
ln

(
Q2

µ2

)
A(g(µ)) +B(g(µ))

])

·Cja
(
xA
ξA
, g(1/b)

)
Cjb

(
xB
ξB

, g(1/b)

)
+

4π2α2

9Q2s
Y (QT , Q, xA, xB)

(5.2)

where fa/A are the parton distribution functions of a parton of species a (gluon and quark and antiquark
flavours) in hadron A at the renormalization scale 1/b, ξA is the momentum fraction of a hadron A carried
by the parton a, xA = eyQ/s1/2, xB = e−yQ/s1/2, y = 1

2 ln(Q+/Q−), Q is the mass of the produced
boson, QT is its transverse momentum, ej is a charge of a quark of flavour j in the units of e. The
functions A,B and C have a perturbative series expansion, term A sums the leading logarithms, term
B the next-to-leading ones. The coherent branching formula with a simplified form of the PRqq splitting
function, discussed in Sec. (3.2.3), reproduces the first coefficient in the A expansion, A(1) = αs

π CF [92].
The first term of the equation is dominant at small transverse momenta QT � Q. The term Y is
introduced to match the solution for the region QT ∼ Q.

More details about CSS formalism can be found in [122,137].

The high energy TMD factorization was obtained to give a prescription for a cross section calculation
with BFKL evolution. In BFKL, the virtuality and transverse momentum of the propagating gluon
are not ordered and the matrix elements have to be taken off-shell together with a convolution with
unintegrated parton distributions. The factorization was obtained for the heavy flavour hadroproduction
cross section [131,132]

4M2σ(ρ,M2) =

∫
d2k⊥1d2k⊥2

∫ 1

0

dz1

z1

dz2

z2
σ̂

(
ρ

z1z2
, k⊥1, k⊥2,M

2

)
F(z1, k⊥1)F(z2, k⊥2) (5.3)

where ρ = 4M2/s, M is the invariant mass of the heavy flavour system, s is the centre of mass energy,
k⊥1,2 are the transverse momenta of the incoming gluons, F are the unintegrated gluon structure func-
tions obeying the BFKL equation, σ̂ is the off-shell Born cross section for g∗(k1) + g∗(k2)→ Q+Q, z1,2

are the fractions of the longitudinal momenta of the colliding hadrons carried by the incoming gluons.
Similar factorization formulas were also obtained for lepto- and photo-production.

The eq. (5.2) and eq. (5.3) were obtained for different processes. To compare these two formalism
one should consider a process, which can be calculated in both of them, for example Higgs production
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Chapter 5. Transverse momentum dependent PDFs

through gluon - gluon fusion.
In ref. [138, 139] the total cross section and transverse momentum distributions for g∗g∗ → H was cal-
culated within high energy (k⊥-) factorization with unintegrated gluon distributions obtained from the
full CCFM evolution equation [140]. The predictions describe well the LHC 8 and 13 TeV data.
In ref. [141] CSS and small x factorization results were compared for the transverse momentum distri-
butions of Higgs boson in the dilute region and they were found to be consistent.
The detailed comparison of different TMD approaches is still one of the challenges of the TMDs com-
munity and there is an ongoing effort. A library TMDlib [142] to collect the different parametrizations
in one place and a plotting tool TMDplotter [143] were created to make the comparison easier.
An overview of the field can be found in [144].

In the next sections some of the methods to obtain TMDs and some of the analyses involving TMDs
are briefly discussed.

5.2 | Methods to obtain TMDs

The methods to obtain TMDs are based on semi-analytic or approximate solutions of TMD evolution
equations, perturbative expansions of the TMDs in terms of collinear pdfs, or some combinations of both.
The parameters of the models must be fitted to experimental data to get the TMD sets which can be
later used in other experiments.

5.2.1 | TMDs parametrizations

In this subsection several TMD parametrizations included in the TMDlib and TMDplotter [142,143]
are introduced and compared.

TMDs from BFKL A parametrization of an unintegrated gluon distribution satisfying the BFKL
equation was proposed by Blumlein [145]. The gluon TMD was obtained as a convolution of an integrated
gluon distribution with some function B [146]

F
(
x, k2
⊥, µ

2
)

=

∫ 1

x

dzB
(
z, k2
⊥, µ

2
) x
z
g
(x
z
, µ2
)

(5.4)

where B can be expanded in terms of series, in which the first term incorporates BFKL dynamics in the
double-logarithmic approximation

B
(
z, k2
⊥, µ

2
)

=


αs
zk2⊥
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(
2

√
αs ln
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1
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ln
(
µ2

k2⊥

))
if k2

⊥ < µ2 ,

αs
zk2⊥

J0

(
2

√
αs ln

(
1
z

)
ln
(
k2⊥
µ2

))
if k2

⊥ > µ2

. (5.5)

J0 is the Bessel function and αs = 2αs/π.
The method was studied for x ∈ (10−4, 1). For x ≥ 10−3 it approaches BFKL double logarithmic
approximation [145].

TMDs from the PB method with CCFM and DGLAP One way to obtain TMDs, which incor-
porates small and large x behaviour, is to solve the CCFM evolution equation.
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TMDs from CCFM were obtained in [147,148] by solving the CCFM evolution equation with a par-
ton branching Monte Carlo method [149]. The light quark evolution was also included according to a
method described in [150, 151]. The fits to HERA measurements of the F2 structure function to obtain
TMDs with experimental and theoretical uncertainties were performed using the herafitter platform
(the mother of xFitter [152]). This method was restricted to x < 0.005 and Q2 > 5 GeV2.

The subject of this thesis, which will be discussed in the following chapters, is the determination of
TMDs from the PB solution of DGLAP equation [65, 66]. The approach extends the method developed
in [147,148]. The solution with DGLAP is not limited to small x but is applicable in a wide range of x.
This method allows also to perform the fits to HERA measurements of the F2 structure function.

TMDs from GBW dipole model In the method of Golec-Biernat-Wusthoff [153,154], the paramet-
rization of the dipole-nucleon cross section was used to obtain an unintegrated proton gluon distribution.
In the dipole model of DIS, the virtual photon splits into a quark- antiquark pair (dipole), which scatters
on the proton [153]. The quark-antiquark cross section and unintegrated distribution are related in the
following way within this model [154]

σ̂(x, r) =
4π2

3

∫
dk2
⊥

k2
⊥

(1− J0(k⊥r))αsF
(
x, k2
⊥
)

(5.6)

and from that

αsF
(
x, k2
⊥
)

=
3

4π2
σ0R

2
0(x)k2

⊥e
−R2

0(x)k2⊥ (5.7)

where R0(x) = 1
GeV

(
x
x0

)λ/2
. The free parameters of GBW σ0, x0 and λ, were fitted to HERA data. This

approach is valid for x < 0.01 and small Q2.

TMDs from MRW Kimber, Martin and Ryskin (KMR) developed an easy idea of how to obtain
unintegrated parton distribution functions (uPDF) using the DGLAP equation and last step evolution to
generate k⊥ [155], and later extended it into the Martin-Ryskin-Watt (MRW) version of KMR [156,157].

This approach is based on the assumption of strong k⊥ ordering in the DGLAP evolution and on
the approximation that the k⊥ of the parton entering the hard interaction comes mainly from the last
branching in the evolution (up to the leading order accuracy [156]).

At LO, the standard collinear DGLAP evolution is performed up to a scale k⊥. The k⊥ dependent
parton distribution is obtained from the collinear one by taking into account only the last real emission
and summing all the virtual contributions between k2

⊥ and µ2 via Sudakov form factor. The LO MRW
evolution equation can be written in the following way, for quark and gluon separately
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(5.8)
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(5.9)

where the zM parameter expresses an angular ordering condition

zM (k⊥) =
k⊥

k⊥ + µ
. (5.10)
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The Sudakov form factors are defined
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where the splitting functions are at LO. The unintegrated distributions satisfy the normalization condi-
tion

f̃a(x, µ2) =

∫ µ2

0

dk2
⊥

k2
⊥
f̃a(x, k2

⊥µ
2) (5.12)

with the assumption that the parton density for k⊥ < µ0 for a given x and µ is

1
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0
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0) (5.13)

where µ0 ≈ 1 GeV. From that one can write a differential definition of the unintegrated distribution
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. (5.14)

At NLO, a new scale is used within MRW

k2 =
k2
⊥

1− z . (5.15)

The difference between TMDs evolved using k2 or k2
⊥ is very small at LO or very small z, which is why

it was not introduced at LO [156]. With this change the unintegrated parton density is defined as
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and
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with
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,

pqq(z) = (1 + z2)/(1− z) ,
pgg(z) = z/(1− z) + (1− z)/z + z(1− z) . (5.19)

In [158] TMD sets are obtained with this approach.

The equivalence of the integral (eq. (5.8) - (5.9)) and differential (eq. (5.14)) definition of the KMR
unintegrated PDFs is discussed in [159].
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Comparison To conclude this section we compare the gluon TMDs obtained from Blumlein, GBW,
MRW and PB with CCFM and DGLAPmethods listed above. For the PB method with DGLAP evolution
we show the set which is the result of this thesis, obtained with angular ordering and with αs((1 −
z)2µ′2) (details are given in Sec. (9.1)). We plot the distributions using TMDplotter. Fig. 5.1 shows the
comparison of the gluon TMD with a logarithmic scale on the y axis, fig. 5.2 with the linear one. One
can clearly see that the differences between these parametrizations are huge.

Figure 5.1: TMDs obtained from different parametrizations included in the TMDlib with a logarithmic
scale on the y axis.

Figure 5.2: TMDs obtained from different parametrizations included in the TMDlib with a linear scale
on the y axis.
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CCFM and DGLAP TMDs are similar at large k⊥ while GBW, Blumlein and MRW are very different.
Only the MRW and PB with DGLAP approach include also the evolution of quarks and antiquarks of
all flavours. CCFM approach includes the evolution of the light quarks. CCFM and DGLAP take into
account the coherent branching effects. GBW and Blumlein methods parametrize only gluon distribution.
An important difference compared to the other parametrizations is that the GBW includes no evolution
in µ. To make a conclusion which of the given parametrizations are better than others it is necessary to
compare them with measurements.

5.2.2 | Fits of TMDs to experimental data

In addition to the TMD fits described in Sec. (5.2.1) based on PB solution of CCFM [147, 148] and
DGLAP equation, which is the major topic of this thesis, there is a huge experimental attempt to extract
low q⊥ TMDs based on CSS evolution equations. New analysis extracting unpolarized TMDs simultan-
eously from SIDIS, DY and Z boson qT measurements are presented in [160]. The fit is valid only for
low q⊥ and it does not contain any matching to fixed-order calculations at high transverse momentum.
References to previous TMD extractions can be found therein. Some of the important issues connected
with such TMDs are the parametrization of the nonperturbative component and including flavour de-
pendence of the intrinsic transverse momenta [161].

5.3 | Applicability of TMDs

One example of an observable, which cannot be described with standard collinear PDFs and perturb-
ation theory, is the turnover and the low q⊥ region of the Z boson differential cross section, as shown in
fig. 5.3 [162]. This region is dominated by soft gluon emissions which cannot be explained by fixed order
expansion in perturbative QCD. Instead, a method to sum all the soft gluon contributions is needed. In
an approach used in [162] soft gluon emissions and nonperturbative effects at low q⊥ are simulated by
Monte Carlo generators (PYTHIA [163] with different tunes and POWHEG [164,165] + PYTHIA with
different tunes). The predictions and CMS data are presented in fig. 5.3 showing that the agreement for
PYTHIA with Z2 tune (χ2/ndof = 9.4/8) and ProQ20 tune (χ2/ndof = 13.3/8) is good [162]. Another
solution could be the usage of TMDs, which solve this issue by summing the enhanced contributions in
lnM/q⊥ up to all orders in αs [121–123].

The next famous problem of the collinear approach which can be solved by TMD factorization is
the raise of the proton PDFs at small x. This region is crucial for many cross sections measured at
the LHC but the parton distributions have big uncertainties there and the higher order corrections in
perturbation theory can make a huge change. This region is dominated by the radiation over long inter-
vals in rapidity of the gluons unordered in transverse momenta, present up to all orders in perturbation
theory [105,166–168]. Here the TMD factorization theorem allows one to sum up enhanced contributions
coming from these unordered gluons, proportional to ln

√
s/Q, where Q is the evolution mass scale and

√
s is the center of mass energy [131,132,134,135].

Another example of an LHC process, where TMD factorization can be applied, is the measurement
of the Higgs differential cross section as a function of q⊥. The main chain of the Higgs boson produc-
tion is gluon fusion dominated by single eikonal gluon polarization which depends on gluon transverse
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Figure 5.3: Upper part: differential cross section for Z-boson production in pp collision at the LHC
as a function of the Z-boson transverse momentum qT in the lepton pair’s invariant mass range 60 <

M < 120 GeV compared with different predictions. Lower part: the difference between the data and the
simulation predictions divided by the uncertainty δ on the data. The green (inner) and yellow (outer)
bands are the ±δ and ±2δ experimental uncertainties [162].

momentum [169]. The contribution of the polarized gluons in the low q⊥ region for Higgs production
was studied perturbatively [170–174] and nonperturbatively [141, 175–178]. As mentioned in Sec. (5.1),
TMDs can be also used to study Higgs boson production at high momenta (e.g. [138,139]).

High energy TMD factorization plays an important role in the scenarios with heavy boson production
together with high jet multiplicity where high transverse momenta are involved. At higher energies,
when the finite order matrix elements for multi-jets are merged with a collinear parton shower, the
jet multiplicity distributions and angular correlations are affected due to soft but finite-angle multi-
gluon radiation [113,149,179]. Moreover, the collinear approximation combined with energy-momentum
conservation leads to longitudinal momentum shifts and shower corrections when multi-jet final states are
simulated [180–182]. A TMD treatment of QCD shower evolution takes into account such effects correctly.
An example can be found in ref. [183] where the azimuthal correlations inW +n jets production predicted
by high energy TMD factorization was studied with an unintegrated gluon distribution obtained using
CCFM evolution equation in [148]. The azimuthal separation ∆Φ between the two hardest jets is shown
in fig. 5.4.

An interesting field to study TMDs at low mass scales are the processes of quarkonium production. An
example of such an analysis is the production of J/Ψ and Ψ(2S) from the decays of b-flavoured hadrons
at LHC which was studied in k⊥ factorization [185]. The authors used off-shell matrix elements [186–188]
together with unintegrated gluon distribution obtained from CCFM evolution equation in [189]. They
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Figure 5.4: Azimuthal separation ∆Φ between the two hardest jets associated with W-bosons. The
purple and pink bands correspond to different methods of obtaining TMDs from CCFM equation [183].
The experimental data come from [184] with the experimental uncertainty represented by the yellow
band [183].

based their investigations on the dominant off-shell gluon-gluon fusion where the transverse momenta
of initial gluons are important. They obtained predictions for the double differential cross sections of
inclusive non-prompt J/Ψ, Ψ(2S) and associated production of J/Ψ and Z boson as a function of their
transverse momenta and rapidities which agree very well with the measurements from CMS, ATLAS
and LHCb. An example can be found in fig. 5.5. Other quarkonia studies can be found for example
in [190–197].

Figure 5.5: The double differential cross sections of inclusive non-prompt J/Ψ meson production at
√
s = 7 TeV as a function of J/Ψ transverse momentum compared with CMS data [198]. Figure from [185].

There is a huge progress in studying TMDs in Double Parton Scattering (DPS). DPS happens when
two partons inside one hadron collide with two partons in another hadron. In DPS particles with high
invariant mass or high transverse momenta can be generated. The contribution from such processes
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becomes important at the LHC energies. DPS is usually described in the framework of collinear factoriz-
ation with the double parton distribution functions (DPDFs); there is extensive work ongoing to describe
DPS also in terms of TMDs (for an overview see eg. [199,200]). The extension of the KMR formalism to
obtain unintegrated double gluon distribution was proposed in [201,202].

TMDs are applied also in studying the non-linear evolution and saturation phenomena [203–205].
Different fields of application are single spin asymmetries and azimuthal asymmetries in polarized colli-
sions, especially Sivers asymmetry [206–208].

The list of fields, where TMDs are or can potentially be important, given in this section is not
complete but it should show how large the interest in TMDs is and how wide is the area of application
of TMDs.
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6 | The Parton Branching Method

In this chapter the Parton Branching (PB) method to solve the DGLAP evolution equation is in-
troduced. The necessity of the new method and a description of the formalism are discussed. We also
present how the transverse momentum dependence can be included in the DGLAP solution.

6.1 | Motivation

As explained in Sec. (5.1), the collinear approach gives a very good description of sufficiently inclusive
processes with one hard scale involved. However, whenever a second scale emerges, like e.g. the transverse
momentum in the final state, one encounters difficulties, which cannot be solved by the collinear approach.

To obtain predictions for cross sections in the collisions at high energy, the hard scattering cross
sections are calculated within perturbation theory, nowadays at NLO or NNLO. Higher order radiation
is included (using MC@NLO [209–212] or POWHEG [164, 165]) in the calculations via parton showers
performed by Monte Carlo event generators (like PYTHIA [163], Herwig [213, 214], Sherpa [215–217]).
Parton showers are supposed to simulate soft gluons emissions and perform their resummation. An
example of an observable, where the fixed order perturbation theory breaks, is the Z boson q⊥ spectrum
shown in fig. 5.3. Here, the very low q⊥ region is dominated by non-perturbative physics which is modelled
by Monte Carlo event generators, the low q⊥ region is dominated by the soft gluons emission, the high
q⊥ region is described by perturbation theory. The intermediate q⊥ range must be treated carefully to
match these different prescriptions and to avoid double counting. At the end a good description of the
spectrum is obtained but it relies on many different inputs. Moreover such problems have to be treated
process by process. Another examples of observables with transverse momenta involved, where parton
showers play an important role in obtaining predictions, are jet-pair or heavy-quark pair production.

The general procedure of a Monte Carlo event generator for hadronic collisions within collinear ap-
proximation is the following: first, the hard scattering process is generated with the initial momenta
distributed according to the collinear parton distributions. Then, on top of that, a parton shower is
applied by going backwards (for efficiency reasons [1]) from the hard scattering process towards the beam
particles.

In [180–182] the effects of parton shower on inclusive quantities were studied. It was reported that
the parton shower affects not only the transverse momenta, but also the x variable if it is defined in the
light cone coordinates. The reason for that is energy-momentum conservation: to keep the same energy
when transverse momenta are generated, the longitudinal components have to be shifted. In most of the
Monte Carlo event generators a rotation and boost is applied on the hard process to conserve energy-
momentum after showering. The simulations of QCD processes, like jets, the Higgs boson, heavy flavours
or new particle production are affected by these effects.
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In fig. 6.1 the x distribution for inclusive jet events is shown [180]. One can see that including
the intrinsic transverse momentum, initial-state and final-state parton showers (POWHEG + PS) one
changes the original x distribution (POWHEG) significantly. This is very important for PDFs fits, when
the inclusive jet data are used for their determination.

Figure 6.1: The shift in longitudinal momentum fraction after including intrinsic k⊥, initial and final
state parton shower for inclusive jet events [180].

Figure 6.2: Comparison of the splitting variable z, transverse momentum of the propagating (kt) and
emitted (qt) parton and the ratio of kt/qt obtained with backward evolution according to the TMD from
CASCADE (solid line) and the SMALLX CCFM evolution (dashed line) [218].

From these considerations an alternative idea arose [218]: if one could generate x, and k⊥ of the
matrix element at the given µ2 according to a TMD, no reshuffling of the momenta would be required.
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Chapter 6. The Parton Branching Method

The TMD fixes the values of x, k⊥ and µ2. Moreover, one could construct a shower, which evolves exactly
according to the kinematics contained in the TMD. From that a consistent picture could be obtained,
where parton shower and matrix element follow the same TMD.

However, this project requires several steps to be fulfilled. First of all, the TMD PDF sets have to be
obtained. Then, the program to generate the matrix elements must be available. At the end the parton
shower, which follows the kinematics according to TMDs, has to be obtained. All these steps have to be
properly combined.

The first steps in this direction were performed using the CCFM equation. The forward solution of
CCFM gluon evolution equation was obtained in [219] with the Monte Carlo program SMALLX [149,220].

In [218,221] the CASCADE Monte Carlo generator was constructed, which generates a parton shower
according to a backward TMD evolution obtained with CCFM equation. The program contains also the
generation of the off-shell matrix element for γ∗g∗ → qq [132]. An important result of these studies is
shown in fig. 6.2 in which the kinematic variables obtained with the SMALLX solution of the evolution
equation and from the backward parton shower from CASCADE are compared [218].

As discussed already in Sec. (5.2.1), in [147, 148, 222] the CCFM equation was solved with the PB
method and the fits to HERA measurements of the F2 structure function were performed. This method
was however restricted to x < 0.005 and Q2 > 5GeV2.

A new solution, which should be valid over the wide range of x and Q2, was proposed: to use DGLAP
equation instead of CCFM equation to obtain TMD PDF sets for all flavours. This idea was developed
in [65,66] and the rest of this chapter is devoted to describe this method.

6.2 | DGLAP evolution as the Markov Process

It was recognized long time ago that the cascade structure of the DGLAP equation can be seen as
Markov process [91,223,224]: the branching depends only on the last step in the evolution, the previous
branchings do not matter, the process has no memory. The underlying reason for that is that in the
collinear limit the matrix elements factorize (see Sec. (2.2.1)) and there is no interference between Feyn-
man diagrams. The detailed description of the solution of the DGLAP equation in terms of Markovian
process can be found in [63].

6.3 | Iterative solution in terms of parton branching

Let us start from the integral form of the evolution equation equation (eq. (3.26) in Sec. (3.2.1)):

f̃a(x, µ2) = ∆a(µ2) f̃a(x, µ2
0) +

∑
b

∫ lnµ2

lnµ2
0

d lnµ2
1

∆a(µ2)

∆a(µ2
1)

∫ zM

x

dz1P
R
ab(µ

2
1, z1) f̃b(x/z1, µ

2
1) (6.1)

where

f̃b

(
x

z1
, µ2

1

)
= ∆b(µ

2
1)f̃b

(
x

z1
, µ2

0

)
+
∑
c

∫ lnµ2
1

lnµ2
0

d lnµ2
2

∆b(µ
2
1)

∆b(µ2
2)

∫ zM

x
z1

dz2P
R
bc(µ

2
2, z2) f̃c

(
x

z1z2
, µ2

2

)
. (6.2)

Eq. (6.1) has a vary clear intuitive interpretation.
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6.3. Iterative solution in terms of parton branching

Let us assume that the parton a is a gluon at the scale µ2 carrying the proton’s momentum fraction
x and let us ask where it comes from.

Figure 6.3: Evolution by iteration.

The first possibility is that there was no splitting between some initial scale µ2
0 and µ2 which is shown

on the left hand side of fig. 6.3 and described by the first term after the equality sign in eq. (6.1). The
probability of evolving between µ2

0 and µ2 without any resolvable branching is given by the Sudakov
form factor ∆a(µ2). There was no branching so x0 = x.

Another possibility, described by second piece after the equality sign in eq. (6.1), is that the parton
a was born during the splitting of a parton b at some scale µ2

1. Parton b could be a quark splitting into
a quark-gluon pair (as visualised in the middle diagram of fig. 6.3) or gluon splitting into a gluon-gluon
pair. If we assume that the final parton a carries the fraction x of the longitudinal momentum of the
proton then the parton b carried fraction x1 = x/z1. If parton b was the initial parton (as in the first
piece after the equality sign in eq. (6.2)) then x0 = x1 = x/z1.

But parton b does not need to be the initial parton, it could come from splitting of another parton
c what is described by second piece after the equality sign in eq. (6.2). Parton c carried a momentum
fraction x2 = x/(z1z2) and splitted into parton b at scale µ2

2. Of course again parton c could be a quark
or a gluon (what corresponds to the diagram on the right hand side of fig. 6.3). If it was the initial
parton, then x0 = x2.

A single evolution chain from µ0 up to µ is called an event. In every event following one of the
scenarios described above x0 is different, not only because the number of splittings is different, but also
because z1, z2 etc. can be different in every event. To obtain the solution of the DGLAP equation one
needs to take into account all the possible options, i.e. integrate over all possible x0 or speaking more
generally for bigger amount of splittings, over all possible x from the previous step of course satisfying
energy-momentum conservation.
It can be explained by writing the eq. (6.1) in a different way:

f̃a(x, µ2) = ∆a(µ2) f̃a(x, µ2
0) +

∑
b

∫ lnµ2

lnµ2
0

d lnµ2
1

∆a(µ2)

∆a(µ2
1)

∫
dx1

∫ zM

x

dz1P
R
ab(µ

2
1, z1)xfb(x1, µ

2
1)δ(z1x1−x)

(6.3)
and for eq. (6.2)
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f̃b
(
x1, µ

2
1

)
= ∆b(µ

2
1)f̃b

(
x1, µ

2
0

)
+

∑
c

∫ lnµ2
1

lnµ2
0

d lnµ2
2

∆b(µ
2
1)

∆b(µ2
2)

∫
dx2

∫ zM

x1

dz2P
R
bc(µ

2
2, z2) x1fc

(
x2, µ

2
2

)
δ (z2x2 − x1) .(6.4)

The delta function is present in the formula eq. (6.3) to express the relation between x, z1 and x1, i.e.
the energy-momentum conservation. Analogously in eq. (6.4).

From mathematical point of view the eq. (6.1) is the Fredholm type of equation

f(t) = f0(t) + λ

∫ b

a

K(t, y)f(y)dy (6.5)

which is solved by iteration [225] in terms of Neumann series

f(t) = lim
n→∞

n∑
i=0

λiui(t) (6.6)

with

u0(t) = f0(t) ,

u1(t) =

∫ b

a

K(t, y)f0(y)dy ,

u2(t) =

∫ b

a

∫ b

a

K(t, y1)K(y1, y2)f0(y2)dy2dy1 ,

... . (6.7)

6.4 | Parton branching method with Monte Carlo techniques

The goal is to solve the eq. (6.3)

f̃a(x, µ2) = ∆a(µ2) f̃a(x, µ2
0) +

∑
b

∫ lnµ2

lnµ2
0

d lnµ2
1

∆a(µ2)

∆a(µ2
1)

∫
dx1

∫ zM

x

dz1P
R
ab(µ

2
1, z1)xfb(x1, µ

2
1)δ(z1x1−x)

(6.8)
with a parton branching method using Monte Carlo techniques described in Appendix (A.3).
The parton branching method to be discussed here is a realization of a forward evolution, one starts
the evolution from a known parton at a given scale µ2

0 and evolves up to a maximum scale µ2. It is not
known how many branchings will appear and what will be the final parton at scale µ2. The scales µ2

0

and µ2 stay the same for all the discussed events.
Before we move to the discussion about the parton branching method in detail, we notice that by using
the following relation

d∆b(µ
2
1)

d ln(µ2
1)

= ∆b(µ
2
1)

(
−
∑
c

∫ zM

0

dz zPRcb
(
µ2

1, z
))

(6.9)

the evolution equation eq. (6.3) can be rewritten in a form

f̃a(x, µ2) = ∆a(µ2) f̃a(x, µ2
0)

+
∑
b

∫ lnµ2

lnµ2
0

d
(
−∆b(µ

2
1)
) ∆a(µ2)

∆a(µ2
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dx1

∫ zM
x

dz1P
R
ab(µ

2
1, z1)∑

c

∫ zM
0

dzzPRcb(µ
2
1, z)

xfb(x1, µ
2
0)δ(z1x1 − x)

+ ... . (6.10)
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6.5. The transverse momentum during the evolution

After this operation the structure of the solution becomes clear: the scale µ2
1, at which the branching of

parton b into another parton happens, can be generated according to

R1 =

∫ lnµ2
1

lnµ2
0

d
(
−∆b(µ

′2)
)

(6.11)

using a uniformly distributed random number R1 ∈ [0, 1].
At LO, to take a decision about the splitting we use the probabilistic interpretation of the splitting
functions. We do it with the method described in eq. (A.84)-(A.88) where the p.d.f. is a sum of two
p.d.fs. A new uniformly distributed random number R2 ∈ [0, 1] is generated and compared with P1,
where

P1 =

∫ zM
0

dzzPRbb(z, µ
2
1)∑

c=a,b

∫ zM
0

dzzPRcb(z, µ
2
1)
,

P2 =

∫ zM
0

dzzPRab(z, µ
2
1)∑

c=a,b

∫ zM
0

dzzPRcb(z, µ
2
1)
,

P = P1 + P2 = 1 . (6.12)

If R2 > P1, the parton b splits into a parton a, otherwise it splits into a parton b. After the decision is
taken, the z1 variable can be generated according to chosen splitting function PRxb

R3 =

∫ z1
0

dzzPRxb(z, µ
2
1)∫ zM

0
dzzPRxb(z, µ

2
1)

(6.13)

where x = a or x = b, using another uniformly distributed random number R3 ∈ [0, 1]. In practise, it is
not possible to find the inverse of the splitting functions analytically. Instead, one has to use importance
sampling method connected with weighted events method, both described in Appendix (A.3.5).

At NLO we decide to keep the same structure of decision taking even if the splitting function do not
have a probabilistic interpretation anymore because they can become negative. For the gluon we follow
exactly the same recipe as at LO, for the quark splitting the decision is taken according to a generalised
method from eq. (A.84)-(A.88), described in Appendix (A.4.5). Since the NLO splitting functions can
become negative we have sometimes negative weights. It is however not a problem. It is important to
notice is that there is a condition which must be fulfilled to use this method: all the z integrals from the
splitting functions have to be positive, otherwise one cannot use a random number R2 ∈ [0, 1] to make a
decision about which branching to take using ratios from eq. (6.12). Also, the positivity of the integrals
in the Sudakov form factor is essential for the PB method. The integrals from the splitting functions are
positive, both at LO and NLO that is why this method can be used. In Sec. (6.6) the properties of the
splitting functions are discussed.

After generating the splitting variable z1, the scale of the next splitting can be generated. The pro-
cedure is repeated until the maximum evolution scale µ2 one is interested in is reached.

6.5 | The transverse momentum during the evolution

The DGLAP equation is obtained in the collinear limit. The concept of transverse momenta is in-
troduced into the parton distribution functions with the assumption that the emission of a particle is
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Chapter 6. The Parton Branching Method

possible with a p⊥ smaller than some factorization scale µ2 (see eq. (2.19) in Sec. (2.2)) [16].

In the PB method, we generate the splitting variable z and the branching scale µ′ for every branching.
The kinematics of a branching is visualised in fig. 6.4.

The transverse momenta of the emitted and propagating partons can be obtained from p⊥-, virtuality
or angular ordering conditions, discussed in Sec. (3.1.1) - (3.1.2), where the connection between the
transverse momenta and the branching scale was discussed.

Figure 6.4: The kinematics of the splitting process.

Once the relation of q⊥, and µ′ is chosen, one can calculate k⊥ of the propagating parton using the
following formula

−→
k ⊥,a =

−→
k ⊥,b −−→q ⊥,c . (6.14)

This formula indicates that the k⊥ is accumulated during the evolution process. This is one of the
differences to the MRW approach discussed in Sec. (5.2). In this sense, the transverse momentum in the
PB method contains the whole history of the evolution.

Having k⊥ calculated at every branching, one can construct the TMD parton density for every parton
species Ãa

(
x, k⊥, µ

2
)
which fulfils the condition∫

dk2
⊥Ãa

(
x, k⊥, µ

2
)

= f̃a
(
x, µ2

)
. (6.15)

Using eq. (6.1) one can write an equation for TMD evolution

Ãa
(
x, k⊥, µ

2
)

= ∆a

(
µ2
)
Ãa
(
x, k⊥, µ

2
0

)
+∑

b

∫ µ2

µ2
0

d2µ′⊥
πµ′2

∆a

(
µ2
)

∆a (µ′2)

×
∫ zM

x

dzPRab
(
z, µ′2, αs(a(z)2µ′2)

)
Ãb

(x
z
, k⊥ + a(z)µ⊥, µ

′2
)
. (6.16)

Above the notation was introduced

µ′⊥ =
(
µ′x, µ

′
y

)
,

µ′2⊥ = µ′2 . (6.17)

It means that the branching scale µ′ is generated according to the Sudakov form factor and later,
the components of a two dimensional vector of the length µ′ are generated. From them the transverse
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6.6. Properties of the DGLAP splitting functions

momentum is calculated according to one of the formulas in eq. (3.7), eq. (3.9), or eq. (3.15). The variable
a(z) indicates the possible choices of the argument of αs discussed in Sec. (3.1.4) and the association of
the transverse momenta and the evolution scale. For the p⊥-ordering a(z) = 1, for the virtuality ordering
a(z) =

√
1− z, for angular ordering a(z) = 1−z. The PB method allows one to define the zM parameter,

factorization and renormalization scale independently - one can for example introduce the function a(z)

in the definition of k⊥ but not in the argument of αs. Thanks to that the effect of every individual part
of the ordering definition can be studied.

The way of calculating k⊥ does not affect the collinear evolution. The variable µ′ is generated accord-
ing to the Sudakov form factor and the splitting variable z is generated according to collinear splitting
functions, in both of these steps no dependence on k⊥ or q⊥ is included.

6.6 | Properties of the DGLAP splitting functions

The knowledge of how the real parts of the splitting functions behave is crucial for the solution of
the DGLAP evolution equation by the parton branching method applying Monte Carlo techniques.

The splitting functions depend on z and µ2 (through αs and nf ). In this section the real parts of the
splitting functions multiplied by z, zP (z)R, as a function of z and the integrals over z of the real part of
the splitting functions multiplied by z,

∫ zM dz zP (z)R, as a function of log(1−zM ) are investigated, first
at LO, and later at NLO in the MS scheme. The calculations are obtained using a value of αs = 0.118

and nf = 5. The LO contributions to the NLO splitting functions are already multiplied by αs
2π and

NLO contributions are multiplied by
(
αs
2π

)2. For the integrals studies the calculations are performed for
zmin = 10−8.

In fig. 6.5 the LO splitting functions zP (z)R are shown in the range z ∈ (10−5, 1). Fig. 6.6 presents
a zoom of the plots from fig. 6.5 in a region of large z.

One can also construct the sums of the splitting functions zP (z)R and their ratios to study their prop-
erties from a different perspective. Such sums are used in the parton branching method (see Sec. (6.4)).
In fig. 6.7 the sums of the splitting functions zP (z)R and in fig. 6.8 the ratios of the sums are presented
at LO.

From fig. 6.5-6.8 one can see that for small and medium z, zPRgqj � zPRqjqj . For the gluon sector in
the whole z region, zPRgg � 2nfzP

R
qig. Using the probabilistic interpretation of the splitting functions

one can say that the region of small and medium z corresponds to having more likely the gluon entering
the hard interaction than a quark. At large z, the zPRqjqj and zP

R
gg are quickly growing which reflects the

soft gluons emissions. In the large z region, after the q → qg splitting, it is much more probable that it
is a quark, which enters the hard interaction, not a gluon. Last but not least, at the LO all the splitting
functions are positively defined.

Now, one can study also the real parts of the NLO splitting functions. In fig. 6.9 the NLO splitting
functions zP (z)R are shown in the range z ∈ (10−5, 1).

The interesting region is the region of large z, in fig. 6.10 the zoom in this region is shown. The
splitting functions at NLO contain pieces proportional to ln(1− z) thus they are divergent (towards +∞
or −∞) when z → 1. Additionally, functions PRgg and PRqjqj contain pieces 1/(1− z).

In fig. 6.11 the sums of the splitting functions zP (z)R at NLO and in fig. 6.13 the ratios of the sums are

69



Chapter 6. The Parton Branching Method

(z)
10

log
-5 -4 -3 -2 -1 0

zP
(z

)

0

0.1

0.2

0.3

0.4

(z)
10

(z)   vs logR
qjqj zP

(z)
10

log
-5 -4 -3 -2 -1 0

zP
(z

)

0.05

0.1

0.15

(z)
10

(z)  vs logR
gqj zP

(z)
10

log
-5 -4 -3 -2 -1 0

zP
(z

)

0

0.05

0.1

0.15

(z)
10

(z)  vs logR
qig 2nf zP

(z)
10

log
-5 -4 -3 -2 -1 0

zP
(z

)

0

0.5

1

(z)
10

(z)  vs logR
gg zP

Figure 6.5: Real parts of the LO splitting functions vs log10(z).

presented. As one can notice in fig. 6.11, the sum of functions z
[
PRqjqj (z) + PRqjqj (z) + 2(nf − 1)PRqiqj (z)

]
is close to z

[
PRqjqj (z) + PRqjqj (z)

]
and zPRqjqj (z), a zoom of them is shown in fig. 6.12.

It is important to note that the sums in fig. 6.11 and fig. 6.12 are always positive.

Similarly, as at LO, at NLO in the medium and small z region, zPRgqj � z(PRqjqj + PRqjqj + 2(nf −
1)PRqi6=jqj ). For the gluon sector in the whole z region, zPRgg � 2nfzP

R
qig. Even though the probabilistic

nature of the NLO splitting functions is lost since they can become negative, their integrals over z are
positive (see later in this section) and we take the decisions according to them. In the weighted events
method we are using, some of the weights can be negative because of the structure of NLO splitting
functions. From fig. 6.9 - 6.13 one can conclude that gluon radiates more than quark. One can also see
what are the proportions of the different splitting possibilities.

Having analysed the splitting functions themselves, we can concentrate on the integrals of splitting
functions

∫ zM dzzP (z)R. Here, the studies on the dependence of the integral value on the zM parameter
are performed. The choice of the zM parameter must be a compromise between the accuracy we want to
achieve and CPU time consumption. In principle one could think that taking higher zM should lead to
a better accuracy. The result becomes indeed more precise with higher zM however also the fluctuations
become bigger. Moreover, with increasing the zM parameter, the CPU time needed for the calculation
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Figure 6.6: Zoom at the real parts of the LO splitting functions vs log10(z) in the large z region.
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Figure 6.7: Combinations of the LO splitting functions.

increases. For these practical purposes we are studying 6 different values of zM = 1 − 10−1, 1 − 10−2,
1− 10−3, 1− 10−4, 1− 10−5, 1− 10−6 with which one should achieve good compromise.
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Figure 6.8: Ratios of the sums of the LO splitting functions.

In fig. 6.14 the integrals
∫ zM dzzP (z)R as a function of log10(1− zM ) are shown at LO. In fig. 6.15

the sums of the z integrals from the splitting functions and in fig. 6.16 the ratios of the sums are presented.

In fig. 6.17 the integrals of the NLO splitting functions
∫ zM dzzPR(z), as a functions of log10(1−zM )

are presented. In fig. 6.18 the sums of the integrals and in fig. 6.19 the ratios of the sums used in the
parton branching are presented as a functions of log10(1− zM ) at NLO.

Both at LO and NLO, the splitting functions which contain the piece 1/(1−z) (zPRqjqj and zPRgg), are
very sensitive to the change of the zM parameter. For zPRqig, zP

R
qjqj

, zPRqiqj and zPRgqj , the dependence
on zM is very weak. At NLO we can see that the pieces proportional to ln(1− z) can be integrated over
up to 1 to give finite result.

All the sums and ratio plots presented here show a dependence on zM parameter because of zPRqjqj
and zPRgg.

The integrals
∫ zM dz zP (z) are positive in the whole range of z, from 0 up to a zM close to 1, both

for the LO and the NLO case. This is understandable from the momentum sum rule. We know that
by taking into account real and virtual contributions, the divergences should cancel. Since the virtual
corrections give negative contribution, the real splittings should give a positive one.

Thanks to multiplying the splitting functions by z the divergency at z = 0 is gone. This is one of the
reasons to use the DGLAP evolution equation for the momentum weighted parton densities defined in
eq. (2.40).

All of the plots in this section were done for αs = 0.118 and nf = 5, no dependence on αs and nf
was included. Even though the main conclusions from this section stay valid for other scales µ2 when the
values of nf and αs are different, the proportions of different splitting functions and integrals change not
only with z or zM but also with the scale µ2. Example is depicted in fig. 6.20 where the integrals of the
real parts of the splitting functions multiplied by z over z vs log10(1− zM ) at NLO for different values
of αs and nf are shown.
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Figure 6.9: Real parts of the NLO splitting functions vs log10(z).
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Figure 6.10: Zoom at the real parts of the NLO splitting functions vs log10(z) in the large z region.
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Figure 6.11: The combinations of the NLO splitting functions.
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Figure 6.14: The integrals of the real parts of the splitting functions multiplied by z over z vs log10(1−zM )

at LO.
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Figure 6.16: Ratios of the sums of the integrals of the LO real parts of the splitting functions multiplied
by z over z vs log10(1− zM ).

)
M

(1-z
10

log
6− 5− 4− 3− 2− 1− 0

 d
z 

zP
(z

)
∫

0

0.02

0.04

)
M

(1-z
10

(z)   vs logR
qjqj dz zP

Mz

0
∫ 

)
M

(1-z
10

log
6− 5− 4− 3− 2− 1− 0

 d
z 

zP
(z

)
∫

0

0.001

0.002

0.003

0.004

)
M

(1-z
10

(z)   vs logR
 i≠qiqj j  dz zP

Mz

0
∫ 2(nf-1)

)
M

(1-z
10

log
6− 5− 4− 3− 2− 1− 0

 d
z 

zP
(z

)
∫

0

0.2

0.4

0.6

0.8

3−10×

)
M

(1-z
10

(z)   vs logR
 qjqj 

 dz zP

Mz

0
∫ 

)
M

(1-z
10

log
6− 5− 4− 3− 2− 1− 0

 d
z 

zP
(z

)
∫

0

0.02

0.04

)
M

(1-z
10

(z)  vs logR
gqj dz zP

Mz

0
∫ 

)
M

(1-z
10

log
6− 5− 4− 3− 2− 1− 0

 d
z 

zP
(z

)
∫

0

0.005

0.01

0.015

)
M

(1-z
10

(z)  vs logR
qig dz zP

Mz

0
∫ 2nf

)
M

(1-z
10

log
6− 5− 4− 3− 2− 1− 0

 d
z 

zP
(z

)
∫

0

0.05

0.1

0.15

)
M

(1-z
10

(z)  vs logR
gg dz zP

Mz

0
∫ 

Figure 6.17: The integrals of the real parts of the splitting functions multiplied by z over z vs log10(1−zM )

at NLO.
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Figure 6.18: Sums of the integrals of the real parts of the splitting functions multiplied by z over z vs
log10(1− zM ) at NLO.
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Figure 6.19: Ratios of the sums of the integrals of the real parts of the splitting functions multiplied by
z over z vs log10(1− zM ) at NLO.
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Figure 6.20: Integrals of the real parts of the splitting functions multiplied by z over z vs log10(1− zM )

at NLO for different values of αs and nf .
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7 | Validation of the PB method with

QCDNUM

The PB method described in Sec. (6.4) was implemented into a computer program called uPDFe-
volv [222] which was initially used to solve the CCFM equation. In this section we show the consistency
and agreement of the PB method for collinear PDFs with QCDNUM.

As mentioned before, to solve the DGLAP evolution equation, one needs to know the parton distri-
bution functions at the initial scale. One of the possible input used in this thesis is a parametrization
from QCDNUM [62]. With this choice of initial distribution only three active flavours are assumed at
the starting scale, charm quarks are produced during the evolution for scales µ > mc = 1.73 GeV and
bottom quarks are produced for µ > mb = 5.0 GeV. The strong coupling αs with a value αs(m2

Z) = 0.118

at 1- or 2-loop is used.

In Sec. (2.3.2) it was discussed that by introducing the parameter zM in the integrals, some contri-
butions to the parton density of O(1 − zM ) are skipped (see eq. (2.82)). Here we want to study how
the collinear distributions are affected by the zM parameter. In this section zM is kept fixed (eq. (3.16))
and five values of zM (zM = 1 − 10−1, 1 − 10−2, 1 − 10−3, 1 − 10−5 and 1 − 10−7) are examined. The
argument of αs is the branching scale µ′2 (eq. (2.41)). The LO splitting functions and 1-loop αs are used
for the validation at LO and the NLO splitting functions and 2-loop αs are used to obtain the results at
NLO. The calculations are done in the MS scheme. The distributions presented here were obtained for
1010 events.

We present the collinear PDFs xf(x, µ2) from the PB method as a function of x for a given scale
µ2. The procedure to obtain the results is the following. The initial distribution is evolved with the PB
method up to a given evolution scale µ2 at which the evolution is stopped. The figures with the results
are divided into two parts. In the upper part the distributions obtained from PB method are presented.
In the lower part the ratios of the results from PB and QCDNUM with the same initial conditions are
shown.

Validation of the method at NLO Fig. 7.1 shows the results for the gluon and down quark densities
obtained from the PB method with fixed value of zM compared to the calculation from QCDNUM. One
can see a very good agreement between these two methods for zM = 1 − 10−3, 1 − 10−5 and 1 − 10−7.
However, the values zM = 0.9 and zM = 0.99 are too small and the results from the PB method starts
to deviate significantly from the one obtained with QCDNUM. For higher values of zM both methods
agree within the statistical fluctuations.
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In fig. 7.2 we show the collinear PDFs from the PB method with fixed value of zM = 1−10−5 evolved
up to different evolution scales 10, 100, 1000, 10000 GeV2 for down-, strange-, charm- quark and gluon
densities compared to the calculation from QCDNUM. We illustrate a very good agreement between
these two methods for all flavours and different evolution scales.

Validation of the method at LO We validate the PB method also at LO. On the left hand side of
fig. 7.3 we present the plot for gluon for five fixed values of zM = 1− 10−1, 1− 10−2, 1− 10−3, 1− 10−5

and 1− 10−7. Additionally we show the NLO QCDNUM result to visualise the effect of going from LO
to NLO. Similarly as at NLO, we obtain the same collinear PDFs with large values of zM . One can also
see that the effect of going from LO to NLO is significant. On the right hand side of fig. 7.3 we show the
results for gluon PDF at different evolution scales obtained with fixed value of zM = 1 − 10−5. A very
good agreement with QCDNUM is obtained.
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Figure 7.1: Collinear PDFs from the PB method compared with QCDNUM. The results obtained with
different values of zM at NLO.
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Figure 7.2: Results for the NLO collinear PDFs from the PB method with fixed value of zM = 1 −
10−5 evolved up to different evolution scales 10, 100, 1000, 10000 GeV2 compared to the calculation from
QCDNUM.
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Figure 7.3: Results for the LO gluon collinear PDF from the PB method. The ratio taken with respect
to LO QCDNUM. Left: comparison with different fixed values of zM , LO and NLO QCDNUM shown
for comparison. Right: comparison at different evolution scales for fixed value of zM = 1− 10−5.
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8 | Collinear and TMD PDFs from

PB method

In the previous chapter we performed a validation of the PB method by comparing our results to
the QCDNUM package. We showed a very good agreement between these two methods. In this chapter
we explore other advantages of the PB method, i.e. we discuss the issues of the ordering variables, the
choice of the parameter zM defining resolvable branching and the renormalization scale choice in αs. We
study the effects both for collinear and TMD distributions. The main results presented in this chapter
were published in [65,66] and in the following proceedings [226–228].

Additionally to the QCDNUM initial parametrization, we use also the HERAPDF2.0 [42] parametriz-
ation, again assuming only three active flavours at the initial scale, with charm quarks produced during
the evolution for scales µ > mc = 1.47 GeV and bottom quarks produced for µ > mb = 4.5 GeV. The
strong coupling αs value αs(m2

Z) = 0.118 at 2-loop and αs(m2
Z) = 0.13 at 1-loop is used. The reason for

using HERAPDF2.0 is to apply the obtained TMDs to the Z boson p⊥ measurements (see Sec. (9.2)).

definition of q⊥ p⊥ − ordering virtuality ordering angular ordering
q2
⊥ = µ′2 q2

⊥ = (1− z)µ′2 q2
⊥ = (1− z)2µ′2

eq. (3.9) eq. (3.7) eq. (3.15)

zM definition fixed zM zM = 1−
(
q0
µ′

)2

zM = 1− q0
µ′

eq. (3.16) eq. (3.17) eq. (3.18)

renormalization scale αs
(
µ′2
)

= αs
(
q2
⊥
)

αs
(
(1− z)µ′2

)
= αs

(
q2
⊥
)

αs
(
(1− z)2µ′2

)
= αs

(
q2
⊥
)

eq. (2.41) eq. (3.19) eq. (3.20)

Table 8.1: The ordering definitions together with the definitions of zM parameters and renormalization
scale choices in αs.

In this chapter the TMD distributions obtained with the PB method are presented. The prescription
to determine k⊥ dependence in the PB method was introduced in Sec. (6.5).

The TMDs are determined in a grid of 50⊗ 50⊗ 50 bins in log x, log k⊥ and logµ. A polinomial and
linear interpolation is used to obtain the values of the TMDs between the grid points. The intrinsic k⊥
distribution is assumed to be a Gaussian exp(−k2

⊥/σ
2) with σ2 = k2

0/2 where k0 = 0.5 GeV. The same
form is used for all partons. In the figures the TMDs, xA(x, k⊥, µ), as a function of k⊥ for a given x and
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Chapter 8. Collinear and TMD PDFs from PB method

scale µ or the TMDs as a function of x for a given k⊥ and scale µ are shown. The figures are obtained
with TMDplotter plotting tool [143].

In Sec. (3.1.1)- (3.1.2) we introduced p⊥-, virtuality and angular ordering conditions. We showed that
from the association of the branching scale µ′2 with a given kinematic variable, the zM definition and
renormalization scale choice in αs follows. In Tab. 8.1 we summarize the formulas given in Sec. (3.1.1)-
(3.1.2). However, as discussed in Sec. (6.5), the PB method allows one to change the ordering, zM and
renormalization scale independently to examine the individual effects and we performed the studies
systematically for different scenarios. In Tab. 8.2 we illustrate the different settings which we study in
this chapter additionally to Tab. 8.1. Throughout this thesis we will refer to the expression ordering as
the association of the branching scale with kinematic variable (eq. (3.7), (3.9) or (3.15)) and we will
say explicitly which definition of zM and αs we are using.

virtuality ordering angular ordering
q2
⊥ = (1− z)µ′2 q2

⊥ = (1− z)2µ′2

fixed zM zM = 1−
(
q0
µ′

)2

fixed zM zM = 1− q0
µ′

αs
(
µ′2
)

αs
(
µ′2
)

αs
(
µ′2
)

αs
(
µ′2
)

Table 8.2: The summary of the settings tested additionally to the prescriptions listed in Tab. 8.1.

8.1 | Collinear PDFs and TMDs with fixed value of zM

In this section we use NLO splitting functions and 2-loop αs
(
µ′2
)
except the last subsection where the

LO splitting functions and 1-loop αs
(
µ′2
)
are used. The initial parametrization comes from QCDNUM.

8.1.1 | Collinear PDFs with virtuality and angular ordering condition with
fixed zM

The results in the previous chapter were calculated using the settings from the first column of Tab. 8.1.
In fig. 8.1 we present the results for virtuality and angular ordering condition, with four different fixed
zM values. As explained in Sec. (6.5), the prescription of calculating k⊥ does not affect the collinear
evolution. The results presented in fig. 8.1 confirm these predictions. 1

1The evolution variable is always the evolution scale µ2, which is generated according to the Sudakov form factor and
the splitting variable z is generated according to the collinear splitting functions. In both of these steps no dependence on
k⊥ or q⊥ is included. An interesting detail can be noticed in fig. 8.1: the way the k⊥ calculations are performed should not
affect the collinear distributions, however, the fluctuations on the plot with virtuality ordering looks a bit different than
the plot with p⊥- and angular ordering. The reason for that is that the results with virtuality ordering were obtained with
different seed for a random number generation than the results for p⊥- and angular ordering.
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8.1. Collinear PDFs and TMDs with fixed value of zM
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Figure 8.1: Collinear PDFs from the PB method compared with QCDNUM. The results obtained with
virtuality (left) and angular (right) ordering condition for four different values of zM .

Figure 8.2: Gluon TMD parton densities as a function of k⊥ from the PB method with p⊥-ordering and
fixed values of zM .

8.1.2 | TMDs with fixed zM and p⊥- ordering condition

In fig. 8.2 the transverse momentum dependence of the gluon TMD with p⊥-ordering is shown for
three fixed values of zM = 1−10−3, 1−10−5 and 1−10−7 (for which no dependence on zM was observed
for collinear PDFs, see Sec. (7)).

From fig. 8.2 one can see, that for TMDs the situation is different: with each of these values of zM
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Chapter 8. Collinear and TMD PDFs from PB method

one obtains different TMDs. The reason for that is that p⊥- ordering is valid only for the z → 0 region,
otherwise it violates the energy-momentum conservation whereas here we observe an effect coming from
z → 1. Thus one can conclude that p⊥- ordering does not allow one to define TMD in a consistent way.

Nevertheless, let us still analyse the plots for TMDs with p⊥- ordering. With larger zM value one
obtains larger k⊥ tails. Large zM means that the Sudakov form factor becomes smaller and the probability
to evolve without any resolvable branching is smaller. As a consequence, there are more branchings and
higher k⊥ is accumulated in the evolution process (eq. (6.14)).

Figure 8.3: Anti-up quark TMD densities as a function of x from the PB method with p⊥-ordering and
fixed values of zM .

In fig. 8.3 distributions for anti-up quark density as a function of x with p⊥-ordering for three fixed
values of zM = 1 − 10−3, 1 − 10−5 and 1 − 10−7 are shown. In the region of small k⊥, higher densities
are obtained with smaller value of the zM parameter for which the probability of an evolution without
any resolvable emission is larger. In the region of large k⊥ the Sudakov form factor with higher zM gives
larger contribution.

Figure 8.4: Gluon and anti-down quark TMD densities as a function of k⊥ from the PB method with
virtuality ordering and fixed values of zM .
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8.1. Collinear PDFs and TMDs with fixed value of zM

8.1.3 | TMDs with fixed zM and virtuality and angular ordering condition

In this subsection we study the zM dependence in TMD distributions with virtuality and angular
ordering condition.

In fig. 8.4 the transverse momentum dependence of the gluon and anti-down quark TMD densities
with virtuality ordering and in fig. 8.5 with angular ordering for three different values of zM = 1− 10−3,
1− 10−5 and 1− 10−7 are shown.

Figure 8.5: Gluon and anti-down quark TMD densities as a function of k⊥ from the PB method with
angular ordering and fixed values of zM .

From fig. 8.4 - 8.5 one can see, that all these values of zM lead to almost the same TMDs. The
difference is visible in the very small k⊥ region at higher scales. The difference between different zM
values starts to be visible at lower scales for quark density than for gluon density and it is bigger for
virtuality ordering than for the angular ordering. In the case of TMD distributions with virtuality or
angular ordering, there are three effects that influence the distributions at very low k⊥. The first one is
the intrinsic k⊥ distribution, the same for both orderings. The second one is the Sudakov form factor,
also the same for virtuality and angular ordering, which gives the probability of an evolution without
any resolvable branching. Thus with higher zM we have more emissions in which k⊥ is accumulated. The
third effect regards the diffusion in the low k⊥ coming from the branchings at higher evolution scales.
When a soft gluon is emitted, a parton which continues the evolution has a very large z and a very small
k⊥ because of eq. (3.7) and eq. (3.15). These formulas express the energy- momentum conservation.
The formula for angular ordering gives k⊥ smaller than the formula for virtuality ordering for a given
branching scale µ′2 and z.
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Chapter 8. Collinear and TMD PDFs from PB method

Figure 8.6: TMDs as a function of k⊥ for gluon and all quark flavours from the PB method with virtuality
ordering and fixed value of zM = 1− 10−5.

Figure 8.7: TMDs as a function of k⊥ for gluon and all quark flavours from the PB method with angular
ordering and fixed value of zM = 1− 10−5.

PB method can be used to obtain TMD densities for all parton species. In fig. 8.6 TMDs as a
function of k⊥ for all quark flavours and gluon densities with virtuality ordering and in fig. 8.7 with
angular ordering are shown for zM = 1 − 10−5. An interesting feature can be noticed there: in the low
k⊥ region, the quark densities are different for different flavours. The difference comes from the initial
distributions and beginning of the evolution. In the high k⊥ region where many emissions contribute,
the initial difference between quark flavours is smeared away because the splitting functions do not
distinguish between quark flavours if only the mass threshold for a given quark production was reached.
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8.1. Collinear PDFs and TMDs with fixed value of zM

8.1.4 | Comparison between virtuality and angular ordered TMDs with fixed
zM

We have shown above that the p⊥- ordering condition does not lead to stable results for the TMD
whereas both virtuality and angular ordering produce results which do not depend on zM (except very
small k⊥ at higher scales), as long as it is close to 1.

The comparison of TMDs as a function of k⊥ with virtuality and angular ordering is shown for
zM = 1 − 10−5 in fig. 8.8. The TMDs obtained with angular ordering are larger at small values of k⊥
than the one obtained with virtuality ordering. In addition, TMDs with virtuality ordering have a bit
larger k⊥ tail than TMDs with angular ordering. This is expected because of (1− z)2 and (1− z) terms
in the angular and virtuality ordering conditions, respectively.

Figure 8.8: Comparison of gluon TMD densities as a function of k⊥ from the PB method with virtuality
and angular ordering and fixed value of zM = 1− 10−5.

Both ordering conditions give k⊥ tails which can be even larger than the evolution scale µ, however
this contribution is very small. This is a consequence of eq. (6.14) where k⊥ is calculated by summing
all the transverse momenta from the previous emissions.

8.1.5 | Comparison of virtuality and angular ordered TMDs with fixed zM

at LO and NLO

At the end of this section we investigate the difference between LO and NLO TMDs.

In fig. 8.9 a comparison of the gluon TMDs from the PB method at LO and NLO with angular
ordering and in fig. 8.10 with virtuality ordering, for fixed value of zM = 1− 10−5 is shown2.

2The fluctuations on the plots are due to limited statistics.
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Chapter 8. Collinear and TMD PDFs from PB method

Figure 8.9: Comparison of gluon TMD densities as a function of k⊥ from the PB method with angular
ordering at LO and NLO.

Figure 8.10: Comparison of gluon TMD densities as a function of k⊥ from the PB method with virtuality
ordering at LO and NLO.

The TMDs densities obtained from the PB method are similar at LO and NLO. This is understand-
able, because we use the same initial distribution from QCDNUM for LO and NLO case and we use
splitting functions which do not depend on k⊥. The only thing which can influence the distributions, is
αs, which differs between 1-loop and 2-loop mainly at small scales.

In fig. 8.11 TMDs as a function of k⊥ for gluon at LO are shown for p⊥-, virtuality and angular
ordering condition for different values of zM parameter. Similarly, as at NLO, p⊥- ordering does not give
stable results for the TMD.

90



8.2. Collinear PDFs and TMDs with dynamic zM

Figure 8.11: Comparison of gluon TMD densities as a function of k⊥ from the PB method with p⊥- (left),
virtuality (middle) and angular (right) ordering at LO.

8.2 | Collinear PDFs and TMDs with dynamic zM

In this section we investigate the effect of using the definitions of zM which follow from the virtuality
and angular ordering conditions. The parameter zM is calculated for every branching and depends on
the scale of the branching µ′2 and some parameter q0. We call such zM dynamic.

In Sec. (8.1) we showed that virtuality and angular ordering condition give consistent and stable
results for the TMDs for different fixed zM values except the very low k⊥ region at higher scales. Here
we study the usage of the dynamic zM .

The first issue is what should be the value of the q0 parameter. One can estimate the required value
by assuming that even at the smallest scales the zM value should reproduce the standard collinear PDFs
(e.g. QCDNUM or HERAPDF). We know from eq. (2.82) that when zM is too small, the approximation
in eq. (2.83) is not good anymore. In Sec. (7) we have shown that zM ≈ 0.999 gives the results which
agree with QCDNUM. Using zM definitions from Tab. (8.1) with the initial scale µ = 1.41 GeV we
obtain q0 ≈ 0.04 GeV for virtuality ordering and q0 ≈ 10−3 GeV for angular ordering. In Sec. (3.1.3) we
introduced q0 as some minimum q⊥ allowed for an emission to be resolvable. This physical interpretation
of values q0 ≈ 0.04 GeV or q0 ≈ 10−3 GeV is not accurate. Nevertheless, we test such a small values
treating them just as some parameters.

In this section we use NLO splitting functions and 2-loop αs
(
µ′2
)
. The initial conditions for the PB

method come from HERAPDF2.0.

8.2.1 | Collinear PDFs with dynamic zM

In fig. 8.12 the results for collinear PDFs with angular ordering and dynamic zM = 1− q0
µ′ as a function

of x for different values of the parameter q0 = 0.001 GeV, q0 = 0.01 GeV, q0 = 0.1 GeV, q0 = 0.2 GeV,
q0 = 0.5 GeV and 1.0 GeV are presented. One can see that the choice of the resolution scale has an
effect on collinear distributions. The distribution obtained with the value q0 = 0.001 GeV turns out to
be consistent with HERAPDF2.0 while for bigger q0 values the deviation from HERAPDF2.0 starts to
be visible because the parameter zM is too small (see Sec. (2.3.2)).

Similarly, in fig. 8.13 the results for collinear PDFs with virtuality ordering and dynamic zM =

1 −
(
q0
µ′

)2

as a function of x for different values of the parameter q0 = 0.04 GeV, q0 = 0.1 GeV,
q0 = 0.2 GeV, q0 = 0.5 GeV and 1.0 GeV are presented. With higher q0 the results start to deviate from
HERAPDF2.0.
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Figure 8.12: Collinear PDFs from the PB method compared with HERAPDF2.0. The results obtained
with angular ordering condition for different values of q0 parameter in zM definition.
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Figure 8.13: Collinear PDFs from the PB method compared with HERAPDF2.0. The results obtained
with virtuality ordering condition for different values of q0 parameter in zM definition.
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8.2. Collinear PDFs and TMDs with dynamic zM

8.2.2 | TMDs with dynamic zM

In the previous subsection the collinear PDFs with dynamic zM were discussed and it was shown that
only small values of the resolution scale parameter q0 give results in agreement with standard collinear
evolution. Here we want to study how the choice of q0 influences the TMD distributions 3. We test small
values of q0 and we expect a similar behaviour as in the case if fixed zM value, however with the dynamic
zM definition we have continuous variation of the resolution scale.

Figure 8.14: Comparison of gluon TMD densities as a function of k⊥ from the PB method with virtuality
ordering and different choices of zM parameter.

Figure 8.15: Comparison of gluon TMD densities as a function of k⊥ from the PB method with angular
ordering and different choices of zM parameter.

3The distributions shown in this section are obtained with different initial parametrization than the distributions in
Sec. (8.1).
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Chapter 8. Collinear and TMD PDFs from PB method

In fig. 8.14 TMD distributions as a function of k⊥ for gluon density from the PB method with virtuality
ordering are shown. Additionally to the dynamic zM with q0 = 0.04 GeV and 0.1 GeV, the curve for
the fixed value zM = 1− 10−5 is drawn (obtained with the same initial conditions from HERAPDF2.0).
In fig. 8.15 TMD distributions as a function of k⊥ for gluon density from the PB method with angular
ordering obtained with the dynamic zM parameters with q0 = 0.001 GeV, q0 = 0.01 GeV and with the
fixed value of zM = 1− 10−5 are shown.

In both figures the difference between the different zM is visible in the very small k⊥ region, for higher
k⊥ values all the zM options give consistent results.

The effects from fig. 8.14 - 8.15 can be explained in a similar way as for the fixed zM values in
Sec. (8.2.2).
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Figure 8.16: Collinear PDFs from the PB method compared with QCDNUM. The PB results obtained
with virtuality and angular ordering condition with αs(q2

⊥).

8.3 | Influence of the renormalization scale choice on collinear

and TMD PDFs

As discussed in Sec. (3.1.4), the virtuality and angular ordering not only give the prescriptions how
to associate the k⊥, q⊥ and µ′2 and how to calculate the zM parameter, but also on the renormalization
scale choice in the αs argument. Up to now, in Sec. (8.1)- (8.2), the argument of αs was always the
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8.4. Conclusions from the studies on collinear and TMD PDFs from the PB method

Figure 8.17: Comparison of gluon TMD densities as a function of k⊥ from the PB method with virtuality
ordering and different arguments of αs.

branching scale µ′2 (eq. (2.41)). In this section we study the renormalization scale given by the virtuality
and angular ordering condition (Sec. (3.1.4)).

In this section the virtuality and angular ordering condition is introduced together with the dynamic
zM definition and with q⊥ in the argument of αs (see Tab. 8.1). We introduce a cut off on the argument
of αs to ensure that the renormalization scale is above the initial evolution scale. The NLO splitting
functions and 2-loop αs are used to obtain the results. The results are compared to HERAPDF2.0 which
the initial conditions for PB method come from.

The parameter q0 is chosen to be q0 = 0.04 GeV for virtuality ordering and to q0 = 0.001 GeV for
angular ordering so in the case of αs(µ′2) one obtains the results consistent HERAPDF2.0 (see Sec. (8.2))
for collinear distributions. The results shown in fig. 8.16 show that the influence of changing the argument
of αs parameter on the collinear distributions is significant.

The fact that we do not obtain anymore the collinear PDFs which agree with standard methods, is not
surprising. By introducing full virtuality or angular ordering we resum extra large logarithms compared
to αs

(
µ′2
)
[91, 95].

The results shown in fig. 8.17-8.18 show that the influence of the argument of αs parameter on the
TMD distributions is significant, especially in the low k⊥ region.

8.4 | Conclusions from the studies on collinear and TMD PDFs

from the PB method

In Sec. (7)-(8) we have shown that the PB method can be used to solve DGLAP evolution equation
and to obtain collinear PDFs which agree well with other methods (QCDNUM). We demonstrated how
we can include in the solution also different orderings, the dynamic resolution scale parameter zM and
different renormalization scale choices in the argument of αs. We studied different scenarios given in
Tab. 8.1 and Tab. 8.2. For αs(µ′2) we have found that as long as the zM parameter is close enough
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Chapter 8. Collinear and TMD PDFs from PB method

Figure 8.18: Comparison of gluon TMD densities as a function of k⊥ from the PB method with angular
ordering and different arguments of αs.

to 1, the results for collinear PDFs are not affected and we reproduce the standard collinear PDFs from
QCDNUM or HERAPDF, both for fixed and dynamic values of zM , regardless of the ordering we are
using. However, p⊥-ordering does not produce stable results for the TMDs since we observe a dependence
on zM parameter in the whole k⊥ range. The reason for that is that p⊥- ordering violates the energy-
momentum conservation. TMDs with virtuality and angular ordering do not depend on zM definition
except a very small k⊥ region (compared to the evolution scale µ2 we are looking at). This residual
zM dependence is unavoidable. By changing zM we reorganize the pieces which go into resolvable and
non-resolvable branchings which must affect the small k⊥ region. Moreover, we observe a diffusion into
the small k⊥ region from the evolution which is a consequence of the expressions we use to calculate k⊥
to conserve energy-momentum. The small k⊥ behaviour should be understood better. This would require
some special treatment, for example introduction of a scale dependent intrinsic k⊥. This is out of the
scope of this thesis where we concentrate on the perturbative region.

We performed also studies on the effect of changing the renormalization scale in αs to the scale
given by virtuality and angular ordering. We found out that both collinear and TMD PDFs are affected
significantly.

At this stage both virtuality and angular ordering are considered in this thesis as two equivalent
descriptions without giving a statement which one is more appropriate. In the next chapter we will
apply obtained TMDs to the measurements to further explore the ordering and renormalization scale
dependence.
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9 | Outlook: determination of TMDs

and application to measurements

In the previous chapter we obtained the TMD distributions with the PB method using the initial
parametrization of QCDNUM or HERAPDF2.0. In this chapter we describe the procedure to obtain the
parameters of the initial distributions from a fit to HERA F2 data. Having obtained the TMD PDFs, we
can test the idea introduced in Sec. (6.1) to obtain the predictions for high energy collision observables by
using TMDs instead of collinear PDFs. In the second part of this chapter we apply the TMDs obtained
from the fit to a measurement of the Z boson p⊥ spectrum at 8 TeV.

9.1 | Fits of integrated TMDs to HERA F2 data

The parameters of the initial parton density distributions have to be obtained from the fits to the
experimental data. For the fits presented in this chapter [229] this is done within xFitter package [230] -
a standard tool to obtain PDF fits. The method to obtain the fits was developed in [148]. The procedure is
the following: first, an evolution kernelKb

a(x′′, µ2) is obtained from the PB method for every initial parton
of flavour b and final parton a. The initial parametrization at the scale µ2

0 is given by x0 = 1− 10−6 (the
term −10−6 is added because of the technical reasons) and the kernel is produced during the evolution
process. The convolution of the kernel with the starting distribution A0,b is performed in the following
way

f̃a(x, µ2) = x

∫
dx′
∫

dx′′A0,b(x
′)Kb

a(x′′, µ2)δ(x′x′′ − x)

=

∫
dx′A0,b(x

′)
x

x′
Kb
a

( x
x′
, µ2
)
. (9.1)

The parametrization of the initial distribution has the form of HERAPDF2.0

xg(x) = Agx
Bg (1− x)Cg −A′gxB

′
g (1− x)C

′
g ,

xuv(x) = Auvx
Buv (1− x)Cuv (1 + Euvx

2) ,

xdv(x) = Advx
Bdv (1− x)Cdv ,

xU(x) = AUx
BU (1− x)CU (1 +DUx) ,

xD(x) = ADx
BD (1− x)CD . (9.2)

The obtained distribution f̃a(x, µ2) is convoluted with the matrix element to obtain the structure function
at NLO, which can be fitted to experimental data. Then, the procedure is repeated with different values
of the initial parameters until the minimal χ2 is found. It turned out in [222] that in practice it is enough
to determine the evolution kernel only for one initial state light quark and gluon.
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Chapter 9. Outlook: determination of TMDs and application to measurements

The method described above can be also extended to the TMDs case. A new kernel, depending now
also on k⊥, can be obtained from the PB method and convoluted with the initial distribution

xAa(x, k⊥, µ
2) = x

∫
dx′
∫

dx′′A0,b(x
′)B(k⊥,0)Kb

a(x′′, k⊥,0, k⊥, µ
2)δ(x′x′′ − x)

=

∫
dx′A0,b(x

′)
x

x′
B(k⊥,0)Kb

a

( x
x′
, k⊥,0, k⊥, µ

2
)
. (9.3)

For all flavours the intrinsic k⊥,0 distribution B(k⊥,0) is assumed to be a Gaussian exp(−k2
⊥,0/σ

2) with
σ2 = k2

0/2 where k0 = 0.5 GeV. The obtained distribution xAa(x, k⊥, µ
2) can be then integrated numer-

ically over k2
⊥ using eq. (6.15) and used to fit the experimental data. This is however time consuming and

it is enough to use the collinear kernel to fit the starting distribution. The parameters of the initial dis-
tribution from the collinear fit are then used to obtain the TMDs using TMD kernel Kb

a(x′′, k⊥,0, k⊥, µ
2)

according to eq. (9.3).

The evolution kernel, Kb
a(x′′, µ2), is stored in a grid of size 50× 50 in log x and logµ and the TMD

evolution kernel, Kb
a(x′′, k⊥,0, k⊥, µ

2), in a grid of size 50 × 50 × 50 in log x, log k⊥ and logµ. A proper
grid spacing has to be used since the distributions are quickly falling at large x and the grid spacing is
made more dense in this region. To obtain the results shown in this section the range in x was divided
into 5 intervals with the edges at 10−6, 0.01, 0.1, 0.4, 0.9, 1. In every of these intervals there are 10 grid
points distributed logarithmically.

The fit presented in this chapter was obtained with the data from HERA H1 and ZEUS combined
measurement [42] - the most precise measurement of the DIS cross section in a wide range of x and Q2.
In [42] the fit to these data was done and the HERAPDF2.0 parton distributions were obtained using
QCDNUM and xFitter. In our work we use the same analytic form of the parametrization for the initial
distributions (eq. (9.2)). At the initial scale µ2

0 we assume that xU = xu and xD = xd+xs. For the initial
strange quark distribution we use xs = fsxD with fs = 0.4. We set BU = BD and AU = AD(1−fs). The
normalization parameters Auv , Adv , Ag and Ag′ are constrained by the quark number and momentum
sum rules. We use the same hard scattering coefficient functions and we treat heavy flavours in the same
way as was done in [42].

The fits were performed in the range of 3.5 < Q2 < 50000 GeV2, 4 · 10−5 < x < 0.65 (the same
as for HERAPDF2.0) using the kernels obtained with the PB method for the angular ordering condi-
tion (eq. (3.15)). The fit was performed twice, for two different values of argument of αs, with αs

(
µ′2
)

(eq. (2.41)) and with αs
(
(1− z)2µ′2

)
(eq. (3.20)) for zM = 1 − 10−5 (to concentrate on the effect of

changing the renormalization scale). The χ2 was calculated within the xFitter package in the same
way as was done in [42]. The systematic shifts and treatment of correlated and uncorrelated system-
atic uncertainties are included in the χ2 definition. 162 systematic uncertainties and uncertainties from
combining H1 and ZEUS data were treated as correlated. The experimental uncertainties were obtained
using the Hessian method [231] with ∆χ2 = 1. The model uncertainties were obtained by varying the
charm (mc = 1.41, 1.47, 1.53 GeV) and the bottom mass (mb = 4.25, 4.5, 4.75 GeV), and the starting
evolution scale (µ2

0 = 1.6, 1.9, 2.2 GeV2 for the fit with αs
(
µ′2
)
and µ2

0 = 1.1, 1.4, 1.7 GeV2 for the fit
with αs

(
(1− z)2µ′2

)
) where the numbers in brackets are the lower, central and upper values respect-

ively. For αs
(
(1− z)2µ′2

)
we also varied the cut off qcut (0.9, 1.0, 1.1 GeV) in αs which ensures that the

renormalization scale is not too small. The best χ2 was obtained for the initial scale value µ2
0 = 1.9 GeV2

with αs
(
µ′2
)
(χ2/(d.o.f) = 1.21) and for the initial scale value µ2

0 = 1.4 GeV2 with αs
(
(1− z)2µ′2

)
(χ2/(d.o.f) = 1.21). The number of degrees of freedom was d.o.f = 1131. The fit parameters obtained for
αs
(
µ′2
)
reproduce the parameters of HERAPDF2.0, for αs

(
(1− z)2µ′2

)
, especially for gluon, they are

different [229].
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9.1. Fits of integrated TMDs to HERA F2 data

Figure 9.1: Collinear PDFs obtained from the fit with αs
(
µ′2
)
(Set1) and αs

(
(1− z)2µ′2

)
(Set2). Ex-

perimental uncertainty is shown in red, model dependence in yellow, additional dependence on qcut in
green.

In fig. 9.1 the collinear pdfs with uncertainties coming from fits with αs
(
µ′2
)
(Set1) and αs

(
(1− z)2µ′2

)
(Set2) are shown. One can clearly see the difference between them, especially for gluon. This agrees
with our observations from Sec. (8.2.1) where the collinear PDFs obtained from the PB method with
αs
(
(1− z)2µ′2

)
were very different from the HERAPDF2.0 results. In fig. 9.2 the ratios of the upper

and lower uncertainty bound to the central value result are presented. At the large x the uncertainties
with αs

(
(1− z)2µ′2

)
and αs

(
µ′2
)
behave differently.

Figure 9.2: Uncertainties of the collinear PDFs from the fit for αs
(
µ′2
)
(Set1) and αs

(
(1− z)2µ′2

)
(Set2).

In fig. 9.3 the comparison of the TMDs for αs
(
µ′2
)
and αs

(
(1− z)2µ′2

)
obtained from the fit is
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Chapter 9. Outlook: determination of TMDs and application to measurements

shown. The same conclusions hold as discussed in Sec. (8.3). The TMDs obtained with αs
(
(1− z)2µ′2

)
are smaller in the small k⊥ region than the TMDs with αs

(
µ′2
)
.

Figure 9.3: Comparison of the TMD distributions obtained from the fit for αs
(
µ′2
)

(Set1) and
αs
(
(1− z)2µ′2

)
(Set2).

9.2 | Application of the TMDs from the PB method to the LHC

measurements

In this section we test the idea introduced in Sec. (6.1) to obtain the predictions for high energy
collision observables by using TMDs instead of collinear PDFs. One of the observables, which is very
problematic for the collinear approach, is the Z boson p⊥ spectrum.

In the standard approach, the Z-boson p⊥ spectrum is described by Monte Carlo event generat-
ors, which model the non-perturbative effects, simulate the soft gluon emissions via parton showers and
combine the radiation effects with the perturbative calculations for the hard process. In [232] the im-
plementation of the NLO DGLAP evolution in the PS was discussed. In fig. 9.4 the prediction obtained
in [232] with DIRE [233] + PYTHIA compared with ATLAS measurement at 7 TeV [234] is presented.
The distribution is limited to p⊥ < 30 GeV since there is no fixed order calculation of the hard process
included. The prediction was obtained with the default PYTHIA8 tune, no additional tuning of DIRE
+ PYTHIA was performed. An overall agreement within 15% with the data was obtained at NLO.

We now calculate the same observable with the PB method. The procedure is the following: we take
the LO matrix element for the DY Z boson production generated by PYTHIA8. The matrix element
does not contain any transverse momentum. The next steps are performed by the CASCADE (version
2.4.X) Monte Carlo event generator [218,221,235]. From the kinematics of the event x and µ2 are known
and the transverse momenta of the incoming quark-antiquark pair can be generated according to the
TMDs we obtained from the PB method. With that the virtualities Q2

1, Q2
2 of the incoming partons 1,
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2 are calculated. In the next step the initial partons are boosted into their CM frame. The energies E1,2

and z components pz,1,2 of the partons’ momenta are changed according to [236]

E1,2 =
ŝ±

(
Q2

2 −Q2
1

)
2ŝ1/2

,

pz,1 = −pz,2 =

((
ŝ2 +Q2

1 +Q2
2

)2 − 4Q2
1Q

2
2

4ŝ

)1/2

(9.4)

to take the virtualities into account and to keep the ŝ = (p1 + p2)
2 fixed. Then, also the final state is

boosted into its CM frame. Afterwords, the whole system is boosted and rotated back to the laboratory
frame. Due to this operation, the k⊥ added to the initial state is compensated by the final state, the
longitudinal fractions x1 and x2 of the incoming quark and antiquark are changed and the mass mDY of
the quark-antiquark pair is kept fixed. The events are then analysed by Rivet [237, 238] and compared
with the 8 TeV measurement [239]. We are interested only in the inclusive Z boson spectrum so we do
not need any parton shower.

Figure 9.4: Comparison of the predictions of the Z boson p⊥ spectrum obtained with the DIRE+PYTHIA
PS with ATLAS data [232].

On the left hand side of fig. 9.5 we present the results obtained with the TMDs from the PB method,
for virtuality and angular ordering condition, fixed value of the zM parameter being zM = 1− 10−5 and
αs
(
µ′2
)
. The outcome with angular ordering is very encouraging, however with virtuality ordering it

looks a bit worse. With the TMDs obtained from the PB method we can predict the correct shape of the
Z boson p⊥ spectrum. All the p⊥ dependence comes directly from the PB method. There is no tuning
of free parameters. The prediction for the whole spectrum comes from one method, there is no mixture
of different approaches in the different p⊥ ranges. It is also interesting to see the difference between
virtuality and angular ordering in the physical observable spectrum.

In the next step we test different options for the argument of αs. On the right hand side of fig. 9.5
we show the comparison of predictions obtained with the TMDs from the PB method with virtuality
and angular ordering condition with dynamic zM and q⊥ in the argument of αs (see Tab. (8.1)). The
parameter q0 is chosen to 0.2 GeV for both virtuality and angular ordering condition, to be not too far
away from the approximation from eq. (2.82) and at the same time keep q0 = O(Λ). The result obtained
with angular ordering with αs

(
(1− z)2µ′2

)
agrees within 20 % with the data in the whole range in p⊥.

Virtuality ordering underestimates the data in the small p⊥ region and overestimates them in the large
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p⊥ region.
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Figure 9.5: Comparison of the predictions of the Z boson p⊥ spectrum obtained with the TMDs from the
PB method with virtuality and angular ordering condition and the ATLAS data. Left: results obtained
with with αs(µ′2). Right: results obtained with q⊥ being the argument of αs.
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Figure 9.6: Comparison of the predictions of the Z boson p⊥ spectrum obtained with the TMDs from
the fit with angular ordering condition with αs

(
µ′2
)
and αs

(
(1− z)2µ′2

)
and the ATLAS data.

In the next step we repeat the analysis for Z boson p⊥ spectrum, but instead of using TMDs directly
from the PB method, we use the TMDs from the fits. Based on the results from fig. 9.5 we decided to
perform the fits for the angular ordering since it looks more promising than virtuality ordering.

In fig. 9.6 we show the prediction for the Z boson p⊥ spectrum obtained with the TMDs with angular
ordering condition to calculate k⊥ from the fits with properly defined uncertainty bands for two different
renormalization scales in αs. The result confirms the previous observation. With both sets one can predict
the correct shape of the Z boson p⊥ spectrum, the TMD with αs

(
(1− z)2µ′2

)
describes the data better.

The level of agreement is of the same level as what is done in the standard MC approach presented
above. With that we can conclude that our method is successful and competitive with other methods.
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In this thesis a new approach to solve the DGLAP evolution equation was proposed. We presented
a solution with the Parton Branching method from which we can obtain, in addition to the standard
collinear PDFs, also the TMDs. We have validated the PB method by comparing the results for collinear
PDFs with predictions from semi-analytical calculation and we found a very good agreement.

One of the advantages of the PB method is the possibility to study independently different elements
of ordering condition: the connection between the evolution scale and a kinematic variable, the soft
gluons resolution scale parameter zM and renormalization scale in αs. Using the PB method, we could
systematically analyse every individual part of the ordering definitions.

For renormalization scale being the scale of a branching we have confirmed that as long as the zM
parameter is close enough to 1, the results for collinear PDFs are not affected, both for fixed and dynamic
definitions of zM , regardless of the ordering we are using. However, we concluded that p⊥- ordering does
not give the stable results for the TMDs (since they depend on zM parameter), whereas virtuality and
angular ordering do. We compared the angular and virtuality ordered TMDs. We also explored the con-
sequence of changing the scale in αs in the case of collinear and TMD distributions and we observed a
significant effect.

The initial parameters of the parton distributions have to be obtained from the fit to the experimental
data. The structure of our evolution code enables one to perform such a fit within the xFitter package.
By fitting the integrated TMDs to HERA H1 and ZEUS combined F2 data we obtained two TMD sets
(with uncertainties) with angular ordering for two different renormalization scales.

Our approach allows us to test the TMDs directly in the measurements. We tested our method by
applying the TMDs to the Z boson p⊥ spectrum and we obtained a very good description of the 8 TeV
data. The method can be, nonetheless, applied to any QCD process, like jet production, ∆Φ decorrelation
in dijets events, Higgs production etc., especially one could study the low energy DY data which might
be sensitive to the intrinsic momenta.

The approach presented here is a part of a broader program which aims in precision predictions for
observables at high energy collisions. The general procedure within collinear approximation to obtain
predictions for hadronic collisions is the following. A Monte Carlo event generator generates the hard
scattering process with the initial momenta distributed according to the collinear parton distributions.
Then a parton shower is applied and, in most of the Monte Carlo event generators, the hard process is
rotated and boosted to conserve energy-momentum after showering. Such a procedure leads to a shift,
not only in transverse momenta, but also in the x variable if it is defined in the light cone coordinates.
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This affects the simulations of many QCD processes.
In Sec. (6.1) an alternative approach to obtain the predictions for observables using TMDs instead

of collinear PDFs was discussed. Using TMDs to generate the ME and to perform PS has enormous
advantages, since the transverse momentum is included from the beginning and no adjustment of the
kinematics has to be performed at the end.

In this thesis the TMDs- the first link in a chain needed for this alternative approach- were constructed
in a wide range of x, k⊥ and µ2. This opens new perspectives for a better precision for the calculations
of higher order corrections to the physical observables, not only for LHC measurements, but also in the
context of the new colliders. For example, multi-dimensional mapping of the nucleon structure is one of
the main goals of the Electron-Ion Collider [240].
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A | Appendix

A.1 | NLO splitting functions

At NLO, the coefficients for da and ka are given by [47]:
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where ζ is the Riemann zeta function, and
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The NLO contributions to the functions Rab are:
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+ CATRnf

[
2− 2z +

26

9
z2 − 26

9z
− 4

3
(1 + z) ln z − 20

9

(
1

z
− 2 + z − z2

)]
+ C2

A

[
27

2
(1− z) +

67

9
(z2 − 1

z
) +

(
−25

3
+

11

3
z − 44

3
z2

)
ln z

+ 4(1 + z) ln2 z + 2pgg(−z)S2(z) +
(
−4 ln z ln(1− z) + ln2 z

)
pgg(z)

+

(
67

9
− π2

3

)(
1

z
− 2 + z − z2

)]
, (A.5)

R(1)
qi6=jqj

= R
(1)
qi6=jqj

=
1

2
CFTR

((
10z +

16

3
z2 + 2

)
ln z − 112

9
z2 +

40

9z
− 2(1 + z) ln2 z − 4 + 12z

)
,

(A.6)

R(1)
qjqj = C2

F

[
−
(

2 ln z ln(1− z) +
3

2
ln z

)
pqq(z)−

(
3

2
+

7

2
z

)
ln z − 1

2
(1 + z) ln2 z

− 5(1− z)
]

+ CFCA

[(
1

2
ln2 z +

11

6
ln z

)
pqq(z)− (1 + z)

(
67

18
− π2

6

)
+ (1 + z) ln z +

20

3
(1− z)

]
+ CFTRnf

[
−2

3
ln zpqq(z) +

10

9
(1 + z)− 4

3
(1− z)

]
+

1

2
CFTR

((
10z +

16

3
z2 + 2

)
ln z − 112

9
z2 +

40

9z
− 2(1 + z) ln2 z − 4 + 12z

)
(A.7)
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R
(1)
qjqj

= CF

(
CF −

CA
2

)
[2pqq(−z)S2(z) + 2(1 + z) ln z + 4(1− z)]

+
1

2
CFTR

((
10z +

16

3
z2 + 2

)
ln z − 112

9
z2 +

40

9z
− 2(1 + z) ln2 z − 4 + 12z

)
. (A.8)

In the above expressions

pqq(z) =
2

1− z − 1− z , (A.9)

pqg(z) = z2 + (1− z)2 , (A.10)
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, (A.11)
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6
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A.2 | Computation of the LO ME for quark → quark + gluon∗

In this section the amplitude for the process of quark splitting into quark and gluon at leading order,
represented by the diagram shown in fig. A.1, is calculated from the Feynman rules. The conventions for
the Feynman rules follow [16].

The 4-momentum convention is pµ = (p0,−→p ) = (p0, p1, p2, p3) = (p0, p⊥, p
3), pµ = (p0,−−→p ) and the

metric tensor is

gµν = gµν =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 . (A.14)
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The full list of Feynman rules is given in [16], here only the relations and conventions used in the
computations in this section are listed.

ua(p1, s1) - spinor of the incoming quark
ua(p1, s1) - spinor of the outgoing quark

εµ(p1, λ)∗ - polarization vector of the outgoing gluon

−igTAbaγµ - vertex for quark-quark-gluon
In the notation above a, b are colours of the quarks, A is a colour of the gluon, p1 is the 4-momentum,
s1 is the spin, λ is the polarization index, TAba is the Gell-Mann matrix and γµ is the gamma matrix.
Gell-Mann matrices are hermitian. The following relations and conventions are used

u = u†γ0 , (A.15)

γµγνγµ = −2γν , (A.16)

Tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ) , (A.17)∑
s

u(p, s)u(p, s) = /p+m , (A.18)∑
λ

εµ⊥(p, λ)εν⊥(p, λ)∗ = −gµν + εµ+ε
∗
ν− + εµ−ε

∗
ν+ . (A.19)

Figure A.1: The diagram of the q → q + g splitting.

In the computation we assume that incoming quark (with 4-momentum p1) and emitted quark (with
4-momentum p2) are on shell and the gluon (with 4-momentum p3) is slightly off-shell. It means that
p2

1 = 0 and p2
2 = 0.

We start from writing the expression for the ME and the conjugate of the ME from the diagram in
fig. A.1 using the Feynamn rules

ME = −igub(p2, s2)TAbaγ
µua(p1, s1)εµ(p3, λ)∗ ,

|ME|† = igεν(p3, λ)ua(p1, s1)γν(TAab)ub(p2, s2) . (A.20)

The square of the ME, summed over the spins, colors and polarizations of final particles and averaged
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over the spin and color of the initial quark is

|ME|2 =
CF
2

Tr

g2
∑
s1,s2,λ

ε∗µ(p3, λ)εν(p3, λ)ub(p2, s2)ub(p2, s2)γµua(p1, s1)ua(p1, s1)γν

 . (A.21)

The trace invariance under cyclic permutations was used to move ub(p2, s2) to the current position, the
factor 1

2 comes from averaging over the initial quark spin and the colour factor is 1
3

∑
A,a,b T

A
baT

A
ab =

CF = 4
3 with CF = TF

N2−1
N , TF = 1

2 and N being the number of SU(N) generators equal to 3 in SU(3).
Now, the spin sum rules eq. (A.18) and eq. (A.19), with the masses of the quarks set to zero, are used
to obtain

|ME|2 =
CF
2
g2Tr

[
(−gµν + εµ+εν− + εµ−εν+) /p2γ

µ
/p1γ

ν
]

(A.22)

and from that

|ME|2 = 4CF g
2 [p1 · p2 + (p2 · ε+)(p1 · ε−)− p1 · p2ε+ε− + (p2 · ε−)(p1 · ε+)] . (A.23)

The choice of the 4-momenta is such that p2
1 = p2

2 = 0 (neglecting the pieces O(p4
⊥)) and the gluon

is slightly off-shell

p1 = (p, 0, 0, p) ,

p2 = ((1− z)p,−p⊥, (1− z)p−
p2
⊥

2(1− z)p ) ,
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p2
⊥

2(1− z)p ) . (A.24)

The polarization vectors are defined in the following way: ε+ = (ε0 + ε3) /
√

2 and ε− = (ε0 − ε3) /
√

2

where ε0 = (1, 0, 0, 0), ε1, ε2 are the polarization vectors perpendicular to the direction of gluon’s 3-
momentum vector, ε3 is a vector pointing in the direction of the gluon’s 3-momentum. So
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A = zp
√

1 +
p2⊥

(1−z)z2p2 is a normalization, such that ε+ · ε− = 1 so 1/A = 1
zp

(
1− p2⊥

2(1−z)z2p2

)
. Moreover

ε1 · ε2 = 0 and εi · εj = gij .

From that one obtains

|ME|2 = 8παsCF
p2
⊥
z2

(
1 + (1− z)2

1− z

)
(A.26)

where the definition of a strong coupling αs = g2/(4π) was used.

A.3 | Introduction to probability theory and Monte Carlo tech-

niques

This chapter summarizes the elements of the probability theory which are needed for this thesis.
Further details can be found in statistics text books, especially [241–243] on which this chapter is based
on.
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A.3.1 | Short summary of probability theory

The basic concept of probability theory is an event. The meaning of an event is intuitively clear from
everyday life. Events are facts or processes which are characterized by a specific property. It can be, for
example, the fact that someone won in a lottery or that someone is ill. An event can be a throwing of
“3” with a dice or throwing a number “less than 3”.

An event is often defined as an outcome of an experiment. The experiment has a set of possible
outcomes, to every outcome a probability can be assigned. The outcome of the experiment is random if
any of the outcome from the outcomes’ set can appear and we can only say what is the probability of
the given outcome to appear.

Probability was a subject of study since at least 17th century and over the years a few different
definitions of probability were formulated. The one obtained by Kolmogorov [244] is commonly used and
it defines probability in terms of set theory.

Fig. A.2 shows so called Venn diagram which represents logical relations between events. In the
diagram we can see set A containing some events characterized by a given property and set B which is
characterized by another property. Events not belonging to set A are called complement of A and belong

Figure A.2: Venn diagram.

to set A. They exclude each other. An event can belong to A or to A, not both at the same time but it
must belong to one of those. If an event can belong to set A or B it is denoted as A ∪ B and it means
that an event belongs to one of those sets or it has features of both what is shown in the diagram in
fig. A.2 by the common area of set A and B. Events belonging to both sets at the same time are denoted
as A ∩ B. If there is an empty set containing no events it is denoted as ∅ so A ∩ A = ∅, if there is a
set containing all possible events it is denoted by Ω, it is certain to have an event belonging to this set,
so A ∪ A = Ω. As mentioned already, to every event a probability is assigned. The axioms defining the
probability in terms of set theory are listed here

1. the probability of a certain event is P (Ω) = 1,

2. the probability is a real positive number P (A) ≥ 0,

3. P (A ∪B) = P (A) + P (B) if the events are mutually exclusive (so when A ∩B = ∅).

Further, the following relations hold

P (∅) = 0 (A.27)

P (A) = 1− P (A)

P (A ∪B) = P (A) + P (B)− P (A ∩B).

One can ask what is the conditional probability, the probability of A knowing B. The conditional
probability is defined in the following way:

P (A|B) =
P (A ∩B)

P (B)
(A.28)
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assuming that P (B) 6= 0 and analogously, for probability of B given A, P (B|A). From that one can write
the equality

P (A|B)P (B) = P (B|A)P (A) (A.29)

which can be reformulated into Bayes’ theorem

P (A|B) =
P (B|A)P (A)

P (B)
. (A.30)

From the last few relations one can see that if events are independent (so P (A|B) = P (A) for every
B) one obtains

P (A ∩B) = P (A)P (B) (A.31)

and at the same time P (B|A) = P (B).

A.3.2 | Events, random variables and probability distributions

If we perform an experiment once, and we measure a given quantity, the number, which characterizes
it, is a random number.

Some of the experiments, like throwing a dice, have discrete outcomes, other can take values from
continuous set. Let us concentrate for a moment on the continuous case. If we perform the experiment
n times, we obtain a set of x1,...,xn results which can be displayed in a histogram. The range of all the
possible x is displayed on a horizontal axis of the histogram and is divided into m bins of the width ∆i,
where i = 1, 2, ...,m. The bin width does not need to be the same for every bin. On the vertical axis the
number of entries ni in each bin i is displayed. One can calculate the area A under the histogram using

A =

m∑
i=1

∆ini (A.32)

and normalize it to the unity by dividing each ni by the bin width and the total number of entries
∑n
i=1 ni.

In the limit of zero bin width and infinite number of entries the histogram corresponds to probability
density function (p.d.f.) f(x) [242]. The probability of observing a value in the interval [x, x+dx] is equal
to f(x)dx and the probability to find x in the interval [x1, x2] is given by

P (x1 ≤ x ≤ x2) =

∫ x2

x1

dxf(x) . (A.33)

The p.d.f. is normalised in the following way∫ ∞
−∞

dxf(x) = 1 (A.34)

what means that the probability of obtaining any value of x from the range of all the possible outcomes
is equal to 1. It must satisfy

f(−∞) = f(∞) = 0 . (A.35)

In the case of discrete outcomes, instead of p.d.f., one speaks about the probability distribution. This
distribution assigns probabilities p(xi) to every possible outcome xi from the set of all available outcomes
i = 1, 2, ..., N , where N can be infinite. The normalization condition in the discrete case is analogous to
the condition for continuous outcomes

N∑
i=1

p(xi) = 1 . (A.36)

110



A.3. Introduction to probability theory and Monte Carlo techniques

Knowing a p.d.f., one can calculate the probability to obtain x smaller or equal than t ∈ [−∞,∞]

P (x ≤ t) = F (t) =

∫ t

−∞
dxf(x) . (A.37)

F (t) is called a cumulative or integral distribution or just distribution function. If eq. (A.37) is taken as
a definition of the cumulative distribution, it can be used to define the p.d.f.

f(x) =
dF (x)

dx
. (A.38)

For discrete distributions the probability to observe values x less or equal to t is given by cumulative
distribution defined as

F (t) =
∑
xi≤t

p(xi) . (A.39)

One of the very widely used quantities is the average value defined as

x =
1

N

N∑
i=1

xi . (A.40)

Now, let us assume we have a quantity u(x) which depends on a random variable x, we know the
probability density f(x) and we want to calculate the expected value of the quantity u. The expected or
expectation value E(u(x)) is defined in the following way

E(u(x)) =

∫ ∞
−∞

dxf(x)u(x) (A.41)

for a continuous distribution and

E(u(x)) =

∞∑
i=1

p(xi)u(xi) (A.42)

for a discrete case.

The expected value of a certain variable x is called mean value and is defined

E(x) =

∫ ∞
−∞

dxf(x)x = 〈x〉 = µ (A.43)

for a continuous distribution and

E(x) =

∞∑
i=1

p(xi)xi = 〈x〉 = µ (A.44)

for a discrete case.

It is important to notice that in general

〈u(x)〉 6= u(〈x〉) . (A.45)

The spread of the distribution is measured by the variance defined in the following way

var(x) = σ2 = E((x− µ)2) (A.46)

which is the mean quadratic deviation of the random variable from its mean value. The quantity σ is
called standard deviation.
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From eq. (A.41) we can calculate the expected value of a quantity u(x) knowing the distribution f(x).
Sometimes one wants not only to calculate the expected value but also the distribution of u: g(u). This
can be done using variable transformation.

If u(x) is a growing function (it can be uniquely inverted) then using the relation that the probability
of finding x in the interval x1 ≤ x ≤ x2 is equal to the probability to find u in the range u(x1) ≤ u ≤ u(x2)

we obtain
P (x1 ≤ x ≤ x2) = P (u(x1) ≤ u ≤ u(x2)) =

∫ x2

x1

dx′f(x′) =

∫ u2

u1

du′g(u′) (A.47)

which can be rewritten in the following way

g(u) = f(x)
∣∣∣dx
du

∣∣∣ , (A.48)

where the absolute value was taken to obtain positive g(u).
In case of functions which are not monotonic (e.g. u(x) = x2) one has to sum contributions from

different branches.
Another frequently encountered problem is, how to obtain random numbers distributed according to

a given distribution g(u) when random numbers x are distributed according to another distribution f(x).
Very often one has uniformly distributed numbers and from that one wants to obtain random numbers
distributed according to another distribution. To solve the problem, a transformation u(x) connecting
distributions f(x) and g(u) has to be found. Using the relation that the probability to find x′ ≤ x is
equal to the probability to find u′ ≤ u(x)∫ x

−∞
dx′f(x′) =

∫ u(x)

−∞
du′g(u′) , (A.49)

which reads
F (x) = G(u(x)) , (A.50)

one obtains a formula to calculate u distributed according to g(u)

u(x) = G−1(F (x)) (A.51)

where G−1 is the inverse of G. Of course, to solve the problem analytically, G−1 must exist and be
analytically calculable and f and g must be integrable analytically. Very often it is not the case, but the
problem can be solved using a Monte Carlo method, which is described in Sec. (A.3.5).

At the end of this section let us discuss the generalization of the issues mentioned above to the case
of probability density of two variables. If a measurement is characterized by two quantities, the result of
it are two random numbers x, y. After performing the measurements n times, one obtains a set of n pairs
of outcomes (x1, y1), ..., (xn, yn) which can be then shown on a two dimensional histogram. Similarly, as
in the case of one variable, in the limit of infinitely many measurements and infinitely small bin width,
the (normalized) histogram corresponds to the joint p.d.f. f(x, y) . The joint probability to obtain x in
the range [x, x+ dx] and y in the range [y, y + dy] is given by f(x, y)dxdy and the probability to find x
in the range x1 ≤ x ≤ x2 and y in the range y1 ≤ y ≤ y2 is given by

P ((x1 ≤ x ≤ x2) ∩ (y1 ≤ y ≤ y2)) =

∫ x2

x1

dx
∫ y2

y1

dyf(x, y) . (A.52)

The normalization condition is ∫ ∞
−∞

dx
∫ ∞
−∞

dyf(x, y) = 1 (A.53)

which means that the probability to find x and y having any of the possible values is equal to 1. Sometimes
one knows f(x, y) and one would like to know the probability density of x, regardless of the value of
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y. This is done by projecting the normalized two-dimensional histogram onto an x axis. In the limit of
infinitely many entries and infinitely small bin width it corresponds to the marginal p.d.f.

fx(x) =

∫ ∞
−∞

dyf(x, y) . (A.54)

Analogously, fy(y) is defined as an integral over x, a projection onto y axis.
Also a cumulative distribution can be defined in the two-dimensional case as a probability to find x′

smaller or equal then x and y′ smaller or equal than y

P ((x′ ≤ x) ∩ (y′ ≤ y)) = F (x, y) =

∫ x

−∞
dx′
∫ y

−∞
dy′f(x′, y′) (A.55)

and it can be used to define the p.d.f.

f(x, y) =
∂2F

∂x∂y
. (A.56)

The conditional probability density which gives the probability density of obtaining x knowing the
value of y, is given by

fx(x|y) =
f(x, y)∫∞

−∞ dxf(x, y)
=
f(x, y)

fy(y)
. (A.57)

An analogous relation can be written for fy(y|x). From that a relation

f(x, y) = fx(x|y)fy(y) = fy(y|x)fx(x) (A.58)

is obtained which is another formulation of Bayes’ theorem.
For the two dimensional p.d.f., one can calculate the expected value of x

E(x) = µx =

∫ ∞
−∞

∫ ∞
−∞

dxdy xf(x, y) , (A.59)

the variance
σ2
x = E((x− µx)2) =

∫ ∞
−∞

∫ ∞
−∞

dxdy(x− µx)2f(x, y) (A.60)

and
σ2
xy = E((x− µx)(y − µy))) =

∫ ∞
−∞

∫ ∞
−∞

dxdy(x− µx)(y − µy)f(x, y) . (A.61)

The factor σ2
xy is the covariance and is used to expressed the correlation between variables through a

correlation coefficient

ρxy =
σ2
xy

σxσy
. (A.62)

If the correlation coefficient is different from zero, the variables x, y are correlated. However, a correlation
factor equal to zero does not mean that the variables x, y are independent.

Variables x and y are independent if the joint probability density factorizes into

f(x, y) = fx(x)fy(y) . (A.63)

It means that the probability density of x does not depend on the value of y and vice versa so the
conditional probability densities are equal to the marginal probability densities fx(x|y) = fx(x) and
fy(y|x) = fy(y).

All the topics discussed in this section can be easily generalised to the case of many variables. Details
can be found in literature.

A.3.3 | Summary of the properties of the most common distributions

In this section some of the most common distributions are listed and their properties are given.
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Uniform distribution A uniform distribution is the simplest distribution, which often serves as a base
for generating random variables following another distribution. The probability density for a continuous
uniform random number x ∈ [xmin, xmax] is given by

f(x) =

 1
xmax−xmin , x ∈ [xmin, xmax] ,

0 otherwise .
(A.64)

It means that obtaining any value of x in the range [xmin, xmax] is equally probable. The mean value
of x is given by

E(x) =
xmin + xmax

2
(A.65)

and the variance is

σ2 =
(xmax − xmin)2

12
. (A.66)

An important feature of uniform distribution is that from a random number u following any distri-
bution g(u) a random number x following uniform distribution f(x) = 1 (where for simplicity xmin =

0, xmax = 1) can be easily obtained. It can be shown using the relation eq. (A.49) that in this case

x = G(u) . (A.67)

The problem can be also reversed. Having a uniformly distributed random number x in the range
(0, 1), one can easily obtain a random number u following another distribution g(u) using again eq. (A.49)

u(x) = G−1(x) (A.68)

if only G−1 can be found.

1/x distribution A 1/x distribution is defined in the following way

f(x) =
1

ln xmax
xmin

1

x
, x ∈ [xmin, xmax] . (A.69)

If one has a random number u generated according to uniform distribution g(u) = 1, u ∈ (0, 1), one can
obtain random variables following a 1/x distribution using eq. (A.49)

1

ln xmax
xmin

∫ x

xmin

dx′
1

x′
= u (A.70)

and from that

x = xmin

(
xmax
xmin

)u
. (A.71)

Linear distribution A linear distribution is defined in the following way

f(x) = 2x, x ∈ [0, 1] . (A.72)

If one has a random number u generated according to uniform distribution g(u) = 1, one can obtain
random variables following linear distribiution using eq. (A.49)∫ x

0

dx′2x′ = x2 = u (A.73)

and from that

x =
√
u . (A.74)
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Exponential distribution An exponential distribution is defined as

f(x) = γ exp(−γx), x ∈ [0,∞] . (A.75)

Using eq. (A.49) one obtains a recipe to obtain numbers x following exponential distribution f(x) using
random numbers u following uniform distribution g(u) = 1

x(u) = − 1

γ
ln(1− u) . (A.76)

Power-law distribution A power-law distribution is defined by

f(x) = (n+ 1)xn, x ∈ [0, 1], n > −1 . (A.77)

Using eq. (A.49) one obtain numbers x following power-law distribution f(x) using random numbers u
following uniform distribution g(u) = 1 from the formula

x(u) = u
1

n+1 . (A.78)

Normal distribution A normal (Gauss) distribution of a variable x ∈ [−∞,∞] is defined in the
following way

N(x;µ, σ2) =
1√

2πσ2
exp

(
− (x− µ)2

2σ2

)
(A.79)

where µ and σ2 are at the same time the parameters of the distribution and its mean value and variance
respectively.

An important feature (called stability) of the normal distribution is the fact that the sum of normally
distributed random numbers is again distributed according to normal distribution with µ =

∑
i µi and

σ2 =
∑
i σ

2
i .

Binomial distribution Let us imagine an experiment which has only two possible outcomes: success
or failure. A binomial distribution describes the probability to have n successes in N trials

p(n,N, p) =
N !

n!(N − n)!
pn(1− p)N−n (A.80)

where p is the probability of success in a single trial. The generalization of the binomial distribution for
the case where more than two outcomes is possible, is called multinomial distribution.

Poisson distribution In the limit of very large number of trials N and very small probability of a
success p, the expected value of the number of successes Np is a fixed value λ. In this limit, the binomial
distribution eq. (A.80) leads to a Poisson distribution defined as

f(n, λ) =
λn

n!
e−λ (A.81)

where λ is the parameter of this distribution and at the same time its mean value and variance

E(n) = λ, σ2 = λ . (A.82)
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A.3.4 | Law of large numbers and the central limit theorem

There are two very important laws in probability theory, all data analysis and Monte Carlo methods
are based on.

Let us generate n randomly distributed numbers xi following uniform distribution in an interval from
a to b. Let us then calculate for each of the generated xi the value of quantity u which depends on xi:
u(xi). The average of u(xi) converge to the expectation value of u when n→∞

1

n

n∑
i=1

u(xi)→
1

b− a

∫ b

a

u(x)dx . (A.83)

This is the content of the law of large numbers [243], proven by Jakob Bernoulli in 1713. The quantity
on the left hand side is called consistent estimator of the integral on the right hand side.

Another essential law of statistics is the central limit theorem which is closely related to the normal
distribution. It tells us how the estimator of the integral from eq. (A.83) is distributed for large but finite
n. Let us generate n times radnom variables xi which follow the same distribution, the exact form of
which does not matter. The distributions of these variables have expectation values ei and variances vi.
The central limit theorem tells us that the sum of these variables S =

∑
i xi follows a Gauss distribution

with the expectation value E =
∑
i ei and the variance V =

∑
i vi [243].

A.3.5 | Basics of the Monte Carlo techniques

The Monte Carlo method is the computational algorithm which makes use of a sequence of random
numbers to calculate the probabilities, generate variables according to a given distribution, to find the
expected values or values of the integrals. Based on the law of large numbers and the central limit the-
orem it can be used to solve any problem which has a probabilistic nature or which is too difficult and
too complex to be solved analytically, especially multidimensional problems. Nowadays, the Monte Carlo
method is widely used not only in physics but also in engineering, medical imaging or economy.

The basic idea is the following: one generates a set of random numbers ri, for example according to a
uniform distribution g(r), and uses them to generate random numbers xi following another distribution
f(x) which can be treated as the simulated outcomes of an experiment. Having generated xi one can
estimate for example the expected value of f(x) or calculate the probability that x will have a value in
a given range. One can also calculate the integral of f(x) over x. In this section a short summary of the
basic methods used in Monte Carlo algorithms are discussed, more details can be found in the literature
(e.g. [241–243]).

A commonly encountered problem is how to generate a variable x following a distribution f(x) which
can be written as a sum of two (or more) terms

f(x) = f1(x) + f2(x) (A.84)

where f1(x), f2(x) ≥ 0 ∀x. Let us assume

P1 =

∫ ∞
−∞

f1(x)dx ,

P2 =

∫ ∞
−∞

f2(x)dx ,
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P1 + P2 = 1 . (A.85)

The probability to obtain x smaller than r generated according to f1(x) and f2(x) is given respectively
by

F1(r) =

∫ r

−∞
dxf ′1(x) ,

F2(r) =

∫ r

−∞
dxf ′2(x) (A.86)

where f ′i(x) = fi(x)
Pi

. One can imagine a line segment (see fig. A.3) of the length P = P1 +P2 divided into
two pieces with length P1 and P2. One can now generate random numbers r1, r2 ∈ [0, 1] from a uniform
distribution and check if r1 is bigger or smaller than P1. Then one can generate x according to

x = F−1
1 (r2) for r1 < P1 (A.87)

or
x = F−1

2 (r2) for r1 > P1 . (A.88)

Figure A.3: Line segment of the lenght P1 + P2 = 1 and a random number r ∈ [0, 1] compared with the
lenght of a segment. Here r > P1 so the random number x should be generated according to f2 (see
eq. (A.84)-(A.88)).

In most of the cases the analytical inverse of the distribution function does not exist and the desired
distribution cannot be generated directly. To solve this, so called rejection sampling illustrated in fig. A.4
is applied.

Let us imagine a function f(x) in a given range [xmin, xmax] (in fig. A.4 x ∈ [0, 10]) according to
which one wants to generate a random number. This function has values between 0 and fmax (zero chosen
for simplicity). One can draw this function and a step function g(x) = fmaxΘ(x − xmin)Θ(xmax − x)

in the same range of x. Now one can generate pairs of uniformly distributed random numbers (r1, r2),
r1 ∈ [xmin, xmax] and r2 ∈ [0, fmax]. This pairs of random numbers are compared with f(x). If they
lie below the curve f(x) they are kept, otherwise they are rejected. The density of values r1, which are
left, follow the distribution f(x). This method is easy but it can be very ineffective - one generates a
lot of pairs of random numbers which are rejected. The efficiency, the ratio of the number of accepted
points and all generated points, is given by the ratio of the areas below the curves f(x) and g(x) for
x ∈ [xmin, xmax]. Moreover, for functions which extend to infinity it is not possible to use this method
at all.
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2 4 6 8 10
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f(x)

g(x)

Figure A.4: Illustration of the simple rejection method to generate variables following f(x). All the orange
and blue points are generated uniformly in an area x ∈ [0, 10] and y ∈ [0, fmax]. Points lying above the
curve f(x) (in orange) are rejected, points lying below the curve f(x) (in blue) are kept and the density
of the kept x follows f(x).

An improved version of the rejection sampling is importance sampling. One needs to find a function
g(x), which approximates f(x) well and fulfils the following requirements: g(x) ≥ f(x) for all x and is
invertible. One generates x according to the properly normalized g′(x) = g(x)∫∞

−∞ dxg(x)
using a uniformly

distributed random number r1 ∈ [0, 1]

r1 =

∫ x(r1)

−∞
dxg′(x) = G(x(r1))

x(r1) = G−1(r1) (A.89)

and another random number r2 ∈ [0, 1] according to uniform distribution. If r2g(x) > f(x) this x is
rejected, otherwise it is kept and its density follows f(x). When g(x) is not very different from f(x) this
method of generation can be very efficient. It can be also used for distributions which extend to infinity.

Another approach to the problem of generating variables according to some distribution is to consider
weighted events.
To obtain a distribution f(x) in a range x ∈ [a, b] one needs to generate n uniformly distributed random
numbers ri, i = 0, ..., n, in a range [a, b], calculate the quantity one is interested in, using ri instead of
xi, and multiply every event calculated with ri with weight w = f(ri).

One can also combine the importance sampling method with the weighted events method. In the
importance sampling method given above, instead of generating the second random number r2 and
comparing r2g(x) with f(x) one can compute the quantity of interests with xi, where xi was generated
according to g(x), and multiply every event with a weight

wi = f(xi)/(g(xi)) . (A.90)

This will give the proper distribution of xi according to f(xi). Here g(x) does not need to be larger than
f(x), it is enough when it is similar.

Up to now this chapter focused on the problem of generating variables according to a given distri-
bution or on generating the distributions itself. However, the Monte Carlo method can be used also to
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solve integrals. These two issues are very similar.

Lets assume one wants to solve an integral∫ x2

x1

dxf(x) (A.91)

using the Monte Carlo methods.

One method to solve this integral uses the law of large numbers: if we generate N random numbers
xi ∈ [xmin, xmax] from a uniform distribution, calculate f(xi) for every xi and average them what we
obtain will be the expected value of f(x) so

E(f(x)) =

∫ xmax

xmin

dxg(x)f(x) ≈ 1

N

N∑
i=1

f(xi) = f (A.92)

where g(x) = 1
xmax−xmin is a uniform distribution of x so∫ xmax

xmin

dxf(x) ≈ xmax − xmin
N

N∑
i=1

f(xi) = I . (A.93)

The uncertainty of this estimate of the integral is given by

(δf)2 =
1

N(N − 1)

N∑
i=1

(f(xi)− f)2 . (A.94)

Another option to estimate the integral eq. (A.91) is to use also the definition of the expected value
but this time together with importance sampling and a normalized function g(x) which approximates
f(x). The integral eq. (A.91) can be rewritten

I =

∫ xmax

xmin

dxf(x) =

∫ xmax

xmin

dx
f(x)

g(x)
g(x) =

∫ xmax

xmin

dxh(x)g(x) = E(h(x)) (A.95)

where h(x) = f(x)/g(x) and x is generated according to g(x). Using the law of large numbers one
can generate N times xi according to g(x), for every xi calculate h(xi), average them and obtain the
approximation of E(h(x))

I ≈ 1

N

N∑
i=1

f(xi)

g(xi)
. (A.96)

The uncertainty of this method can be obtained from a variance σ2
(
f(x)
g(x)

)
.

Now, let us have a look at the example with simple rejection method described above, where in
fig. A.4 the function f(x) and a step function g(x) were shown. The purpose of the method was to
obtain from uniformly distributed pairs of random numbers (from which the points lying below f(x)

were accepted and others were rejected) the random variables x with density f(x). These points can be
also used to estimate the area below the function f(x) so the integral

∫ xmax
xmin

dxf(x). To obtain the value
of this integral one can multiply the area under the function g(x) by the fraction of accepted (Na) and
generated (Ng) points ∫ xmax

xmin

dxf(x) ≈ I =
Na
Ng

∫ xmax

xmin

dxg(x) . (A.97)

The uncertainty is given by
δI

I
=
δNa
Na

=

√
1−Na/Ng

Na
, (A.98)
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the more points are generated the more accurate the estimation is.
The accuracy of the simple rejection method can be improved by using function g(x) which is a

better approximation of f(x) than the step function, as described in the importance sampling method.
The integral can be then estimated by the same equation as eq.(A.97) but g(x) being a function, which
approximates f(x).

One can also notice, that in eq. (A.97) the ratio of accepted and generated events can be rewritten
using the ratio of area below f(x) and g(x):

Na
Ng

=

∫ xmax
xmin

dxf(x)∫ xmax
xmin

dxg(x)
=

(xmax − xmin)/N
∑
i f(xi)

(xmax − xmin)/N
∑
i g(xi)

=

∑
i f(xi)∑
i g(xi)

(A.99)

where xi were generated according to a uniform random number in range [xmin, xmax].

A.4 | Parton branching method from scratch

In this section the parton branching method is described step by step. The generation of every variable
(µ2 and z) using the Monte Carlo techniques (all discussed generally in Sec. (A.3)) with the discussion
of the weights is presented here.

This section is divided into 5 subsections. The first subsection describes the method of the scale
generation used in the evolution program. The next three subsections correspond to the left, middle and
right hand side of fig. A.5 where 0- branching, 1- branching and 2- branching cases are shown respectively.
We discuss these cases at LO. The notation agrees with the notation on a corresponding piece of fig. A.5.
In the last subsection the 1-branching event at NLO is discussed.

Figure A.5: Evolution by iteration.

A.4.1 | Details on the scale generation

In the practical implementation of the PB method into a numerical program, the integrals over the
splitting functions over z and µ, which are the parts of the Sudakov form factors, are calculated once for
different scales and partons, at the beginning, and tabulated in the Sudakov tables. The calculation of
these integrals is very time consuming therefore it is of advantage to perform the calculation only once
and then use the Sudakov tables for all other events.

Let us write an equality

∆b(µ
2
1, µ

2
2) = exp

(
−
∫ µ2

1

µ2
2

dµ2

µ2

∑
a

∫ zM

0

dz zPRab(µ
2, z)

)
=
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= exp

(
−
∫ µ2

x

µ2
2

dµ2

µ2

∑
a

∫ zM

0

dz zPRab(µ
2, z)−

∫ µ2
1

µ2
x

dµ2

µ2

∑
a

∫ zM

0

dz zPRab(µ
2, z)

)
(A.100)

where the notation for µ2
1, µ2

2 agrees with fig. A.5 and µ2
x is any scale. Without loss of generality we can

choose µ2
x = µ2

0. From eq. (A.100) the following relation holds

ln ∆b(µ
2
1, µ

2
2) = −

∫ µ2
0

µ2
2

dµ2

µ2

∑
a

∫ zM

0

dz zPRab(µ
2, z)−

∫ µ2
1

µ2
0

dµ2

µ2

∑
a

∫ zM

0

dz zPRab(µ
2, z) =

=

∫ µ2
2

µ2
0

dµ2

µ2

∑
a

∫ zM

0

dz zPRab(µ
2, z)︸ ︷︷ ︸

s2

−
∫ µ2

1

µ2
0

dµ2

µ2

∑
a

∫ zM

0

dz zPRab(µ
2, z)︸ ︷︷ ︸

s1

. (A.101)

The scale at which the branching happens, should be calculated by solving the equation

R =

∫ lnµ2
1

lnµ2
2

d
(
−∆b(µ

′2, µ2
2)
)
, (A.102)

what gives
∆b(µ

2
1, µ

2
2) = 1−R (A.103)

where the fact that ∆b(µ
2
2, µ

2
2) = 1 was used. 1 − R is also a uniformly distributed random number so

this equation can be just written as
∆b(µ

2
1, µ

2
2) = R . (A.104)

From eq. (A.104) we obtain
lnR = ln

(
∆b(µ

2
1, µ

2
2)
)

= s2 − s1 . (A.105)

In the evolution program, the scale µ2
2 is known from the previous branching. The term s2, corres-

ponding to µ2
2, is calculated from the Sudakov table using interpolation methods. We generate R and

calculate s1. Using interpolation methods we obtain from the Sudakov tables the value of µ2
1 which cor-

responds to s1. The scale µ2
1 is generated exactly according to eq. (A.102) so there is no weight associated

with this step.

The number of grid points in the Sudakov table has a huge effect on the accuracy of the method. The
bigger the size is, the better agreement between the PB method and QCDNUM [62] is found. In fig. A.6
the results for the collinear PDFs for down quark at 10 and 1000 GeV2 and gluon at 100 and 10000 GeV2

for 3 different sizes of the Sudakov table are shown for 1010 events. For the size 65536 of the Sudakov
table for a comparison we show also the result obtained with 2× 1010 events. With all these sizes of the
Sudakov table the obtained results agree well with QCDNUM, however one can see the improvement
when the Sudakov table is larger. On the other hand, increasing the size of the grid increases also the
CPU time.

A.4.2 | 0-branching event

At the beginning, let us have a look at an example of an event with no branching. The evolution
starts from a parton a at a scale µ2

0 and x.

1. x has to be generated according to some starting distribution

f̃a(x, µ2
0) (A.106)

where the functional form of a starting distribution is a needed input to this method. Any para-
metrization can be used.
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Figure A.6: The comparison of different sizes of Sudakov table.

2. Next, the scale µ2
1 at which the branching should happen has to be generated using a uniformly

distributed random number R1 ∈ [0, 1]

R1 =

∫ lnµ2
1

lnµ2
0

d
(
−∆b(µ

′2, µ2
0)
)
. (A.107)

Notice, the integral ∫ ∞
lnµ2

0

d
(
−∆b(µ

′2, µ2
0)
)

= 1 (A.108)

is properly normalized.
The solution of eq. (A.107) is discussed in Appendix (A.4.1). Let us assume that the generated
scale was above µ2. It means there was no branching between scale µ2

0 and µ2 and information
about an event with a parton a at a scale µ2 and x can be put to the histogram for f̃a(x, µ2) vs x.

From events of this type we include following piece of the evolution equation:

f̃a(x, µ2
0)∆a(µ2, µ2

0). (A.109)

A.4.3 | 1-branching event

Now, let us analyse an event, which will be 1-branching event.

122



A.4. Parton branching method from scratch

1. The evolution starts with a parton b and one needs to generate the initial momentum fraction x1

from the starting distribution

f̃b(x1, µ
2
0) . (A.110)

2. Now one needs to generate the scale µ2
1 at which the first branching happens. It is done according

to the integral

R1 =

∫ lnµ2
1

lnµ2
0

d
(
−∆b(µ

′2, µ2
0)
)

(A.111)

using a uniformly distributed random number R1 ∈ [0, 1]. Let’s assume that the generated scale
µ2

1 < µ2.

3. Now the splitting variable z1 has to be generated. The splitting functions are complicated and the
generation is not performed exactly according to the splitting function but according to some easier
function and a special weight wz must be applied.

It was discussed in Sec. (2.2.5) that at LO there are always only two possibilities to consider: a
quark can split only to the same kind of quark or a gluon and a gluon can split only to a gluon or
a quark. The splitting function Pqg is the same for every quark flavour qi so it is enough first to
decide if to continue the evolution as a "gluon" or "quark" using 2nfPqg

R and later, if quark was
chosen, to decide which kind of quark. In other words, the question to answer is if b splits into a
parton b (PRbb) or different a parton a (PRab). At NLO the quark sector becomes more complicated,
because the quark can split into a quark or antiquark of the same or different flavour.

At LO, the splitting functions have a probabilistic interpretation. The probability density accord-
ing to which we want to generate the splitting variable consists of two parts, like discussed in
Appendix (A.3.5), in eq. (A.84).

One can draw a line segment, like in fig. A.3, where

P1 =

∫ zM
0

dzzPRbb(z, µ
2
1)∑

c=a,b

∫ zM
0

dzzPRcb(z, µ
2
1)
,

P2 =

∫ zM
0

dzzPRab(z, µ
2
1)∑

c=a,b

∫ zM
0

dzzPRcb(z, µ
2
1)
,

P = P1 + P2 = 1 (A.112)

and solve the problem with the method from eq. (A.84) - (A.88). A uniformly distributed random
number R2 ∈ [0, 1] is generated and compared with P1. If

R2 < P1 (A.113)

z1 should be generated according to properly normalized zPRbb(z, µ
2
1)

R3 =

∫ z1
0

dzzPRbb(z, µ
2
1)∫ zM

0
dzzPRbb(z, µ

2
1)
, (A.114)

where R3 ∈ [0, 1] is a uniformly distributed random number. Otherwise, if

R2 > P1 (A.115)
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then z1 should be generated according to properly normalized zPRab(z, µ
2
1)

R3 =

∫ z1
0

dzzPRab(z, µ
2
1)∫ zM

0
dzzPRab(z, µ

2
1)
. (A.116)

There is one more difficulty included at this stage. The splitting functions in eq. (A.114) and
eq. (A.116) are complicated and it is not possible to find analytically the inverse of these functions.
Instead, the importance sampling method connected with weighted events method, both described
in Appendix (A.3.5), has to be used.

We choose a normalized function g(z) = 1
1−z

1∫ zM
0 dz 1

1−z
and we solve, instead of eq. (A.114) or

eq. (A.116), equation

R3 =

∫ z1

0

g(z)dz (A.117)

for z1.

A cut off value on the lower limit of the integral is introduced

R3 =

∫ z1

zmin

g(z)dz (A.118)

because of the issue described in Sec. (2.2), after eq. (2.28).

From eq.(A.118) we have

R3 ln

(
1− zmin
1− zM

)
= ln

(
1− zmin
1− z1

)
(A.119)

and from that we calculate z1

z1 = 1− (1− zmin)

(
1− zM

1− zmin

)R3

. (A.120)

Now, the weight to compensate for generating z1 according to eq. (A.118) instead of eq. (A.114)
or eq. (A.116) has to be calculated like in eq. (A.90)

wz =
zPRxb(z1, µ

2
1)∫ zM

0
dzzPRxb(z, µ

2
1)

1

g(z1)
(A.121)

where x = a or x = b.

Having generated z1, x can be calculated applying the momentum conservation condition expressed
by the delta function δ(z1x1 − x)

x = z1x1. (A.122)

4. Now a scale of the next branching can be generated and let us assume it is higher than the max-
imum evolution scale µ2 and the evolution is stopped.

A histogram is filled with x and weight wz for the scale µ2 and parton a (f̃a(x, µ2)).
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A.4. Parton branching method from scratch

The procedure is repeated many times (∼ 106 or more) and one has many 1-branching events gener-
ated. There are different options possible: the evolution starts from parton a which splits into parton a
or b, or the evolution starts from parton b which splits into a parton a or b. Of course x1, µ

2
1, z1, x and wz

can have different values in every event. In such procedure, a histogram for every parton species f̃i(x, µ2)

vs x is built.
The contribution to the histogram f̃a(x, µ2) vs x from the 1-branching events come from the following

term of evolution equation∫ µ2

µ2
0

d lnµ2
1

∆a(µ2, µ2
0)

∆a(µ2
1, µ

2
0)

∫ zM

x

dz1

∫ 1

0

dx1

∑
b

PRab(µ
2
1, z1)xfb(x1, µ

2
0)δ(z1x1 − x)∆a(µ2

1, µ
2
0) . (A.123)

A.4.4 | 2-branching event

Now let us have a look at a 2-branching event.

1. The evolution starts from a parton c and one generates the initial momentum fraction x2 from the
starting distribution distribution

f̃c(x2, µ
2
0) . (A.124)

2. Now one needs to generate the scale µ2
2 at which the branching can happen. It is done according

to the Sudakov form factor using a uniformly distributed R1 ∈ [0, 1]

R1 =

∫ µ2
2

µ2
0

d
(
−∆c(µ

′2, µ2
0)
)
. (A.125)

Let us assume that the generated scale µ2
2 < µ2.

3. Now a decision about the branching has to be taken: if c splits into parton c or different parton b.
The decision is taken according to the ratio

P1 =

∫ zM
0

dzzPRcc(z, µ2
1)∑

d=b,c

∫ zM
0

dzzPRdc(z, µ
2
1)
,

P2 =

∫ zM
0

dzzPRbc(z, µ
2
1)∑

d=b,c

∫ zM
0

dzzPRdc(z, µ
2
1)
,

P = P1 + P2 = 1 . (A.126)

A uniformly distributed random number R2 in an interval (0, 1) is generated and compared with
P1.

Let us assume that R2 > P1 so the parton c splits into a parton b and splitting variable z2 should
be generated according to

R3 =

∫ z2
0

dzzPRbc(z, µ
2
1)∫ zM

0
dzzPRbc(z, µ

2
1)

(A.127)

using the method described in the previous subsection and the weight wz2 coming from the z2

generation has to be calculated.

4. Now the next scale µ1 of the next branching is generated

R4 =

∫ µ2
1

µ2
2

d
(
−∆b(µ

′2, µ2
2)
)

(A.128)

and let us assume that µ2
1 < µ2.
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5. A decision about the next branching has to be taken: if parton b splits into parton a or b according
to

P1 =

∫ zM
0

dzzPRbb(z, µ
2
1)∑

d=a,b

∫ zM
0

dzzPRdb(z, µ
2
1)
,

P2 =

∫ zM
0

dzzPRab(z, µ
2
1)∑

d=a,b

∫ zM
0

dzzPRdb(z, µ
2
1)
,

P = P1 + P2 = 1, (A.129)

using uniformly distributed R5 ∈ [0, 1].

Let us assume that R5 > P1 so parton b splits into parton a. Now z1 can be generated according
to this splitting function

R6 =

∫ z1
0

dzzPRab(z, µ
2
1)∫ zM

0
dzzPRab(z, µ

2
1)

(A.130)

using the method described above and the weight wz1 coming from this generation has to be
computed.

6. If now a new scale µ generated is bigger than the evolution scale, the evolution is stopped after two
branchings. The information about the parton a at scale µ2 and x = z1z2x2 with weights coming
from two z generations wz1wz2 is put to the histogram f̃a(x, µ2) vs x.

There are many possibilities how to obtain at the end of the evolution the parton a in the 2-branching
event: the evolution can start from another parton (not c) or it can start from the same parton c but
then split into another parton than the parton b. By repeating the procedure many times all the possible
options are taken into account with the proper proportions.

The contribution to the histogram f̃a(x, µ2) vs x coming from the 2-branching events comes from the
following term of the evolution equation

∑
b

∫ µ2

µ2
0

dµ2
1

µ2
1

∆a(µ2)

∆a(µ2
1)

∫
dx1

∫ zM

x

dz1P
R
ab(µ

2
1, z1)x(∑

c

∫ µ2
1

µ2
0

dµ2
2

µ2
2

∆b(µ
2
1)

∆b(µ2
2)

∫
dx2

∫ zM

x1

dz2P
R
bc(µ

2
2, z2) x1fc

(
x2, µ

2
2

)
δ (z2x2 − x1)

)
δ(z1x1 − x) . (A.131)

Now we are ready to combine all the pieces from Appendix (A.4.2)-(A.4.4) together and to answer
the question what is the probability of finding a parton a at a scale µ2 at a given x. In the histogram
f̃a(x, µ2) vs x for a parton a at scale µ2 there are events coming from 0-branching events, 1-branching
events, 2-branching events etc. They all sum up to give the solution of the evolution eq. (6.3)

f̃a(x, µ2) = f̃a(x, µ2
0)∆a(µ2, µ2

0)

+

∫ µ2

µ2
0

d lnµ2
1

∆a(µ2, µ2
0)

∆a(µ2
1, µ

2
0)

∫ zM

x

dz1

∫ 1

0

dx1

∑
b

PRab(µ
2
1, z1)xfa(x1, µ

2
0)δ(z1x1 − x)∆a(µ2

1, µ
2
0)

+
∑
b

∫ µ2

µ2
0

dµ2
1

µ2
1

∆a(µ2)

∆a(µ2
1)

∫
dx1

∫ zM

x

dz1P
R
ab(µ

2
1, z1)x

×
(∑

c

∫ µ2
1

µ2
0

dµ2
2

µ2
2

∆b(µ
2
1)

∆b(µ2
2)

∫
dx2

∫ zM

x1

dz2P
R
bc(µ

2
2, z2) x1fc

(
x2, µ

2
2

)
δ (z2x2 − x1)

)
δ(z1x1 − x)

+ ... . (A.132)
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A.4.5 | 1- branching event for quark at NLO

In Appendix. A.4.3 the parton branching method for the 1-branching event at LO was discussed
in detail. Here the structure of the solution at NLO is described. The integrals of the NLO splitting
functions over z are positive so despite the fact that the splitting functions can be negative and they
do not have a proper probabilistic interpretation, we use the same method to generate the variables, as
at LO. The main difference between LO and NLO enters at the moment of z1 generation (of course in
the µ2

1 generation also the NLO splitting functions are used, but the structure of the solution stays the
same).

At NLO, the structure of a decision for gluon splitting stays the same as at LO, but the quark sector
becomes more complicated. Quark can split into a quark of the same flavour PRqjqj , antiquark of the same
flavour PRqjqj , quark or antiquark of different flavour PRqjqi (2(nf − 1) options) or into a gluon PRgq.

The decision about the branching can be taken according to the method from Appendix (A.3.5),
eq. (A.84)-(A.88). First the line segment representing all the options is divided into 4 pieces corresponding
to quark going to any quark or antiquark and quark going to gluon

P1 =

∫ zM
0

dzzPRqjqj (µ
2
1, z)∫ zM

0
dz zPtot(z, µ2

1)
,

P2 =

∫ zM
0

dzzPRqjqj (µ
2
1, z)∫ zM

0
dz zPtot(z, µ2

1)
,

P3 =

∫ zM
0

dzz2(nf − 1)PRqiqj (µ
2
1, z)∫ zM

0
dz zPtot(z, µ2

1)
,

P4 =

∫ zM
0

dzPRgqj (µ
2
1, z)∫ zM

0
dz zPtot(z, µ2

1)
,

P = P1 + P2 + P3 + P4 = 1 (A.133)

where zPtot(z, µ2
1) = z

[
PRqjqj (µ

2
1, z) + PRqjqj (µ

2
1, z) + 2(nf − 1)PRqiqj (µ

2
1, z) + PRgqj (µ

2
1, z)

]
.

The decision is made in more steps, using more uniformly distributed random numbers in the interval
(0, 1).

• If R2 < P1 then z1 has to be generated according to R3 =

∫ z1
0 dzzPRqjqj (z,µ2

1)∫ zM
0 dzzPRqjqj (z,µ2

1)
. Otherwise,

• if R2 < P1 + P2 then z1 has to be generated according to R3 =

∫ z1
0 dzzPRqjqj (z,µ2

1)∫ zM
0 dzzPRqjqj (z,µ2

1)
. Otherwise,

• if R2 < P1 + P2 + P3 then z1 has to be generated according to R3 =

∫ z1
0 dzzPRqiqj (z,µ2

1)∫ zM
0 dzzPRqiqj (z,µ2

1)
. In the next

step the decision if the evolution continues as a quark or antiquark and about the flavour has to
taken.

• if R2 > P1 + P2 + P3 then z1 has to be generated according to R3 =

∫ z1
0 dzzPRgqj (z,µ2

1)∫ zM
0 dzzPRgqj (z,µ2

1)
.

The NLO splitting functions are even more complicated than at LO so the inverse of them can not
be found analytically and, similarly as at LO , z1 variable is generated according to an easier function
g(z) and later the weight is applied to correct for that (as described in eq. (A.118) - (A.121)).

Plots showing the integrals of the NLO splitting functions over z used in the above ratios (and also
for gluon) are showed in Sec. (6.6).
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