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Abstract

In this work, nuclear spins, magnetic moments, quadrupole moments and mean-
square charge radii were measured to explore the changing nuclear structure
in the islands of inversion around N = 20 and N = 40. These ground state
properties are excellent probes to study the observed structural changes as
they are sensitive to the interplay between single-particle and collective effects
governing the dynamics in these regions.

Located above the deformed Mg isotopes, the neutron-rich Al (Z = 13) isotopes
constitute the northern border of the island of inversion around N = 20. Their
structure is investigated in two β-NMR/NQR experiments at the LISE-GANIL
facility.
The quadrupole moment of 33Al is measured with a 5 times higher precision
than the previous value. It is only due to this high precision, that it could
be unambiguously concluded that there is a significant amount of intruder
configurations in the ground state wave function, placing 33Al inside rather
than outside of the island of inversion.
Furthermore, the g-factor and quadrupole moment of the recently discovered
1+ isomer in 34Al is discussed. While so far, 2p-2h (and 4p-4h) excitations are
found to dominate the ground and long-lived states in the island of inversion,
this low-lying 1+ isomer is proposed to have a 1p-1h configuration. Its g-factor
and quadrupole moment, in comparison with the 1+ normal ground state of
32Al, enable the verification of this proposed intruder nature and offer the
unique opportunity to study the increase in deformation due to these particular
1p-1h excitations.

The region below 68
28Ni40 is characterised by a rapid onset of collectivity. The

neutron-rich Mn (Z = 25) isotopes lie in the middle of this region of collectivity,
sometimes also called an island of inversion in view of the parallels with the
situation around N = 20. Two collinear laser spectroscopy experiments have
been performed at ISOLDE-CERN to study the ground state properties along
the Mn isotopic chain.
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iv ABSTRACT

In a first experiment, using the 3d54s2 6S5/2 → 3d54s4p 6P3/2 atomic transition,
the spins and magnetic moments between N = 26 and N = 39 were extracted.
Previously, all spins beyondN = 34 were only tentatively assigned. By our direct
measurement we firmly establish a I = 5/2 ground state spin for 59,61,63Mn
and a I = 1 low-spin state and I = 4 high-spin state in the 58,60,62,64Mn. Via a
comparison of the magnetic moments to large-scale shell model calculations, the
significance of neutron excitations across N = 40 as well as proton excitations
across Z = 28 in the structure of the neutron-rich Mn can be established.
In a second experiment, the successful application of optical pumping in ISCOOL
enabled the measurement of the quadrupole moments of the odd-even 53−63Mn
isotopes using the 3d5 4s 5S2 (metastable)→ 3d5 4p 5P3 ionic transition. The
observed rise in quadrupole moments illustrates the development of quadrupole
collectivity towards N = 40. In particular, it was demonstrated that both the
νg9/2 and νd5/2 orbitals are necessary to reproduce this collectivity. Additionally,
the onset of deformation was confirmed by the mean-square charge radii which
show a strong increase towards N = 40.
More generally, the results of the two collinear laser spectroscopy experiments
in combination with large-scale shell model calculations, enable a systematic
investigation of the evolution of nuclear structure between N = 26 and N = 39
in the Mn isotopic chain.



Beknopte samenvatting

Atoomkernen zijn de bouwstenen van alles rondom ons. Ze bestaan uit een
aantal protonen (Z) en neutronen (N) die worden samengehouden door de
sterke kernkracht. Ongeveer 300 van deze proton-neutron combinaties vormen
stabiele configuraties die voorkomen op aarde, en meer dan 3000 verschillende
kernen werden reeds artificieel geproduceerd. De studie van al deze kernen
bracht een enorme diversiteit in groottes, vormen en excitatietoestanden aan
het licht. Een van de open vragen in de kernfysica is dan "Hoe kunnen we
deze rijke fenomenologie beschrijven aan de hand van maar een beperkt aantal
ingrediënten: de protonen, neutronen en de onderlinge interacties?".

Hoewel er tot op heden geen universeel kernmodel bestaat, is het schillenmodel
bijzonder succesvol in het beschrijven van de kernstructuur van lichte en
middel-zware kernen. Historisch gezien is het een belangrijk model omdat
het de experimenteel geobserveerde "magische getallen", uitzonderlijk stabiele
configuraties met proton- en/of neutrongetal Z,N= 2, 8, 20, 28, 50, 82 en
126, correct kon reproduceren. In analogie met de elektronen in het atomaire
schillenmodel worden de protonen en neutronen verondersteld te bewegen
in orbitalen die gegroepeerd zijn in schillen. De verhoogde stabiliteit van
de magische getallen is dan geassocieerd met grote energiekloven tussen de
verschillende schillen, gelijkaardig aan de inerte edelgassen. Ook nu nog is het
schillenmodel een van de belangrijkste werktuigen om experimentele observaties
te verklaren dicht bij, maar ook ver weg van de stabiliteitsvallei.
Het zijn deze kernen ver weg van stabiliteit, de zogeheten exotische kernen,
die momenteel van groot belang zijn in het hedendaags kernfysisch onderzoek.
In deze exotische kernen zijn allerlei fenomenen ontdekt die niet stroken met
de klassieke verwachtingen. Door hun extreme verhouding van het aantal
neutronen tot het aantal protonen worden immers andere aspecten van de
kernkracht belicht, vergeleken met de stabiele kernen. Hierdoor zijn het de
kernen bij uitstek om de huidige modellen te testen en te verbeteren.

De regio rond Z ≈ 12 en N ≈ 20 is een van de eerste voorbeelden waar zulke
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vi BEKNOPTE SAMENVATTING

onverwachte fenomenen zijn waargenomen. Hoewel rond magische getallen
zoals N = 20 sferische kernen worden verwacht, werden in deze regio indicaties
gevonden voor sterk vervormde kernen. Deze vervorming werd al snel gerelateerd
aan toestanden waarin n neutronen over de N = 20 schillensluiting geëxciteerd
worden, de n deeltje - n gat (np-nh1) toestanden. Zulke np-nh toestanden
worden normaal gezien verhinderd door de hoge energiekost verbonden aan de
excitatie van n deeltjes over de grote N = 20 energiekloof. Anderzijds kunnen
proton-neutroncorrelaties, verantwoordelijk voor vervorming, zich maximaal
ontwikkelen in deze np-nh toestanden, wat in bepaalde gevallen tot een grote
energiewinst leidt. Als deze energiewinst de energiekost compenseert, kunnen
de vervormde np-nh toestanden lager in energie komen dan de sferische 0p-0h
toestanden. De kernen waarvoor er zo’n inversie gebeurt, behoren tot het "eiland
van inversie".
Oorspronkelijk dacht men dat het eiland van inversie welomlijnd was en
gelimiteerd tot de 10Ne, 11Na en 12Mg isotopen met 20 ≤ N ≤ 22. Ondertussen
is er een uitgebreid onderzoeksprogramma opgezet om de eigenschappen van
deze kernen en hun buren in kaart te brengen, met als doel om de achterliggende
mechanismes verantwoordelijk voor de veranderende kernstructuur beter te
begrijpen. Dit heeft onder andere uitgewezen dat de overgang naar het
eiland van inversie gradueel gebeurt, en dat er een variabele hoeveelheid van
opmenging is tussen 0p-0h en np-nh toestanden in de kernen gelegen aan de
randen. De kernstructuur van deze randkernen hangt in sterke mate af van
het delicate evenwicht tussen de grootte van de schillensluiting en de proton-
neutroncorrelaties, zodat ze belangrijke input leveren om de accuraatheid van
de kernmodellen te toetsen.
Ondertussen werden observaties in andere regio’s van de kernkaart ook gelinkt
aan dezelfde mechanismen die aan het werk zijn rond N = 20. Men spreekt
zo van het "eiland van inversie rond N = 40" om de regio onder 68

28Ni40 te
beschrijven, waar eveneens een snelle overgang van sferische naar vervormde
kernen aan het licht gekomen is.
In dit doctoraatsonderzoek wordt de kernstructuur in deze eilanden van inversie
rond N = 20 en N = 40 bestudeerd aan de hand van experimenteel gemeten
kernspins, magnetische momenten, kwadrupoolmomenten en gemiddelde
kwadratische ladingstralen. Deze observabelen spelen een belangrijke rol bij
de interpretatie van de eigenschappen in deze regio’s, omdat ze gevoelig zijn
aan de wisselwerking tussen de een-deeltjes en collectieve aspecten die bepalend
zijn voor de veranderende kernstructuur. Omdat de kernen bestudeerd in deze
thesis zeer exotisch zijn, met half-waardetijden van een fractie van een seconde,
werden de metingen uitgevoerd aan twee radioactieve-ionenbundelfaciliteiten,
ISOLDE-CERN in Genève (Zwitserland) en LISE-GANIL in Caen (Frankrijk).

1n particle - n hole
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Resultaten

De neutronrijke Al (Z = 13) isotopen zijn bestudeerd in twee β-NMR/NQR
experimenten uitgevoerd aan de LISE-GANIL faciliteit. Deze Al-isotopen zijn
gelegen aan de noordgrens van het eiland van inversie rond N = 20, net boven
de vervormde Mg isotopen.
Het kwadrupoolmoment van de 33Al20 grondtoestand is opgemeten met een
vijf keer betere precisie dan de eerder gemeten waarde. Enkel door deze hoge
precisie was het mogelijk om ondubbelzinning te bepalen dat de bijdrage van
de 2p-2h configuraties in de golffunctie van de grondtoestand groter is dan
50%. Tot voor onze meting was hier geen sluitend antwoord op. Hoewel state-
of-the-art schillenmodelberekeningen over het algemeen de eigenschappen van
kernen in en rond het eiland van inversie goed kunnen beschrijven, bleek een
correcte reproductie van het experimentele kwadrupoolmoment van 33Al een
uitdaging. Dit toont het belang aan van overgangsisotopen zoals 33Al, met een
sterke opmenging tussen 0p-0h en 2p-2h configuraties, als kritische test voor de
beschikbare modellen.
Verder wordt ook de recent ontdekte 1+ toestand in 34Al21 besproken. Tot
hiertoe konden de golffuncties van de grond- en isomere toestanden in het eiland
van inversie beschreven worden aan de hand van 0p-0h, 2p-2h en in mindere
mate ook 4p-4h configuraties. Voor de 1+ toestand zijn er echter indicaties dat
het om een 1p-1h configuratie gaat. De g-factor en het kwadrupoolmoment,
in vergelijking met de waardes van de 1+ toestand in 32Al, laten dan toe om
het unieke 1p-1h karakter te verifiëren maar ook om de potentiële vervorming
door zulke 1p-1h configuraties te onderzoeken. Omdat dit experiment pas eind
mei 2016 plaatsvond is de analyse nog lopende en kunnen er nog geen besluiten
worden getrokken.

De neutronrijke Mn (Z = 25) isotopen liggen in het midden van het eiland
van inversie rond N = 40. Deze Mn isotopen werden bestudeerd in twee
collineaire laser spectroscopie-experimenten uitgevoerd aan ISOLDE-CERN. In
deze metingen werden de spins, kernmomenten en ladingstralen van niet minder
dan 13 isotopen gemeten (alsook van drie langlevende isomere toestanden), wat
toeliet om de de kernstructuur van Mn systematisch te onderzoeken tussen
N = 26 en N = 39.
In een eerste experiment werd de 3d54s2 6S5/2 → 3d54s4p 6P3/2 atomaire
transitie gebruikt om de spins en magnetische momenten op te meten. Eerder
waren alle spinbepalingen boven N = 34 slechts provisioneel. In onze metingen
konden de spins van de 61,63Mn en 58,60,62,64Mn grondtoestanden en 58,60,64Mn
isomere toestanden eenduidig worden bepaald, respectievelijk I = 5/2, I = 1 en
I = 4. Door een vergelijking van de magnetische momenten met grootschalige
schillenmodelberekeningen kon het toenemende belang van zowel neutron
excitaties over N = 40 als proton excitaties over Z = 28 in de nabijheid
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van N = 40 worden vastgesteld.
In een tweede experiment liet de succesvolle toepassing van optisch pompen
in de "cooler/buncher" toe om de kwadrupoolmomenten van 53−63Mn op
te meten via de 3d5 4s 5S2 (metastabiel) → 3d5 4p 5P3 ionische transitie.
De groei in opgemeten kwadrupoolmoment met het neutrongetal illustreert
de toename in kwadrupoolvervorming naar N = 40. Bijzondere aandacht
werd besteed aan de rol van het νd5/2 orbitaal, in combinatie met het νg9/2
orbitaal, in de ontwikkeling van deze vervorming. Bovendien toonden de
gemiddelde kwadratische landingstralen eveneens een sterke groei, wat het belang
van kwadrupoolvervorming in de structuur van de neutronrijke Mn isotopen
bevestigt. In het algemeen schetsen de kernmomenten en de ladingsstralen dus
een duidelijk en consistent beeld van de kernstructuur van Mn.
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Preface

Together with the electrons, nuclei constitute the atoms which are the basic
building blocks of the matter around us. These atomic nuclei are composed of
a varying amount of strongly interacting protons (Z) and neutrons (N) which
leads to a diversity of nuclear shapes, sizes and excitation modes across the
chart of nuclides. The study of nuclear structure has the goal to understand
how this rich nuclear phenomenology arises, starting from only a few common
ingredients, the nucleons and the nucleon-nucleon interaction2.
Over recent decades, the availability of intense radioactive beams has opened
the door for the exploration of nuclei increasingly far from stability. This has
resulted in a number of remarkable discoveries at variance with the classical
expectations of an immutable shell structure. These discoveries, and their
consequences for our understanding of the nucleus, have caused a "renaissance"
in nuclear physics research [Casten, 2000] which moved the research frontier
from the stable to the exotic nuclei. The highly asymmetric neutron-to-proton
ratios in these exotic nuclei make them very promising to explore new aspects
of the nuclear force, while their short half-lives and low production yields make
them very challenging to study experimentally.

The goal of this work was to investigate the nuclear structure of the exotic Al and
Mn isotopes via the measurement of their spins, magnetic moments, quadrupole
moments and mean-square charge radii. Although the isotopic chains are located
in two different mass regions, around N = 20 and N = 40, respectively, the
physics motivation is closely linked through the common mechanism responsible
for the observed structural changes. Indeed, in both regions deformed intruder
states are found to lie below the normally expected spherical configurations,
hence they are referred to as islands of inversion. This deformation is associated
with particle-hole excitations across a reduced shell gap which are energetically

2Although nucleons have an internal quark structure, it turns out that not these quarks
but rather the nucleons are the relevant degrees of freedom for the description of low-energy
nuclear physics.
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2 CONTENTS

favourable due to the large quadrupole correlations. As the dynamics in the
islands of inversion depend critically on the competition between single-particle
and collective effects, the spins, moments and mean-square charge radii provide
excellent probes to study them.
The Al and Mn isotopic chains were studied using two different techniques at
two different radioactive ion beam facilities: β-NMR/NQR on the Al isotopes at
LISE-GANIL and collinear laser spectroscopy on the Mn isotopes at ISOLDE-
CERN. This thesis is therefore divided into three parts: an introductory part
where the common concepts of the thesis are outlined and two experimental
parts in which the specifics of the separate experimental techniques and results
are presented. Five scientific papers discussing the results of the experiments
form the backbone of this thesis. They are supplemented with background or
additional information where appropriate. A summary of the structure of the
thesis is given below.

• Chapter 1 and 2 introduce the nuclear shell structure and the experimental
observables measured in this work. Special attention is given to the exotic
nuclei and what we can learn from them. Both chapters serve to give a
general motivation as to why we are interested in measuring ground state
properties in the islands of inversion.
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β-NMR/NQR technique at GANIL.
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very preliminary results are shown, while the 33Al results are published
in Physical Review C.
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• Chapter 5 and 6 focus on the two collinear laser spectroscopy experiments
on the neutron-rich Mn isotopes performed at ISOLDE. In chapter 5, an
overview of the experimental technique is presented and it is explained how
the spins, nuclear moments and mean-square charge radii can be extracted
from the measured hyperfine spectra. Chapter 6 starts with a motivation
for the investigations of the neutron-rich Mn isotopes. Afterwards, the
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• This thesis ends with a conclusion in chapter 7.





Part I

The structure of an atomic
nucleus

5





1 | Nuclear shell structure

Nuclear models provide the frameworks in which we try to understand the
structure of atomic nuclei. They should be simple enough to highlight the
essential physics and to be mathematically tractable, yet refined enough to
describe the rich diversity of nuclear phenomena observed across the nuclear
landscape. Furthermore, they should have strong predictive power when going
to new and unexplored regions of the chart of nuclides.
This is not a simple task and no universal nuclear theory is currently available.
This is not only because of the huge challenges related to solving the quantum
many-body problem, but also due to the incomplete knowledge of the strong
force and how it acts within the nuclear medium. Despite these difficulties, the
nuclear shell model, one of the nuclear models, has proven to be very successful
in elucidating the structure of light and medium mass nuclei and continues to
play a central role in the interpretation of observations in both stable and exotic
nuclei.
In this chapter, the basics of the shell model are introduced and a few modern
aspects important for the remainder of this thesis will be outlined. In the next
chapter, the focus is shifted towards the experimental observables which are
measured in this thesis. Due to the strong connection between experiment and
theory, these two chapters go naturally together: a correct interpretation of the
experimental results requires an accurate nuclear model, while it is only possible
to know how accurate the model is by experimental validation (or maybe more
interesting, invalidation).

1.1 The nuclear shell model

Although the nucleus is a complex system of A strongly interacting nucleons,
surprisingly simple patterns emerge across the nuclear landscape, most notably
the magic numbers associated with particularly stable proton and neutron

7
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Figure 1.1: Colour-coded E(2+) systematics of the even-even nuclei across the
nuclear chart. Picture taken from [Gade, 2015].

configurations at N,Z = 2, 8, 20, 28, 50, 82 and N = 126. The magic numbers
become immediately visible as regularities in the systematics of many nuclear
observables, for example as elevated energies of the first excited 2+ states in
even-even nuclei as shown in Fig. 1.1. In analogy with the shell model of
electrons in an atom, these regularities were soon interpreted as evidence for a
nuclear shell structure, with the magic numbers corresponding to large energy
gaps between the shells.
Here, the basics of the nuclear shell model are outlined. For a more extensive
description the reader is referred to the numerous available text books, lecture
notes and review papers such as Heyde [1990]; Casten [2000]; Poves and Nowacki
[2001]; Caurier et al. [2005]; Otsuka [2009].

1.1.1 The independent particle model

The general nuclear Hamiltonian contains a kinetic energy term and a potential
energy term which describes the interactions between the nucleons

H =
A∑
i=1

p2
i

2mi
+

A∑
i>k=1

Vik(ri − rk). (1.1)

This general Hamiltonian can be rewritten as the sum of an independent particle
term H0 plus a term containing the residual interactions Hres, by introducing a
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one-body potential Ui [Casten, 2000]

H =
(

A∑
i=1

p2
i

2mi
+ Ui(ri)

)
+
(

A∑
i>k=1

Vik(ri − rk)−
A∑
i=1

Ui(ri)
)

(1.2)

= H0 +Hres (1.3)

One of the great simplifications and basic concepts of the nuclear shell model is
that, in a first approximation, only H0 needs to be considered: each nucleon
is assumed to move independently (non-interacting) in a potential generated
by all other nucleons. Or put differently, the main result of the complicated
two-body1 interactions is to generate an average spherical potential.

When this potential is modeled by a harmonic oscillator, the well-known energy
eigenvalues E = ~ω

(
N + 3

2
)

= ~ω
(
2n+ `− 1

2
)
are obtained, with N the

major oscillator quantum number, ` the orbital quantum number (taking values
between N,N −2, . . . 1 or 0) and n = (N − `+ 2)/2 the radial quantum number,
which indicates the number of nodes of the radial wave function [Heyde, 1990].
However, this approach yields shell gaps at 2, 8, 20, 40, 70, . . . which only agree
with the observed magic numbers up to 20. A decisive step to also get the correct
magic numbers at higher nucleon numbers was taken when Goeppert-Mayer
[1949] and Haxel et al. [1949] showed the need for the inclusion of a strong
spin-orbit potential, as well as an `2 term to flatten the potential well at large `
such that

U(r) = 1
2mω

2r2 +D`2 + C` · s (1.4)

In Fig. 1.2 the calculated single-particle energies using eq. 1.4 are presented. As
shown from left to right, the second term lifts the ` degeneracy of the harmonic
oscillator orbitals while the spin-orbit term lowers the energy of the j> = `+1/2
orbital with respect to the j< = `− 1/2 orbital. Since the size of the spin-orbit
splitting is proportional to `, it becomes larger for higher ` [Otsuka, 2009].
From the above derivation, it is clear that two kinds of magic numbers can
be distinguished [Sorlin, 2009]: the harmonic oscillator shell gaps at 8, 20, 40
and the spin-orbit shell gaps at 14, 28, 50, 82 and 126. Since there is a parity
change between the orbitals above and below the harmonic oscillator gaps,
parity conserving quadrupole excitations across the shell gap are forbidden at
the 1 particle-1 hole level (1p-1h), and 2p-2h excitations are needed to generate
collectivity. On the other hand, the orbitals above and below the spin-orbit
gaps have the same parity and differ by ∆` = 2, favouring 1p-1h quadrupole
excitations.

1Three-body interactions are not explicitly considered here although they are now generally
accepted to be important for a successful description of the nuclear structure [Hammer et al.,
2013].
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Figure 1.2: Shell structure of the single-particle levels, taken from [Casten, 2000]

The basic idea of the independent particle model is to fill the single-particle
orbits sequentially while obeying the Pauli principle such that each orbital
can contain 2j + 1 nucleons. Since the total angular momentum of a filled
j-orbital is equal to zero [Casten, 2000], the spins and parities of nuclei with
one particle/hole outside a closed core can be predicted. Even more, the spins,
magnetic moments and sometimes quadrupole moments of many odd-A ground
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states can be described correctly using just the independent particle model2,
assuming these properties are determined by the last odd nucleon (see chapter 2).
So despite its simplicity, the independent particle model can describe a rather
broad range of experimental data. Nevertheless, it is certainly too naive to
explain many other aspects of the nuclear structure such as excitation schemes
and collective effects. In a next step, the residual interactions between the
nucleons outside the closed core therefore need to be included.

1.1.2 The interacting shell model

The interaction between the nucleons and the chosen model space are the basic
ingredients of the interacting shell model, schematically shown in Fig. 1.3.
For a nucleus consisting of N neutrons and Z protons, the independent particle
model tells us which orbitals are occupied and which are empty. Near the Fermi
level however, several orbitals play a role and it is important to include all of
these in the calculations. Whereas the best reproduction of experimental results
is achieved when the number of orbitals is as large as possible, in practice, this
number has to be limited since the dimensions quickly become too large to be
handled computationally. Therefore, one defines a closed core of fully occupied
orbitals and an external space of empty orbitals which are both excluded from
the calculations.
The remaining orbitals constitute the valence space and should be chosen such
that they contain all relevant degrees of freedom. A logical choice are valence
spaces comprised between the magic numbers as the large energy gaps hinder
mixing between different major shells. This is however not always the most
appropriate choice for the specific dynamics of the nucleus of interest. Indeed,
as we will see in section 2.2, an accurate description of magnetic moments
requires that the spin-orbit partners are taken into account, while quadrupole
properties are heavily affected by ∆` = 2 and ∆j = 2 orbitals.
Starting from the single-particle states in the valence space, all different
anti-symmetrized A-particle wave functions φi or configurations can be
constructed. The final nuclear wave function is then a linear combination
of these configurations [Otsuka, 2009]

Ψ =
∑

ciφi (1.5)

with ci the probability amplitudes. The concept of having a combination
of several configurations in the wave function is called configuration mixing.

2Actually, the available experimental information on the ground state spins and moments
of odd-A nuclei in the 1930’s provided important evidence for the nuclear independent particle
motion which lead to the development of the independent particle model more than a decade
later.
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Figure 1.3: Schematic illustration of the inert core, active valence space with
effective interactions between the nucleons and external space which constitute
the basics of the interacting shell model. Picture taken from [Krücken, 2011].

Whereas in nuclei with only a few nucleons outside a closed shell, wave functions
are generally quite pure (i.e. consisting of only a few important configurations),
highly fragmented wave functions are found in between shell closures.

Configuration mixing is an important consequence of the introduction of residual
interactions and the configuration mixed wave function can be found by solving
the Schrödinger equation HΨ = EΨ. The key components to construct the
Hamiltonian H are the single-particle energies εi (SPE) and the two-body
matrix elements (TBME) incorporating the interaction V between the nucleons

n〈jijjJ |V |jkjlJ〉m. (1.6)

Here, |jijjJ〉n denotes the state n of two nucleons in the single-particle states ji
and jj coupled to angular momentum J . For each J , all possible combinations
of single-particle orbitals j needs to be considered. The matrix elements of the
Hamiltonian are given by

Hnm = εjiδnm + εjjδnm + n〈jijjJ |V |jkjlJ〉m (1.7)

where δnm the Kronecker delta defined as δnm = 1 for n = m and δnm = for
n 6= m. εji and εjj denote the single-particle energies of orbital ji and jj . The
off-diagonal elements are just the two-body matrix elements while the diagonal
elements are the single-particle energies corrected by the residual interaction.

The nucleon-nucleon interaction used in the limited shell model valence space is
an effective one such that

HΨ = EΨ→ HEffΨEff = EΨEff. (1.8)

The effective interaction is therefore derived specifically for the chosen model
space. Furthermore, it is assumed that in this procedure excitations from core
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orbitals not included in the model space (core-polarization) as well as multiple
scattering events via high-lying intermediate states are effectively taken into
account via an appropriate renormalization [Otsuka, 2009]. Also the effects of
three- or higher-body interactions are renormalised into the effective two-body
interactions. Apart from the interaction, also the operators are effective, as
discussed in chapter 2.
In general, the determination of the effective interaction is not a straightforward
task [Poves and Nowacki, 2001; Caurier et al., 2005; Otsuka, 2009]. While in
phenomenological approaches the two-body matrix elements are just left as
free parameters to be fit to experiment, also in most microscopic approaches
starting from the bare nucleon-nucleon interaction, empirical corrections are
required to successfully reproduce experimental data. The empirical tuning of
the interactions is a clear weakness of many shell model interactions. Although
the interactions work well in the vicinity of the data to which they were adjusted,
extrapolations to regions far from stability are often unsuccessful. In a more
sound approach, the empirical input should be limited to a few, well-defined
and universal parameters.
Recently, important progress has been made to obtain realistic interactions
using chiral effective field theory in which the symmetries of the fundamental
theory of quantum chromodynamics (QCD) are exploited [Machleidt and Entem,
2011; Tsunoda and Otsuka, 2016]. Since this allows the systematic derivation
of nuclear forces based on the low-energy degrees of freedom and explains the
hierarchy of the many-body forces, it is a big step towards a more universal
theory of the nucleus.

Once the appropriate valence space is chosen with an effective interaction
adapted to it, the tremendous task remains to diagonalize the full Hamiltonian
for all J . This is nowadays done using large-scale shell model codes as discussed
in the next section. This diagonalization yields the energy eigenstates and the
nuclear wave functions from which other observables such as Gamow-Teller
transition rates, spectroscopic factors, electromagnetic moments etc. can be
calculated.

1.1.3 Large-scale shell model calculations

Over the years, increasingly complex computational methods have been
developed to deal with the problem of diagonalizing the shell model
Hamiltonian in larger and larger model spaces. The main difficulties arise
from the combinatorial growth of the dimensionality of the matrices and the
accompanying storage of a huge number of matrix elements. The limits on
the maximal dimensions of the Hamiltonian are therefore mostly dictated by
the available computational power. At present, many shell model calculation
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codes are available, for example nathan [Caurier and Nowacki, 1999], mshell
[Mizusaki, 2000] and antoine [Caurier and Nowacki, 1999], which differ in
how the model space basis is calculated (m-scheme, J coupled scheme or JT
coupled scheme) and how the Hamiltonian is diagonalized. For most of the
calculations shown in this thesis, the antoine code is employed. Details about
the m-scheme and the Lanczos diagonalization method used in antoine can
be found elsewhere [Caurier et al., 2005] and are not immediately relevant for
this thesis.

Even with the most advanced shell model codes, many regions of the nuclear
chart are out of reach due to the large size of the model space necessary to
capture all physics. This concerns the heavy mass regions far from closed shells,
regions far from stability where mixing between two or more major shells is
found to be important or even moderately sized model spaces occupied by a
large number of valence nucleons.
To overcome this limit, the Monte Carlo Shell Model (MCSM) has been proposed
[Honma et al., 1995]. Instead of doing the full diagonalization, the Monte Carlo
method aims at selecting only a few, relevant eigenstates using stochastic
methods (Quantum Monte Carlo Diagonalization). This allows for much
larger model spaces including more valence particles than in the conventional
calculations. While in the latter, dimensions of pf shell calculations increases
up to 109, the calculation of 48Cr in the Monte Carlo shell model only requires
40 basis states [Otsuka, 2001]. Although the MCSM does not provide an exact
diagonalization, the method is found to give results comparable to the full
diagonalization [Shimizu et al., 2013].

Currently, large-scale shell model calculations provide the most accurate
description for a wide diversity of experimental situations, although the scope is
limited to the light and medium mass regions. Irrespective of whether these are
performed in the Monte Carlo Shell Model framework or in the antoine shell
model code, the quality of the calculations needs to be validated experimentally.
In this context, it is important to note that no errors are given on the calculated
observables. In general, the phrase "good agreement with experiment" therefore
implies that the experimental trend is well reproduced.

1.1.4 Collectivity

While nuclei in the vicinity of shell closures are usually near-spherical, most
nuclei across the nuclear chart have a non-spherical or deformed shape. Very
common are for example nuclei exhibiting axially symmetric quadrupole
deformation [Moller et al., 1995], whose shape can be modeled as an ellipsoid



THE NUCLEAR SHELL MODEL 15

Figure 1.4: Illustration of the main nuclear shapes, pictures taken from
[Van Isacker and Pittel, 2016].

described by [Krane, 1987]

R(θ, φ) = Rsph
(
1 + β2Y

0
2 (θ, φ)

)
. (1.9)

Here Rsph is the radius of a sphere with the same volume and Y 0
2 (θ, φ) does not

depend on φ (giving rise to cylindrical symmetry). The quadrupole deformation
parameter β2 is defined as

β2 = 4
3

√
π

5
∆R
Rsph

(1.10)

where ∆R is the difference between the long axis and the short axis of the axially
symmetric ellipsoid representing the nucleus. Thus, a nucleus with positive β2
is elongated in a prolate distribution while a negative β2 indicates a flattened
oblate shape, as shown in Fig. 1.4.
In the case that the axial symmetry is broken, the degree of triaxiality is denoted
by γ (γ = 0 for an axially symmetric nucleus).

Although the nuclear shape is not an observable, the notion of shape was for
example introduced in the rigid-rotor model since quantum mechanically only
non-spherical objects can rotate. In this model, many nucleons are assumed
to rotate collectively which gives rise to a typical I(I + 1) energy sequence.
In literature, the terms "collectivity" and "deformation" are even often used
interchangeably.
It is not immediately obvious how shape, defined in the intrinsic frame of the
nucleus, can be related to the nuclear wave functions in the laboratory frame.
Collectivity, however, is inherently included in the interacting shell model. To
explain how collective phenomena emerge from an underlying independent-
particle picture, the number of active protons and neutrons and the interactions
between them are crucial. In between shell closures, the many available valence
particles allow for an efficient build-up of residual interactions which leads to
very correlated (i.e. highly fragmented) wave functions [Casten, 2000; Poves,
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2011; Heyde, 2013]. However, such highly fragmented wave functions are not
easy to interpret in terms of the underlying physics.

An important step to describe nuclear deformation in the laboratory frame
was made by Elliott [1958a,b] who showed that the typical I(I + 1) rotational
band structure could be reproduced by using the fact that SU(3) is a symmetry
of the harmonic oscillator shell model wave functions. Despite the somewhat
limited applicability of exact SU(3), in which the valence space is restricted
to one degenerate harmonic oscillator shell and in which only the quadrupole-
quadrupole interaction is important, the approximate quasi-SU(3) and pseudo-
SU(3) variants are applicable in many realistic situations [Poves, 2016].
Pseudo-SU(3) [Raju et al., 1973] applies to orbitals with the same j-sequency as
the full harmonic oscillator shell with principal quantum number −1 (example:
the p3/2, p1/2 and f5/2 orbitals form a pseudo-SU(3) block because their j’s
correspond to the sd-shell). Quasi-SU(3) [Zuker et al., 1995, 2015] deals with
the j> = `+ 1/2 orbit and its quadrupole partners with ∆j = 2 and ∆` = 2
(example: g9/2, d5/2 and s1/2).
Large-scale shell model calculations using valence spaces adapted to these
approximate symmetries have been shown to correctly reproduce quadrupole
properties of deformed states. As such, they provide interesting truncation
strategies to deal with large valence spaces, as for example needed to describe
islands of inversion (see section 1.2.3).

1.2 Exotic nuclei

For many decades, nuclear models were constructed based on experiments
using stable beams and targets, giving access to nuclei close to the valley of
stability. Meanwhile, continuous efforts to improve radioactive beam production
and detection systems have enabled studies of increasingly exotic nuclei, with
proton-to-neutron ratios which differ significantly from the stable isotopes. As
soon as these exotic regions of the nuclear chart could be explored, unexpected
phenomena were observed which challenged the conventional views. Due to the
new insights which can be gained from their study, a lot of effort is dedicated
to rare isotope research, both experimental and theoretical. This has led to
a considerable advance in understanding the nucleus in the last few decades,
while the prospect of going even more exotic promises many exciting discoveries
in the future.
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1.2.1 Rare isotope production

For most experimental purposes it is necessary to have pure and intense
beams of radioactive ions [Blumenfeld et al., 2013]. The production of exotic
species is however hindered by the short half-lives, low production yields and
the overwhelming production of unwanted contamination. The production
techniques should therefore be fast, efficient and selective. A general description
of the two main families of radioactive ion beam facilities is given here, while
the GANIL and ISOLDE facilities are described in more detail later.

In the ISOL (isotope separation online) method, a driver beam of light particles
impinges on a thick, heavy production target and a variety of isotopes are
produced via fragmentation, spallation and fission reactions, amongst others.
The reaction products are thermalised in the target, diffuse through the target
matrix and effuse towards the ion source via a hot transfer line. To enhance the
diffusion and effusion processes, the target is heated to high temperatures of
around 2000◦C. This diffusion depends strongly on the element-target chemistry
and diffusion times range from a few ms to much longer for a few refractory
elements. This relatively slow and chemistry-dependent extraction procedure is
an important disadvantage of ISOL-facilities as it limits the half-lives and range
of isotopes which can be produced. After extraction from the target, the reaction
products are ionized in an appropriate ion source and subsequently accelerated
electrostatically to several tens of keV. To select the isotope of interest from the
cocktail of stable and unstable isotopes produced in the reaction process, the
ion beams are mass separated according to their mass-over-charge ratio in one
or several bending magnets. The mass separated beams are then directly sent
to the low-energy beam lines or post-accelerated for applications which require
higher energies up to a few MeV/u.

In the in-flight technique, an accelerated heavy-ion beam impinges on a light,
thin target which produces radioactive isotopes via fragmentation reactions.
The secondary beam is produced at a speed similar to the primary beam and
the ions are (fully) stripped of their electrons. The fragments are subsequently
selected in a large-acceptance fragment separator consisting of dipole magnets for
selection according to the magnetic rigidity in combination with an intermediate
energy degrader for additional Z-selection. Afterwards, they are delivered
to the experimental set-ups. The main advantages of in-flight facilities are
the possibility of producing radioactive isotopes regardless of their chemical
properties and the fast extraction times such that isotopes with half-lives down
to less than one µs can be studied. Additionally, the beams can be spin-polarized
in the reaction process. On the other hand, the yields are usually lower than at
ISOL-facilities and the beam quality is often worse.
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1.2.2 Structure of exotic nuclei

The shell model and its magic numbers provide a valid starting point for the
study of the nuclear structure, as illustrated by the big success of describing
properties near the valley of stability. However, when the experimental data
on nuclei far from stability started to accumulate, it became clear that the
paradigm of immutable magic numbers needed to be modified. The concept
of shell structure evolution in exotic nuclei is now commonly accepted and an
important goal in present-day nuclear structure physics is to identify the drivers
of this structural evolution.

To understand how evolution in shell structure comes about, the two-body
matrix elements introduced in section 1.1.2 need to be examined more closely.
Since the proton-neutron interaction is stronger than the interaction between
like particles, it is the main reason for the observed structural changes [Sorlin,
2009].
Dufour and Zuker [1996] pointed out that any effective interaction can be
divided in a monopole (m) and a multipole (M) part

H = Hm +HM . (1.11)

This representation has the advantage that it allows studying the interplay
between the (changing) shell gaps, described by the monopole part, and the
strong correlations between the valence nucleons, described by the multipole
part.

The monopole matrix element or centroid of the interaction between two nucleons
in orbitals with angular momentum j and j′, is the average of the interaction over
all directions, independent of their relative orientation [Otsuka and Tsunoda,
2016]

vm(j, j′) =
∑
J(2J + 1)〈jj′J |V |jj′J〉∑

J(2J + 1) . (1.12)

This monopole component causes a shift ∆εj in the single-particle energy of
the orbit j, when the orbital j′ is filled

∆εj = vm(j, j′)nj′ . (1.13)

In this context, often the term effective single-particle energy is used (ESPE).
Since the shift is linear in the occupation of orbital j′ (nj′), the monopole
interaction can cause a significant change in single-particle energy when going
from stability towards the exotic nuclei. This explains why it is an important
mechanism behind the observed shell evolution.
Note that the monopole shift was already included in the original Hamiltonian
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Figure 1.5: Schematic illustration of the effect of the tensor force, picture taken
from [Otsuka and Tsunoda, 2016].

in eq. 1.7. Nevertheless, its meaning in terms of the tensor part of the nuclear
force was only discussed by Otsuka and collaborators in the beginning of this
century [Otsuka et al., 2001, 2005]. The effect of the tensor force is illustrated
in Fig. 1.5, where the proton orbitals are spin-orbit partners

j> = `+ 1/2, j< = `− 1/2. (1.14)

The tensor interaction is attractive between j< and j′> orbitals while it is
repulsive for j> and j′> (j< and j′<) orbitals. As compared to the situation
with two neutrons in the j′> orbital, the proton j< orbital is more bound (lower
in energy) when four neutrons occupy the j′> orbital. Conversely, the proton j>
orbital is less bound (higher in energy). This means that the proton spin-orbit
energy gap becomes smaller with an increasing number of neutrons in j′>. Not
limited to spin-orbit partners, the effect is largest when ∆` ≈ 0 and ∆n ≈ 0,
such that a maximal overlap of the radial wave functions is obtained and the
nuclear interaction can have maximal effect.
The robust mechanism for shell structure evolution due to the tensor interaction
presented above, provides an intuitive framework to explain changes in single-
particle energies as a function of the proton or neutron occupation of certain
orbits.

The multipole part of the Hamiltonian is dominated by a pairing component
plus the quadrupole-quadrupole interaction [Poves, 2011]. Pairing is the most
important for like particles and has the far-reaching consequence that most of
the nucleons in the nucleus are paired to total angular momentum zero. The
quadrupole correlations on the other hand, are strongest between protons and
neutrons and drive a system with a sufficiently large number of valence nucleons
towards deformation.

The balance between the opposite effects produced by the monopole part (shell
gaps) and multipole part (correlations) of the Hamiltonian governs the structure
of a nucleus with a particular number of protons and neutrons. This subtle
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balance will be the key ingredient for the appearance of islands of inversion as
discussed next.

1.2.3 Islands of inversion

In the island of inversion, deformed configurations associated with n particle-n hole
(np-nh) excitations across a shell gap are found to lie below the spherical
configurations obtained by a normal filling of the shell model orbitals. Since
the energy cost of promoting n nucleons from the lower to the higher shell is n
times the shell gap, np-nh configurations are usually expected at high energies.
However in some cases, the loss in energy can be compensated by a huge gain
in correlation energy such that the np-nh configurations come down in energy
and can even become the ground state. Therefore these np-nh configurations
are often referred to as intruder configurations.

Although the reduction of the shell gap under influence of the monopole
interaction (shell quenching) facilitates excitations across the shell gap, the
most important contribution to lowering the intruder’s energy comes from the
strong proton-neutron correlations [Heyde and Wood, 2011]. To qualitatively
estimate whether ground state deformation could be energetically favourable,
several aspects need to be considered. To support the efficient development of
quadrupole correlations, the orbitals near the Fermi level need to be adapted to
the quadrupole coupling schemes (pseudo/quasi-SU(3)), as discussed in section
1.1.4. In addition, the degree of collectivity is determined by the total size
of the proton-neutron valence space. This means that open proton shells are
advantageous in order to build highly correlated states by exciting neutrons
across the shell gap (and vice versa) while closed (sub)shells stabilise the system
in a spherical shape.

Quantitatively, the energies of the normal and intruder configurations are
calculated using large-scale shell model interactions including at least 2 major
shells. A systematic study of the island of inversion around N = 20 was
performed using the SDPF-U-MIX interaction [Caurier et al., 2014]. The
effect of correlations on the relative energy difference between the 0p-0h and
2p-2h configurations of the N = 20 isotones is illustrated in Fig. 1.6. Without
correlations, the energy of the 2p-2h intruder state is lowered with respect to the
normal 0p-0h state when protons are removed from the πd5/2-orbital, reflecting
the reduction of the N = 20 shell gap due to the monopole shift. Although this
amounts to a decrease of more than 9 MeV between Z = 14 and Z = 8, it is
not sufficient to make the 2p-2h configurations the ground state. Only when
correlations are included, is the experimentally observed inversion of intruder
and normal configurations reproduced. The calculated correlation energy gain
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Figure 1.6: Illustration of the effect of correlations on the energy difference
between the 0p-0h and 2p-2h configurations, as taken from [Caurier et al., 2014].

is around 10 MeV for the open proton shell nuclei, while at the Z = 8 shell
closure this decreases to less than 2 MeV.

1.2.4 Side note

From the above discussion, it is clear that exotic nuclei play a crucial role in the
development of nuclear models. They provide decisive tests for the predictive
power of models when going to new regions of the nuclear chart and they offer
the possibility to study previously unknown features of the nucleon-nucleon
interaction which are amplified due to their asymmetric proton-to-neutron ratios.
Nevertheless, the comprehensive understanding of nuclei far from stability can
only succeed when the changing nuclear structure is mapped from the valley of
stability up to the most exotic nuclei. Only by performing systematic studies
along the isotopic and isotonic chains, can unexpected phenomena be identified
and can their origins be characterised.





2 | Ground state properties

Progress in nuclear theory goes hand in hand with the development of
experimental techniques. The available theories can be put to a test by
comparison to experimental observables, and predictions deviating from
experiment can provide guidelines for the improvement of the nuclear models.
To obtain a comprehensive picture of the atomic nuclei, a variety of experimental
observables need to be known, each giving complementary pieces of information
on the nuclear structure. In this work, spins, magnetic dipole moments, electric
quadrupole moments and changes in mean-square charge radii of ground states1
are measured. These ground state properties will be shortly introduced in this
chapter along with what we can learn from them.

2.1 Nuclear spins

Each nuclear state can be labeled by its total angular momentum, the nuclear
spin I, and parity π. The nuclear spin is the vector sum of the angular momenta
of each nucleon, taking into account the intrinsic and orbital angular momentum
j = ` + s, while the total parity is the multiplication of the parities of each
nucleon. Since the pairing interaction favours coupling of nucleons to anti-
parallel pairs of zero angular momentum, in practice one only has to consider
the valence nucleons. This lead to the following general observations:

• Without a single exception, all even-even nuclei have ground state spin
I = 0+.

• For many odd-A nuclei, especially those near shell closures, the ground
state spin and parity is determined by the last valence nucleon in orbital
j.

1and long-lived isomers
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• For many odd-odd nuclei, the ground state spin can be calculated from
the vector sum of the proton jπ and neutron jν spin which ranges from
I = jπ + jν to I = |jπ − jν |. Which possibility comes lowest in energy and
thus becomes the ground state can be qualitatively estimated via Paar’s
rule [Paar, 1979].

The spin therefore gives a first indication of the single-particle orbitals occupied
by the valence nucleons and deviations from these general guidelines point to
correlations beyond the single-particle picture.
The firm determination of the ground state spins is indispensable in order to
build reliable level schemes from experimental decay data.

2.2 Nuclear moments

The motion and configuration of the nucleons inside the nucleus can be probed
via its electromagnetic moments. The magnetic dipole moment (commonly
referred to as magnetic moment) arises from convection and spin currents in
the nucleus while the electric quadrupole moment (commonly referred to as
quadrupole moment) is associated with the nuclear charge distribution. The
nuclear moments give therefore direct information on the structure of a nucleus,
as illustrated with numerous examples in [Neyens, 2003]. Historically, magnetic
dipole moments were crucial for the development of the nuclear shell model
while evidence for regions of strong deformation between the shell closures were
deduced from systematic studies of electric quadrupole moments.

2.2.1 The magnetic dipole moment

Classically, the magnetic moment of an orbiting particle with angular momentum
` is given by

µ = q

2m` (2.1)

where q and m are the charge and mass of the particle. In quantum mechanics,
the magnetic moment operator originates from both its orbital and intrinsic
angular momentum, the spin. The magnetic moment operator of the entire
nucleus can be written as the sum of the individual contributions of the nucleons

µ̂ = µN
~

(
A∑
i

gi`
ˆ̀
i +

A∑
i

gisŝi

)
(2.2)
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where the nuclear magneton µN = e~
2mπ is the often omitted unit of the nuclear

magnetic moment. g` and gs are the orbital and spin gyromagnetic ratios which
for a free proton and neutron are given by

gπ` = 1, gπs = +5.585694700(18) (free proton) (2.3)

gν` = 0, gνs = −3.82608545(90) (free neutron) (2.4)

Alternatively, the magnetic moment can be written in terms of the nuclear spin
Î and the nuclear g-factor

µ̂ = µN
~
gÎ (2.5)

The magnetic moment is then obtained by taking the expectation value of the
z-component for a state |I,m = I〉

µ = 〈I,m = I| µ̂z |I,m = I〉 (2.6)

= gIµN. (2.7)

This shows that a spin I = 0 nucleus has a zero magnetic moment.

Magnetic moments, or specifically the nuclear g-factors, are very sensitive to
which orbitals are occupied by the valence nucleons and as such, they give
important information on the nuclear wave function. In a pure single-particle
picture of an odd-A nucleus, all but one nucleon pairs to spin zero and the
magnetic moment is determined by the last valence nucleon in orbital j

µ(`+ 1/2) =
[(
j − 1

2

)
g` + 1

2gs
]

(2.8)

µ(`− 1/2) = j

j + 1

[(
j + 3

2

)
g` −

1
2gs
]

(2.9)

These values are referred to as the Schmidt moments. Furthermore, the g-factor
is not sensitive to the number of particles in a specific orbital since [Heyde,
1990]

g(jn) = g(j) (2.10)

This expression is even valid in the case that the final spin of the state does not
equal the spin of the occupied orbital, for example g(πf3

7/2)7/2− = g(πf3
7/2)5/2− .

These two simple relations can already explain a few general observations seen
in nuclei not too far from magic numbers:
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• Isotopes having their unpaired valence nucleons in the same orbital have
very similar g-factors, as for example illustrated for the odd-Z πf7/2-nuclei
in Fig. 6.6. This g-factor is close to the Schmidt value although some
general deviations can be seen. Comparison of the measured g-factor to
the single-particle estimate then gives information on the configuration of
the valence nucleons.

• The g-factors of odd-Z, even-N nuclei are approximately constant along
an isotopic chain, since they are only determined by the last unpaired
proton2. A sudden change in g-factor is then an indication for a changing
orbital occupancy as was recently discussed for Cu, Ga [Flanagan et al.,
2009; Cheal et al., 2010] and K [Papuga et al., 2013].

The deviation of the experimentally observed g-factors from the Schmidt value
has two explanations. Firstly, the pure single-particle picture is too simple and
mixing of other configurations into the wave function needs to be taken into
account. Hence, the experimental g-factor lies closest to the Schmidt value at
neutron or proton shell closures since there the configuration mixing is limited.
In particular, g-factors are sensitive to mixing of spin-orbit (j = `±1/2) partners
into the wave function [Arima and Horie, 1954; Noya et al., 1958; Lutter et al.,
1974] and even admixtures of a few percent will have significant influence on
the total magnetic moment3. As can be seen from the near constant trend
across the isotopic chain, the g-factor is on the other hand not very sensitive to
deformation effects originating from quadrupole (E2) correlations and coupling
to vibrations of the core.
Secondly, even if the assumption of a pure-single particle wave function is valid,
for example for doubly-magic ± 1 nuclei, the g-factor is reduced due to the
influence of the nuclear medium. A common approach is therefore to replace
the free nucleon g-factors by effective ones, typically gs,eff ≈ 0.7− 0.9gs,free and
gπ`,eff ≈ 1.1, gν`,eff ≈ −0.1. These effective g-factors include corrections due to
meson exchange currents (which result in the addition of two-body terms to
the magnetic moment operator) and first and second order core-polarization
effects [Castel and Towner, 1990].

The magnetic moment of an odd-odd nucleus can be decomposed in the unpaired
proton and neutron contribution. For a state with spin I obtained from the

2The same would of course be true for even-Z,odd-N nuclei but systematic studies of an
isotonic chain are less common.

3In a two level mixing picture, |I〉 = α|` − 1/2〉 + (1 − α)|` + 1/2〉 such that
µ = α2µ`−1/2 + (1− α)2µ`+1/2 + α(1− α)〈`− 1/2|µ̂|`+ 1/2〉. Since the M1 off-diagonal
matrix element is non-vanishing between spin-orbit partners, this gives an important
contribution to the total magnetic moment, in addition to the small contribution proportional
to (1 − α)2. A worked out example can be found e.g. in appendix A.5 of the thesis of
Garcia Ruiz [2015].
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weak coupling of a proton in orbital jπ and neutron in orbital jν , the magnetic
moment can be calculated by [Heyde, 1990]

µ(I) = I

2

[
µπ
jπ

+ µν
jν

+
(
µπ
jπ
− µν
jν

)
jπ(jπ + 1)− jν(jν + 1)

I(I + 1)

]
. (2.11)

As an estimate for the proton and neutron magnetic moments µπ and µν , the
empirical values of the neighbouring odd mass nuclei can be used, or when these
are not available, the effective Schmidt values. Comparison of the experimental
moment of the odd-odd nucleus with the calculated value, assuming a particular
configuration for the protons and the neutrons, then allows a test of the purity
of the proposed configuration.

Although a few-particle model with configuration mixing can satisfactorily
describe the magnetic moment of many nuclei, nuclei far from magic numbers
are sometimes also treated in a collective model. In the coupling scheme for
strongly deformed nuclei, the magnetic moment of an odd-A nucleus is given
by [Villars, 1957]

µ = gRI + (gK − gR) K2

I + 1 (2.12)

where gK arises from the single-particle motion in a deformed potential and
gR ≈ Z/A is the collective gyromagnetic ratio of a rigid-rotor. It is for
example observed that the g-factors of many 2+ states in even-even nuclei
are approximately equal to Z/A. Note that for K = 1/2, also the decoupling
constant should be taken into account.

2.2.2 The electric quadrupole moment

The electric quadrupole moment is a measure of the non-sphericity of the nuclear
charge distribution. This is clear from the definition of the quadrupole moment
operator in Cartesian coordinates

Q̂ =
A∑
i

ei(3z2
i − r2

i ) (2.13)

where the ei are effective charges taking into account core-polarization effects
(typical values are eπ ≈ 1.1− 1.5 and eν ≈ 0.1− 1). Since the neutrons have a
non-zero effective charge, they can also contribute to the quadrupole moment.
Equivalently to eq. 2.13, the quadrupole moment operator can be written in
terms of the spherical tensor components

Q̂ =
√

16π
5

A∑
i

eir
2
i Y

0
2 (θi, φi). (2.14)
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The experimentally measured quadrupole moment is found by taking the
expection value of the Q̂z in the state |I,m = I〉

Qs = 〈I,m = I|Q̂z|I,m = I〉 (2.15)

=

√
I(2I − 1)

(2I + 1)(2I + 3)(I + 1) 〈I‖Q̂z‖I〉 (2.16)

Written in terms of the reduced matrix element using the Wigner-Eckhart
theorem, it becomes clear that the spectroscopic quadrupole moment of a
nuclear state with spin I < 1 is zero although this does not imply that the state
is not deformed in its intrinsic reference frame.

Similar to the case of the magnetic moment, the quadrupole moment of nuclei not
too far from magic numbers is determined by the configuration of the valence
particles. Let’s first look at the isotopes with an odd number of neutrons
(protons) and an even number of protons (neutrons). For a nucleus with a
single particle or hole outside a closed shell, the single-particle (sp) quadrupole
moment is

Qsp = −ej
2j − 1
2j + 2

〈
r2
j

〉
(2.17)

where j denotes the orbital and
〈
r2
j

〉
is the mean-square charge radius (see

section 2.3). This means that the quadrupole moment of one particle orbiting
a closed shell is negative which can be interpreted as the polarization of the
spherical core by the particle towards an oblate shape, while the positive
quadrupole moment of a single hole reflects the polarization towards a prolate
shape.
If an orbital contains more than one particle, all of the n particles in that orbital
contribute to the quadrupole moment according to

Q(jn) = Qsp

(
2j + 1− 2n

2j − 1

)
(2.18)

From this relation it can be seen that the quadrupole moment varies linearly
between Qsp and −Qsp and is zero for a half-filled orbital. This means that for
a nucleus with an odd number of neutrons and an even number of protons, the
filling of the subsequent neutron orbitals along an isotopic chain is reflected in
the piecewise straight lines in the quadrupole moments, as for example seen in
the Ca isotopes [Garcia Ruiz et al., 2015]. Sometimes the quadrupole moments
of an isotopic chain follow a linear trend which is shifted upwards such that the
quadrupole moment is not exactly zero for an half-filled orbital [Neyens, 2003].
This is evidence for a core-contribution to the quadrupole moment

Qs = Qcore +Qsp. (2.19)
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The single-particle moment of an odd-proton, even-neutron nucleus and how
this varies with increasing proton number is similarly given by eq. 2.18. Usually
however, we are interested in how the quadrupole moment changes with
the addition of neutrons along an isotopic chain. The additional neutrons
induce a polarization of the core which is quadratic in the number of valence
particles/holes, resulting in a quadrupole moment which changes parabolically
between two shell closures, as for example seen in Cu [Vingerhoets et al., 2010].

Similar to the magnetic moment, the quadrupole moment for odd-odd nuclei
with spin I arising from a weak coupling between the odd proton (jπ) and the
odd-neutron (jν), can be decomposed in a proton and neutron component

Qs(I) =
(
I 2 I
−I 0 I

)
(−1)jπ+jν+I(2I + 1) (2.20)

×

{jπ I jν
I jπ 2

}
Qs(jπ)(

jπ 2 jπ
−jπ 0 jπ

) +
{
jν I jπ
I jν 2

}
Qs(jν)(

jν 2 jν
−jν 0 jν

)


Moreover, the quadrupole moments are very sensitive to development of
deformation in nuclei. For the specific case of a well-deformed axially symmetric
nucleus, the spectroscopic quadrupole moment (measured in the laboratory
frame) gives access to the intrinsic quadrupole moment Q0 through

Qs = 3K2 − I(I + 1)
(I + 1)(2I + 3)Q0 (2.21)

where K is the spin-projection on the symmetry axis. This intrinsic quadrupole
moment can be related to the quadrupole deformation parameters 〈β2〉 via

Q0 ≈
3√
5π
Z〈r2

sph〉〈β2〉(1 + 0.36〈β2〉) (2.22)

not taking into account the surface correction which is very small. A change in
static deformation is therefore reflected in a change in quadrupole moment.

2.3 Mean-square charge radii

The nuclear size is a fundamental property of the nucleus, often characterised
by its radius. When the experimental methods used to probe this size are
electromagnetic in nature, only the contribution from the charged protons is
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measured and one talks about the charge radius of a nucleus. The difference
between the mass radius and charge radius ∆rνπ can be investigated with
hadronic probes, showing that ∆rνπ is small for stable isotopes but increases
with (N − Z)/A. For very neutron-rich isotopes, larger differences can be
expected, notably in halo nuclei [Nörtershäuser and Geppert, 2014]. For the
most neutron-rich isotope of which the charge radius is studied in this work
(64Mn), a difference of 0.18 fm is predicted [Duflo and Zuker, 2002].

In a first approximation, the nucleus can be considered as a uniformly charged
liquid drop with a radius

R = 1.2A1/3 fm (2.23)
which has a simple dependence on the atomic mass number A. This implies that
the nuclear volume is globally proportional to the number of nucleons inside
the nucleus.
More generally, the nuclear charge distribution needs to be described by its
different radial moments of which the second, the mean-square charge radius,
〈r2〉

〈r2〉 =
∫
ρN (r)r2dr∫
ρN (r)dr (2.24)

is the one experimentally accessible with the collinear laser technique used in
this work. The denominator represents the total charge of the nucleus eZ and
ρN is the nuclear charge density distribution.

While the global increase in mean-square charge radius with increasing mass
number displays a liquid drop behaviour, it is the deviation from this trend
which reveals the underlying nuclear structure. An important example is the
manifestation of a shell closure by a characteristic kink in the mean-square
charge radii, related to the reduced correlations at magic proton or neutron
numbers [Angeli et al., 2009]. Deformation on the other hand, results from the
strong development of correlations and hence leads to an increase in charge
radii compared to the spherical limit. This is described according to

〈r2〉 = 〈r2〉sph

(
1 + 5

4π
∑
i

〈β2
i 〉

)
(2.25)

where 〈β2
i 〉 is the mean-square deformation parameter of order i. For an axially

symmetric quadrupole deformed nucleus, this becomes

〈r2〉 = 〈r2〉sph
(

1 + 5
4π 〈β

2
2〉
)

(2.26)

Here 〈r2〉sph is the spherical nucleus of identical volume often modeled by the
droplet model [Myers and Schmidt, 1983; Berdichevsky and Tondeur, 1985].
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The change in quadrupole deformation between two isotopes A and A′ can then
be estimated from the change in mean-square charge radius

δ〈r2〉A,A
′
≈ δ〈r2〉A,A

′

sph + 〈r2〉sph
5

4π δ〈β
2
2〉A,A

′
. (2.27)

Contrary to the quadrupole moment, the nuclear charge radius is not only
sensitive to a change in static deformation, but also to dynamical shape
fluctuations which have a contribution to 〈β2

2〉 but average out in 〈β2〉. A
comparison between 〈β2〉2 from the quadrupole moments and 〈β2

2〉 from the
charge radii therefore gives information on the dynamic nature of the deformation
(i.e. on the steepness of the potential energy well as a function of quadrupole
deformation)

〈β2
2〉 = 〈β2〉2 (static), (2.28)

− (〈β2〉2 − 〈β2
2〉) (dynamic). (2.29)

Across the chart of nuclides, it is observed that the charge radius of an odd-
neutron isotope is consistently smaller than the average of its even-neutron
neighbours. Although this odd-even staggering (OES) in the mean-square charge
radii is ubiquitous, no general microscopic explanation without phenomenological
input is available. Qualitatively, the odd-even scattering is associated with the
blocking of pair scattering due to the odd neutron.
Sudden changes in the magnitude or even inversions of the odd-even staggering
have been interpreted as due to nuclear structure effects such as deformation
or reflection-asymmetric shapes, see for example Lievens et al. [1996] and
Budinčević et al. [2014].

2.4 Nuclear structure fingerprints

As shown in the previous sections, spins, nuclear moments and mean-square
charge radii are sensitive probes to study nuclear structure features such as
magicity and collectivity. Beyond these ground state properties, a variety of
other fingerprints exist to identify these features, including - but not limited to
- masses, low-energy excitation spectra and transition probabilities. None of
these observables on its own is sufficient to probe the complex structure of an
atomic nucleus, and only by measuring a variety of complementary observables
can a comprehensive picture be obtained.

Nuclear masses are often one of the earliest properties which can be measured for
exotic nuclei and provide a first insight in the nuclear structure. Similar to the
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mean-square charge radii, masses are bulk properties embodying all interactions
in the nucleus. The global variation in masses along an isotopic chain is smooth
while deviations from this smooth behaviour indicate underlying changes in
nuclear structure. To highlight these small changes, usually the mass derivative
is plotted under the form of the two-neutron separation energies. At closed
shells, these two-neutron separation energies show a sudden drop since it costs
less energy to remove a pair of neutrons outside a closed shell compared to just
before. A sudden increase in two-neutron separation energies on the other hand
is then a manifestation of deformation. Note however that a large difference in
nuclear deformation is not always accompanied by a large change in binding
energy (mass), which is maybe most obvious in the context of shape coexistence
where states with very different shapes can be almost degenerate in energy.

In even-even nuclei, a high energy of the first excited 2+ state in combination
with a small reduced transition probability B(E2; 2+ → 0+) are both evidence
for the rigidity against excitations and therefore point to a possible shell closure.
Conversely, a low E(2+) and high B(E2) suggest a collective wave function.
Another key observable is the ratio between the energy of the 4+ and 2+

state which provides a convenient classification of the shape excitation mode:
E(4+)/E(2+) is smaller than 2 for a non-collective state, around 2 for spherical-
vibrational states4 and equal to 3.33 for a rigid-rotor. Transitional values around
2.5 are typically observed in γ-soft states.

4Recent work, however, questions the existence of spherical-vibrational states below the
pairing gap in atomic nuclei [Garrett and Wood, 2010].
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3 | β-NMR at LISE-GANIL

The neutron-rich Al isotopes were studied via β-detected nuclear magnetic and
quadrupole resonance at the LISE-GANIL facility. This chapter deals with the
experimental aspects of the production of (spin-polarized) radioactive ion beams
at LISE, the β-NMR/NQR technique and how the g-factors and quadrupole
moments can be extracted from the measured spectra.

3.1 The LISE-GANIL facility

GANIL (Grand Accélérateur National d’Ions Lourds) is a French laboratory
which provides intermediate-energy heavy ions beams for fundamental nuclear
research as well for nuclear related applications. In the β-NMR experiments,
these heavy ions serve as the primary beam for radioactive isotope production
via the in-flight technique.

The primary beam with intensities of a few µA is accelerated to 40-100 MeV/u
in two consecutive cyclotrons after which it is injected in the LISE beam line
(Ligne d’Ions Super-Epluchés1). Here the beam impinges on a thin, rotating
target, typically 200-2000 µm of 9Be, producing a variety of isotopes in projectile-
fragmentation and pick-up reactions. In the process, the reaction products
are stripped of their electrons and obtain a velocity close to the primary
beam velocity. The secondary beam in then purified in the LISE3 fragment
separator consisting of two dipole magnets combined with a wedge degrader in
the intermediate plane. The selection of the dipole magnets is determined by
the magnetic rigidity

Bρ ∝ βγA
q

(3.1)

1Fully stripped ions beam line.
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Figure 3.1: Illustration of the purity of the secondary fragment beam obtained
with pure magnetic rigidity selection without wedge (left) and with additional
energy-loss filtering with a wedge (right). Note that the number of contaminants
is reduced significantly by introducing the wedge. The constant Z-lines as well
as the constant time of flight lines corresponding to constant N/Z are indicated.
Figures taken from [Bazin et al., 2002].

where β = v/c, γ = 1/
√

1− β2 and q = Z for fully stripped fragments. Apart
from a dependence on the mass-over-charge ratio, the selection thus also depends
on the velocity of the fragments. After the first dipole, the fragments lose energy
(and as such lose velocity) in the wedge degrader according to A3/Z2 [Anne
et al., 1987]. The velocity dependence of the second dipole therefore results in
an additional purification and in optimal conditions high-purity beams (>85%)
of the fragment of interest can be achieved. The energy loss versus time of flight
plots, used for the identification of the fragments, show the large reduction of
contaminants in the beam by the introduction of a wedge degrader, as illustrated
in Fig. 3.1. If necessary, further purification can be obtained by a Wien filter.
The selected fragments are finally guided to the β-NMR apparatus, as shown in
Fig. 3.2.

The Lise++ program [Tarasov and Bazin, 2008] can be used to simulate
the production of radioactive nuclei and transmission through the ion optics
in fragment separators. It is therefore very useful in the preparation of an
experiment for the optimisation of the target and wedge thickness, magnetic
rigidity etc. in order to obtain the most intense and pure secondary beams of
the isotope of interest.
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Figure 3.2: Schematic of the important elements for the production and selection
of radioactive ions beam for β-NMR at in-flight facilities. Figure taken from
[Asahi and Matsuta, 2001].

.

3.1.1 Spin-polarization

An important feature of radioactive beam production at fragment separators is
that the secondary beams can be spin-oriented in the projectile-fragmentation
or pick-up reactions.

Spin-orientation means that the nuclear spin ensemble has a preferential direction
in space. By defining the probability pm that the spin has a projection |m〉 on
the z-axis, one can distinguish between spin-alignment, in which pm = p-m for
every m, and spin-polarization, in which pm 6= p−m for at least one m 6= 0. In
this thesis, only spin-polarization is considered and the amount of polarization
is given by P = 1

I

∑
mmpm = 〈Iz〉

I .

To qualitatively describe the production of spin-polarized beams in projectile-
fragmentation reactions, a simple kinematical model was developed [Asahi et al.,
1990; Okuno et al., 1994], which was later extended for pick-up reactions [Turzó
et al., 2006]. Although the model is only strictly valid for relativistic energies,
also at the intermediate energies of few tens of MeV/u typical for GANIL, the
general predictions remain valid.
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Figure 3.3: Yield and polarization curves as a function of the relative momentum
of the fragment, shown for the projectile-fragmentation and pick-up reaction
mechanism. Pure far-side collisions are assumed. Picture adapted from [De Rydt,
2010].

The fragmentation (pick-up) reaction is modelled as a peripheral collision
in which the projectile loses (absorbs) the nucleons in the geometrical
overlapping volume with the target. This ‘pre-fragment’ then evaporates
nucleons isotropically after which the final fragment is formed. It is assumed that
the pre-fragment acts as a spectator and that the evaporation happens without
changing the angular momentum. In this framework, the spin-polarization of
the fragment originates from the momentum transfer in the reaction process.
From conservation laws for linear and angular momentum, it is deduced that
the spin of the outgoing fragment is related to its linear longitudinal momentum,
as illustrated in Fig. 3.3. An appropriate selection in the wing (center) of
the momentum distribution then leads to a spin-polarized beam for projectile-
fragmentation (pick-up) reactions. This selection is achieved by horizontal slits
placed after the first dipole, as illustrated in Fig. 3.2. While selecting only part
of the momentum distribution always induces a loss of yield, this is a larger
disadvantage for the projectile-fragmentation reactions where the maximal yield
corresponds to zero polarization, as can be seen in Fig. 3.3. In the pick-up
reactions on the other hand, the maximal yield also corresponds to maximum
polarization.
As detailed in [De Rydt, 2010], the sign of the obtained polarization is opposite
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for fragments colliding at the right side compared to the left side of the target
nucleus, hence mixing of the two leads to a reduction of the total polarization.
For low-Z targets such as 9Be, the collisions are mainly of the far-side type
where the nuclear attraction dominates the Coulomb repulsion, and a selection
of the fragments under a positive angle with respect to the forward direction
ensures that mostly projectiles colliding at the right are considered. In practice,
the selection under an angle is achieved by putting the primary beam under
an angle of 2(1)◦ on target. The polarization curves presented in Fig. 3.3 are
calculated assuming pure far-side collisions. This assumption is reasonable for
the production of aluminium via projectile-fragmentation and pick-up reactions
on a 9Be target, as was shown experimentally by Borremans et al. [2002] and
Turzó et al. [2006].
The amount of polarization produced in projectile-fragmentation and pick-up
reactions at intermediate energies is in the order of a few percent.

3.2 The β-NMR/NQR technique

β-detected nuclear magnetic or quadrupole resonance is a technique to measure
magnetic (β-NMR) and quadrupole moments (β-NQR) of β-decaying nuclei
with half-lives in the order of ms to s. The experimental set-up and important
aspects of the technique will be outlined in the next paragraphs.

3.2.1 Set-up

The general components of a β-NMR/NQR set-up are presented in Fig. 3.2,
while an extensive description of the dedicated β-NMR/NQR set-up used at
GANIL, shown schematically in Fig. 3.4, can be found in [De Rydt et al., 2009].

After fragment separation, the spin-polarized fragments are guided to the
β-NMR/NQR vacuum chamber (∼ 10−6 mbar) where they are stopped in a
suitable catcher crystal of 0.5 - 1 mm thick. The crystal holder can contain
several crystals which can be moved into the implantation position without
breaking the vacuum. Implantation in the center of the crystal is achieved by
using several adjustable energy degraders. The degrader material needs to be
chosen in order to minimize electron pick-up, as the interaction between the
randomly oriented electron spins with the nuclear spins would cause a reduction
of the polarization [Vyvey et al., 2000]. For the experiments on neutron-rich
Al, Al degraders with variable thicknesses between 1500 µm and 3100 µm were
used.
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Figure 3.4: Schematic depiction of the β-NMR set-up used at LISE-GANIL.
Picture taken from [De Rydt et al., 2009].

The crystal is placed in a static magnetic field B0 oriented along the spin-
polarization axis. Additionally, also a radio frequency (rf) magnetic field B1 is
applied perpendicular to the static field. This rf-field is generated by sending the
amplified signals of one or more rf-generators to two Helmholtz coils mounted
around the crystal. While the static field is usually around several thousand
gauss, the rf-field strength is only in the order of a few gauss.
The last important part of the set-up are the two ∆E − E pairs of β-detectors
placed above and below the implantation crystal, inside of the vacuum chamber.
To minimise the influence of random noise and γ-ray background, only events
detected in coincidence between the ∆E and E detector are taken into account.
Although not necessary for the β-NMR/NQR measurements itself, two γ-
ray detectors are placed outside the chamber to detect β-delayed γ-rays for
identification purposes.

3.2.2 β-decay asymmetry

The β-NMR/NQR measurements require an initially spin-polarized beam. For
these spin-polarized beams, the β-decay pattern is anisotropic in space and the
angular distribution for allowed β-decay is given by

W (θ) = 1 + vβ
c
AβP cos θ (3.2)
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Figure 3.5: Hyperfine splitting of a I = 1 nucleus in the absence of hyperfine
fields (left), in an external magnetic field B0 (middle) and in a combination of
an electric field gradient (EFG) and an external magnetic field (right). Typical
splittings using magnetic fields of a few thousand gauss are in the order of 100
kHz - 5 MHz.

.

For the cases we considered, with Qβ values of a few MeV or more, the velocity
of the β-particle relative to the speed of light vβ

c is almost equal to one. The
β-asymmetry parameter Aβ depends on the spins of the initial Ii and final
state If and is tabulated in [De Rydt, 2010, p. 18]. In general, the β-decay
can involve several final states and the total Aβ is the sum of the individual
branches weighted by their branching ratio.
Experimentally the anisotropy of the β-decay is measured by the two β-telescopes
placed at 0◦ (up) and 180◦ (down). The asymmetry A is defined as

A = Nup −Ndown

Nup +Ndown
≈ AβP (3.3)

where Nup and Ndown are the counts in the up and the down detectors. The
asymmetry is therefore a measure of the polarization in the nuclear ensemble. If
the polarization is destroyed, for example as is done in a β-NMR measurement,
a change in asymmetry is observed proportional to AβP .

3.2.3 Hyperfine interactions in the implantation crystal

Measurements of g-factors and quadrupole moments in β-NMR/NQR depend
on the interaction of the implanted nucleus with external electromagnetic fields
as well as hyperfine fields in the implantation crystal. In general, the description
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of these hyperfine interactions is very complex [Cottenier and Rots, 2005] but
for specific lattice symmetries, the formalism is greatly simplified. These are the
cases which are used in the β-NMR/NQR measurements and will be described
below.

For β-NMR measurements, the host crystal is chosen to have a cubic lattice
structure. If the isotopes are implanted on a substitutional lattice site, they
do not feel a static electric field gradient and thus, the implanted nuclei are
only exposed to the external static magnetic field which induces an equidistant
Zeeman splitting of the nuclear magnetic substates |I,m〉 according to

Em − Em+1 = hνL = |g|µNB0 (3.4)

Here g = µ/I is the nuclear g-factor and νL is called the Larmor frequency.
For β-NQR measurements on the other hand, a host with a non-cubic lattice
structure is selected in which the implanted nuclei are exposed to an axially
symmetric electric field gradient Vzz. This induces an additional energy shift
of the nuclear substates and, on the condition that the magnetic interaction
dominates the quadrupole interaction, the energy splitting between two m-states
is given by

Em − Em+1 = hνL −
3hνQ

8I(2I − 1)(2m+ 1)(3 cos2 θ − 1) (3.5)

Here νQ = e|Qs|Vzz/h is the quadrupole coupling constant and θ is the angle
between the symmetry axis of the electric field gradient and the external
magnetic field. Contrary to the NMR case, the splitting between the different
m-states in NQR is not equidistant and 2I different transition frequencies exist.
In our experiment, θ is set to zero such that expression 3.5 is simplified to

Em − Em+1 = hνL −
3hνQ

4I(2I − 1)(2m+ 1) (3.6)

As an alternative for νQ, ∆ is sometimes introduced

∆ =
{ 3νQ

4I(2I−1) , for integer I
6νQ

4I(2I−1) , for half-integer I
(3.7)

Although its definition is slightly different for integer and half-integer spins, it
has the advantage that the smallest quadrupole splitting is in both cases equal
to ∆.

3.2.4 Measuring nuclear moments via β-NMR/NQR

The basic idea of β-NMR/NQR is that a resonant destruction of polarization can
be observed through a change in β-asymmetry. This destruction of polarization
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Figure 3.6: Typical β-NMR spectrum (left) and β-NQR spectrum (right) of
31Al measured in the same experiment as 33Al (see section 4.2.3). The frequency
modulation is respectively 3 kHz and 55 kHz in the NMR and NQR spectrum.

is achieved by applying an rf-field B1 with the correct frequency/frequencies,
although the details differ between β-NMR and β-NQR.

In a β-NMR measurement, the splitting of the magnetic substates is equidistant
and equal to the Larmor frequency. If the rf-frequency νRF matches this
Larmor frequency, the magnetic substates are coupled and their populations
are equalised, i.e. the polarization is destroyed. This is then observed as a
change in the asymmetry, as shown on the β-NMR spectrum in Fig. 3.6. The
resonant change in asymmetry can be a "peak" or a "dip" depending on the sign
of the polarization (determined by which part of the momentum distribution is
selected) and the β-asymmetry parameter. From the position of the resonance
in the spectrum and the known external static magnetic field, the g-factor can
be extracted using relation 3.4.
For a β-NQR measurement, the situation is a bit more complicated because in
this case the hyperfine splitting of the magnetic substates is not equidistant.
When only one rf-frequency is applied, only one of the 2I transition frequencies
can be matched and the polarization can only be partially destroyed. This
is reflected in a small change in asymmetry. To maximise the signal, 2I
frequencies need to be applied simultaneously in a technique referred to as
multi-rf NQR [Borremans et al., 2005]. Since the transition frequencies are
correlated through the common quadrupole coupling constant, in practice this
quadrupole coupling constant or ∆ is scanned. When the resonance condition is
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met, the polarization is fully destroyed and the change in asymmetry is maximal.
To ensure all applied frequencies are on resonance simultaneously, prior to the
β-NQR measurements, νL is precisely determined in a β-NMR measurement. A
typical β-NQR spectrum can be seen in Fig. 3.6. The quadrupole moment can
be extracted from the measured νQ resonance position and the known electric
field gradient via relation 3.5.
Note that β-NMR/NQR experiments only yield the absolute value of the g-factor
and quadrupole moment but not their sign.

During the β-NMR/NQR measurements, the rf-frequency is scanned in a
number of discrete steps. In order not to miss an intermediate resonance
frequency, a frequency modulation is applied around the central frequency. To
search for the resonance, initially a broad frequency scan is performed with
large frequency steps and corresponding large modulation. Step-by-step, the
frequency range and stepsize are reduced to get a precise determination of the
resonance position.
The frequency modulation has an influence on the line shape of the NMR
resonance. Although several descriptions exist, in article I (see section 4.2.3)
the resonance peaks are fitted according to [De Rydt, 2010]

A(ν) = baseline + I
(

1
2ν

∫ ν+∆ν

ν−∆ν

ν0 − ν√
(ν0 − ν)2 + ν2

1
dν

)2

(3.8)

where I is the peak amplitude, ν0 is the resonance position, ∆ν is the frequency
modulation and ν1 is a term related to power broadening due to the power of
the rf-field.

In the discussion in section 3.2.3, it was assumed that the nucleus is implanted
at a substitutional lattice position. However, in reality some of the nuclei are
implanted at other lattice sites with other symmetries, where they experience
different hyperfine fields. These nuclei do not contribute to the resonance signal.
Furthermore, also defects or crystal imperfections might generate small electric
field gradients such that not all nuclei are at resonance at exactly the same
rf-frequency. The use of frequency modulation is therefore also beneficial to
compensate for this spread in resonance frequencies, maximising the nuclei which
are at resonance simultaneously and hence maximising the signal amplitude.
In general, the implantation of nuclei in a crystal is a complicated process,
and although the Hume-Rothery [Sood, 1978] rules provide a general rule
of thumb to estimate the probability for substitutional implantation, the
suitability of a particular nucleus-host combination for β-NMR needs to be
verified experimentally.
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Spin-lattice relaxation

In the β-NMR/NQR measurements, the destruction of polarization happens
resonantly. However, also non-resonant destruction of the spin-polarization takes
place due to random spin-lattice interactions. If these spin-lattice relaxation
processes occur faster than the nuclear lifetime, the polarization will be destroyed
before the nucleus decays and consequently no resonant change of asymmetry
can be observed. Spin-lattice relaxation therefore puts an upper limit on the
half-life of the studied nucleus and typical half-lives of isotopes studies via
β-NMR are shorter than a few s.

The spin-lattice relaxation time is measured experimentally by implanting the
beam for a period timp after which the beam is switched off and the evolution
of the asymmetry is measured as a function of time. This time evolution is
described via [Hossain et al., 2009]

A(t) = A0
T1

τ + T1

1− exp[−t(τ + T1)/(τT1)]
1− exp[−t/τ ] for t < timp (3.9)

A(t) = A0
T1

τ + T1

1− exp[−timp(τ + T1)/(τT1)]
1− exp[−timp/τ ]

× exp[−(t− timp)/T1] for t > timp (3.10)

where τ is the nuclear lifetime and T1 the spin-lattice relaxation time. In the
case of a continous beam such as the one employed in our β-NMR experiments,
timp →∞ and the asymmetry in eq. 3.9 reaches its equilibrium value

Acont = A0T1/(τ + T1) (3.11)

= A0/(1 + τ/T1) (3.12)

Hence, for the same initial parameters (Aβ , polarization produced in the reaction
process, Qβ , etc.) the experimentally observed asymmetry will be reduced for
isotopes with long half-lives or for implantation crystals with short spin-lattice
relaxation times.

The specific spin-lattice relaxation mechanism depends on the chosen
implantation host. In metals, the conduction electrons induce fast changing fields
which cause magnetic relaxation, while in insulators, quadrupolar relaxation is
caused by fluctuating electric field gradients due to lattice vibrations. Often the
relaxation in insulators is much slower than in metals. In general, the relaxation
process is slower at low temperatures than at high temperatures.
Once T1 is known for one isotope-host combination at a specific temperature, it
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can be estimated for other isotopes of the same element, implanted in the same
host, via [Korringa, 1950; Mieher, 1960]

TA1
TA
′

1
=
(
gA
′

gA

)2

in metals

TA1
TA
′

1
=
(
QA

′

QA

)2

in insulators

Apart from determining T1, spin-lattice relaxation time measurements can be
performed before the β-NMR measurements to verify whether there is any
polarization at all.



4 | Nuclear moments of 33Al
and 34Al

The island of inversion around N = 20 has been attracting the attention
of the nuclear structure community since the first discovery of anomalous
binding energies in the neutron-rich 11Na isotopes in 1975. In this chapter, a
motivation is given as to why specifically we want to study the neutron-rich Al
isotopes, located at the northern border of this island of inversion. Then, the
experimental quadrupole moment of 33Al is discussed which was measured in a
β-NQR experiment in 2011. Furthermore, also the interest of studying a newly
discovered isomer in 34Al is outlined, as well as the very preliminary results
from the experiment to measure its g-factor and quadrupole moment performed
at the end of May 2016.

4.1 The island of inversion around N = 20

The interest in the region centered around 32
12Mg20 started by the mass

measurement of the neutron-rich Na isotopes [Thibault et al., 1975]. Although
N = 20 is a strong shell closure near the valley of stability, the experiment
showed that 31

11Na20 and 32
11Na21 were significantly more bound than expected

for a closed N = 20 shell. Also the increase in mean-square charge radii of
29,30,31Na [Huber et al., 1978] and the low energy of the first excited 2+ state
in 32Mg [Détraz et al., 1979] were inconsistent with the conventional N = 20
magic number view.
Theoretically, these anomalies were soon interpreted as due to ground state
deformation [Campi et al., 1975], associated with neutron excitations across
N = 20, from the (normal) sd shell into the (intruder) pf orbitals [Wildenthal
and Chung, 1980; Watt et al., 1981; Warburton et al., 1990] (see Fig. 4.1 for the

47
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Figure 4.1: Relevant shell model orbitals in the island of inversion around
N = 20.

relevant shell model orbitals in this region). Specifically, configurations where
two neutrons are excited across N = 20, the so-called 2 particle - 2 hole (2p-2h)
excitations, were considered to be important. Originally, it was predicted that
for the 10Ne, 11Na and 12Mg isotopes with 20 ≤ N ≤ 22, the energy needed to
promote two nucleons across the shell gap was compensated by a large gain in
quadrupole correlation energy. For these isotopes, the order of the normal 0p-0h
configurations and intruder 2p-2h configurations would therefore be inverted,
giving rise to an island of inversion. As discussed in section 1.2.3, the energy
balance in favour of the intruder configurations partly arises because of the
reduction of the N = 20 gap when protons are removed from the πd5/2 orbital
below Z = 14. However, the energy cost for exciting neutrons across N = 20
remains significant and it is only when the enormous correlation energy is taken
into account that the 2p-2h configurations can become the ground state [Caurier
et al., 2014]. Here also the importance of the open proton d5/2 orbital needs to
be stressed, as it brings the possibility of additional proton-neutron correlations
[Sorlin, 2014] while the relatively large gap between the πd5/2 and πs1/2 orbitals
plays a stabilizing role for isotopes with Z ≥ 14.

To better understand the drivers of the structural changes in the island of
inversion, an extensive research programme has been performed determining
the low-energy properties in this region of the nuclear chart (see [Himpe, 2006]
for an overview up to 2006). A summary of the current status can be found
in Fig. 4.2. In this effort, measurements of nuclear spins, moments and mean-
square charge radii have been crucial, as discussed in detail in for example
[Utsuno et al., 2004; De Rydt, 2010; Neyens, 2016]. Along the way, it has been
realised that the limits of the island of inversion are not sharply defined and
that the amount of intruder configurations changes gradually as a function of
N and Z. Nevertheless, the exact extent of the island is still an open question,
both from the experimental and from the theoretical point of view. Since the
nuclear observables of isotopes at the shores of the island of inversion depend
critically on the balance between the shell gaps and the correlations, they are
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Figure 4.2: Current status of the intruder nature of the ground or long-lived
states in the island of inversion around N = 20. The term normal (intruder) is
used to denote configurations dominated by normal (intruder) configurations.

excellent probes to test the available nuclear models and their parametrisations.
Due to their sensitivity to the wave function composition and deformation,
nuclear moments play an important role in this context.

4.1.1 The Z = 13 isotopes

The neutron-rich Al isotopes (Z = 13) are located at the northern border of
the island of inversion. Lying in between the deformed 12Mg and spherical
14Si isotopes, they provide a unique opportunity to study the transition from
normal to intruder configurations. The transitional character of the Al isotopes
was investigated in several β-NMR/NQR experiments [Borremans et al., 2005;
Himpe et al., 2006; Kameda et al., 2007; Nagae et al., 2009; De Rydt et al.,
2009]. The experimental g-factors and quadrupole moments of 31,32Al18,19 have
demonstrated that their ground state structure can be well reproduced in a
normal sd-picture in which neutron excitations across N = 20 are excluded.
On the other hand, an accurate description of the g-factors of 33Al and 34Al
requires a model space including the neutron pf -orbitals and an admixture with
at least 25% and 50% intruder configurations in the ground state wave function
of 33Al and 34Al were suggested, respectively [Himpe et al., 2006, 2008]. Since
the proposed mixed intruder nature of the 33Al ground state was based on a
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deviation of only a few percent between the theoretical sd calculation and the
experimental g-factor, its validity was sometimes questioned (see e.g. [Tripathi
et al., 2008]). Although the quadrupole moment is much more sensitive to
the effects of 2p-2h excitations, the low precision on the experimental value
determined prior to this work, precluded clarification of the situation [Shimada
et al., 2012]. Up to now, attempts to measure the quadrupole moment of the
4− ground state in 34Al have been unsuccessful.
Recently, a second long-lived state in 34Al has been discovered, suggested to
have 1+ spin-parity and a 1p-1h intruder configuration [Rotaru et al., 2012]. A
motivation to measure the g-factor and quadrupole moment of this state can
be found in section 4.3.

4.2 The intruder component in the ground state
wave function of 33Al

4.2.1 The N = 20 isotones

Over the last few years, a lot of progress has been made to follow the development
of the intruder configurations along the N = 20 isotones [Gade and Liddick,
2016]. Especially, the second 0+

2 states in 30,32Mg and 34Si have only recently
been identified experimentally [Schwerdtfeger et al., 2009; Wimmer et al., 2010;
Rotaru et al., 2012]. Fig. 4.3 depicts the systematics of the 0+

1,2 states along the
N = 20 isotopes. This shows that between 34

14Si and 32
12Mg a particularly rapid
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change in nuclear structure is observed. Whereas in 34Si the ground state is
thought to be dominated by normal configurations1 and a 2p-2h intruder state
is found at 2.7 MeV, in 32

12Mg this intruder state comes down by almost 4 MeV,
becoming the ground state more than 1 MeV below the normal 0p-0h state.
Shell model calculations using the SDPF-U-MIX interaction however suggest
that the above picture of nearly pure 0p-0h and 2p-2h states is too simple
[Caurier et al., 2014]. The ground state of 32Mg is indeed calculated to be
dominated by intruder configurations (54% 2p-2h, 35% 4p-4h) but the excited
state 0+ state is strongly mixed with only 33% 0p-0h configurations.
33
13Al20 is a clear transitional isotope into the island of inversion, both along the
Z = 13 and N = 20 line. As discussed in the next section, experimental efforts
to determine the normal, intruder or mixed nature of its ground state have
previously led to contradicting results and also theoretically no consensus is
reached. The high-precision quadrupole moment will provide a sensitive probe
to clarify the situation.

4.2.2 Large-scale shell model interactions

Several shell model interactions are employed for calculations in the island of
inversion around N = 20. All these interactions start from the USD interaction
for the sd shell developed by Brown and Wildenthal [1988], while different
cross-shell interactions are used. Also their monopole matrix elements have
been tuned differently, leading to other effective single particle energies and
shell gaps.

• SDPF-U-MIX [Caurier et al., 2014]

– Valence space: 16O core, sd shell for protons and full sd + pf shell
for neutrons.

– Remark: Cannot reproduce the quadrupole moment of 33Al (see
4.2.3). Probably the size of the N = 20 shell gap is overestimated in
this interaction which results in a too small intruder component.

– Full Lanczos diagonalisation in Antoine

• SDPF-NR [Nummela et al., 2001], SDPF-U [Nowacki and Poves, 2009]

– Valence space: 16O core, sd shell for protons and full sd + pf shell
for neutrons.

1Recent shell model calculations by Otsuka and collaborators shed doubt on this conclusion
[Private communication].
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– Remark: Predecessors of SDPF-U-MIX, have become obsolete since
they cannot mix different np-nh configurations.

– Full Lanczos diagonalisation in Antoine

• SDPF-M [Utsuno et al., 1999]

– Valence space: 16O core, sd shell for protons and sd + νf7/2p3/2
shell for neutrons.

– Remark: Reproduces the quadrupole moment of 33Al very well. From
the g-factor measurement of 34gAl it was deduced that the size of
N = 28 is overestimated [Himpe et al., 2008]. This means that
mixing with νp3/2 configurations is not well reproduced.

– Originally used in the Monte Carlo Shell framework, while recently
full Lanczos diagonalisation using the Mshell64 code have become
available.

4.2.3 Article I: High-precision 33Al quadrupole moment re-
veals intruder dominated ground state

This article reports on the results of the β-NQR experiment on 33Al performed
in July 2011 at LISE-GANIL. The precision on the previously known quadrupole
moment of 33Al was improved by a factor of 5. Due to this high precision, a
pure sd picture without neutron excitations across N = 20 could be firmly
excluded. In order to assess the intruder component in the ground state wave
function, the experimental result is compared to state-of-the-art shell model
calculations. This demonstrated that the wave function is mixed with at least
50% of intruder configurations, illustrating the transitional nature of 33Al.

As a master student at the time of the experiment, I participated in the β-NQR
experiment which was led by Marieke De Rydt. She performed a first data
analysis and prepared a first draft of the paper in 2012. With newly available
theoretical calculations, I’ve finalised the paper for submission. This involved an
independent data analysis, shell model calculations with the USD interaction,
several discussions with our collaborators and completely reworking the initial
draft.
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The electric quadrupole moment of the 33
13Al20 ground state, located at the border of the island of inversion,

was obtained using continuous-beam β-detected nuclear quadrupole resonance (β-NQR). From the measured
quadrupole coupling constant νQ = 2.31(4) MHz in an α-Al2O3 crystal, a precise value for the electric quadrupole
moment is extracted: |Qs(

33Al)| = 141(3) mb. A comparison with large-scale shell model calculations shows
that 33Al has at least 50% intruder configurations in the ground state wave function, favoring the excitation of two
neutrons across the N = 20 shell gap. 33Al therefore clearly marks the gradual transition north of the deformed
Na and Mg nuclei towards the normal Z � 14 isotopes.

DOI: 10.1103/PhysRevC.94.034312

I. INTRODUCTION

In recent decades, the study of isotopes far from β stability
has decisively altered our understanding of the nuclear shell
structure through the observation of many phenomena at
variance with conventional expectations. One of the oldest
examples is the region of deformation around the classic
magic number N = 20, which was first discovered through
anomalies in the properties of neutron-rich Na and Mg isotopes
[1–3]. This deformation is associated with two-particle–two-
hole (2p-2h) neutron excitations across N = 20, from the sd
orbitals to the fp orbitals. Due to the combination of a reduced
N = 20 shell gap and a large gain in quadrupole correlation
energy, the energy for such particle-hole configurations is
lowered drastically and, at specific N,Z combinations, these
so-called intruder configurations can even become the ground
state, below the normal sd configurations. The isotopes for
which this inversion of normal and intruder configurations
occurs are referred to as belonging to the island of inversion.

Warburton et al. [4] originally predicted that the island
of inversion around N = 20 contains the 10Ne, 11Na, and

12Mg isotopes with 20 � N � 22. Since then, an extensive
research program has focused on the characterization of the
low-energy properties of these isotopes and their neighbors, in
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order to understand the origin of the changing nuclear structure
[5–10]. Moreover, it is recognized that the development of
deformation happens gradually as a function of N and Z [11].
Since nuclei at the edge of the island of inversion have a
transitional character with a varying amount of normal and
intruder configurations, their study is imperative to understand
the drivers of the sudden structural changes in the region.

The neutron-rich Al isotopes (Z = 13) constitute the north-
ern border of the island of inversion, between the spherical Si
isotopes and the deformed Mg isotopes. 33

13Al20 is thought to
be a key isotope as the transition into the island is particularly
rapid in the N = 20 isotones. In 34

14Si20 a 2p-2h intruder state
was recently found at 2719 keV [12], which comes down
almost 4 MeV in 32

12Mg20, where it becomes the ground
state, lying 1058 keV below the normal configuration [13].
33Al is therefore expected to have a transitional nature, with
potentially a significant amount of intruder admixtures in its
ground state. Experimental measurements to determine this
intruder component have led to conflicting results. Whereas
mass measurements [14] and the 33Al → 33Si β-decay study
[15] place 33Al outside the island of inversion, the g factor
[16] and the (debated) 33Mg → 33Al β-decay scheme [17–19]
suggest a sizable intruder component in the 33Al ground state,
while also one-neutron removal cross sections and longitudinal
momentum distributions do not exclude the presence of
intruder configurations [20]. The quadrupole moment is a
particularly well-suited observable to shed light on this issue
due to its sensitivity to E2 collectivity and 2p-2h excitations in
the wave function. However, as the precision on the previous
measurement was low (12%), no firm conclusion could be
drawn [21].
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Here, we present the first high-precision quadrupole mo-
ment measurement of the 33Al ground state (I = 5/2+, t1/2

= 41.7 ms) via continuous-beam β-NQR at LISE-GANIL.
Via a comparison with large-scale shell model calculations,
the mixing of intruder configurations in the ground state wave
function of 33Al is investigated.

II. EXPERIMENTAL DETAILS

The β-detected nuclear quadrupole resonance (β-NQR)
measurements were performed at the LISE-GANIL facility.
Neutron-rich 33Al nuclei were produced and spin polarized
in a projectile fragmentation reaction induced by a 36S16+
primary beam (77 MeV/u and 1.8 μA) on a 1018-μm thick
9Be target. After selection in the LISE3 fragment separator,
a 94% pure beam of 33Al (8 × 103 particles per second) was
guided to the β-NMR/NQR setup [22]. Here the beam was
implanted into a α-Al2O3 single crystal at room temperature.
The crystal was placed in a static external magnetic field
(B0 = 2002(7) gauss) along the spin direction in order to
maintain the spin polarization and induce a Zeeman splitting.
Perpendicular to the static field, a radio-frequency field with
frequency νrf was applied, generated by the amplified rf
generator signals sent to two Helmholtz coils mounted around
the crystal. The β decay of the radioactive 33Al isotopes was
detected in two sets of �E-E plastic scintillator telescopes
placed above and below the implantation crystal. To reduce the
influence of scattering and noise events, �E-E scintillator co-
incidences were required. For a spin-polarized ensemble, the β
decay is anisotropic in space and the asymmetryA is defined as

A = Nup − Ndown

Nup + Ndown
≈ AβP

with Aβ being a parameter determined by the β-decay
properties and P being the amount of spin polarization. Nup

and Ndown are the number of counts detected in the upper and
lower detectors, respectively.

The implanted 33Al nuclei are exposed to an axially
symmetric electric field gradient Vzz in the hexagonal α-Al2O3.
In addition to the Zeeman splitting due to the external magnetic
field, this field gradient induces a shift due to the quadrupole
interaction. In a field of ∼2000 gauss, the magnetic interaction
dominates the electric quadrupole interaction and the splitting
of the |I,m〉 states is in first order given by [23]

νm − νm+1 = νL − 3νQ

8I (2I − 1)
(2m + 1)(3 cos2 θ − 1).

Here θ is the angle between the external field and the symmetry
axis of the electric field gradient in the crystal, which was put
to zero in the experiment. From a precise measurement of the
transition frequencies, the nuclear g factor and spectroscopic
quadrupole moment Qs can be extracted via the relations for
the Larmor frequency νL = |g|μNB0/h and the quadrupole
coupling constant νQ = e|Qs |Vzz/h.

For a I = 5/2+ nucleus such as 33Al, there exist
five transition frequencies between the |I,m〉 states (m =
−5/2,−3/2, . . . , 5/2). When the applied rf field has a fre-
quency that matches one of these frequencies, the population
of the two magnetic substates is equalized, which induces only
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FIG. 1. Experimental β-NQR spectra for the 31Al and 33Al ground
states with a frequency modulation of respectively 55 and 80 kHz.

a partial destruction of the ensemble polarization, reflected
as a small change in the asymmetry A [24]. In order to
enhance this change in asymmetry and thus the resonance
signal, the polarization needs to be fully destroyed. As the
five transition frequencies are correlated through the common
coupling constant νQ, they can be scanned simultaneously by
varying this νQ. When the resonance condition for νQ is met,
the population of all |I,m〉 states is equalized, and a full change
in asymmetry is observed. To guarantee all five frequencies
are at resonance simultaneously, precise knowledge of νL

is required. Therefore, prior to the β-NQR measurement, a
β-NMR measurement in a cubic Si crystal was performed,
yielding νL in the applied B0. During the β-NMR and NQR
measurements, the rf frequencies were scanned in discrete
steps and for each frequency, a frequency modulation of
more than 50% of the step size was applied to cover the full
frequency range. A detailed description of the methodology of
continuous-beam β-NQR can be found in Ref. [22].

The setup was first tested using the well-known 31Al isotope
after which the 33Al measurements were performed in similar
conditions. Typical spectra are shown in Fig. 1 and an overview
of the results can be found in Table I. The quadrupole moments
of 31Al and 33Al have been extracted from the measured
quadrupole coupling constant, relative to that of 27Al

|Qs(
AAl)| = |Qs(27Al)|νQ(AAl)

νQ(27Al)
.

The 31,33Al results are in good agreement with the previously
known literature values, and the precision on |Qs(33Al)| is
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TABLE I. The quadrupole coupling constant of the 31,33Al ground
state extracted during the β-NQR measurements in an α-Al2O3 crystal
at room temperature. The results are compared to the literature values
and for completeness also the 27Al reference values are presented.

N Iπ t1/2 νQ (MHz) Qs (mb) Ref.

27Al 14 5/2+ Stable 2.4031(2) +146.6(10) [25,26]
31Al 18 5/2+ 644 ms 2.24(3) 136.5(23) This work

2.19(2) 134.0(16) [27]
33Al 20 5/2+ 41.7 ms 2.31(4) 141(3) This work

2.2(3) 132(16) [21]

improved with more than a factor of 5, from 12% in the
previous measurement [21] to 2% in this work. This precision
allows a detailed discussion of the intruder components in the
33Al ground state.

III. RESULTS AND DISCUSSION

The experimental ground state quadrupole moment of
33Al20 is very similar to that of 27Al14 and 31Al18, as shown
in Fig. 2. This is inconsistent with a picture in which no
particle-hole excitations occur: for a closed-shell isotope like
33Al20 the quadrupole moment should decrease with respect to
the open-neutron shell isotopes 27,31Al. That is illustrated in the
shell model calculations using the USD shell model interaction
[28] with a 16O core and protons and neutrons restricted to
the sd-shell model space, the triangles in Fig. 2. Indeed, the
33Al quadrupole moment would then be entirely due to the
proton configuration because the N = 20 shell closure inhibits
all neutron contributions. The open neutron shell in 27Al and
31Al on the other hand allows for additional proton-neutron
correlations, resulting in an increase in quadrupole moment.
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FIG. 2. The experimental quadrupole moments compared to shell
model calculations using various interactions and the universal effec-
tive charges [32]. The predicted amount of intruder configurations in
the wave functions are indicated in brackets.

The fact the 27,31Al and 33Al quadrupole moments are similar
in size therefore suggests that this pure sd picture is too limited
and that neutron excitations across N = 20 are necessary to
reproduce Qs(33Al).

Therefore, large-scale shell model calculations have been
performed in different model spaces, using different effective
interactions. The results are presented in Fig. 2. The ANTOINE

shell model code has been used with SDPF-U-MIX [29],
the most recent effective interaction for this region, which
builds upon a 16O core and comprises the full sd and
pf shell for neutrons. This allows excitations of neutrons
across N = 20 and mixing between np-nh configurations.
The calculations are truncated to maximum 2p-2h neutron
excitations across N = 20 for Al isotopes up to 31Al, and up
to 4p-4h for 33Al. As an alternative, the SDPF-M effective
interaction [30] is used including excitations from the neutron
sd shell to the two lowest levels of the pf shell (f7/2p3/2).
Previously, calculations with this interaction were performed
in the Monte Carlo shell model framework [21], while recently
full Lanczos diagonalizations (calculated using the MSHELL64

code [31]) have become available, truncated to maximally
4p-4h excitations. Since both diagonalization approaches yield
similar results, only the results from the full diagonalization
are shown here.

In Fig. 2, all quadrupole moments have been calculated
using the theoretically derived universal effective charges
eπ = 1.31e and eν = 0.46e [32]. The calculations consistently
overestimate the experimental quadrupole moments for all
three interactions, which is related to the choice of effective
charges, as discussed later. At this point, however, it is more
important to note that only the SDPF-M interaction is able to
reproduce the experimental trend, which goes up at N = 20.
The USD and SDPF-U-MIX interaction on the other hand
predict a sizable decrease. Allowing also 4p-4h excitations for
33Al in the SDPF-U-MIX interaction does not really improve
the agreement with experiment. An inspection of the intruder
admixtures in the 33Al ground state (indicated in Fig. 2) reveals
that 74% of intruders are predicted using SDPF-M while
only 17% are predicted using SDPF-U-MIX. The discrepancy
between the SDPF-U-MIX calculations and the experimental
value at N = 20 is therefore suggested to at least partly arise
from an underestimation of intruder configurations. To obtain
a theoretical 33Al quadrupole moment in better agreement
with the experimental trend, the intruder component would
need to be doubled, requiring a reduction of the N = 20 shell
gap by 0.5 MeV. However, since the (unmodified) SDPF-U-
MIX calculations have been shown to give good results for
E(2+)’s, B(E2)’s, and binding energies in the neighboring
isotopic chains [14,29], simply decreasing the N = 20 shell
gap will have detrimental effects on the predictions for
these neighboring isotopes and a more careful analysis of
the problem is necessary. The observed discrepancy at 33Al
emphasizes the need for high-precision quadrupole moments
as a complementary test for state-of-the-art interactions.

To further illustrate the significance of the high-precision
result we have obtained in this work, our value is presented
in Fig. 3 along with the old, low-precision value [21] and
the results from the USD and the SDPF-M shell model
calculations using eπ = 1.1e, eν = 0.5e. The use of these
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FIG. 3. Experimental quadrupole moments of 27Al, 31Al, and 33Al
where for 33Al both the high-precision value obtained in this work and
the low-precision value [21] are shown. These are compared to shell
model calculations with the USD and SDPF-M effective interactions
using constant effective charges eπ = 1.1e, eν = 0.5e.

effective charges is justified based on the analysis of the
quadrupole moments and B(E2) values of the odd-Z even-N
πsd isotopes by De Rydt et al. [27,33], which showed that
a reduction of the proton effective charge gives a better
reproduction of the experimental data.

Both USD and SDPF-M can reproduce the experimen-
tal quadrupole moments of 27,31Al, suggesting a structure
dominated by normal configurations. For 33Al, the old low-
precision quadrupole moment agrees best with the SDPF-M
calculations, even though its large uncertainty prevents firmly
ruling out the USD prediction. Due the high precision obtained
in this work, it can be unambiguously concluded that the
quadrupole moment of the 33Al ground state is inconsistent
with the USD calculation without intruder configurations.
The SDPF-M value on the other hand compares much more
favorably to the experimental value, although it is somewhat
too high. This suggests that the predicted 74% intruder
configurations is somewhat overestimated.

The influence of the exact amount of intruder components
on the quadrupole moment is therefore investigated through
a variation of the size of the N = 20 shell gap, obtained
by shifting the νf7/2 and νp3/2 orbitals simultaneously by
�E. The results are shown in Fig. 4. A good agreement
between the experimental and theoretical quadrupole moment
is already obtained at 62% intruder configurations, subdivided
in 55% 2p-2h and 7% 4p-4h components. Immediately, also the
clear correlation between the total intruder component in the
wave function (in the top panel) and the predicted quadrupole
moment (in the bottom panel) becomes evident. Furthermore,
the strong dependence of the amount of intruder admixtures
on the size of the N = 20 shell gap is illustrated. Indeed,
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SDPF-M wave function (top) and quadrupole moments (bottom)
when the N = 20 shell gap is changed by �E. Quadrupole moments
were calculated using the eπ = 1.1e, eν = 0.5e effective charges. The
gray bands indicate the interval around the experimental value.

increasing the shell gap by 1 MeV already reduces the amount
intruder configurations by 40%.

While the above analysis is instructive to study the sensitiv-
ity of the quadrupole moment to the intruder composition of the
wave function, it is not meant as a quantitative determination
of the optimal N = 20 shell gap in the SDPF-M interaction,
which would require a much more elaborate investigation.

Note that the exact amount of intruder admixtures also
depends on the choice of effective charges, for example, with
the isospin-dependent effective charges used previously in
[21,34] 76% of intruder admixtures would be required to
reproduce the experimental quadrupole moment. Whichever
effective charges are the most appropriate, it is clear that
the main conclusion of this work is solid: To reproduce the
quadrupole moment of the 33Al ground state, a significant
admixture of intruder configurations is necessary. This con-
firms and strengthens the conclusion of the 33Al g factor
measurement [16]. However, for a consistent interpretation
of the low-energy structure of 33Al, it would be interesting to
investigate how the ground state moments can be consolidated
with the apparent contradictory experimental information from
the mass and β-decay measurements [14,15].

IV. CONCLUSION

In conclusion, the ground state quadrupole moment of
33Al has been measured using the β-NQR technique at LISE-
GANIL. The high-precision experimental value, |Qs(33Al)| =
141(3) mb, is inconsistent with a picture in which mixing with
neutron intruder configurations beyond N = 20 is excluded.
Furthermore, a comparison with large-scale shell model calcu-
lations has demonstrated the sensitivity of the 33Al quadrupole
moment to intruder components. The SDPF-U-MIX interac-
tion predicts only 17% mixing with intruder configurations
but cannot capture the observed rise in quadrupole moment.
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On the other hand, good agreement between the SDPF-M
calculations and the experimental 27,31,33Al quadrupole mo-
ments is obtained, and for 33Al a ground state configuration
mixed with more than 50% intruders is suggested. Hence, 33Al
cannot be placed outside of the island of inversion but should
be considered as an important transitional isotope.
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4.3 The unique nature of the 1+ isomer in 34Al

In May 2016, a β-NMR/NQR experiment (E650) was performed to determine
the g-factor and quadrupole moment of the newly discovered 1+ isomer in
34Al21. Due to the low production yield and the large number of β’s originating
from the daughter decay, this experiment was very challenging. In a first part
of the experiment, the set-up was therefore tested and optimised using the
well-known 32Al isotope.
For this experiment, I was in charge of the experimental preparation and setting
up of the β-NMR/NQR apparatus at GANIL.

4.3.1 Physics case

Recently, the 0+
2 state in 34Si was discovered following the β-decay of 34Al

[Rotaru et al., 2012] at GANIL. From the absence of γ-rays in coincidence with
the 511 keV γ-rays produced in the 0+

2 → 0+
1 internal pair creation decay, it

could be concluded that the 0+
2 state was fed directly in the 34Al β-decay. In this

experiment, the existence of two β-decaying states in 34Al was surmised based
on the observation of two distinctly different half-lives in the timed β-γ-spectra:
the 4− state with the known 56 ms half-life and a new isomer with a 26 ms
half-life.
From shell-model calculations, a 1+ isomeric state is predicted in 34Al at a few
100 keV [Himpe et al., 2008]. As shown in Fig. 4.4, this 1+ state is suggested to
arise from the excitation of one neutron from the sd shell to the pf -shell, i.e.
a 1p-1h intruder. Following these predictions, the β-decay from the 1+ state
would then proceed mainly through the νd3/2 → πd5/2 Gamow-Teller decay,

32Al19 – 1+ 

0p-0h 
 

34Al21 – 4- 

0p-0h, 2p-2h 
 

34Al21 – 1+ 

1p-1h 
 

νd5/2 
νs1/2 
νd3/2 

νf7/2 
νp3/2 

N = 20 N = 20 N = 20 

Figure 4.4: The proposed neutron configurations of the 1+ ground state in 32Al,
the 1+ state in 34Al and the 4− state in 34Al.
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Figure 4.5: Updated 34Al β-decay scheme, adapted from [Nummela et al., 2001].

populating the 2p-2h 0+
2 state in 34Si. An updated β-decay scheme of 34Al is

shown in Fig. 4.5.
Note that the relative energy difference between the 4− and the 1+ state in
34Al could not yet be determined, giving rise to the question which of them
is the actual ground state. As pointed out by Ascher et al. [2013], if the 1+

state would be the ground state, the two-neutron separation energies would
be altered, washing out the cross-over observed by Kwiatkowski et al. [2015].
Although the naming is ambiguous, in this thesis the 4− state will be referred
to as the ground state while the term isomer is reserved for the 1+ state.

So far, the ground and long-lived states of isotopes inside the island of inversion
have been described in terms of an even number of neutron excitations across
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Table 4.1: Shell model calculations for the nuclear moments of 32,34Al. Free
g-factors and eπ = 1.31e, eν = 0.46e effective charges are used in the calculations.
Because of the small size of the quadrupole moments, the choice of effective
charges has little influence on the absolute quadrupole moment.

Exp. SDPF-U-MIX SDPF-M
g-factor 32Al 1+ 1.9516(22) 1.80 1.83

34mAl 1+ - 1.76 1.73
34gAl 4− 0.539(2) 0.54 0.37

Qs [mb] 32Al 1+ 24(2) 26.9 29.6
34mAl 1+ - 44.6 42.9

N = 20 (2p-2h, 4p-4h and to a lesser extend also 6p-6h excitations). From
a β-decay study, the ground state of 33Mg was interpreted as having a 1p-1h
nature [Tripathi et al., 2008] but this was not supported by other experimental
evidence [Neyens, 2011]. The proposed 1p-1h nature of the 1+ state in 34Al
offers therefore a first opportunity to study the deformation associated with
such exceptional intruder wave functions.
Comparing the g-factor of the 1+ state in 34Al with the one of the 32Al ground
state will allow verification of the proposed 1p-1h configuration. Indeed, the
unpaired nucleon configuration of the 1+ state of 34Al (πd−1

5/2⊗νd
−1
3/2(f2

7/2)J=0+)
would be similar to the 1+ state of 32Al (see Fig. 4.4) and hence their g-
factors would be similar as well. However, the intruder nature in 34Al might
induce a significant amount of deformation which would be manifested in a
larger quadrupole moment. Shell model calculations using various effective
interactions indeed predict an almost doubling of the quadrupole moment for a
pure 1p-1h wave function compared to the normal 32Al ground state, as can be
seen in table 4.1.
34mAl is a unique case where the increase in deformation due to a 1p-1h
excitation can be experimentally verified. As such, a g-factor and quadrupole
moment measurement are indispensable to establish a unified picture of the
nuclear structure in the island of inversion.

4.3.2 Overview

The 32Al and 34Al fragments were produced in projectile-fragmentation and
pick-up reactions induced by a 36S16+ primary beam (3.5 µA, 77.7 MeV/u)
on a 9Be target (1043.6 µm). In order to obtain a spin-polarized beam, the
primary beam was put on target under an angle of 1.5◦. A 1053.4 µm thick
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9Be wedge was placed in the dispersive plane between the two magnets of the
LISE3 fragment separator.
For 34Al, both the ground state and the isomer are produced simultaneously and
inseparable. An isomeric ratio of ∼ 30% was estimated based on the experiment
in which the isomer was discovered [Rotaru et al., 2012], which was performed
under similar conditions as ours.
An overview of the spectrometer settings, corresponding yields and additional
useful information, can be found in table 4.2.

During beam tuning, the fragments were identified by means of their energy
loss in a Si-detector and time of flight referenced to the radio frequency of
the cyclotrons. The transmission, yield and purity was determined at three
places along the beam line: after the fragment separator, just before the
vacuum chamber and just before the implantation crystal. Additionally, a
dedicated measurement of the yield as a function of the linear momentum
was made by changing the position of the F31 slits after the first separator
dipole magnet. As explained in section 3.1.1, an appropriate selection in the
momentum distribution, taking into account the different reaction mechanisms
for the production of 32Al and 34Al, gives rise to a polarized beam. As shown in
the top of Fig. 4.6, a selection in the right wing of the momentum distribution
was made for 32Al while a selection around the center was made for 34Al.
The energy loss versus time of flight plots with the spectrometer settings for
32Al and 34Al can be seen in Fig. 4.6. After beam-tuning, the Si-detectors were
removed to avoid electron pick-up which would reduce the polarization in the
β-NMR/NQR measurements.
To cross-check the identification of the fragments made via the energy loss time
of flight plots, two HPGe detectors (Canberra GC7023 (γH) and Ortec EGCN
20-18-R (γG)) were placed outside the β-NMR chamber to detect β-delayed
γ-rays.

The data were collected on an event-by-event basis on two separate data-
acquisitions. Our own e650-acquisition was the main acquisition during the
β-NMR/NQR measurements, using β-coincidences as trigger. The standard
LISE-acquisition was used during the beam-tuning. Additionally, also the
γ-signals and β-coincidences were copied and sent to the LISE-acquisition.
This allowed optimisation of the final beam-tuning to the set-up via the β-
coincidence rate, and offered the possibility to collect γ-triggered γ-spectra
in the LISE-acquisition simultaneously with the β-triggered spectra in our
acquisition.
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Table 4.2: Spectrometer settings for production of 32Al and 34Al (numbers
taken from run 266 and run 275 of the LISE-acquisition, respectively). Note
that for 34Al the total (g + m) numbers are shown. The β-coincidences also
include the β-decay of the contaminants and the daughters.

32Al 34Al
Production

Reaction: Projectile-fragmentation Neutron pick-up
Target angle: 35◦ 35◦

Dipoles: Bρ1 = 2.9504 Tm Bρ1 = 3.0423 Tm
Bρ2 = 2.7494 Tm Bρ2 = 2.8212 Tm

Slits: F31: [+15, +40] mm F31: [−15, +10] mm
F43: [−10,10] mm F43: [−10,10] mm

Production: 4700 pps/µA 125 pps/µA
Purity: 90% 85%

Contaminants: 30Mg (5%) 36Si (4%)
31Mg (0.3%) 35Si (3%)
29Na (2%) 33Al (1%)

32Mg (5%)
Properties

Spin: 1+ 4− (g)
1+ (m)

Half-life: 33 ms 56 ms (g)
26 ms (m)

Qβ : 13.02 MeV 12 - 14 MeV
β-NMR (0.5 mm Si at 30◦)

Degraders: 1500 + 1157 µm 1500 + 518 µm
β-coincidences: 1450/s/µA1 100/s/µA2

Hours of data-taking: 6h 44h30
β-NQR (1 mm Al2O3 at 25◦ )

Degraders: 1500 + 700 µm 1500 + 0 µm
β-coincidences: 1050/s/µA3 70/s/µA4

Hours of data-taking: 1h30 15h40
1 Not corrected for the dead time of 39%.
2 Not corrected for the dead time of 3%.
3 Not corrected for the dead time of 35%.
4 Not corrected for the dead time of 3%.
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Figure 4.6: (top) Experimental momentum distribution on which the selection
used during the experiment is indicated by a gray band. (bottom) Energy loss
versus time of flight plots for the identification of 32Al and 34Al.

4.3.3 β-NMR/NQR measurements

Conditioned β-spectra

Since the data is collected on an event-by-event basis, software conditions on the
β-spectra can be placed in the analysis of the data. This might be advantageous
in case there are a lot of background β’s with much higher or lower end-point
energies. Since the purity of the beam is very high in our case, this background
originates mostly from the daughter decay in the decay chain from the isotope
of interest. Note that the β-spectra are not energy calibrated.

The β-spectrum of 32Al collected in the Eup and Edown detectors is shown along
with the β-decay scheme in Fig. 4.7. This spectrum is almost purely determined
by the Qβ = 13.02 MeV ground state to ground state branch, since the 32Si
daughter has a very low Qβ = 0.22 MeV and a very long half-life (T1/2 = 153
year). The bump in the spectrum around channel 7000 corresponds to a ∆E
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Figure 4.7: Experimental β-spectrum and β-decay scheme [Ouellet and Singh,
2011] of 32Al.

peak of the high-energy β’s which fly through the 28 mm thick E-detectors.
According to Geant4 simulations [De Rydt et al., 2009], this peak occurs at
approximately 5.5 MeV.
The 34Al case is a bit more complicated. First of all, it is estimated that only
∼ 30% of the β’s in the 34Al decay originates from the 1+ isomer while the
remaining 70% comes from the ground state. The exact decay scheme of the
isomer is not well-known but the energies of the β’s will be very similar to those
of the ground state, between 12 - 14 MeV. This means that it is impossible to
distinguish between the two states based on their β-energies. Furthermore, the
decay chain of 34Al is much longer than for 32Al, with a significant βn branch
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Figure 4.8: Experimental β-spectrum of 34Al.

of 26%
34m,gAl (β)→ 34Si (2.77 s, 4.59 MeV)

→ 34P (12.43 s, 5.38 MeV)

→ 34S (stable)

34m,gAl (βn)→ 33Si (6.11 s, 5.85 MeV)

→ 33P (25.35 days, 0.25 MeV)

For every β that is emitted, only approximately one in three belongs to 34Al
and only 30% of those belong to the isomer. This results in an experimental
spectrum as shown in Fig.4.8, where the ∆E bump is much less pronounced
than in 32Al due the low-energy contribution of the daughter decay.
As shown in appendix A.1, the effect of the β’s of the daughter and the ground
state is to reduce the experimental asymmetry, defined as the difference between
the asymmetry on and off resonance

Aexp = Aon −Aoff. (4.1)

Compared with a situation in which only the isomer 34mAl would be present,
the asymmetry is reduced by a factor of 9

Aexp

A34m = N34m
tot

N34m
tot +N bg

tot
≈ 1

9 (4.2)
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In principle, the influence of the low-energy daughter β’s can be reduced by
placing energy cuts in the spectrum. However, this also means cutting out
part of the good β’s. A careful analysis of the loss in statistics versus gain in
experimental signal amplitude needs to be performed.
The reduced β-asymmetry in combination with the low production yield, make
the measurements very challenging.

Very preliminary results

No in-depth analysis of the available data has been performed at the time of
writing. To give an idea of the quality of the data, part of the online results
is presented here. Note that the experimental asymmetry resonance is a peak
for 32Al, while it is a dip for 34mAl. This is a consequence of the opposite
spin-polarization of the beam, in combination with the same sign of the Aβ
parameter2. Due to the different reaction mechanisms to produce 32Al and 34Al,
the opposite polarization arises from the chosen selection in the momentum
distribution (see Fig. 4.6).

At the start of the experiment, the set-up was optimised using 32Al. A selection
of the 32Al β-NMR and β-NQR spectra can be seen in Fig. 4.9. For simplicity,
the spectra are fitted with a Gaussian line shape.
Furthermore, in order to have an idea of what to expect for 34mAl, a β-NMR
and β-NQR spectrum of 32Al was taken with exactly the same stepsize and
modulation as used in 34mAl. In the β-NMR runs with stepsize of 60 kHz
and modulation of 45 kHz, one or two frequency points are at resonance,
depending on whether the real resonance frequency lies in the overlapping
part of two neighbouring modulation intervals or not. Note that this implies
that the resonance position can be determined more precisely than the applied
modulation: if one point is in resonance, the real resonance frequency can be
found in the 15 kHz interval around the central value of the modulation range.
If two points are in resonance on the other hand, the real resonance frequency
should lie in the 15 kHz interval around the central value of the overlapping
modulation ranges. With this uncertainty of 15 kHz on the νL extracted from
the β-NMR spectra in mind, the effect of using a νL which differs 15 kHz
from the real value in a β-NQR measurement is tested. It turns out that the
resonance amplitude is only slightly reduced, while the extracted νQ is shifted
by 15 kHz.

The 32Al spectra and 34mAl spectra taken under the same conditions are shown
in Fig. 4.10. In the case of 32Al, no cuts are made in the β-spectra while for

2Although the full β-decay scheme and thus the Aβ of 34mAl is not known, it is assumed
that the 34mAl β-decay proceeds mostly via 1+ → 0+ branches.
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Figure 4.9: β-NMR and β-NQR spectra of 32Al. The stepsize and modulation
range is reduced from top to bottom. From these spectra, the preliminary
results νL = 2240.6(6) kHz and νQ = 408(9) kHz are obtained although a more
careful analysis is required to estimate the uncertainties on these values.

34mAl only β’s with an energy above 3000 Ch in the E-spectra are considered.
In the β-NMR spectra, the average of the points in the base line are indicated
by a gray band. Although the 34mAl spectrum shows all statistics collected
for this frequency range (∼ 18h), the statistical significance is only 2.3σ. Since
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Figure 4.10: Comparison of the β-NMR and β-NQR spectra of 32Al and 34mAl,
taken with the same stepsize and modulation range.

other β-NMR spectra taken with a smaller stepsize or different frequency range
show a hint for a resonance at the same position, albeit similarly insignificant
on their own, it was decided to start a β-NQR measurement.
The total statistics of the β-NQR measurement on 34mAl is shown on the right
side of Fig. 4.10. Although the statistics is again limited, the fact that the
obtained width for 32Al (0.25(3) MHz) and 34Al (0.23(8) MHz) are very similar,
gives some confidence in the observed resonance for 34mAl. In principle, a
successful β-NQR measurement confirms that the νL determined in the β-NMR
measurement must be correct (within the measured uncertainty).

It is clear that a thorough analysis of the data is required before any solid
conclusions can be drawn. Therefore, no attempt is made to discuss the results
in Fig. 4.10 in detail. Nevertheless, from the preliminary resonance positions of
34mAl with respect to 32Al, it is suggested that the g-factor of 34mAl is a little
bit smaller than the one of 32Al while its quadrupole moment is significantly
larger, in good agreement with the shell model calculations.
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4.4 Concluding remarks

Although it is already 40 years ago that the first indications for the changing
nuclear structure around N = 20 were observed, research in this region of the
nuclear chart is still highly relevant today. Only in recent years have the most
exotic species become available for detailed experimental investigation and have
the computational capabilities reached a level which enables the treatment of
the huge model spaces necessary for a theoretical description of the observed
structural changes.

In this chapter, the focus was on the 33,34Al isotopes at the northern border of
the island of inversion.
The quadrupole moment of the 33Al ground state was measured with a 5 times
higher precision than previously. Due to this high precision, the importance
of 2p-2h and 4p-4h intruder configurations in the ground state wave function
could unambiguously be demonstrated. This confirms 33Al20 as the transition
point into the island of inversion, both in the Z-direction between Si and Mg,
as in the N -direction along the Al isotopic chain3.
Additionally, an experiment was performed to determine the g-factor and
quadrupole moment of the 1+ isomer in 34Al, which is suggested to have a
1p-1h intruder dominated wave function. The characterisation of this isomer
is very exciting since so far, it is the first case for which the nuclear moments
of a long-lived 1p-1h intruder state can be studied in the island of inversion.
The experiment was performed close to the submission of this manuscript and
a careful analysis of the low-statistics data is still underway.

One of the major challenges in the N = 20 region is to theoretically describe
the wealth of experimental information currently available, and in particular
to explain how several apparently contradicting results can be reconciled with
each other. Nuclear moments of the neutron-rich Al isotopes have shown to be
excellent test cases for the available state-of-the-art models, see for example
section 4.2.3 and [Himpe et al., 2008]. As such, the g-factor and quadrupole
moment measurements of 33Al and 34m,gAl are essential to obtain a complete
picture of the nuclear structure in the island of inversion and to improve its
theoretical understanding.

3The intruder dominance in the wave function of the 4− ground state in 34Al21 was already
established from a g-factor measurement [Himpe et al., 2008].
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5 | Collinear laser spectroscopy
at ISOLDE-CERN

The neutron-rich Mn were studied using collinear laser spectroscopy at ISOLDE
in CERN. In this chapter, an overview is given of the production of radioactive
ion beams at the ISOLDE facility. Then it is introduced how hyperfine spectra
give information on spins, magnetic moments, quadrupole moments and changes
in mean-square charge radii. Finally, the collinear laser spectroscopy technique
is explained and the specific lay-out of the collinear laser spectroscopy beam
line at ISOLDE is discussed.

5.1 The ISOLDE facility

Since its first commissioning in 1967, ISOLDE (Isotope Separation Online
DEvice) has been one of the leading radioactive beam facilities in the world,
producing more than 700 different isotopic beams used for research in nuclear
physics, solid state physics and life sciences.
The facility is located at the CERN accelerator complex where it receives
a 1.4 GeV pulsed proton beam from the Proton Synchrotron Booster. The
pulses contain approximately 3 · 1013 protons/pulse and are organised in a
supercycle which consists of 30 - 40 pulses separated 1.2 s apart. Throughout
the supercycle typically 30 - 50 % of the proton pulses is delivered to ISOLDE.
Impact of the high-energy protons on a hot, thick target produces a variety of
radioactive nuclides via a range of nuclear reactions such as fission, spallation
and fragmentation. For the production of isotopes at the neutron-rich side of
the chart of nuclides, often uranium carbide targets are selected.
After diffusing from the target, the reaction products are ionized in an
appropriate ion source and accelerated to 30 - 60 keV. The primary ion sources
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Figure 5.1: Schematic depiction of the subsequent stages from radioactive beam
production in the HRS target up to the COLLAPS beam line.

at ISOLDE are a surface ion source, plasma ion source and resonance ionization
laser ion source (RILIS), the most suitable option depending on the physical and
chemical properties of the species of interest. Due to the efficiency and selectivity
of the element-specific stepwise photo-ionization process, RILIS is currently
the principal ion source at ISOLDE [Rothe et al., 2016]. In order to get an
isotopically pure beam, the singly-charged ion beams are mass separated using
dipole magnets, although in general, it is not possible to eliminate all unwanted
isobars which are produced and ionized along with the beam of interest. At
ISOLDE two mass separators connected to two independent target stations
are available: the general purpose separator (GPS) and the high-resolution
separator (HRS). An important advantage of the HRS is its superior mass
resolving power which is obtained by a 60◦ and a 90◦ bending magnet and an
elaborate ion-optics system. Furthermore, a radio frequency quadrupole trap
ISCOOL [Mané et al., 2009] is installed in the focal plane of the HRS to cool and
bunch the ion beams. Since the availability of bunched beams is essential for
collinear laser spectroscopy on exotic beams, the experiments in this work were
performed on HRS-beams. Finally, the mass separated beams are guided to one
of the low-energy experimental beam lines or, when higher energies are needed,
post-accelerated to several MeV/u using REX/HIE-ISOLDE [Van Duppen and
Riisager, 2011]
The subsequent stages from production in the HRS target to the collinear laser
spectroscopy set-up COLLAPS are schematically shown in Fig. 5.1.
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Table 5.1: Overview of the spins, half-lives, masses [Wang et al., 2012; Naimi
et al., 2012] and yields of the Mn isotopes studied in this thesis. The spin
assignments for 61−64Mn were made in this work. The yields were extracted
from the ISOLDE yield database and should only be considered as a rough
estimate.

N Iπ T1/2 Mass [u] Yield [ions/µC]
51Mn 26 5/2− 46.2 m 50.9482085 6.0 · 104[1]
53Mn 28 7/2− 3.74 · 106 y 52.9412889 3.0 · 107
54Mn 29 3+ 312.1 d 53.9403576 9.0 · 107
55Mn 30 5/2− stable 54.9380439 -
56Mn 31 3+ 2.58 h 55.9389037 4.0 · 108
57Mn 32 5/2− 85.4 s 56.9382861 1.5 · 108

58gMn 33 1+ 3.0 s 57.940067 1.7 · 107[1]

58mMn 33 4+ 65.4 s 57.940144 -[2]
59Mn 34 5/2− 4.6 s 58.9403911 1.5 · 108

60gMn 35 1+ 0.28 s 59.943137 -[2]
60mMn 35 4+ 1.77 s 59.943429 -[2]
61Mn 36 5/2− 0.67 s 60.9444525 1.7 · 106

62gMn 37 1+ 92 ms 61.947904 -[2]
62mMn 37 4+ 671 ms 61.948276 -[2]
63Mn 38 5/2− 275 ms 62.949665 2 · 105
64Mn 39 1+ 90 ms 63.953849 7 · 103

1 SC yield with 0.6 GeV protons
2 Not tabulated for UCx

,

5.1.1 Manganese production

The manganese isotopes were produced by the bombardment of a 1.4 GeV
proton beam on a uranium carbide target and selectively ionized in a three-step
ionization scheme with a 19% ionization efficiency [Marsh et al., 2010]. In table
5.1, the ISOLDE yields for the Mn isotopes studied in this work are shown along
with the nuclear spins, masses and half-lives. These yields were determined in
2000 with a 1 GeV proton beam and a less efficient RILIS scheme [Oinonen
et al., 2000] and should be considered as a rough guideline which differs from
the online conditions. The exact yields varied between the two runs discussed
in this work and were particularly bad in the second run due to problems with
the target.
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5.2 Nuclear properties from atomic spectra

Although the nucleus is approximately four orders of magnitude smaller than
the average radius of its surrounding atomic electrons, the properties of the
nucleus have a small but non-negligible effect on the atomic energy levels. Very
precise measurements of these atomic levels therefore enable the extraction
of nuclear spins, magnetic dipole moments,electric quadrupole moments and
changes in mean-square charge radii.

5.2.1 Hyperfine splitting

In a first approximation, the energy of an atom can be calculated by considering
the movement of the electrons in the Coulomb field of a point-nucleus with
charge eZ, combined with the electron-electron interaction including a spin-orbit
term. This describes the atomic energy levels up to the fine structure.
Taking into account the internal structure of the nucleus results in an additional
splitting of the atomic levels due to the electromagnetic interaction between
the nuclear moments and the surrounding electron cloud. Since the size of
the so-called hyperfine splitting is very small compared to the fine structure
splitting (µeV vs meV), it can be calculated in first order perturbation theory.
When considering the hyperfine interaction, the appropriate quantum number
to label a state is the total angular momentum F which is the vector sum of
the nuclear spin I and the electronic spin J . From angular momentum coupling
rules, F can range from |I − J | to I + J .

For a nucleus with I > 0 and an electronic state with J > 0, there is an
interaction between the nuclear magnetic dipole moment µ and the magnetic
field generated by the electrons at the center of the nucleus BJ . This magnetic
dipole interaction results in an energy shift of the atomic level F

∆Edip/h = AJ
2 [(F (F + 1)− I(I + 1)− J(J + 1)] (5.1)

where the (magnetic) hyperfine coupling constant

AJ = µBJ
IJ

(5.2)

is introduced. When I, J > 1/2, also the orientation of the nuclear electric
quadrupole moment Qs with respect to the electric field gradient Vzz produced
by the electrons is important. The quadrupole interaction induces an additional
energy shift

∆Equad/h = BJ
3C(C + 1)− 4I(I + 1)J(J + 1)

8I(2I − 1)J(2J − 1) (5.3)
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Figure 5.2: Hyperfine structure of the J = 5/2→ J ′ = 3/2 atomic transition in
64Mn (I = 1). The corresponding experimental hyperfine spectrum is shown
underneath.

using the shorthand notation C = F (F + 1) − I(I + 1) − J(J + 1). The
(quadrupole) hyperfine parameter is defined as

BJ = eQsVzz. (5.4)

Since the contribution of higher order electromagnetic multipoles to the hyperfine
splitting become increasingly small, for most practical purposes it is sufficient to
consider only the magnetic dipole interaction and electric quadrupole interaction.
A realistic depiction of the hyperfine structure of the 64Mn atom is shown in
top of Fig. 5.2.
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Once A and B are measured for a reference isotope with a known magnetic and
quadrupole moment, unknown nuclear moments can be extracted using

µ = µref
AI

ArefIref
(5.5)

Qs = Qs,ref
B

Bref
. (5.6)

Eq. 5.5 however neglects finite-size contributions of the nucleus and is therefore
only strictly valid for a point-nucleus. Taking into account the distribution of
the magnetisation over the nuclear volume gives rise to a correction

µ = µref
AI

ArefIref

(
1 + 1∆2) (5.7)

where 1∆2 is the differential hyperfine anomaly which depends on the atomic
states and nuclei under consideration. In general, the hyperfine anomaly is very
small, on the 10−4 level, but for specific cases it might be on the order of a
few percent. A compilation of the known hyperfine anomalies can be found in
[Persson, 2013].

5.2.2 Isotope shift

The isotope shift is a shift in the transition frequency observed when going from
one isotope A to another isotope A′ of the same element:

δνA,A
′

= νA
′

0 − νA0 (5.8)

Here, νA0 is the centroid frequency of the hyperfine structure for an isotope A
which equals the unperturbed fine structure transition frequency. The isotope
shift is in general decomposed in two components

δνA,A
′

= δνA,A
′

MS + δνA,A
′

FS , (5.9)

the mass shift (MS) and the field shift (FS), which are related to the finite mass
and finite size of the atomic nucleus, respectively.

Field shift

The field shift arises from the change in electrostatic potential felt by the
electrons due to the different nuclear charge distribution of different isotopes.
For a transition between two atomic states, it is proportional to the change in
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electron probability density ∆|ψe(0)|2 at the nucleus and the change in nuclear
charge radius between two isotopes

δνA,A
′

FS = πa3
0

Z
∆|ψe(0)|2f(Z)δ〈r2〉A,A

′
(5.10)

= Fδ〈r2〉A,A
′
. (5.11)

Here a0 is the Bohr radius, f(Z) is a relativistic correction factor and F is the
field shift factor. For heavy nuclei δ〈r2〉A,A′ is replaced by the Seltzer moment
λA,A

′ = K(Z)δ〈r2〉A,A′ [Seltzer, 1969; Torbohm et al., 1985] which depends on
higher-order radial moments.

Mass shift

The mass shift arises from the recoil motion of a nucleus with finite mass and is
written as

δνA,A
′

MS = M
mA′ −mA

mA′mA
(5.12)

where M is the mass shift factor. Although the mass shift is uninteresting for
our purpose, its effect needs to be known in order to reliably extract the field
shift, from which the mean-square charge radius can be deduced.
The mass shift factor M contains two components: the normal mass shift factor
and the specific mass shift factor (M = MNMS +MSMS). The normal mass shift
factor is given by MNMS = ν0

1822.9 with mproton/melectron = 1822.9. The specific
mass shift factor on the other hand is due to correlations between the electron
momenta which are complicated to evaluate.

The mass shift overwhelmingly dominates the isotope shift in light elements,
while the field shift has the largest contribution in the heavier systems. The
small contribution of the field shift to the total isotope shift makes a precise
determination of mean-square charge radii of light elements very challenging
[Nörtershäuser and Geppert, 2014].

Calibration of F and M

The change in mean-square charge radii between two isotopes can be extracted
from the measured isotope shift

δνA,A
′

i = Mi
mA′ −mA

mA′mA
+ Fiδ〈r2〉A,A

′
(5.13)
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only if the mass shift parameter Mi and field shift parameter Fi are known.
Note that these Mi and Fi are element specific, i.e. constant along an isotopic
chain, but need to be evaluated for each transition i separately.

A common method to extract these mass and field shift parameters is the King
plot method [King, 1984] in which eq. 5.13 is multiplied by a scaling factor

µA,A
′

= mA′mA

mA′ −mA
(5.14)

for two different transitions i and j of the same element, giving

µA,A
′
δνA,A

′

i = Mi + Fiµ
A,A′δ〈r2〉A,A

′
(5.15)

µA,A
′
δνA,A

′

j = Mj + Fjµ
A,A′δ〈r2〉A,A

′
. (5.16)

Since δ〈r2〉A,A′ is the same for both transitions, it can be eliminated in the
combined relation

µA,A
′
δνA,A

′

j = Fj
Fi
µA,A

′
δνA,A

′

i +Mj −
Fj
Fi
Mi. (5.17)

Hence, when the scaled isotope shift j is plotted with respect to the scaled
isotope shift i, a linear relation is obtained with slope Fj

Fi
and offset Mj − Fj

Fi
Mi.

This relates the atomic factors of both transitions and enables the determination
of the unknown factors of one transition, if the mass and field shift factors of
the other transition are known. In particular, if δ〈r2〉 is determined for more
than two isotopes via absolute charge radii measurements, the mass and field
shift factors can be extracted from a comparison between the modified isotope
shifts and the modified changes in mean-square charge radii. Since so far those
absolute charge radii measurement techniques require a large amount of sample
material, they have only been performed on stable isotopes.
In many isotopic chains, one therefore needs to rely on atomic calculations such
as the multi-configurational Dirac-Fock calculations [Fritzsche, 2002]. Because
the level of precision of these calculations is usually quoted to be only around
10 - 15%, there are large uncertainties on the absolute δ〈r2〉 values. Luckily,
this does not prevent the extraction of nuclear structure effects, as these appear
as local irregularities of δ〈r2〉 which are unaffected by the uncertainties on M
and F . An overview of the role and limitations of the atomic factor calculations
has recently been given by Cheal et al. [2012].

It is interesting to note that although optical isotope shifts provide the most
precise way of determining changes in mean-square charge radii along an isotopic
chain, they cannot provide absolute charge radii. To extract absolute mean-
square charge radii, non-optical techniques, such as muonic atom spectroscopy
and high-energy elastic electron scattering, need to be employed for at least one
(stable) reference isotope.
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5.2.3 Hyperfine spectra

The hyperfine structure of an atom can be studied via laser spectroscopy in
which laser light is used to resonantly induce optical transitions from a lower
(l) hyperfine level |IJF 〉 to an upper (u) hyperfine level |IJ ′F ′〉. The resonant
excitation process can be detected by measuring the spontaneous fluorescence
decay or by further ionizing the atom, after which the ion can be detected.

When the laser frequency is scanned over the hyperfine structure, a hyperfine
spectrum is obtained as shown in Fig. 5.2. The positions of the hyperfine peaks
in the spectrum are given by

νF,F
′

= ν0 + C ′

2 Au + 3C ′(C ′ + 1)− 4I(I + 1)J ′(J ′ + 1)
8I(2I − 1)J ′(2J ′ − 1) Bu (5.18)

− C

2 Al −
3C(C + 1)− 4I(I + 1)J(J + 1)

8I(2I − 1)J(2J − 1) Bl. (5.19)

Fitting all peaks in the hyperfine spectrum using this equation allows the
extraction of the centroid frequency and hyperfine A and B parameters, under
the assumption of a particular nuclear spin. However, for nuclei far from stability
the spins are often unknown or only tentatively assigned. In this case, the spin
can be extracted from the analysis of the hyperfine spectrum.
The number of allowed transitions between the hyperfine levels is determined
by the electric dipole selection rules

∆F = 0, ±1 and F = 0 9 F ′ = 0 (5.20)

and in the case that I < J , there is a unique relation between the number of
peaks in the spectrum and the nuclear spin. Alternatively, a spin assignment
can be made based on the ratio of the hyperfine A parameters of the upper and
lower states

Au
Al

= BJ′

BJ

J

J ′
(5.21)

This ratio only depends on electronic properties and should therefore be constant
along the isotopic chain1. If, for a particular spin assumption, the obtained ratio
deviates significantly from the constant trend, then this is a clear indication that
this assumed spin is incorrect. Moreover, since the ratio should be constant for
all isotopes along the isotopic chain, it can be fixed in the fitting of low-statistics
spectra to reduce the number of fit variables. The same is true for the ratio of
the B-parameters.

1in the absence of a sizeable hyperfine anomaly
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In general, the relative spacings between the peaks and the relative intensities
[Magnante and Stroke, 1969]

IF,F ′ ∝ (2F + 1)(2F ′ + 1)
{

F F ′ 1
J ′ J I

}2
(5.22)

depend on the nuclear spin, and an incorrect spin assignment might yield a
structure incompatible with the observed spectrum.
Note that the spin determination using above techniques gets more difficult for
higher spin-values.

5.3 Collinear laser spectroscopy

The advent of laser spectroscopy has introduced a powerful tool to study nuclear
structure across the chart of nuclides [Campbell et al., 2016]. In particular,
the application of high-resolution collinear laser spectroscopy at radioactive ion
beam facilities has enabled the systematic study of ground state properties from
the valley of stability up to exotic regions of the nuclear chart.

In collinear laser spectroscopy, an accelerated ion beam is collinearly overlapped
with a co- or contra-propagating laser. The use of such an accelerated beam
minimises the resolution limit set by the Doppler broadening of the spectral
lines, caused by the thermal motions of the ions. Since the thermal energy
spread

δE = δ

(
1
2mv

2
)

= mvδv (5.23)

is constant under acceleration, a higher velocity results in a decrease of the
longitudinal velocity spread and hence a reduction of the Doppler width. With
a kinetic energy spread of δE ≈ 1 eV of the ions leaving the ion source2, an
acceleration voltage of 30 kV reduces the Doppler width to near the natural line
width (see eq. 5.28). In fast beam collinear laser spectroscopy, the reduction of
the Doppler broadening of the line width results in the high-resolution necessary
to resolve the hyperfine structure.

In the reference frame of the accelerated ions, the laser frequency νL is Doppler
shifted according to

ν = νL
1± β√
1− β2

(5.24)

2For HRS beams, the kinetic energy spread of the beam is determined by ISCOOL instead
of the ion source but the same numbers apply.
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for a collinear (−) or anti-collinear (+) geometry. Here β is the relativistic
Lorentz factor

β = v

c
=
√

1− m2c4

(eV +mc2)2 . (5.25)

with V the acceleration voltage. In this way, the laser frequency in the laboratory
frame can be locked to a precise reference frequency while the Doppler-shifted
frequency is scanned across the hyperfine structure by applying a tuneable
acceleration voltage. This is beneficial since it is easier to stabilise a laser to a
fixed frequency than to vary its frequency across the scanning range.

5.3.1 Spectral line shape

The observed width and shape of a peak in the hyperfine spectrum is influenced
by several broadening mechanisms.
Due to Heisenberg’s uncertainty principle, the limited lifetime τ of an excited
atomic state gives rise to a minimal linewidth, called the natural linewidth

∆ν0 = ∆E
h

= 1
2πτ (5.26)

Furthermore, the atomic linewidth increases due to power broadening effects

∆νP = ∆ν
√

1 + I

IS
(5.27)

where I is the applied laser intensity and IS is the saturation intensity. This
can be understood because the laser photons induce stimulated emission which
decreases the lifetime of the excited state compared to the situation in which
only spontaneous decay would be present. With increasing laser power, the
stimulated emission rate is increased which in turn leads to shorter lifetimes
and hence an increased linewidth. Both natural line broadening and power
broadening are described by a Lorentzian line shape.
Additionally, the motion of the atoms causes a Doppler broadening of the
linewidth which, for an accelerated beam, is given by

∆νD = ν0
δE√

2eV mc2
(5.28)

This gives rise to a Gaussian line profile.

In collinear laser spectroscopy, the Doppler broadening is greatly reduced and
in first approximation the line profile can be described by a pure Lorentzian

L(ν) = I4
Γ2

(ν − ν0)2 + (Γ/2)2 (5.29)
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Figure 5.3: A schematic depiction of the COLLAPS set-up for optical
spectroscopy on atoms. To perform spectroscopy on ionic beams, the charge
exchange cell is replaced by a tube. Picture adapted from [Papuga et al., 2013].
For details see text.

where I is the peak intensity, Γ is the full width at half maximum and ν0 is the
centroid frequency.
Taking into account the Gaussian component to the line shape gives rise to a
Voigt profile, which is the convolution of a Gaussian and a Lorentzian profile
[NIST, 2016].

5.3.2 The COLLAPS beam line

A schematic depiction of the collinear laser spectroscopy beam line (COLLAPS)
[Neugart, 1981] at ISOLDE is shown in Fig. 5.3.
The mass separated ion beams are cooled and bunched in ISCOOL and
reaccelerated to 30 or 40 keV before they are guided to the COLLAPS beam line.
Here, the ion bunches are overlapped with a co-propagating narrowband laser
via a 10◦ electrostatic deflector. In the post-acceleration region, an acceleration
voltage is applied additionally to the ISCOOL voltage such that the total voltage
the ions experience is

Vtot = VISCOOL − Voffset − k · Vscan (5.30)

The offset voltage between −10 and 10 kV is used to shift the laser frequency
close to the resonance frequency in the rest frame of the ions, taking into
account the mass dependent Doppler shift factor and the isotope shift. A second
voltage is then applied to scan the laser frequency across the hyperfine spectrum.
The scanning voltage ranges between −10 and +10 V and is amplified by an
amplification factor (called kepco factor) k ∼ 50 giving a total scanning voltage
of ±500 V. The total post-acceleration voltage is applied gradually by four ring
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electrodes at 1
4 ,

1
2 ,

3
4 and full Vpost-acc. respectively.

Due to constraints on the wavelengths which can be efficiently produced by
narrowband lasers, it is often necessary to perform laser spectroscopy on the
atom instead of the ion. In this case, the ions (X) are neutralised in a charge
exchange cell filled with an alkali vapour (Y ), usually Na or K heated to
∼ 200◦C. The cross section of the charge exchange reaction

X+ + Y → X + Y + + ∆E (5.31)

is largest when ∆E ≈ 0, i.e. when the process happens quasi-resonantly. This
means that often the direct charge exchange doesn’t populate the atomic ground
state but rather a (set of) excited states with a more favourable energy match.
This can be disadvantageous because it can spread the population over a large
number of atomic states. Since these states do not necessarily decay promptly
to the state selected for spectroscopy, this process reduces the overall efficiency.
Furthermore, also inelastic processes with or without charge exchange can take
place in the charge exchange cell. These inelastic collisions take away energy
from the incident beam and result in satellite peaks/tails at the low-frequency
side of the resonances in the hyperfine spectrum. To avoid these problems, ionic
transitions are preferred if technically possible.
The fluorescence decay subsequent to the laser-induced excitations is detected
in four photomultiplier tubes (PMTs) positioned perpendicular to the beam
line. In front of each PMT a set of two aspherical lenses is placed to focus the
photons onto the PMT.

To reduce beam losses and photon background due to collisions with residual
gas, the set-up is kept under vacuum (< 10−6 mbar).

5.3.3 Background reduction

At COLLAPS, the main mode of operation is optically detected collinear laser
spectroscopy where hyperfine spectra are recorded as fluorescence counts as a
function of the Doppler-tuning voltage. However, the efficiency of fluorescence
detection using photomultiplier tubes is low and its sensitivity is limited due to
background originating from dark counts in the PMTs and scattered laser light.
This low sensitivity and high background count rate is a serious disadvantage
when working with exotic nuclei which have low yields and short half-lives. To
deal with these limitations, two improvements have been implemented which
enhance the signal-to-background ratio.

Bunched beams By performing spectroscopy on bunched beams produced in
ISCOOL, the fluorescence signal can be gated to only accept photons when
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Figure 5.4: Hyperfine spectrum of 55Mn measured on the atomic
3d54s2 6S5/2 → 3d254s4p 6P3/2 transition measured with (red) and without
(black) gating the fluorescence signal to when the atom bunch passes in front of
the PMTs.

the ion bunch passes in front of the PMTs. With a typical bunch width of a
few µs and a bunch separation around 100 ms, the sensitivity for bunched
beams is improved by a factor of 104 (= bunch separation/bunch width)
compared to the continuous case. Bunched beams are therefore essential to
go to isotopes far from stability. An example of the significant background
reduction is shown in Fig. 5.4 for 55Mn using a 6 µs bunch separated 43
ms apart.

Proton triggering Due to the fast radioactive decay, short-lived isotopes can
only be studied in a limited period after each proton pulse. Therefore,
only ion bunches arriving within approximately one half-life after proton
impact are considered in the measurements, which reduces collecting
background when most of the isotope of interest has decayed already. This
is especially advantageous to clean the spectrum of a short-lived isomeric
state when two states are present with sufficiently different half-lives. This
is illustrated for the odd-odd Mn isotopes in section 6.3.3. The same
technique needs to be used when the release from the target is very fast.

Even using these improvements, typically around 1000 - 10 000 ions/s are
realistically necessary to perform optically detected collinear laser spectroscopy
at COLLAPS. To push the limits to more exotic species, new techniques based
on particle detection have been developed, such as ROC [Vermeeren et al., 1992;
Garcia Ruiz, 2015] and CRIS [Flanagan et al., 2013].



6 | Ground state properties
of the neutron-rich Mn
isotopes

The neutron-rich Mn isotopes are located in a region of deformation which is
sometimes called the island of inversion around N = 40 due to its resemblance
with the situation around N = 20. In this chapter, an overview of the
experimental evidence for an N = 40 island of inversion is given, along with a
comparison between the regions around N = 20 and N = 40. Afterwards, the
details of the experimental campaign and data analysis are presented. Finally,
the outcome of the experiments is discussed on the basis of four articles.

6.1 Motivation

6.1.1 The island of inversion around N = 40?

The region around N ≈ 40 and Z < 28, shown in Fig. 6.1, has been studied
extensively due to the similarity with the island of inversion around N = 20.
An overview of the relevant shell model orbitals in this region can be found in
Fig. 4 of article III (section 6.3.3).

Although N = 40 occurs naturally as a shell gap using a harmonic oscillator
potential, its size is reduced when the spin-orbit interaction is included and as
such it is not considered a magic number in the classical shell model picture.
Nevertheless, its magicity was first proposed based on the 68

20Ni40 nucleus in
which the second 0+

2 state appears below the first excited 2+
1 state and this

2+
1 is found at relatively high energy [Bernas et al., 1982; Broda et al., 1995],
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Figure 6.1: The region of the nuclear chart around the neutron-rich Mn isotopes,
with shell gaps and subshell gaps indicated in red. The normal filling of the
shell model orbitals by the neutrons is shown on top. The Mn isotopes indicated
in gray were measured, analysed and discussed in this work.

both signatures of a doubly magic nucleus. Later also the low B(E2; 2+ → 0+)
transition probability seemed to support this conclusion, although it was pointed
out that neutron pair scattering counteracts the N = 40 magicity [Sorlin et al.,
2002]. Furthermore, the two-neutron separation energies vary rather smoothly
through N = 40, showing only a small effect of the N = 40 shell gap in the Ni
isotopes [Guénaut et al., 2007], as can be seen in Fig. 8 in article V (see section
6.5). It is therefore generally thought that N = 40 is only a weak subshell gap
and that the semi-magic features occur locally in 68Ni due to the stabilising
effect of the Z = 28 magic number.
For open proton shell nuclei below Z = 28, the weak N = 40 subshell gap is
not sufficiently large to stabilise the nuclei in a spherical shape and a strong
increase in deformation is observed. First evidence for this deformation came
from a β-decay experiment on the neutron-rich 25Mn isotopes [Hannawald et al.,
1999] in which a low E(2+) in 66

26Fe and almost three times longer half-lives than
calculated were measured. These observations were associated with deformation
and in particular with a change in neutron occupancy of the νf5/2 orbital
in favour of the νg9/2 orbital. Since the β-decay predominantly proceeds via
a νf5/2 → πf7/2 Gamow-Teller transition, this reduced occupancy of νf5/2
therefore leads to a retardation of the β-decay. Similar conclusions where drawn
in the half-life measurements of the neutron-rich 21Sc, 22Ti, 23V and 24Cr
isotopes [Gaudefroy et al., 2005].
The quadrupole collectivity was further inferred from the E(2+), E(4+)/E(2+)-
ratio and B(E2) systematics of the 26Fe and 24Cr isotopes [Aoi et al., 2009;
Gade et al., 2010; Ljungvall et al., 2010; Baugher et al., 2012; Crawford et al.,
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Figure 6.2: Systematics of the even-even nuclei in 28Ni, 26Fe and 24Cr between
N = 26 and N = 42: (top) Energy of the first excited 2+ state, (middle) E2
transition probabilities (bottom) Ratio of the energy of the first excited 4+ and
2+ states. Data taken from [Pritychenko et al., 2016] and NNDC.

2013], shown in Fig. 6.2. Whereas at the N = 28 magic number the typical
peak in E(2+), the minimum in E(4+)/E(2+)-ratio and the B(E2) appear
in the systematics of Ni as well as Fe and Cr, at N = 40, these features are
only observed in the Ni chain. In the Fe and Cr isotopes on the other hand,
the low E(2+) and high B(E2) and E(2+)/E(4+) are interpreted in terms of
collectivity. Along these isotopic chains, the onset of this collectivity seems
rather gradual starting at N = 38 in Fe and N = 36 in Cr. Nevertheless, the
E(4+)/E(2+)-ratio always remains smaller than the 3.3 value expected in the
rigid-rotor limit.
Evidence for deformation is also found in the odd-mass neighbours, for example
in the low-lying positive (unnatural) parity states in 65Fe [Block et al., 2008;
Olaizola et al., 2013] or the coexistence of spherical and deformed structures at
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low excitations energy in 67Co [Pauwels et al., 2008; Recchia et al., 2012].

The observed deformation is understood in terms of np-nh excitations across
Z = 28 and N = 40. As explained in section 1.2.3, the cost for promoting
n particles across the (sub)shell gaps is compensated by a large energy gain
associated with quadrupole correlations which are strongly supported due to
the quasi- and pseudo-SU(3) nature of the neutron and proton orbitals near
the Fermi-level.
The development of collectivity is further enhanced due to the narrowing of
the N = 40 shell gap going from 28Ni to 20Ca. When protons are removed
from the πf7/2 orbital the attractive (repulsive) πf7/2 − νf5/2 (πf7/2 − νg9/2)
tensor interaction decreases, resulting in less (more) binding of the νf5/2 (νg9/2)
orbital and hence a smaller subshell gap which facilitates neutron excitations
across N = 40. Similarly, an increased occupancy of the νg9/2 orbital causes
a decrease of the Z = 28 shell closure because of the change in repulsive
(attractive) πf7/2−νg9/2 (πf5/2−νg9/2) interaction, which in turn causes more
proton excitations across Z = 28. Since the quadrupole collectivity depends on
the total dimension of the proton-neutron valence space, the combination of
both proton and neutron excitations additionally boosts the collectivity in the
Z < 28 and N ≈ 40 region.

Although the observations in the N ≈ 40 and Z < 28 region are qualitatively
understood, a correct quantitative interpretation depends critically on the
parametrisation of the model to reproduce the subtle interplay between single-
particle and collective effects. Measuring the ground state properties of the
neutron-rich Mn isotopes will provide a sensitive test for the predictive power
of the available interactions.

6.1.2 N = 20 vs N = 40

A comparison between section 4.1 about N = 20 and the previous section
dealing with N = 40, reveals many similarities. In both regions, the
observed deformation can be related to neutron excitations across a harmonic
oscillator shell gap to orbitals enhancing the quadrupole collectivity due to
their quasi-SU(3) nature. Around N = 20 this concerns the νf7/2 and νp3/2
quadrupole partners, while replacing the orbital angular momentum ` by `+ 1
gives the corresponding νg9/2 and νd5/2 orbitals around N = 40. Additionally,
the active proton orbitals, πd5/2 and πs1/2 around N = 20 and πf7/2 and πp3/2
around N = 40, have a pseudo-SU(3) nature.
Furthermore, a reduction of the N = 20 and N = 40 harmonic oscillator gaps
takes place due to the tensor interaction. In the N = 20 case, the gap between
νf7/2 and νd3/2 decreases when protons are removed from the πd5/2 orbital,
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while similarly in the N = 40 case, the gap between νg9/2 and νf5/2 is reduced
with the removal of protons from πf7/2. The similarity is illustrated in Fig. 6.3
which shows the theoretical effective single particle energies of the neutron
orbits around N = 20 and N = 40 calculated with the LNPS and SDPF-U
interactions, respectively. Here, also one of the major differences become clear:
the size of the N = 40 subshell gap is never comparable to the N = 20 shell gap.
So whereas the large N = 20 shell gap results in a picture which is generally
consistent with a N = 20 magic number for isotopes with Z ≥ 14, around
N = 40 only 68

28Ni40 shows some signatures for a (doubly)-magic nucleus while
all other N = 40 isotones develop collectivity.

6.1.3 The neutron-rich Mn isotopes

In between the proton-magic 20Ca and 28Ni isotopes, the Mn (Z = 25) isotopes
lie in an interesting region of the nuclear chart, characterised by a rich variety in
nuclear structure. Nevertheless, before the start of our experimental campaign
the available information on the Mn isotopic chain was rather limited. A short
overview is given below.

Spins Beyond 59Mn34 spins were only tentatively assigned and as it turned
out, especially the assignment of the odd-odd isotopes was ambiguous.
In 58,60,62,64Mn two long-lived states are known with a large spin difference
between them. For a long time, the spin assignments were based on β-
decay studies from the 1980s [Runte et al., 1983, 1985; Bosch et al., 1988]
in which the low-spin state in 58,60Mn was assigned I = (0+) and the
high-spin state was assigned I = (3+). In 62Mn only the high-spin state
was observed and similarly assigned I = (3+). The ∆I = 3 difference
in 58,60Mn was further confirmed by the observation of an M3 transition
in an electron conversion spectroscopy experiment [Schmidt-Ott et al.,
1993]. Only 20 years later, the spin issue was revised when Liddick et al.
[2006] questioned the validity of the previous conclusions and proposed a
I = (1+) and I = (4+) assignment for 58,60Mn instead. Evidence for a
low-spin state in 62Mn was first seen in GANIL [Gaudefroy et al., 2005]
where I = (1+) was tentatively suggested. Based on this assignment
for the low-spin state, the I = (3+) for the high-spin state was deemed
unlikely and I = (4+) was proposed. However, this was not adapted in
the NNDC chart of nuclides which still quotes I = 3+ (without brackets!)
up to the date of writing. In the same GANIL campaign, also the spins of
the long-lived states in 64Mn were investigated, suggesting I = (1+) and
I = (4+) [Gaudefroy, 2005]. Later, Liddick et al. [2011] confirmed these
suggestions in a β-decay measurement at NSCL.



92 GROUND STATE PROPERTIES OF THE NEUTRON-RICH MN ISOTOPES

Figure 6.3: Neutron effective single-particle energies calculated with (a) the
LNPS interaction around N = 40 and (b) the SDPF-U interaction around
N = 20. Pictures taken from [Lenzi et al., 2010].

Masses In 2012, high-precision masses of 57−66Mn were published by the
ISOLTRAP collaboration [Naimi et al., 2012]. For 62Mn, only the mass of
the 4+ state could be measured and at that time it was not clear whether
it was the ground state of the isomer. Although it was assumed that the
mass belonged to the isomer, it was still used to calculate the two-neutron
separation energies.
Since then, a Coulomb excitation experiment has tentatively proposed
that the 4+ state lies 346 keV above the 1+ ground state [Gaffney et al.,
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2015]. With this new value, the two-neutron separation energies at 62Mn
and 64Mn are slightly altered, as discussed in article V (see section 6.5).

Moments and charge radii The magnetic dipole moment, electric quadrupole
moment and changes in mean-square charge radii of 50−56Mn25−31 were
measured in a collinear laser spectroscopy experiment at the JYFL facility
[Charlwood et al., 2010]. No moments or radii information was known for
more neutron-rich isotopes, beyond N = 31.
Between Z = 20 and Z = 28, the knowledge on charge radii and nuclear
moments is in general very scarce due to the refractory nature of these
elements which makes the production at ISOL-facilities challenging.

Level schemes Valiente-Dobón et al. [2008] studied the low-energy structure
of 59−63Mn via multi-nucleon transfer reactions. More elaborate level
schemes were obtained using fusion-evaporation reactions [Steppenbeck
et al., 2010] for 57−60Mn and using deep-inelastic reactions for 61,62Mn
[Chiara et al., 2010]. These level schemes show evidence for quasi-
rotational bands.

6.2 The experimental campaign

The ground state properties of the neutron-rich Mn isotopes were measured in
two collinear laser spectroscopy experiments performed at the COLLAPS beam
line.
In November 2012, laser spectroscopy of 51,53−64Mn was performed using the
3d54s2 6S5/2 → 3d54s4p 6P3/2 ground state transition in atomic manganese.
Although originally a different transition starting from a metastable state in the
ion was proposed [Cheal et al., 2010], this spectroscopy scheme required optical
pumping in a cooler/buncher which was found to be impossible at that time
due to a misalignment of ISCOOL. While the experiment on atomic manganese
was very successful in measuring the spins and magnetic moments, the atomic
transition lacked sensitivity to the quadrupole moments.
The alignment of ISCOOL was optimised during the long shutdown of ISOLDE
in 2013 and 2014, as described in Carla Babcock’s PhD thesis [Babcock,
2015]. In June 2015, optical pumping in ISCOOL could therefore be applied
successfully during a second Mn laser spectroscopy experiment, performed on
the 3d5 4s 5S2 (metastable) → 3d5 4p 5P3 ionic transition. This experiment
yielded the desired quadrupole moments of the odd-even 53−63Mn isotopes.
Furthermore, using this ionic transition, the total experimental efficiency was
approximately 10 times higher than with the atomic transition in 2012. Although
this should have enabled the extension of the measurements to N = 40, one
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isotope more neutron-rich than was obtained in 2012, target problems resulted
in low Mn yields which prevented measurements beyond N = 38.

6.2.1 The need for optical pumping in ISCOOL

Laser spectroscopy on atomic manganese has the disadvantage that the
quadrupole moment sensitivity of the ground state transitions is low.
Indeed, for the 3d54s2 6S5/2 → 3d54s4p 6P3/2 transition used in 2012, the
lower state quadrupole splitting is zero within our experimental precision
(B(S5/2) = −0.019031(17) MHz for 55Mn) and the upper state splitting is only
around 15 MHz (see table 1 in article II, section 6.3.2). This results in relative
errors of 50% or larger on the obtained B-parameters.
From a previous experiment in Jyväskylä, it was known that the ionic
3d5 4s 5S2 (metastable)→ 3d5 4p 5P3 transition is much more suitable for the
extraction of quadrupole moments [Charlwood et al., 2010]. However, since
the natural population of the metastable state is low, its population needs
to be enhanced to perform efficient optical spectroscopy. This is achieved by
employing optical pumping in ISCOOL.
In the optical pumping scheme presented in Fig. 2 in paper IV, section 6.4.2,
the ion is excited from the ground state to an excited state at 43370.5 cm−1

which subsequently decays to the metastable state at 9473 cm−1. The decay
from the metastable state back to the ground state is forbidden such that the
population is accumulated in the metastable state. Since the excitation step is
spectroscopically weak, a long laser-ion interaction time is necessary to ensure
efficient optical pumping. Instead of in-flight optical pumping, the optical
pumping is therefore performed in the trapping region of ISCOOL, where the
ions can be kept up to a few seconds. Using a 200 ms accumulation time,
a significant increase in population of the metastable state is established, as
illustrated in Fig. 3 in paper IV, section 6.4.2 which shows the difference in
intensity of the hyperfine peaks with and without optical pumping.
Due to the Doppler broadened velocity profile of the ions in the cooler-buncher,
the resolution constraints on the excitation step are less stringent and a pulsed
broadband laser can be used to produce the 230.5 nm laser light (frequency-
quadrupled Ti:Sa) instead of narrowband cw laser for which higher-order
harmonics generation is more difficult to achieve.

Apart from the manganese case, optical pumping might be useful for several
isotopic chains across the nuclear chart: it is specifically applicable when
"ground state transitions are inefficient, inaccessible with the available lasers, or
insensitive to nuclear properties" [Babcock, 2015].
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6.2.2 Conversion of raw data

The raw hyperfine spectra are recorded as counts versus the scanning voltage
Vscan. To convert these raw spectra to frequency spectra via eq. 5.25, an accurate
knowledge of the laser frequency and all voltages in eq. 5.30 is required.

Kepco amplification factor

To determine the kepco amplification factor k in eq. 5.30, several calibration
scans are performed during the run. In these calibration scans, the amplified
scanning voltage k · Vscan is measured as a function of Vscan which gives a
linear relation with slope k. In general, the fluctuations between the different
calibration scans are small and an average of all scans is employed in the final
conversion:

k2012 = 50.427(2)

k2015 = 50.430(1)

The uncertainty on the frequency due to the uncertainty on k is negligible
compared to other contributions discussed further.

ISCOOL stability and correction factor

The stability of VISCOOL over time is shown in Fig. 6.4. Over the course of
several days of experiment, the variation is small, 1 V in 2012 and 2 V in 2015,
respectively. Apart from this drift over time, which is taken into account, the
read-out value of the ISCOOL voltage divider is known to have a time and
voltage dependent offset. Therefore, a correction voltage needs to be added to
this read-out value to get the real acceleration voltage

VISCOOL = VISCOOL, read-out + Vcorr. (6.1)

The correction voltage is known to lie around ±15V and needs to be calibrated
for each experiment separately. This calibration is achieved by comparing
the measured isotope shifts with literature values, as the isotope shifts are
particularly sensitive to a small change in acceleration voltage. No isotope shifts
for the atomic transition used in 2012 were known in literature and therefore
a general uncertainty of 15 V is assumed in the analysis. To obtain a good
agreement between the δν55,53 isotope shift measured in 2015 and the Jyväskylä
value [Charlwood et al., 2010], a correction voltage of +8 V is applied.
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Figure 6.4: Stability of the ISCOOL voltage during the 2012 and 2015
experiments.

Laser stability

The laser stability is monitored by recording the wave number λ−1 = ν/c. As
shown in Fig. 6.5, the laser frequency was not very stable during the 2012
experiment. Apart from a continuous drift, there is a jump in frequency at
around time 4600 min, which corresponds to the moment where the laser needed
to be relocked. To obtain the laser frequency for each run, the duration of
the experiment is divided in three regions and a linear fit of each region is
performed.
During the 2015 experiment, the undoubled laser frequency was fixed at
16967.13200 cm−1. Since this time the laser was stabilised with respect to
the wavemeter itself, no long term drifts could be detected.
The final frequency of the laser is obtained from the wavenumber ν = 2cλ−1

where the factor 2 originates from the frequency doubling process. Since the
absolute frequencies obtained after the conversion are in the order of 109 MHz,
the frequencies in the final hyperfine spectra are shown relative to the absolute
transition frequency of 55Mn in order to get more convenient numbers on the
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Figure 6.5: Stability of the laser frequency during the 2012 experiment.

x-axis

λ−1
ref = 33897.54 cm−1 (S5/2 → P3/2)

λ−1
ref = 35689.98 cm−1 (S2 → P3)

This does not alter the extracted hyperfine parameters which only depend on
the relative frequencies.

The isotope shifts are very sensitive to drifts in laser frequency and acceleration
voltage. To minimise the effects of these drifts, a reference run of 55Mn was
taken in between runs of different masses, and isotope shifts are calculated
relative to the nearest (or average of two) 55Mn centroids.

6.2.3 Data analysis

The peak positions in the hyperfine spectra (given by eq. 5.19) were fitted
using the standard χ2 minimisation method in the Minuit package in Root.
A simultaneous fit of all hyperfine spectra of one isotope was performed in
which the hyperfine A and B parameters were common for all spectra, while
the parameters which change from one run to another (centroid frequency,
background, intensity etc.) were determined for each run individually.
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If the reduced chi-square χ2
red obtained in the fit-procedure was larger than one,

the fit errors were multiplied with
√
χ2
red to obtain the final statistical errors.

2012 - atomic S5/2 → P3/2 transition

The hyperfine peaks were fitted with a Lorentzian line profile. Although a small
Gaussian component could be present, no significant difference was seen when
a Voigt profile was used.
To account for inelastic processes in the charge exchange cell which resulted
in a slightly asymmetric peak shape, a Lorentzian side peak was included at
the left side of each peak. The frequency offset of the side peak with respect
to the main peak was fixed to the average offset of 55Mn (78(2) MHz), which
corresponds to an energy offset of 4.61(10) eV. This suggests that an important
inelastic channel in the charge exchange cell involves excitation to the 6P triplet
at 4.4 eV. The energy offset of 55Mn was used to scale the frequency offset
for the other masses. The relative side peak-to-main peak intensity was kept
the same for all peaks in one spectrum, but left free from one spectrum to
another. Although the asymmetry of the line shape is not obvious by eye, the
introduction of a side peak resulted in a consistent reduction of the χ2

red value
and changed the 55Mn reference value from A(55Mn, S5/2) = −71.9(2) MHz to
A(55Mn, S5/2) = −72.4(2) MHz, in better agreement with the high-precision
literature value A(55Mn, S5/2) = −72.430836(15) MHz [Davis et al., 1971].
To aid the fitting of partially unresolved peaks, the relative intensities were fixed
to the Racah intensities given by eq. 5.22. Since the quadrupole splitting of the
lower state is zero within our precision (B(55Mn, S5/2) = −0.019031(17) MHz),
B(S5/2) was fixed to zero in the fitting procedure. Additionally, the ratio of
A(P3/2)/A(S5/2) of the radioactive isotopes was constrained to the 55Mn value
of 13.3.

2015 - ionic S2 → P3 transition

The hyperfine peaks were fitted with a (symmetric1) Voigt profile. In this case,
all hyperfine peaks were well resolved and the relative intensities were left free.
No constraints were placed on the A-ratio or B-values.

1Due to the absence of a charge exchange cell no asymmetric line shape was necessary.
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6.3 Spins and magnetic moments

6.3.1 Spins and g-factors between Z = 20 and Z = 28

Manganese has 25 protons, giving rise to 3 protons holes in the πf7/2 orbital.
In a pure single-particle picture, the odd-A Mn isotopes, with an even number
of neutrons, are expected to have a ground state spin I = 7/2−. However, this
is only true for 53Mn at the N = 28 shell closure, while all other odd-A Mn
isotopes are found to have ground state spin I = 5/2−.
Despite their different spins, the g-factors are very similar, as shown in Fig. 6.6.
In fact, the g-factors of all odd-proton even-neutron isotopes between Z = 20
and Z = 28 are very similar. This is an excellent illustration of equation 2.10
which states that the g-factor is just determined by the orbital occupied by
the last unpaired valence nucleon, the πf7/2 orbital in this case, irrespective
of the number of valence nucleons in this orbital or the final spin. Indeed, the
experimental values are in reasonable agreement with the theoretical single-
particle estimate (Schmidt value) for a πf7/2 orbital, indicated by the dashed
line. This tells us that the I = 5/2− spin for the odd-A Mn isotopes is not
related to the excitation of a proton from the πf7/2 to the πf5/2 orbital, as
could naively be assumed, but that it needs to be understood in terms of a
more complicated wave function, involving couplings with neutron excitations.
For example, Paar [1973] discussed the observed I = j − 1 anomaly in terms of
a three-proton-hole cluster coupled to quadrupole vibrations of the Ni isotopes.
More generally, the correct ground state spins can be predicted using large-scale
shell model calculations including both proton and neutrons excitations across
N = Z = 28.

Although the g-factor is in first approximation determined by the proton
configuration, also the neutrons will have a small but important influence,
as will be discussed in article II and III. Due to the high precision of the
experimentally obtained g-factors, the clear role of neutron excitations across
N = 40 in the Mn structure approaching N = 40 could be deduced. Whether the
observed changes in g-factors are directly related to the coupling with neutron
configurations which are not paired to angular momentum zero, or indirectly,
due to an increased mixing with πf5/2 configurations, is not immediately clear.
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Figure 6.6: Experimentally known g-factors of the odd-proton isotopes between
Z = 20 and Z = 28. The experimental values are compared to the single-particle
estimates (Schmidt values) using free g-factors.

6.3.2 Article II: Evidence for increased neutron and proton
excitations between 51−63Mn

The following articles deal with the results of the odd-even (Article II) and
odd-odd (Article III) 51−64Mn isotopes obtained in the atomic collinear laser
spectroscopy experiment. The previously tentative ground state spins of 61,63Mn
and 60,62,64Mn are firmly established along with the isomeric state spins in
60,62Mn. Furthermore, also a positive parity for the studied ground and isomeric
state in the odd-odd isotopes was proposed based on the sign of the magnetic
moment. The obtained magnetic moments are compared to large-scale shell
model calculations using different model spaces. This shows that a model
space without neutron excitations across N = 40 (GXPF1A), is too limited
to reproduce the magnetic moments of the neutron-rich Mn isotopes, while
calculations in a larger model space including neutron excitations (LNPS),
agree excellently with the experimental observations. In addition to neutron
excitations across N = 40, also the importance of proton excitations across
Z = 28 is illustrated by a detailed analysis of the predicted wave functions.

As the second author on paper II and the first author on paper III, I contributed
to each stage to get these final publications. This means that I participated
in the experiment, I performed a full and independent data-analysis and I was
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actively involved in the writing of the manuscript, from the first draft up to
submission. In particular, the physics discussion in both papers is largely based
on my input, for which I was in contact with theoreticians and I performed
shell model calculations using the GXPF1A interaction.
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1. Introduction

The complexity of nuclear interactions has made it difficult to 
define a single model that describes the variety of nuclear prop-
erties observed. The nuclear-shell model has been successful in 
characterizing many of these properties, however predicting phe-
nomena such as the migration of single-particle levels and the 
disappearance of magic numbers has proven challenging due to 
the large model spaces needed. Comparisons of shell-model cal-
culations with experimental results, such as electric and magnetic 
properties, provide a powerful tool to understand nuclear structure 
evolution and improve its description within the shell model.

* Primary corresponding author at: ISOLDE, CERN, CH-1211 Geneva 23, Switzer-
land.

** Corresponding author.
E-mail addresses: cbabcock@cern.ch (C. Babcock), hanne.heylen@fys.kuleuven.be

(H. Heylen).

Collinear laser spectroscopy is a technique that is used to mea-
sure the atomic hyperfine structure, resulting from the interplay 
between the nucleus and the magnetic and electric fields gen-
erated by the electrons. The HFS spectrum allows the magnetic 
dipole moments and electric quadrupole moments of a nucleus to 
be derived, as well as a model-independent determination of the 
nuclear spin [1,2].

Neutron-rich manganese isotopes (Z = 25) provide an oppor-
tunity for studying shell structure evolution towards the suspected 
subshell closure at N = 40 [3,4]. This appears as a possible subshell 
closure for 68Ni, observed through a low quadrupole transition 
probability and a high lying 2+

1 state [5], however mass measure-
ments of neutron-rich Ni indicate that the closure is a weak one 
[6]. An increase in collectivity and deformation measured for Fe 
and Cr in this region [7,8], as well as a lack of significant dis-
continuities in the 2-neutron separation energies for Fe [9] and 
Mn [10], also suggests that N = 40 is a very weak subshell gap, 
which decreases quickly as protons are removed from the 1 f7/2
shell. For elements above Z = 28, such as Cu and Ga, no magicity 
is suggested for N = 40 from mass measurements [11]. Though the 
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0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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measured nuclear moments of Cu could be interpreted as having a 
shell gap at N = 40, the parity change between the pf and g or-
bitals could also explain this behavior [12]. In Ga isotopes, strong 
shape changes have been observed from N = 40 to N = 50 [13].

Theory suggests that the weakening of the N = 40 subshell gap 
results from the reduction of the proton–neutron interaction as 
protons are removed from the 1 f7/2 orbital. This results in a re-
duced binding of the ν1 f5/2 level, and an increased binding of 
the ν1g9/2 and ν2d5/2 levels, thus a reduction of the N = 40 gap 
[8,14]. This is supported by the results of deep-inelastic reaction 
studies which show that the excited states in heavier odd–odd Mn 
isotopes occur at energies similar to those of the intruder ν1g9/2
isomers in the Fe isotones [15].

As a result, quadrupole correlations are enhanced by the ex-
citation of neutrons from the νp1/2 and ν f5/2 orbitals into the 
νg9/2 and νd5/2 orbitals, making collectivity energetically favor-
able in these nuclei. The development of quadrupole collectivity 
also favors the excitation of protons across the Z = 28 gap.

This has been observed in the odd Co isotopes at N = 40, where 
67Co is suggested to have a low lying 1/2− isomer resulting from 
a proton intruder state coexisting with the ground state [16,17]. 
In the Mn isotopes, the effect of these proton excitations may be 
observed in the magnetic moments of the odd-Z ground states.

There have been theoretical attempts to describe this region 
of the nuclear chart using a variety of effective shell-model in-
teractions, one of the most used being the GXPF1A interaction, 
which models the full pf space [18,19]. This interaction has been 
very successful in describing nuclei with particles in the mid-pf
shell, however for isotopes approaching N = 40, the exclusion of 
the ν1g9/2 orbital from the model space limits its effectiveness 
[4,20]. The model space has therefore been extended to the pf g9/2
orbitals and the isotopes 57−63Mn have been investigated with var-
ious interactions [4,21]. Good agreement with published excitation 
energy data has been found for most of the isotopes, but infor-
mation on the electromagnetic properties is required to fully test 
the interactions. In order to reproduce the observed quadrupole 
collectivity, it has been argued that it is also necessary to take 
into account the ν2d5/2 level [22]. This has been incorporated into 
the LNPS interaction [22], using a 48Ca core and allowing excita-
tions to ν1g9/2 and ν2d5/2. It greatly expands the computational 
domain as compared to the previously discussed models, and has 
been used successfully to describe energies and transition proba-
bilities in the elements Fe [3,23], Cr [8,24], Co [17] and Cu [25].

In view of the theoretical challenges, and the need for data 
to better characterize the nuclear structure changes and test the 
effective nucleon–nucleon interactions in this region, we present 
here measurements of the spins, A and B hyperfine coefficients, 
and the deduced magnetic dipole moments of the odd isotopes in 
51−63Mn, as well as a comparison with theory.

2. Experimental setup

Manganese ions were produced by the impact of a 1.4-GeV pro-
ton beam produced by the PS Booster at CERN on a thick uranium 
carbide target. The yield of Mn ions was increased, and isobaric 
contaminants minimized, through the use of ISOLDE’s resonant 
laser ion source (RILIS) [26]. After passage through a mass separa-
tor, the ions were trapped in a radio-frequency quadrupole cooler 
and buncher [27] for approximately 50 ms before being released 
in 6 μs bunches to the collinear laser spectroscopy beamline (COL-
LAPS, see [28]).

At the COLLAPS setup, the ion beam entered a charge-exchange 
cell filled with sodium vapor which was floating on the Doppler 
tuning potential. The ion beam emerged from the charge-exchange 
cell as an atomic beam and was overlapped with a co-propagating 

COLLAPS laser used to probe the transition of interest. Up to four 
photomultiplier tubes positioned around the interaction region de-
tected the emitted fluorescence. Background suppression was ac-
complished by gating the photomultipliers to accept only photons 
which arrived during the time the atom bunch was traversing the 
interaction region, thus reducing the background due to randomly 
scattered photons and dark counts by a factor of approximately 104

[1]. The atomic transition from the 3d5 4s2 6 S5/2 (ground state) to 
the 3d5 4s4p 6 P3/2 excited state at 35 689.98 cm−1 was probed us-
ing a narrow band dye laser providing approximately 1–3 mW of 
light at 280.2 nm. The 40 keV ion beam energy was tuned using 
the potential of the charge-exchange cell, so that the laser fre-
quency (as seen by the fast atom beam) was Doppler shifted over 
the range corresponding to the hyperfine splitting.

Fitting the spectra with a least-squares minimization procedure 
and Lorentzian profiles yields the hyperfine structure coefficients 
A and B , for the upper and lower states, as well as the nuclear 
spins. Because of the low laser power density, the relative intensi-
ties of the hyperfine structure components were fixed to the Racah 
intensities to further constrain the fit.

In the fitting routine, parameters to describe the multi-compo-
nent resonance profile were included. Processes such as collisional 
excitation and non-resonant charge-exchange result in the forma-
tion of some atoms in an excited state, the energy for which is 
transferred from the kinetic energy of the beam. When these ex-
cited atoms decay back to the atomic ground state, they require 
a higher acceleration voltage to reach the Doppler-shifted reso-
nance frequency. The additional peaks produced by these atoms 
are located at a slightly lower frequency, very close to the main 
resonance peak [29]. This was taken into account in the fitting 
procedure by the inclusion of a second Lorentzian profile associ-
ated with each line. Each of these secondary peaks was given a 
fixed energy offset of 4.43 eV, corresponding to the energy of the 
populated state (determined through the fit of the high-statistics 
55Mn data), and a fitted relative intensity. The fits to the relative 
intensities indicate that the atoms affected by these inelastic pro-
cesses during charge-exchange constitute approximately 20% of the 
total measured beam.

In the case of 63Mn, which has a shorter half life than the other 
isotopes (250 ms), a proton triggering technique was used which 
consists of accepting photons only during a time window after 
each proton impact corresponding to one half life of the isotope. 
This enhanced the signal to noise ratio on the observed hyperfine 
structure by further suppressing the stray light background.

3. Results

Table 1 shows the hyperfine coefficients A and B of the up-
per state. Literature values for the coefficients of the lower state of 
55Mn are Al = −72.420836(15) MHz and Bl = −0.019031(17) MHz, 
obtained in spin-exchange optical pumping experiments [30]. Good 
agreement is shown between the Al value from this work (Al =
−72.4(7) MHz) and the literature value. In this analysis, the ratio 
Al/Au was constrained to be 0.0752, as determined from the high 
statistics data for 55Mn. A negligible hyperfine anomaly is assumed 
at this level of accuracy. The A values have been used to calculate 
the magnetic moments of the isotopes using [1],

μ = μref
I A

Iref Aref

with the value of μref = +3.46871790(9) taken from [31]. Since 
the value of Bl is much less than 1 MHz, it has been constrained 
to zero. Sensitivity to the quadrupole moment in the upper state 
is also very weak, resulting in a large relative uncertainty for 

SPINS AND MAGNETIC MOMENTS 103



178 C. Babcock et al. / Physics Letters B 750 (2015) 176–180

Table 1
The measured nuclear spins, and A and B hyperfine coefficients for the 6 P3/2 excited state. Magnetic dipole 
moments are determined as described in Section 3. Values are compared to shell-model calculations using the 
GXPF1A and the LNPS effective interactions with free nuclear g-factors. All moments are given in units of μN .

Isotope A (MHz) B (MHz) Spin μ μ [GXPF1A] μ [LNPS]
51Mn −993.7(12) 17(9) 5/2 +3.577(4) +3.46 –
53Mn −996.8(8) 3(8) 7/2 +5.024(4) +4.76 –
55Mn −963.1(3) 14(1) 5/2 – +3.35 –
57Mn −967.4(5) 9(4) 5/2 +3.483(2) +3.44 +3.60
59Mn −970.3(5) 7(4) 5/2 +3.493(2) +3.48 +3.56
61Mn −981.6(4) 16(3) 5/2 +3.534(1) +3.62 +3.56
63Mn −954.3(11) 10(8) 5/2 +3.435(4) +3.77 +3.48

Fig. 1. HFS data from 63Mn with fit for spin 5/2 overlaid, frequencies shown relative 
to the 55Mn center of gravity. The arrows indicate the predicted positions of the 
peaks (color online).

Bu , therefore quadrupole moments have not been extracted. Spec-
troscopy on the isotopes 50−56Mn has already been described and 
compiled elsewhere [30–32], and the reported magnetic moments 
for 51,53Mn are in agreement with our results.

An advantage of laser spectroscopy is the possibility of making 
an unambiguous determination of nuclear spins. The spins of all 
odd–even isotopes for A = 51 − 63 have been measured here by 
analyzing the pattern of the HFS peaks, as shown in Fig. 1.

Table 1 shows the spin values derived from the least-squares 
fit to the spectra. Where uncertainties existed, the spin was con-
firmed by the observation that the use of an alternative value for 
the spin in the fitting procedure produces a B coefficient that 
is unphysically large. For example, assuming I = 7/2 for 63Mn
gives B = −229(8) MHz which would yield the unrealistically large 
quadrupole moment Q s = −5.8(9) b. For 59Mn and 61Mn, the 
quadrupole moments would be similarly large, Q s,59 = −5.9(9) b
and Q s,61 = −5.6(8) b.

In an independent particle shell-model interpretation, the odd 
manganese isotopes with 3 holes in the π f7/2 shell would have 
a spin 7/2 ground state. However, except for 53Mn (with 28 neu-
trons), all isotopes have been found to have spin 5/2.

4. Discussion

Shell-model calculations of the energy levels and moments of 
neutron-rich isotopes in the region Z = 20 to Z = 28 have sought 
to characterize the rapid structure evolution and lack of a ro-
bust sub-shell closure near N = 40. Using the code ANTOINE [33]
and the GXPF1A effective interaction [19], calculations of the mag-
netic moments of neutron-rich Mn have been performed in the pf
model space, allowing up to eight particles (maximum 2 protons 

Fig. 2. Comparison of experimental data from this study to calculations using the 
GXPF1A interaction, the LNPS interaction, and the LNPS interaction in the pf shell 
but instead using a 40Ca core and blocking excitations to the neutron g9/2 and d5/2

orbitals. All calculations were performed with free g-factors. Error bars are within 
the symbols (color online).

and 6 neutrons) to be excited from the 1 f7/2 to the 2p3/2, 1 f5/2
and 2p1/2 orbitals.

Magnetic moments and their associated g-factors are highly 
sensitive to the nuclear wave function, and provide a stringent test 
of the models. Shell-model results obtained with free g-factors 
(g = μI/I μN ) are shown in Fig. 2 and compared to the experi-
mental results. Calculations using the GXPF1A interaction do not 
reproduce the observed trend very well, but given the scale, the 
absolute values are reproduced within a 1–10% range up to 61Mn. 
Using effective g-factors does not significantly improve the overall 
agreement. From N = 36 onwards, the GXPF1A calculations predict 
an increase in the g-factors towards the Schmidt value, as would 
be expected if N = 40 were a magic number. Instead, the experi-
mental data shows a decrease after N = 36.

The widening discrepancy between the measured magnetic mo-
ments and the GXPF1A calculations suggests that the model space 
is insufficient to describe the structural changes in the heavier iso-
topes. If the ν1g9/2 and ν2d5/2 orbitals play a crucial role, as has 
been proposed to reproduce the level scheme of 66Fe [3,23] and 
in Cr [24], then the model space must be expanded. These orbitals 
are taken into account by the LNPS interaction, which includes the 
entire pf shell for protons and the levels 1 f5/2, 2p3/2, 2p1/2, 1g9/2
and 2d5/2 for neutrons [22]. Calculations done with this interaction 
reproduce very well the decreasing trend in the g-factors from 
61Mn (N = 36) onwards, as shown in Fig. 2. The calculated free 
g-factors agree with the observed values for 61,63Mn to within 1%. 
This confirms the importance of neutron excitations across N = 40
for isotopes with neutron numbers N = 36 and higher. For the sake 
of completeness, the results of LNPS calculations for the lighter Mn 
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Fig. 3. Top: Orbital occupation numbers for neutrons calculated using the LNPS in-
teraction. Occupation levels are grouped into the pf group (νp3/2, ν f5/2, νp1/2) 
and the gd group (νg9/2, νd5/2). Bottom: Orbital occupation numbers for protons 
excited across Z = 28 calculated using the GXPF1A and LNPS interactions (color on-
line).

isotopes, using the full pf space with a 40Ca core and blocking ex-
citations to the ν1g9/2 and ν2d5/2 orbitals are also shown in Fig. 2. 
As expected, these results are similar to those of GXPF1A.

Since the observed magnetic moments of 57,59Mn are better re-
produced by the GXPF1A calculations, and the trend in the heavier 
isotopes can only be reproduced by the LNPS calculations, these re-
sults can be used to investigate changes in the ground state wave 
functions of odd-A Mn isotopes with increasing neutron number 
from 57Mn (N = 32) onwards. Fig. 3 shows the predicted occupa-
tion of the relevant orbitals for the ground state wave function.

As expected, the level occupations calculated with LNPS show 
that additional neutrons are preferentially excited into the 1g9/2
orbital, with a marked augmentation of the 2d5/2 level occupa-
tion as well. The LNPS predicted ground state configuration for 
65Mn (N = 40) is dominated by 4p-4h neutron excitations, as is 
the case for Fe, Cr, Ti and Ca [22], indicating the strong contribu-
tion of these configurations to the wave function.

In the case of the protons, a comparison between the level oc-
cupation predicted with the LNPS and GXPF1A interactions shows 
that LNPS predicts increasing numbers of proton excitations in the 
upper pf shell while GXPF1A predicts decreasing numbers, and 
far fewer excited protons in total, as one moves towards N = 40. 
The accuracy of the LNPS interaction in predicting the measured 
g-factors at higher neutron number, along with the predicted in-
crease in proton excitations across Z = 28, suggest that proton 
excitations play a pivotal role in the structural evolution observed 
in this mass region. The removal of protons from the f7/2 orbital 
as one moves away from 68Ni induces a stronger binding of the or-

Fig. 4. The electric quadrupole moments as predicted by the GXPF1A and LNPS ef-
fective interactions (color online).

bits ν1g9/2 and ν2d5/2, allowing neutron promotion across N = 40. 
The promotion of these neutrons then results in a repulsive poten-
tial with the π1 f7/2 orbital and an attractive potential with the 
π1 f5/2 orbital, contributing to the reduction of the Z = 28 shell 
gap and thus enhancing the probability for the excitation of pro-
tons across it. A similar explanation has been put forth to describe 
the Type-II shell evolution seen in the 0+

1,2,3 states of 68Ni, cal-
culated using the advanced Monte Carlo shell-model [34], and to 
describe the level structure in neutron-rich Cu [25]. The result-
ing increase in deformation is reflected in the ground state spins, 
shown in Table 1, where spin 5/2 is favored over the expected 
spin 7/2 [20,35]. The ground state spins are correctly predicted to 
be 5/2 by both GXPF1A [4,36] and LNPS, with the 7/2 states in 
57,59,61,63Mn at less than 300 keV for both interactions.

There are two abrupt decreases in the g-factors visible in Fig. 2, 
after N = 28 and after N = 36. The first discontinuity can be 
explained by the occupation of the higher ν pf orbitals beyond 
N = 28, which allows for more proton–neutron correlations. A sim-
ilar effect was seen in Cu isotopes near N = 28 [12,37]. The dis-
continuity between N = 36 and N = 38 is induced by the increase 
in proton occupation of the higher pf orbitals, as shown in the 
LNPS calculations. The increased occupation of the π f5/2 orbital 
from N = 36 onwards leads to small admixtures of the spin-orbit 
partner π1 f5/2 into the wave function dominated by the π1 f7/2

configuration, and this has a significant effect on the calculated 
magnetic moments [38].

As demonstrated, the magnetic moments are sensitive probes 
of the nuclear wave function and have provided the first evidence 
for the influence of intruder orbitals on the ground states of iso-
topes with N < 40. However, the magnetic dipole moment is only 
indirectly sensitive to collectivity, whereas the electric quadrupole 
moment provides a direct probe of the quadrupole correlations be-
tween nucleons. Fig. 4 shows the GXPF1A and LNPS predictions for 
the quadrupole moments of Mn isotopes, in which the two pre-
dictions can be seen to deviate significantly starting at 61Mn. This 
deviation can be attributed to increased correlations resulting from 
excitations across N = 40 and Z = 28, which are only included in 
the LNPS calculation. In this region of the nuclear chart, where the 
onset of collectivity has been observed in Fe and Cr [3,39], com-
parison of experimentally determined quadrupole moments to the 
GXPF1A and LNPS predictions will provide valuable information on 
the degree of collectivity in manganese isotopes.
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5. Conclusions

Nuclear spins as well as magnetic dipole moments have been 
reported for the odd–even isotopes 51−63Mn. The magnetic mo-
ments have been compared to shell-model calculations based on 
the GXPF1A and LNPS interactions. As a result of this compar-
ison, it is found that the neutron 1g9/2 and 2d5/2 orbitals are 
required in the model space in order to reproduce the dipole 
moments for 61Mn and heavier isotopes. This highlights the im-
portance of neutron excitations, which lead to an increase of 
proton excitations across the Z = 28 shell gap from N = 36
onwards. The larger proton population in the higher pf or-
bitals, as well as the weakening of the N = 40 closure in man-
ganese (and other neighboring isotope chains), produce an in-
crease in quadrupole correlations, as shown by the LNPS predicted 
quadrupole moments. A future measurement of the quadrupole 
moments of these isotopes, using a laser transition with greater 
sensitivity to the hyperfine B coefficient, will shed more light on 
this.
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The odd-odd 54,56,58,60,62,64Mn isotopes (Z = 25) were studied using bunched-beam collinear laser spectroscopy
at ISOLDE, CERN. From the measured hyperfine spectra the spins and magnetic moments of Mn isotopes up
to N = 39 were extracted. The previous tentative ground state spin assignments of 58,60,62,64Mn are now firmly
determined to be I = 1 along with an I = 4 assignment for the isomeric states in 58,60,62Mn. The I = 1 magnetic
moments show a decreasing trend with increasing neutron number while the I = 4 moments remain quite
constant between N = 33 and N = 37. The results are compared to large-scale shell-model calculations using
the GXPF1A and LNPS effective interactions. The excellent agreement of the ground state moments with the
predictions from the LNPS calculations illustrates the need for an increasing amount of proton excitations across
Z = 28 and neutron excitations across N = 40 in the ground state wave functions from N = 37 onwards.
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I. INTRODUCTION

Ongoing developments in radioactive beam production
provide the opportunity to study increasingly exotic nuclei.
In recent years, a substantial effort has been devoted to
understanding the nuclear structure of these exotic nuclei, in
particular the often drastic variations in shell structure when
moving from β stability towards the drip lines. The neutron-
rich pf -shell nuclei are of considerable interest because of the
rapid structure evolution in the Z < 28 and N ≈ 40 region.
Due to the stabilizing effect of the Z = 28 shell closure, the
68
28Ni40 ground state remains spherical whereas removal of only
a few protons from this Z = 28 shell results in an onset of
deformation in 26Fe [1–3] and 24Cr [4,5]. This deformation
is associated with the development of quadrupole correlations
arising when neutrons are promoted across N = 40. These
neutron excitations are facilitated for open πf7/2 nuclei due
to the weakening of the N = 40 subshell, suggested to result
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from the reduced proton-neutron interaction between protons
in πf7/2 and neutrons in νf5/2 and νg9/2 orbitals [6].

Nuclear spins and moments are powerful probes to identify
and understand such modifications of the nuclear structure
due to their sensitivity to the composition of the wave function
and deformation. These observables can be precisely extracted
from high-resolution hyperfine spectra measured by collinear
laser spectroscopy [7,8].

At Jyväskylä, this method was applied to measure hyperfine
structures of Mn (Z = 25) isotopes near the N = 28 shell
closure [9]. At CERN-ISOLDE, this work has recently been
extended to the odd-even Mn isotopes up to N = 38 [10]. The
magnetic moments beyond N = 31 were determined and the
I = 5/2 spins of 59,61,63Mn could be firmly established for
the first time. From the systematic trend of the g factors, g =
μ/(IμN ), a structural change between N = 36 and N = 38
is inferred. The results were compared to large-scale shell-
model calculations using the LNPS [11] and GXPF1A [12,13]
effective interactions. The failure of the GXPF1A calculations
to reproduce the neutron-rich g factors, and the very good
agreement of the LNPS predictions demonstrates the need for
a model space including the νg9/2 and νd5/2 orbitals from
N = 36 onwards. Along with a gradual rise in the number
of neutron excitations across N = 40 with increasing N , an
increase in proton excitations across Z = 28 indicates that both
proton and neutron excitations are important in the ground state
wave function of Mn isotopes towards N = 40.

In the current article, the odd-odd 54,56,58,60,62,64Mn results
obtained in the ISOLDE experiment are presented. In the
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low-energy structure of 58,60,62,64Mn two long-lived states
are known with tentatively assigned Iπ = (1+) and Iπ =
(4+) spin-parity. Although firm spin-parity assignments are
indispensable for the construction of reliable level schemes,
prior to this work only indirect assignments based on β-decay
measurements, shell-model calculations, and regional system-
atics have been presented [14–17]. Furthermore, the nuclear
configuration and degree of collectivity of these states is still
unknown. Recently, Liddick et al. suggested shape coexistence
between a deformed (1+) state and spherical (4+) state in
64Mn [17]. These conclusions were based on the available
information on neighboring nuclei and require verification by
direct experimental evidence. For the lighter 58–62Mn isotopes
only theoretical attempts to describe the nature of these states
have been made. Sun et al. described 58Mn and 60Mn in the
projected shell-model framework using prolate deformed basis
states [18]. Alternatively, shell-model calculations of 57–62Mn
were performed using an extended pairing-plus-quadrupole
interaction with monopole corrections in the fpg9/2 model
space [19]. In the latter study the significance of neutron
excitations to the νg9/2 intruder orbital has been pointed out.
Although magnetic and quadrupole moments are key probes
to investigate the nuclear structure of odd-odd Mn isotopes, no
electromagnetic moments were published in these theoretical
studies.

Here we present the direct measurement of spins and
magnetic moments of the odd-odd Mn ground states from
N = 29 up to N = 39 including the 58m,60m,62mMn isomers.
We compare our results to large-scale shell-model calculations
using the GXPF1A interaction with protons and neutrons
restricted to the pf orbits only, as well as to the LNPS
interaction where neutron excitations into the positive-parity
νg9/2 and νd5/2 orbitals are allowed.

II. EXPERIMENTAL METHOD AND DATA ANALYSIS

Radioactive manganese isotopes were produced at
ISOLDE, CERN by bombarding a thick UCx target with a
1.4 GeV proton beam. After the Mn atoms diffused out of
the hot target, they were selectively ionized using the RILIS
laser ion source [20]. Next, the 40 keV ion beam was mass
separated in the high-resolution separator (HRS) and sent to
the ISCOOL cooler-buncher [21] where, after each proton
pulse, several 6 μs ion bunches were produced by a successive
43 ms accumulation and fast release. These ion bunches were
guided to the dedicated collinear laser spectroscopy beam line
COLLAPS, schematically shown in Ref. [22], and overlapped
with a copropagating laser. Following neutralization in a
sodium vapor-filled charge exchange cell, the created atoms
interact with the laser light and resonance fluorescence is
observed in the subsequent interaction region. Laser light was
obtained from a frequency-doubled narrow-band dye laser
to probe the 3d54s2 6S5/2 → 3d54s4p 6P3/2 ground state
atomic transition (transition wave number: 35689.980 cm−1)
in manganese. The laser frequency was scanned across the
hyperfine structure by applying a Doppler-tuning voltage to
the ions prior to neutralization.

Laser-induced fluorescence was detected by three PMTs
in the light collection region. Since this fluorescence signal
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FIG. 1. Hyperfine spectra of 62Mn taken without (shaded spec-
trum) and with (plain spectrum) proton gating. With proton gating
photons are accepted only during one half-life of the shortest-lived
isomer after proton impact. This clearly enhances the hyperfine
structure of the short-lived state (indicated with arrows) with respect
to the long-lived state. For visual comparison, the nongated spectrum
is scaled to match the background intensity. The frequency is
shown relative to the 6S5/2 → 6P3/2 literature transition frequency of
55Mn [23].

was only accepted when the atom bunch passed in front of
the PMTs, the continuous laser background was reduced by
a factor of 104 (ratio of bunch period and bunch length).
Additional background suppression for short-lived states in
60,62,64Mn was achieved by considering only atom bunches
which arrived within one half-life after proton impact. This
proton gating eliminates background collection for bunches
in which the short-lived state has already decayed. As a
result, the features of the short-lived state in the spectrum
are enhanced with respect to the long-lived state, facilitating
their identification. This effect is illustrated for 62Mn in
Fig. 1, where spectra taken with and without proton-gating
are compared. Taking into account the half-lives (Table I) and
relative intensities of the two states in the hyperfine spectra, the
isomeric ratio N (1+)/N(4+) is estimated to be around 30%.

Typical experimental spectra for 58,60,62,64Mn can be
found in Fig. 2. The centroid frequency and hyperfine
parameters A and B were extracted from the hyperfine
structures via a χ2 minimization routine using the expression
for hyperfine splitting energies (see, e.g., Ref. [7]).
A(P3/2) and B(P3/2) were left as free fit parameters while
B(S5/2) was set to 0 MHz considering our experimental
uncertainty is not better than 0.2 MHz and the 55Mn
literature value is B(S5/2) = 0.019031(15) MHz [24]. The
hyperfine ratio was fixed to the value A(P3/2)/A(S5/2) = 13.3
established for 55Mn [10]. In order to correctly fit the
partially unresolved peaks, the relative peak intensities were
constrained to spin-dependent Racah values [25]. It was
verified that such constrained relative intensities do not
significantly change the fit results as compared to fits with
free intensities, which were only possible for isotopes without
isomers. The peaks were fitted with Lorentzian line profiles
with common widths for all peaks in the spectrum. To account
for inelastic processes in the charge exchange cell [26,27]
which result in a small asymmetric line shape, a Lorentzian
satellite peak at a fixed energy offset [4.61(10) eV] was
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TABLE I. Extracted spins, hyperfine structure parameters A(P3/2) and B(P3/2), and corresponding magnetic moments and quadrupole
moments for 54,56,58,60,62,64Mn ground states and isomers. The ratio of hyperfine parameters is constrained to A(P3/2)/A(S5/2) = 13.3 found in
the odd Mn isotopes [10]. No hyperfine anomaly correction is taken into account for the calculation of the magnetic moments.

A Iπ T1/2 A(P3/2) (MHz) B(P3/2) (MHz) μexp (μN) μlit (μN) Qs,exp (eb) Qs,lit (eb)

54 3+ 312 d −763.2 (7) +15 (6) +3.299 (3) +3.2966 (2)a +0.37 (14) +0.33 (3)a

+3.306 (1)b +0.37 (3)b

56 3+ 2.59 h −750.2 (4) +10 (3) +3.242 (2) +3.24121 (13)c +0.24 (8) +0.47(15)b

58 1+ 3.0 s −1821.5 (16) +1 (3) +2.624 (2) +0.03 (8)
4+ 65.4 s −531.7 (3) +20 (4) +3.064 (2) +0.47 (9)

60 1+ 0.28 s −1728 (5) +4 (9) +2.489 (7) +0.1 (2)
4+ 1.77 s −590.3 (3) +14 (4) +3.402 (2) +0.33 (10)

62 1+ 92 ms −1656 (5) +4 (9) +2.385 (7) +0.1 (2)
4+ 671 ms −550.4 (4) +25 (5) +3.172 (3) +0.59 (13)

64 1+ 90 ms −1448 (3) +9 (5) +2.086 (3) +0.21 (11)
(4+) 0.50 ms − − − −

55 5/2 stable −963.1(3) +13.4(8) Ref. +3.4687179(9)d Ref. 0.33(1)e

aNuclear magnetic resonance on oriented nuclei data [36] recalculated with current 55Mn reference values.
bCollinear laser spectroscopy experiment on the S2 → P3 ionic transition [9].
cAtomic beam magnetic resonance data [37] recalculated with current 55Mn reference values.
dNuclear magnetic resonance data [38] corrected for diamagnetic shielding.
eAtomic beam magnetic resonance experiment [39].
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FIG. 2. (Color online) Hyperfine spectra of the 58,60,62,64Mn 1+

states (blue) and 58,60,62Mn 4+ states (red) obtained by bunched-
beam collinear laser spectroscopy on the atomic 6S5/2 → 6P3/2 line.
For 60,62,64Mn proton gating was used. The inset shows a schematic
depiction of the hyperfine structure of an I = 1 state along with the
allowed hyperfine transitions. The frequency is shown relative to the
6S5/2 → 6P3/2 literature centroid of 55Mn [23].

included. Due to the complex nature of the nonresonant
Mn+–Na charge exchange and the various atomic multiplets
available, this energy offset was determined empirically.

III. RESULTS

In the literature the spins of 58–64Mn were previously
only tentatively assigned; I = (1+) and I = (4+) for the
ground and isomeric states were adopted in the most recent
data compilations [28–31] while earlier publications also
reported I = (0+,2+) and I = (3+) [32–35]. As a result of
our hyperfine spectra analysis, the spins can now be firmly
established but no information on the relative energies of
the states is obtained. In addition, from the hyperfine A
and B parameters the magnetic and quadrupole moments are
extracted. The sign and value of the deduced g factor enable
parity assignments.

A. Low-spin state: I = 1

Despite the predominant high-spin state, multiple peaks
corresponding to the low-spin state can be clearly identified
in the hyperfine spectra of Fig. 2. These multiple peaks are
in contradiction with the absence of hyperfine splitting in the
case of I = 0 which would yield only one peak. An I = 0
spin assignment can therefore be ruled out unambiguously.
To definitely decide between I = 1 and I = 2, both spin
assignments were considered in the initial analysis. From the
hyperfine transition selection rules, three hyperfine multiplets
are expected in the case of I = 1 while four multiplets should
appear for I = 2. Although no evidence for a fourth multiplet
is seen on the wide frequency scans, the possibility cannot be
disregarded considering the rather low statistics. Therefore,
for I = 2, the spectra are fitted assuming one multiplet is
unaccounted for on the high frequency side of our measuring
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FIG. 3. (Color online) Extracted quadrupole moments assum-
ing different spins for the low-spin state and high-spin state in
58,60,62,64Mn. Note that the error bars are in most cases smaller than the
symbols on this scale. These are compared with the known literature
quadrupole moments. The shaded area represents the minimum and
maximum literature value in the Mn chain.

range. An unobserved multiplet on the left can be ruled out,
as this would severely violate the smoothly increasing trend in
centroid frequency seen in the Mn chain.

As shown in Fig. 3, the extracted quadrupole moments
assuming an I = 2 in the fitting procedure are an order of
magnitude larger than the known values in the Mn chain and
such large quadrupole moments are found only occasionally
in much heavier mass regions (details on Q determination are
given in Sec. III C). These extraordinarily large quadrupole
moments combined with a worse fit quality (reflected in a
higher χ2

red) exclude a possible I = 2 spin assignment. Based
on the presented evidence, we firmly assign I = 1 for all low-
spin states in 58,60,62,64Mn.

B. High-spin state: I = 4

The different I = 3,4, and 5 spin possibilities all yield
the same number of multiplets in the hyperfine spectrum,
hence it is impossible to discriminate between the spins based
on this criterion. From fitting the high-spin structures in
58,60,62Mn with the alternative spins, quadrupole moments can
be extracted as shown in Fig. 3. Analogous to the low-spin
case, the unrealistically large moments in the case of I = 3
and 5 exclude these spins, establishing I = 4 in 58,60,62Mn.
The high-spin state in 64Mn could not be measured because
of its short 0.50 ms half-life. This I = 4 spin in combination
with the I = 1 low-spin assignment agrees with the earlier
suggested M3 multipolarity of the isomeric transitions in
58,60Mn, measured via electron conversion spectroscopy [40].

C. Hyperfine parameters

The experimental hyperfine parameters obtained with the
above established spins, along with the corresponding nuclear
moments are presented in Table I. The nuclear moments were
extracted by comparison with the precise 55Mn reference
moments [38,39] and hyperfine parameters [10] using

μ = μref
IA

IrefAref
and Qs = Qs,ref

B

Bref
.

The hyperfine anomaly is assumed to be negligible. For
54,56Mn there is a satisfactory agreement between our results
and the previously known literature values [9,36,37].

Since the quadrupole splitting of both the lower and the
upper atomic state is small, the quadrupole moment sensitivity
is low, resulting in large relative uncertainties. Due to this low
precision, a detailed discussion on the quadrupole moments is
not presented. It should be noted however that the consistently
smaller quadrupole moment of the I = 1 state compared to the
I = 4 state does not imply that the latter is intrinsically more
deformed. Under the assumption that the nuclear deformation
is axially symmetric, the intrinsic quadrupole moment Q0 can
be related to the measured moment Qs using

Qs = 3K2 − I (I + 1)

(I + 1)(2I + 3)
Q0,

where K is the projection of the total spin I on the symmetry
axis [41]. In the case that the spin is along the symmetry axis
(K = I ), an identical intrinsic quadrupole moment results in a
spectroscopic quadrupole moment which is 5 times smaller
for I = 1 than for I = 4. With the current experimental
precision, the smaller quadrupole moment for I = 1 compared
to I = 4 can therefore be fully explained by this spin-factor.
Furthermore, the presence of a large ground state deformation
in 64Mn, as suggested by Liddick et al. [17], cannot be
confirmed nor refuted. A more precise measurement of the
1+ ground state quadrupole moments is needed to draw such
a conclusion.

D. Parity

At present, a positive parity for the I = 1 state in
58,60,62,64Mn is proposed based on log f t values found in
β decay from the 0+ state in Cr [14,17] or β decay to
the 0+ state in Fe [15,42]. Together with the observed M3
transitions, this suggests also a positive parity of the I = 4
state in 58,60Mn. However for 62,64Mn, the multipolarity of
the isomeric transition is not measured experimentally and
little β-decay data are available. Although the parity cannot
be extracted from the hyperfine spectra directly, the sign and
magnitude of the extracted g factor g = μ/(IμN ), can help its
determination. Considering the relevant shell-model orbitals in
Fig. 4, the natural parity for an odd-odd nucleus is positive, a
result of the coupling between protons and neutrons occupying
the pf orbitals. On the other hand, a negative parity state can
only come from the coupling to an unpaired neutron in the
νg9/2 or νd5/2 orbitals. For pure configurations arising from a
weak coupling between the unpaired protons and neutrons,
the g factor can be estimated via the g factor additivity
rule [43]. For neutron-rich Mn this assumption is too simple
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FIG. 4. The single-particle orbitals and their parity relevant in
the discussion of neutron-rich Mn isotopes. In a simple shell-model
picture the five valence protons reside in πf7/2 and the valence
neutrons occupy the pf orbitals.

and configuration mixing needs to be taken into account.
Nevertheless, the estimated g factor can be an indication of
the sign and magnitude of the g factor to be expected. For the
calculations, shown in Table II, empirical g factors are taken
from 55Mn (πf −3

7/2), 69Cu (πp3/2), 75Cu (πf5/2) for protons

and 57Ni (νp3/2), 65Ni (νf5/2), 67Ni (νp1/2), 69Zn (νg9/2),
91Zr (νd5/2) for neutrons. As found in the odd Mn isotopes
[10], the leading proton configuration along the isotopic chain
are three proton holes in πf7/2 coupled to Iπ = 5/2−, while
for isotopes near N = 40 also a contribution of the πp3/2 and
πf5/2 orbitals cannot be disregarded.

The calculated g factor for all negative parity states is
negative with the exception of the πf −3

7/2 ⊗ νd5/2 configuration
where it is marginally positive with a value of +0.04.
The experimental g factors for both the I = 1 (+2.087 <
g < +2.624) and I = 4 (+0.766 < g < +0.850) states are
however positive and much larger than the calculated negative
parity values. This strongly supports a positive parity assign-
ment for the I = 1 and I = 4 states in 58,60,62,64Mn.

TABLE II. Summary of g factors calculated with the additivity
rule using empirical g factors. The configurations not yielding the
spin of interest are indicated by a hyphen.

Protons Neutrons I = 1 I = 4

Positive parity
π

(
f −3

7/2

)
5/2

νp3/2 +2.79 +0.68
νf5/2 +0.83 +0.83
νp1/2 − −

πp3/2 νp3/2 +0.70 +0.70
νf5/2 −0.93 +0.89
νp1/2 +2.07 −

πf5/2 νp3/2 +1.08 +0.06
νf5/2 +0.34 +0.34
νp1/2 − −

Negative parity
π

(
f −3

7/2

)
5/2

νg9/2 − −0.09
νd5/2 +0.04 +0.04

πp3/2 νg9/2 − −0.31
νd5/2 −3.70 −0.10

πf5/2 νg9/2 − −0.16
νd5/2 −0.04 −0.04

IV. DISCUSSION

Shell-model calculations using two different effective inter-
actions and model spaces have been performed to obtain en-
ergy levels, spins, and magnetic moments. The single-particle
orbitals relevant for the discussion below are schematically
shown in Fig. 4.

The GXPF1A [12,13] and LNPS [11] effective interactions
have been used with the ANTOINE shell-model code [45].
The GXPF1A model space comprises the full pf shell for
protons and neutrons with 40Ca as a core. Since the neutron
νg9/2 and νd5/2 orbitals are not included, no excitations
across N = 40 are allowed. The model space in the LNPS
calculations consists of the full pf -shell for protons and the
p3/2,f5/2,p1/2,g9/2 and d5/2 orbitals for neutrons. This model
space is unsuited for isotopes below N = 35 due to the absence
of cross-shell excitations across N = 28 using a 48Ca core.
Due to the large dimensions of the model space, the Mn
calculations require truncations. In the GXPF1A calculations
up to two protons and six neutrons have been allowed to excite
from f7/2 to the higher orbitals while in the LNPS calculations
a maximum of 11p − 11h excitations across Z = 28 and
N = 40 are allowed.

The currently available spectroscopic information below
1 MeV is compared to the shell-model predictions in Fig. 5.
Due to the lengthy computation time, only a few relevant
low-spin states in 60,62,64Mn were calculated with LNPS.

The GXPF1A calculations reproduce the high level density
in 58Mn, but the agreement for the heavier isotopes is poor.
The inversion of the 4+ and 1+ state at 58Mn is not significant
considering the 119 keV rms energy deviation [46]. Note that
the spin-parity assignments of excited states in 58,60Mn are
mostly based on the good correspondence between calculated
and experimental level energies [46]. Taking into account a
typical 100–200 keV rms energy deviation, LNPS correctly
reproduces the positive parity level sequence in 60,62,64Mn,
while the energy of the isomeric 4+ state is predicted slightly
lower than the experimental value. The energy of the low-lying
(2−) negative parity state in 64Mn, arising due to the coupling
with a neutron in the positive parity gd orbits, is calculated
almost 500 keV too high.

In Fig. 6, the experimental and predicted g factors are
presented. The calculations have been performed using free-
nucleon spin and orbital g factors for the LNPS interaction
and mildly quenched values for GXPF1A (gs,eff = 0.9gs,free,
gπ

l,eff = 1.1,gν
l,eff = −0.1) as in Ref. [12]. The 1+ g factors

are excellently described by LNPS for 60,62,64Mn, whereas
GXPF1A is unable to reproduce the downward slope, although
there is a good agreement for 58Mn and 62Mn. For the
4+ state, GXPF1A correctly calculates the value for 58Mn,
but fails to predict the nearly constant trend towards the
more neutron-rich isotopes. On the other hand, the LNPS
calculations do reproduce the rather constant g factor although
the actual value is about 20% higher than the experimental
value.

Using the empirically calculated g factors from Table II,
an attempt can be made to at least qualitatively explain the
experimentally observed trends. The g(1+) at 58Mn could
correspond to a configuration dominated by πf −3

7/2 ⊗ νp3/2
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FIG. 5. (Color online) 58,60,62,64Mn energy levels below 1 MeV compared to GXPF1A and LNPS calculations. The long-lived 1+ and 4+

states are highlighted with a bold line. Experimental levels taken from the most recent Nuclear Data Sheets [28–31] and [17,44].

while the decreasing g factor with increasing neutron number
is then evidence for increased configuration mixing with other
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FIG. 6. (Color online) 58,60,62,64Mn g factors of the 1+ (a) and
4+ states (b). Comparison of experimental values with shell-model
calculations performed with GXPF1A (dashed line) and LNPS
(dotted line).

neutron orbitals in the pf shell or admixtures with proton
intruder states. Since all of these configurations would yield a
smaller g factor (see Table II), it is difficult to identify which of
them are the main contributors. Note that although the g factors
clearly suggest a changing configuration, the spin remains 1+
for all four isotopes between N = 33 and N = 39. The g
factors of the 4+ states are not very sensitive to the wave
function configuration, as can be seen from the very similar
g factors for all configurations in Table II. This means that
the nearly constant g factor measured experimentally does not
imply that also the nuclear configuration remains unchanged.

Although the empirical calculations in Table II are valuable
to build an intuitive interpretation of the g factors, they are
too simple to provide a quantitative description of the wave
function. Therefore it is more instructive to look at the average
proton and neutron occupation numbers that come out of the
large-scale shell model calculations. In Fig. 7, these occupation
numbers predicted by the LNPS interaction are shown for the
1+ state. Because of the sensitivity of g factors to the wave
function composition, the excellent correspondence between
the experimental g(1+) of 60–64Mn suggests that the leading
configurations of these 1+ states are calculated correctly.
In the top panel, the increase in neutron occupation of the
νg9/2 and νd5/2 orbitals (in red) towards N = 40 can be seen
while the occupation of the νp3/2 f5/2 p1/2 orbitals (in black)
remains almost constant at 7–8, well below the maximum
of 12 neutrons. This shows that from N = 37 onwards the
wave function is dominated by 2p − 2h and 4p − 4h neutron
excitations across N = 40, analogous to the odd Mn case [10].
The importance of neutron excitations to the νg9/2 and νd5/2

orbitals is further visible in the energy spectrum of 64Mn
where a negative parity 2− state appears between the natural
parity 1+ and 4+ states. As a consequence of this intermediate
2− state, an M2-E1 isomeric cascade is favored over the
much slower β decay, resulting in a half-life significantly
shorter than those of the other studied 4+ states [17].

In addition to neutron excitations, proton excitations across
Z = 28 become increasingly important towards N = 40 as
illustrated by the rising πp3/2 f5/2 p1/2 occupation numbers in
the bottom panel of Fig. 7. Such a parallel rise of proton and
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FIG. 7. (Color online) Neutron (a) and proton (b) occupation
numbers of the 1+ state calculated with the LNPS effective inter-
action. There is a large similarity between the odd-even Mn (shaded)
and odd-odd Mn (solid) occupations.

neutron excitations is also seen in the odd Mn chain [10] and is
understood as arising from the complex interplay between the
protons in the pf shell and neutrons in the pf and gd shells.
More neutrons in the νg9/2 and νd5/2 orbitals result in a less
bound proton πf7/2 and more bound proton πf5/2 orbital due
to the proton-neutron tensor force [6]. This effectively reduces
the Z = 28 shell gap, facilitating particle-hole excitations
which lead to stronger deformation and, in turn, to more
neutrons in νg9/2 and νd5/2. In contrast to the odd Mn case
however, the trend in g factors is smooth and no discontinuity
related to a sudden structural change is seen [10].

For the 4+ states, LNPS predicts a similar increase in proton
and neutron cross shell excitations as for the 1+ states.
However, taking into account the 20% overestimation of the
calculated g factor, other observables are desired to support
this interpretation.

V. CONCLUSION

The hyperfine spectra of odd-odd Mn from A = 54 up
to A = 64 were measured using collinear laser spectroscopy
yielding direct information on spins and magnetic moments.
The previously suggested I = 1 and I = 4 spins for the long-
lived states in 58,60,62,64Mn were firmly determined, except for
the high-spin state in 64Mn which could not be observed due
to its short half-life.

The experimental results are compared with shell-model
calculations using two different effective interactions in a
model space restricted to the pf shell (GXPF1A), and in a
model space including the νg9/2 and νd5/2 orbitals (allowing
excitations across N = 40) but excluding the νf7/2 (LNPS). A
comparison of energy levels, spins, and g factors shows that
a model space without neutron excitations across N = 40 is
too limited to accurately predict observables of the neutron-
rich Mn isotopes. On the other hand, calculations with the
LNPS interaction, including such excitations, give an excellent
description of the 1+ g factors. In addition, the flat trend
of the g factors as a function of the neutron number of the
4+ states is correctly reproduced although the actual value is
overestimated by about 20%. From the average occupation
numbers in LNPS, the importance of both neutron excitations
across N = 40 as well as proton excitations across Z = 28 is
established.

The determination of spins and magnetic moments is an
important first step in understanding the changing nuclear
structure in the neutron-rich Mn isotopes near N = 40 but for
direct information on possible shape transitions, a more precise
knowledge of the quadrupole moments is required, while also
the mean square charge radii will provide complementary
information.
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6.4 Quadrupole moments

6.4.1 Difference in quadrupole moment between I = 7/2−
and I = 5/2−

While in section 6.3.1, it was discussed that the g-factor is not influenced by
the spin and thus the coupling of the protons in the f7/2 orbital, the situation
is different for the quadrupole moment. Simple calculations by [Mayer and
Jensen, 1955, p. 117] showed already that in the case of a quadrupole moment
purely determined by the protons, the quadrupole moment of a π

(
f−3

7/2

)
5/2

configuration would be 2.8 times larger than the quadrupole moment of a
π
(
f−3

7/2

)
7/2

configuration. Experimentally, a ratio of Qs(55Mn)/Qs(53Mn) =
0.32(2)/0.16(3) = 2.0(4) is found, in reasonable agreement with theoretical
estimates. Although more generally also the influence of the neutrons needs to
be considered, this simple estimate is able to qualitatively explain the jump in
quadrupole moments observed between N = 28 and N = 30.

6.4.2 Article IV: Quadrupole Moments of odd-A 53−63Mn -
Onset of Collectivity towards N = 40

Article IV focusses on the quadrupole moments of the odd-even 53−63Mn isotopes
and how these could be determined using optical pumping in ISCOOL. The
experimental quadrupole moments are compared to large-scale shell model
calculations using three different effective interactions. The observed increase in
quadrupole moments from N = 36 onwards can only be reproduced when both
the νg9/2 orbital and νd5/2 orbital are included in the model space. Furthermore,
the proton and neutron contributions to the quadrupole moments is investigated.

My contribution to the article consisted of participating in the experiment,
performing a full data-analysis and actively contributing to the writing of the
paper by numerous discussions with the main and co-authors and by performing
shell model calculations using the GXPF1A interaction.
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The spectroscopic quadrupole moments of the odd–even Mn isotopes between N = 28 and N = 38 have 
been measured using bunched-beam collinear laser spectroscopy at ISOLDE, CERN. In order to increase 
sensitivity to the quadrupole interaction, the measurements have been done using a transition in the 
ion rather than in the atom, with the additional advantage of better spectroscopic efficiency. Since the 
chosen transition is from a metastable state, optical pumping in ISOLDE’s cooler and buncher (ISCOOL) 
was used to populate this state. The extracted quadrupole moments are compared to large-scale shell 
model predictions using three effective interactions, GXPF1A, LNPS and modified A3DA. The inclusion 
of both the 1νg9/2 and 2νd5/2 orbitals in the model space is shown to be necessary to reproduce the 
observed increase in the quadrupole deformation from N = 36 onwards. Specifically, the inclusion of the 
2νd5/2 orbital induces an increase in neutron and proton excitations across the reduced gaps at N = 40
and Z = 28, leading to an increase in deformation above N = 36.

© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The region around N = 40 has been extensively studied in re-
cent years due to the sudden changes in nuclear structure ob-
served below 68

28Ni40. The neutron-rich manganese isotopes studied 
here (Z = 25) provide an opportunity to investigate shell structure 
evolution towards this weak subshell closure [1,2]. In the neighbor-

* Corresponding authors.
E-mail addresses: cbabcock@cern.ch (C. Babcock), hanne.heylen@fys.kuleuven.be

(H. Heylen).

ing elements of Cr (Z = 24) and Fe (Z = 26), the electromagnetic 
transition probabilities and level structures have been studied in 
several works and evidence has been found for deformation in 
their neutron-rich isotopes. In Fe, the onset of collectivity is found 
at 64Fe38 [1] and this collectivity persists in more neutron-rich iso-
topes, as demonstrated by B(E2) values [3,4], the decreased energy 
of the 2+

1 state in 66Fe40 [5] and the E(4+)/E(2+) ratio systemat-
ics [6]. From the measured B(E2) values, a deformation parameter 
of β ≈ 0.28 is found for 64,66Fe38,40 [3].

In Cr, the isotopes between 56Cr32 and 60Cr36 begin to show 
an enhancement in collectivity, demonstrated by an energy level 
structure characteristic of the transition from vibrational exci-

http://dx.doi.org/10.1016/j.physletb.2016.07.016
0370-2693/© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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tation to rotational collectivity [7]. From 62Cr38 onwards, the 
E(4+)/E(2+) ratios suggest a more rotational character, provid-
ing evidence for static prolate deformation in the heavier isotopes 
[6,8], and a deformation parameter of β ≈ 0.35 has been reported 
for 62Cr38 [1]. The emerging picture of increased quadrupole col-
lectivity is further supported by the B(E2) values up to N = 40
[4,9]. More recently however, theoretical calculations have sug-
gested that the low-lying states of neutron-rich Cr cannot be char-
acterized as strictly prolate rigid-rotor and should instead be un-
derstood as dominated by large amplitude shape fluctuations [10].

Mass measurements of Cr and Fe isotopes indicate a weak 
N = 40 gap [11–13], making occupation of the νg9/2 and νd5/2
orbitals energetically favorable. The promotion of neutrons to the 
g9/2 orbital has been proposed as a driver of deformation [8,14]. 
Similarly, the νd5/2 orbital may play an important role in the de-
velopment of quadrupole collectivity for isotopes closer to N = 40
[1,15], however the specific role of excitations to this orbital re-
mains ambiguous. While some calculations in this mass region 
are limited to the f pg9/2 orbitals [2,16], the νd5/2 has an impor-
tant influence on the development of quadrupole correlations, and 
hence deformation, in the quasi-SU(3) picture [17].

The development of collectivity is correlated not only to the 
excitation of neutrons across N = 40, but to the dimensions of the 
total proton-neutron valence space of a particular isotope [3]. It 
is therefore not surprising that the degree of collectivity in these 
open π f7/2 nuclei is largest for the mid-shell Cr isotopes.

The observations of Fe and Cr suggest that we may expect to 
see a similar increase in collectivity in their odd-proton neighbor, 
Mn (Z = 25) [7]. Indeed, a quasi-collective band may have been 
observed for 57−60Mn32−35 [18] and the unexpectedly long beta-
decay half-lives in N � 40 Mn isotopes are suggested to be the 
result of the preferential filling of the positive parity νg9/2 orbital 
which can only decay through forbidden transitions [5]. In order 
to investigate the degree of collectivity in the Mn isotopes and the 
role played by the νd5/2 orbital, the spectroscopic quadrupole mo-
ment can serve as a direct probe. This observable is, in principle, 
directly obtainable from the hyperfine structure measured with 
high-resolution laser spectroscopy in a model-independent way.

Previous laser spectroscopy studies of atomic Mn were not suc-
cessful in measuring precise quadrupole moments for the neutron-
rich isotopes due to the small quadrupole splitting of the atomic 
ground state and the chosen excited levels [19,20]. An excited 
state in the Mn ion at 43370.51 cm−1 is known to have larger 
quadrupole splitting [21], however the transition to this level from 
the ionic ground state is spectroscopically weak. A more suit-
able transition for spectroscopy exists between a metastable ionic 
state and the excited state, however the natural population of the 
metastable state after the ion production process is too low to effi-
ciently perform spectroscopy. Optical pumping has therefore been 
used to enhance the population of the metastable state [21,22].

Here, the technique of optical pumping is used in ISOLDE’s 
cooler/buncher ion trap for the first time to enable the quadrupole 
moments of neutron-rich odd–even ionic manganese isotopes to 
be measured.

2. Experimental method

The experiment was performed at ISOLDE [23], CERN, where 
the manganese ions were produced by bombarding a uranium car-
bide target with a 1.4 GeV proton beam. After diffusing from the 
target, the reaction products of interest were ionized using the 
Resonance Ionization Laser Ion Source (RILIS) [24], then extracted 
and passed through the two mass-separating dipole magnets of 
the High Resolution Separator (HRS). They were then collected in 
ISCOOL, ISOLDE’s radio frequency quadrupole cooler and buncher 

Fig. 1. Schematic for the entry of optical pumping (OP) lasers from the RILIS laser 
lab into the cooler/buncher (ISCOOL), where they interact with trapped ions in the 
bunching region (color online).

Fig. 2. Optical pumping scheme used to excite trapped manganese ions from the 
ground state to a low-lying metastable state at 9472.97 cm−1 via an intermediate 
excited state (color online).

[25], which decelerates and cools the ions then traps the cooled 
ions in a potential well. While they were trapped in the poten-
tial well, the ions were optically pumped into the metastable state 
by resonant laser excitation and decay, using an additional pulsed 
laser from the RILIS laser lab. The optical pumping laser beam 
entered the second separator magnet via a quartz window, then 
passed through the separator magnet and the injection apertures 
of ISCOOL to interact with the trapped ion bunch near the extrac-
tion region, as shown in Fig. 1.

The optical pumping scheme is shown in Fig. 2. A pulsed 
laser beam with a repetition rate of 10 kHz was produced by 
a frequency quadrupled titanium sapphire laser at 230.50 nm. 
The broadband 10 GHz laser linewidth was well matched to 
the Doppler broadened profile of the ions in the trap. The ions 
were first excited from the 7 S3 ground state to the 5 P3 state 
at 43 370.51 cm−1. The relatively weak transition strength (Aki =
1.55 × 106 s−1 [26]) is offset by the extended trapping time in the 
cooler/buncher (200 ms), which allowed multiple laser-ion interac-
tions to take place, even with moderate laser power. From the ex-
cited state, the ions decay with a branching ratio of 0.8 to the 5 S2

level at 9472.97 cm−1. The decay from the 5 S2 metastable state to 
the ground state is a forbidden transition, so with increasing laser 
interaction time, the population of ions in the metastable state ac-
cumulates. Any effects of collisional de-excitation were balanced 
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Fig. 3. Example spectra for the odd–even isotopes 53−63Mn, with the fits overlaid. 
The inset shows one peak of 59Mn with the optical pumping (OP) laser on and off. 
The frequency is plotted relative to the 55Mn centroid (color online).

by the repeated laser-ion interactions, and thus did not affect the 
population of the final state.

The optically pumped ions were subsequently released in 
bunches of approximately 4 μs length and directed to the COLLAPS 
setup [27] for investigation via collinear laser spectroscopy. The 
beam was overlapped with co-propagating light from a frequency-
doubled narrowband dye laser that provided approximately 1 mW 
of power at a Doppler-shifted vacuum wavelength of 294.69 nm, 
in order to probe the transition from the metastable state de-
scribed above. A tuning voltage applied to the interaction region 
modulated the energy of the bunch from its initial 30 keV, thus ef-
fectively Doppler shifting the laser frequency seen by the ions over 
the range of the hyperfine splitting. Four photomultiplier tubes 
surrounded the interaction region of the setup and detected the 
emitted fluorescence as the ions decayed back to the metastable 
state. The background due to dark counts and randomly scat-
tered laser light was reduced by a factor of approximately 104

by restricting the data acquisition system to accept photomulti-
plier counts only during the time that the ion bunch traversed the 
interaction region [28–30]. In the case of 63Mn, photons were only 
accepted within one half-life (275 ms) after the proton pulse on 
target (a method called proton triggering, see [20] for details) in 
order to further suppress the background counts. A total exper-
imental efficiency gain of approximately an order of magnitude 
was observed with respect to our previous measurement using 
atomic manganese [19]. In addition to the increased sensitivity to 

Table 1
The hyperfine A and B values of the upper (5 P3) and lower (5 S2) states extracted 
in this experiment (the B(5 S2) values were approximately 0 MHz for all isotopes). 
Statistical errors, which dominate the uncertainty, are shown.

Isotope A(5 P3) (MHz) B(5 P3) (MHz) A(5 S2) (MHz)
53Mn −156.2(9) +16(13) −1239.4(13)
55Mn −150.1(2) +86(3) −1195.3(4)
57Mn −151.3(5) +95(6) −1201.1(7)
59Mn −151.2(7) +90(9) −1204.9(9)
61Mn −153.5(4) +95(5) −1218.2(6)
63Mn −149.7(5) +124(7) −1185.8(9)

the quadrupole interaction provided by the chosen transition, ionic 
transitions have the advantage that they do not suffer from the 
problem of populating a large number of states during the charge-
exchange process, as is the case in the atom. Despite lower yields 
resulting from problems with the ISOLDE target, these advantages 
enabled a successful investigation of isotopes up to 63Mn.

The hyperfine spectra collected in this way were fitted with 
Voigt line profiles and unconstrained intensities, using a least-
squares method as outlined in [28]. The known nuclear spins [19]
were used to extract the A and B coefficients of the hyperfine 
structure [28–30].

Fig. 3 shows example spectra for all six isotopes measured. 
Without the use of optical pumping, no resonant counts were seen.

3. Results

The extracted A and B coefficients of the hyperfine spectra for 
the 5 P3 and 5 S2 states are shown in Table 1. The A and B coef-
ficients for 53,55Mn have been measured previously in a similar 
optical pumping experiment for neutron-deficient isotopes [21], 
and the results shown here agree to within 2σ . Table 2 shows 
the magnetic dipole moments extracted from the A(5 P3) state and 
the spectroscopic quadrupole moments extracted from the B(5 S2)

state using the relations [28,30],

μ = μref
I A

Iref Aref
(1)

Q s = Q ref
B

Bref
(2)

where the reference values are those of 55Mn listed in Table 2. 
The hyperfine anomaly was assumed to be negligible. The dipole 
moments show good agreement with those previously measured 
for atomic Mn [19].

4. Discussion

Comparison of experimental data to theoretical calculations is a 
powerful method for testing our current understanding of nuclear 
structure and dynamics across the nuclear chart. In particular, re-
gions of rapid structural change, such as those around N = 40, pose 
serious challenges.

Fig. 4 and Table 2 show a comparison of the experimental 
quadrupole moments with the results of large-scale shell model 
calculations, performed using three different effective interactions 
and model spaces. The GXPF1A effective interaction [31] uses a 
40Ca core and is restricted to the pf space for both protons and 
neutrons. For computational reasons, a maximum of 2 protons and 
6 neutrons can be excited across Z = N = 28. The LNPS interac-
tion [17] uses a 48Ca core and considers the entire pf shell for 
protons, and the p3/2, f5/2, p1/2, g9/2 and d5/2 orbitals for neu-
trons. A maximum of 11 excitations across Z = 28 and N = 40
are allowed. The modified A3DA interaction [32] considers the 
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Table 2
The magnetic dipole and electric quadrupole moments derived from the coefficients in Table 1. The spin assignments have already 
been confirmed [19]. Also shown are the quadrupole moments calculated using the GXPF1A [31], LNPS [17] and modified A3DA [32]
effective interactions. All calculations are done with effective charges eπ = 1.31 and eν = 0.46.

Isotope N I μ (μN ) Q s (b) Q s (b) 
[GXPF1A]

Q s (b) 
[LNPS]

Q s (b) 
[modified A3DA]

53Mn 28 7/2 +5.036(5) +0.06(5) +0.08 – +0.08
55Mn 30 5/2 +3.46871790(9)a +0.33(1)b +0.33 – +0.33
57Mn 32 5/2 +3.485(2) +0.37(3) +0.33 +0.31 +0.35
59Mn 34 5/2 +3.496(3) +0.34(4) +0.31 +0.32 +0.32
61Mn 36 5/2 +3.535(2) +0.36(3) +0.30 +0.35 +0.38
63Mn 38 5/2 +3.441(3) +0.48(4) +0.26 +0.41 +0.41

a Reference from [33] with corrections for diamagnetic shielding.
b Reference from [34].

Fig. 4. Comparison of the quadrupole moments determined in this work to the 
results of calculations using the GXPF1A, LNPS, and modified A3DA effective in-
teractions with eπ = 1.31 and eν = 0.46 (color online).

f pg9/2d5/2 space for protons and neutrons with 40Ca as a core, 
and was able to include a larger model space by performing cal-
culations in the Monte Carlo shell model framework [32]. Both the 
GXPF1A and LNPS calculations have been done using the ANTOINE

shell model code [35], which imposes some computational limits 
on the size of the model space since a full Lanczos diagonalization 
is performed.

As can be seen in Fig. 4, the GXPF1A effective interaction suc-
cessfully predicts the quadrupole moments up to 59Mn (N = 34), 
after which the predictions and experimental data begin to di-
verge. The data follows an upward trend in deformation, as pre-
dicted by LNPS and modified A3DA, while the GXPF1A calculations 
follow a downward trend, as would be expected if there was a 
subshell gap at N = 40. Indeed, previous work on the magnetic 
moments [19,20] and energy levels [18] has demonstrated that 
the GXPF1A model space, which does not permit excitations across 
N = 40, is too limited to accurately describe the more neutron-rich 
Mn isotopes. Thus the larger model spaces employed by the LNPS 
and modified A3DA interactions are necessary to reproduce the ex-
perimental data. Both interactions have proven to be successful in 
this region of the nuclear chart [19,20,36,37], and LNPS has re-
cently been used to accurately characterize a similar deformation 
trend in 58,60,62Cr34,36,38 [38].

Quadrupole moments are a useful tool to investigate the role of 
excitations across N = 40 because of their sensitivity to 2p-2h and 
4p-4h excitations, and to the strength of the quadrupole collectiv-
ity. In particular, the quadrupole moments will be used to probe 
the role of the νd5/2 orbital in the development of this collec-
tivity. For this purpose, calculations of the theoretical quadrupole 

Fig. 5. The results of LNPS calculations of the quadrupole moment with neutron 
excitations limited to the f pg9/2 space (labeled trunc.) and in the full f pg9/2d5/2

space (labeled full) are shown compared to experimental values (color online).

moments have been performed using LNPS in a truncated model 
space which excludes the νd5/2 orbital. Fig. 5 shows the results 
of these calculations (labeled trunc.), where excitations have been 
limited to the νg9/2 orbital. The quadrupole moments calculated 
this way do not reproduce the rising trend of the experimental 
data, but remain nearly constant from N = 34 onwards. The trend 
of the experimental data is only reproduced in the full f pg9/2d5/2
space. This demonstrates the necessity of including both the νg9/2
and νd5/2 orbitals in the model space – neutron excitations to 
νg9/2 alone are not sufficient to explain the deformation in the 
Mn isotopes. This can be understood in terms of the pseudo and 
quasi SU(3) symmetry as discussed in [39].

The effect of the excitations across N = 40 can be seen more 
clearly in the occupation numbers of protons and neutrons for 
the upper pf and g9/2d5/2 orbitals. Fig. 6 shows a comparison of 
occupation numbers calculated using the LNPS interaction in the 
truncated f pg9/2 space and the full f pg9/2d5/2 space.

The top panel of Fig. 6 shows that excitations to the νg9/2 or-
bital are suppressed in the truncated f pg9/2 space as compared to 
the f pg9/2d5/2 space. This illustrates the correlation between the 
increased occupation of the νd5/2 orbital and the quadrupole col-
lectivity, which also increases the excitations to the νg9/2 orbital. 
The reduced neutron excitations across N = 40 in the f pg9/2 space 
provide a possible explanation for the difference in predicted de-
formation, as shown in Fig. 5.

The exclusion of the νd5/2 orbital also has consequences for 
proton excitations across Z = 28. The lower panel in Fig. 6 shows 
the proton excitations into the upper pf orbitals for both the 
f pg9/2 and f pg9/2d5/2 spaces. While the total upper π pf shell oc-
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Fig. 6. Orbital occupation numbers for excitations past N = 40 and Z = 28. The 
labels full and trunc. refer to calculations done in the f pg9/2d5/2 and f pg9/2 spaces 
respectively (color online).

cupation for the truncated f pg9/2 space remains nearly constant, 
this same occupation rises in the full f pg9/2d5/2 space with in-
creasing N .

Since the exclusion of the νd5/2 orbital has a significant effect 
on both neutron and proton excitations, it is helpful to look at the 
separate neutron and proton contributions to the total quadrupole 
moment, by decomposing it into its components, Q = Q π + Q ν . 
The results for both the full and truncated spaces are shown in 
Fig. 7. In the limited f pg9/2 model space, both the neutron and 
proton contributions remain essentially constant, showing no in-
crease in deformation towards N = 40. In contrast, both contribu-
tions rise with increasing N in the full model space. The contri-
bution from neutron correlations dominates the overall increase 
in the quadrupole moments, although the protons also induce an 
increase of �Q s = 0.035 b between N = 34 and N = 40. The in-
crease in the experimentally observed quadrupole moments be-
tween N = 36 and N = 38 is due to a combination of the rise in 
the neutron and proton quadrupole components. The comparison 
between the f pg9/2 and f pg9/2d5/2 spaces emphasizes the trend 
seen in the occupation numbers.

Calculations using the modified A3DA interaction (see Fig. 4) 
obtain results similar to those of LNPS for the quadrupole mo-
ments, as well as the neutron and proton occupation numbers. 
In addition, this interaction has been used to calculate the poten-
tial energy surfaces of the Mn ground states, and the minima of 
these plots have shown a progression from a near spherical shape 

Fig. 7. Contribution of the neutrons and protons to the total quadrupole moment for 
both the f pg9/2 and f pg9/2d5/2 space, where the labels full and trunc. have been 
used to indicate the f pg9/2d5/2 and f pg9/2 spaces respectively (color online).

in 53Mn, towards increasing prolate deformation in the more neu-
tron rich isotopes up to 65Mn [40]. This deformation is, however, 
not rigid and there is evidence that shape fluctuations with triaxial 
components play a role in the ground state structure of manganese 
towards N = 40. Though the spectroscopic quadrupole moment is 
not sensitive to such fluctuations, the rising deformation with neu-
tron number predicted by the potential energy surfaces mirrors the 
increasing deformation observed experimentally.

5. Conclusions

Optical pumping in the ISOLDE cooler/buncher has been suc-
cessfully applied in order to enhance the population of ionic Mn 
in a chosen metastable state, which allowed efficient collinear laser 
spectroscopy to be performed on the neutron-rich isotopes. Hyper-
fine A and B coefficients were extracted and electric quadrupole 
moments were determined for the odd–even 53−63Mn isotopes. 
The theoretically predicted quadrupole moments were calculated 
using three shell model effective interactions, GXPF1A, LNPS and 
modified A3DA. In comparing the observed moments to those cal-
culated with the shell model interactions, the influence of the 
νg9/2 and νd5/2 orbitals on the developing collectivity can clearly 
be seen in the deviation of the observed values from those pre-
dicted by GXPF1A. The larger model spaces used by LNPS and 
modified A3DA reproduce the trend of the quadrupole moments 
very well in the region approaching N = 40. Calculations done us-
ing LNPS in a truncated f pg9/2 space (thus excluding the νd5/2

orbital) shed some light on the roles played by the individual or-
bitals above N = 40. It is found that the increase of the quadrupole 
moments and thus the development of collectivity towards N = 40
can only be reproduced if both the g9/2 and d5/2 orbitals are 
included in the calculations. By comparing the neutron and pro-
ton occupation numbers for the full and truncated LNPS calcula-
tions, it is clear that the inclusion of the νd5/2 orbital leads to 
an increase in both neutron and proton excitations. A calculation 
of the individual neutron and proton contributions to the spec-
troscopic quadrupole moment confirmed this interpretation and 
demonstrated the important role of the νd5/2 orbital in produc-
ing the necessary neutron and proton excitations to reproduce the 
observed deformation in the neutron-rich Mn isotopes.
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6.4.3 Comparison of theoretical Q0 of neutron-rich Cr, Mn
and Fe

In article IV, the proton and neutron contributions to the spectroscopic
quadrupole moment are compared for the Mn isotopes. LNPS calculations were
performed in the full νfpg9/2d5/2 and truncated νfpg9/2 model space and the
quadrupole moments were calculated via the E2 transition amplitudes Aν and
Aπ which can be related to the intrinsic quadrupole moment Q0 using

Q0 =
√

16π(eπAπ + eνAν)

The spectroscopic quadrupole moment can then be extracted in the strong
coupling regime

Qs = 3K2 − I(I + 1)
(I + 1)(2I + 3)Q0

A similar approach was employed by Crawford et al. [2013] which discussed
the measured B(E2) values of neutron-rich Fe and Cr isotopes in the LNPS
framework. In this paper, the pure transition amplitudes were shown which
do not include a necessary, albeit somewhat ambiguous scaling by the effective
proton and neutron charges and which can be related the B(E2) values via

B(E2 : 2+
1 → 0+

1 ) = (eπAπ + eνAν)2

= Q2
0

16π

In Fig. 6.7 the intrinsic quadrupole moments for the neighbouring Cr (Z = 24),
Mn (Z = 25) and Fe (Z = 26) isotopes are shown calculated with the universal
effective charges [Dufour and Zuker, 1996].

A large increase in neutron quadrupole moments towards N = 40 is seen which
saturates at N = 38 in Cr and N = 40 in Fe. For Mn no calculations beyond
N = 40 are performed but the close correspondence with Fe at the other neutron
numbers suggests a similar saturation behaviour. While for the three isotopic
chains, the increase in quadrupole moment is mostly due to the increase in
neutron contribution, also a neutron dependence of the proton contribution is
seen. In Mn and Fe the proton quadrupole moment increases towards N = 40,
but it decreases in the Cr isotopic chain. There doesn’t seem to be an immediate
explanation for this different behaviour.



QUADRUPOLE MOMENTS 125

2 0

3 0

4 0

5 0

3 4 3 6 3 8 4 0 4 2

3 4 3 6 3 8 4 0 4 2
6 0

7 0

8 0

9 0

 C r
 M n
 F e

P r o t o n s

 

 Q 0 [f
m2 ] N e u t r o n s

 C r
 M n
 F e

 Q 0 [f
m2 ]

N e u t r o n  n u m b e r
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calculated using the LNPS effective interaction. The universal effective charges
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6.5 Mean-square charge radii

6.5.1 Article V: Changes in nuclear structure along the Mn
isotopic chain studied via charge radii

In article V, the data of the first and second experiment are combined and from
the measured isotope shifts on the atomic and ionic transition, two consistent
sets of mean-square charge radii are extracted. As a conclusion to our studies
of the Mn isotopes, the nuclear structure along the isotopic chain is discussed
in light of the experimentally known ground state properties: the magnetic and
quadrupole moments, mean square charge radii and masses. This discussion
is not limited to the neutron-rich cases but considers the Mn isotopes from
N = 25 up to N = 39.

This article is written in a large collaboration of laser spectroscopists, atomic
theorists and nuclear theorists. The data analysis was performed in parallel
with Carla Babcock. Afterwards I was in charge of discussing the content of the
paper with the relevant collaborators, writing the manuscript and preparing it
for submission.

Status: this paper is submitted Physical Review C.
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15Helsinki Institute of Physics, FI-00014, University of Helsinki, Finland
16Deptarment of Physics, University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

17Center for Nuclear Study, University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
(Dated: September 16, 2016)

The hyperfine spectra of 51,53−64Mn were measured in two experimental runs using collinear
laser spectroscopy at ISOLDE, CERN. Laser spectroscopy was performed on the atomic
3d5 4s2 6S5/2 → 3d5 4s4p 6P3/2 and ionic 3d5 4s 5S2 → 3d5 4p 5P3 transitions, yielding two sets
of isotope shifts. The mass and field shift factors for both transitions have been calculated in the
multiconfiguration Dirac-Fock framework and were combined with a King plot analysis in order to
obtain a consistent set of mean-square charge radii which, together with earlier work on neutron-
deficient Mn, allow the study of nuclear structure changes from N = 25 across N = 28 up to N = 39.
A clear development of deformation is observed towards N = 40, confirming the conclusions of the
nuclear moments studies. From a Monte Carlo Shell Model study of the shape in the Mn isotopic
chain, it is suggested that the observed development of deformation is not only due to an increase
in static prolate deformation but also due to shape fluctuations and triaxiality. The changes in
mean-square charge radii are well reproduced using the Duflo-Zuker formula except in the case of
large deformation.

PACS numbers: 21.10.Ft, 21.60.Cs, 42.62.Fi

I. INTRODUCTION

The structure of exotic nuclei exhibits many peculiar-
ities such as halo nuclei, islands of inversion and shape
coexistence. Laser spectroscopy has played a decisive role
in studying these phenomena as it enables measurements
of spins, nuclear moments and changes in mean-square
charge radii from the valley of stability to exotic regions
of the nuclear chart [1]. Due to the complementarity
of the measured ground state properties, a comprehen-
sive description of nuclear structure can be established,
for example the evolution of both single-particle and col-

∗ hanne.heylen@fys.kuleuven.be
† cbabcock@triumf.ca
‡ Present address: Institut de Physique Nucléaire, CNRS-IN2P3,

Univ. Paris-Sud, Université Paris-Saclay, 91406 Orsay, France

lective aspects as a function of nucleon number [2, 3].
Mean-square charge radii in particular have been sys-
tematically measured across the nuclear chart. They are
sensitive to the shape and size of the nucleus and can also
be extracted for even-even nuclei with I = 0, for which
the magnetic moments and spectroscopic quadrupole mo-
ments are zero.

The region between the proton-magic Ca (Z = 20) and
Ni (Z = 28) isotopes has attracted much attention due
to its rich variety in nuclear structure. Around calcium,
early measurements revealed a remarkable behaviour of
the charge radii between N = 20 and N = 28 [4–7].
Furthermore, the appearance of new magic numbers at
N = 32 and N = 34 was investigated [8–12]. Adding a
few protons towards the nickel isotopic chain and a few
neutrons towards N = 40, a rapid development of collec-
tivity is observed, bearing close resemblance to the island
of inversion around N = 20 [13, 14]. Although nuclear
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FIG. 1. Hyperfine spectra of 51,53−64Mn measured on the
atomic 6S5/2 → 6P3/2 transition. The centroid for each spec-

trum is indicated with a vertical dashed line. For 58,60,62Mn
only the centroid frequency of the ground state is indicated
(the isomer shift is too small to be visible on this scale).

moments and mean-square charge radii have been essen-
tial in the interpretation of the nuclear structure around
N = 20 [15–18], so far the experimental knowledge of
these observables around N = 40 is scarce. Their mea-
surements therefore provide necessary and complemen-
tary information.
With 25 protons, the manganese isotopes lie centrally
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FIG. 2. Hyperfine spectra of the odd-even 53−63Mn isotopes
measured on the ionic 5S2 → 5P3 transition. The centroid fre-
quency for each spectrum is indicated with a vertical dashed
line. Due to the limited yield at 63Mn only the 3 last multi-
plets in the hyperfine spectrum were measured, sufficient to
extract the centroid and hyperfine parameters.

between the Ca and Ni isotopic chains. The nuclear
moments and mean-square charge radii of Mn between
N = 25 and N = 31 were previously studied at the
IGISOL facility, JYFL, Jyväskylä [19]. These measure-
ments have now been extended to N = 39 in two collinear
laser spectroscopy experiments at ISOLDE, CERN [20–
22]. With the ground state properties of Mn known from
N = 25 across N = 28 up to N = 39, a detailed picture
of the changing nuclear structure emerges. The mean-
square charge radii and quadrupole moments show a clear
kink at N = 28 associated with a neutron shell closure,
while the effect of N = 28 on the two-neutron separation
energies is not immediately apparent [19]. The steeply in-
creasing slope of the radii between N = 28 and N = 32 is
found to be common to the isotopic chains in this region,
indicating an almost Z-independent core-polarization by
neutrons filling the upper pf -shell [23]. Going even more
neutron-rich, the Mn magnetic and quadrupole moments
show evidence of increased collectivity towards N = 40
[20–22]. Comparisons with large-scale shell model cal-
culations have illustrated the importance of particle-hole
excitations across N = 40 and Z = 28 for the description
of the nuclear structure approaching N = 40.
In this article, the mean-square charge radii of 51,53−64Mn
measured in the two previously mentioned ISOLDE ex-
periments are presented. Mn is to date the first isotopic
chain below Z = 28 for which the ground state properties
beyond N = 28 can be systematically studied for such a
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long sequence of isotopes.

II. EXPERIMENTAL METHOD

The experimental campaign was performed at the
ISOLDE radioactive ion beam facility in CERN where
exotic manganese isotopes were produced via the bom-
bardment of a thick uranium carbide target with 1.4-
GeV protons. Element selective ionization was achieved
using the resonance ionization laser ion source (RILIS)
[24]. After mass separation in the HRS, the isotopically
pure ion beam was cooled and bunched in the gas-filled
RFQ ISCOOL [25] and reaccelarated to, respectively, 40
keV and 30 keV in the first and second experiment. The
bunched beam was then guided to the dedicated collinear
laser spectroscopy beam line COLLAPS [26–28] where it
was overlapped with a co-propagating narrowband laser
beam. A Doppler-tuning potential was applied to scan
the laser frequency across the hyperfine structure in the
reference frame of the ions/atoms. The fluorescence light
from the decay following the resonant laser-induced ex-
citations between the hyperfine levels was detected using
sensitive photomultiplier tubes placed perpendicular to
the beam line.
In a first experiment, laser spectroscopy was performed
on an atomic transition from the 3d5 4s2 6S5/2 ground

state to the 3d5 4s4p 6P3/2 excited state at a wave-
length of 280.1907 nm (in vacuum). Hyperfine spectra
of 51,53−64Mn were obtained. The details of the exper-
iment and data analysis are described in [20, 21]. To
improve the sensitivity to quadrupole moments, a sec-
ond experiment was performed on an ionic transition at
295.0066 nm (in vacuum) from the 3d5 4s 5S2 metastable
state at 9472.97 cm−1 to the 3d5 4p 5P3 state at 43370.51
cm−1. The population of the ionic metastable state was
enhanced using the technique of optical pumping in the
ISCOOL cooler/buncher, as outlined in [22]. In this sec-
ond experiment, only hyperfine spectra of the odd-even
53−63Mn isotopes were measured.

III. RESULTS

Typical hyperfine spectra measured on the atomic and
ionic transition are shown in Fig. 1 and 2, respectively.
The centroid frequency νA0 for each spectrum is indicated
with a vertical dashed line. The isotope shifts relative to
55Mn

δν55,A = νA0 − ν550

extracted from these hyperfine spectra are presented in
Table I, the hyperfine A and B parameters were reported
earlier in [20–22]. Statistical errors obtained in the fit
procedure are indicated with round brackets while a sys-
tematic error due to a ±15 V uncertainty in the accelera-
tion voltage calibration is assumed for both experiments,

TABLE I. Mn isotope shifts relative to 55Mn measured on
the atomic 3d5 4s2 6S5/2 → 3d5 4s4p 6P3/2 transition and the

ionic 3d5 4s 5S2 → 3d5 4p 5P3 transition. Additional to
the statistical uncertainty in round brackets, the systematic
uncertainty on the isotope shifts due to a ±15V uncertainty
on the calibration of the acceleration voltage is indicated in
square brackets.

A N δν55,Aatom (MHz) δν55,Aion (MHz)

50g 25 - −1573(2)[27]a

50m 25 - −1514(8)[27]a

51 26 −1698(7)[20] −1201(26)[21]a

52g 27 - −745(7)[16]a

52m 27 - −782(3)[16]a

53 28 −669(6)[9] −418(3)[10]
−418(2)[10]a

54 29 −307(6)[5] −192(4)[5]a

55 30 0 0
56 31 340(7)[5] 240(6)[5]a

57 32 655(7)[9] 422(5)[10]
58g 33 983(4)[13] -
58m 33 990(4)[13] -
59 34 1284(5)[17] 863(11)[19]
60g 35 1607(10)[21] -
60m 35 1594(4)[21] -
61 36 1843(7)[25] 1215(2)[27]
62g 37 2099(8)[28] -
62m 37 2088(5)[28] -
63 38 2355(6)[32] 1542(5)[35]
64 39 2566(6)[35] -

a Isotope shift measured in [19] including a systematic error
arising from a ±15V uncertainty of the calibration in the
acceleration voltage.

indicated in square brackets. For completeness, also the
isotope shifts measured previously at the IGISOL facility
JYFL in Jyväskylä [19] using the same ionic transition
are reported in Table I.
The measured isotope shifts can be related to the changes
in mean-square charge radii δ〈r2〉 using (see e.g. [3])

δν55,Aj = Mj
mA −m55

mAm55
+ Fjδ〈r2〉55,A. (1)

Here mA is the mass of an isotope A and Mj and Fj
are the mass and field shift parameters specific to the
electronic transition j. The first term (mass shift) is due
to the recoil kinetic energy of a nucleus with finite mass
while the second term (field shift) originates from the
changes in nuclear charge distribution and hence contains
the charge radius dependence. To reliably extract the
changes in mean-square charge radii, an accurate knowl-
edge of both electronic parameters is required. In first-
order perturbation theory, these parameters are constant
along an isotopic chain but they need to be determined
for each electronic transition separately.
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FIG. 3. (Color online) Comparison between the changes in
mean-square charge radii between N = 28 and N = 39 calcu-
lated using the mass and field shift factors obtained in three
different MCDF calculations. Only the statistical experimen-
tal uncertainties are shown.

A. Electronic factor calculations

For Mn, the mass and field shift factors cannot be de-
termined by a direct comparison between the measured
isotope shifts and the independently known charge radii
since only the absolute charge radius of one isotope is
known from non-optical methods. Therefore, one has to
rely on theoretical calculations to obtain the electronic
M and F factors, using e.g. the multiconfiguration Dirac-
Fock (MCDF) method [29].
The MCDF method, implemented in the Grasp2k code
[30], is applied to generate the orbitals for the atomic
3d54s2 6S5/2 and 3d54s4p 6P3/2 configurations as well as

the ionic 3d54s 5S2 and 3d54p 5P3 levels. In a subsequent
step, the Breit interaction is included by first-order per-
turbation theory in the configuration-interaction method
[31]. The resulting wave functions are then used to com-
pute the mass shift parameters by utilizing the ris3 mod-
ule [32] and the field shift parameter is computed using
the Ratip tools [33]. This distinguishes the current re-
sults from the previous computations on the same ionic
transition reported in [19], where the relativistic correc-
tion to the mass shift operator was neglected. How-
ever, these corrections do not exceed the uncertainty due
to the complex electronic structure. The open 3d shell
makes theoretical calculations on atomic and singly ion-
ized manganese very challenging and extensive in terms
of required computational power.
In the MCDF approach, the wave function is repre-
sented as a superposition of configuration state functions
(CSFs). Each CSF represents a specific electronic config-
uration and the choice of this basis set is crucial for the
quality of the obtained results. In the lowest-order ap-
proximation, the model space consists of the 3d, 4s and
4p valence shells. This space is then extended by adding a
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FIG. 4. (Color online) King plot using the isotope shifts of
the atomic and ionic transitions, shown in Table I. The best
linear fit (black solid line) is shown together with the linear
relation obtained by filling in the atomic MCDF and the ionic
MCDF 2010 factors in eq. (2) (dashed red line).

TABLE II. Overview of the electronic mass and field shift fac-
tors for the atomic 3d5 4s2 6S5/2 → 3d5 4s4p 6P3/2 transition

and the ionic 3d5 4s 5S2 → 3d5 4p 5P3 transition calculated
in the multiconfiguration Dirac-Fock framework. Also the
atomic factors calculated with respect to (wrt) the ionic fac-
tors using the King plot analysis are shown and vice versa.
The estimated theoretical uncertainties on the parameters are
indicated in square brackets, and where applicable, the fit er-
rors from the King plot are indicated in round brackets. For
details about the empirically modified parameters, see section
IV.

Transition Method M (GHz u) F (MHz/fm2)

Atom: MCDF +1158[81] −465[70]
6S5/2 → 6P3/2 King plot wrt

+1188(108)[65] −525(39)[93]
MCDF 2010

Emp. Mod. +1215 −465

Ion: MCDF 4th +875[131] −546[82]
5S2 → 5P3 MCDF 2010 [19] +852[60] −572[86]

King plot wrt
+819(125)[88] −506(38)[76]

MCDF atom
Emp. Mod. +881(129) −506(38)

set of correlation orbitals nl, which are populated by vir-
tual excitations from the reference configurations. Due
to computational restrictions, the correlation orbitals are
limited to orbitals with angular momentum up to f . In
subsequent steps, the model space is systematically ex-
tended by further layers with a new principal quantum
number n. The virtue of this model is that it allows
convergence of the desired quantities to be monitored as
the model space is expanded. For all computations per-
formed in this work, single and double excitations from
the valence shells, as well as single excitations from all

130 GROUND STATE PROPERTIES OF THE NEUTRON-RICH MN ISOTOPES



5

TABLE III. Changes in mean-square charge radii of 50−64Mn relative to 55Mn extracted from the isotope shifts measured on
the atomic 6S5/2 → 6P3/2 and the ionic 5S2 → 5P3 transition. On the lefthand side of the table, the charge radii are obtained
with the electronic parameters shown in bold in Table II. On the righthand side of the table, the charge radii are obtained with
the empirically modified electronic parameters, as explained in section IV A. The statistical uncertainties and the systematic
uncertainties due to the uncertainty on the acceleration voltage are shown in round and square brackets, respectively. No
theoretical uncertainties due to the uncertainty on the calculated mass and field shift factors are shown, as explained in section
III B.

A N δ〈r2〉55,A (fm2) δ〈r2〉55,Aemp. mod. (fm2)
atom ion atom ion

50g 25 - 0.168(4)[53] - −0.055(4)
50m 25 - 0.051(16)[53] - −0.171(16)
51 26 0.102(14)[42] 0.065(53)[41] −0.073(14) −0.11(5)
52g 27 - −0.226(14)[31] - −0.354(14)
52m 27 - −0.153(6)[31] - −0.281(6)
53 28 −0.270(12)[20] −0.285(7)[20] −0.354(12) −0.369(7)
54 29 −0.177(12)[10] −0.166(8)[10] −0.219(12) −0.207(8)
55 30 0 0 0 0
56 31 0.081(15)[10] 0.053(12)[10] 0.121(15) 0.093(12)
57 32 0.185(15)[19] 0.202(11)[19] 0.263(15) 0.280(11)
58g 33 0.234(8)[28] - 0.350(8) -
58m 33 0.220(8)[28] - 0.336(8) -
59 34 0.316(10)[37] 0.297(21)[37] 0.467(10) 0.448(21)
60g 35 0.329(14)[45] - 0.515(14) -
60m 35 0.357(9)[45] - 0.544(9) -
61 36 0.504(15)[53] 0.504(5)[54] 0.724(15) 0.724(5)
62g 37 0.615(18)[61] - 0.868(18) -
62m 37 0.640(9)[61] - 0.893(9) -
63 38 0.706(13)[69] 0.704(10)[69] 0.990(13) 0.988(10)
64 39 0.873(14)[76] - 1.188(14) -

core shells, are taken into account. All calculations are
performed with common core orbitals, while the correla-
tion orbitals are separately optimized for the upper and
lower level.
For the atomic calculations, the reference configurations
3d54(s2 + p2) for the ground state and the excited state
configurations 3d54s4p and 3d64s are used to generate
five correlation layers. This choice of the reference config-
urations yields a well-balanced basis-expansion such that
the transition energy as well as the M and F parame-
ters converge well. The main source of error comes from
omitted electronic correlations. Because these contribu-
tions are difficult to quantify, a conservative theoretical
uncertainty of 15% on M and F is assumed.
The computations on the ionic transitions show much
more complex electron correlations. It is found that the
two levels of interest significantly correlate with config-
urations where at least one electron is excited to the 4f
or 4d shell. A complete treatment of this kind of corre-
lations is not possible due to the extremely large basis
expansions. Therefore, an alternative approach is used
where the zeroth-order approximation is computed with
a space spanned by the 3d54s, 3d44p2 and 3d34s4d2 con-
figurations for the lower level and 3d54p, 3d44s4p and
3d34p4d2 for the upper level. The correlation layers were
then generated by using only the 3d5(4s+ 4p) configura-
tions as a reference. This approach yields good conver-

gence for the first four layers, however, convergence fails
for the fifth layer, possibly due to neglected electronic
correlations.
An overview of the different electronic factors obtained
from the computations described above and in [19] (la-
beled MCDF 2010) can be found in Table II and a com-
parison of the changes in charge radii evaluated with
those factors is shown in Fig. 3. There is good agreement
between the charge radii obtained with the electronic fac-
tors for the atomic transition calculated in this work and
the previously published calculations on the ionic transi-
tion. The computation on the ionic transition including
up to four correlation layers (this work) yields slightly
larger differences in charge radii, but the agreement is
still better than the above estimated uncertainty. Due
to the aforementioned convergence problems of the ionic
calculations and the limited treatment of electronic cor-
relations, the atomic calculations are considered to be
more reliable. Therefore, the atomic results are used in
the following King plot analysis.
An additional consistency check of the calculations is per-
formed via the King plot method [34]

µ55,Aδν55,Aion =
Fion

Fatom
µ55,Aδν55,Aatom+Mion−

Fion

Fatom
Matom (2)

where µ55,A = m55mA/(mA − m55) is used as a
scaling factor for the isotope shifts. In Fig. 4 the
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scaled isotope shifts of the ionic transition are plot-
ted against those of the atomic transition. A lin-
ear fit then gives the slope Fion

Fatom
= 1.09(8) and in-

tercept Mion − Fion

Fatom
Matom = −44(8) · 104 MHz u from

which the mass and field shift parameters of the atomic
transition can be determined from the ionic computation
and vice versa (see Table II).
Comparison with the independently computed values
then permits the estimation of the uncertainty of the
computations. This suggests that the above quoted un-
certainty of 15% on F is realistic while a 15% uncertainty
on M seems overestimated. From the comparison to re-
gional systematics in section IV and the agreement of the
King plot analysis, an uncertainty of 7% on M seems to
be more appropriate.

B. Changes in mean-square charge radii

The changes in mean-square charge radii relative to
55Mn are determined using the experimental isotope
shifts in Table I and the electronic factors shown in bold
in Table II. Because a King plot is used to link the mass
and field shift factors of the ionic transition to the atomic
transition, the charge radii extracted from the two tran-
sitions are consistent with each other, as can be seen in
Table III. Nevertheless, since the charge radii are ob-
tained by using only two parameters for each transition,
the one-by-one agreement between the two transitions
provides an independent cross check of the consistency
of the isotope shift measurements.
In Table III no theoretical uncertainties are shown. This
is justified because although the theoretical uncertainty
on the electronic factors gives a large uncertainty on the
exact δ〈r2〉 value, it does not alter the discussion in sec-
tion IV. Indeed, a variation of M and F causes a gen-
eral pivot about the reference point but does not change
the local trends. Since nuclear structure effects mani-
fest themselves as local irregularities in the course of the
charge radii, the interpretation is not affected by the the-
oretical uncertainty.
Details on the empirically modified charge radii shown on
the righthand side of Table III will be given in the next
section. Note that in this case only statistical uncertain-
ties are shown because the systematic uncertainty on the
isotope shifts is incorporated effectively in the modified
mass shift parameter [35].

IV. DISCUSSION

A. Mn radii systematics

In Fig. 5 the mean-square charge radii 〈r2〉 of the
50−64Mn isotopes (N = 25 − 39) are plotted along with
the charge radii of the neighboring isotopes between 19K
and 29Cu. For Mn the results from the atomic transition
are shown except for 50,51,52,54,56Mn for which only ionic
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FIG. 5. (Color online) The experimental mean-square charge
radii known in the Mn region between N = 25 and N = 39.
The Mn isotopes are highlighted in red with the isomers in
50,52,58,60,64Mn indicated by a blue star. The Mn charge radii
obtained using the MCDF atomic parameters and King plot
ionic parameters are indicated by full symbols connected by
a solid line. The shaded area represents the systematic un-
certainty assuming 15% uncertainty on F and 7% on M . The
empirically modified Mn charge radii are shown by open sym-
bols connected with a dashed line (see text).

data is available. The 〈r2〉 values are obtained with the
reference radii of Fricke and Heilig [36] and the published
changes in mean-square charge radii [12, 23, 37–40].
A first observation is that the mean-square charge radii of
the 4+ isomers in neutron-rich 58,60,62Mn are very close
to the 1+ ground state radii, as indicated by the blue
stars in Fig. 5. This suggests similar degrees of defor-
mation and no sizable shape coexistence. Although the
absolute difference in charge radii of the two states is
small, the charge radius of the isomer in 58Mn is slightly
smaller than that of the ground state, while it is slightly
larger in 60Mn and 62Mn. Note that the difference in iso-
mer and ground state charge radii is much larger on the
neutron-deficient side. In the self-conjugate N = Z = 25
nucleus 50Mn this can be understood in terms of the dif-
ference in isospin (T = 0 and T = 1), as was discussed
previously for 38

19K19 [41].
A strong effect of the N = 28 shell closure is seen in
all isotopic chains. Moreover, beyond N = 28 the in-
crease in charge radii is strikingly independent of Z, as
pointed out in a study of the neutron-rich K isotopes
[23]. Also the recently published radii of the Cu iso-
topes [40], with 10 protons more than K, precisely follow
this systematic trend. The slope of the Mn radii de-
termined in this work on the other hand, appears to be
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FIG. 6. (Color online) Changes in mean-square charge radii
of Mn, Fe, Ni and Cu with respect to N = 30. The Mn radii
obtained using the MCDF parameters are indicated by full
symbols and full lines while the empirically modified ones are
shown with open symbols and dashed lines. Only statistical
errors are shown.

slightly too low. This becomes especially evident in Fig. 6
which plots the changes in mean-square charge radii of

26Fe [38], 28Ni [39] and 29Cu [40] relative to N = 30 to-
gether with the changes in mean-square charge radii of
Mn determined in this work. Although nuclear structure
effects appear as local features in δ〈r2〉, irrespective of the
general slope, the similarities and differences with other
isotopic chains become more clear when the Mn radii
are empirically modified to reproduce the regional trend.
This is achieved by increasing Matom by 5% and keeping
Fatom constant. The corresponding Fion and Mion are
calculated from the King plot results. This modification
causes a tilt of the charge radii about the 55Mn reference
point but keeps the local features unaltered as shown by
the open symbols connected by a dashed line in Figs. 5
and 6. Note that although the charge radius at N = 35
might seem anomalous at first, the use of the modified
M and F shows that the apparent dip is rather due to
a combination of odd-even staggering and a sudden in-
crease in charge radii at N = 36, as will be discussed
next.
As shown in Fig. 6, the modified Mn radii follow the Fe,
Ni and Cu trend up to N = 35 while beyond N = 35 a
clear divergence between the Mn and Cu isotopes is seen.
Whereas in Cu the mean-square charge radii exhibit a
weakly parabolic behavior between N = 28 and N = 40
[40], in Mn a rapid increase in charge radii is observed
from N = 36 onwards. This observation is consistent
with the increase in the spectroscopic quadrupole mo-
ments [22] and the behaviour of the magnetic moments
[20, 21], interpreted as arising from particle-hole excita-
tions across Z = 28 and N = 40. From N = 36 on-

wards, these magnetic and quadrupole moments can be
described by large-scale shell model calculations only if
excitations of neutrons from the pf shell into the g9/2
and d5/2 orbits are included, as well as proton excita-
tions across Z = 28.
A good reproduction of the experimental magnetic and
quadrupole moments is achieved in the Monte Carlo Shell
Model (MCSM) framework using the modified A3DA in-
teraction [42, 43] which includes the full pf shell and
g9/2d5/2 orbitals in the model space for both protons
and neutrons [22]. This gives confidence in the predic-
tive power of these calculations to discuss the shape of
the Mn ground states. A constrained Hartree-Fock cal-
culation using this A3DA shell model Hamiltonian pro-
vides the potential energy surface on which the distribu-
tion of the MCSM basis states (deformed slater deter-
minants) as a function of the intrinsic quadrupole mo-
ments Q0 ∝ 〈2z2 − x2 − y2〉 and Q2 ∝ 〈x2 − y2〉 is plot-
ted. Fig. 7 presents these potential energy surfaces for the
ground states of the odd-even 53−65Mn isotopes, show-
ing the evolution of intrinsic shape between N = 28 and
N = 40. At the N = 28 shell closure the distribution
of intrinsic shapes is centered around the spherical min-
imum. This changes towards moderately deformed pro-
late structures between N = 30 and 34, then an addi-
tional increase in prolate deformation is seen in N = 36
and 38 and a maximum is reached at N = 40. How-
ever, a picture in which only axial symmetric deforma-
tion is considered too simple since from N = 34 on-
wards a triaxial minimum appears and becomes domi-
nant in N = 36, 38 and N = 40. Moreover, the observed
spread in the distribution of intrinsic shapes points to
considerable shape fluctuations in the ground states of
the neutron-rich Mn isotopes. Such shape fluctuations
were already suggested to be important in the low-energy
structure of the neutron-rich 24Cr isotopes from a con-
strained Hartree-Fock-Bogoliubov plus local quasiparti-
cle random-phase approximation study [44].
The sudden increase in experimental charge radii is in
accordance with the predicted change in nuclear shape
at N = 36 although these calculations indicate that
the change in the radii cannot be solely attributed to
a change in static prolate deformation.

B. Charge radii and masses

In this section, the connection between the trend in
mean-square charge radii and the masses of the Mn iso-
topes is examined. Across the nuclear chart, trends in
charge radii are in general closely reflected in the course
of the two-neutron separation energies, with clear ex-
amples in the A ∼ 100 and rare-earth regions [48, 49].
However, this correspondence is not always straightfor-
ward, as shown in [19] for the light mass region. For
example, the prominent N = 28 shell closure effect in
the Mn charge radii is almost not visible in the two-
neutron separation energies. Such discrepancies are not

MEAN-SQUARE CHARGE RADII 133



8

FIG. 7. (Color online) Potential energy surfaces of odd-even 53−63Mn isotopes including the distribution of the MCSM basis
states, depicted by the circles. The locations of the circles indicate the intrinsic shapes of the MCSM basis states and the sizes
denote their importance in the total wave function, see reference [42] for more information. The energy scale is relative to the
minimum of each potential energy surface, and the contour plots are shown up to a cut-off energy of 8 MeV.
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FIG. 8. (Color online) Two-neutron separation energies plot-
ted from 20Ca to 28Ni. Data taken from the Ame2012 atomic-
mass evaluation [45] complemented with data from [10, 46].
The 62Mn binding energy is recalculated with the tentative
Coulomb excitation information [47] which influences the S2n

at 62Mn and 64Mn. The inset shows the difference between
the recalculated values (full line) and the original publication
[46] (dashed line).

unexpected, since the charge radii and binding ener-
gies reflect different aspects of the nuclear wave func-
tion. In the context of shape coexistence for example, it
becomes clear that states with very different quantum-
mechanical structure can be almost degenerate in energy,
thus a huge effect in nuclear size can be accompanied
by a small change in nuclear binding. In particular,
for the Mn isotopes the Z ≈ N ≈ 25 (also known as
the Wigner effect [50]) plays an important role in mod-
ifying the trend of the two-neutron separation energies
close to N = 28. Furthermore, a change of ground-
state structure when crossing N = 28 might also bring
an additional energy contribution to the trend close to
the semi-magic 53Mn28. Indeed, the spin changes from
5/2− to 7/2− and back to 5/2− in 51,53,55Mn, along with
a significant increase of their quadrupole moments go-
ing from Qs(

53Mn)=+0.16(3) fm2 at the shell closure to
Qs = +0.42(7) fm2 and Qs = +0.33(1) fm2 in 51,55Mn,
respectively [19, 22].
Precise mass measurements of the neutron-rich Mn were
presented by Naimi et al. [46] noting that it was unclear
whether the observed 4+ state in 62Mn was the ground or
isomeric state, with a tentative assignment to the isomer.
In the mean time, a Coulomb excitation experiment has
been performed in which the 4+ state was proposed to lie
346 keV above the 1+ ground state [47]. With this new
information, the ground state two-neutron separation en-

ergies can be recalculated, as shown in Fig. 8. The in-
set highlights the difference between the original (dashed
line) and recalculated (solid line) values. While in the
original publication a sudden increase in two-neutron sep-
aration energies at N = 38 was observed using the mea-
sured 62Mn mass, this effect is washed out using the re-
calculated ground state mass. Instead, the two-neutron
separation energies gradually curve up towards N = 40,
which would rather be linked to a gradual onset of collec-
tivity [51]. So although the onset of deformation seems
to occur suddenly at N = 36 in the charge radii, this
is accompanied by a smooth change of the ground state
binding energies.
Similar to Mn, a smooth upwards curvature is also seen
in the 26Fe isotopic chain while an abrupt discontinu-
ity at N = 36 is observed in the Ame2012 evaluation of

24Cr isotopes. However, new measurements show a much
smoother behavior [52] although the reported errors are
relatively large. High-precision mass measurements are
required to clarify the issue. To complete the picture,
mean-square charge radii measurements for the Cr and
Fe isotopes would be highly desirable.

C. Duflo-Zuker analysis

To conclude the discussion, the changes in mean-square
charge radii of the Mn isotopes are compared to theoret-
ical calculations using the Duflo-Zuker [53] formalism,
shown in Fig. 9. It is based on the fact that radii are sin-
gle particle operators that depend on orbital occupancies
and their sizes. A recent study [54] has shown that it ac-
counts for shell effects due to anomalously large orbits
(s1/2, p3/2 and p1/2 in the neutron sd and pf shells, re-

2 4 2 6 2 8 3 0 3 2 3 4 3 6 3 8 4 0
- 0 . 5

0 . 0

0 . 5

1 . 0

  δ
<r2 >30

,N  (fm
2 )

 E x p .  ( e m p .  m o d . )
 N a i v e  ( λ =  0 )
 C o r r e l a t e d  ( λ =  5 . 2 0 8 )  

N e u t r o n  n u m b e r
FIG. 9. (Color online) Empirically modified changes in mean-
square charge radii of Mn compared to the naive (eq. 3a)
and correlated (eq. 3a+3b) predictions using the Duflo-Zuker
expression.
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spectively), and leads to the first successful reproduction
of the experimental changes in root mean-square charge
radii in K and Ca.
The Duflo-Zuker expression consists of two terms

√
〈r2π〉 = A1/3

[
ρ0 −

ζ

2

t

A4/3
− υ

2

(
t

A

)2
]
e(g/A) (3a)

+
λ

A1/3

[
z(Dπ − z)

D2
π

n(Dν − n)

D2
ν

]
(3b)

where t = N − Z. Considering the terms 3a and 3b
separately, the first term (eq. 3a) is derived by noting that
rπ is an isospin vector. Therefore, its square contains a
scalar, a vector and a tensor, associated with coefficients
ρ0, ζ and υ, respectively. The expression for neutrons, is
obtained by reversing the sign of t, so the difference in
neutron and proton charge radius, the neutron skin, is
given by

∆rνπ =
√
〈r2ν〉 −

√
〈r2π〉 =

ζteg/A

A
. (4)

Here eg/A is a phenomenological correction factor which
accounts for the larger radii in light nuclei. By a four-
parameter fit to the known radii of isotopes with A ≤ 60,
g = 1.37, ρ0 = 0.947 fm, υ = 0.295 fm and ζ = 0.8 fm
are found giving a rms deviation of 0.04 fm. Using this
first term as a naive approach which only depends on t
and A, a smooth variation of the charge radii is obtained
as shown in Fig. 9. The necessary shell effects are intro-
duced by adding a second term (eq. 3b) which depends
on the orbital occupancies of the extruder-intruder (EI)
valence spaces, delimited by N, Z = 6, 14, 28, 50, . . . [55,
Sec. IC]. The degeneracy of each valence shell is then
given by Dπ,ν = 8, 14, 22, . . . and the number of active
particles is indicated by n, z. For the Mn isotopes this
becomes: z = 11 and Dπ = 14 for the protons and
n = N − 14, Dν = 14 for N ≤ 28 or n = N − 28
and Dν = 22 for N > 28. Note that this second term
becomes zero at the extruder-intruder shell closures.
Once the second term (eq. 3b) is included in the fit,
slightly adapted fit parameters (g = 1.14, ρ0 = 0.94 fm,
υ = 0.334 fm, ζ = 0.8 fm and λ=5.208) are extracted and
a good reproduction of the charge radii below Z = 30 is
obtained. This reduces the rms deviation is to 0.02 fm.
The changes in mean-square charge radii obtained using
the full Duflo-Zuker expression applied to the Mn isotopic
chain (blue stars) are compared to the experimental val-
ues (red circles) in Fig. 9. Between N = 28 and N = 37,
the agreement is particularly good and similar to K and
Ca, the strong increase in charge radii beyond N = 28 is
suggested to be associated with the large size of the (halo)
neutron p3/2 orbital [54]. Due to isovector polarizability
[54], an increase of neutron radii causes larger charge
(proton) radii as well. Nevertheless, above N = 37 and
below N = 28 there are clear deviations between theory
and experiment. This indicates that the large deforma-
tions, shown to be important for the Mn isotopes in this

and previous work [19–22], are not fully taken into ac-
count in eq. 3. Since in the K and Ca isotopes no similar
large onset of deformation below N = 28 is observed, the
mean-square charge radii are well reproduced [54].

V. CONCLUSION

The 51,53−64Mn isotopes have been studied in
two collinear laser spectroscopy experiments at the
COLLAPS beam line at ISOLDE, CERN. In this arti-
cle, the isotope shifts and extracted mean-square charge
radii were presented.
The electronic mass shift and field shift factors for the
atomic 3d54s2 6S5/2 → 3d54s4p 6P3/2 and the ionic

3d54s 5S2 → 3d54p 5P3 transitions have been calculated
in the multi-configurational Dirac-Fock framework. Be-
cause of the open 3d electron shell, these calculations are
particularly complex and relatively large uncertainties on
M and F are assumed. Alternatively, results are also pre-
sented in which M is increased by 5% in order to obtain
a better agreement with the regional trend. Whether
or not this modification is warranted will only become
clear when more independently determined charge radii
information in the region becomes available. It needs to
be stressed once more that although the empirical mod-
ification causes a global tilt about the reference point,
it does not affect the local irregularities in the charge
radii. Since these local irregularities reveal the nuclear
structure phenomena we are interested in, the physics
discussion remains valid irrespective of the final choice of
F and M (within the presented uncertainty).
The nuclear structure along the Mn isotopic chain is dis-
cussed based on the available ground state properties. A
clear connection between the moments and charge radii
is observed, pointing to a good N = 28 shell closure and
a rapid onset of deformation towards N = 40. The vari-
ation of the two-neutron separation energies on the other
hand is rather smooth showing that these effects do not
necessarily lead to discontinuities in the mass surface.
Furthermore, the evolution of the intrinsic shapes in the
Mn isotopic chain was investigated in the Monte Carlo
Shell Model framework using the modified A3DA effec-
tive interaction. This suggests that the increase in charge
radii from N = 35 is not only due to a static increase in
prolate deformation, but that also triaxiality and shape
fluctuations are important.
Finally, the changes in mean-square charge radii were dis-
cussed using the Duflo-Zuker model. The sharp increase
in charge radii beyond N = 28, common to all isotopes
studied in the region so far, has been related to the oc-
cupancy of the neutron (halo) orbitals. However, below
N = 28 and above N = 37 the experimental values de-
part from the theoretical predictions, which is explained
as due to deformation.
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[27] W. Nörtershäuser, Hyperfine Interact. 198, 73 (2010).
[28] J. Papuga, M. L. Bissell, K. Kreim, C. Barbieri,

K. Blaum, M. De Rydt, T. Duguet, R. F. Garcia Ruiz,
H. Heylen, M. Kowalska, R. Neugart, G. Neyens,
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Unraveling the structure of exotic nuclei is one of the major challenges in nuclear
physics research. In particular, considerable effort is dedicated to identifying
the driving mechanisms behind the rapid structural changes observed in these
exotic regions of the nuclear chart.
A prototypical example of such rapid structural change can be found in the
island of inversion around N = 20. While the N = 20 shell gap prevents the
development of collective effects near the valley of stability, at exotic proton-
to-neutron ratios, the energy cost of exciting neutrons across N = 20 can
be compensated by the large gain in energy associated with proton-neutron
correlations, and quadrupole deformation can develop. This same delicate
balance between stabilising shell gaps and quadrupole collectivity also dictates
the observed nuclear dynamics in the island of inversion around N = 40.
The goal of this thesis was to explore the nuclear structure in these islands
of inversion via the measurements of nuclear spins, magnetic dipole moments,
electric quadrupole moments and changes in the mean-square charge radii.

Results

At the border of the island of inversion around N = 20, the transitional
character of the neutron-rich Al (Z = 13) isotopes was investigated. Via a
high-precision quadrupole moment measurement of 33Al, a significant amount
of intruder configurations in its ground state wave function could be established.
This settles the long-standing issue about its intruder nature. Maybe more
importantly, isotopes such as 33Al, on the edge between normal and intruder
states, provide the most sensitive tests for state-of-the-art models as their
predictions depend critically on the parametrisation of the shell gaps and
correlations. For example, while the SDPF-U-MIX interaction (the most recent
interaction developed for this region) generally gives a good description of the
properties in and near the island of inversion, it cannot reproduce the observed
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rise in quadrupole moment of 33Al.
Furthermore, the g-factor and electric quadrupole moment of the 1+ state in
34Al provide a unique opportunity to study the potential increase in deformation
due to its proposed 1p-1h intruder nature. Experimentally, these measurements
are however very challenging. Analysis of the data is still ongoing and no firm
conclusions can be drawn yet. Preliminary results from the online analysis
point to a significant increase in quadrupole moment of the 1+ state in 34Al,
as compared to that of the normal 1+ ground state in 32Al. A more detailed
analysis will be performed in the next months.

In the region below 68
28Ni40, the nuclear structure of the Mn (Z = 25) isotopes

between N = 26 and N = 39 is studied.
The previously tentatively assigned ground state spins in 61,63Mn, 58,60,62,64Mn
and isomeric state spins in 58,60,62Mn are firmly established to be I = 5/2,
I = 1 and I = 4, respectively. Furthermore, the experimental magnetic dipole
moments and electric quadrupole moments have been compared to shell model
calculations using different interactions and model spaces. Only when neutron
excitations across N = 40 are allowed, can the observed values be reproduced.
From an analysis of the calculated wave functions, the increasing significance
of neutron excitations across N = 40 and proton excitations across Z = 28
towards N = 40 is shown. Special attention is given to the important role of
the νd5/2 orbital, in combination with the νg9/2 orbital, for the development
of quadrupole collectivity. The onset of this quadrupole collectivity is also
manifested in the changes in mean-square charge radii which show a clear
increase from N = 36 onwards. Hence, from the nuclear moments and charge
radii a consistent picture of the Mn structure emerges. These results provide a
benchmark for future studies on the neutron-rich nuclei between Z = 20 and
Z = 28 for which currently the ground state property information is scarce.

Comparison between collinear laser spectroscopy and β-NMR

In this thesis, two different experimental techniques were employed at two
different radioactive beam facilities.
The ground state properties of Mn were determined via bunched-beam,
fluorescence detected collinear laser spectroscopy at ISOLDE. Collinear laser
spectroscopy is a versatile technique which allows the extraction of four
observables (spins, magnetic dipole moments, electric quadrupole moments
and changes mean-square charge radii) from a single hyperfine spectrum. It
is particularly suitable for systematic studies along an isotopic chain as it
can be used for stable species as well as isotopes with half-lives down to a
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few ms1. Although there are limitations on which transitions are suitable for
laser spectroscopy, for example because some wavelengths are not efficiently
produced by narrowband lasers or because particular electronic transitions are
not sensitive to all nuclear observables, the development of methods like optical
pumping into a metastable ionic state in a cooler/buncher helps to overcome
these limitations. Additionally, the inherent inefficiency of fluorescence detection
hinders the measurement of the most exotic cases where the yields are very
low (typically less than a few 1000 ions/s). However, the use of resonance
ionization spectroscopy in a collinear geometry (CRIS) has recently been proven
to be very promising, showing a high sensitivity in combination with a high
resolution. Finally, the range of isotopes which can be studied with collinear
laser spectroscopy at ISOLDE is limited by the chemistry-dependent production
process. In this context, a considerable effort is dedicated to the development
of methods to slow down and cool radioactive beams at in-flight facilities, in
order to produce low-energy, low-emittance beams suitable for high-precision
laser spectroscopy.
In-flight beams are now already regularly used for nuclear moment measurements
of isotopes or isomers inaccessible with laser spectroscopy at ISOL-facilities.
In this thesis, the magnetic and quadrupole moments of the very neutron-rich
Al isotopes were measured via continuous-beam β-NMR/NQR at the LISE3
fragment separator at GANIL. Although the increased sensitivity of β-detection
and universality of (spin-polarized) beam production at in-flight facilities are a
big advantage, there are also many disadvantages compared to collinear laser
spectroscopy. First of all, less information can be extracted for more effort.
From a measured spectrum only the g-factor or the electric quadrupole moment
can be obtained, depending on the used crystal. Furthermore, these spectra only
yield the absolute value of g and Qs, not the sign, nor any direct information on
the spin or the mean-square charge radius. Additionally, the maximal half-lives
of the isotopes which can be studied is limited due to spin-lattice relaxation
effects (typically up to a few seconds). From a technical point of view, finding
a suitable implantation crystal is in general less straightforward than finding a
suitable laser transition. Nevertheless, in particular cases β-NMR/NQR offers
the only possibility to study the structure of interesting isotopes which would
otherwise be out of reach.

Outlook

The results on the neutron-rich Al and Mn isotopes obtained in this work
provide valuable information on the nuclear structure in the islands of inversion

1In practice, the lower limit on the half-life is set by the release from the ISOL-target. In
the specific case of bunched-beam collinear laser spectroscopy, also the accumulation time in
the cooler/buncher needs to be taken into account.
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around N = 20 and N = 40. Nevertheless, there are still many open questions
and interesting physics cases which deserve a closer investigation in the future.
A few examples are discussed below2.

A clear piece of missing information in the Al isotopic chain is the electric
quadrupole moment of the 4− ground state in 34Al. While a β-NQR experiment
in GANIL would in principle be feasible3, this experiment would suffer from
the same challenges as those encountered in the 34mAl case. Additional
complications arise due to the uncertainty on the predicted quadrupole moment,
which means that a large range of frequencies needs to be scanned. With the
observed count rates, this would take very long such that at the moment, the
experiment is deemed to be extremely difficult in practice.
Also the determination of the Al mean-square charge radii would provide
interesting complementary information on the transition into the island of
inversion. This summer, a COLLAPS experiment has shown that fluorescence
detected collinear laser spectroscopy at ISOLDE can be performed up to 32Al19.
In order to go more neutron-rich, to the isotopes in which intruder configurations
become important, a more sensitive technique such as CRIS would be required.
However, since the field shift contribution to the total isotope shift is calculated
to be small in aluminium, the uncertainty on the extracted isotope shifts would
need to be around 1 MHz or less. Although this level of precision is envisioned for
future experiments at CRIS, it has not yet been demonstrated experimentally.
After 40 years of research in the island of inversion around N = 20, a wide range
of experimental data exist. The current ambition should therefore be to achieve
a consistent theoretical description of all this available data, and in particular,
if discrepancies show up such as in the calculations of the quadrupole moment
of 33Al, to understand where these discrepancies come from and what can be
learned from them.

The Mn data measured in this work end at N = 39, but with the experimental
efficiencies obtained in the second experiment on the ionic transition, it could
realistically be expected to go one isotope more neutron-rich, up to N = 40.
Although this would nicely complete the systematics between N = 28 and
N = 40, the physics case seems to be answered with the current data and
little new insight is expected to be gained with one new isotope. Similarly, the
quadrupole moments of the odd-odd Mn isotopes are not a high priority due to
the limited new information they are expected to bring.
On the other hand, there is still much work to do on the isotopic chains close to
Mn. It would be very interesting to extend the information on the mean-square

2Although these examples focus on the nuclear moments and mean-square charge radii,
a more complete picture also requires other observables such as level schemes, transition
probabilities, spectroscopic factors etc.

3The lack of success of a previous attempt is at least partly explained by the lower efficiency
of the used β-NQR set-up at that time.
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charge radii in the region. In that respect, Cr seems to be a very promising case
for a laser spectroscopy experiment at ISOLDE, since a significant enhancement
in yield is achieved as a result of the recent development of an ionization scheme
by RILIS. With the observed yields, measurements up to N = 37 should be
possible, extending into the region where the effects of the onset of deformation
are expected to be visible.
Furthermore, a detailed study of the (ground state properties of the) Co-isotopes
would also be very useful. With one proton outside of the closed Z = 28 core,
their structure is supposed to be relatively simple, facilitating an interpretation
in the shell model framework. As such they are very suitable to investigate
how the single-particle structure and collectivity evolves towards N = 40.
However, these measurements are not foreseen in the near-future due to the
technical challenges related to do them. Indeed, laser spectroscopic studies at
ISOLDE are not straightforward due to the refractory nature of Co and a first
attempt to measure the nuclear moments of 64−67Co via β-NMR at GANIL
was unfortunately not successful.





A | Appendix

A.1 Experimental asymmetry

The experimental asymmetry is defined as the difference between the asymmetry
on and off resonance

Aexp = Aon −Aoff. (A.1)

Including the β’s originating from 34mAl, 34gAl and the daughters (d), this
becomes

Aexp =

(
N34m

up,on +N34g
up,on +Nd

up,on
)
−
(
N34m

do,on +N34g
do,on +Nd

do,on

)
N34m

tot,on +N34g
tot,on +Nd

tot,on

−

(
N34m

up,off +N34g
up,off +Nd

up,off

)
−
(
N34m

do,off +N34g
do,off +Nd

do,off

)
N34m

tot,off +N34g
tot,off +Nd

tot,off
. (A.2)

where Nup +Ndo = Ntot. To roughly estimate the effect of the β-decay of the
34gAl isotopes and the daughters on the measured asymmetry, a few assumptions
and approximations are made:

• No asymmetry is present in the set-up such that on resonance
N34m

up,on −N34m
down,on = 0.

• The total number of isomeric decays doesn’t change between on resonance
and off resonance N34m

tot = N34m
up,on +N34m

do,on = N34m
up,off +N34m

do,off.

• The β-decay from the daughters as well as from the ground state is not
changed between on resonance and off resonance (Non −Noff = 0). The
total background decay, the sum of the daughter and the ground state
decay, is therefore unchanged as well N bg

tot = N bg
up +N bg

do = Nd
tot +N34g

tot
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This gives

Aexp =
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(A.3)

Compared with a situation in which only the isomer 34mAl would be present,
the asymmetry is therefore reduced by a factor

Aexp

A34m =

N34m
up,off −N34m

do,off

N34m
tot +N bg

tot
N34m

up,off −N34m
do,off

N34m
tot
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tot
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