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Preface

This work was undertaken at CERN in Meyrin, Switzerland as part of the Laboratory for

Particle Accelerator Physics group (LPAP) based at EPFL, during my exchange year from

Imperial College London. The work in this report is based on the code written to simulate

beam beam interactions called ‘BimBim’ which was developed by my supervisor Xavier

Buffat for his PhD thesis in 2015. We added the effect of space charge forces for an airbag

distribution and Gaussian distribution. The investigative work on the effect of space charge

in the presence of wake fields has been done with the help and guidance of my supervisor.

The effect of COVID-19 has been minimal on my project in that the aims have remained

the same, but it meant I was no longer able to work with my supervisor at CERN in person,

but instead had to communicate via Skype from home.
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Abstract

Low energy hadron synchrotrons face significant limitations in the number of particles per

bunch because of the direct electromagnetic interaction of beam particles, known as space

charge. This report aimed to improve previous models showing how space charge affects the

limitations of transverse mode coupling instabilities due to electromagnetic wake fields by

using a Gaussian charge distribution in the code BimBim which implements the circulant

matrix model. The space charge tune shift modes were compared for the airbag in a linear

potential and Gaussian distributions. We used the airbag in a square-well distribution as

a benchmark. The main result was the comparison of the transverse mode coupling insta-

bilities (TMCI) generated due to space charge and wake fields for the airbag and Gaussian

distributions. We confirmed with theory that sufficiently strong space charge can suppress

the instabilities caused by wake fields alone. For the airbag distribution, positive mode cou-

pling was found to be a result of our approximation to a finite ring width. The Gaussian

distribution showed that when considering multiple radial modes, increasing space charge

induced new types of instabilities that cannot be attributed to numerical artefacts. We thus

find that space charge suppresses the negative TMCI due to wake fields and causes positive

mode coupling.
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Chapter 1

Introduction

The study of beam dynamics is essential in accelerator physics. Particle accelerators are

powerful tools which can answer fundamental questions about the universe. The knowl-

edge acquired from accelerator experiments can be applied to a wide range of fields such

as medicine for radiation cancer therapies, solid state physics and material science research

[1]. We are constantly looking at ways to improve the capabilities of accelerators such as

increasing the number of particles per bunch, also known as the bunch intensity, and energy

at which it is possible to accelerate particles. However, there are many limitations in our

ability to confine these highly intense and energetic beams with current technology. The

collective effect we are focusing on is called space charge, which is the the direct electromag-

netic interaction between particles in the beam, changing the dynamics of the beam [2]. Low

energy hadron synchrotrons are limited in the number of particles per bunch due to the effect

of space charge [3]. We will be investigating how space charge affects the limitation due to

coherent beam instabilities caused by the interaction with self-induced electromagnetic wake

fields in space charge dominated machines. Wake fields generate instabilities as a result of

the interaction of the charged beam with its surroundings [2].

This project aimed to accurately model the effect due to space charge and wake fields

on beam stability in low energy hadron synchrotrons by extending a code that simulates

the beam self-induced wake fields called BimBim to include space charge forces. First we

implemented the action of space charge in BimBim by calculating the space charge kick of

one cell on another for a given beam discretisation in longitudinal phase space and chose

the appropriate parameters for computation in the one turn matrix. We then looked at

the simulated space charge tune shifts produced by an infinitely thin ring of charge called

the airbag, in a linear potential and Gaussian beam charge distributions. A benchmark to

this work is the airbag in a square-well potential [4]. We then explored a wide range of

parameters to reproduce unstable conditions with wake fields and added the effect of space

charge, focusing on the transverse mode coupling instability threshold for the airbag and

Gaussian distributions.
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1.1 Motivation

If we review previous work, we see that the modelling of space charge in beam dynamics is

not novel, with the first work done by M. Blaskiewicz in 1998 using an airbag distribution in a

square-well potential [4]. We have approached the modelling of space charge with a different

computing framework than previously attempted, notably we use a Gaussian distribution to

represent a more realistic spread of beam charge. The motivation for this different approach

is that when using the simplified distribution of the airbag model, space charge seems to

suppress the instability due to the wake fields, which is not observed in practice for some

machines, for example in the Super Proton Synchrotron at CERN [3]. Previous work that

used a Gaussian distribution was only applicable for high space charge and thus was not

realistic for modelling the dynamics in an accelerator [5]. Our approach is unique in that

it can be used for any strength of space charge, covering also the range of low space charge

where observations show different behaviour to that previously predicted.
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Chapter 2

Accelerator Physics

We can start by looking at characteristic properties of particle accelerators. This work is

appropriate for a synchrotron, which is a circular particle accelerator that keeps the radius of

the circulating particles approximately constant by synchronising the revolution frequency

with the energy increase per turn [6]. It is comprised, in essence, of radio frequency (RF)

cavities to accelerate the particles, dipole magnets to bend the particle trajectory and higher

order magnets such as quadrupoles to focus and defocus the beam and sextupoles to correct

for chromatic aberrations. Synchrotrons accelerate particles to higher energies such that we

describe them by their relative velocity with respect to the speed of light βr = v/c and their

relativistic mass factor γr given by [6]

γr =
1√

1− β2
r

. (2.1)

The Frenet-Serret coordinate system is used to describe particle motion in a synchrotron,

as shown in Fig. 2.1, where s is the distance along the accelerator, periodic over the cir-

cumference of the ring, C = 2πR. The relativistic momentum of the particle, p0, is given

by

p0 = γrβrm0c (2.2)

where m0 is the rest mass of the particle. At a given point along the ring, there is a local

coordinate system (x, y, z) centered on where an ideal ‘reference’ particle would be, known as

the synchronous particle [6]. The behaviour of a particle is described by the six-dimensional

phase space (x, x′, y, y′, z, δ) composed of the spatial coordinates and their conjugate mo-

menta (e.g. x′
.
= dx/ds which within the paraxial approximation can be expressed as px/p0)

[6]. For our work on space charge and wake fields, we are interested in the longitudinal phase

space (z, δ) where z is the longitudinal coordinate in the accelerator s trajectory and δ is

the relative momentum offset given by (p− p0)/p0.

A synchrotron accelerates charged particles which also have their own electromagnetic

(EM) field and so the beam particles interact with each other. This develops a collective

behaviour because the effect of one particle depends on the global distribution such that the

particles oscillate together, changing the beam oscillations. Thus, without attempts of beam
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Figure 2.1: This is the Frenet-Serret coordinate system, consisting of a bending radius R
of the synchrotron, position along the circumference s of a particle with momentum p0 and
local coordinate system at each point along the orbit of (x, y, z). Courtesy of [7].

confinement, this can lead to instabilities, given by unstable motion where the amplitude of

oscillation of the beams increase exponentially in time, eventually hitting the pipe walls [2].

There are many collective effects that contribute to this behaviour which can be grouped

into self-induced EM fields, coulomb collisions or EM fields from other charge distributions

[8], where space charge and wake fields fall into the first group.

Additionally, we can describe beam particles by the betatron tune that relates their

motion through an accelerator by measuring the number of betatron oscillations in one

revolution [6], hence a change in this value, the tune shift ∆Qx,y, is a useful quantity to

measure the first order perturbation to the transverse dynamics. Similarly, the synchrotron

tune, Qs, refers to the number of longitudinal oscillations performed by the particles in one

turn. We can also quantify the size of the beam in the transverse plane, σx,y, by the optical

β-function and geometric emittance, εx,y, by

σx,y =
√
βx,y(s)εx,y (2.3)

for on-momentum particles, travelling with the same momentum as the synchronous particle

[6]. The beam size thus also has a contribution of δ × D(s), where D(s) is the dispersion

function when a particle is travelling with off-momentum such that δ 6= 0.

2.1 Space charge and wake fields

The two collective effects we will be focusing on are space charge and wake fields. Space

charge is the EM force between charged particles in a beam and is consequently highly

dependent on the number of particles per bunch. It acts like a non-linear lens, defocusing
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Figure 2.2: Electrostatic field lines for a relativistic positively charged particle at different
energies (inspired by [12]).

Figure 2.3: Figure a) shows the electric field of a particle bunch moving through a perfectly
conducting and smooth pipe, compared to b) which shows the resulting wake fields from a
non-uniform pipe. Courtesy of [13].

the beam in the transverse plane [11]. Space charge is produced by the charge distribution of

the beam which is also effected by the beam’s interaction with the vacuum pipe walls, here

assumed to be perfectly conducting and smooth [11]. Particles are accelerated at relativistic

energies in an accelerator, which affects the particles’ electric field. Figure 2.2 illustrates

that the electrostatic field lines of a relativistic charged particle contract in the direction of

travel due to Lorentz contraction [12]. As the charge approaches ultra-relativistic energies

like in an accelerator, the field lines become confined such that the effect of space charge

(force of one charged particle on another in the beam) is only felt at the same longitudinal

position.

Meanwhile, wake fields are generated by the finite conductivity of the walls of the pipe

and by all its geometric variation in a real pipe [12]: the interaction of the beam with its

surroundings. A link between the two effects is shown pictorially in Fig. 2.3. Figure 2.3a

demonstrates the constrained electric field for a particle bunch moving through a uniform

and perfectly conducting pipe with no charge losses. We see that the EM field has a slight

spread in angle, not perfectly constrained as this depicts the field in a real machine where

the angle depends on 1/γr [13]. We have assumed for this work that the charged particle

energy is sufficiently large that γr >> 1. In Fig. 2.3b we see a change in the pipe shape,
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such that the field drags behind the charge, resulting in wake fields being felt by all particles

behind the source particle [13]. Wake fields can also be analogously compared to the wake

created by a speed boat, where the boat is a charged particle and the resulting wake disturbs

the particles in its path. Interestingly, wake dissipation is slow such that the particle that

created the wake may also experience it after one turn through the accelerator [2]. Wake

fields are thus a source of instability whilst space charge changes the beam dynamics.

2.2 Transverse mode coupling instability

The instability we will be analysing is called transverse mode-coupling instability (TMCI),

also known as strong head-tail instability [9]. As indicated by the name, we will be looking

at the instability due to coherent tune mode coupling in the transverse plane, as a function

of the average longitudinal position and relative momentum offset. An example of a TMCI

due to a broad-band resonator wake field is shown in Fig. 2.4. On the x-axis we have the

normalised intensity which is a function of the wake field and on the y-axis we have the

coherent tune modes. We thus see the resulting real (blue) and imaginary (red) tune shifts

for increasing wake field strength. We see two blue lines stemming from coherent tunes of

0 and −1 that join together – these two modes couple – signifying a TMCI. This is further

shown by the resulting imaginary coherent tune which emerges due to this instability.

Figure 2.4: Graph showing an example coherent tune mode evolution with increased nor-
malised wake field intensity for a round chamber in order to describe the appearance of a
TMCI.

Coherent tune modes can be split into azimuthal and radial modes. Due to the set up

of this example plot in Fig. 2.4, we see azimuthal modes −2 to 2 and only one radial mode,

where radial modes appear per azimuthal mode. The origin of the coherent tunes, here for

zero wake field intensity, signify their azimuthal mode number. The composition of these

normal polar modes can be modelled by the standing waves produced at resonant frequencies

for a thin vibrating circular membrane, with an infinite number of combinations [10]. The

circular membrane is analogous to the beam cross-section in longitudinal phase space. In
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our model, the transverse beam is divided by rings and slices into many cells. The number of

slices corresponds to the number of azimuthal modes and the number of rings corresponds to

the number of radial modes exhibited. Hence, the way the transverse beam is composed in

our model effects the way the TMCI will be interpreted as it dictates the number of modes

considered, with significant changes for increased radial modes.

2.3 BimBim

The code we are using is called BimBim and it simulates two counter-circulating beams in a

synchrotron [14]. It is a python implementation of the Circulant Matrix Model (CMM) that

calculates the one turn matrix for each beam. The CMM requires a polar composition of

the beam in longitudinal phase space, discretised by rings and slices, so that it is composed

of many cells as shown in Fig. 2.5.

Figure 2.5: Example beam discretisation by rings and slices into cells in longitudinal phase
space.

BimBim is already capable of considering the transport of the beams through the lattice

of the synchrotron and the effect of coupling wake fields. To model the combined effect

of space charge and wake fields we thus needed to add an action module to BimBim that

calculates the space charge matrix containing the space charge kicks between all combinations

of interacting cells such that the one turn matrix becomes the product of

MOneTurn = MLattice ·MSpaceCharge ·MWakeFields. (2.4)

The action of wake fields or space charge can also be considered separately with the transport

lattice. We only considered one beam and one bunch for this work, however this can be scaled

up in the future as necessary. BimBim can be used for beam instability work by diagonalising

the one turn matrix with the appropriate transport and action modules. Then, calculating

the complex eigenvalues, λ, allows the resulting coherent tune modes to be found using [7]

Q = i log(λ)/(2π), (2.5)

where the real part represents real tunes and the imaginary part represents where the real

tune modes have coupled, displaying potential sites of instability.
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(a) Airbag square-well (b) Airbag (c) Gaussian

Figure 2.6: Beam charge distributions in longitudinal phase space

2.4 Beam distributions

The distributions we will be using to simulate tune shifts are the airbag and Gaussian

distributions. A benchmark to our new computational framework is the airbag square-well

distribution, which has been a popular way of describing the beam charge distribution. In a

square-well potential, the particles are reflected by the walls, where they feel a rebounding

force. Applying the confinement due to the airbag model of two infinitely thin paths, we get

the distribution in longitudinal phase space shown in Fig. 2.6a, where the particles seem to

travel in a square like motion with instant reflection to the opposite δ level.

Similar to the airbag square-well is the airbag distribution in a linear potential, which

is a better approximation to the potential generated by RF cavities in an accelerator. This

distribution models the beam in longitudinal phase space as an infinitely thin ring of charge,

shown in Fig. 2.6b with radius R0 such that the distribution is given by

Ψ(z, δ) =

{
1

2π
, if z2 + δ2 = R2

0

0, otherwise.
(2.6)

The new approach we took was to consider the beam charge distribution in BimBim as

a Gaussian. In normalised phase space with standard deviations σz and σδ (referred to as

the rms bunch length and momentum deviation, respectively) the distribution is given by

Ψ(z, δ) =
1

2πσzσδ
e
− z2

2σ2z
− δ2

2σ2
δ (2.7)

and represented graphically in Fig. 2.6c. We can see in Fig. 2.6 that space charge will be

modelled differently by each distribution as it is dependent on the spread of charge. This

also gives us an idea that the Gaussian distribution may be most successful because of its

more realistic spread of charge.
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Chapter 3

Implementation of Space Charge in
BimBim

To make the space charge action module as an input for BimBim so that the one turn matrix

considers the effect of space charge, we needed to calculate MSpaceCharge, as shown in Eq.

2.4. The space charge matrix calculates the new momentum due to space charge for all

interacting cells, hence, it keeps the same positional x value, but for each discretised cell

calculates an additional term due to the space charge kick after each turn, k, defined as
x1,k+1

x′1,k+1
...

xn,k+1

x′n,k+1

 =


1 0 . . . 0 0
A1,1 1 . . . A1,n 0

...
...

. . .
...

...
0 0 . . . 1 0
An,1 0 . . . An,n 1




x1,k

x′1,k
...

xn,k
x′n,k

 (3.1)

The size of the matrix is given by 2n, where n is the product of the number of slices, rings

and beams, representing the total number of cells considered:

n = Nslices ·Nrings ·Nbeams. (3.2)

The matrix shows that we get a momentum kick due to space charge, ∆x′, for momentum

equations such as the simplified example x′1,k+1 = ∆x′ + x′1,k where ∆x′ = A1,1x1,k. We are

thus interested in calculating all the possible space charge kicks for a given beam discretisa-

tion and want to first construct the space charge interaction matrix which only consists of

these values, represented by ‘A’ constants in MSpaceCharge, with the rest zeroes.

In summary, to build the space charge matrix we start with the identity matrix, size-

dependent on Eq. 3.2 and add the calculated space charge interaction matrix.

3.1 Derivation of the space charge kick

The space charge kick can be defined as the net change of momentum over one turn, given

by ∆x′ = ∆px/p0. First, we want to calculate the space charge kick for one particle, then
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advance to two particles, and ultimately the kick between two cells of a given beam charge

distribution in polar coordinates, to input in the space charge interaction matrix for all

combinations of cells.

To derive the space charge kick for one particle, we can start with Newton’s II law which

states that the rate of change of momentum is equal to the force applied,

d~p

dt
= ~F . (3.3)

If we linearise the equation we only consider the force close to the beam centroid so that we

model the coherent motion of the beam with same frequency particles. Outside the beam

centroid, the force becomes non-linear with a spread in particle frequency which can cause

Landau damping [15]. Hence, by linearising we recognise that we are looking at the effects of

space charge with a pessimistic outlook as we are not considering the possibility of Landau

damping suppressing the resulting transverse mode coupling instabilities [15].

The force due to space charge is dependent on the electric field of the charged particle

which we assume to be Gaussian. Thus, linearising in x we get the force as [11]

Fx =
qEx
γ2
r

(3.4)

taking into account the charge, q, of the particle. The electric field is represented by a

transverse Gaussian charge distribution with standard deviations σx and σy to get [16]

Ex =
1

2πε0

x

σx,y(σx + σy)
δ(z). (3.5)

Significantly, the electric field is constrained in the longitudinal plane as discussed in Sec.

2.1 and shown in Fig. 2.2, because of the relativistic energy of particles in an accelerator.

This is the reason for the Dirac delta function with respect to the longitudinal position in

z. Now, substituting equations 3.4 and 3.5 into the linearised Eq. 3.3 we get:

dpx
dt

=
q

2πε0γ2
r

x

σx,y(σx + σy)
δ(z). (3.6)

We can integrate the electric field over one turn and divide by βrc to get the momentum in

x

px =
q

2πε0cγ2
rβr

δ(z)

∮
x

σx,y(σx + σy)
ds. (3.7)

Using the smooth approximation that states the optical β function is constant over the ring

such that σx = σy [16] and substituting in Eq. 2.3 we get

px =
qC

4πε0m0cγ2
rβrβε

xδ(z) (3.8)

with the circumference of the accelerator, C. Hence, to obtain the space charge kick, ∆x′, of

a source charge qs on a witness particle with charge qw, we consider their respective charges

and positions and divide by p0 using Eq. 2.2:

∆x′ ≈ qsqwC

4πε0m0c2γ3
rβ

2
rβε

(xw − xs)δ(zw − zs). (3.9)
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The optical beta function refers to where the kick is applied. Now if we consider the kick of a

cell j on a witness particle, we integrate the kick over its normalised distribution NΨ(zj, δj)

in phase space area Ωj, where N is the number of beam particles per bunch. This gives

∆x′j(zw) = A0(xw − xj)
∫
Ωj

dzjdδjΨ(zj, δj)δ(z − zj) (3.10)

with constant

A0 =
Nq2C

4πε0m0c2γ3
rβ

2
rβε

. (3.11)

If we then integrate the kick over a cell i with a phase space area Ωi and normalise by the

mass of the cell so that the force felt by each particle will depend on the size of cell i, we get

∆x′i,j = A0(xi − xj)

∫
Ωi

dzidδi
∫

Ωj
dzjdδjΨ(zi, δi)Ψ(zj, δj)δ(zi − zj)∫

Ωi
dzidδiΨ(zi, δi)

. (3.12)

The CMM requires a polar decomposition of the beam in phase space so we apply the

transformation in normalised polar coordinates

zi −→ riσz cos(θi)

δi −→ riσδ sin(θi)

zj −→ rjσz cos(θj)

δj −→ rjσδ sin(θj)

where the Jacobian of the transformation is rirjσ
2
zσ

2
δ , so we get the kick in normalised polar

coordinates:

∆x′i,j = A0(xi − xj)
∫
Ω′
i

dridθi

∫
Ω′
j

drjdθjrirjσ
2
zσ

2
δΨ(riσz cos(θi), riσδ sin(θi))

Ψ(rjσz cos(θj), rjσδ sin(θj))δ(K0(ri, θi, rj, θj)) /

∫
Ω′
i

dridθiΨ(riσz cos(θi), riσδ sin(θi)). (3.13)

The argument of the Dirac delta function is given by

K0(ri, θi, rj, θj) = riσz cos(θi)− rjσz cos(θj), (3.14)

where it can be simplified using the identity

δ(αx) ≡ 1

|α|
δ(x), (3.15)

such that we can re-define the constant

A =
A0

σz
=

Nq2C

4πε0m0c2γ3
rβ

2
rβεσz

(3.16)
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and the argument becomes

K(ri, θi, rj, θj) = ri cos(θi)− rj cos(θj). (3.17)

Additionally, for the Gaussian distribution we replace Eq. 2.7 by the equivalent in normalised

polar coordinates

ΨG(r, θ) =
r

2π
e−

r2

2 (3.18)

and for the airbag distribution in polar coordinates the distribution in Eq. 2.6 becomes

ΨAB(r, θ) =
1

2π
δ(r −R0). (3.19)

Thus, the space charge kick of a cell j on i given in polar coordinates for polar distributions

ΨP is:

∆x′i,j = A(xi − xj)

∫
Ω′
i
dridθi

∫
Ω′
j
drjdθjΨp(ri, θi)Ψp(rj, θj)δ(K(ri, θi, rj, θj))∫

Ω′
i
dridθiΨp(ri, θi)

. (3.20)

3.2 Discretisation

Having found the kick due to space charge of a cell j on i in Eq. 3.20, we adapted the

calculation for numerical implementation. We needed to discretise the integrals with the

standard formula [10]
b∫

a

f(y)dy = lim
∆y→0

b∑
y=a

f(y)∆y (3.21)

and approximate the Dirac delta function to a rectangular function, Π(y),∫
f(y)δ(y − yi)dy = f(yi) ≈ lim

∆y→0

∑
f(yi)Π(y − yi)∆y. (3.22)

This then gives the numerical space charge kick as

∆x′i,j = A(xi − xj)

∑
ri,θi,rj ,θj

Ψp(ri, θi)Ψp(rj, θj)Π(K(ri, θi, rj, θj))∆z∆ri∆θi∆rj∆θj∑
ri,θi

Ψp(ri, θi)∆ri∆θi
. (3.23)

We let cells i and j be integrated with the same step sizes, such that ∆ri = ∆rj and

∆θi = ∆θj, meaning that the computed kick only depends on the three parameters ∆z, ∆r

and ∆θ. Instead of working with the step size we were summing over, we decided to work

with the parameters as functions of number of steps summed over, so we will refer to them

from now on as NZ , Nθ and NR. The next step was thus to find the appropriate number of

steps which compromised on computation speed and accuracy of the true integral – finding

the convergence of the parameters. The parameters to be optimised are shown graphically

in Fig. 3.1b for the Gaussian distribution, as well as displaying the cell discretisation of an
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(a) Airbag distribution (b) Gaussian distribution

Figure 3.1: Charge distributions in longitudinal phase space adapted for numerical compu-
tation by discretisation.

example 2 rings and 12 slices. The figure shows how there are two cells that interact at a

time, with an example two cells highlighted in grey, with the combination of the interacting

pairs restricted by the constraint of falling within the width of ∆z (which corresponds to

1/NZ).

In order to apply the same numerical scheme to the airbag distribution, we also had to

approximate the infinitely thin ring to a ring of finite width W, such that the distribution

in Eq. 3.19 becomes

ΨAB(r, θ) =

{
1

2πW
, if (R0 −W/2) < r < (R0 +W/2);

0, otherwise.
(3.24)

The computation of the airbag distribution for a finite width is shown in Fig. 3.1a for an

example 12 slices. Hence, as well as optimising the number of steps NR, Nθ and NZ , for the

airbag distribution we also needed to optimise the width of the ring, W.

3.3 Method of convergence

Converged parameters of NR, Nθ and NZ were found for the airbag with 20 slices and 1 ring

for decreasing ring width until we found the converged width. For the Gaussian distribution

we found the converged parameters for increasing number of rings and slices, starting with

20 slices 1 ring, 20 slices 10 rings and then increasing by 20 slices and 10 rings each time to

see if we could reach a converged number of rings and slices.

To find the converged parameters NZ , Nθ and NR, we worked with the space charge

interaction matrix that only considers the computed space charge kicks. The convergence
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(a) Nθ vs max interaction matrix value
for different values of NR

(b) NR vs max interaction matrix value for differ-
ent values of Nθ

Figure 3.2: Graphs for airbag distribution of width 0.1 for 20 slices for NZ=10

was tested on the maximum force due to space charge which is the maximum space charge

interaction matrix value. We started by finding the converged values of NR and Nθ for

increasing NZ , where doubling NR or Nθ changed the maximum matrix value by less than

1%. We then checked by doubling NZ with converged NR and Nθ if the maximum matrix

value changed by less than 1%, until this was the case.

3.3.1 Convergence of parameters for the airbag distribution

An example calculation for the convergence of NZ , Nθ and NR can be done for the airbag

distribution with width 0.1 for 20 slices and a necessary 1 ring. We started by doing a rough

scan for NZ = 10 and plotted the maximum value of the interaction matrix for Nθ and NR

between 10 and 100 in steps of 10, respectively, as shown in Fig. 3.2. From these, we gained

an idea of which values to test for doubling to see if the maximum interaction matrix value

changed by less than 1%. The various peaks on the graphs are due to resonance and so we

knew not to choose these values. We found Nθ = 80 and NR = 70 here.

We then checked that these values of Nθ and NR were also converged for increasing NZ

by using the same method of checking by doubling. Starting from NZ = 10, we increased

by intervals of 10 and for each checked that if it was doubled whether the maximum space

charge interaction matrix value changed by less than 1%, until this was the case. We got

the converged NZ value to be 30. We also plotted NZ against the maximum matrix values

so that we could visually check that our converged NZ was appropriate and not an anomaly.

We repeated this process for widths of 0.01 and 0.001. However, for the width of 0.001

we were unable to find a converged value for the maximum space charge interaction matrix

value as it was too numerically demanding. This behaviour was confirmed by theory that the

value diverges as the width tends to zero [17]. As we wanted to find the thinnest ring width

computationally possible within a reasonable time limit, we chose to test the width of 0.005,

where we were successful in finding the converged parameters NZ , Nθ and NR. The width
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Figure 3.3: Visual representation of the space charge interaction matrix for n = 20 cells
for converged parameters of an airbag distribution of width 0.005, colour dependent on the
matrix value.

of 0.005 and its converged parameters is what we will be using in our future analysis. Table

3.1a shows the converged parameters we found for this work with an airbag distribution of

20 slices.

There are several ways to check that our chosen width of 0.005 is an appropriate choice,

where one can be done by looking at a visual representation of the space charge interaction

matrix for its converged parameters. This is shown in Fig. 3.3, color coded dependent on

the matrix value. We can see that the non-zero values are where we expect them to be,

as we see that when grouping the cells into squares of 4 elements, the non-zero values are

on the bottom left, as confirmed by the placement of ‘Ai,j’ values in Eq. 3.1. We only see

non-zero values along the diagonals and zeroes surrounding them. This is because we are

only considering 1 ring as this is for the airbag distribution. We can remind ourselves of the

set-up in Fig. 3.1a which shows only a pair of cells interacting. Remembering the constraint

that space charge forces only act on cells in our model at the same longitudinal z, we want

a ring width that is small enough so that the cells only feel the force of one other, hence we

want the space charge kicks to be confined to the diagonals of the matrix. From Eq. 3.2

we expect our axes to vary from 0 to 20 × 1 × 1 and this is why we see values of opposite

magnitude in pairs, denoted by n and 20 − n. For a beam discretisation with more than 1

ring for the Gaussian distribution, we expect the matrix to have more values of interaction

as each cell will interact with several others.

3.3.2 Convergence of parameters for the Gaussian distribution

With the same method we calculated the converged parameters for the Gaussian distribu-

tion, varying the number of rings and slices compared to varying the ring width for the

airbag distribution. These parameters are shown in Tab. 3.1b. We only managed to find
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Width NZ Nθ NR

0.1 30 80 70
0.01 130 80 70
0.005 230 70 80

(a) Airbag distribution of 20 slices and 1 ring

Nslices Nrings NZ Nθ NR

20 1 50 80 50
20 10 160 70 20
40 20 350 70 40

(b) Gaussian distribution

Table 3.1: Converged parameters

the converged parameters up to a beam discretisation determined by 40 slices and 20 rings.

Above 40 slices our method of convergence was very numerically demanding with long com-

putational times of more than 30 days for the computation of one space charge interaction

matrix. This meant that we were not able to obtain the converged parameters for desired

beam discretisations of 60 slices 30 rings and 80 slices 40 rings. This means that we can’t

determine a converged number of rings and slices, where increasing their number would not

affect any change in our TMCI analysis.
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Chapter 4

Space Charge Tune Shift Analysis

Having found the converged parameters, we next wanted to look at how the space charge

tune shift varies for the three distributions: analytical airbag square-well and simulated

airbag and Gaussian. This was done by comparing the coherent tune for the distributions,

plotted against the theoretical space charge tune shift (the space charge parameter).

The theoretical space charge tune shift for a particle passing through the accelerator is

given by [7]

∆Qsc
x (z) =

qλ(z)

8π2ε0βrγ2
rp0c

∮
ds

βx(s)

σx(s)(σx(s) + σy(s))
. (4.1)

Similar to the calculation of the space charge kick in Sec. 3.1, we can compute the maximum

theoretical space charge tune shift reached at z = 0 by using the smooth approximation and

substituting in equations 2.2 and 2.3 such that we get

∆Qsc(z = 0) =
qλ(z = 0)C

16π2ε0m0c2β2
rγ

3ε
(4.2)

with the line density of the bunch,

λ(z = 0) =
qN√
2πσz

. (4.3)

We can also link the theoretical space charge tune shift to our constant A in Eq. 3.16 from

the derivation of the space charge kick such that we have

∆Qsc(z = 0) =
A

4π

β√
2π
. (4.4)

To conveniently apply these results to any machine, we divided by the synchrotron tune, Qs,

such that we get the normalised theoretical space charge tune

Qtheor
sc =

∆Qsc

Qs

. (4.5)

We can calculate the simulated space charge tune shifts for the airbag and Gaussian

distributions using Eq. 2.5. We take the real part and again divide by the synchrotron tune
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to get our simulated space charge tune shifts in units of Qs:

Qsim
sc =

∆Q

Qs

=
Re(i log(λ))

2πQs

. (4.6)

As a benchmark to our model we compare the simulated tunes for the airbag model with

the airbag square-well, which has its normalised analytical spectrum given by [7]

∆Qna

Qs

= −Q
theor
sc

2
±

√(
Qtheor
sc

2

)2

+ (na)2 (4.7)

for azimuthal modes na.

As mentioned in Sec. 2.2, there are two types of tune shift modes: azimuthal and radial.

Since the azimuthal modes depend on the number of slices and the radial modes depend on

the number of rings, the airbag distribution considers 20 azimuthal modes and only 1 radial

mode, whilst the Gaussian distribution can consider multiple radial modes as it can consider

more than 1 ring.

4.1 Airbag vs airbag square-well

First, we wanted to compare our numerical tune shifts for the airbag to the analytical

spectrum for the airbag square-well. In Fig. 4.1 we plotted the theoretical space charge

tune shift, given by Eq. 4.5, against the simulated coherent tune, given by Eq. 4.6, both in

units of synchrotron tune. We did this for two different airbag widths 0.005 (blue) and 0.01

(red), for increasing space charge parameter by increasing the number of beam particles per

bunch. We plotted the tune shifts for two widths in order to compare the effect of the ring

width and as a second check that the width of 0.005 is appropriate for future analysis. We

can also compare if tune shifts produced for one of the widths match the analytical airbag

square-well spectrum better, given by Eq. 4.7.

Comparing the tune shifts produced by the different airbag widths we can see that for the

smaller width of 0.005, the high order negative azimuthal modes −10 and −9 decrease more

strongly, which is a result of the diverging matrix term, expected in the theory for the airbag

for decreased ring width [17]. The decrease in width has otherwise not seemed to produce a

significant change in tune shifts. Modes 1 and 2 for the larger width of 0.01 go to zero faster

than 0.005, meaning the tune shift values are closer to theory for the decreased width for

higher space charge. It is clear that the width of 0.005 is a sufficient choice due to its likeness

to theory and the sign that decreasing the width would not lead to a significant improvement

in the accuracy of the tune shifts, which would also be more numerically demanding.

Comparing the airbag model of width 0.005 to the analytical spectrum for the airbag

square-well model, we see that when the theoretical space charge tune is equal to zero, the

simulated and analytical coherent tunes match, confirming that the space charge matrix

is the identity matrix at the origin since there are no space charge kicks. From here, the
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Figure 4.1: Left: evolution of tune shifts for increasing space charge parameter for airbag
model of widths 0.01 (red) and 0.005 (blue). Right: analytical spectrum of tune shifts for
airbag square-well model for increasing space charge parameter.

tunes do not follow the theory perfectly, but they follow the same trend that the positive

tunes tend to zero and the negative modes tend to negative infinity. This difference can

partly be attributed to the fact that the analytical spectrum assumes both an airbag model

and a square-well potential, whilst the simulated tune shifts consider an airbag in a linear

potential. The simulated positive modes also seem to pair at high space charge strength such

as modes 9,8 and 7,6, which does not compare to theory. This behaviour could be a result of

our numerical computation such as the approximations of our converged parameters, using

a finite ring width and only having 20 slices.

For our purposes, since we simply wanted to check that our method of computation

was comparable to theory and we see a similar trend of tune shift modes, we can justify

that our computational framework is appropriate for further investigative work with other

distributions.

4.2 Airbag vs Gaussian

Next, we wanted to compare how the coherent tune behaved for increasing space charge for

the two distributions airbag and Gaussian. First, in Fig. 4.2 we plotted the airbag model

(red) and the equivalent configuration for the Gaussian distribution (blue) of 20 slices and

1 ring to get the left graph and only the Gaussian distribution in the right. We can see

that the two distributions have different coherent tune mode evolution with increased space

charge as the two colours are seen clearly for the positive modes. A difference was expected

and can be attributed to their distinct distributions, referring again to Fig. 3.1. We can

see that the tune shifts produced for the Gaussian distribution also match the theory at the

origin and follow the same general trend as the analytical spectrum. We can see that for the

Gaussian distribution, the modes -10 and -9 don’t diverge, but we see that for the evolution

of tune shift mode 1 and 2, they cross mode zero when space charge is increased, unlike

for the converged airbag. This is a new result where the positive modes head downwards,
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Figure 4.2: Left: Tune shift evolution for airbag of width 0.005 (red) vs Gaussian (blue)
distribution of 20 slices 1 ring for increasing space charge parameter. Right: Gaussian only.

crossing mode 0 rather than converging at 0. There also remains the same behaviour of the

positive modes bunching in twos at high space charge.

If we increase the number of radial modes for the Gaussian distribution to 10 so that we

have a beam discretisation of 20 slices and 10 rings, we get the real coherent modes (pink)

in Fig. 4.3, where the tune shifts due to 1 ring (blue) is overlaid as a reference. This is a key

difference between the Gaussian and airbag distributions that the Gaussian distribution is

capable of considering radial modes since for 1 ring we consider all azimuthal modes but only

the radial mode 0. With 10 rings we get 10 radial modes per azimuthal mode. At the origin,

the radial modes are not visible since they are degenerate without space charge. As space

charge increases, the degeneracy is lifted and multiple radial modes start to appear and drift

apart as they gain a spread in frequency. This also leads to the radial modes crossing, which

may lead to coupling instabilities later when the wake fields are considered. Again, we see

the positive modes to have a downward trend, going below a coherent tune of 0.

Figure 4.3: Tune shifts plotted as a function of the space charge parameter for the Gaussian
distribution with 20 slices and 10 rings (pink) overlaid with the beam discretisation of 20
slices 1 ring (blue).
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Chapter 5

TMCI due to Space Charge and Wake
Fields

To get the main results of this project, we analysed the TMCI for coherent tunes due to

varying space charge forces and wake fields. The one turn matrix now considers both the

matrix conveying the behaviour of wake field coupling and the space charge matrix, like in

Eq. 2.4. The resulting coherent tunes were calculated by taking Eq. 2.5 and dividing by the

synchrotron tune.

First, we need to introduce how we approached plotting the wake fields. We looked at

a broadband resonator wake which can be described by several properties. We plotted the

wake fields as a function of their normalised intensity given by [18]:

Inorm =
Nq2

2γm0ωβωsC
× ω2

rRt

Qωr
. (5.1)

The new variables introduced here are ωβ, ωs, ωr the angular frequency of the transverse

betatron, of the synchrotron and resonance of the broad-band resonator wake. We also

have Rt the so-called shunt impedance, Q the quality factor and ωr = ωr
√

1− 1/(4Q2) [18].

Another useful property is κ, which is used to describe the geometry of the beam pipe and

is given by

κ =
D(z)

Wx(z)
(5.2)

where D(z) is the detuning quadrupolar wake field strength and Wx(z) is the driving dipolar

horizontal wake field [18]. We chose to set κ = 0 such that it represents a round chamber. We

also have the parameter frτb which is the product of the resonant frequency of the resonator,

fr = ωr/(2π), and the bunch length, τb. This is a useful quantity to compare results with

because when we vary frτb, the normalised intensity of the TMCI threshold varies as shown

in Fig. 5.1. The analytical BimBim simulated plot shows there are three distinct sections

which we will use as a reference when choosing which frτb to use since they dictate which

modes couple with each other [18]. For frτb between 0 and 1.5, between 1.5 and 2.5 and

between 2.5 and 3 we expect different mode coupling regimes.
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Figure 5.1: Analytical BimBim simulation of frτb against the normalised intensity TMCI
threshold due to wake fields of a broad-band resonator, courtesy of [18].

Furthermore, this work is generic to any machine with the assumptions that the wake

field can be modelled as a broadband resonator and that the vacuum chamber is round. We

tested for frτb equal to 1, 2 and 3, corresponding to three different types of mode coupling.

We did this for both the airbag distribution and the Gaussian distribution in order to compare

their expected TMCI thresholds for the interaction of space charge and wake fields. This

was done by doing a contour plot of the maximum imaginary coherent tune for varying space

charge parameter and wake field normalised intensity.

5.1 TMCI for an airbag distribution

Starting by setting frτb equal to one, we get the contour plot of the maximum imaginary

coherent tune for varying space charge and wake field strength in Fig. 5.2. We did this

because as discussed in Sec. 2.2, when there is transverse mode coupling there results

imaginary tune, reflecting the presence of an instability. Hence, plotting the maximum

imaginary tune shows us where we expect regions of instability, where dark blue is stable

with no imaginary tune and yellow is where the strongest imaginary tune is. In Fig. 5.2

there are three main regions: (1) the yellow top left corner of instability, (2) the dark blue

stable triangular region in the middle and (3) the blue top right corner of low imaginary

coherent tune.

If we go along the normalised intensity axis for zero space charge, we get the behaviour

of the coherent tunes for increasing wake field strength only, shown in Fig. 5.3a. The blue

lines represent real coherent tune modes and the red lines represent imaginary modes. As

predicted by the contour plot, we see that the imaginary tune shifts become non-zero at a

normalised intensity of 3.2 – the TMCI threshold. This is a result of the real modes 0 and

−1 coupling, causing two symmetric branches of modes with imaginary tune to emerge.

We can see in Fig. 5.2 from looking at the edge of region (1) that space charge lifts
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Figure 5.2: Contour plot of the maximum imaginary coherent tune for theoretical space
charge tune shift against wake field normalised intensity for an airbag distribution of width
0.005. We assume a broad-band resonator wake field and a round chamber such that κ = 0,
setting frτb = 1.

(a) frτb = 1 (b) frτb = 2 (c) frτb = 3

Figure 5.3: Real (blue) and imaginary (red) coherent tunes for increasing wake field nor-
malised intensity for Airbag distribution – comparing TMCI for increasing frτb.

the TMCI threshold, until we reach a space charge strength of 3.7, where it has completely

suppressed the instabilities due to our maximum normalised intensity wake field. Wake fields

cause instabilities, whilst as seen in our previous work on space charge, taking Fig. 4.1 as an

example, there is no coupling and thus no imaginary tune shifts due to space charge. This

behaviour is also reflected in Fig. 5.2 for zero normalised intensity, along the theoretical

space charge axis, where the imaginary tune shifts are zero. Region (2) has no presence of

imaginary tune shifts and thus is the stable region. This shows us where we want the levels

of space charge and wake fields to be in order to keep the beam stable during operation.

Region (3) in Fig. 5.2 reintroduces instabilities after space charge has suppressed the

previous instabilities caused by wake fields, so it is now to determine whether this is a true

region of instability caused by increased space charge strength or a product of our numerical

computation. We can examine this behaviour by taking a constant wake of Inorm = 25 and

varying space charge for airbag widths of 0.1, 0.01 and 0.005, such that we test the effect of
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(a) W=0.1 (b) W=0.01 (c) W=0.005

Figure 5.4: Real (blue) and imaginary (red) coherent tunes due to varying space charge and
wake fields of Inorm = 25 with frτb = 1 for decreasing ring width (a)-(c).

the airbag width on instability regions (1) and (3). We can see in Fig. 5.4 the resulting real

(blue) and imaginary (red) coherent tune for decreasing airbag width. We can confirm that

region (1) is caused by wake fields as we see the modes 0 and −1 decouple at approximately

the same space charge strength of 3.4 in all three plots, showing it is independent of the

width. The small variation in values for the different airbag widths can be attributed to

their convergence, as the width of 0.1 is far from converged, whilst as we saw in Fig. 4.1

there is not a lot of difference between widths 0.01 and 0.005. Region (3) seems dependent

on the airbag width as the plots all vary in space charge strength needed for positive mode

coupling, especially for the larger width of 0.1 where we see several extra positive mode

couplings occurring. If we focus on modes 2 and 3, we see they require a higher space charge

strength for decreasing airbag width, reflecting a reduction in the numerical artefacts of our

computation. Significantly, by using an analytical method for the computation of the space

charge matrix for an airbag of infinitely thin width, it was confirmed that the instabilities

in region (3) vanish [17].

Now, if we want to look at the behaviour for increased frτb equal to 2 and 3, we can

again produce contour plots of their maximum imaginary coherent tune as a function of

space charge and wake field strength, to find three similar distinct regions like in Fig. 5.2

for frτb = 1. We can again examine the regions of instability by looking at Fig. 5.3 where

we have plotted the real and imaginary coherent tune for increasing wake field strength

for frτb equal to 2 and 3, as well as the previously mentioned frτb = 1. We can see that

increasing frτb increases the TMCI threshold from a normalised intensity of 3.2 to 8.6 to

16.2. Hence, a stronger wake field is needed to cause mode coupling for increased frτb. In

Fig. 5.3b for frτb = 2, we see the coupling of modes −1 and −2 at the TMCI threshold.

There is an additional mode coupling at Inorm = 24.4, however we are only interested in the

first coupling as this is the instability that grows the fastest and consequently dominates

the beam dynamics. In Fig. 5.3c for frτb = 3, we observe a more complicated set of mode

couplings, between mode −1 and −2, then 0 and −3. Hence, as expected by theory in Fig.

5.1, we see three different regimes of mode coupling for frτb equal to 1, 2 and 3.

To compare region (3) of imaginary coherent tune due to the finite airbag width for
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(a) frτb = 2 (b) frτb = 3

Figure 5.5: Real (blue) and imaginary (red) coherent tunes for airbag distribution due to
fixed wake fields of Inorm = 25 and varying space charge parameter.

varying frτb, we set the wake field to have a normalised intensity of 25 and varied the space

charge to get the plots in Fig. 5.5 for frτb equal to 2 and 3. Increasing frτb alters the real

negative modes that couple, increasing the TMCI as the real modes decouple at a lower

theoretical space charge tune shift. However, the first positive mode coupling of modes 2

and 3 at a space charge strength of 3.6 doesn’t change for increased frτb, showing that it

is not caused by the wake field but due to our numerical calculation – not a valid TMCI.

The increased frτb results in more positive modes coupling, like for frτb equal to 2 and 3

which have the additional coupling of modes 4 and 5. This shows that an increased frτb
amplifies our approximation of a finite width (still noting that the first oscillating mode is

most significant and that has not changed). Lastly, increasing frτb has thus increased the

area of the region of stability (2).

In conclusion of this analysis on the TMCI threshold for the airbag distribution, we have

two main findings. An increase in frτb leads to an increase in the TMCI threshold due to

wake fields and as space charge increases, the TMCI threshold is also increased until the space

charge suppresses the mode coupling produced by the wake fields. Both these findings are in

agreement with existing theories [4]. However, for our numerical model, there are additional

positive mode couplings for increased space charge, produced due to our assumption of a

finite width of the airbag, and so should not be considered when determining the TMCI

threshold, notably for lower normalised intensity ranges.

5.2 TMCI for a Gaussian distribution

First, keeping the number of azimuthal modes and radial modes the same as for the airbag

distribution with 20 slices and 1 ring, we obtained the contour plot of maximum imaginary

tune for varying space charge and wake field strength of frτb = 1 for a Gaussian distribution,

shown in Fig. 5.6. We see that the left half of the contour plot looks similar to the corre-
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Figure 5.6: Contour plot of the maximum imaginary tune shift for theoretical space charge
tune shift against normalised wake field intensity of frτb = 1 for a Gaussian distribution of
20 slices 1 ring.

(a) frτb = 1 (b) frτb = 2 (c) frτb = 3

Figure 5.7: For Gaussian distribution of 20 slices 1 ring, showing real (blue) and imaginary
(red) coherent tunes in the presence of increasing wake field strength.

sponding plot for the airbag in Fig. 5.2, but the right hand side of the graph has a much

stronger maximum imaginary coherent tune. Initially, we can see that like for the airbag

distribution, increasing space charge lifts the TMCI due to wake fields.

We can start by examining the effect of increasing wake field strength on the coherent

tunes for frτb equal to 1, 2 and 3, shown in Fig. 5.7. Comparing to theory, we see different

real (blue) modes coupling for all three frτb, where for frτb = 3, the mode coupling is a lot

clearer than for the airbag model, where we now see the first coupling to be that of −2 and

−3 (marginally occurring for a lower normalised intensity than modes 0 and −1). We also

see that the TMCI threshold has increased compared to for the airbag, increasing more for

increased frτb, hence the most significant difference is for frτb = 3 where the TMCI threshold

is at a normalised intensity of 23.5 compared to 16.2 for the airbag.

Like for the airbag, we need to investigate the cause of the imaginary coherent tune for

higher space charge, as shown in Fig. 5.6 in the region above space charge strength of 3.5.

Hence, just as we decreased the ring width of the airbag model to see if part of our result was
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(a) frτb = 1 (b) frτb = 2

(c) frτb = 3

Figure 5.8: Contour plots of the maximum imaginary tune shift for theoretical space charge
tune shift against normalised wake field intensity for a Gaussian distribution of 20 slices 10
rings.

due to our numerical computation, the equivalent for the Gaussian distribution is increasing

the number of rings and slices. Furthermore, we increased the number of rings so that we

have a beam discretisation of cells divided by 20 slices and 10 rings. This produced the

contour plots in Fig. 5.8, showing how the strength of the imaginary coherent tune for frτb
equal to 1, 2 and 3 varies with space charge and wake field strength. There is still the distinct

top left corner of instability but the right hand side of all three plots have drastically reduced

in imaginary coherent tune strength, and also all exhibit different behaviour. The contour

plots give us our primary indicator that for increased radial modes, all areas of instability

vary with frτb, a function of the wake field, and thus should be considered when looking at

the TMCI.

In Fig. 5.8a for frτb = 1, we see that space charge no longer completely suppresses the

TMCI due to the wake field like in Fig. 5.6. We can take a closer look at this behaviour by

looking at the comparison between the discretisation of the beam for 20 slices with 1 ring

and 10 rings for a fixed wake of Inorm = 25 for varying space charge parameter, as seen in
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figures 5.9a and 5.9b, respectively. The radial modes produced by having 10 rings make it

difficult to see where the instabilities occur on the real plot, so we decided to colour code

the imaginary tune shifts by their strength, where red is the highest, decreasing in shade

to orange and then to yellow which represents zero and below. This highlights where on

the real plot the instability occurs in order to distinguish which mode is responsible for the

coupling. In Fig. 5.9a which only considers radial mode 0, there are two distinct sections of

imaginary tune presence. We can see azimuthal modes 0 and −1 decouple at a space charge

strength of 3.9 and consequent coupling of positive mode pairs 0,2 and 1,3. Now comparing

to Fig. 5.9b where we have 10 radial modes per azimuthal mode, we see the plot showing

the imaginary coherent tune is very different. We can see that there are three distinct lines

of instability highlighted on the real plot, where the strongest instability (red) is caused

by the wake field for azimuthal mode −2, which decouples at a space charge strength of

approximately 5.4. This instability is similar in placement to the coupling due to wake fields

in Fig. 5.9a and likely corresponds to the same TMCI. We also see the next strongest line in

orange stems from azimuthal mode 0, implying the increase in radial modes has uncovered

another TMCI due to wake fields. However, it doesn’t decouple within the strength of the

space charge tested. This is a new result that we did not see appearing with the airbag

model, where the space charge was always successful at suppressing the instabilities caused

by the wake fields. This coupling implies that the space charge doesn’t suppress the TMCI

due to wake fields at the same definitive rate as for the airbag. We also have the third line of

instability which is caused by the coupling of modes 1 and 2 for a space charge strength of

1, hence it is a result of increased space charge, rather than the wake field. This instability

is also significant in that it grows in strength for increasing space charge. This implies that

increasing space charge lifts the TMCI due to wake fields, but also produces TMCI between

other modes. To check this is a valid TMCI due to increased space charge and not due to

our computation, we should compare to a thinner beam discretisation.

Increasing the beam discretisation to 40 slices and 20 rings, we get the corresponding plot

in Fig. 5.9c. We see that the imaginary coherent tunes are very similar to Fig. 5.9b, with

the same three distinct lines of instability on the real plot for modes −2, 0 and notably the

resulting coupling of modes 1 and 2. The presence of this positive mode coupling strengthens

our claim that it is a valid TMCI caused by space charge. In addition, we can see at high

space charge there is an increased number of instances of mode coupling and decoupling

represented by small bubbles of imaginary tunes appearing. This implies that increasing the

number of rings and slices could reveal more TMCI due to space charge until the distribution

is converged to show the full effect of high space charge. For the instability induced by the

wake field for azimuthal mode zero, we can now confirm that space charge suppresses the

instability at a space charge strength of 7.2. This agrees with the airbag that space charge

suppresses the TMCI due to wake fields.

Now, going back to the contour plots for a Gaussian distribution of 20 slices and 10

rings in figures 5.8b and 5.8c for frτb equal to 2 and 3, we see that they exhibit mesh-like

patterns of instability for increased space charge. There are also no wake field only induced

32



(a) 20 slices 1 ring (b) 20 slices 10 rings

(c) 40 slices 20 rings

Figure 5.9: For Gaussian distribution plots of coherent tunes for varying space charge
strength with constant wake of Inorm = 25 for frτb = 1. Colour coding reflects strength
of imaginary tune shift from yellow at zero or below to dark red for the strongest.
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(a) frτb = 2 (b) frτb = 3

Figure 5.10: For Gaussian distribution of 20 slices and 10 rings, plots of theoretical space
charge tune shift against resulting real and imaginary simulated tune shifts for a fixed wake
of Inorm = 25.

instabilities which survive through increased space charge, at this range. To examine the

behaviour of the mesh-like imaginary tune observed, we again set the wake to be fixed at a

normalised intensity of 25 and varied the space charge strength for both frτb equal to 2 and 3

to get the resulting real and imaginary coherent tune modes, shown in Fig. 5.10. Firstly, we

can see that increasing frτb of the wake field decreases the strength of the imaginary tune,

if we compare the ranges of the imaginary tune axes. Starting with frτb = 2, we have the

strongest instability stemming from azimuthal mode −2, where it is completely suppressed

by space charge at a space charge strength of 3.1. We see the familiar shape of the imaginary

tune mode evolution where the space charge suppresses the TMCI due to wake fields almost

completely before instabilities occur again. For frτb = 3 in Fig. 5.10b, the instabilities

arising for a space charge parameter above 2.5 have an intriguing bubble-like pattern on the

imaginary tune plot, signifying two real modes coupling and decoupling. Hence, we see a lot

of positive mode coupling and decoupling, with increasing imaginary tune magnitude as the

space charge strength increases.

Again, to confirm the instabilities generated at high space charge are valid, we increased

the beam discretisation to 40 slices and 20 rings. In Fig. 5.11 we see the corresponding

graphs of coherent tune for a fixed wake of normalised intensity 25 and varying space charge.

Starting with Fig. 5.11a compared to Fig. 5.10a, they again show similar patterns in

imaginary tune, implying the TMCI due to high space charge is valid. The increased beam

discretisation seems to more clearly show that the space charge suppresses the instabilities

due to wake fields as there are no longer any small instabilities occurring in the middle

section of the graphs before space charge induces more instabilities. For high space charge,

the instabilities have a lower imaginary tune, which is also seen in Fig. 5.11b. There are also

more bubbles of coupling and decoupling exhibited, as well as more short lines of instability

shown in the real plot, as the increased number of beam cells has been able to capture more

accurately all the TMCI due to high space charge. It is clear that the instabilities are growing
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(a) frτb = 2 (b) frτb = 3

Figure 5.11: For a Gaussian distribution of 40 slices and 20 rings, the real and imaginary
tune shifts are shown as a result of varying space charge and fixed wake field of Inorm = 25.

with increased space charge from looking at the growing cone-like shape of the bubbles. This

implies that if we kept increasing the space charge parameter, the TMCI due to space charge

could grow to be higher in imaginary tune strength than those induced by the wake field.

This validates how space charge can be a limiting factor for hadron synchrotron operation.

5.3 TMCI comparison of airbag and Gaussian

We saw that for both the airbag and Gaussian distributions, increasing frτb increased the

TMCI threshold and increasing space charge lifted the TMCI generated by wake fields.

For the airbag model, for increased space charge, positive mode coupling was attributed to

numerical artefacts, as a result of our approximation to a finite width. Our new result was

that for the Gaussian distribution, we also witnessed positive mode coupling when space

charge was increased, however with increased beam cell discretisation due to more rings and

slices, we were able to verify that they were valid TMCI. We can thus see the difference

between the two distributions, since the Gaussian distribution considers the positive mode

coupling that is caused by space charge. This instability produced by increased space charge

likely corresponds to the instability observed in some machines and is the difference we aimed

to model.

However, we were not able to compare the results for the Gaussian distribution with a

converged beam discretisation. This is such as increasing to 60 slices, 30 rings and 80 slices,

40 rings to see at which configuration increasing the number of rings and slices did not add

more positive TMCI to the graphs. This would allow us to determine the full extent of how

space charge affects the limitation due to electromagnetic wake fields.
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Chapter 6

Conclusion

This project aimed to extend the code BimBim to include the effect of space charge and

analyse the TMCI generated by the combination of space charge and wake fields for the

airbag and Gaussian distributions. We were successful in implementing space charge and

were consequently able to compare the space charge tune shifts and TMCI for the two

distributions to showcase their differences. Both distributions exhibited space charge tune

shifts similar in evolution to the analytical airbag in a square-well, where the most significant

difference was that the Gaussian distribution was able to consider both azimuthal and radial

modes, and had positive modes that crossed mode zero for increased space charge. For the

TMCI analysis, both distributions initially exhibited space charge suppressing the TMCI

due to wake fields. We found the Gaussian distribution seemed to be more compatible with

reality by the presence of TMCI for increased space charge, similar to experimental data

found in [3], whereas for the airbag these instabilities were attributed to numerical artefacts

of our computation. The production of TMCI between positive modes due to space charge in

the presence of wake fields is the new prediction found in this work, relevant for space-charge

dominated machines.

There are several aspects of this work that can be improved. Notably, our method of

convergence was numerically demanding for the Gaussian distribution with a more fine beam

discretisation, resulting in us not being able to find the converged number of rings and slices.

Hence, a less time-consuming method could be to only look at the convergence of the space

charge interaction matrix elements which interact, rather than the matrix as a whole. The

matrix contains many zeros that are calculated when looking at the whole matrix, hence

this method could save a lot of time as it only focuses on non-zero elements. As mentioned,

the analytical spectrum of the airbag with an infinitely thin ring width in a linear potential

could have been plotted to confirm that the positive mode couplings due to increased space

charge were due to our approximation to a finite ring width. We approximated the ring to

be finite because for an infinitely thin ring, there were diverging matrix terms and thus it

was very numerically demanding to reduce the width further. However, it has been found

that the diverging terms can be mitigated by changing the set-up slightly by tilting all the

slices by a small angle [17]. We could also have extended the work such that we simulated
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the space charge tune shifts for an airbag square-well distribution so that we could compare

more accurately to the analytical spectrum, which we used as our relation to theory in Sec.

4.1.

Since this approach is novel in the field of beam instabilities with space charge forces,

there is a lot of exciting future work that can be done to extend this project. Moving forward

after modelling instabilities could thus be to generate experimental data to back up our find-

ings, conduct more research on their behaviour with other collective effects or finding ways

to mitigate them. An outlook for this work could be to show that our predictions are true by

quantitative comparison with experimental data, which could be done, for example, with the

Super Proton Synchrotron at CERN. Tune shift modes are difficult to see in machines hence

instead, we could compare with data from a known machine observable such as looking at

the effect on the intra-bunch motion for each turn. A simple attempt at mitigation could

be to see the effects of adding a transverse feedback, which acts as a damper in order to

increase the stability of the beams [19]. Another possible technique of mitigation we can

consider is that of chromaticity [20]. We could thus seek to quantify how effective such a

mitigation could be as well as observe which regions of instability it can be successful on.

Lastly, this work could be extended to also look at the non-linear force of space charge, as

it has been found that Landau damping suppresses TMCI that chromaticity and transverse

feedback are not successful at damping [15].
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