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Abstract

Experimental particle physics is a science of many scales. A large number of physical

processes spanning energies from meV to TeV must be understood for modern collider

experiments to be designed, built, and conducted successfully. This thesis contributes

to the understanding of phenomena across this entire dynamic range.

Low-energy physics governs the operation of particle detectors, limits their performance,

and guides the development of novel instrumentation. To formalise these aspects, clas-

sical electrodynamics is used to derive a general description of the formation of electri-

cal signals in detectors, and ideas from quantum mechanics are applied to the study of

charge avalanche amplification in semiconductors. These results lead to a comprehen-

sive analytical characterisation of the time resolution and the efficiency of single-photon

avalanche diodes, and isolate the most important design variables. They also reveal the

applicability of these devices in precision timing detectors for charged particles, which

is experimentally verified in a high-energy hadron beam.

Large detector systems at hadron colliders probe fundamental physics at the energy

frontier. Data collected with the ATLAS detector during Run 2 of the Large Hadron

Collider are used to measure the cross-section for the production of a Higgs boson to-

gether with an electroweak boson as a function of the kinematic scale of the process.

This measurement provides the finest granularity available to date for this process. It

is highly informative of the structure of interactions beyond the direct kinematic reach

of the experiment, and new limits are set on the couplings of such interactions within

an effective field theory.



Preface

The following is a story about two different kinds of physical laws. It is a story about the symbiotic

relationship between low-energy processes and the fundamental dynamics of nature at extremely

high energy scales, between the known physical laws and those that are yet to be discovered, and

also between the physics of the past and that of the future.

The subject of this thesis is the experimental science of fundamental physics, the study of physi-

cal processes that occur at the highest energies and the smallest distances presently accessible in the

laboratory. Human experimenters, however, are macroscopic entities. And so, bridging the gap that

separates us from the energy frontier requires the mastery of physics at many scales. It involves the

construction of complex experimental apparatuses, which themselves can be described by the laws

of physics—laws that once were at the forefront of our knowledge are now exploited to catalyse the

discoveries that still lie ahead.

This document is divided into two parts, illustrated by the figure on the next page.

Part I: Physics for particle detectors

This first half begins at very low energies. It treatsmodern particle detectors as well-defined physical

systems and studies the processes that underpin their functioning. The investigation uses analytical

calculations to expose the essence of these phenomena, simulations to study them in more detail,

and experimental measurements to validate the conclusions.

Chapter 1 treats the electrodynamics of the formation of signals in detectors. Published in

Refs. [1, 2], my contributions led to the formulation of a very general signal theorem covering all

devices that detect fields or radiation from charged particles and opening up new possibilities for

the simulation of antenna arrays used in cosmic-ray physics. The mathematical high-water mark

is reached in Chapter 2, which studies the physics of a powerful signal-amplification mechanism,

charge avalanchemultiplication in semiconductors. Usingmethods from stochastic mechanics, I de-

veloped a comprehensive analytical theory of electron-hole avalanches, capable of describing their

entire evolution. A part of this work is published in Ref. [3] and another publication is in preparation.
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Following these principles, I have contributed to studying the properties of single-photon avalanche

diodes [4]. As Chapter 3 shows theoretically, these devices are not only capable of detecting indi-

vidual photons with superb time resolution but can also directly detect charged particles without

requiring external scintillators. Chapter 4 investigates this claim experimentally by exposing pro-

totype devices to a high-energy hadron beam. For this campaign, I designed the high-bandwidth

electronics necessary for the readout of the detector. I also devised and assembled the experimental

setup, operated it during the data-taking period, and analysed the data. This is more recent work

and a dedicated publication is forthcoming.

Part II: Particle detectors for physics

This second part describes the exploration of the interactions of the Higgs boson at very high energy

scales, using the data set recorded by the ATLAS detector at the Large Hadron Collider. Chapters 5

and 6 briefly review the theoretical and experimental foundations on which this work is based.

Chapter 7 presents a measurement of the associated production of a Higgs boson H with an

electroweak boson V , followed by the decay H → bb̄. This work is published in Ref. [5]. I per-

formed the statistical analysis to measure the V H cross-section as a function of the kinematic scale

of the process and refined and improved the signal model. I led the effort to interpret these measure-

ments in terms of constraints on the couplings of effective interactions of mass-dimension six in the
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Warsaw basis, leading to the first such constraints from a V H measurement. I developed software

tools for the parameterisation of the effects of these modifications on the experimental observables

and for the statistical inference. These have also been used in a V H(→ bb̄) measurement specifi-

cally targeting high vector-boson transverse momenta [6] as well as in a search for the V H(→ cc̄)

process [7]. I was also responsible for the projection of the sensitivity to V H(→ bb̄) expected at the

end of the high-luminosity phase of the Large Hadron Collider, which is published in Ref. [8].

Finally, Chapter 8 presents a combination of two V H(→ bb̄) measurements which together

allow the V H cross-section to be measured across a wide kinematic scale with the highest granu-

larity available to date. For this work, published in Ref. [9], I was one of three principal analysers and

editor of the internal documentation. I contributed significantly to the design of the combination

strategy and the development of the statistical model.

Everything in between: connecting the scales

The path that connects low-energy detector information to the details of physics at the energy

frontier is often obstructed by processes occurring at intermediate scales.

These hurdles are particularly prominent in jet flavour tagging, the art of identifying the na-

ture of the high-energy particle at the origin of a collimated cascade of hadrons. Within the ATLAS

flavour-tagging group, I developed and maintained a simulation-driven method which allows exist-

ing algorithms for the identification of b-jets to be applied across the entire kinematic spectrum con-

tained in the data. This work directly benefited the di-b-jet resonance search published in Ref. [10],

for which I was granted exceptional authorship. The method itself, published in Ref. [11], is also

part of the recommended flavour-tagging procedures used within the Collaboration, and I directly

contributed to several such releases. Sophisticated simulations, together with modern machine-

learning techniques, allow powerful summary statistics to be constructed, often combining many

observables across different detector systems. I am the main author of Ref. [12], which introduced

a new method to render such discriminants insensitive to certain aspects of the underlying input

data. These discriminants, however, cannot be better than the—imperfect—simulations used to de-

fine them. Building on the theory of optimal transportation, I co-developed a very versatile scheme

for the correction of such deficiencies in Ref. [13], taking the next step towards exploiting the full

potential of our instrumentation. None of this work is documented here.
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Chapter 1

The formation of electrical signals in

particle detectors

The detection of moving charged particles is an important part of the experimental methodology in

many branches of physics, oftentimes enabling direct access to detailed information about the phys-

ical system under study. The technologies invented for this purpose are as numerous and diverse as

the investigated physical processes themselves.

In astronomy and astrophysics, the detailed study of active galactic nuclei (AGNs), accreting

supermassive black holes, provides important information about the evolution of the early universe.

Electrons and positrons gyrating in the intense magnetic fields of the accretion disk and the ejected

jets are powerful sources of synchrotron radiation with a wide range of frequencies, part of which

can be imaged with radio telescopes (Figure 1.1a) [14]. AGNs are also believed to be sources of

ultra-high energy neutrinos, the detection of which requires very large instrumented volumes. A

compelling technique monitors the Askaryan radiation [15] produced by neutrino-induced showers

in the radio-transparent arctic ice by means of an antenna array [16] positioned close to the surface

(Figure 1.1b).

Terrestrial high-energy scattering experiments allow fundamental physical processes to be stud-

ied in the laboratory. Particle accelerators and storage rings must be able to safely handle the

required high-intensity particle beams, requiring fast diagnostic devices [17] such as beam-current

transformers (Figure 1.1c). The energetic final-state particles produced in these scattering reactions

must be measured with superb precision in space (in some cases also in time), and at very high

rates. Modern semiconductor detectors, often based on silicon [18], provide the required perfor-
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(a) (b)

(c) (d)

Figure 1.1: Detector technologies used in different areas of experimental physics to detect moving
charged particles: (a) a radio telescope imaging the synchrotron emission of an AGN, (b) an array of
antennas embedded in the arctic ice to detect the radio signature of neutrino-induced showers, (c)
a beam-current transformer as a diagnostic device for storage rings, (d) a modern silicon detector
for a collider experiment.

mance (Figure 1.1d).

There are countless other examples. In the situations mentioned above, the detector system

delivers an electrical signal upon exposure to a moving charged particle. This signal, ultimately, is

generated by the electromagnetic interaction between the primary particle and the detector. For

radio telescopes and radio neutrino observatories, this coupling happens via electromagnetic radia-

tion; beam current transformers detect the field of the passing particle beam, and silicon detectors

record the drift of secondary charge carriers produced by ionisation of the detector material. As

dissimilar as the practical implementations of these principles might appear, the physical origin of

the detector signals is always the same: the classical dynamics of charges and fields.

The systematic, rigorous, and complete treatment of the signal formation is the subject of this

chapter, starting from a description of the detector and the trajectory of the moving charged par-

ticle. The developed strategy is very physically intuitive and straightforward to implement numer-

ically, yet no approximations are necessary and all electrodynamic effects are naturally captured.

Maxwell’s equations are written down in Section 1.1 as the starting point for the ensuing discus-
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sions. Reciprocity relations, almost as old as electrodynamics itself and at the heart of the method,

are also reviewed there. Section 1.2 formalises the problem of charged-particle detection and pro-

vides its fully general solution. The nonrelativistic limit of signal formation is studied in detail in

Section 1.3. Methods for the description of signals in detectors based on secondary ionisation (in

gases or in solids) emerge effortlessly as special cases of the general result. Finally, Section 1.4 stud-

ies electrodynamic effects in the formation of detector signals in transmission lines and antenna

arrays.

1.1 Reciprocity relations in classical electrodynamics

The discussion in this section is greatly simplified by keeping the treatment as general as possi-

ble, introducing approximations only at the very end. The electrodynamic equations for a general,

anisotropic, linear material are a suitable starting point.

Such a material is characterised by a position- and frequency-dependent permittivity matrix

ε̂(x, ω), permeability matrix µ̂(x, ω), and conductivity matrix σ̂(x, ω). These 3 × 3 matrices de-

fine the constitutive relations of the material, in which they relate the electric field1 E(x, ω) to the

displacement field D(x, ω) and the local current density J(x, ω), and the magnetic field strength

H(x, ω) to the flux density B(x, ω),

D(x, ω) = ε̂E(x, ω),

J(x, ω) = σ̂E(x, ω),

B(x, ω) = µ̂H(x, ω).

Maxwell’s equations [19] connect these fields to their corresponding sources, the local charge den-

sity ρ(x, ω) and the externally imposed current density Je(x, ω). (The current density Je is concep-

tually different from the current density σ̂E. The latter is an automatic reaction of the material to

a locally present electric field, whereas the former is entirely under the control of the experimenter

and is imposed on the system. Both currents act, of course, as sources for the magnetic field.) Using

SI units and taking a harmonic time dependence eiωt for all fields, Maxwell’s equations read

∇ · (ε̂E) = ρ, (1.1a)

1Throughout this document, SO(3) vectors are printed in boldface. The Euclidean norm of a vector is denoted by
the unbolded symbol, e.g. E = ‖E‖. Individual components of a vectorial quantity are denoted by superscripts, e.g. Ex

denotes the component of the vector E along the x-direction of a Cartesian coordinate system.
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∇ · (µ̂H) = 0, (1.1b)

∇× E = −iωµ̂H, (1.1c)

∇×H = Je + σ̂E+ iωε̂E. (1.1d)

For a fixed material distribution, the resulting electric and magnetic fields are determined as a func-

tion of the sources ρ and Je; different sources, or different materials, generally lead to different field

configurations.

1.1.1 Lorentz reciprocity

Two field configurations that emerge in the same material distribution (or two closely related ma-

terial distributions) as a result of differing source terms are, however, not entirely independent.

Maxwell’s equations imply relations between the two situations, referred to as reciprocity relations.

These relationships generally take the form of integral equations that involve the field distributions

in the two cases. (The concept of reciprocity as a way to relate nonequivalent configurations of

the same physical system has a long and colourful history. Refs. [20–23] show classical results in

the context of electrodynamics. Classical mechanics also has reciprocal properties, as elucidated in

Refs. [24–30].)

A very powerful such relation, the Lorentz reciprocity theorem [31], relates the two situations

shown in Figure 1.2. An arbitrary external current density Je(x, ω) is applied to a material distribu-

tion (ε̂, µ̂, σ̂) in Figure 1.2a, and another arbitrary current density J̄e(x, ω) is applied to a material

distribution with transposed response matrices (ε̂T, µ̂T, σ̂T) in Figure 1.2b. The current Je generates

electric and magnetic fields E(x, ω) and H(x, ω), and J̄e generates fields E(x, ω) and H(x, ω). (The

response matrices of most practical materials are symmetric or approximately symmetric. In these

cases the material distributions of the two situations compared by the theorem are identical.)

The expression∇ · (E×H)may be used to derive the relationship between these two situations.

Using Eqs. 1.1,

∇ · (E×H) = H · (∇× E)− E · (∇×H)

= −E · J̄e − iωH · µ̂H− E · (σ̂T + iωε̂T)E.

Starting from ∇ · (E×H) instead leads to

∇ · (E×H) = H · (∇× E)− E · (∇×H)
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(a) (b)

Figure 1.2: (a) An arbitrary current density Je produces fields E and H in a situation with material
distribution (ε̂, µ̂, σ̂). (b) Another current density J̄e leads to fields E and H in a related material
(ε̂T, µ̂T, σ̂T).

= −E · Je − iωH · µ̂TH− E · (σ̂ + iωε̂)E,

and subtracting these two expressions results in

∇ · (E×H− E×H) = E · Je − E · J̄e.

Upon integration over a (finite) volume V with surface ∂V and an application of Gauss’ theorem

this becomes ∮
∂V
dA · (E×H− E×H) =

∫
V
dV (E · Je − E · J̄e). (1.2)

The domain of integration is now extended over all of space. If all sources are contained in a compact

region (centred, say, on the origin of the coordinate system), the boundary integral on the left-hand

side of Eq. 1.2 vanishes [32]. This can happen in a variety of ways. It is simplest to suppose that (as

for any realistic situation) the material distributions reduce to vacuum as the boundary at infinity is

approached. In this case, the asymptotic radiation fields are transverse electromagnetic waves that

decay inversely with the distance to the source and whose field strengths are related as H ∼ r̂× E.

The radial unit vector r̂ points from the position of the source to the observer. The integrand becomes

proportional to E× (r̂× E)− E× (r̂× E), which vanishes identically.

This leads to the Lorentz reciprocity theorem [31]∫
R3

dV E(x, ω) · Je(x, ω) =
∫
R3

dV E(x, ω) · J̄e(x, ω), (1.3)

which relates the external current distributions and the electric fields between the two situations.
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(a) (b)

Figure 1.3: A network of N impedance elements Z1(ω), . . . , ZN (ω). (a) The current source Im(ω)
connected in parallel with Zm(ω) produces a voltage Vn(ω) across Zn(ω). (b) The current source
Īn(ω) connected in parallel with Zn(ω) produces a voltage V m(ω) across Zm(ω).

A detailed examination shows that Je and J̄e must both be nonzero for the theorem to be useful. If

one of the current densities vanishes identically, say, Je ≡ 0, the relation reduces to a tautology.

1.1.2 Network reciprocity

The Lorentz reciprocity relation in Eq. 1.3 leads to a host of interesting and useful results. Since

the theorem holds for arbitrary linear material distributions (ε̂, µ̂, σ̂), it applies in particular to

electrical circuits where a number of discrete but otherwise fully general impedance elements Zi(ω)

are connected with conducting wires. For practical circuits, the response matrices may also be

taken to be symmetric, i.e. the reciprocity relation compares two different configurations of the

same circuit.

Figure 1.3 shows a complicated circuit consisting of N arbitrary impedance elements Zi, and

connection pads are available at the locations of Zm and Zn. In order to simplify the following

argument, the two terminals of each pair are taken to be in close proximity, i.e. separated only by

an infinitesimal distance ds. In Figure 1.3a, a current source is connected to the impedance element

Zm(ω) of the circuit, imposing a line current Im(ω)ds. A voltage Vn(ω) appears across the terminals

of Zn in reaction to this current. It is given by Vn(ω) = ds ·E(xn, ω), where xn is the location of the

terminal. In the situation of Figure 1.3b, a current source Īn(ω)ds is instead connected in parallel to

the other element Zn(ω), resulting in the voltage V m(ω) = ds · E(xm, ω).

The two line currents Im and Īn define the external current densities Je and J̄e that appeared

in Section 1.1.1. Of course, currents also flow throughout the network as dictated by Kirchhoff’s

rules. They are a consequence of the finite conductivity encoded in the material distribution that

defines the circuit, and so not explicitly visible in the Lorentz reciprocity theorem. Applying Eq. 1.3

to this situation, the volume integrals reproduce the definitions of the voltages Vn and V m, and the
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(a) (b)

Figure 1.4: (a) A horn antenna is fed by a current source I1(ω) connected to its terminals, inducing
a voltage V2(ω) across the terminals of a loop antenna. (b) The loop antenna is instead connected
to a current source I2(ω), producing a voltage V 1(ω) in the horn antenna.

relation simplifies to

Im(ω)V m(ω) = Īn(ω)Vn(ω). (1.4)

This is called the network reciprocity theorem [19].

The object Tmn(ω) = Vm(ω)/In(ω) may be identified as the “transfer function” between nodes

m and n of the circuit. It describes the voltage that can be observed at node m in reaction to a

current injected at node n. In these terms, the network reciprocity theorem states that Tmn = Tnm,

i.e. that the transfer function remains invariant if the positions of sender and receiver are exchanged.

1.1.3 Antenna reciprocity

The limit of infinitely large, densely connected, circuits leads to a continuousmedium that allows the

propagation of waves. It does not come as a surprise, therefore, that important reciprocity relations

exist that relate the transmission and reception characteristics of antennas.

In Figure 1.4a, an external line current I1(ω)ds is impressed between the two terminals of a horn

antenna. The resulting electromagnetic radiation induces a voltage V2(ω) across the terminals of

a loop antenna in its vicinity. Figure 1.4b reverses the roles of transmitter and receiver: the loop

antenna is now connected to a current source I2(ω)ds, resulting in a signal V 1(ω) being delivered

by the horn antenna.

Applying the Lorentz reciprocity theorem in Eq. 1.3 to this situation and following the same

steps as in Section 1.1.2 gives the antenna reciprocity relation

V2(ω)

I1(ω)
=
V 1(ω)

I2(ω)
. (1.5)

This shows that the communication channel consisting of the two antennas and the surrounding

medium is again symmetric. Since Eq. 1.5 holds for arbitrary antenna geometries and material dis-
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(a) (b)

Figure 1.5: (a) A moving point charge produces an electric field E(x, t) and therefore a voltage signal
V ind across the detector terminals at x1 and x0. (b) A line current Iw(t) = Qwδ(t) flowing between
the detector terminals produces the weighting field Ew(x, t).

tributions, it also implies the remarkable result that the reception and transmission characteristics

must be identical for each antenna individually.

1.2 Signals induced by a moving point charge: the general case

Using these reciprocity relations, a fully general result for the computation of the signal in a particle

detector is almost immediate. The elements of the detector (electrodes, wires, cooling circuits) can

again be absorbed into the material parameters ε̂(x, ω), µ̂(x, ω), σ̂(x, ω), as shown in Figure 1.5a.

A point charge q moves along an arbitrary trajectory xq(t) in the vicinity of the detector, which

generates the external current density

Je(x, t) = q · ẋq(t)δ(x− xq(t)). (1.6)

In response to the field E(x, t) generated by this current, the detector delivers a signal through

two terminals, located at positions x1 and x0. In a traditional particle detector x1 is a point on the

signal electrode and x0 corresponds to the ground reference. The integral of the electric field along

a particular path S connecting x1 and x0 is a quantity related to a voltage V ind(ω) between these

two points. Parameterising S as xs(s) with xs(s1) = x1 and xs(s0) = x0, this voltage is

V ind(ω) =

∫ x0

x1,S
ds · E(x, ω). (1.7)

The specification of the full path of integration in this definition is important: in general,∇×E 6= 0,
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and there is no unique potential difference between the two points. Only once a particular path S

is chosen does the voltage V ind(ω) become unambiguous and well-defined. Eq. 1.7 may be regarded

as the definition of the detector signal in which S plays the role of a prescription for the practical

measurement of V ind(ω).

Figure 1.5b shows a second electrodynamic configuration which is related to the situation de-

scribed above through the Lorentz reciprocity theorem. The point charge is removed from this

picture and a line current Iw(ω) is instead set to flow from x0 to the detector terminal at x1 along

the same path S . The current is embedded in the material distribution with transposed response

matrices, as discussed in Section 1.1.1. (The current is defined to flow in the sense opposite to that in

which the voltage V ind is defined. This choice is made to respect commonly used sign conventions

in Section 1.3.) The current Iw(ω) creates an electric-field distribution Ew(x, ω), referred to as the

“weighting field”.

Applying Eq. 1.3 to this pair of configurations leads to the relation

V ind(ω) = − 1

Iw(ω)

∫
R3

dV Ew(x, ω) · Je(x, ω), (1.8)

where the current Je is defined in Eq. 1.6. The line current Iw(ω) is arbitrary. The discussion sim-

plifies if the current is chosen to be independent of the frequency ω, i.e. Iw(ω) = Qw, where Qw

has the dimension of a charge. This corresponds to a delta-like current pulse Iw(t) = Qwδ(t) in the

time domain.

Expressing Eq. 1.8 in the time domain and using Eq. 1.6 gives

V ind(t) = − 1

Qw

∫ ∞

−∞
dt′
∫
R3

dV Ew(x, t− t′) · Je(x, t′) (1.9a)

= − q

Qw

∫ ∞

−∞
dt′ Ew(xq(t′), t− t′) · ẋq(t′). (1.9b)

This is a very general theorem for the computation of the detector signal V ind that holds for arbitrary

electrodynamic situations. It explicitly combines information about the particle trajectory with the

properties of the detector, as encoded in the weighting field. (The weighting field may also be

regarded as a Green’s function for the detector signal.) As the derivation of Eq. 1.9 shows, Ew may

be computed once and for all for a given detector geometry as the field response to a delta-like

current pulse flowing along the signal-defining path. Analytic expressions for the weighting field

exist for simple geometries, illustrated by the examples in Section 1.4. For realistic detectors, the

weighting field must be obtained from numerical solutions of Maxwell’s equations.
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Eq. 1.9 allows the detector signal to be computed assuming that the particle trajectory is known.

The trajectory depends in turn on the environment or the field configuration inside the detector

itself, and must be determined separately.

The need for a physical regulator The Lorentz reciprocity theorem in Eq. 1.3 has been derived

from Maxwell’s equations assuming that the Fourier transforms of all participating objects exist

and are smooth functions in ω. A detailed inspection shows that this assumption is violated in

situations where charges are present in the interior of the domain in the far past or in the far future,

i.e. at t→ ±∞. These technical complications can be avoided rather straightforwardly through the

following regularisation procedure.

All participating charged particles are slowly brought in from spatial infinity during −∞ <

t < −T , where the time T > 0 is chosen to be much larger than all physical timescales of the

problem under consideration. The interactions between the charged particles and the detector occur

in −T < t < T , during which V ind(t) may be computed using Eq. 1.9. All charges are then moved

back out to spatial infinity during T < t <∞.

It is needless to say that this regularisation prescription does not lead to any limitations in the

scope of the situations that can be analysed. The procedure merely imitates what is anyways true

in the real world, namely that detectors do not exist for an infinite period of time, and neither do

charged particles in their vicinity. Section 1.3 below illustrates its application in several important

example situations.

1.2.1 Induced signals in the presence of background fields

Particle detectors often contain electric or magnetic background fields Ebkg and Bbkg that are static

on the timescales of the induced signal, such as bending fields in spectrometers or space charge

fields in depleted silicon sensors. At a fundamental level, these background fields are generated by

current and charge distributions Jbkg and ρbkg.

The total electric and magnetic fields are decomposed into static background fields and the

contributions arising from the moving charged particle as E = Ebkg +Esignal and B = Bbkg +Bsignal.

The constitutive equations of the material may depend nonlinearly on the background fields, e.g. in

a saturated magnet return yoke. For most practically relevant cases, however, the back-reaction of

the induced signal on the detector material can be neglected, and the material properties linearised

around the background fields.
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(a) (b)

Figure 1.6: (a) Signal induced by a moving charged particle in the presence of background fields Ebkg

and Bbkg, created by current and charge distributions Jbkg and ρbkg. (b) The signal contribution that
is due to the moving charge is computed in the absence of the background sources.

In this approximation, the signal-inducing charge propagates through a fixed material distri-

bution with parameters ε̂(Ebkg,Bbkg), µ̂(Ebkg,Bbkg), and σ̂(Ebkg,Bbkg), shown in Figure 1.6a. The

component of the signal caused by the moving point charge is computed as in Figure 1.6b. The

explicit sources of the background fields are removed, but the material properties are kept at their

original, background field-dependent, values. The signal theorem in Eq. 1.9 then carries over without

modifications. Any static signal components arising solely from the background fields are added at

the end of the calculation.

This demonstrates that the presence of background field is relevant for the computation of the

detector signal only through a modification of the material properties used to obtain the weighting

field. The sources Jbkg and ρbkg do not enter explicitly [33–35].

1.2.2 Processing and filtering of the detector signal

The induced signal V ind is typically processed by a linear signal-processing chain (consisting of

amplifiers, shapers, etc.) with an overall transfer function G(ω). The delivered output signal V out

is V out(ω) = G(ω)V ind(ω). It may be obtained rather efficiently without first having to compute,

and then process, V ind.

Choosing Iw(ω) = QwG(ω) in Eq. 1.8 and transforming back to the time domain yields

V out(t) = − q

Qw

∫ ∞

−∞
dt′ Kw(xq(t′), t− t′) · xq(t′), (1.10)
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whereKw is the weighting field computed as the response to the line current Iw(t) = Qwg(t), where

g(t) is the impulse response of the signal-processing chain. The transfer function G(ω) has a low-

pass character for many relevant cases. Short time- and distance scales are thus effectively removed

from the filtered weighting field Kw(x, t), simplifying its computation with numerical methods.

1.3 Nonrelativistic limit

The signal theorem in Eq. 1.9 holds for arbitrary particle trajectories and includes radiation effects

from accelerated charges. Many detectors, e.g. those based on ionisation in gases or solids, however

operate in the nonrelativistic limit of signal formation. In case all charges move sufficiently slowly,

the situation may be approximated by a sequence of purely electrostatic configurations and Eq. 1.9

specialises to several well-known results. These are important for the work presented in Chapters

2–4 and are thus briefly reviewed and summarised below.

1.3.1 Voltage induced on insulated electrodes

The simplest relevant case is that of a detector consisting of N perfectly conducting electrodes

embedded in a material with (symmetric) permittivity matrix ε̂(x) and vanishing conductivity σ̂(x).

In the quasi-electrostatic limit, there are nomagnetic effects and the permeability matrix µ̂(x) of the

material becomes irrelevant. All electrodes are taken to be insulated, as shown in Figure 1.7a. The

voltage V ind
n measured between electrode n and ground is the detector signal. It does not depend

on the chosen path S .

To compute the weighting field for V ind
n , a current Iw(t) = Qwδ(t) is set to flow from the ground

reference onto electrode n, as shown in Figure 1.7b. This current applies a chargeQw to electrode n

at t = 0, while all other electrodes remain uncharged. The resulting weighting field is the gradient

of a scalar “weighting potential” φw,n,

Ew(x, t) = −∇φw,n(x;Qw)Θ(t), (1.11)

where Θ(t) is the Heaviside step function. The notation emphasises that this potential corresponds

to the situation where only electrode n carries a charge of Qw.

A point charge q moving along a trajectory xq(t) represents a charge density ρe(x, t) = q ·δ(x−

xq(t)) and a current density Je(x, t) = q · ẋq(t)δ(x − xq(t)). Using the signal theorem in Eq. 1.9a
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(a) (b)

Figure 1.7: (a) Detector setup consisting of N insulated, perfectly conducting electrodes embedded
in a material with permittivity ε̂(x). A moving point charge induces a voltage V ind

n on electrode n.
(b) Situation to compute the weighting field Ew(x, t) for the n-th electrode, which is produced by a
current Iw(t) = Qwδ(t).

and the weighting field in Eq. 1.11, V ind
n becomes

V ind
n (t) =

1

Qw

∫ ∞

−∞
dt′Θ(t− t′)

∫
R3

dV ∇φw,n(x;Qw) · Je(x, t′)

= − 1

Qw

∫ ∞

−∞
dt′Θ(t− t′)

∫
R3

dV φw,n(x;Qw) ∇ · Je(x, t′).

With the continuity equation for the current Je,

∂

∂t
ρe(x, t) +∇ · Je(x, t) = 0,

and integrating by parts, the signal becomes

V ind
n (t) =

1

Qw

∫ ∞

−∞
dt′δ(t− t′)

∫
R3

dV φn(x;Qw)ρe(x, t′)− lim
t′→−∞

1

Qw

∫
R3

dV φn(x;Qw)ρe(x, t′).

According to the regularisation procedure outlined in Section 1.2, the charge must be brought in

from spatial infinity at t � −T . Far away from the detector assembly, only the monopole term in

the weighting potential survives, and φw,n(x) ∼ 1/ |x|. The boundary term in the above equation

thus vanishes and the remaining contribution evaluates to

V ind
n (t) =

q

Qw
φn(xq(t);Qw). (1.12)
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(a) (b)

Figure 1.8: (a) Detector setup consisting of N perfectly conducting electrodes connected to ground
and embedded in a material with permittivity ε̂(x). A moving point charge induces a current I indn
flowing from electrode n to ground. (b) The weighting field Ew(x, t) for the n-th electrode is pro-
duced by the current Iw(t) = Qwδ(t).

1.3.2 Current induced on grounded electrodes

Another common case is that of a detector whose electrodes are grounded. The detector signal takes

the form of a current I indn defined as flowing from electrode n to ground potential. For simplicity, the

permittivity matrix continues to be taken to be symmetric. To measure I indn , a small ohmic resistance

R is introduced between electrode n and ground, as shown in Figure 1.8a. The induced current I indn

in the unperturbed circuit is given by

I indn (t) = lim
R→0

V ind(t)

R
, (1.13)

where V ind
n is the induced voltage across the terminals of the resistor.

The weighting field Ew(x, t) for this situation is computed as shown in Figure 1.8b. As in Section

1.3.1, the effect of the current Iw(t) = Qwδ(t) is to apply a charge Qw to electrode n at t = 0. For

t > 0, a current IR(t) flows through the resistor R towards ground and discharges the electrode

with a time constant that depends on R and the mutual capacitances between the electrodes. The

weighting field Ew is thus no longer static. Denoting the potential on the surface of electrode n as

Vn(t) = R · IR(t), it may be parameterised as

Ew(x, t) =
Vn(t)

Vw
Ew,n(x;Vw).

The field Ew,n(x;Vw) corresponds to the situation where electrode n is kept at a constant potential
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of Vw and all other electrodes remain grounded. The above relation exploits the fact that the quasi-

static electric field created by the charged electrode n is homogeneous in its potential Vn.

Using the signal theorem in Eq. 1.9b to compute I indn in Eq. 1.13 gives

I indn (t) = lim
R→0
− q

QwR

∫ ∞

−∞
dt′

Vn(t− t′)
Vw

En(xq(t′);Vw) · ẋq(t′). (1.14)

In the limit R→ 0, the discharge of electrode n becomes arbitrarily fast, i.e.

lim
R→0

Vn(t) = RQw δ(t).

The normalisation is determined by the requirement that the entire charge Qw must flow through

the resistor R, i.e.
∫∞
0 dt IR(t) = Qw. The induced current then becomes

I indn (t) = − q

Vw
En(xq(t);Vw) · ẋq(t). (1.15)

This formula is known in the literature as the “Ramo-Shockley theorem” [36, 37]. It is conventionally

derived from Green’s reciprocity relation [38, 39] which holds only for quasi-electrostatic situations

but emerges here as a special case of a much more general theorem.

1.3.3 Signals induced on electrodes embedded in a circuit

Detector electrodes are typically neither grounded nor perfectly insulated but rather connected to

readout electronics with a nontrivial input impedance. Figure 1.9a shows the general situation for

the case of a detector with two readout electrodes. A general impedance element Z12(ω) con-

nects the electrodes with each other. The electrodes are furthermore connected to ground potential

through the impedance elements Z10(ω) and Z20(ω).

The detector signal is the current I ind20 flowing through Z20 (which could, for instance, represent

the input impedance of the front-end amplifier). As before, a small ohmic resistance R is connected

in series with Z20 to measure the induced current.

The weighting field for this situation is computed by applying a current Iw(t) = Qwδ(t) across

the terminals of R, as shown in Figure 1.9b. Following the same arguments as in Section 1.3.2, the

weighting field takes the form

Ew(x, t) =
V2(t)

Vw
Ew,2(x;Vw). (1.16)

The field Ew,2(x;Vw) corresponds to the situation where electrode 2 is kept at a constant potential
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(a) (b)

Figure 1.9: (a) Detector setup consisting of two conducting electrodes that are interconnected with
general impedance elements. A moving point charge induces a current signal I ind20 through Z20. (b)
Situation to compute the weighting field Ew(x, t) for the signal.

Vw. It is scaled by the time-dependent potential V2(t) of this electrode that arises as a consequence

of the current Iw(t). With Eq. 1.9, and in analogy to Eq. 1.14, the induced current I ind20 is

I ind20 (t) = lim
R→0
− q

QwVw

∫ ∞

−∞
dt′

V2(t− t′)
R

Ew,2(xq(t′);Vw) · ẋq(t′). (1.17)

Network reciprocity may be used to bring limR→0 V2/R into a more physically illuminating form.

The voltage V2(t) also appears in the equivalent circuit of the considered situation, shown in Fig-

ure 1.10a. A different configuration of this circuit is shown in Figure 1.10b, where a delta-like current

I2(t) = Qwδ(t) is instead applied to electrode 2 directly, generating a voltage VR(t). The network

reciprocity relation from Section 1.1.2 allows these two situations to be compared, producing the

relation V2(t) = VR(t). In the limit of small R, it thus follows that

lim
R→0

V2(t)

R
= lim

R→0

VR(t)

R
= I20 (t; I2(t) = Qwδ(t)) , (1.18)

where I20 (t; I2(t) = Qwδ(t)) is the current flowing through Z20 in reaction to the delta-like stim-

ulus I2(t) applied to a circuit where R = 0Ω.

With the relation in Eq. 1.18, the induced current in Eq. 1.17 becomes

I ind20 (t) =

∫ ∞

−∞
dt′

1

Qw
I20
(
t− t′; I2(t) = Qwδ(t− t′)

)
·
(
− q

Vw
E2(xq(t′);Vw) · ẋq(t′)

)
=

∫ ∞

−∞
dt′

1

Qw
I20
(
t− t′; I2(t) = Qwδ(t− t′)

)
· I ind2 (t′). (1.19)
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(a) (b)

Figure 1.10: Equivalent circuit of the situation in Figure 1.9, including the discrete impedances Zij
as well as the mutual capacitances Cij . (a) The current Iw(t) = Qwδ(t) produces the voltage V2(t).
(b) Applying a current I2(t) = Qwδ(t) directly on electrode 2 leads to a voltage VR(t) across R.

Figure 1.11: The current I ind2 (t) induced on the grounded detector electrode is inserted into the
equivalent circuit of the detector to compute the physical signal I ind20 (t).

The expression in parentheses is the current I ind2 (t) from Eq. 1.15 that would be induced on electrode

2 if all electrodes were connected to ground. The above formula interprets I ind2 (t) as originating from

a current source connected as shown in Figure 1.11. It then convolves this current with the Green’s

function of the circuit to find I ind20 (t).

This makes it possible to factorise the calculation: one first computes the current induced on

grounded electrodes with the Ramo-Shockley theorem in Eq. 1.15, and then includes this current as

a source in the simulation of the equivalent circuit of the detector [40, 41]. In practice, the latter

step is best performed with simulation tools such as SPICE [42].

1.3.4 Detectors with resistive media

The signal induced in a detector setup involving materials with finite conductivity σ̂ may be com-

puted directly with Eq. 1.9b. To compute the (time-dependent) weighting field, a delta-like line

current is applied as detailed in Section 1.2. If radiation effects can be neglected, the weighting field
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can be computed in the electrostatic approximation. The procedure then immediately reduces to

the one developed in Refs. [41, 43–45].

1.4 Applications and examples

The results discussed in Section 1.3 cover many traditional particle detectors, including most devices

based on ionisation in gas or silicon. This section explores some of the consequences of the signal

theorem in Eq. 1.9 that go beyond the quasi-electrostatic approximation.

1.4.1 Signals induced in long drift tubes

Drift tubes are cylindrical gas-based detectors. As illustrated in Figure 1.12a, the gas volume is

delimited by a metallic inner conductor with radius a and a grounded cathode with radius b. The

inner electrode is typically implemented as a thin wire to which a potential V > 0 is applied. In the

following, the drift tube is taken to be oriented along the z-direction.

Gas molecules are ionised by a primary particle traversing the chamber at longitudinal coordi-

nate z = z0. The ionisation electrons drift towards the inner conductor in the purely radial electric

fieldEr ∼ 1/r. Close to the wire, the diverging field strength enables impact ionisation which leads

to a proportional amplification of the primary electrons. The ions produced in this process drift ra-

dially outwards and are responsible for the dominant part of the induced signal [40], as shown in

Figure 1.12b. The signal propagates along the transmission line formed by the inner conductor and

the outer mantle. It is registered by an amplifier located at the end of the chamber at z = 0, of-

ten several metres away from the position of the charge avalanche at z = z0. The opposite end

of the drift tube is terminated with an impedance ZT . To prevent reflections, ZT , and the input

impedance of the amplifier, Zin, are matched to the characteristic impedance of the transmission

line, Z0, i.e. Zin = ZT = Z0.

A rigorous and coherent description of the signal formation process must include the propaga-

tion of electromagnetic waves in a transmission line, a phenomenon that cannot be described in the

quasi-electrostatic approximation.

As usual, the weighting field Ew(x, t) for this situation is the result of a line current Iw(t) =

Qwδ(t) applied at the terminals of the amplifier, as shown in Figure 1.12c. It has the character of

a narrow pulse propagating along the transmission line, the details of which depend on the field

configurations that are allowed to propagate. If the material distributions of the detector and the
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(a)

(b)

(c)

Figure 1.12: Signal formation in a long drift tube. (a) The drift tube consists of a central conductor
of radius a, kept at a positive voltage V . It is surrounded by a grounded cathode with radius b. (b) A
positive charge q drifts radially outwards at z = z0, producing a signal V ind at the terminals of the
front-end amplifier with input impedance Zin. The other side of the drift tube is terminated with an
impedance ZT . (c) To compute the weighting field, a current Iw(t) = Qwδ(t) is applied as shown.

environment are sufficiently homogeneous along the direction of propagation, transverse electro-

magnetic (TEM) modes are most important.

For TEM modes, all fields are purely transverse, i.e. the vector Ew lies in the xy-plane. Maxwell’s

equations in the transverse plane reduce to the laws of electrostatics and magnetostatics [46], and

propagation of waves is only possible along the longitudinal z-direction. This implies that the

weighting field has the structure

Ew(r, z, t) = V (z, t)
−∇φw(r;Vw)

Vw
, (1.20)

where φw(r;Vw) is the electrostatic potential in the transverse plane and r =
√
x2 + y2. It corre-

sponds to the situation where a potential Vw is applied to the anode wire while the outer cathode is

kept at ground. The voltage V (z, t) =
∫ r=b
r=a ds · Ew(r, z, t) is the instantaneous potential difference

between the inner conductor and the outer mantle. In a TEM field configuration, it is unambigu-

ous and not dependent on the path of integration. Its full functional form is determined by the

telegrapher’s equations [46], but this will not be relevant for what follows.

Using Eqs. 1.20 and 1.9, the signal induced by the drifting charge is

V ind(t) =
1

Qw

∫
dt′ V (z0, t− t′)I ind(z0, t′), (1.21)
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(a) (b)

Figure 1.13: The situations in (a) and (b) relate the quantities V ind(ω), I ind(z0, ω), V (z0, ω) and
Iw(ω) by network reciprocity.

where the current I ind(z0, t) is given by

I ind(z0, t) =
q

Vw
∇φw(rq(t);Vw) · ẋq(t).

This result is reminiscent of Eq. 1.19. The Ramo-Shockley theorem in Eq. 1.15 identifies I ind(z0, t)

as the current induced on the inner conductor at the position of the primary ionisation event, com-

puted in the electrostatic approximation. Eq. 1.21 propagates this current through the transmis-

sion line to obtain the signal at the position of the amplifier. In the frequency domain, it reads

V ind(ω) = V (z0, ω) · I ind(z0, ω)/Iw(ω), which Figure 1.13 reveals as an application of the network

reciprocity relation in Eq. 1.4.

This calculation demonstrates a physically very intuitive fact: the induced signal can be obtained

by first computing the induced current at the location of the drifting charge, and then transmitting

this signal along the axis of the drift tube. The physics of signal induction factorises from the prop-

agation of this signal through the circuit.

1.4.2 Dipole antennas as particle detectors

Antennas are detectors which directly measure electric and magnetic fields emitted by moving

charged particles, often over very long distances. Figure 1.14 shows infinitesimal electric and mag-

netic dipole antennas as two very simple realisations. (The following discussion also applies to

antennas of finite extent, provided that their size remains small compared to the wavelength of the

incoming radiation field.)

The two terminals x1 and x0 of the electric dipole in Figure 1.14a are separated by an infinitesimal

distance ds along the z-axis. The antenna is positioned at the origin of the coordinate system. The

detector signal is formed by the voltage V ind(t) measured between these two points along the path

S|, as shown in the figure. The magnetic dipole in Figure 1.14b consists of an infinitesimal loop S◦ in

the xy-plane situated at the origin and enclosing an area dA. The space surrounding the antennas
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(a) (b)

Figure 1.14: Infinitesimal antennas as particle detectors. (a) An infinitesimal electric dipole antenna
oriented along the z-axis and its weighting field Ew|(x, t). (b) An infinitesimal magnetic dipole
antenna in the xy-plane and its weighting field Ew◦(x, t).

is taken to be filled with a homogeneous, isotropic material with permittivity ε and permeability µ.

The weighting field Ew|(x, t) for the electric dipole is computed as the response to a line current

Iw(t) = Qwδ(t) flowing along the path S|, as illustrated in Figure 1.14a. Maxwell’s equations are

most conveniently solved in spherical coordinates with radial coordinate r, polar angle θ (measured

from the z-axis) and azimuthal angle ϕ (measured from the x-axis). Only the radial and polar

components Erw| and E
θ
w| are nonvanishing. They read

Erw|(r, θ) = −2
Qwds

4πε

cos θ
r3

[
Θ
(
t− r n

c

)
+
r n

c
δ
(
t− r n

c

)]
, (1.22a)

Eθw|(r, θ) = −
Qwds

4πε

sin θ
r3

[
Θ
(
t− r n

c

)
+
r n

c
δ
(
t− r n

c

)
+
(r n
c

)2
δ′
(
t− r n

c

)]
, (1.22b)

Eϕw|(r, θ) = 0, (1.22c)

where δ′(x) is the derivative of the Dirac delta distribution. The weighting field contains a shock

front propagating outwards with a velocity v = c/n where n = c
√
µε is the refractive index of the

material and c is the speed of light in vacuum. For t > r n/c the weighting field corresponds to the

field of a static electric dipole with dipole moment p = −Qw ds ẑ situated at the origin, where ẑ is

the unit vector in z-direction.

A similar calculation returns the weighting field Ew◦ of themagnetic dipole antenna. The current

Iw(t) = Qwδ(t) is now set to flow along the path S◦ in the direction shown in Figure 1.14b. The

result

Eθw◦(r, θ) = 0, (1.23a)

Erw◦(r, θ) = 0, (1.23b)
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Eϕw◦(r, θ) =
Qw dAµ

4π

sin θ
r2

[
δ′
(
t− r n

c

)
+
r n

c
δ′′
(
t− r n

c

)]
(1.23c)

displays a similar shock front extending outwards from the position of the antenna.

The weighting fields in Eqs. 1.22 and 1.23 contain “Coulomb terms” with a 1/r2-dependence and

“radiation terms” which decay like 1/r. They may be convolved with a general trajectory xq(t) of a

moving charged particle according to Eq. 1.9. The calculation is slightly lengthy and reproduced in

full in Ref. [1]. It shows that the signal V ind
| measured by the infinitesimal electric dipole corresponds

to the electric field E produced by the moving particle evaluated at the position of the antenna and

projected onto its orientation,

V ind
| (t) = E(x = 0, t) · ẑ. (1.24)

Similarly, the infinitesimal magnetic dipole measures the rate of change of the magnetic flux dAB· ẑ

produced by the moving particle,

V ind
◦ (t) = −dA ∂B(x = 0, t)

∂t
· ẑ, (1.25)

consistent with the Maxwell-Faraday equation ∇× E(x, t) = −∂tB(x, t).

1.4.3 Radio emissions of showers induced by cosmic rays

An important application of the results obtained in Section 1.4.2, and in particular Eqs. 1.24 and 1.25,

is the experimental study of the radio signature of showers induced by ultra-high energy cosmic rays.

Charged cosmic rays that impinge on the atmosphere produce particle showers which develop

over length scales of several kilometres [47]. Similar showers may be triggered in dense media, such

as water ice, by astrophysical neutrinos with energies of the order of petaelectronvolts. The number

of particles contained in the shower grows approximately exponentially during the early stages of

its formation. These showers are not globally charge neutral and so represent an electric current

that leads to the production of electromagnetic radiation which provides an excellent experimental

signal [48]. In particular, the characteristics of the radiation pattern from the excess of negative

charge produced at the shower front were first described in detail by Askaryan [15].

Large-scale arrays of radio antennas are either planned [16] or already in operation [49] to study

the radio signature of showers developing in air or in water ice. Both media are remarkably trans-

parent to electromagnetic radiation with frequencies of a few GHz. A radio array positioned on the
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Figure 1.15: Simple model for an electromagnetic shower. The shower front is represented by a point
charge q(t) moving at a constant velocity v. The radiation produced by the shower is received by
an infinitesimal electric dipole antenna positioned at the origin.

surface can thus effectively generate the vast instrumented volumes that are required to achieve

good sensitivity to very rare events.

To expose the salient physical properties of these radio emissions, it is not necessary to include

all phenomenological details of the shower evolution, nor is it important to have a precise description

of the environment in which the shower develops. At distances that are much larger than the lateral

extent of the shower, a one-dimensional model is sufficient. In this model, the shower front and

its growing negative charge excess are represented by a time-dependent point charge q(t) < 0.

This charge moves along a straight trajectory xq(t) = (xq(t), yq(t), zq(t))
T = b + vt with v = βc

through amediumwith refractive indexn. The fields and radiation produced by the resulting current

Je(x, t) = q(t) v δ(x− xq(t)) are observed by an infinitesimal dipole antenna situated at the origin

and oriented along the z-direction. The situation is illustrated in Figure 1.15.

The signal V ind
| produced by the antenna is computed using the signal theorem in Eq. 1.9 and

the weighting field from Eq. 1.22. It reads

V ind
| (t) = − ds

4πε

∫ ∞

−∞
dt′q(t′)Θ

(
t− t′ − rq n

c

) d

dt′
zq
r3q

− ds

4πε

∫ ∞

−∞
dt′q(t′) δ

(
t− t′ − rq n

c

) rq n
c

d

dt′
zq
r3q

+
ds

4πε

∫ ∞

−∞
dt′q(t′) δ′

(
t− t′ − rq n

c

) n2

c2r3q

(
zq xq · ẋq − r2q żq

)
,

where rq = ‖xq‖ and the dependence of xq on t′ is suppressed for clarity. The remaining manip-

ulations simplify if the shower front moves at subluminal velocities nβ < 1. Evaluating the above

integrals for this case shows that the signal contains three contributions with different physical ori-
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gins, V ind
| = V ind

Front+V
ind
Ions+V

ind
Askaryan. The first contribution, V ind

Front, is the (Lorentz-boosted) Coulomb

field of the moving charge q(t) representing the shower front. The moving shower front leaves be-

hind a trail of positive charges at rest, whose Coulomb field is given by the second term, V ind
Ions. The

third signal component, V ind
Askaryan, is the Askaryan radiation term associated with the shower front

[15]. It depends explicitly on q̇(t). Explicitly, these signal components read

V ind
Front(t) = −

ds

4πε

[
q(t)

|1− nβ cosϑ|3
1

r2q

(
1− n2β2

)(zq
rq

+ nβz
)]

tret

, (1.26a)

V ind
Ions(t) =

ds

4πε

∫ tret

−∞
dt′q̇(t′)

zq
r3q
, (1.26b)

V ind
Askaryan(t) = −

ds

4πε

[
q̇(t)

|1− nβ cosϑ|(1− nβ cosϑ)
n

rqc

(
nβz + nβ cosϑ

zq
rq

)]
tret

, (1.26c)

with x̂q = xq/rq and ϑ is the angle between v and −x̂q . The retarded time tret is related to the

coordinate time t as tret + rq(tret)n/c = t [50]. For the shower trajectory studied here, it is

tret =
1

1− n2β2
[
t− n

c

√
b2 + β2(c2t2 − n2b2)

]
.

For some applications it is convenient to express Eq. 1.26 as an explicit function of the coordinate

time. To eliminate the retarded time tret, the following relations between retarded and non-retarded

quantities are useful [50],

[
r2q(1− nβ cosϑ)2

]
tret

= b2(1− n2β2) + β2c2t2,

[cosϑ]tret = nβ

(
1− c t

[n rq]tret

)
,[

zq
rq

]
tret

=
bz + βzct

[rq]tret
− nβz,

[
r2q
]
tret

= b2 +
β2c2

(1− n2β2)2
[
t− n

c

√
b2 + β2(c2t2 − n2b2)

]2
.

With the result in Eq. 1.24, the three terms in Eq. 1.26 may be completed into an expression for

the electric field at the position of the dipole antenna,

E(t) = − ds

4πε

[
q(t)

|1− nβ cosϑ|3
1

r2q

(
1− n2β2

)
(x̂q + nβ)

]
tret

+
ds

4πε

∫ tret

−∞
dt′q̇(t′)

xq
r3q
−

− ds

4πε

[
q̇(t)

|1− nβ cosϑ|(1− nβ cosϑ)
n

rqc
(nβ − (nβ · x̂q) x̂q)

]
tret

,

which reveals that the electric field due to the Askaryan effect is oriented along the velocity com-
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Figure 1.16: Signal components induced in the dipole antenna by the developing shower. All compo-
nents are scaled by suitable powers of r(t) and z0 to show their intrinsic strength, and z0/b = 10 is
chosen. (a) The signal V ind

Front produced by the Coulomb field of the shower front. (b) The signal V ind
Ions

produced by the Coulomb field of the ion tail. (c) The signal V ind
Askaryan attributed to the Askaryan

effect.

ponent β⊥ = β − (β · x̂q)x̂q perpendicular to the line of sight [51].

The three signal components in Eq. 1.26 are illustrated in Figure 1.16 for a shower developing in

the xz-plane parallel to the x-axis. The net charge of the shower front is taken to grow exponentially

with time, q(t) = q exp
(
βct
z0

)
, where the quantity z0 parameterises the longitudinal length scale

of the shower development. This simple model is, of course, not accurate in the late stages of the

shower but provides an excellent approximation in cases where the showermaximum is reached only

well beyond its point of closest approach to the antenna. The contributions V ind
Front and V ind

Ions both

lead to unipolar detector signals. The polarity of the Askaryan signal V ind
Askaryan changes as the charge

moves past the observer, arising from a sign flip in β⊥. It also becomes relatively more important

at high shower energies.

Signal simulations for radio neutrino observatories Accurate simulations of the radio signa-

ture of the shower are important for the present and next generation of cosmic-ray radio detection

experiments. This is particularly pertinent for in-ice neutrino observatories [16] such as the one in

Figure 1.1b. A number of instrumental and physics backgrounds must be understood to be able to

reconstruct the neutrino energy, e.g. contaminations from the thermal noise emitted by the ice or

air-shower cores impacting the ice from above [52].

However, the direct, exact computation of the radio emissions through the numerical solution of

Maxwell’s equations presents significant challenges for realistic scenarios and detector geometries.

The instrumented volume of O(km3) must be discretised with a resolution of O(cm) to capture
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propagation and diffraction of waves in the GHz domain. The incoming shower can have an ar-

bitrary orientation with respect to the array, leaving no useful symmetries to be exploited. The

presently available simulation infrastructure therefore typically uses simplified parameterised mod-

els or geometric optics approximations [53].

The signal theorem in Eq. 1.9 has the potential to avoid these shortcomings and significantly

extend the scope of current simulation tools. Even for practically relevant detector geometries and

ice models, the weighting field continues to have an approximate cylindrical symmetry. This greatly

simplifies its numerical calculation and realistic weighting fields are readily obtained with available

numerical methods [54] and then discretised and stored. The electric field at the position of the

antenna, or the filtered detector signal V out, is then determined through a numerical convolution of

the stored weighting field with the particle trajectories from aMonte Carlo evolution of the shower.

1.5 Conclusions

For charged-particle detectors consisting of linear, inhomogeneous, anisotropic, non-symmetric ma-

terials, the induced signal may be computed with the signal theorem in Eq. 1.9, rigorously explaining

the characteristics of this signal as consequences of classical electrodynamics. The theorem applies

to all devices that detect fields or radiation from moving charges. It explicitly shows how the signal

arises as the convolution of the trajectory of the particle with the weighting field, which encodes

the geometry of the detector and its environment.

This result allows electrodynamic situations to be described that are not easily accessible with

previous methods, and reduces to these prescriptions in various special cases. It has important ap-

plications in situations where the signal formation involves a combination of electrostatic induction

and wave propagation, such as in long drift tubes; or where the detector signal is predominantly or

entirely caused by electromagnetic radiation, as it is the case for radio neutrino observatories.
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Chapter 2

The statistics of electron-hole

avalanches in semiconductors

Charge avalanche amplification is an important experimental technique indispensable in many ap-

plications where small amounts of initial charge need to be detected or amplified. An avalanche can

form only when conditions are such that the initial charge carriers may participate in processes that

produce additional charge carriers of the same type. Provided these multiplication reactions can be

sustained for a sufficiently long time, exponentially large gains are possible, allowing macroscopi-

cally large signals to be induced by even a single initial charge carrier.

Charge avalanches in gases were studied in detail by Townsend [55], who identified electrons

as the charge carrier species propelling the growth of the avalanche and electron impact ionisa-

tion as the physical mechanism behind charge multiplication. In recent decades, advances in the

manufacturing of semiconductors have made it possible to construct devices that exhibit avalanche

multiplication in the solid state. Charge carriers of both polarities, electrons and holes, generally

participate in these avalanches.

The understanding of the physics behind Townsend discharges has sparked the development of

a new class of sensitive instruments, with the Geiger counter as one of the most impactful examples.

Similarly, exploiting avalanche multiplication in semiconductors has allowed particle detectors with

superb timing capabilities to be constructed [56].

Therefore, it is pertinent to develop a rigorous understanding of the phenomenology of the

electron-hole avalanche and the ultimate performance limits of any detection device employing

avalanche amplification. Such a treatment need not necessarily deal with all the details and in-
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(a) (b) (c)

Figure 2.1: Formation of electron-hole avalanches in silicon devices. (a) A highly-doped p–n junction
to which a reverse-bias voltage Vd is applied creates very strong electric fields in a region with a
thickness of a few microns. The junction is bounded by two conducting electrodes. (b) Electrons (e)
and holes (h) drift in opposite directions in the, generally position dependent, electric field. (c) The
charge carriers receive energy from the field and undergo impact ionisation, leading to the formation
of additional electron-hole pairs.

tricacies of practical devices. Rather, deliberately reducing the complexity of the situation, while

retaining the essential character of the avalanche, helps to clearly expose its central features and

often allows them to be condensed into simple, analytic formulae.

Figure 2.1a shows the situation that forms the starting point of this discussion. Upon reverse-

biasing, a strongly doped p–n junction exhibits strong electric fields of the order of 20–60 V/µm

in a thin layer with a thickness of about 0.5–2 µm. The position dependence of the field is set by

the doping profile. Free charge carriers, the quasiparticles electrons and holes, drift in opposite

directions in this electric field, as shown in Figure 2.1b. As in gases, they may undergo impact

ionisation reactions such as those shown in Figure 2.1c, leading to the creation of additional pairs

of electrons and holes and therefore the amplification of the initial charge. According to the Ramo-

Shockley theorem in Eq. 1.15, the instantaneous number of drifting charges determines the current

I ind that is induced on the metal contacts of the junction and which forms the signal produced by

the device.

Of particular interest to the treatment here is the limit of high avalanche gain. For sufficiently

strong electric fields above the “breakdown limit” of the diode, the electron-hole avalanche becomes

self sustaining, i.e. the number of charge carriers in the avalanche continues to grow exponentially as

long as the electric field is maintained. Below the breakdown limit, impact ionisation is insufficient
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Figure 2.2: The evolution of the total number of charges (electrons and holes) participating in a
series of avalanches obtained from a Monte Carlo simulation. Each avalanche is initiated by a
single electron and develops in a layer of silicon with a thickness of 0.5 µm to which a reverse bias
voltage of 21.8 V is applied. A threshold is applied on the induced current I ind. A vertical dashed
line indicates the time at which each avalanche crosses the threshold. One avalanche fails to remain
self-sustaining and does not cross the threshold.

to maintain continued growth. The avalanche collapses and stops after a finite time. This case is

extensively described in Ref. [57] and not further discussed here. Figure 2.2 shows several simulated

avalanches evolving in the regime above breakdown, illustrating several important aspects of their

phenomenology that are quantitatively studied in the following.

Impact ionisation reactions occur stochastically, leading to fluctuations in the development of

the avalanche. These avalanche fluctuations are particularly pronounced at early times when the

avalanche consists of only a small number of charge carriers. In this regime, there is a nontrivial

probability for all charge carriers to drift out of the high-field region without undergoing any fur-

ther impact ionisation reactions, which ends the avalanche discharge. Even above breakdown, the

“efficiency” for a certain initial charge deposit to trigger a self-sustaining avalanche remains finite.

For sufficiently large avalanches, the avalanche fluctuations average out and only a determinis-

tic, exponential growth remains. Nonetheless, the initial fluctuations have important consequences

for the avalanche evolution at late times and for the operation of a practical device. Such a de-

vice may be operated as a counting detector which registers an event when the avalanche current

I ind exceeds a certain predetermined threshold. The threshold is usually chosen to correspond to

a current large enough to simplify the design of the detector electronics. As Figure 2.2 shows, the

avalanche fluctuations generate variations in the threshold crossing time and therefore limit the

time resolution of the detector.
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Figure 2.3: (a) Simple passive circuit to ensure quenching of large avalanches. (b) Continued evolu-
tion of the avalanches from Figure 2.2.

In any practical detector, the exponential growth of the avalanche must be stopped after the

threshold crossing and all charge carriers removed from the junction so that the device is prepared

for the detection of the next event. Figure 2.3a shows a simple example of such a “quenching”

circuit, where the p–n junction is connected to the bias voltage supply through a resistance Rq .

As the avalanche grows, the induced current leads to a reduction of the bias voltage Vd to values

below the breakdown limit and eventually to the collapse of the avalanche, shown in Figure 2.3b.

The dynamics of the quenching is determined by the interplay of the avalanche and the external

quenching circuitry. Provided that the avalanche becomes self-sustaining, it ensures that the signals

produced by the device for subsequent events have a constant amplitude and identical, deterministic

shape, independent of the amount or distribution of the initial charge.

The remainder of this chapter covers the full evolution of the electron-hole avalanche as set out

above. Section 2.1 formulates a simplified model of the avalanche which forms the basis for all sub-

sequent investigations. Extracting predictions from any kind of model requires a well-adapted set

of mathematical tools. Stochastic avalanches are most effectively described using the language of

many-body quantum mechanics, suitably modified to apply to classical systems. These modifica-

tions are detailed in Section 2.2. The next two sections study in detail the emergence of avalanche

fluctuations at early times. Section 2.3 lays the groundwork by considering the idealised scenario of

an infinitely extended semiconductor and a constant electric field. Realistic geometries encountered

in a practical device, i.e. thin avalanche regions and inhomogeneous electric fields, are considered
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in Section 2.4. In some cases, the analytic description of the avalanche development requires cal-

culations of a certain technical complexity. The main steps of these calculations are outlined in the

main text and summaries of the most important conclusions are available at the end of each section.

All arguments are sufficiently general to apply to a variety of semiconductor materials. Silicon is of

great practical relevance for the construction of detectors, so that a more detailed discussion of this

case is in order, given in Section 2.5. Finally, Section 2.6 describes the quenching process.

2.1 Avalanche model and assumptions

In practical realisations of the device in Figure 2.1a, the p–n junction is often part of a pixel structure.

The pixel size in the direction transverse to the electric field, denoted asD, is of the order of 5–15 µm

[58]. This is much larger than the longitudinal thickness d of the high-field region. In the limit

D/d� 1, the configuration of the electric field is effectively one-dimensional and the development

of the avalanche can be modelled as such with good approximation. (This does not apply to cases

where the avalanche develops close to the transverse boundary of the diode, where the electric field

has a more complicated structure.) In a physical device, the avalanche discharge forms a cylindrical

“microplasma tube” with a nontrivial phenomenology [59]. In a parallel field geometry, its transverse

extent is determined by diffusion and drift of the participating charge carriers. This does not affect

the statistics of the avalanche process and is thus irrelevant for many of the phenomena discussed

here.

Figure 2.4a lays out the coordinate system used to describe the high-field region, also referred

to as the “avalanche region” in the following. The electric field generated by the reverse bias voltage

Vd is taken to point in the negative x-direction. The drift velocities of electrons and holes depend on

the local electric-field strength E(x). With the chosen field direction, electrons drift towards posi-

tive x with velocity ve(x) and holes drift towards negative x with velocity vh(x). Impact ionisation

processes are modelled as shown in Figure 2.4b. The probability for an electron to multiply in the

small spatial interval dx is taken to be α(x)dx. Analogously, the probability for a hole to multiply

is given by β(x)dx. The probabilities for a multiplication to occur in a small time interval dt are

then α(x)ve(x)dt and β(x)vh(x)dt. The impact ionisation coefficients α(x) and β(x) encode the

details of the underlying scattering processes in the material. They are strongly dependent on the

local electric field strength. In analogy to avalanches in gases, α and β are sometimes referred to as

“Townsend coefficients”. They are treated here as external input parameters for which parameteri-
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(a) (b)

Figure 2.4: (a) Electrons and holes drift in opposite directions with velocities ve(x) and vh(x). (b)
Impact ionisation processes proceed with a rate α(x)ve(x) when initiated by an electron, and with
a rate β(x)vh(x) when initiated by a hole.

sations are available in the literature for specific materials (cf. Section 2.5 for the case of silicon).

The impact ionisation coefficients are assumed to be local quantities, parameterising the prob-

ability for impact ionisation to occur at a certain position x. Any dependence on the history of the

charge carriers, such as on the distance travelled by the charge carrier since the last ionisation event,

are neglected here. These “dark space” effects [60] modify the details of the avalanche evolution but

do not drastically alter its phenomenology.

Avalanche fluctuations arise in the early stages of the evolutionwhere the total number of charge

carriers is small and the backreaction on the externally impressed field caused by space-charge

effects is negligible. In the following, all charge carriers in the avalanche are therefore assumed to

evolve independently, irrespective of the total number of charges already present in the avalanche.

2.2 Avalanches as stochastic many-body systems

With the assumptions laid out in Section 2.1, the avalanche satisfies the Markov property [61]: a

full description of the avalanche at a certain time t0, the current “state” of the avalanche, contains

enough information to allow the state at any future time t > t0 to be computed.

As a stochastically evolving system, a complete description of the state of the avalanche is equiv-

alent to a specification of the probability p(A) with which a certain avalanche configuration A oc-

curs. An “avalanche configuration” is a sufficiently detailed description of a concrete realisation of

an avalanche. Exactly which amount of information constitutes a “sufficient” set depends on the

situation. In the most general (and most complex) case, A contains the spatial positions of all par-

ticipating electrons and holes, or equivalently, their spatial densities ne(x) and nh(x). In situations

where both thematerial and the electric field are homogeneous, it is sufficient to describeA through
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the total numbers of electrons and holes, Ne and Nh. Both cases are treated in the following.

The probability p(A) changes with time as the avalanche evolves, denoted as p(A, t). For a

Markov process, the time evolution is described by an equation of the form

d

dt
p(A, t) =

∑
A′

[
T (A′ → A) p(A′, t)− T (A → A′) p(A, t)

]
. (2.1)

The two terms on the right-hand side correspond to the two ways in which the probability p(A, t)

may change in the small time interval [t, t+ dt]. First, an avalanche in configurationA′ may evolve

into A, thereby increasing p(A, t) by an amount proportional to p(A′, t). This is captured by the

first (positive) term, where T (A′ → A) labels the rate at which the transition occurs. The second

(negative) term represents avalanches that are evolving away from the configurationA into another

configuration A′, thereby reducing p(A, t) by a proportional amount.

The set of all transition rates T (A → A′) is collectively referred to as the “transition matrix”. It

encodes the complete dynamics of the avalanche process. Expressing the matrix elements explicitly

can involve significant (technical) complexity, particularly in situations where the description of the

avalanche configuration A is very detailed.

The remainder of this section describes an efficient formalism for the solution of Eq. 2.1. It is

based on the occupation-number representation familiar from quantum mechanics; a vector in a

Fock space is used to represent the state of the avalanche. Operators are defined that may act on

this state and modify it in well-defined ways to describe the time evolution of the system. When

expressed in terms of these objects, Eq. 2.1 closely resembles the Schrödinger equation. This in no

way implies that the avalanche is interpreted as a quantum system. Rather the opposite: the way

in which many-body quantum mechanics is conventionally formulated provides a very powerful

framework for the description of Markov processes.

The treatment given here is rather loose and certain mathematical liberties are taken to empha-

sise the physical connections between classical avalanches and quantummechanics. More complete

and more rigorous descriptions of the formalism are available in the literature [62–65] and in the

original publication of this work [3].

2.2.1 Avalanche configurations and state vectors

An avalanche configuration A is associated with a vector |A〉, which is an element of a Fock space.

A more explicit notation includes the degrees of freedom of the avalanche (its “quantum numbers”)
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as |A〉 = |Ne, Nh〉 or |A〉 = |ne(x), nh(x)〉. For now, it is more convenient to suppress these

details and to refer to the abstract vector |A〉 whenever the nature of the underlying attributes is

not relevant. The configuration without any charges (the “vacuum”) receives a dedicated symbol,

|0〉.

The vectors |A〉 serve as a basis of the vector space from which more complicated states may

be assembled. In the most general case, the avalanche is found in configuration A with probability

p(A, t). The vector |ψ(t)〉 representing this generic state is given by the “superposition” of the basis

states in which the probabilities p(A, t) take the role of the coefficients,

|ψ(t)〉 =
∑
A
p(A, t) |A〉 . (2.2)

In this expression, the
∑

symbol is used to represent both discrete or continuous sums, depending

on the nature of the degrees of freedom in A. This decomposition is compatible with the inter-

pretation of |A〉 as states having well-defined avalanche configurations. Eq. 2.2 encodes the full

information about the set of probabilities p(A, t). They may be recovered by projecting |ψ〉 onto

|A〉, i.e. p(A, t) = 〈A|ψ〉 / 〈A|A〉. (The basis states are orthogonal but generally not orthonormal

with respect to the inner product.)

Eq. 2.2 also exposes the “normalisation condition” imposed on any well-formed state vector: as

probabilities, the linear sum over all coefficients must evaluate to unity, i.e.
∑

A p(A, t) = 1.

2.2.2 Observables and expectation values

Given a state |ψ(t)〉, an important task is to find the expectation value of an observable O(A) that

depends on the avalanche configuration, i.e. to compute the sum

〈O(A)〉 =
∑
A
O(A)p(A, t). (2.3)

Important observables include the total number of electrons or holes in the avalanche, O(A) = Ne

or O(A) = Nh, as well as the total number of charge carriers, O(A) = Ne + Nh. To evaluate

Eq. 2.3, it is convenient to introduce a special dual vector 〈avg|. Its defining property is that it has

unit overlap with all basis vectors |A〉, i.e. 〈avg|A〉 = 1 for all |A〉. (It is not obvious at this point

that such a vector even exists. The explicit form of 〈avg| is given below in Sections 2.3.1 and 2.4.1.)

Each observable O(A) is associated to an operator Ô. In the basis spanned by the vectors |A〉, the

action of Ô is diagonal: the operator Ô, acting on |A〉, reduces to the function O(A) multiplying
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the state, i.e. Ô |A〉 = O(A) |A〉.

With these definitions, the expectation value in Eq. 2.3 may be computed for a general state

|ψ(t)〉 by acting on the state with the operator Ô and taking the inner product with 〈avg|. This

operation gives

〈avg|Ô|ψ(t)〉 =
∑
A
p(A, t) 〈avg|Ô|A〉 =

∑
A
p(A, t)O(A) 〈avg|A〉 = 〈O(A)〉 . (2.4)

This makes manifest that expectation values are linear functions of the state vector, and thus of

the probabilities encoded therein. This is to be contrasted with quantum mechanics where the

expectation value of an operator Ô is 〈ψ|Ô|ψ〉 and thus depends quadratically on the amplitudes.

2.2.3 Time evolution

The development of the avalanche is described through the time evolution of the underlying state

vector and of important expectation values. The time evolution of |ψ(t)〉 is implemented by a time

translation operator Û(dt), which encodes the dynamics of the system over an infinitesimal time

step. Its defining property is its action on a generic state |ψ(t)〉,

Û(dt) |ψ(t)〉 = |ψ(t+ dt)〉 . (2.5)

In the basis {|A〉}, the time translation operator may be expanded as

Û(dt) =
∑
A,A′

p(A → A′; dt)
|A′〉 〈A|
〈A|A〉

, (2.6)

where p(A → A′; dt) labels the probability to transition from configuration |A〉 to |A′〉 within the

time interval dt. (To see that Eq. 2.6 implements the definition in Eq. 2.5, it is sufficient to act with

Eq. 2.6 on the expansion of a general state |ψ(t)〉 in Eq. 2.2.) The time translation operator is closely

related to the transition matrix elements T (A → A′) from Eq. 2.1,

p(A → A′; dt) = dt T (A → A′), A 6= A′ (2.7a)

p(A → A; dt) = 1− dt
∑
A′ 6=A

T (A → A′). (2.7b)

The operator Û(dt) may be brought into the form Û(dt) = 1+ dtĤ , where Ĥ is referred to as

the “Hamiltonian” of the system. Using Eqs. 2.6 and 2.7, the Hamiltonian may be expressed as

Ĥ =
∑
A

∑
A′ 6=A

T (A → A′)
|A′〉 〈A|
〈A|A〉

−
∑
A

∑
A′ 6=A

T (A → A′)
|A〉 〈A|
〈A|A〉

. (2.8)
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It appears in the time-evolution equation for |ψ(t)〉,

d

dt
|ψ(t)〉 = Ĥ |ψ(t)〉 . (2.9)

This equation is equivalent to Eq. 2.1: an explicit evolution equation for p(A, t) may be recovered

by taking the inner product with 〈A|,

d

dt
p(A, t) = d

dt

〈A|ψ(t)〉
〈A|A〉

=
〈A|Ĥ|ψ(t)〉
〈A|A〉

. (2.10)

Eq. 2.9 also gives rise to time-evolution equations for expectation values. From Eq. 2.4,

d

dt
〈O(A)〉 = d

dt
〈avg|Ô|ψ(t)〉 = 〈avg|ÔĤ|ψ(t)〉 . (2.11)

Time evolution must preserve the normalisation of the state |ψ〉, i.e. 〈1〉 =
∑

A p(A, t) = 1 for

all times t, and thus d
dt 〈1〉 = 0. This is compatible with Eq. 2.11 only if the Hamiltonian obeys

〈avg| Ĥ = 0. This constraint is the analogue of the hermiticity requirement Ĥ† = Ĥ in quantum

mechanics. Eq. 2.11 may thus also be written in the form

d

dt
〈O(A)〉 = 〈avg|

[
Ô, Ĥ

]
|ψ(t)〉 , (2.12)

with the commutator
[
Ô, Ĥ

]
= ÔĤ − ĤÔ. The evolution equation in this form is extremely

important. It may be used to extract information about the time evolution of the system even in

complicated cases where Eq. 2.9 itself can no longer be solved explicitly.

Since
[
Ô,1

]
= 0, the time-evolution operator may be used interchangeably with the Hamilto-

nian in the evaluation of commutation relations,

[
Ô, Ĥ

]
=

1

dt

[
Ô, Û(dt)

]
.

This relation is used extensively in Section 2.4.

2.3 Avalanches in an infinite semiconductor with constant electric

field

The simplest interesting scenario is that in which an electron-hole avalanche forms in an infinitely

extended semiconductor embedded in a constant electric field, shown in Figure 2.5. The absence of

any spatial boundaries across which charges may be removed allows the intrinsic dynamics of the
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(a) (b)

Figure 2.5: (a) A one-dimensional semiconductor of infinite spatial extent, exposed to a constant
electric field E. Electrons and holes drift in opposite directions with constant velocities ve and vh.
(b) Multiplication processes occur in the material at a rate independent of the position x.

avalanche to be studied in isolation and the most salient features of its development to be exposed.

In these conditions, the drift velocities ve and vh as well as the impact ionisation coefficients α

and β become independent of the position x. All spatial locations are equivalent and the evolution

of the avalanche is fully determined in terms of the total numbers of electrons and holes, Ne and

Nh. It is not necessary, therefore, to follow the evolution of the spatial carrier densities ne(x) and

nh(x), which greatly simplifies the discussion.

2.3.1 Fock space and Hamiltonian

The formalism introduced in Section 2.2 is straightforwardly specialised to the situation at hand.

The particle content of the basis vectors is now made explicit in the notation: |A〉 = |Ne, Nh〉

represents an avalanche configuration consisting of Ne electrons and Nh holes.

It is convenient to introduce several operators that allow these states to be manipulated.

Ladder algebra The basis vectors may be constructed from the empty avalanche |0〉 by adding

the required numbers of charges,

|Ne, Nh〉 =
(
â†e

)Ne
(
â†h

)Nh

|0〉 ,

where the operators â†e and â†h are the creation operators for electrons and holes. They increase the

occupation numbers of the corresponding particle species by one,

â†e |Ne, Nh〉 = |Ne + 1, Nh〉 , â†h |Ne, Nh〉 = |Ne, Nh + 1〉 . (2.13)
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(a) (b)

Figure 2.6: (a) Diagrammatic representation of annihilation operators “absorbing” a charge and of
creation operators “emitting” a charge. The hatched blobmay be replacedwith an arbitrary diagram.
(b) Diagrams corresponding to the four terms in the Hamiltonian in Eq. 2.16.

The corresponding annihilation operators âe and âh reduce the corresponding occupation numbers,

âe |Ne, Nh〉 = Ne |Ne − 1, Nh〉 , âh |Ne, Nh〉 = Nh |Ne, Nh − 1〉 . (2.14)

Eqs. 2.13 and 2.14 imply that â†e and âe (as well as â†h and âh) are noncommuting operators. They

satisfy the commutation relations familiar from quantum mechanics, which are collected in Ap-

pendix A.1. The special vector 〈avg| arising in Eq. 2.4 may be expressed in terms of the annihilation

operators, 〈avg| = 〈0| eâe+âh = 〈0|
∑∞

n=0
(âe+âh)

n

n! .

Operators to determine the occupation numbers are constructed in the usual way. The number

operators for electrons and holes are

N̂e = â†eâe, N̂h = â†hâh,

and the states |Ne, Nh〉 are eigenstates for these operators,

N̂e |Ne, Nh〉 = Ne |Ne, Nh〉 , N̂h |Ne, Nh〉 = Nh |Ne, Nh〉 . (2.15)

AvalancheHamiltonian The avalanche Hamiltonian is readily obtained from Eq. 2.8. Transitions

occur between the states |Ne, Nh〉 and |Ne + 1, Nh + 1〉 when one of theNe electrons or one of the

Nh holes undergoes a multiplication reaction and produces an additional electron-hole pair. By

definition of the impact ionisation coefficients in Section 2.1, the transition rate is

T (Ne, Nh → Ne + 1, Nh + 1) = αveNe + βvhNh.

Inserting this relation into Eq. 2.8 and using Eqs. 2.13 and 2.15 yields the Hamiltonian

Ĥ = αve(â
†
eâ

†
hN̂e − N̂e) + βvh(â

†
eâ

†
hN̂h − N̂h). (2.16)
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It admits a very intuitive diagrammatic interpretation. Creation and annihilation operators are

conveniently represented as lines entering or leaving any given diagram as shown in Figure 2.6a.

With this convention, the four terms in Eq. 2.16 lead to the diagrams depicted in Figure 2.6b. They

correspond to the possible interactions that are available to each charge carrier. The probability per

unit time for an interaction to happen appears as a numerical coefficient in the Hamiltonian and

plays the role of the coupling constant of the corresponding interaction vertices.

2.3.2 Evolution of the full state

The evolution of the probabilities p(A, t) ≡ p(Ne, Nh, t) is determined by Eq. 2.10. With the Hamil-

tonian in Eq. 2.16, it becomes

d

dt
p(Ne, Nh, t) = p(Ne − 1, Nh − 1, t) [αve(Ne − 1) + βvh(Nh − 1)]

− p(Ne, Nh, t) [αveNe + βvhNh] , (2.17)

which is the explicit form of the general Eq. 2.1. Its right-hand side expresses the rates of the allowed

transitions between the configurations |Ne, Nh〉 and |Ne + 1, Nh + 1〉. Eq. 2.17 may be solved in

the general case of an avalanche initiated by N0
e electrons and N0

h holes at t = 0, corresponding to

the initial condition p(Ne, Nh, t = 0) = δNe,N0
e
δNh,N

0
h
.

Evolution of the number of additional electron-hole pairs For t > 0, the avalanche can only

reach configurations which differ from its initial state by an integer number of electron-hole pairs.

The number of additional electron-hole pairs produced is denoted asKeh and directly related toNe

and Nh as Ne(Keh) = N0
e +Keh and Nh(Keh) = N0

h +Keh. It is thus natural to first study the

evolution of this variable. Eq. 2.17 may be expressed as an equation for the probabilities p(Keh, t),

d

dt
p(Keh, t) = (Keh − 1) (αve + βvh) p(Keh − 1, t)−Keh (αve + βvh) p(Keh, t)+

+ (αveN
0
e + βvhN

0
h) [p(Keh − 1, t)− p(Keh, t)] , (2.18)

together with the initial condition p(Keh, t = 0) = δKeh,0.

This is an infinite family of coupled ordinary differential equations, which is most easily anal-

ysed in the z-domain. Upon inserting the z-transform [66] of p(Keh, t), defined as P (z, t) :=∑∞
Keh=0 p(Keh, t)z

−Keh , Eq. 2.18 turns into a single partial differential equation in t and z. Ap-
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Figure 2.7: Probability p(Keh, t) to findKeh additional electron-hole pairs at time t in an avalanche
triggered by a single electron at t = 0. The probability p(Keh, t) is defined only for integer values
ofKeh but is drawn here as a continuous function for visual clarity. The drift velocities of electrons
and holes are taken to be equal, ve = vh = v. The dashed grey line corresponds to an avalanche in
which only electrons multiply, β = 0. The solid black line shows an electron-hole avalanche with
identical α+ β but β 6= 0, leading to A = 2/3 in this example.

plying the inverse z-transform to its solution yields the following expression for p(Keh, t),

p(Keh, t) =
Γ(A+Keh)

Γ(A)Γ(1 +Keh)

(
1

ν(t)

)A (
1− 1

ν(t)

)Keh

. (2.19)

with

ν(t) = e(αve+βvh)t, A =
αveN

0
e + βvhN

0
h

αve + βvh
. (2.20)

The “avalanche parameter” A is very important. It characterises the avalanche fluctuations and

appears in expressions for many experimentally relevant expectation values derived in the following.

The quantity ν(t) sets the absolute scale of the exponential growth of the avalanche, to which both

electron-induced and hole-induced multiplication reactions contribute symmetrically. The function

Γ(z) is the gamma function Γ(z) =
∫∞
0 dxxz−1e−x.

Figure 2.7 illustrates p(Keh, t) for different values of the avalanche parameter A. Here and in

the following, the drift velocities of electrons and holes are assumed to be identical for simplicity.

This is correct to good approximation for saturated drift velocities in silicon, as shown in Section 2.5.

For A = 1, a case studied more closely in Section 2.3.4, the distribution reduces to an exponential

distribution with scale parameter ν(t). Small avalanches thus remain the most probable ones at

all times, but both mean and standard deviation of the distribution increase with t. For general
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noninteger A, an additional power-law tail appears at small Keh, but the qualitative behaviour of

the solution remains unchanged.

For late times and large avalanches, Eq. 2.19 simplifies to

p(Keh, t) ≈
1

Γ(A)

(
1

ν(t)

)A
KA−1
eh e

−Keh
ν(t) .

In this limit,Keh is distributed according to a gamma distribution with shape parameterA and scale

parameter ν(t). The mean ofKeh can be read off as their product, 〈Keh〉 = Aν(t). The asymptotic

distribution may thus also be written in a more physically expressive form as

p(Keh, t) ≈
1

Γ(A)

(
A

〈Keh〉

)A
KA−1
eh e

−A Keh〈
Keh

〉
. (2.21)

Evolution of the total number of charges For the computation of the current I ind induced on

the readout electrodes, only the total number N of charge carriers is relevant, N = Ne + Nh. It

is related to Keh as N = N0 + 2Keh, where N0 = N0
e + N0

h is the total number of initial charge

carriers. The solution in Eq. 2.19 may be used to derive an expression for the distribution of N ,

p(N, t) =


Γ(A+N−N0

2
)

Γ(A)Γ(1+N−N0

2
)

(
1
ν(t)

)A (
1− 1

ν(t)

)N−N0

2 if N−N0

2 ∈ N,

0 otherwise.

(2.22)

In the limit of large avalanches whereKeh � N0, the random variablesN andKeh become directly

proportional, and p(N, t) limits to a gamma distribution of the form of Eq. 2.21,

p(N, t) ≈ 1

Γ(A)

(
A

〈N〉

)A
NA−1e

−A N
〈N〉 . (2.23)

Its mean 〈N(t)〉 is computed below in Section 2.3.3. This result may alternatively be written as

p(N, t) ≈
∫ ∞

0
dk∞

kA−1
∞ e−k∞A

Γ(A)A−A δ (N − k∞ 〈N〉) . (2.24)

This formalises what is intuitively apparent from Figure 2.2: at late times, all avalanche realisations

become proportional to the average avalanche and grow deterministically at the same rate,N(t) =

k∞ 〈N(t)〉. The stochasticity generated by the avalanche fluctuations merely affects the overall

normalisation controlled by themultiplicative factor k∞. Eq. 2.24 shows that k∞ is a random variable

that obeys a gamma distribution with a shape parameter of A and a scale parameter of A−1.
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2.3.3 Moments

The moments 〈Km
eh〉 =

∑∞
Keh=0K

m
eh p(Keh, t) encode information about the average evolution of

the avalanche and its fluctuations. Theymay be obtained directly from the exact solution in Eq. 2.19.

The mean and the variance ofKeh are the most important moments,

〈Keh〉 = A (ν(t)− 1) , (2.25)

σ(Keh)
2 =

〈
K2
eh

〉
− 〈Keh〉2 = Aν(t) (ν(t)− 1) . (2.26)

More generally, the expectation values 〈Nm
e N

n
h 〉may be obtained as solutions to evolution equa-

tions of the form of Eq. 2.11. Using Ô = N̂m
e N̂

n
h as the observable of interest and evaluating its

commutator with the Hamiltonian from Eq. 2.16 returns

d

dt
〈Nm

e N
n
h 〉 =

∑
(l,k)∈S

(
m

l

)(
n

k

)(
αve

〈
N l+1
e Nk

h

〉
+ βvh

〈
N l
eN

k+1
h

〉)
. (2.27)

The sum runs over the set S = {(l, k)|0 ≤ l ≤ m, 0 ≤ k ≤ n} \ (m,n) which contains all

combinations of l and k except that in which l = m and k = n simultaneously. An inspection of

the right-hand side of Equation 2.27 shows that it only contains terms
〈
N l
eN

k
h

〉
with l+k ≤ m+n.

Iterating this equation thus gives rise to a closed system of ordinary differential equations that may

be solved systematically for arbitrary m and n. The initial conditions at t = 0 are 〈Nm
e N

n
h 〉 =(

N0
e

)m (
N0
h

)n.
For the first moments 〈Ne〉 and 〈Nh〉, the evolution equations read

d

dt
〈Ne〉 = αve 〈Ne〉+ βvh 〈Nh〉 ,

d

dt
〈Nh〉 = αve 〈Ne〉+ βvh 〈Nh〉 , (2.28)

with the general solution

〈Ne〉 = Aν(t) + βvh
N0
e −N0

h

αve + βvh
, 〈Nh〉 = Aν(t)− αve

N0
e −N0

h

αve + βvh
,

and

〈N〉 = 2Aν(t)− (αve − βvh)
N0
e −N0

h

αve + βvh
. (2.29)

The three second moments
〈
N2
e

〉
,
〈
N2
h

〉
, and 〈NeNh〉 follow the evolution equations

d

dt

〈
N2
e

〉
= αve 〈Ne〉+ βvh 〈Nh〉+ 2αve

〈
N2
e

〉
+ 2βvh 〈NeNh〉 , (2.30a)
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d

dt

〈
N2
h

〉
= αve 〈Ne〉+ βvh 〈Nh〉+ 2βvh

〈
N2
h

〉
+ 2αve 〈NeNh〉 , (2.30b)

d

dt
〈NeNh〉 = αve 〈Ne〉+ βvh 〈Nh〉+ αve

〈
N2
e

〉
+ βvh

〈
N2
h

〉
+ (αve + βvh) 〈NeNh〉 . (2.30c)

The quantity σ(N)2/ 〈N〉2 measures the magnitude of fluctuations of the avalanche around

its average evolution. Similar measures of “relative fluctuations” may be defined for Ne and Nh

individually. The solutions of Eqs. 2.30 reveal the following important relation between the avalanche

parameter A and the relative fluctuations at late times

lim
t→∞

σ(N)2

〈N〉2
= lim

t→∞

σ(Ne)
2

〈Ne〉2
= lim

t→∞

σ(Nh)
2

〈Nh〉2
=

1

A
. (2.31)

Eqs. 2.25 and 2.26 show that the timescale on which the relative fluctuations approach this limiting

value is given by the “saturation time” Tsat = (αve + βvh)
−1. Notably, this timescale is identical to

that governing the average growth of the avalanche.

Eqs. 2.30 also imply that Ne and Nh are maximally Pearson correlated at all times,

ρ(Ne, Nh) =
cov[Ne, Nh]

σ(Ne)σ(Nh)
= 1, (2.32)

as expected from the fact that impact ionisation symmetrically produces both charge carrier species.

2.3.4 Avalanches driven by a single species

Avalanches driven by a single charge-carrier species form an important special case. For β = 0, only

electrons multiply and the situation reduces to that of a Townsend avalanche in a gas discharge.

(The converse case where α = 0 and only holes multiply may not be of practical significance.) If

one impact ionisation coefficient vanishes but the other one does not, the avalanche parameter A

attains an integer value. The expression for p(Keh, t) in Eq. 2.19 then simplifies to

p(Keh, t) =

(
Keh +A− 1

Keh

)(
1

ν(t)

)A(
1− 1

ν(t)

)Keh

.

For an electron avalanche initiated by N0
e electrons, A = N0

e and

p(Ne, t) =

(
Ne − 1

Ne −N0
e

)(
N0
e

〈Ne〉

)N0
e
(
1− N0

e

〈Ne〉

)Ne−N0
e

,

where 〈Ne〉 = N0
e e
αvet. This is the well-known Yule-Furry law [67, 68] for electron avalanches.

Another important special case of significant practical importance is that of an avalanche initi-

ated by a number of electron hole pairs, i.e.N0
e = N0

h = N0
eh. The avalanche parameter is A = N0

eh
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and the evolution is conveniently described in terms of the total number of electron-hole pairs,

Neh = N0
eh +Keh. The statistics of such avalanches is identical to those driven by electrons alone,

p(Neh, t) =

(
Neh − 1

Neh −N0
eh

)(
N0
eh

〈Neh〉

)N0
eh
(
1−

N0
eh

〈Neh〉

)Neh−N0
eh

,

where 〈Neh〉 = N0
ehe

(αve+βvh)t.

2.3.5 Time-response function

The current I ind(t) induced on the readout electrodes of the device may be computed with the

Ramo-Shockley theorem, Eq. 1.15. The weighting field for the parallel-plate geometry is constant

throughout the semiconductor, Ew = Ewx̂, and the current produced by the avalanche is

I ind(t) = e0
Ew
Vw

(veNe + vhNh) , (2.33)

where e0 is the elementary charge. Eq. 2.33 may also be written as

I ind(t) = e0
Ew
Vw

ve + vh
2

(
ve − vh
ve + vh

(N0
e −N0

h) +N

)
, (2.34)

which shows that the current is fully determined by the total number of charges in the avalanche.

The time at which the current crosses an applied threshold of Ith is denoted as tth. The threshold-

crossing time is a random variable whose distribution determines the time resolution of the device.

Eq. 2.34 shows that the threshold current Ith may be converted into an equivalent thresholdNth on

the total number of charges, which is not generally experimentally accessible. It is thus sufficient to

study the statistics of the threshold-crossing time for this case.

The probability distribution of tth is referred to as the “time-response function” ρ(Nth, t). It is

closely related to p(N, t),

ρ(Nth, t)dt = p(Nth, t) [αveNe(Nth) + βvhNh(Nth)] dt. (2.35)

The factor [αveNe(Nth) + βvhNh(Nth)] dt multiplying p(Nth, t) expresses the probability that an

avalanche containingNth charges crosses this threshold in a short time interval [t, t+dt] through one

further multiplication of an electron or a hole. The time-response function is properly normalised

such that
∫∞
0 dt ρ(Nth, t) = 1. With Eq. 2.22, it may be written as

ρ(Nth, t) = (αve + βvh)
Γ
(
1 + Nth−N0

2 +A
)

Γ(A)Γ
(
1 + Nth−N0

2

) ( 1

ν(t)

)A(
1− 1

ν(t)

)Nth−N0

2

, (2.36)
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Figure 2.8: Time response function ρ(Nth, t) for an avalanche initiated by a single electron for thresh-
olds Nth = 3, 101, 1001. The dashed grey line corresponds to β = 0, i.e. a pure electron avalanche.
The solid black line shows an electron-hole avalanche with identical α + β but β 6= 0, i.e. a non-
integer value for the avalanche parameter A.

where it is again understood that (Nth − N0)/2 ∈ N. For large thresholds (and late times), the

time-response function is approximately given by

ρ(Nth, t) ≈
αve + βvh

Γ(A)
exp

(
A log

Nth

2ν(t)
− Nth

2ν(t)

)
. (2.37)

Figure 2.8 shows that the shape of the time-response function changes appreciably only for very

small Nth, caused by the build-up of avalanche fluctuations in this regime. For sufficiently large

thresholds, these fluctuations saturate and the shape of the distribution remains stable. In this

regime, only a shift in the time argument results as the expected time of the threshold-crossing,

〈tth〉, is moved to larger values. This is discussed further in the following section.

2.3.6 Time resolution from time-response function

The time-response function in Eq. 2.36 determines all moments
〈
tnth
〉
=
∫∞
0 dt tnρ(Nth, t) of the

threshold-crossing time. The first two moments are sufficient for the study of the time resolution.

They can be derived as

〈tth〉 =
1

αve + βvh

[
−ψ0 (A) + ψ0

(
1 +

Nth −N0

2
+A

)]
, (2.38a)

〈
t2th
〉
= 〈tth〉2 +

1

(αve + βvh)2

[
ψ1(A)− ψ1

(
1 +

Nth −N0

2
+A

)]
. (2.38b)

46



The functions ψ0 and ψ1 belong to the family of polygamma functions ψk, defined in terms of

derivatives of the gamma function, ψk(z) = dk+1 lnΓ(z)/dzk+1.

The standard deviation of the threshold crossing time, σth =
√〈

t2th
〉
− 〈tth〉2, is used here to

quantify the time resolution. (This is sometimes referred to as the “RMS time resolution”. The full

width at half maximum (FWHM) of the time-response function serves as an alternative measure but

is more difficult to control theoretically.)

With Eqs. 2.38, σth becomes

σth(Nth) =
1

αve + βvh

√
ψ1(A)− ψ1

(
1 +

Nth −N0

2
+A

)
. (2.39)

The time resolution σth deteriorates as the threshold Nth is increased, as anticipated by the discus-

sion following Eq. 2.37. For large thresholds, it saturates at

σth,∞ = lim
Nth→∞

σth(Nth) =

√
ψ1(A)

αve + βvh
. (2.40)

The overall scale of the time resolution is set by the inverse asymptotic growth rate, (αve+βvh)
−1.

The dimensionless expression in the numerator depends on the avalanche parameter and describes

the magnitude of the avalanche fluctuations.

The convergence of Eq. 2.39 to the limiting value is extremely rapid. As Figure 2.9 shows, the

time resolution is virtually identical to its limiting value already for thresholds of Nth ≈ 30–40.

All asymptotic results derived above for “large” thresholds thus hold in excellent approximation for

most situations. This result also suggests that quenching the avalanche at early times in order to

improve the time resolution is not practical.

For the case of an electron avalanche (β = 0) initiated by N0
e electrons, Eq. 2.40 reduces to

σth,∞ =

√
ψ1(N0

e )

αve
≈ 1

αve

1√
N0
e

,

where the approximation is valid for large N0
e . The time resolution improves like σth ∼ 1/

√
N0
e

as the primary charge increases, as expected from the central limit theorem. For a single initial

electron, N0
e = 1, the time resolution becomes

σth,∞ =
1

αve

π√
6
,

as originally derived in Ref. [69] for the case of resistive plate chambers.
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Figure 2.9: Convergence of the time resolution σth(Nth) to its limiting value σth,∞ as Nth increases.
The grey triangles correspond to β = 0, i.e. a pure electron avalanche. The black circles are valid
for an electron-hole avalanche with identical α + β but β 6= 0, i.e. for a non-integer value for the
avalanche parameter A.

2.3.7 Time resolution for large thresholds

The asymptotic time resolution σth,∞ may be computed in a physically more intuitive way that does

not require the full time response function ρ(Nth, t) and generalises better to more complicated

situations. Eq. 2.24 shows that the avalanche evolves as N(t) = k∞ 〈N(t)〉 for late times. With

Eq. 2.29, fluctuations of the threshold-crossing time tth are related to fluctuations of the overall

normalisation of the avalanche as controlled by the random variable k∞,

tth =
1

αve + βvh
log
(
Nth

k∞

)
+ const.

Its standard deviation σth,∞ is

σth,∞ =
σ(log k∞)

αve + βvh
= lim

t→∞

σ(logN)

αve + βvh
. (2.41)

This argument is very general and holds for any multiplication process that leads to (asymptotically)

exponential growth. It shows that the asymptotic time resolution is determined by the fluctuations

of the logarithm of the number of charges in the avalanche, σ(logN).

The moments 〈logN〉 and
〈
log2N

〉
, and thus σ(logN), may be computed using the general

Eq. 2.11 and the Hamiltonian in Eq. 2.16. Evaluating the commutators [log N̂ , Ĥ] and [log2 N̂ , Ĥ]
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shows that these observables do not, however, admit closed evolution equations. This technical issue

can be overcome by constructing operators that are not generally identical to log N̂ and log2 N̂ but

limit to these expressions as the avalanche grows, and for which the evolution equations may be

integrated. This calculation is summarised in Appendix A.2. It gives

lim
t→∞

σ(logN) =
√
ψ1(A), (2.42)

and so recovers the expression in the numerator of Eq. 2.40.

2.3.8 Summary

The most important properties of electron-hole avalanches developing in an unbounded domain are:

(i) The average charge content of the avalanche grows exponentially at a rate of αve + βvh

(cf. Eqs. 2.20 and 2.29).

(ii) The magnitude of avalanche fluctuations around the average evolution is determined by the

avalanche parameter A, which depends on the initial conditions (cf. Eq. 2.20 and 2.31).

(iii) Avalanche fluctuations are predominantly created at early times. They saturate on a timescale

(αve + βvh)
−1, which is identical to the inverse asymptotic growth rate (cf. Eq. 2.31).

(iv) Asymptotically, i.e. at late times, each individual avalanche grows at the same rate as the aver-

age avalanche. In this regime, avalanche fluctuations appear as fluctuations of the total charge

content and follow a gamma distribution (cf. Eq. 2.24).

(v) The time resolution for large thresholds, i.e. saturated fluctuations, is given by Eq. 2.40. The

overall scale of the time resolution is determined by the inverse asymptotic growth rate.

2.4 Avalanches in a thin semiconductor with arbitrary electric field

The treatment is now generalised to the more realistic geometry of a finite avalanche region and a

general position-dependent electric field, as summarised in Figure 2.10. This scenario shares many

properties with the simplified situation studied in Section 2.3 but also introduces significant addi-

tional technical challenges. However, the basic character of the electron-hole avalanche persists,

and the intuition gained from the previous discussion helps to guide the following calculations.
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(a) (b)

Figure 2.10: (a) An electron-hole avalanche develops in a semiconductor with thickness d, which is
exposed to a position-dependent electric field E(x). Electrons and holes drift in opposite directions
with velocities ve(x) and vh(x). (b) Impact ionisation processes proceed with a rate α(x)ve(x)when
initiated by an electron, and with a rate β(x)vh(x) when initiated by a hole.

As before, fluctuations of the induced signal I ind continue to be determined by the fluctua-

tions of the instantaneous number of charges present in the avalanche region. The evolution is now

complicated by the removal of charges from the avalanche through the boundaries at x = 0 and

x = d, with instantaneous outflow rates proportional to ve ne|x=d and vh nh|x=0, respectively. The

presence of the boundaries modifies the average evolution of the avalanche and also changes the

magnitude of its fluctuations around this average. To rigorously describe both effects, it is neces-

sary to determine the evolution of the full spatial carrier densities ne(x, t) and nh(x, t) as random

variables defined on x ∈ [0, d].

Applying the methods developed in Section 2.2 to this problems leads to systems of partial dif-

ferential equations which can be solved efficiently with numerical methods. Analytic solutions of

these equations exist in the special case of position-independent electric fields. They are very phys-

ically illuminating and descriptive of the general character of the avalanche, complementing the

numerical prescriptions.

2.4.1 Fock space and time-evolution operator

An avalanche configuration represented by the basis vector |A〉 is now labelled by the spatial charge

carrier densities, i.e. |A〉 = |ne(x), nh(x)〉. The (integer) number of electrons in a small interval

[x, x+ dx] is ne(x)dx and the number of holes in the same region is nh(x)dx. The Fock space con-

struction shown in Section 2.3.1 is straightforwardly generalised to the present higher-dimensional

setting.
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Operator algebra The basis states |ne(x), nh(x)〉 may again be constructed starting from the

vacuum. Schematically,

|ne(x), nh(x)〉 =
∏
{x}

â†e(x)
ne(x)dx â†h(x)

nh(x)dx |0〉 ,

where the creation operators â†e(x) and â†h(x) produce an additional electron or hole at position

x. Corresponding annihilation operators âe(x) and âh(x) are also introduced. Their commutation

relations directly generalise the algebra introduced in Section 2.3.1, again summarised in Appendix

A.1. Ladder operators at identical positions continue to obey the relations introduced earlier, and

operators at different locations always commute. In terms of these operators, the definition of the

averaging state 〈avg| becomes 〈avg| = 〈0| e
∫
dx âe(x)+

∫
dx âh(x).

The number operators N̂e and N̂h generalise to the number density operators

n̂e(x) = â†e(x)âe(x), n̂h(x) = â†h(x)âh(x),

which determine the electron- or hole-content at position x,

n̂e(y) |ne(x), nh(x)〉 = ne(y) |ne(x), nh(x)〉 , n̂h(y) |ne(x), nh(x)〉 = nh(y) |ne(x), nh(x)〉 .

An additional class of operators is required to implement spatial translations and thus describe

the drift of charge carriers in the electric field. A general translation operation T∆ modifies the

position of a charge carrier initially located at x by a position-dependent amount ∆(x), i.e. it maps

x 7→ y = x+∆(x). Rearranging the charge carriers in the way prescribed by T∆ induces a nontrivial

change in the charge densities. An initial density n(x) turns into the transformed density T∆n(y),

which incurs an additional Jacobian factor

T∆n(y)dy = n(x)dx⇒ T∆n(y) =
n(x)

1 + d∆(x)
dx

. (2.43)

Translation operators T̂e and T̂h are defined to apply the transformation in Eq. 2.43 to the electron-

and hole density, respectively. Their action on the basis states is

T̂e[∆(x)] |ne(x), nh(x)〉 = |T∆ne(x), nh(x)〉 ,

T̂h[∆(x)] |ne(x), nh(x)〉 = |ne(x), T∆nh(x)〉 ,

and the resulting commutation relations are collected in Appendix A.1.
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Time-evolution operator It is more convenient in the present case to specify the time-evolution

operator Û(dt) instead of the Hamiltonian Ĥ itself, which may be obtained by generalising the

result in Eq. 2.16 for the unbounded and position-independent geometry

Impact ionisation reactions at different positions proceed at their respective local rates. To ac-

count for the position-dependence of the impact ionisation coefficients and the drift velocities, the

replacements N̂e → n̂e(x), N̂h → n̂h(x), α→ α(x), β → β(x), ve → ve(x), and vh → vh(x) must

be made in Eq. 2.16 and the expression integrated over all positions x. In the diagrammatic language

of Figure 2.6, this introduces a separate interaction vertex for each position x with its appropriate

local coupling constant. The translation operators T̂e and T̂h are used to implement the drift of all

charges during the infinitesimal time interval dt. The full expression for Û(dt) becomes

Û(dt) = T̂e[ve(x)dt]T̂h[−vh(x)dt]
[
1

+ dt

∫
dxα(x)ve(x)

(
â†e(x)â

†
h(x)n̂e(x)− n̂e(x)

)
+ dt

∫
dxβ(x)vh(x)

(
â†e(x)â

†
h(x)n̂h(x)− n̂h(x)

) ]
. (2.44)

2.4.2 Average development of the avalanche

The first moments 〈ne(x, t)〉 and 〈nh(x, t)〉 contain information about the average charge content

at a particular position x and time t. Their time evolution is determined by the general Eq. 2.12,

evaluated for the observables n̂e(x, t) and n̂h(x, t). Using Eq. 2.44 and the relations in Appendix A.1

to compute the commutators [n̂e(x, t), Û(dt)] and [n̂h(x, t), Û(dt)], the evolution equations are

∂

∂t
〈ne(x)〉+

∂

∂x
ve(x) 〈ne(x)〉 = α(x)ve(x) 〈ne(x)〉+ β(x)vh(x) 〈nh(x)〉 , (2.45a)

∂

∂t
〈nh(x)〉 −

∂

∂x
vh(x) 〈nh(x)〉 = α(x)ve(x) 〈ne(x)〉+ β(x)vh(x) 〈nh(x)〉 . (2.45b)

For general fields E(x) these equations must be solved numerically with the boundary and initial

conditions

〈ne(0, t)〉 = 0, 〈nh(d, t)〉 = 0,

〈ne(x, 0)〉 = n0e(x), 〈nh(x, 0)〉 = n0h(x).

The analytic solutions for constant electric fields are discussed in detail in Section 2.4.2.2.

Eqs. 2.45 are the position-dependent analogues of Eq. 2.28 and immediately reduce to the latter

for position-independent impact ionisation coefficients and drift velocities upon integration over x.

52



They may also be interpreted as continuity equations for the average electron- and hole densities

in the avalanche region, for which the terms on the right-hand side represent the rates at which

charge carriers are being generated.

2.4.2.1 Condition for breakdown

The above evolution equations contain information about the conditions under which breakdown is

achieved and self-sustaining avalanches are possible [70, 71].

Solutions of Eqs. 2.45 take the form 〈ne〉 = ne(x)e
St and 〈nh〉 = nh(x)e

St, where the functions

ne(x) and nh(x) are yet to be determined. The parameter S represents the average growth rate of

the avalanche and S > 0 above breakdown. Inserting this ansatz into the evolution equations and

setting S = 0 shows that the onset of breakdown is located at∫ d

0
dx′ α(x′)exp

[
−
∫ x′

0
dx′′

(
α(x′′)− β(x′′)

)]
= 1. (2.46)

For position-independent impact ionisation coefficients, this condition simplifies. Self-sustaining

avalanches are possible for

d >
log α

β

α− β
. (2.47)

It is visualised in Figure 2.11. Both expressions depend only on the impact ionisation coefficients. For

a specific material, a parameterisation of the impact ionisation coefficients in terms of the electric

field strength may be inserted into Eq. 2.47 to compute the breakdown field Ebr or the breakdown

voltage Vbr = Ebr d.

2.4.2.2 Analytic solution for constant electric field

For position-independent impact-ionisation coefficients and drift velocities, Eqs. 2.45 may be solved

analytically. The most important properties of these solutions are briefly summarised in the follow-

ing. A more detailed analysis including a summary of all derivations is available in Ref. [3].

The average densities 〈ne(x, t)〉 and 〈nh(x, t)〉 may be expressed as a linear combination of

“eigenfunctions” feλ(x, t) and fhλ (x, t), indexed by the “eigenvalues” λ,

〈ne(x, t)〉 =
∑
λ

C(λ)feλ(x, t), (2.48a)

〈nh(x, t)〉 =
∑
λ

C(λ)fhλ (x, t). (2.48b)
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Figure 2.11: Impact ionisation coefficients for which breakdown is possible, as a function of the
thickness d of the avalanche region. Breakdown is achieved in the shaded region. The impact
ionisation coefficients are assumed to be constant throughout the material.

The constants C(λ) are complex-valued coefficients. All components of this solution are discussed

in the following. Partial solutions to Eqs. 2.45 have previously been derived in Refs. [72, 73].

Properties of the eigenfunctions The eigenfunctions are given by

feλ(x, t) = eγv
∗teax sinhκx, (2.49a)

fhλ (x, t) =
1

βd

ve
vh
eγv

∗teax [λ sinhκx+ κ̄ coshκx] , (2.49b)

with the definitions

γ =
α+ β

2
+
λ

d
, (2.50a)

v∗ =
2vevh
ve + vh

, (2.50b)

a =
v∗

2

(
α

vh
− β

ve

)
+
v∗

2d

(
1

vh
− 1

ve

)
λ, (2.50c)

κ =
κ̄

d
=

1

d

√
λ2 − αβd2. (2.50d)

Both feλ and fhλ grow exponentially in time with the time constant γv∗. The parameter γ plays

the role of an “effective” impact-ionisation coefficient. It depends on the material parameters α

and β and on the eigenvalue λ. Eigenfunctions corresponding to different eigenvalues thus have

different growth rates. The velocity v∗ is the “effective” drift velocity that is relevant for the growth

of the avalanche. The spatial dependence of the eigenfunctions is controlled by the parameters a
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Figure 2.12: (a) Real-valued solutions of Eq. 2.51 as a function of the characteristic quantity αβd2.
The solid black line indicates the largest eigenvalue. The dashed grey lines represent the remaining
eigenvalues. (b) The largest eigenvalue for small values of αβd2.

and κ, which describe the length scales on which the charge-carrier densities may vary.

Properties of the eigenvalues The sums in Eqs. 2.48 extend over all allowed eigenvalues λ. The

eigenvalues form a discrete spectrum and are solutions of the equation

λ+ κ̄ coth κ̄ = 0, (2.51)

which depends only on the characteristic dimensionless quantity αβd2. The eigenvalue equation

has a finite number of real-valued solutions. Above breakdown, the largest real-valued eigenvalue

λ1 leads to a positive time constant γ1v∗, which describes the exponential growth of the avalanche

and is analogous to the parameter S introduced in Section 2.4.2.1. Further positive and negative

eigenvalues may exist depending on the value of the combination αβd2. They introduce additional,

subleading, time scales as shown in Figure 2.12.

Eq. 2.51 also admits an infinite number of complex eigenvalues which appear in complex conju-

gate pairs. These lead to an oscillating behaviour of the eigenfunctions, necessary to describe the

wave-like propagation of perturbations in the average densities carried by the drifting charges.

Properties of the coefficients The coefficientsC(λ) in Eq. 2.48 control the overall normalisation

and the absolute average charge content of the avalanche. They are determined from the initial

conditions. For general charge-carrier densities n0e(x) and n
0
h(x) deposited at t = 0, the coefficients
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C(λ) may be computed as

C(λ) =
1

N (λ, t = 0)

∫ d

0
dx
[
αvef

e
λ(d− x, t = 0)n0e(x) + βvhf

h
λ (d− x, t = 0)n0h(x)

]
, (2.52)

where the normalisation N (λ, t) is

N (λ, t) = −e2γv∗teadαd
2κ̄

ve
vh

(ve + vh)(1 + λ) sinh κ̄. (2.53)

ForN0
e electrons andN0

h holes at the position x = x0, i.e. with n0e(x) = N0
e δ(x− x0) and n0h(x) =

N0
h δ(x− x0), Eq. 2.52 simplifies to

C(λ) =
1

N (λ, t = 0)

[
αveN

0
e f

e
λ(d− x0, t = 0) + βvhN

0
hf

h
λ (d− x0, t = 0)

]
. (2.54)

A similar formula for C(λ1) is mentioned in Ref. [74] for the special case α = β and ve = vh.

Induced current and late-time behaviour For a position-independent weighting field Ew/Vw

throughout the avalanche region, the average current induced on the readout electrodes is given by

(cf. Eqs. 1.15 and 2.33)

〈
I ind(t)

〉
= e0

Ew
Vw

[ve 〈Ne(t)〉+ vh 〈Nh(t)〉] . (2.55)

The expected total numbers of electrons and holes in the avalanche, 〈Ne〉 and 〈Nh〉, are obtained

from Eqs. 2.48

〈Ne(t)〉 =
∫ d

0
dx 〈ne(x, t)〉 =

∑
λ

C(λ)

∫ d

0
dx f eλ(x, t) =

∑
λ

Ne(λ)e
γv∗t, (2.56a)

〈Nh(t)〉 =
∫ d

0
dx 〈nh(x, t)〉 =

∑
λ

C(λ)

∫ d

0
dx fhλ (x, t) =

∑
λ

Nh(λ)e
γv∗t, (2.56b)

where the coefficients Ne(λ) and Nh(λ) are

Ne(λ) = C(λ)
κ+ ead (a sinh κ̄− κ cosh κ̄)

a2 − κ2
,

Nh(λ) = C(λ)
1

βd

ve
vh

κλ− aκ̄− κead (λ cosh κ̄+ κ̄ sinh κ̄)
a2 − κ2

.

Eq. 2.56 is to be compared with the equivalent expression for avalanches in unbounded domains,

Eq. 2.29. It shows that, in general, infinitely many time constants γ(λ)v∗ now contribute to the

average growth of the avalanche. At late times, however, the average charge content continues to

grow at a well-defined rate which is determined by the largest time constant γ1v∗ = γ(λ1)v
∗. In
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Figure 2.13: (a) Evolution of the expected total number of charges 〈N〉 as a function of time for
an avalanche initiated by a single electron placed at x0 = 0. The dashed black line shows the
average obtained from the MAMC simulation model and the solid red line represents the fastest-
growing component normalised according to the coefficient N(λ1). The thin grey lines correspond
to individual avalanches in the ensemble. (b) The coefficient N(λ1) as a function of the position
x0 of the primary charge, for the case of a single electron (red), a single hole (blue) and a single
electron-hole pair (grey). The red markers correspond to the MAMC prediction.

this regime, the average number of charges in the avalanche has the form

〈N〉 ≈ N(λ1)e
γ1v∗t, (2.57)

where N(λ1) = Ne(λ1) +Nh(λ1).

Figure 2.13a shows a comparison with results obtained from a Monte Carlo (MC) implemen-

tation of the Markov avalanche model of Section 2.1, referred to as “MAMC”. Its technical imple-

mentation is described in Appendix A.3. The avalanche is initiated by a single electron placed at

the upstream end of the avalanche region at x0 = 0. The chosen material parameters are typi-

cal for a silicon device. Already after one transit time, Ttransit = d/v∗, the asymptotic solution in

Eq. 2.57 describes the average charge content with excellent precision. The average growth rate of

the avalanche changes at t = Ttransit, caused by electrons leaving the high-field region across the

boundary at x = d.

Figure 2.13b shows the dependence of the overall normalisation N(λ1) on the position of the

primary charge. Avalanches that are initiated by a carrier placed at the corresponding upstream

end of the avalanche region, i.e. at x0 = 0 for an initial electron and at x0 = d for an initial hole,

show large overall normalisations. For the chosen impact-ionisation coefficients, the maximum for

hole-initiated avalanches is attained in the interior of the avalanche region at around x0/d ≈ 0.6.
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It occurs at the location for which the losses of electrons and holes across both boundaries are

simultaneously minimised.

2.4.3 Development of spatial correlations and fluctuations

The three second moments 〈ne(x)ne(y)〉, 〈nh(x)nh(y)〉, and 〈ne(x)nh(y)〉 contain information

about local fluctuations of the charge-carrier densities and their correlations across different spa-

tial locations. Evolution equations for these quantities may be obtained from the general Eq. 2.12

for the observables n̂e(x)n̂e(y), n̂h(x)n̂h(y), and n̂e(x)n̂h(y). Evaluating their commutators with

Û(dt) from Eq. 2.44 yields the following system of equations,

∂

∂t
〈ne(x)ne(y)〉+

∂

∂x
ve(x) 〈ne(x)ne(y)〉+

∂

∂y
ve(y) 〈ne(x)ne(y)〉

= α(x)ve(x)δ(x− y) 〈ne(x)〉+ β(x)vh(x)δ(x− y) 〈nh(y)〉

+ β(y)vh(y) 〈ne(x)nh(y)〉+ β(x)vh(x) 〈ne(y)nh(x)〉

+ [α(x)ve(x) + α(y)ve(y)] 〈ne(x)ne(y)〉 , (2.58a)

∂

∂t
〈nh(x)nh(y)〉 −

∂

∂x
vh(x) 〈nh(x)nh(y)〉 −

∂

∂y
vh(y) 〈nh(x)nh(y)〉

= α(x)ve(x)δ(x− y) 〈ne(y)〉+ β(x)vh(x)δ(x− y) 〈nh(y)〉

+ α(y)ve(y) 〈ne(y)nh(x)〉+ α(x)ve(x) 〈ne(x)nh(y)〉

+ [β(x)vh(x) + β(y)vh(y)] 〈nh(x)nh(y)〉 , (2.58b)

∂

∂t
〈ne(x)nh(y)〉+

∂

∂x
ve(x) 〈ne(x)nh(y)〉 −

∂

∂y
vh(y) 〈ne(x)nh(y)〉

= α(x)ve(x)δ(x− y) 〈ne(y)〉+ β(x)vh(x)δ(x− y) 〈nh(y)〉

+ α(y)ve(y) 〈ne(x)ne(y)〉+ β(x)vh(x) 〈nh(x)nh(y)〉

+ [α(x)ve(x) + β(y)vh(y)] 〈ne(x)nh(y)〉 , (2.58c)

with the boundary conditions

〈ne(0, t)ne(y, t)〉 = 0, 〈nh(d, t)nh(y, t)〉 = 0,

〈ne(0, t)nh(y, t)〉 = 0, 〈ne(x, t)nh(d, t)〉 = 0,

and the initial conditions

〈ne(x, 0)ne(y, 0)〉 = n0e(x)n
0
e(y),
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〈nh(x, 0)nh(y, 0)〉 = n0h(x)n
0
h(y),

〈ne(x, 0)nh(y, 0)〉 = n0e(x)n
0
h(y).

These equations are the direct position-dependent analogues of the evolution equations for the

moments 〈Nm
e N

n
h 〉 encountered in Section 2.3. For constant impact-ionisation coefficients and drift

velocities they reduce to Eqs. 2.30 upon integration over x and y.

The second moments determined by Eqs. 2.58 still carry information about the absolute scale

of the avalanche which is already contained in the solutions for 〈ne〉 and 〈nh〉. It is convenient to

subtract this contribution and to consider instead the covariances

cov[ne(x), ne(y)] = 〈ne(x)ne(y)〉 − 〈ne(x)〉 〈ne(y)〉 , (2.59a)

cov[nh(x), nh(y)] = 〈nh(x)nh(y)〉 − 〈nh(x)〉 〈nh(y)〉 , (2.59b)

cov[ne(x), nh(y)] = 〈ne(x)nh(y)〉 − 〈ne(x)〉 〈nh(y)〉 . (2.59c)

The diagonal components (x = y) of cov[ne(x), ne(y)] and cov[nh(x), nh(y)] correspond to the

variances of the charge- carrier densities and measure the magnitude of fluctuations at a certain

spatial location. The off-diagonal entries (x 6= y) contain information about the correlations of the

charge densities at different positions.

Starting from Eqs. 2.58, it is possible to derive evolution equations for the covariances defined

in Eqs. 2.59 [3]. These equations may be solved numerically for general field profiles.

2.4.3.1 Analytic solution for constant electric field

For position-independent impact-ionisation coefficients and drift velocities, analytic expressions for

the covariances in Eqs. 2.59 may be derived. Of particular significance is the limit t→∞ of these so-

lutions, which describes the fluctuations and the correlation structure of large avalanches, and thus

contains information about the asymptotic time resolution. The detailed analysis is summarised in

Ref. [3], with the most important results outlined below.

In analogy to Eq. 2.48, the covariances may be expanded in terms of eigenfunctions. In the late-

time limit, t→∞, this decomposition is given in terms of the functions feλ and fhλ (cf. Eqs. 2.49),

cov[ne(x), ne(y)] ≈
∑
λa,λb

C(λa, λb, t)f
e
λa(x, t)f

e
λb
(y, t), (2.60a)

cov[ne(x), nh(y)] ≈
∑
λa,λb

C(λa, λb, t)f
e
λa(x, t)f

h
λb
(y, t), (2.60b)
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cov[nh(x), nh(y)] ≈
∑
λa,λb

C(λa, λb, t)f
h
λa(x, t)f

h
λb
(y, t), (2.60c)

where C(λa, λb, t) are complex-valued coefficients. The sums over λa and λb run over the set of

solutions of Eq. 2.51.

Late-time behaviour The fastest-growing component in Eqs. 2.60 is that for whichλa = λb = λ1.

The corresponding coefficient C(λ1, λ1, t) approaches a constant C∞(λ1, λ1) as t→∞,

C(λ1, λ1, t) ≈ C∞(λ1, λ1)
(
1− e−γ1v∗t

)
, (2.61)

where the saturation timescale Tsat is given by Tsat = (γ1v
∗)−1, in complete analogy to the result

for unbounded geometries discussed below Eq. 2.31. The constant C∞ may be computed as

C∞(λ1, λ1) = 2αβvevh

∫ ∞

0
dt′

1

N (λ1, t′)2

∫ d

0
dx

∫ x

0
dy
[
αvef

e
λ1(d− x, t

′)feλ1(d− y, t
′)

+ βvhf
h
λ1(d− x, t

′)fhλ1(d− y, t
′)
]
feh1 (x, y, t′), (2.62)

where N (λ, t) is taken from Eq. 2.53, and feh1 is defined as

feh1 (x, y, t) =
1

ve + vh
exp

(
αve + βvh
ve + vh

(x− y)
)
[αve 〈ne (x̄, tret)〉+ βvh 〈nh (x̄, tret)〉

+ αvef
ee
1 (x̄, tret) + βvhf

hh
1 (x̄, tret)

]
, (2.63)

with

tret = t− x− y
ve + vh

, x̄ =
vhx+ vey

ve + vh
.

The integral in Eq. 2.62 also exists analytically, but the explicit expression is too lengthy to be of

much practical use. Retaining only the most important contribution, as t → ∞, the covariances in

Eqs. 2.60 become

cov[ne(x), ne(y)] ≈ C∞(λ1, λ1)f
e
λ1(x, t)f

e
λ1(y, t), (2.64a)

cov[nh(x), nh(y)] ≈ C∞(λ1, λ1)f
h
λ1(x, t)f

h
λ1(y, t), (2.64b)

cov[ne(x), nh(y)] ≈ C∞(λ1, λ1)f
e
λ1(x, t)f

h
λ1(y, t). (2.64c)

The correlation structure in Eqs. 2.64 has important consequences for the behaviour of the

avalanche. In particular, it implies that the Pearson correlation coefficients between the charge-
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carrier densities at positions x and y are

lim
t→∞

ρ (ne(x), ne(y)) = lim
t→∞

cov[ne(x), ne(y)]
σ(ne(x))σ(ne(y))

= 1,

lim
t→∞

ρ (nh(x), nh(y)) = lim
t→∞

cov[nh(x), nh(y)]
σ(nh(x))σ(nh(y))

= 1,

lim
t→∞

ρ (ne(x), nh(y)) = lim
t→∞

cov[ne(x), nh(y)]
σ(ne(x))σ(nh(y))

= 1,

i.e. that the charge distributions inside the avalanche region become maximally correlated across

space at late times. Eqs. 2.64 also show that the absolute numbers of electrons and holes become

maximally Pearson-correlated at late times,

lim
t→∞

ρ(Ne, Nh) = lim
t→∞

cov[Ne, Nh]

σ(Ne)σ(Nh)
= 1.

The only fluctuating degree of freedom of the densities of electrons and holes at late times is thus

their joint overall normalisation; the spatial distribution of the charges is completely determined.

Eqs. 2.64 moreover determine the asymptotic magnitude of avalanche fluctuations. The relative

fluctuations defined in Section 2.3.3 become

lim
t→∞

σ(Ne)
2

〈Ne〉2
= lim

t→∞

σ(Nh)
2

〈Nh〉2
= lim

t→∞

σ(N)2

〈N〉2
= lim

t→∞

σ(I ind(t))2

〈I ind(t)〉2
=
C∞(λ1, λ1)

C(λ1)2
, (2.65)

where the induced current I ind is taken from Eq. 2.55. The first three equalities demonstrate again

the maximal correlation between the electron and hole content.

The calculations leading to these results assumed position-independent electric fields. How-

ever, the strategy for the solution of Eqs. 2.58 and in particular the structure of the decomposition in

Eq. 2.60 continues to hold in the general case of non-uniform impact-ionisation coefficients and drift

velocities. For late times, the position dependence of the covariances in Eqs. 2.59 continues to be

given by products of the eigenfunctions of Eqs. 2.45 (which must now be found numerically). Max-

imal correlation occurs regardless of the shape of the field profile E(x). If only numerical solutions

are available for the covariances, the relative fluctuations in Eq. 2.65 should be computed as

lim
t→∞

σ(N)2

〈N〉2
= lim

t→∞

cov[ne(x), ne(y)]

〈ne(x, t)〉2
= lim

t→∞

cov[nh(x), nh(y)]

〈nh(x, t)〉2
.

2.4.4 Asymptotic behaviour and time resolution

The above results demonstrate that the asymptotic evolution of avalanches in thin semiconductors is

very similar to that in the unbounded geometry investigated in Section 2.3. At late times, all spatial
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degrees of freedom freeze out and only the overall charge content of the avalanche remains dynamic.

One important conceptual difference between the two situations remains, however. An avalanche

developing in a bounded semiconductor is not guaranteed to propagate and become self-sustaining,

in contrast to the situation where there are no boundaries.

The probability distribution p(N, t) of the total charge content therefore has the structure

p(N, t) = [1− ε(t)] δN,0 + ε(t) pS(N, t), (2.66)

where 1−ε(t) is the fraction of all avalanches that have already ended at time t, i.e. for which no free

charge carriers remain in the avalanche region. The distribution pS(N, t) describes those avalanches

that have not (yet) terminated, referred to as the “starters”. Once an avalanche has ended, it can

never grow again, i.e. ε(t) is monotonically falling with t. Its limiting “efficiency” ε = limt→∞ ε(t)

depends on the applied electric field and on the initial charge deposits n0e(x) and n0h(x). It is easily

computed with the method developed in Refs. [70, 71]. These calculations are reviewed and applied

in the context of Chapter 3. For now, the efficiency ε is simply taken as an external input parameter.

The form of pS(N, t) is generally unknown. For most practical purposes, it can be approximated

based on the results obtained in Sections 2.4.2 and 2.4.3, as explained in the following.

Conditional and unconditional averages All expectation values discussed so far are defined as

in Eq. 2.3. They are unconditional averages in the sense that all possible avalanche configurations

are summed over, using the full distribution p(N, t) in Eq. 2.66. Many expectation values of this

kind can easily be converted into conditional averages which only involve diverging avalanches, and

therefore sum over the distribution of starters, pS(N, t). To clearly distinguish between conditional

and unconditional expectation values, the former are denoted as 〈·〉S .

For any observable O that is homogeneous in N , i.e. for which N = 0 implies O(N) = 0,

unconditional and conditional averages are related through

〈O〉S =
∑
N

O(N) pS(N, t) =
1

ε(t)

∑
N

O(N) p(N, t) =
1

ε(t)
〈O〉 .

With Eq. 2.57, the average charge content of the starters is simply

〈N〉S ≈
N(λ1)

ε
eγ1v

∗t (2.67)
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at late times. Similarly, the asymptotic relative fluctuations, restricted to the starters, become

lim
t→∞

σ(N)2S
〈N〉2S

= lim
t→∞

ε

(
1 +

σ(N)2

〈N〉2

)
− 1 = ε

(
1 +

C∞(λ1, λ1)

C(λ1)2

)
− 1, (2.68)

where the last equality makes use of the explicit solution for constant electric fields.

Approximating the distribution of starters For avalanches in unbounded semiconductors, the

asymptotic distribution p(N, t) in Eq. 2.23 is fully determined by the two parameters 〈N〉 and A,

which control its first and second moment, respectively. The interactions of the avalanche with the

boundaries of a finite domain generally cause modifications of all moments of this distribution. This

is explicitly reflected in Eqs. 2.67 and 2.68 for the first two moments.

These results allow pS(N, t) to be determined under the approximation that there are no addi-

tional, independent boundary effects on the higher moments, i.e. the relationships between these

moments remain identical to those implied in Eq. 2.23. This assumption fixes pS(N, t) to correspond

to a gamma distribution whose first two moments correctly reproduce Eqs. 2.67 and 2.68. An even

coarser approximation, shown in the following to be useful for certain applications, is obtained by

considering modifications to the first moment only.

In analogy to Eq. 2.31, it is convenient to take the result in Eq. 2.68 as the definition of a modified,

“effective” avalanche parameter Aeff,

1

Aeff
:= lim

t→∞

σ(N)2S
〈N〉2S

. (2.69)

As t→∞, pS(N, t) may then be expressed in terms of Aeff and 〈N〉S as

pS(N, t) ≈
1

Γ(Aeff)

(
Aeff

〈N〉S

)Aeff

NAeff−1 exp
(
−Aeff

N

〈N〉S

)
=

1

Γ(A)

(
h

eγ1v∗t

)Aeff

NAeff−1 exp
(
− Nh

eγ1v∗t

)
, (2.70)

where h = εAeff/N(λ1) and the second equality holds for the case of constant electric fields.

Time-response function and time resolution Only the starters cross an applied threshold and

are thus relevant for the computation of the time resolution. In exact analogy to the discussion in

Section 2.3.5, Eq. 2.70 implies the following asymptotic time-response function for large thresholds

Nth,

ρ(Nth, t) ≈
γ1v

∗

Γ(Aeff)
exp

(
Aeff log

hNth

eγ1v∗t
− hNth

eγ1v∗t

)
. (2.71)
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Correspondingly, the time resolution for large thresholds is

σth,∞ =

√
ψ1(Aeff)

γ1v∗
. (2.72)

This shows that the overall scale of the time resolution continues to be determined by the asymptotic

growth rate of the avalanche, γ1v∗, also in the presence of boundaries. It generally accounts for the

predominant part of the material- and field-dependence of the time resolution.

The behaviour of the dimensionless coefficient
√
ψ1(Aeff) in the numerator is studied in Figure

2.14. It summarises results obtained with theMAMC simulationmodel that show the dependence of

this quantity on the impact-ionisation coefficient β and the thickness d of the avalanche region. Its

dependence on the material properties is typically rather weak. The approximate result in Eq. 2.72 is

accurate to within about 10% across a wide range of the ratio α/β. For avalanches that are initiated

by an electron, it becomes exact in the limit α � β. This case is relevant for detectors based on

silicon, as discussed further in Chapter 3. The effective avalanche parameter Aeff depends only

weakly on the position x0 of the initial charge. Variations in
√
ψ1(Aeff) are limited to about 30% as

x0 traverses the medium.

Neglecting boundary effects on the avalanche fluctuations, i.e. approximating Aeff = A, gener-

ally reproduces the correct scaling of σth,∞γ1v
∗ with β. By construction, this approximation does

not capture the residual dependence on the thickness d and the initial position x0. Depending on the

values of the impact ionisation coefficients and the thickness d, the presence of the boundary may

increase or decrease the magnitude of avalanche fluctuations compared to an unbounded geometry.

This effect has its origins in the correlation structure of the avalanche at early times.

2.4.5 Summary

The most important properties of electron-hole avalanches developing in a bounded domain are:

(i) The average charge content of the avalanche grows exponentially at a rate of γ1v∗ (cf. Eq. 2.57),

determined by the impact ionisation coefficients and the thickness of the avalanche region.

(ii) Avalanche fluctuations saturate on a timescale (γ1v∗)−1 (cf. Eq. 2.61).

(iii) At late times, fluctuations of the charge-carrier densities at different spatial locations become

maximally correlated. Only the absolute normalisation continues to fluctuate. Each individual

avalanche becomes proportional to the average.
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Figure 2.14: The black and grey markers show the quantity σth,∞γ1v
∗ obtained from the MAMC

simulation model, the dashed lines correspond to the approximation from Eq. 2.72, and the solid
red line sets Aeff = A in addition. The top panel shows the dependence on the impact ionisation
coefficient β and the thickness d of the semiconductor for an avalanche initiated by a single electron.
The bottom panel shows variations of the position x0/d of the initial charge carrier for fixed impact
ionisation coefficients.

(iv) The time resolution for large thresholds is approximately given by Eq. 2.72. Its overall scale is

determined by the inverse of the asymptotic growth rate. The time resolution depends weakly

on the position of the initial charge carrier. There is a nontrivial dependence on the impact-

ionisation coefficients and the thickness of the avalanche region.

2.5 Avalanches in silicon: transport parameters, breakdown, and

time scales

The results obtained above are easily applied to the important case of silicon-based devices by insert-

ing the appropriate parameterisations for the impact ionisation coefficients and the drift velocities.
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Figure 2.15: Transport parameters for silicon. (a) The local impact ionisation coefficients α and β as
a function of the electric field in the material. Data from Ref. [75]. (b) The drift velocities ve and vh
as well as the effective drift velocity v∗. Data from Ref. [76].

These material parameters are briefly reviewed in the following.

Impact ionisation coefficients Figure 2.15a shows the local impact ionisation coefficients α and

β. They depend exponentially on the applied electric field, following the parameterisation

α(E) = α∞e
− a

E , β(E) = β∞e
− b

E ,

where the constantsα∞, β∞, a, and b are listed in Ref. [75]. For a field ofE0 = 40V/µm, the previous

expressions become α(E0) ≈ 3.24 and β(E0) ≈ 0.97. The impact-ionisation coefficients have

negative temperature coefficients, i.e. impact ionisation becomes less likely at high temperatures.

This effect is caused by increased energy losses of the drifting charge carriers into the sea of phonons,

caused by elevated scattering rates at high temperatures [77].

Breakdown Figure 2.16a evaluates the breakdown condition from Eq. 2.47 for the impact ion-

isation coefficients in Figure 2.15a. Breakdown is achieved by applying a voltage of around 35V

across an avalanche region with a thickness of d = 1 µm. Correspondingly lower field strengths are

required for thicker avalanche regions.
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Figure 2.16: (a) Minimum required thickness d of the avalanche region to achieve breakdown, shown
as a function of the applied electric field. (b) The characteristic time scale (γ1v∗)−1 as a function of
the electric field in the avalanche region and its thickness d. Shown in black is the corresponding
result for an unbounded geometry.

Drift velocities Figure 2.15b shows the drift velocities ve and vh obtained in Ref. [76] as a function

of the electric field. The experimental data are described by the functional form

ve(E) =
µeE[

1 +
(
µeE
vsate

)βe] 1
βe

, vh(E) =
µhE[

1 +
(
µhE
vsat
h

)βh] 1
βh

,

with the low-field carrier mobilities µe and µh, the saturation velocities vsate and vsath and the empiri-

cal fit parameters βe and βh. For velocities much less than the saturation velocities, the drift velocity

is directly related to the applied field through the carrier mobilities. At high electric fields, increased

interactions with the crystal lattice and enhanced phonon scattering rates lead to a saturation of the

drift velocities. Also shown in Figure 2.15b is the averaged drift velocity v∗ computed according to

Eq. 2.50b. In the saturation regime, ve ≈ vh ≈ v∗ ≈ 0.1 µm/ps to within about 20%.

Time resolution The scale (γv∗)−1 of the time resolution as obtained from Eqs. 2.50a and 2.51

is shown in Figure 2.16b. At extremely high field strengths, the dependence on the thickness d

becomes weak and (γv∗)−1 approaches the value attained in an unbounded geometry. In this limit,

the contribution to the time resolution originating from avalanche fluctuations is significantly less

than 10 ps. Close to the breakdown limit, the achievable time resolution diverges and differences

between different detector geometries become noticeable.
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(a)

Circuit:
dVd
dt

=
I(Cd)

Cd

I(Rq) = I ind + I(Cd)

Vsupply = Vd + I(Rq)Rq

(b)

Avalanche:
E(x, t) = Eext(x, Vd(t)) + Esc(x, t)

α(x, t) = α(E(x, t))

β(x, t) = β(E(x, t))

(c)

Figure 2.17: (a) Equivalent circuit for the computation of the signal, consisting of the diode capac-
itance Cd and the quench resistor Rq . The current source implements the current I ind induced by
the avalanche on the grounded detector electrodes. (b) System of algebraic-differential equations
describing the circuit. (c) General relations between the external electric field Eext, the field Esc due
to space charge, and the impact ionisation coefficients.

2.6 Quenching dynamics and large avalanches

The passive circuit shown in Figure 2.3a represents the simplest practical quenching method. Figure

2.17 defines the model used to describe the quenching process. Following Section 1.3.3, the p–n

junction is represented by its capacitanceCd. The voltage Vd measured between the capacitor plates

is the source of the external electric field Eext(x, Vd). The current I ind induced by the avalanche is

given by Eq. 2.33.

The device is prepared by biasing the junction above its breakdown voltage, Vd = Vsupply > Vbr,

and I ind = 0 initially. A primary charge carrier injected into the high-field region triggers the

formation of the avalanche which discharges the diode capacitance and lowers Vd and Eext. For

sufficiently large avalanches, the space-charge field Esc(x) created by the carriers themselves is no

longer negligible and may contribute significantly to the total electric field E = Eext + Esc in the

multiplication region. This field distribution in turn determines the impact-ionisation coefficients

according to Figure 2.17c, tightly coupling the evolution of the avalanche with the dynamics of the

equivalent circuit. If this process reduces the field sufficiently far below the breakdown limit, the

avalanche collapses and I ind = 0 as soon as all charge carriers have drifted out of the avalanche

region. The quench resistor then recharges the diode capacitance on timescales of τrec = RqCd and

prepares the detector for the next event. The dead time for passively quenched devices is typically

a few tens of nanoseconds.

Section 2.6.1 demonstrates that the salient features of this quenching process may be described
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analytically as long as space-charge effects are neglected. Space charge is considered explicitly in

Section 2.6.2, where a simplified simulation shows that it does not fundamentally alter the dynamics

of the quenching but only leads to modifications of the signal charge and its temporal evolution. (In

recent years, more sophisticated quenching strategies have been developed [78]. These techniques

use active circuitry to monitor and stop the development of the avalanche at a suitable moment

[79], and to reduce τrec and the dead time as much as possible. They are not considered here.)

2.6.1 Adiabatic model for passive quenching without space charge

To ensure quenching, Rq must be chosen such that τrec is much longer than the timescale on which

the avalanche develops [80]. The initial phase of the quenching process, whose characteristics de-

termine the fast component of the detector signal, thus remains unchanged as Rq → ∞, and this

limit is taken in what follows. For simplicity, the discussion here is limited to position-independent

external electric fields Eext(t) = −Vd(t)/d x̂, for which Section 2.4 contains a complete analytical

description of the avalanche. The treatment extends naturally to the case of general field profiles

Eext(x, Vd(t)) by replacing all quantities with their equivalents extracted from the numerical solu-

tion of the corresponding evolution equations.

Section 2.4.4 establishes that the total numbers of electrons Ne and holes Nh in the multipli-

cation region become maximally correlated for sufficiently large avalanches developing in a time-

independent electric field. The evolution of each avalanche is identical to its average evolution,

N(t) ≡ 〈N(t)〉S , up to fluctuations in the time argument with standard deviation σth,∞. The time

resolution is factored out of the present discussion, which is concerned only with the deterministic

component of the avalanche growth and quenching. The spatial distributions of the charge carriers

are described by the eigenfunctions feλ1 and fhλ1 defined in Eqs. 2.49, which grow exponentially with

a rate of γ1v∗.

These results do not immediately generalise to the dynamical case considered here, where the

discharge of Cd leads to a time-dependent electric field E = Eext. Under the assumptions that γ1v∗

adiabatically follows the evolution of E (or, equivalently, Vd) and that the subleading time constants

γnv
∗, n > 1 remain negligible at all times, the evolution of the system follows the equations

dI ind

dt
= γ1(Vd)v

∗(Vd)I
ind, (2.73a)

dVd
dt

= −I
ind

Cd
. (2.73b)
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This is similar to the rate model constructed in Ref. [81] but in contrast to the calculations performed

there automatically includes boundary effects. The quantities γ1(Vd) and v∗(Vd) are determined by

the material parameters.

The drift velocities ve and vh typically saturate in the avalanche region, i.e. the velocity v∗ be-

comes independent of Vd. At the breakdown voltage, γ1(Vbr) = 0. Provided that Vd remains close

to the breakdown voltage during the entire evolution of the system, the function γ1(Vd) may be

replaced by its linear expansion around Vbr,

γ1(Vd) ≈
dγ1
dVd

∣∣∣∣
Vbr

(Vd − Vbr) =: γ′1,br(Vd − Vbr). (2.74)

Using Eqs. 2.50a, 2.50d, and 2.51, the parameter γ′1,br may be expressed as

γ′1,br =
1

d

dγ1
dE

∣∣∣∣
Ebr

=
α′

br + β′br
2d

+
(sinh 2κ̄br − 2κ̄br)

(
α′

brβbr + αbrβ
′
br

)
2κ̄br (cosh 2κ̄br − 1)− d (sinh 2κ̄br − 2κ̄br) (αbr + βbr)

,

where αbr = α(Ebr), βbr = β(Ebr), α′
br = dα/dE|Ebr , β

′
br = dβ/dE|Ebr , and κ̄br = κ̄|Ebr =

d|αbr − βbr|/2. With these additional simplifications, Eqs. 2.73 admit the following solutions,

I ind(t) =
1

2
γ′1,brv

∗CdV
2
ex

[
1− tanh2

(
1

2
γ′1,brv

∗Vext

)]
, (2.75a)

Vd(t) = Vsupply − Vex

[
1 + tanh

(
1

2
γ′1,brv

∗Vext

)]
, (2.75b)

with the excess voltage Vex = Vsupply − Vbr. The time coordinate is conveniently chosen so that

Vd(t = 0) = Vbr. In this model, the evolution of the current I ind is symmetric around t = 0, where

the avalanche attains its maximum size. The FWHM of the signal is

FWHM
(
I ind
)
=

4 artanh 1√
2

γ′1,brv
∗Vex

≈ 3.53

γ′1,brv
∗Vex

.

The observable voltage step ∆Vd = limt→−∞ Vd(t) − limt→∞ Vd(t) is ∆Vd = 2Vex, and the total

released charge is Q =
∫∞
−∞ dtI ind(t) = 2CdVex. The signal charge is thus directly proportional

to the excess voltage at which the junction is operated. It does not depend on the primary charge

deposit which initiated the avalanche. In the adiabatic approximation, predictions for the charge

carrier densities ne(x, t) ≡ 〈ne(x, t)〉S and nh(x, t) ≡ 〈nh(x, t)〉S at late times are given by the

eigenfunctions corresponding to γ1(Vd), i.e by the functions feλ1(Vd) and f
h
λ1(Vd)

.

Figure 2.18 compares the analytic solution in Eq. 2.75 to the trajectory obtained from a combined

simulation of the avalanche and the quenching circuit, using thematerial parameters for silicon from

Section 2.5. The avalanche is simulated by the MAMC model (cf. Appendix A.3) and the evolution of
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Figure 2.18: Comparison between the MAMC + circuit simulation model (thick lines) and the adi-
abatic approximation in Eqs. 2.75 (dashed lines), for excess voltages of Vex = 2V (orange) and
Vex = 3V (green). The induced current I ind is shown in (a) and the voltage Vd − Vbr in (b).

the electric field in the avalanche region is determined from the relations in Figures 2.17b and 2.17c.

The circuit equations are integrated with the forward Euler method [82]. The resulting simulation

model is referred to as “MAMC + circuit”. It is similar to the simulation described in Refs. [83,

84]. The chosen thickness of the avalanche region is d = 0.5 µm and its diameter is D = 10 µm.

Assuming a parallel field geometry and using a relative permittivity of εr = 11.7 [85], the junction

capacitance is Cd ≈ 16 fF. A quench resistor with Rq = 200 kΩ and saturated drift velocities

ve = vh = 0.1 µm/ps are used. Eq. 2.47 determines the breakdown voltage for this geometry to be

Vbr = 20.34V and the model parameter γ′1,br becomes γ′1,br = 1.05 (V µm)−1.

The adiabatic model correctly reproduces the simulated shape of the signal. Small deviations

arise as Vd crosses the breakdown voltage, resulting in a slight underestimation of ∆V for large ex-

cess voltages. This is caused by additional dynamic effects originating from changes in the shapes of

the spatial carrier densities of electrons ne(x, t) and holes nh(x, t). The evolution of these densities

is compared in Figure 2.19. (For the simulation, the average densities 〈ne〉 and 〈nh〉 are shown to

ensure a meaningful comparison with the adiabatic model even at early times where the number

of charge carriers is small.) Charge carriers of both polarities are present throughout the entire

avalanche region. The highest densities are attained at the corresponding downstream ends, i.e. at

x = d for electrons and at x = 0 for holes. The shape of the distributions, and in particular the

curvature of nh(x), depend on Vd.
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Figure 2.19: Evolution of the charge carrier densities ne(x, t) and nh(x, t) with time, for Vex = 2V
in (a)–(d) and Vex = 3V in (e)–(h). The thick lines show the average densities obtained from the
MAMC + circuit simulation model, and the dashed lines correspond to the predictions from the
adiabatic model. All parameters are identical to those used in Figure 2.18.

2.6.2 The role of space charge

A full description of the effects of space charge (SC) requires a three-dimensional simulation of

the avalanche together with the computation of a self-consistent solution for the space-charge field

Esc(x, t) at every time step. In particular, Esc depends on the spread of the avalanche in the direction

transverse to the external field Eext.

The situation is treated here in a simplified way as illustrated in Figure 2.20. The evolution of

the avalanche continues to be determined in a one-dimensional manner by the MAMC + circuit

simulation model, i.e. all charge carriers are assumed to be located on the x-axis. A parameterised

model is used to describe the development of the avalanche in the transverse yz-plane, defining a

radially symmetric charge profile ρ(r, x, t). Different physical effects may be included in this pa-

rameterisation, e.g. charge-carrier diffusion as well as drift due to nonvanishing radial electric-field

components. The prescribed charge distribution ρ is then used to compute the field Esc(r = 0, x, t)

along the x-axis, where the charge carriers are located. By symmetry, only the x-component of

the space-charge field is nonvanishing, i.e. Esc(r = 0, x, t) = Exsc(x, t) x̂. Together with the exter-
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Figure 2.20: For the computation of the space charge field, the avalanche region is delimited by two
conducting plates of infinite transverse extent, located at x = 0 and x = d. Charge carriers are
constrained to move along the x-axis. This charge distribution is extended into a three-dimensional
charge density ρ(r, x, t), illustrated here in the plane x = x0. The field Esc(r, x, t) is evaluated on
the x-axis as the electric field generated by ρ(r, x, t). The external field Eext(t) also contributes to
the total electric field E(x, t) relevant for the avalanche development.

nal field Eext = −Vd/d x̂, this defines the electric-field distribution used for the simulation of the

avalanche. The resulting simulation model is referred to as “MAMC + circuit + SC”. It is analo-

gous to the “1.5-dimensional” model of space-charge effects in resistive plate chambers discussed in

Ref. [86].

For the results presented here, only transverse diffusion is considered for the construction of

ρ(r, x, t). This simplified model is likely to overestimate the true effect of space charge on the

avalanche development. First, the space-charge field Esc itself is overestimated: the field originating

from a radially symmetric charge density ρ(r, x, t) attains a maximum at r = 0. All charge carriers

are thus subject to the maximal field, while regions of lower field strengths at r > 0 are not probed

by the avalanche. Second, the transverse size of the avalanche is underestimated by only considering

diffusion but ignoring carrier drift. This leads to a narrower distribution of charges and also enhances

the computed space-charge field.

Transverse spread of the avalanche Diffusion is modelled by prescribing a normal distribution

for the transverse distribution of charge carriers, while the longitudinal distribution continues to be

given by the densities ne(x) and nh(x). The densities ρe and ρh used to compute Esc are thus

ρe(r, x, t) = −
e0ne(x, t)

2πσ2e(t)
exp

[
− r2

2σ2e(t)

]
, (2.76a)
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ρh(r, x, t) =
e0nh(x, t)

2πσ2h(t)
exp

[
− r2

2σ2h(t)

]
. (2.76b)

The transverse extent is governed by the transverse-diffusion coefficientsDT for electrons and holes,

i.e. σe(t) =
√

2DT,et and σh(t) =
√

2DT,ht. Values ofDT,e = 15 cm2/s [87] andDT,h = 11 cm2/s

[88] are used in the following. (To the best of our knowledge, no measurements of the transverse-

diffusion coefficients are available in the literature for the very strong longitudinal fields |Eext| >

20V/µm that occur above breakdown. The selected values correspond to a field of 5V/µm in silicon.

The transverse diffusion coefficients depend only relatively weakly on the longitudinal electric field

[89], and it is expected that these values give at least an approximate description of diffusion in the

relevant regime. This is sufficient for the qualitative assessment of space-charge effects attempted

here.)

Computation of the electric field The Green’s function for the electrostatic potential φ in the

parallel-plate geometry of Figure 2.20 is [90, 91]

G(r, r′, ϕ, ϕ′, x, x′) =
1

2πε

∞∑
m=−∞

∫ ∞

0
dk eim(ϕ−ϕ′)Jm(kr)Jm(kr

′)f(k, x, x′),

where the Jm are the Bessel functions of the first kind, and

f(k, x, x′) =
sinh(kx) sinh(k(d− x′))

sinh(kd)
Θ(x′ − x) + (x↔ x′).

A given charge density ρ(r, x, t) generates an electric field Ex = −∂φ/∂x|r=0 along the x-axis,

Ex(r = 0, x, t) = − ∂

∂x

∫ ∞

0
dr′r′

∫ d

0
dx′
∫ 2π

0
dϕ′ρ(r′, x′, t)G(r = 0, r′, ϕ, ϕ′, x, x′).

Using the densities in Eqs. 2.76, the contributions to the space charge resulting from electrons

and holes are

Exsc,e(x, t) =
e0
2πε

∫ ∞

0
dk exp

[
−k

2σ2e(t)

2

] ∫ d

0
dx′ne(x

′, t)
∂

∂x
f(k, x, x′),

Exsc,h(x, t) = −
e0
2πε

∫ ∞

0
dk exp

[
−
k2σ2h(t)

2

] ∫ d

0
dx′nh(x

′, t)
∂

∂x
f(k, x, x′),

and the complete space-charge field is given by their sum, Exsc = Exsc,e + Exsc,h

Quenchingwith space charge Figure 2.21 shows the evolution of the carrier densities, the space-

charge field, and the induced signal. At early times, space-charge effects are of subleading impor-

tance and the charge-carrier densities are given by feλ1 and fhλ1 in good approximation. The sepa-
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Figure 2.21: (a)–(c) Evolution of the charge carrier densitiesne(x, t) andnh(x, t)with time, including
space charge effects, for Vex = 2V. The corresponding electric field configurations are shown in
(e)–(g). The current I ind is shown in (d) and the voltage Vd − Vbr in (h). In all plots, the thick lines
correspond to averages obtained from the MAMC + circuit + SC simulation model, and the dashed
lines show the predictions from the adiabatic model which does not include space charge effects.

ration of charge caused by Eext leads to a space-charge field which reduces the electric field in the

centre of the avalanche region and enhances it close to its boundaries. (Space charge cannot alter

the voltage Vd measured across the avalanche region, i.e.
∫ d
0 ds ·Esc = 0.) As a result of the modified

field configuration, the carrier densities deviate from the adiabatic prediction at later times.

Impact ionisation continues to occur in regions where Esc enhances the local electric field, even

when Vd is already below Vbr. For the chosen parameters, this has the net effect of delaying the

collapse of the avalanche and moderately enhancing the total charge content of the signal. Space

charge does not, however, affect the quenching mechanism itself, which continues to be given by

the discharge of Cd by the avalanche current.

This is in stark contrast to the situation in resistive plate chambers, where space-charge effects

lead to a similar distortion of the electric-field profile along the gas gap. In this case, only electrons

are relevant for the development of the avalanche. Their density is concentrated in regions where

the electric field, and thus the gas gain, is suppressed. This reduces the overall signal charge bymany

orders of magnitude [86] and identifies space-charge effects as the central quenching mechanism.
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Chapter 3

Time resolution and efficiency of

single-photon avalanche diodes

Single-photon avalanche diodes (SPADs), also referred to as “Geiger-mode avalanche diodes”, are

semiconductor detectors that combine single-photon sensitivity with precision timing capabilities.

Initially developed in the 1960s [92, 93], SPADs are now commercially available and widely used in

many applications, including LIDAR [94], biophotonics [95], and quantum photonics [96]. Modern

devices achieve single-photon time resolutions of around 10 ps FWHM and dead times of only a few

nanoseconds [97].

Figure 3.1a illustrates the main functional components of a typical SPAD. A strongly doped

reverse-biased p–n junction generates a thin gain layer with a thickness d, in which the electric

field exceeds the breakdown limit and diverging electron-hole avalanches may form, as discussed in

Chapter 2. The avalanche is initiated by the charges deposited by the incoming photon and provides

the gain mechanism that creates the observable signal. Short-wavelength photons are preferentially

absorbed close to the surface of the semiconductor and may thus deposit an electron-hole pair di-

rectly in the gain layer. Infrared photons have significantly longer absorption lengths. To achieve

good absorption efficiencies also for longer wavelengths, a separate conversion layer with a thick-

ness w in the range 10–100 µm is often used. The conversion layer exhibits a weak electric field used

to drift one of the deposited charge carriers, in most cases the electron, to the gain region.

The device is augmented by external circuitry to quench the avalanche and define the signal.

A simple example is shown in Figure 3.1b, consisting of a quench resistor Rq and a capacitor CC

to couple the signal Vd ∼ V ind to the on-detector electronics. In some applications, the current
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(a) (b) (c)

Figure 3.1: (a) Functional parts of an exemplary SPAD, consisting of a thin gain layer with thickness
d and a conversion layer with thickness w. (b) Simple operating circuit for a SPAD with a quench
resistorRq and a capacitorCC which couples the SPAD to the front-end electronics. (c) Aminimum-
ionising particle crosses a SPAD. A series of ionisation clusters are produced along its trajectory and
initiate the avalanche.

through Rq is monitored instead.

According to the discussion in Section 2.6, a single SPAD is a binary detector for which the

signal contains no information about the deposited primary charge or the number of incident pho-

tons. The capability to manufacture SPADs in CMOS technology [56] has sparked the development

of large-scale SPAD arrays containing as many as 106 individual pixels, or “microcells” [98]. By

monitoring the state of all microcells, these “silicon photomultipliers” (SiPMs) have photon-number

resolving, and sometimes imaging, capabilities [99]. SiPMs optically coupled to scintillators can re-

place conventional photomultiplier tubes in many applications. Several experimental collaborations

in particle physics [100, 101] are considering this option for the readout of crystal calorimeters.

Because of their capability to sense individual charge carriers, SPADs and SiPMs may serve as

fast detectors for charged particles even without coupling to an external scintillator. As Figure 3.1c

shows, a minimum ionising particle that crosses a SPAD produces a number of charge clusters along

its track. As discussed below, the average distance between two ionisation clusters is significantly

less than 1 µm for silicon. Very thin devices are thus expected to achieve good detection efficiencies

for minimum ionising particles, and a dedicated conversion layer might not be necessary in all cases.

This chapter provides a theoretical study of the properties of silicon-based SPADs as detectors for

photons and charged particles, focusing on the achievable efficiency and time resolution. The em-

phasis is put on an analytic description of the underlying physical phenomena rather than a detailed,

simulation-based characterisation that would necessarily be device-specific. The efficiency which

which a diverging avalanche is triggered in a SPAD is computed in Section 3.1. The avalanche theory
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developed in Chapter 2 forms the foundation for the computation of the achievable time resolution.

It is extended in Section 3.2 to cover the more complicated initial charge deposits encountered in

a SPAD. Section 3.3 covers SPADs as photon detectors and outlines the most important contribu-

tions to the single-photon time resolution for different wavelengths. Finally, Section 3.4 studies the

properties of SPADs as charged-particle detectors.

There are many aspects that are relevant for the practical operation of SPADs and SiPMs which

are not discussed here and go beyond the reach of the calculational methods developed [102, 103].

These include the (optical) coupling between neighbouring SPADs in the pixel matrix of an SiPM

(“cross-talk”), the phenomenon of repeated discharge of the same pixel (“afterpulsing”) due to crystal

defects and the trapping of charge carriers in the semiconductor lattice, as well as the spurious

discharge of a SPAD cell in the absence of any external stimulus (“dark count”). Some of these

topics are experimentally studied in Chapter 4.

3.1 Efficiency

The efficiency ε introduced in Eq. 2.66 represents the probability that a given primary charge dis-

tribution leads to a diverging avalanche. It may be computed by an explicit enumeration of all

trajectories that result in breakdown, as discussed in Refs. [70, 71] and reviewed below.

In the simplest relevant scenario, the avalanche discharge is triggered by a single electron placed

at position x0 − dx0, for which the corresponding efficiency is denoted as εe(x0 − dx0). As the

electron traverses a small interval dx0, a diverging avalanche may form in two mutually exclusive

ways. If the charge does not multiply during dx0 (which happens with probability 1 − αdx0), the

probability for breakdown continues to be given (by definition) by the function εe, but evaluated at

the new position x0. Conversely, if the electron does undergo impact ionisation during dx0 (which

happens with probability αdx0), the probability for breakdown is given by the efficiency that two

electrons and one hole at position x0 trigger a diverging avalanche. This yields the recursion relation

εe(x0 − dx0) = (1− α(x0)dx0) εe(x0) + α(x0)dx0

[
1− (1− εe(x0))2 (1− εh(x0))

]
.

An analogous argument starting with a single hole placed at x0 + dx0 gives for the corresponding

breakdown probability εh(x0),

εh(x0 + dx0) = (1− β(x0)dx0) εh(x0) + β(x0)dx0

[
1− (1− εe(x0)) (1− εh(x0))2

]
.
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These relations may also be written in the form of (nonlinear) differential equations,

dεe(x0)

dx0
= −α(x0) (1− εe(x0)) [εe(x0) + εh(x0)− εe(x0)εh(x0)] , (3.1a)

dεh(x0)

dx0
= β(x0) (1− εh(x0)) [εe(x0) + εh(x0)− εe(x0)εh(x0)] , (3.1b)

which are readily solved numerically for given impact-ionisation coefficients α(x0) and β(x0) and

the boundary conditions εe(d) = εh(0) = 0.

A careful analytic investigation of Eqs. 3.1 provides important insights into the structure of the

solution. The term in square brackets on the right-hand side represents the efficiency for an electron-

hole pair at x0 to trigger a diverging avalanche, εeh(x0) = 1 − (1− εe(x0)) (1− εh(x0)). Using

Eqs. 3.1, the efficiency εeh is seen to satisfy the equation

dεeh(x0)

dx0
= −(α(x0)− β(x0))(1− εeh(x0))εeh(x0),

subject to the boundary condition εeh(0) = εe(0) = ε0. In terms of the unknown constant ε0, its

solution is

εeh(x0) =
ε0

ε0 + (1− ε0) exp
[∫ x0

0 dx′0 (α(x
′
0)− β(x′0))

] . (3.2)

Using Eq. 3.2, Eqs. 3.1 may be integrated and the solutions take the form

εe(x0) = 1− exp
[
−
∫ d

x0

dx′0α(x
′
0)εeh(x

′
0)

]
, (3.3a)

εh(x0) = 1− exp
[∫ x0

0
dx′0β(x

′
0)εeh(x

′
0)

]
. (3.3b)

With the boundary condition εe(0) = ε0, Eq. 3.3a gives rise to the following condition from which

the constant ε0 may be determined,

ε0 = 1− exp

−∫ d

0
dx′0

ε0α(x
′
0)

ε0 + (1− ε0) exp
[∫ x′0

0 dx′′0 (α(x
′′
0)− β(x′′0))

]
 . (3.4)

For position-independent impact-ionisation coefficients, the expressions for the efficiencies simplify,

εeh(x0) =
ε0

ε0 + (1− ε0)e(α−β)x0
, (3.5a)

εe(x0) = 1− e−α(d−x0)
[
e(α−β)d(1− ε0) + ε0

e(α−β)x0(1− ε0) + ε0

] α
α−β

, (3.5b)

εh(x0) = 1− e−βx0
[
(1− ε0)e(α−β)x0 + ε0

] β
α−β

, (3.5c)
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Figure 3.2: (a) Efficiency to obtain a diverging avalanche when a single electron (εe) or a single hole
(εh) is placed at position x0 in a gain layer with a thickness of d = 1µm, for two different (position-
independent) electric fields. (b) Efficiency εe for the case of a single electron placed at the upstream
end of the gain layer at x0/d = 0, as a function of the electric field and the thickness d.

and Eq. 3.4 results in the following expression from which ε0 may be determined,

e−(α−β)d =
1

ε0

[
(1− ε0)1−

β
α − (1− ε0)

]
.

Figure 3.2a illustrates the dependence of the efficiencies εe(x0) and εh(x0) on the position of

the initial charge carrier. Both functions are monotonic and the highest efficiencies are achieved at

the corresponding upstream ends of the gain layer. In silicon, β < α (cf. Figure 2.15a), which makes

holes less efficient than electrons for initiating avalanche breakdown. To maximise the quantum

efficiency of the detector, the field configuration should be chosen such that the deposited electrons

trigger the avalanche. This is relevant for the arrangement of the conversion layer relative to the

gain layer.

Figure 3.2b shows the efficiency as a function of the electric field. A single electron is placed at

x0 = 0, e.g. coming from the conversion layer of the device in Figure 3.1a. Above the breakdown

field, the efficiency rises steeply and quickly saturates at its maximum value.

The efficiency for more general initial condition may be obtained from the functions εe(x0) and

εh(x0). ForN0
e initial electrons at positions xe,i andN0

h initial holes at positions xh,j , the efficiency

becomes

ε = 1−
N0

e∏
i=1

[1− εe(xe,i)]
N0

h∏
j=1

[1− εh(xh,j)] ,
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and for initial charge carrier densities n0e(x) and n0h(x), it is

ε = 1− exp
[∫ d

0
dx0

(
n0e(x0) log [1− εe(x0)] + n0h(x0) log [1− εh(x0)]

)]
. (3.6)

In case the avalanche is initiated by a density of electron-hole pairs, i.e. n0e(x) = n0h(x) = n0eh(x),

the above expression simplifies to

ε = 1− exp
[∫ d

0
dx0 n

0
eh(x0) log [1− εeh(x0)]

]
. (3.7)

3.2 Stochastic initial conditions

Chapter 2 studied the emergence of avalanche fluctuations starting from fixed initial conditions. The

deposit of charge carriers in silicon through absorption or ionisation is, however, itself stochastic.

This leads to additional fluctuations and creates additional contributions to the time resolution.

The time-response function in Eq. 2.71 may be used to quantify these effects. Here and in the

following, the approximation Aeff ≈ A is made. This neglects the (small) effects of boundaries on

the avalanche fluctuations. Section 2.4.4 shows that these are of subleading importance; and using

this approximation exposes the underlying physical effects without introducing undue complexity.

The time-response function thus reads (cf. Eq. 2.71)

ρ(Nth, t) ≈
γ1v

∗

Γ(A)
exp

(
A log

hNth

eγ1v∗t
− hNth

eγ1v∗t

)
, (3.8)

where

h =
εA

N(λ1)
, A =

αveN
0
e + βvhN

0
h

αve + βvh
.

This expression depends on the initial conditions in several ways. The avalanche parameter A

depends only on the absolute number of primary electrons and holes, while the efficiency ε and the

normalisationN(λ) depend additionally on their spatial distribution. (In a more precise calculation

that uses Aeff directly, the dependence of this parameter on the number of primary charge carriers

and their positionsmust be taken into account according to Eq. 2.69.) The asymptotic time resolution

σth,∞ is computed by including these parameters into the computation of expectation values. The

n-th moment of the threshold crossing time tth becomes

〈tnth〉 =
∫ ∞

0
dt tn

∫
d(A, h) p(A, h) ρ(t,Nth).
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Figure 3.3: Optical properties for silicon. Data from Refs. [104, 105]. (a) Absorption length for
photons in silicon as a function of the wavelength. (b) Efficiency εabs(w) to absorb a photon with a
certain wavelength, depending on the thickness w of the conversion layer or gain layer.

The joint probability distribution p(A, h) of the parameters A and h is determined by the (distribu-

tion of the) initial conditions. With this, the time resolution σth,∞ is

σ2th,∞ =
1

(γ1v∗)
2 [〈ψ1(A)〉+ var [logh− ψ0(A)]] , (3.9)

where the variance and the angle brackets symbolise the remaining expectation values over the

fluctuating initial conditions.

As discussed in Section 2.4.4, the scale of the time resolution is set by the asymptotic growth rate

of the avalanche. The two terms in parentheses on the right-hand side of Eq. 3.9 are dimensionless

numbers and represent different physical effects. The first contribution represents the average con-

tribution of avalanche fluctuations. The second term implements contributions due to fluctuations

in the overall normalisation of the average avalanche. It depends on the positions and the number

of the initial charge carriers as laid out in Section 2.4.2.2.

The relative importance of both contributions is determined by the physicalmechanism bywhich

primary charges are deposited in the sensor. They are studied in detail for photoabsorption (for

photon detection) and ionisation (for charged particle detection) in Sections 3.3 and 3.4, respectively.

3.3 Photon detection

The properties of SPADs as photon detectors depend to a significant degree on the physics of photon

absorption in silicon. The most important physical scale is the photon-absorption length la, shown
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Figure 3.4: Long-wavelength photons may reach the device from the side of the substrate at x = 0
(“back-side illumination”) or from the side of the gain layer at x = w (“front-side illumination”). In
both cases, the photons are primarily absorbed in the conversion layer and deposit an electron-hole
pair.

in Figure 3.3a. It determines the efficiency εabs that a photon is absorbed after traversing a distance

w in the medium, εabs(w) = 1− e−
w
la .

The absorption efficiency εabs is plotted in Figure 3.3b. Photons with a wavelength below 400 nm

are efficiently absorbed even by very thin silicon layers with a thickness of only a few hundred

nanometres. The gain layer itself is often sufficient to achieve good efficiencies [106] for this case.

Conversely, infrared photons with wavelengths around 1 µm require conversion layers with a thick-

ness of several tens of microns to achieve good efficiencies; photon absorption in the thin gain layer

is negligible. Both wavelength regimes are considered in what follows.

3.3.1 Absorption in conversion layer

As Figure 3.4 shows, photons may impinge on the device from either direction and get absorbed in

the conversion layer with thickness w. For illumination from the side of the substrate (“back-side

illumination”), the probability for the photon to convert in a small interval dx0 centred around a

position x0 is

pabs�(x0) =
1

1− e−
w
la

1

la
e−

x0
la . (3.10)

It is normalised to the absorption efficiency, i.e.
∫ w
0 dx0 pabs�(x0) = 1.

The photon absorption leads to a contribution σabs to the time resolution. The electron deposited

at x = x0 drifts for a time td = (w−x0)/ve until it reaches the gain layer at x = w and triggers the

avalanche. The electron arrival time is a random variable, and Eq. 3.10 determines its distribution

to be

ρ
(1)
arr�(t) =

∫ w

0
dx0 pabs�(x0) δ

[
t− w − x0

ve

]
=

1

Tdla

w

ew/la − 1
exp

[
tw

Tdla

]
, (3.11)
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Figure 3.5: The distribution of the arrival time of the drifting electron at the gain layer, for a typical
situation. The electron drift velocity ve is taken to be close to the saturation velocity vsate . The
selected diffusion constant corresponds to the low-field limit [107]. Both ρ(1)arr� from Eq. 3.11 and
ρ
(2)
arr� from Eq. 3.13 are shown.

where Td = w/ve sets the drift timescale. It is visualised in Figure 3.5. The variance σ2abs� of this

distribution is

σ2abs� = T 2
d

 l2a
w2
− 1

4 sinh
(
w
2la

)2
 . (3.12)

It is determined solely by the thickness w of the conversion layer and the exponential character of

photon absorption. For illumination from the side of the gain layer (“front-side illumination”), the

variance σ2abs� is found to be identical, i.e. σ2abs = σ2abs� = σ2abs�.

Superimposed on the (deterministic) drift motion of the electron are (stochastic) interactions

with other charge carriers and the lattice. Their effect on the arrival time distribution are approxi-

mately taken into account by convolving the distribution in Eq. 3.10 with the kernel

k(x, x0, t) =
1√

2π
√
2Dt

exp

[
− [x− (x0 + vet)]

2

2(2Dt)

]
.

which is a solution of the diffusion equation. It determines the probability density to find the elec-

tron at coordinates (x, t) if it originated at x0 at t = 0. This results in the following improved

approximation of the arrival time distribution,

ρ
(2)
arr�(t) =

∫ w

0
dx0 pabs�(x0)k(x = w, x0, t)

=
ve
2la

e(D+lave)t/l2a

ew/la − 1

(
Erf

[√
Dt

la
+
ve
2

√
t

D

]
− Erf

[√
Dt

la
+
ve
2

√
t

D
− w

2
√
Dt

])
, (3.13)

whereD is the longitudinal diffusion constant for silicon and Erf(x) = 2/
√
π
∫ x
0 dz e

−z2 . Diffusion

84



contributes a new term σ2diff� to the variance of the arrival time,

σ2diff� = Td
2D

v2e

(
1

1− e−w/la
− la
w

)
. (3.14)

For front-side illumination, the contribution from diffusion is instead

σ2diff� = Td
2D

v2e

(
la
w

+
1

1− ew/la

)
. (3.15)

The total variance of the electron-arrival time, and hence the full contribution of the conversion

layer to the time resolution of the device, is σ2abs+σ
2
diff. Its exact numerical value depends critically on

several design choices (drift field, conversion layer thickness) and must be determined for a specific

device. It is worthwhile to evaluate the expressions derived above for some limiting cases to reveal

the overall scale of the expected time resolution. Expressions for the cases la � w (where absorption

occurs throughout the entire conversion layer) and d � la � w (where absorption preferentially

occurs close to the surface of the conversion layer, but absorption in the gain layer is negligible) are

highlighted in Table 3.1.

The scale of σabs is set by the drift timescale, Td. If the absorption length is long compared to

the thickness of the conversion layer, the position x0 at which the conversion happens is uniformly

distributed, leading to the appearance of a factor 1/
√
12. If the photon converts close to the surface

of the conversion layer, the fluctuations in x0 and thus also σabs are reduced. For a drift velocity

close to saturation, i.e. ve ≈ 0.1 µm/ps, the drift timescale is Td = 10/100/1000 ps for a conversion

layer with thickness w = 1/10/100 µm.

The contribution σdiff is characterised by the timescale Tdiff =
√
DTd/ve. For la � w, diffusion

is not sensitive to the direction of the arriving photons. Naturally, diffusion is less important if the

photon absorption occurs close to the gain layer. The longitudinal diffusion coefficient of electrons in

silicon is bounded from above by D ≈ 35 cm2/s [107], attained at low electric fields. The diffusion

timescale is thus approximately Tdiff = 1.6/8.4/26.5 ps for w = 1/10/100 µm and a saturated

electron drift velocity.

3.3.2 Absorption in gain layer

For photon absorption in the gain layer, the efficiency and the overall normalisation of the avalanche

depend on the conversion point, as discussed in Sections 2.4.2.2 and 3.1. The avalanche is initiated

by an electron-hole pair at x0. For this initial condition, A = 1; and the contribution to the time
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la � w d� la � w

Diffusion

Front-side
illumination

σdiff� =
√
DTd
ve

σdiff� =
√

2la
w

√
DTd
ve

Back-side
illumination

σdiff� =
√
DTd
ve

σdiff� =
√
2
√
DTd
ve

Absorption σabs =
Td√
12

σabs = Td
la
w

Table 3.1: Contributions to the time resolution from photon absorption and charge carrier diffusion
in the limits la � w and d� la � w, based on the expressions in Eqs. 3.12, 3.14, and 3.15.

resolution originating from the avalanche is quantified by Eq. 3.9,

σ2th,∞ = σ2av + σ2pos =
1

(γ1v∗)
2

[
π2

6
+ var [logh]

]
,

with h = ε/N(λ1). The first term represents the contribution from avalanche fluctuations, where

π2/6 = ψ1(1). Written explicitly, the variance in the second term is

var [logh] =
∫ d

0
dx0 pabs(x0) log2 h(x0)−

[∫ d

0
dx0 pabs(x0) logh(x0)

]2
, (3.16)

where pabs(x0)dx0 is the probability that the photon is absorbed in a small interval dx0 centred on

x0 in the gain layer. This probability distribution is given by an exponential distribution analogous

to Eq. 3.10.

An estimate for the overall scale of the contribution in Eq. 3.16 may be obtained by taking pabs

to be a uniform distribution, i.e. pabs(x0) = 1/d. The variance may then be computed using the

analytic expressions for the efficiency in Eqs. 3.5 and the normalisation of the avalanche in Eq. 2.57.

Figure 3.6 compares the result to the universal contribution from the avalanche fluctuations.

The term σpos depends significantly on the electric field and on the thickness d of the gain

layer. It is generally of the same order as the contribution σav from avalanche fluctuations but may

become dominant for high electric fields and thick gain layers. This dependence originates from the

behaviour of the coefficient N(λ1) defined in Eq. 2.54, which controls the overall normalisation of

the avalanche.
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Figure 3.6: The contribution σpos from the variations in the position x0 for different values of the
electric field and the thickness d of the gain layer, assuming x0 to be uniformly distributed through-
out the gain layer. For comparison, the thin horizontal line shows σav originating from the avalanche
fluctuations.

3.4 Charged particle detection

The properties of SPADs as fast detectors for charged particles are grounded on the interactions of

these particles with matter. Section 3.4.1 briefly reviews some of these aspects insofar as they are

relevant for the ensuing discussions. Based on these results, Section 3.4.2 investigates the detec-

tion efficiencies that SPADs can achieve for charged particles, and the time resolution is studied in

Section 3.4.3.

3.4.1 Interaction of charged particles with matter

The situation of interest is the detection of fast (βγ & 3), heavy (heavier than electrons) charged

particles. Such minimum-ionising particles (MIPs) interact electromagnetically with the detector

material and deposit energy primarily through ionisation. The details of the interaction are de-

scribed by the differential cross-section dσ/dE to deposit a certain amount of energy E in the

material in a collision.

Description of the interaction The maximal energy Emax that can be transferred in a collision

is determined by the kinematics of the scattering process, and for a MIP is much less than the total

kinetic energy of the particle. The particle may thus independently undergo a series of interactions

as it traverses the material. The mean free path λ between two ionisation events is the inverse of

the expected number of collisions per unit length. It is related to the number density of scattering
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centres in the detector material, N , and the total cross-section σ as

λ−1 = Nσ = N

∫ Emax

Emin

dE
dσ

dE
,

where the minimum energy transfer Emin is given by the accessible excitations of the medium and

Emax is determined by the kinematics of the scattering. For silicon, the ionisation mean free path is

approximately λ ≈ 0.23 µm at βγ = 3 [108]. The first moment of the differential cross section is

the expected energy loss per unit length, referred to as the “stopping power” 〈dE/dx〉,〈
dE

dx

〉
= N

∫ Emax

Emin

dE E
dσ

dE
. (3.17)

As defined here, x has dimensions of length.

The number of interactions of the particle as it traverses a medium with thickness d follows a

Poisson distribution with a mean of d/λ. The energy E deposited in a collision event leads to the

formation of a cluster of n electron-hole pairs located at the position x at which the interaction took

place. The expected number of electron-hole pairs in the cluster 〈n〉 and its variance σ2(n) are

〈n〉 = E

E0
, σ2(n) = F 〈n〉 ,

whereE0 is the average energy required to excite an electron-hole pair, and F is a Fano factor [109].

For silicon, E0 ≈ 3.7 eV [110] and F < 0.1 [108].

The distribution of n, the “cluster-size distribution” pclu(n), is related to the cross-section as

pclu(n) =
1

σ

∫
dE

dσ

dE
p(n;E),

where p(n;E) is the probability to create a cluster of n electron-hole pairs from an energy depositE.

In the limit of small Fano factors, p(n;E) ≈ δ(n−E/E0) and the cluster-size distribution becomes

approximately proportional to the cross-section,

pclu(n) ≈
E0

σ

dσ

dE

∣∣∣∣∣
nE0

. (3.18)

ForM produced clusters, the distribution of the total number of electron-hole pairs is given by

the M -fold convolution of pclu with itself, denoted (pclu)
∗M . Correspondingly, the probability to

deposit a total of N0
eh electron-hole pairs in a material of thickness d becomes

p(N0
eh) =

∞∑
M=0

Po
(
M ;

d

λ

)
(pclu)

∗M (N0
eh), (3.19)

88



where Po(M ; d/λ) = e−d/λ(d/λ)M/M ! denotes the Poisson distribution.

Classical dielectric theory and the photoabsorption ionisation model A classical treatment

is adequate in the limit of a slow and quasi-continuous energy loss. In electrodynamics, a moving

point-charge q polarises themedium that it traverses; the polarisation, in turn, influences the electric

field E at the position of the particle. The component of E projected along the direction of motion

β̂ of the particle determines the backreaction of the material, and, therefore, the energy loss,〈
dE

dx

〉
= qE · β̂.

An explicit calculation [111] shows that this quantity may be expressed purely in terms of the di-

electric function ε(k, ω) that appears in Gauss’ law in Eq. 1.1a,〈
dE

dx

〉
= − 2q2

β2π

∫ ∞

0
dω

∫ ∞

kmin(ω)
dk

×
[
ωk

(
β2 − ω2

k2c2

)
Im
(

1

−k2c2 + ε(k, ω)ω2

)
+

ω

kc2
Im
(
− 1

ε(k, ω)

)]
.(3.20)

The integration involves an integration over the entire accessible kinematic plane. The dielectric

function ε(k, ω) describes the coupling of the material to the electromagnetic field generated by

the particle. It can be computed from first principles only for a few simple materials. For practical

purposes, a simple model of ε(k, ω) based on optical data is often sufficient.

The integral over the first term in Eq. 3.20 is dominated by on-shell photons for which k =

√
ε ω/c. In this optical limit, the dielectric function depends only on the frequency, i.e. ε = ε(ω).

The photoabsorption ionisation (PAI) model [111, 112] extends this approximation also into the off-

shell region of the kinematic plane. In this model, also the second term of Eq. 3.20 is expressed

in terms of ε(ω). The optical-loss function Im(1/ε(ω)) summarises the properties of the material

and that determines the energy loss. By comparing Eqs. 3.20 and 3.17, the differential cross section

dσ/dE may be approximated in terms of the loss function.

Figure 3.7 shows experimental data for the loss function Im(−1/ε(ω)) of silicon. Photoionisation

becomes possible above the band gap of intrinsic silicon. The plasmon peak at around 16 eV is due

to collective excitations of the valence electron gas. The K and L edges of atomic silicon at 99 eV

and 1.84 keV are also visible.

At high energy transfers E, the electrons in the material appear to be unbound and the cross-

section scales as dσ/dE ∼ 1/E2, familiar from Rutherford scattering. For large n, the cluster-size
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Figure 3.7: Loss function Im(−1/ε(ω)) for silicon, plotted in units of energy E = h̄ω. Data from
Refs. [113–115].

distribution is thus expected to show the same scaling behaviour, pclu(n) ∼ 1/n2. Figure 3.8a com-

pares this naive expectation with the full cluster-size distribution for silicon, as computed with the

implementation of the PAI model available in HEED [116]. The distribution mirrors the structures

visible in the optical data of Figure 3.7, as anticipated by Eq. 3.18, and deviates significantly from

the simple Rutherford scaling law.

Figure 3.8b shows the distribution of the total number of generated electron-hole pairs in the

material according to Eq. 3.19. The expected number of charges is substantial compared to photoab-

sorption. Even for a very thin layer with d = 0.5 µm, the most probable number of electron-hole

pairs lies significantly above one.

HEED relies on the photoabsorption cross-section of atomic silicon to extract the loss function

Im(−1/ε(ω)). Collective effects are therefore not included and pclu(n) is not expected to be accu-

rately modelled for small clusters. Ref. [117] compares this result with a more careful calculation

that uses the full loss function from Figure 3.7. This improvement leads to differences in the pre-

dicted energy-loss distributions for extremely thin silicon layers. However, neither model has been

validated against experimental data, and the (simpler) HEED calculations continue to be used in the

following.

3.4.2 Efficiency

Eq. 3.7 determines the efficiency for a fixed initial density n0eh(x) of electron-hole pairs. To compute

the efficiency εMIP for MIP detection, this expression must be averaged over the distribution of n0eh
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Figure 3.8: (a) The black markers show the cluster-size distribution pclu(n) for silicon, computed
with the PAI model as implemented in HEED [116]. The grey dashed line corresponds to a 1/n2

distribution as expected from Rutherford scattering. (b) Distribution of the total number of electron-
hole pairs deposited by a MIP for silicon layers with different thickness d.

produced by the interaction of the MIP with the sensor,

εMIP =

∫
Dn0eh p[n

0
eh] ε[n

0
eh], (3.21)

where ε[n0eh] is the expression in Eq. 3.7. The square brackets are used to indicate its functional de-

pendence on the density of initial electron-hole pairs. For the following calculation, only interactions

in the gain layer are considered.

The distribution p[n0eh] is determined by the interactions with the medium as discussed in Sec-

tion 3.4.1. The passing MIP leads to initial densities of the form

n0eh(M, {xi}, {ni}) =
M∑
j=1

njδ(x− xj),

where M is the number of interactions. The resulting charge clusters are located at positions

x1, . . . , xM and contain n1, . . . , nM electron-hole pairs, respectively. The number of clusters fol-

lows a Poisson distribution with a rate parameter of d/λ. The cluster sizes ni are independently

distributed according to pclu(n), and the cluster positions xi are uniformly distributed throughout

the gain layer.

This determines the distribution p[n0eh] to be

p[n0eh] =
∞∑

M=0

Po
(
M ;

d

λ

)∫ d

0

dxM

dM

∑
n1,...,nM

M∏
i=1

pclu(ni) δ
[
n0eh − n0eh(M, {xi}, {ni})

]
. (3.22)
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Figure 3.9: Efficiency εMIP for a MIP to trigger a diverging avalanche in silicon, shown as a function
of the electric field in the gain layer and its thickness d.

From Eq. 3.21, the efficiency εMIP becomes

εMIP = 1− e−
d
λ exp

[
1

λ

∞∑
n=1

pclu(n)

∫ d

0
dx (1− εeh(x))n

]
. (3.23)

Figure 3.9 evaluates this expression for the cluster-size distribution from Figure 3.8a. Above break-

down, the efficiency rises steeply and saturates at εMIP = 1 − e−d/λ. At high fields, εeh ≈ 1 and

the efficiency becomes limited by the probability for the MIP to undergo a single interaction in the

gain layer. This confirms that a thin gain layer is sufficient to provide high efficiencies and that a

dedicated conversion layer is not needed.

3.4.3 Time resolution

Similarly, also the time resolution of the device is dominated by the interactions of the MIP in the

gain layer. It may be computed analogously to the case of photon detection discussed in Section

3.3.2, starting from Eq. 3.9.

The expectation values and variances must now be computed with respect to the distribution in

Eq. 3.22. The avalanche parameter A is given by the total number of electron-hole pairs deposited

in the gain layer, A =
∑

i ni = N0
eh, and the quantity logh is logh = logA+ log ε− logN(λ1).

As demonstrated above in Section 3.4.2, the averaged efficiency εMIP is close to maximal above

breakdown. This implies that the efficiency for each initial density n0eh included in p[n0eh]must itself

be close to maximal. The quantity log ε is thus constant to an excellent approximation and does not

contribute to the overall variance. Removing this term from the computation of the variance, Eq. 3.9
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Figure 3.10: The top panel shows the contribution σpos arising from the fluctuations in the cluster
positions and the cluster sizes, as a function of the electric field and for different gain layer thickness.
For comparison, the terms σav from the fluctuations of the avalanche are shown at the bottom.

becomes

σ2th,∞ = σ2av + σ2pos ≈
1

(γ1v∗)
2

[〈
ψ1(N

0
eh)
〉
+ var

[
logN0

eh − logN(λ1)− ψ0(N
0
eh)
]]

≈ 1

(γ1v∗)
2

[〈
ψ1(N

0
eh)
〉
+ var [logN(λ1)]

]
. (3.24)

In the second line, the approximation ψ1(N
0
eh) ≈ logN0

eh is made, which is accurate to about 10%

for N0
eh > 4, where most of the probability mass lies (cf. Figure 3.8b).

The two contributions in Eq. 3.24 are compared and visualised in Figure 3.10. Avalanche fluctu-

ations are reduced by the large amount of primary charge, and significantly suppressed compared

to the detection of individual photons. Their contribution σav to the total time resolution is not

important relative to the effects of varying cluster positions and cluster sizes contained in σpos. In

contrast to photon detection, this term decreases with increasing thickness d: on average, thicker

gain layers contain more charge clusters, which reduces the effect of position fluctuations.

3.5 Summary

The theory of electron-hole avalanches developed in Chapter 2, together with the physics of charge

deposition in silicon, explains the main functional properties of SPADs, predicts the ultimate time

resolution that can be achieved with these devices, and clearly identifies the most important de-

sign parameters. Such analytic results are important for the validation of detailed, device-specific,

simulations; they also guide the development of sensors with improved characteristics.

93



Self-sustaining electron-hole avalanches in silicon are shown to provide a powerful amplifica-

tion mechanism that can achieve intrinsic time resolutions significantly below 10 ps for sufficiently

strong electric fields (cf. Figure 2.16b). This fundamental limit arises from the fluctuations in the

avalanche development. Other sources also contribute to the achievable time resolution of a prac-

tical SPAD.

For single-photon detection, the timing performance depends significantly on the targetedwave-

length regime. For infrared photons, it is limited by drift and diffusion in the thick conversion layer,

which can easily contribute 50–100 ps of additional jitter (cf. Table 3.1). Short-wavelength photons

are efficiently absorbed in the gain layer itself. In this case, the overall scale of the time resolution

improves with the electric field in the gain layer. It receives a contribution from fluctuations in the

position of the photon conversion, which is of a similar order as the intrinsic avalanche fluctuations

but can become dominating for relatively thick gain layers (cf. Figure 3.6).

For the detection of charged particles, the statistics of the energy loss in the gain layer through

ionisation is the most important aspect, and avalanche fluctuations only play a subleading role.

Even for very thin devices without a dedicated conversion layer, the detection efficiency is close to

maximal (Figure 3.9).

Remarkably, the design criteria to optimise the time resolution in these two applications are

not conflicting, and the timing performance of SPADs is shown to be remarkably universal even

across different particle species. SPADs designed for precision photon timing applications are thus

expected to achieve an almost identical time resolution also for the detection of charged particles.

The capability to detect photons and charged particles simultaneously is interesting for the next

generation of collider experiments. It could enable the design of sensors that combine the func-

tionality of a time-of-flight detector for charged particles with particle identification through the

imaging of Cherenkov emission [118].
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Chapter 4

In-beam performance of single-photon

avalanche diodes

The discussion in Section 3.4 provides the theoretical justification and motivation for applying

SPADs as precision timing detectors for charged particles. Before this technology can be employed,

its performance in an experimental setup must be characterised and understood.

Several studies investigating the properties of individual SPADs (or SPAD arrays) as charged

particle detectors have been performed in the past. They find good sensitivity to charged particles

[119, 120] and confirm the expectation that the time resolution is similar to that for single photons

[121, 122]. Nonetheless, many aspects remain to be understood, including the interplay between

timing properties, position resolution, and efficiency, and the selection of the optimal operating

conditions.

This chapter contributes to this effort and characterises the in-beam performance of a prototype

CMOS SPAD array. All results have been obtained with a versatile experimental setup constructed

for this measurement campaign. It features a high-frequency readout pipeline for the amplifica-

tion and digitisation of the signal delivered by the sensor. This is combined with a silicon pixel

detector, allowing the crossing charged-particle tracks to be reconstructed and the hit position to

be determined relative to the pixel structure of the SPAD array. The combination of tracking and

high-fidelity analogue information represents a significant advance compared to previous studies

and makes it possible to investigate the functional properties of the tested sensor in much greater

detail.

The most relevant properties of the studied device are listed in Section 4.1. Sections 4.2–4.5
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Parameter Symbol Value

Pixel pitch p 25 µm

Array size — 6× 16 = 96

Effective area w × h 150 µm × 400 µm

Diode diameter d ≈ 20 µm

Fill factor — ≈ 50%
Thickness of
epitaxial layer

— ≈ 10 µm

Table 4.1: Relevant characteristics of the tested SPAD arrays, referred to as “SPAD/P96” in the main
text. The fill factor is defined as the fraction of the total pixel area covered by the diode.

describe the developed readout electronics and the remainder of the experimental setup in more

detail, and a summary of the results obtained from a first beam test campaign is available in Section

4.6.

4.1 Device information

The device under test (DUT) is a small, rectangular array of 6× 16 = 96 SPAD pixels manufactured

in a CMOS process. Table 4.1 summarises important device parameters, and the array and pixel

geometries are illustrated in Figure 4.1. Information on doping profiles is proprietary and not avail-

able. Two samples with nominally identical characteristics are used in the following, referred to as

SPAD/P96/1 and SPAD/P96/2.

The breakdown voltage Vbr at room temperature is extracted from the relationship between bias

voltage and reverse current as explained in Ref. [123] and found to be around 21V, compatible with

information from the foundry. (A more detailed in situ measurement of the breakdown voltage

is shown in Section 4.6.1.) The temperature coefficient of Vbr is positive and determined by the

temperature dependence of the impact ionisation coefficients (cf. Section 2.5). It is measured in a

separate device sample which consists of only a single SPAD cell and found to be around 25mV / K.

Figure 4.2a shows the in-pixel circuit components arranged around the p–n junction, consisting

of the quench resistor Rq and the elements Cc and Rc to couple out the signal. According to the

discussion in Section 2.6 the avalanche discharge induces a voltage signalV ind with negative polarity.

The slew rate of the signal is determined by the dynamics of the avalanche and the presence of

additional parasitic elements (not shown) that reflect the effects of bonding wires and the device
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Figure 4.1: Geometry of the tested SPAD array. Figure (a) shows the structure of a single SPAD pixel
with pitch p. The diode has a diameter d < p, defined as shown. Figure (b) illustrates the entire
array. The thick red rectangle marks the nominally active array and the dashed red line indicates
the presence of a dummy row and dummy column on each side.

package on the electrical signal path.

The signal lines from all pixels in the array are connected in parallel and only the summed signal

is routed outside the package. An additional dummy row and an additional dummy column of pixels

surround the active part array on either side. The SPADs in these regions are not connected to the

supply and the common signal line.

4.2 Readout electronics

A custom front-end amplifier is used to increase the signal amplitude and provide a standardised

impedance of Z0 = 50Ω while preserving its analogue bandwidth as much as possible.

Figure 4.3 shows a simplified schematic diagram of the developed broadband amplifier, target-

ing a frequency band from 100MHz to 5GHz with 50Ω ports. It consists of two separate amplifi-

cation stages. The first stage is designed around the low-noise SiGe hybrid bipolar transistor Q3

(BFP840FESD, see Ref. [124]), operated in a common emitter configuration. It acts as an inverting

amplifier with a voltage gain of around 19 dB. The operating point of Q3 is actively controlled by the

low-frequency transistors Q1 and Q2, which also automatically compensate temperature variations.

The second (non-inverting) stage consists of the integrated amplifier U1 (HMC313, see Ref. [125])

which increases the overall gain to about 35 dB. The full circuit achieves a (simulated) 3 dB-cutoff
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(a) (b)

Figure 4.2: (a) In-pixel circuit, consisting of the quench resistor Rq ≈ 300 kΩ and the elements
Cc ≈ 10 fF and Rc ≈ 100 kΩ to extract the signal. (b) Magnified view of the silicon die containing
the device SPAD/P96/2.

Figure 4.3: Simplified schematic diagram of the front-end amplifier, consisting of a discrete common-
emitter transistor amplifier (Q3) as first stage, followed by an integrated amplifier (U1) as second
stage. The signal input is labelled as “RF IN” and the amplified output signal is available at the
terminal marked “RF OUT”.

frequency of 5.3 GHz. It was demonstrated to be stable independent of the impedances of the signal

source and the load using the methods summarised in Ref. [126].

The first amplification stage was routed on a 4-layer printed circuit board (PCB), pictured in Fig-

ure 4.4. All traces carrying high-frequency signals are implemented as grounded coplanar waveg-

uides [127, 128] with a characteristic impedance of 50Ω, and kept strictly separate from supply

lines or low-frequency signals. The second stage is housed on a small separate PCB. Both stages are

connected and combined in a common aluminium enclosure for shielding purposes. A dedicated

amplifier is used for each SPAD array.
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Figure 4.4: Printed circuit board housing the first amplification stage, shown to scale 1:1.5.

4.3 Experimental setup

The twoDUTs together with the front-end amplifiers described in Section 4.2 are embedded in an ex-

perimental setup consisting of a beam telescope, a trigger system, and ancillary equipment for data

acquisition, monitoring, and slow control. Figure 4.5 gives an overview of the full system. It serves

as a guide to the following description, which covers the most important functional components of

the apparatus.

4.3.1 Beam telescope

The beam telescope is the only component exposed to the particle beam during the measurement

campaign. It combines the two DUTs, four tracking planes, and three trigger scintillators in a linear

arrangement whose layout is shown schematically in Figure 4.6. The longitudinal z-axis is chosen

to be parallel to the beam direction.

4.3.1.1 Tracking planes

The tracking layers consist of ALPIDEmonolithic active pixel sensors [129, 130]. Each ALPIDE sensor

contains 1024× 512 pixels distributed over an active area of 3 cm× 1.5 cm. Each pixel has a size of

around 29 µm×27 µm. The in-pixel circuitry includes a discriminating amplifier with a peaking time

of about 2 µs and a series of digital buffers to store the hit information upon receipt of an externally

provided trigger signal. The sensor is read out through a serial interface. It achieves a sub-pixel

position resolution of below 5 µm. The fake hit rate is below 10−6 pixel−1 event−1 for detection
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Figure 4.5: Overview of the beam-test setup, consisting of the beam telescope, the analogue pipelines
for the SPAD signals (red), a trigger system involving scintillators (blue), and a central controller for
data acquisition and control (DAQ). The signal labels are explained in the main text.

Figure 4.6: Layout of the beam telescope, consisting of four ALPIDE tracking layers (grey), the two
DUTs, SPAD/P96/1 and SPAD/P96/2, and three trigger scintillators, SC1, SC2, and SCV. SPAD/P96/1
can be moved in the transverse xy-plane for it to be aligned with SPAD/P96/2.
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Figure 4.7: Evolution of the temperature measured inside the beam telescope enclosure during two
selected data-collection periods. The run numbers refer to Table 4.2.

efficiencies above 99.5% [129].

4.3.1.2 SPAD planes

The DUTs are mounted on carrier PCBs, allowing them to be precisely positioned in the space-

constrained telescope environment. One plane is attached to a motorised linear movement stage to

adjust the relative position of the two devices with sub-micron precision [131]. The SPAD reverse-

bias voltage Vsupply is provided by a remote-controlled power supply [132] augmented by an addi-

tional ripple-rejection circuit. The front-end amplifiers are located outside the telescope enclosure

and are connected to the DUTs through coaxial cables with a characteristic impedance ofZ0 = 50Ω.

A temperature sensor is placed close to the position of the DUTs inside the telescope to monitor

environmental conditions. Figure 4.7 shows the temperature evolution during two typical data-

taking runs in nominal operating conditions, indicating that the temperature is stable to about 1◦C.

For each run, the bias voltage is set to a fixed, predetermined value. No temperature feedback is

attempted given the small temperature coefficient of Vbr measured in Section 4.1.

4.3.1.3 Trigger scintillators

Three plastic scintillators, read out by photomultiplier tubes [133], are used to preselect events in

which beam particles are present in a region of interest centred on the position of the DUTs. Two

scintillators, SC1 and SC2, are located at the extreme ends of the telescope and operated in coinci-
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dence [134]. The third scintillator, SCV, contains a hole with a diameter of 5mm and implements a

veto. It is positioned such that both DUTs are aligned with the hole, thus defining the region that

is enhanced by the scintillator trigger.

The scintillator trigger signal TS is computed as

TS = (SC1 ) ∧ (SC2 ) ∧
(
SCV

)
∧ RDY, (4.1)

where the symbol denotes the presence of a rising edge on the respective signal. The level-sensitive

signal RDY is asserted only if all tracking planes are ready to acquire data. TS is generated by a field-

programmable gate array (FPGA) [135], clocked at fc = 100MHz. The coincidence time window

Tc is implicit in Eq. 4.1 and fixed by the clock period of the FPGA to Tc = 1/fc = 10 ns. The time

resolution of the trigger signal TS is limited by the coincidence time Tc to around Tc/
√
12 ≈ 3 ns

(RMS).

4.3.2 Global trigger logic

The active area of each DUT is smaller than the area enhanced by the scintillator trigger by a factor

of more than 300 (cf. Table 4.1). To improve the efficiency of selecting events in which a beam particle

traverses one, or both, of the DUTs, the readout of the tracking detectors is requested only upon

assertion of the global trigger signal TG. It combines TS with hit information extracted from the

analogue SPAD signals S1 and S2, defined by discriminating the analogue signals delivered by the

front-end amplifiers against fixed voltage thresholds. Two different global trigger configurations,

TG,1 and TG,2, are used,

TG,1 = (TS ) ∧ (S1 ) , TG,2 = (TS ) ∧ (S2 ) . (4.2)

For TG to be asserted, the scintillator trigger signal TS must arrive within a window of 100 ns after

the signals S1 or S2. This accounts for the relative delay between TS and the SPAD signals, caused

by the longer scintillator rise time and the latency introduced by the scintillator trigger FPGA.

4.3.3 SPAD signal acquisition

The amplified SPAD signals are digitised at a sampling rate of 80GS/s by an oscilloscope with an

analogue bandwidth of 36GHz [136]. Upon assertion of the global trigger signal, a waveform buffer

covering a period of 400 ns immediately preceding the trigger signal is recorded.
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Run number Particles / extraction SPAD bias voltage Global trigger

09 ≈ 5 · 104 23 V TG,1, TG,2

10 ≈ 5 · 104 23 V, 23.5 V, 24 V, 24.5 V, 25 V TG,1, TG,2

14 ≈ 5 · 106 23 V TG,1, TG,2

Table 4.2: Overview of data taking conditions for the runs discussed here. The runs are ordered
chronologically.

4.3.4 Online data processing and slow control

Data from the tracking detectors are read out and decoded with the EUDAQ2 framework [137]

running on a Raspberry Pi single-board computer [138]. For each event, the waveform recorded by

the oscilloscope is associated with the data provided by the tracking detectors.

4.4 Data collection and beam conditions

The experimental setup is placed in the H6 beam line in the EHN1 area at the CERN Super Proton

Synchrotron (SPS). Protons with an energy of 450GeV are extracted from the SPS ring over the

course of 4.8 s [139] and directed onto a beryllium target. A secondary mixed hadron beam with

a momentum of 120GeV/c is selected and directed to the experimental area. It mainly consists of

protons and positive pions. The particle flux is controlled bymeans of collimators located at different

positions along the beam line.

Data were taken over a period of three days in November 2021. Different beam conditions and

SPAD bias voltages were explored, as summarised in Table 4.2. The global trigger logic was switched

between the two conditions in Eq. 4.2 in blocks of 1000 events. Unless noted otherwise, data collected

with both triggers are used in the analysis.

SPAD/P96/1 was moved in the transverse plane until it was aligned with SPAD/P96/2. The ab-

solute positions of both DUTs were determined from hits recorded in the closest tracking planes

as well as the intercepts of tracks reconstructed in the coarsely aligned telescope, following the

methodology outlined in Section 4.5.

4.5 Offline event reconstruction and signal processing

Offline event reconstruction was performed using the Corryvreckan framework [140, 141]. The

tracking planes were aligned using the Millepede algorithm [142] as implemented in Corryvreckan.
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Figure 4.8: Typical SPAD signal, filtered as described in the main text. The inset shows a magnified
version of the leading edge with a rise time of approximately 300 ps. The points indicate the indi-
vidual samples taken during digitisation.

Following alignment, tracks were reconstructed using a straight-track model. Exactly four hits, one

per tracking plane, are required for each track.

The bandwidth of the recorded analogue waveforms was limited to 3GHz by means of a finite-

impulse-response low-pass filter with 1000 coefficients. The filter coefficients are constructed with

the least-squares design method [143] and multiplied by a Blackman-Harris window function [144]

to improve stopband attenuation. This reduces the contribution from sampling noise in frequency

domains in which the spectral density of the SPAD signal is low. Figure 4.8 shows a typical signal

obtained after these processing steps. The inverting nature of the front-end amplifier leads to a

positive signal polarity.

Figure 4.9 shows the transverse intercepts of a sample of reconstructed tracks. The beam profile,

the region enhanced by the scintillator veto, and the position of the DUTs are clearly visible.

4.6 Results

The findings summarised in the following give an overview of the behaviour of both DUTs under a

variety of different operating conditions, with a focus on those aspects that are relevant to assess

their suitability as practical charged-particle detectors.

Section 4.6.1 completes the basic characterisation of the DUTs and measures the breakdown
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Figure 4.9: Intercepts of reconstructed tracks in the transverse plane for a z-coordinate that is
equidistant between the two DUTs, collected with the global trigger. The recorded event rate is
enhanced by the scintillator trigger in the circular region visible in the top-right corner. A large
fraction of the recorded tracks cross at least one of the DUTs, visible at (x, y) ≈ (6.5mm, 0mm).

voltage for the environmental conditions in the beam area. An in-situ measurement of the rate of

dark counts is shown in Section 4.6.2, and consequences for the radiation tolerance of the studied

devices are discussed. As Chapter 3 shows, transport processes such as drift and diffusion of charge

carriers can have significant implications for the timing characteristics of the device. Section 4.6.3

confirms the importance of these effects and points out striking differences in the behaviour of the

two DUTs. Finally, Section 4.6.4 builds on these results and measures the time resolution.

4.6.1 Breakdown voltage

The SPAD breakdown voltage is extracted from the linear dependence of the signal charge on the

operating voltage derived in Section 2.6. (Ref. [123] refers to this quantity as the “gain breakdown

voltage” and shows that it may differ slightly from the “current breakdown voltage” obtained from

the dependence of the reverse bias current on the bias voltage. This distinction is not important for

what follows.)

For this analysis, only signals which occur within the coincidence time window of the global trig-

ger are considered (cf. Section 4.3.2). To maximise the size of the available data set, events collected

with both triggers, TG,1 and TG,2, are used. The time integral over the positive pulse of the acquired

voltage waveform is used to determine the number of fired pixels. This quantity is loosely referred

to as the “signal charge” in the following. It is found to be a more robust estimator for the number
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Figure 4.10: Distribution of the signal charge at different operating voltages for beam-induced
events, for SPAD/P96/1 in (a) and for SPAD/P96/2 in (b). The histograms for different voltages are
vertically offset for visual clarity.

of fired microcells than the maximum amplitude of the signal, which is subject to electronic noise.

(As the signal is capacitively coupled, the signal charge in the strict sense, i.e. the time integral over

the full waveform, vanishes.) The chosen integration window has a width of 4 ns for SPAD/P96/1

and is centred on the rising edge of the signal. For SPAD/P96/2, a slightly longer window of 4.5 ns is

used to ensure that the entire positive pulse is captured. Differences in the signal shapes between

the devices are discussed in Section 4.6.4.3.

Figure 4.10 shows the distribution of this observable for various operating voltages. The discrete

nature of the spectrum is apparent. The predominant part of the population is concentrated in

events with ≤ 3 active SPAD cells, with only a single active pixel in most events. The mean signal

charge for each operating point is determined from the location parameter of a normal distribution

fitted to the primary peak. Figure 4.11 highlights the extracted linear relationship between the mean

signal charge and the operating voltage.

The breakdown voltage is obtained by extrapolating this linear dependence towards zero signal

charge, i.e. zero gain. The values obtained are listed in Figure 4.11 and found to be compatible with

the result reported in Section 4.1. The statistical uncertainty in this measurement is around 10mV.

Contributions from systematic uncertainties are estimated by removing individual data points from

the linear fit. This leads to variations in the extracted breakdown voltage of the order of 50mV,

which is similar to the impact expected from variations of the ambient temperature during data
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Figure 4.11: Mean signal charge produced by a single active SPAD cell at different operating voltages,
shown in the top pane for SPAD/P96/1 and in the bottom pane for SPAD/P96/2. The dashed line
results from a linear fit to all data points. Its intercept with the horizontal axis corresponds to the
breakdown voltage Vbr.

taking (cf. Figure 4.7).

4.6.2 Dark-count rate

The dark-count rate (DCR) is estimated from a sample of events for which the trigger is not due to a

passing beam particle. Beam-induced events are efficiently removed by requiring no reconstructed

tracks in a region of 600 µm×600 µm centred on the position of the DUTs, and considering only the

portion of the recorded waveforms that lies outside the coincidence window of the global trigger,

i.e. during a period of 300 ns at the beginning of the acquisition buffer.

Dark counts may be triggered by the thermal excitation of charge carriers or by their tunnelling

into the conduction band [102, 145, 146]. These processes occur independently at different positions

in the semiconductor. The time∆t between two subsequent dark counts thus follows an exponential

distribution, p(∆t;DCR) = DCR · exp (−∆t · DCR). At the lowest observed rates, the expected

number of dark-count events contained in each acquired waveform buffer is significantly less than

unity. A direct measurement of the DCR from an exponential fit to the observed distribution of ∆t

is thus not possible [102]. The DCR was instead measured as follows.

An estimate DCRest was obtained by dividing the number of observed dark counts by the total

time period spanningmultiple events. To remove contamination from afterpulsing or (delayed) cross
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Figure 4.12: Dark-count rates as function of the excess voltage Vex = Vsupply−Vbr, corrected accord-
ing to Eq. 4.3, for run 10 in (a) and run 14 in (b).

talk, two subsequent signals were counted as distinct if they were separated by a period of more

than∆tmin = 20 ns. (For operating conditions that produce sufficiently high dark-count rates, it has

been explicitly checked that∆T is distributed exponentially for∆T > ∆tmin, i.e. that no significant

contamination remains. This measurement cannot discriminate between genuine dark counts and

delayed afterpulsing or delayed crosstalk that occurs on time scales of the buffer length of 300 ns.)

The estimate DCRest captures only a fraction
∫∞
∆tmin

d∆t p(∆t;DCR) = exp (−∆tmin · DCR) < 1

of all genuine dark counts. It is thus related to the true DCR through the relation

DCRest = DCR · exp (−∆tmin · DCR) , (4.3)

which may be solved numerically and thus allows DCRest to be corrected. (This equation has two

solutions for the corrected value DCR, one much larger than the other. It is easy in practice to

eliminate the unphysical solution through a manual inspection of the waveform buffer.)

Figure 4.12a shows the measured DCR measured for run 10, which involved comparatively low

beam intensities. It exhibits a characteristic exponential enhancement with the electric field [146].

SPAD/P96/2 shows a DCR of 36–74 kHz, depending on the operating voltage. For identical voltage,

the DCR is higher for SPAD/P96/1 and ranges between 58–135 kHz. As this measurement exploits

the trigger inefficiency (which is low if the product of dark-count rate and coincidence time window

is small), statistical uncertainties are sizeable and of the order of 10–15%.

Figure 4.12b shows the DCR integrated over run 14, which was characterised by significantly
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higher beam intensities (cf. Table 4.2). The observed DCR is significantly increased compared to

Figure 4.12a, reaching an average value of 2–4MHz for SPAD/P96/1. A further, smaller, increase of

about 30% was observed over the course of the run. SPAD/P96/2 continues to show lower DCRs,

now between 300–600 kHz, stable to within about 10% during the run. (Even at these extreme rates,

the correction introduced by Eq. 4.3 is subleading and attains a value of around 7% at most.)

Exposure to energetic hadrons can introduce bulk lattice defects at intermediate energy levels

between the valence and conduction bands. This enhances the generation of free charge carriers

through thermal excitation and tunnelling [147], and an increase in the DCR is thus a typical sig-

nature of radiation damage. Figure 4.12 therefore implies a substantial radiation sensitivity of both

DUTs. Since stable data taking resumed only approximately three hours after beam conditions were

changed, it was impossible to quantify the exact value of the integrated flux the devices have accu-

mulated.

It is also unclear why the two devices respond differently to an identical radiation environment.

Inconsistent behaviour is also seen in other observables, outlined below, which is suggestive of dif-

ferences in the electric field configuration between the DUTs.

4.6.3 Charge collection and detector response

It is important to understand the dependence of the detector response on the position of the signal-

inducing charged particle. This concerns in particular the time of the SPAD signal relative to the

time of the track, as well as the number of triggered SPAD cells. The former can help to identify

the processes that transport the deposited charge to the avalanche region and the latter contains

information about the spatial configuration of the electric field that collects and guides this charge.

Both aspects are considered in the following.

In describing the hit position of the beam particle relative to the SPAD array, three functionally

distinct regions are identified. First, the “diode” area, which defines the approximate lateral extent

of the avalanche region (cf. Figure 4.1a). Second, the area of the pixel which is not covered by the

diode and where the resistors Rc and Rq are located, referred to as the pixel “periphery” in the

following. Third, the area outside the nominally sensitive part of the array, labeled “inactive”. It

includes the dummy pixels but also the surrounding silicon area within a certain region of interest

as defined below.

To allow events to be assigned unambiguously to one of these categories, events are required to
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Figure 4.13: Distributions of the signal arrival times t(S1)− t(TG,1) in (a) and t(S2)− t(TG,2) in (b),
shown as a function of the position of the primary charged deposited by the charged particle. The
dashed vertical lines correspond to one clock period Tc of the scintillator trigger FPGA.

contain exactly one track in a region of 600 µm× 600 µm centred on the position of the DUTs. The

fraction of events with two or more tracks in this region is very small and only a few permille of all

events are rejected by this cut. Only self-triggered events are considered in the study of each device,

i.e. using the trigger selection TG,1 for SPAD/P96/1 and TG,2 for SPAD/P96/2. This avoids any bias

introduced by the (potentially spatially inhomogeneous) trigger efficiency of the other DUT.

4.6.3.1 Signal arrival time

The time t(TG) at which the global trigger signal is asserted defines an absolute reference with re-

spect to which the arrival time of the SPAD signals, t(S1) and t(S2), are measured. Figure 4.13 shows

the distributions of the thus defined arrival times. (As mentioned in Section 4.3.1.3, the scintillator

trigger signal TS , and therefore also TG, has a time resolution of about 3 ns, which is longer than

the duration of a typical SPAD signal. No particular care is required in the exact definition of the

times t(S1) and t(S2). For the remainder of this section, they correspond to the times at which the

respective signals attain 50% of their maximal amplitudes.)

As shown in Figure 4.13, a prompt detector response is caused by a primary charge deposit within

the area of the diode, close to the avalanche region, for both devices. Hits in the pixel periphery

require charges to be transported to the high-field regions and thus delay the onset of the avalanche.

This is illustrated by Figures 4.14a and 4.14b, which show the track intercepts within a single pixel
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Figure 4.14: Track intercepts in bins of the signal arrival time t(S1)−t(TG,1) for SPAD/P96/1. Tracks
across the entire active area of the device are considered and shown in local coordinates where the
centre of each pixel is mapped to the origin. The resulting pixel outline and the diode are shown in
grey (cf. Figure 4.1a). Prompt signals are shown in (a) and events in the tail of the arrival distribution
in (b).

for prompt and delayed signals, respectively. A substantial fraction of events is triggered by charges

deposited outside the active area of the array, particularly for SPAD/P96/2. This class is mainly

composed of events triggered by hits in the dummy pixels but also includes a small number of cases

where charge transport over distances of up to 50 µm is involved. The delay in the formation of the

avalanche is even more pronounced in this regime and can amount to a few tens of nanoseconds.

Figure 4.13 also shows the clock period of the scintillator trigger FPGA, which determines the

variance of the observed arrival-time distribution in the limit where the jitter in the SPAD signals

is negligible compared to that in t(TG). For SPAD/P96/1, the arrival-time distribution shows pro-

nounced tails beyond Tc, demonstrating that charge transport occurs on time scales of the order of

τt ≈ 10 ns for an appreciable fraction of events. The time τt does not depend significantly on the

operating voltage of the device, suggesting that charge-carrier diffusion contributes significantly.

Using the value of the longitudinal diffusion constant D from Section 3.3.1, the characteristic dif-

fusion length scale evaluates to ∆x ∼
√
2Dτt ≈ 8 µm, which is comparable to the thickness of the

epitaxial layer and the radius of the diode. The fraction of events in the diffusive tail reduces at high

voltages, compatible with an enhanced drift contribution.

Charge collection appears to proceed on much shorter time scales for SPAD/P96/2, suggestive

of a higher electric field throughout the bulk of the device and a diffusion contribution that is sup-
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Figure 4.15: Distributions of the signal charge as a function of the position of the primary charged
deposited by the charged particle, for SPAD/P96/1 in (a) and for SPAD/P96/2 in (b).

pressed relative to charge-carrier drift. The fraction of events triggered by charges deposited outside

the active part of this array is significantly higher compared to SPAD/P96/1. It increases from about

23% for a bias voltage of 23 V to around 42% at 25 V, consistent with a drift field that extends beyond

the array itself.

4.6.3.2 Pixel multiplicity

Figure 4.15 shows the dependence of the signal charge distribution on the hit position for an operat-

ing voltage of 23 V. The fraction of events for which more than one SPAD cell is triggered, referred to

as the “crosstalk”, is around 60% at this operating point. This is significantly higher than the number

expected from the intrinsic coupling of the individual pixels; the cross talk for dark-count events is

only 7% at this voltage. This is consistent with the observations made in Ref. [122]. The crosstalk

reduces to around 25–35% at Vsupply = 25V but remains above the level measured for dark counts

at all voltages. This implies that charge is predominantly collected by a single pixel at high voltages.

For SPAD/P96/1 in Figure 4.15a, the signal charge spectrum does not significantly depend on

the hit position. If an underlying dependence exists, it might be partially washed out by carrier

diffusion during charge collection. The yield of events triggered by hits in the diode and the pixel

periphery is comparable, indicating that both areas are sensitive to charged particles and that the

overall efficiency of the device is not limited by its relatively low geometric fill factor (cf. Table 4.1).

A similar effect has also been observed for commercial devices with higher fill factors in Ref. [122].
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(This work also quantified the detection efficiency through a standard “tag and probe”measurement.

A robust and systematics-free application of this technique is not possible with the experimental

setup used here, where dark counts are present in both the “tag” and the “probe” device, and is

therefore not attempted.)

In the case of SPAD/P96/2 in Figure 4.15b, the event-yield ratio is skewed considerably atVsupply =

23V,where the detection efficiency for a hit in the periphery is about twice that for a particle crossing

the diode area. This suggests that the drift-field configuration is such that it impedes the collection

of charges deposited in the detector volume underneath the avalanche region. Most such events also

provoke avalanche breakdown in multiple pixels, demonstrating significant charge sharing at low

voltages. For higher operating voltages, the charge-collection efficiency in the diode area recovers

and the detector response becomes uniform again already for Vsupply = 24V.

The inclusive trigger efficiency remains lower for SPAD/P96/1 for all operating conditions due

to its higher dark-count rate relative to SPAD/P96/2, leading to a lower number of recorded beam-

induced events.

4.6.4 Timing characteristics and time resolution

The timing properties of the DUTs are investigated based on a sample of events for which both

devices produce a beam-induced signal. Each signal was assigned a timestamp. In the following,

the signal timestamps t(S1) and t(S2)were defined to correspond to the times at which the analogue

signals S1 and S2 cross fixed voltage thresholds Vth,1 and Vth,2. The individual threshold-crossing

times cannot themselves be accurately measured, but only the time difference∆t12 = t(S1)− t(S2)

is experimentally accessible with good precision.

The observable standard deviation σth,12 is related to the fluctuations in the threshold-crossing

times of the two DUTs, σth,1 and σth,2, as follows

σth,12 =
√

var [∆t12] = σth,1 ⊕ σth,2,

where the ⊕ symbol denotes addition in quadrature. From a measurement of σth,12, various contri-

butions to σth,1 and σth,2 may be partially reconstructed, as demonstrated in the following.
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4.6.4.1 Timing contributions

A multitude of different physical processes contribute to σth, which may be decomposed as

σth(Vsupply, Vth, x) ≈ σSPAD(Vsupply)⊕ σtransp(x, Vsupply)⊕ σnoise(Vth, Vsupply). (4.4)

In this expression, σSPAD represents the contribution from the discharge of an individual SPAD pixel.

It includes avalanche fluctuations (σav) and the stochasticity in the primary charge deposit (σpos),

σSPAD(Vsupply) = σav(Vsupply) ⊕ σpos(Vsupply), as discussed in Section 3.4.3. Chapters 2 and 3 show

that both components depend primarily on the electric field in the multiplication region, or equiv-

alently, on the bias voltage Vsupply.

Transport processes such as drift and diffusion determine the arrival time of the primary charge

carriers in the avalanche region and generate the term σtransp(x, Vsupply). As demonstrated in Section

4.6.3.1, it depends on the position x of the charge deposit relative to the pixel structure, as well as

on the global field configuration of the device, and thus on Vsupply. In the following, the position-

dependence is studied by distinguishing between σdiode
transp and σperiph

transp , corresponding to a particle hit

in the central diode region and the pixel periphery, respectively. Differences in the response between

different SPADs in the array are neglected.

Finally, σnoise(Vth, Vsupply) represents the jitter introduced by the electronic noise present in the

recorded signal. This includes the intrinsic thermal noise [148] produced by the DUT and any ad-

ditional noise injected during the amplification and digitisation process. A noise signal n(t) has a

standard deviation of σn =
√
〈n2(t)〉t − 〈n(t)〉

2
t , where the expectation values are taken with re-

spect to time. The quantity σn is related to the contribution σnoise through the slew rate dS/dt of

the detector signal at the moment of threshold-crossing, i.e.

σnoise =
σn

dS
dt

∣∣∣
Vth

, (4.5)

where S is the underlying detector signal in the absence of noise.

Eq. 4.4 implicitly assumes that only a single SPAD cell is triggered. The signal pile-up caused by

multiple pixels firing simultaneously leads to an additional term in the decomposition of σth. It can,

in principle, be eliminated by slewing corrections [40], which correct the signal timestamps in each

event so that the average signal time becomes independent of the signal amplitude. This correction

is applied separately for each DUT. To simplify the following discussion, the pile-up contribution
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Figure 4.16: Distribution of the time difference ∆t12, depending on the hit position. The green
component collects events where the charge deposit occurred in the diode region in both devices
(“Diode-diode”). The dark blue histogram (“Diode1-periphery2”) corresponds to a hit in the diode
region of SPAD/P96/1 and the pixel periphery of SPAD/P96/2; and the roles are reversed for the light
blue contribution (“Periphery1-diode2). In a small number of cases, the primary charge is deposited
in the periphery of both SPAD arrays (“Periphery-periphery”), shown in grey.

to the time resolution (and the need for slewing corrections) is removed by considering only events

with a single active SPAD.

4.6.4.2 Timing hierarchy and position dependence

Figure 4.16 shows the observed distribution of∆t12 as a function of the hit position in the two DUTs.

A clear hierarchy between the different cases is visible, reflecting the relative importance of σSPAD

and σtransp.

The distribution is very narrow in the case in which charges are deposited exclusively in the

diode regions, allowing the sum σSPAD ⊕ σdiode
transp ⊕ σnoise to be constrained to not more than a few

tens of picoseconds. This case is studied in more detail below in Section 4.6.4.3.

A charge deposit in the pixel periphery significantly broadens the distribution and degrades

the achievable time resolution. In the case of the diffusion-dominated device SPAD/P96/1, σperiph
transp

involves time scales of the order of 10 ns, as already anticipated in Section 4.6.3.1. For SPAD/P96/2,

the contribution σperiph
transp is significantly faster and of the order of 1 ns.
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Figure 4.17: Modelling of the distribution of ∆t12 by a mixture of two normal distributions for the
extraction of σth,12, for a bias voltage of 23 V (a) and 25 V (b). The dashed line represents the fitted
background component and the solid line is the full model prediction.

4.6.4.3 SPAD time resolution and electronic noise

The sum σSPAD ⊕ σdiode
transp ⊕ σnoise limits the ultimate time resolution of the device. It is measured

through an unbinned maximum-likelihood fit to ∆t12, which only includes events with charge de-

posits in the diode regions (the “diode-diode” contribution in Figure 4.16). A mixture model of two

normal distributions is used to describe the data. One component models the narrow peak around

∆t12 = 0, and the other captures a small but wider background. This background is partly due to a

residual contamination of events which are misclassified due to the finite tracking resolution of the

telescope, as well as boundary effects caused by charges deposited close to the edge of the diode.

Figure 4.17 shows the resulting modelling of the data for two different operating voltages and

fixed thresholds. The extracted value of σth,12 depends on the voltage, ranging from about 180 ps at

23 V to about 90 ps at 25 V. Corrections to account for the time slewing caused by residual variations

in the signal amplitude of a single active SPAD were investigated but do not lead to a measurable

improvement. No such corrections are therefore included.

The dependence of σth,12 on the supply voltage and the thresholds Vth,1 and Vth,2 is investigated

in more detail in Figure 4.18. One threshold is varied across the leading edge of the corresponding

signal while the other threshold is kept fixed at a value of 9mV. This corresponds to about 3σn and

represents the lower end of the usable threshold regime. The extracted value of σth,12 is largely

independent of Vth,1, as expected from avalanche statistics (cf. Figure 2.9). The jitter σth,12 increases
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Figure 4.18: Dependence of σth,12 on the operating voltage and the thresholds Vth,1 and Vth,2 placed
on the respective signals. The threshold Vth,1 is varied in (a) and Vth,2 is kept fixed, and vice versa
in (b). The bottom panels show the total contribution from electronic noise, σnoise,12, as defined in
the main text.

mildly with Vth,2, although the predominant part of the variance continues to be generated at low

thresholds and small avalanches. Increasing the operating voltage from 23V to 25 V significantly

reduces the measured fluctuations.

The dependence of the total noise contribution σnoise,12 = σnoise,1 ⊕ σnoise,2 on the thresholds

Vth,1 and Vth,2 is shown in the bottom panels of Figure 4.18. The quantities σnoise,1 and σnoise,2 are

estimated through Eq. 4.5, where the average signal is used to approximate the noise-free detector

signal S, shown in Figure 4.19 for different operating voltages. SPAD/P96/1 produces signals with

a higher peak amplitude and faster slew rate for the same bias voltage. This hints at a higher

avalanche growth rate γ1v∗ and a stronger electric field in the gain layer, as already suggested in

Section 4.6.2. The standard deviation of the electronic noise, σn, is around 3mV for both devices.

The noise contribution σnoise to the time resolution is subleading relative to σSPAD ⊕ σtransp.

The single-device time resolution σth in Eq. 4.4 may be estimated from the measured value of

σth,12 under the additional assumption that both DUTs behave identically, σth ≈ σth,12/
√
2. As

the above discussion shows, this is not fully justified, but σth,12/
√
2 nevertheless continues to be a

useful figure of merit for comparison with different devices. Figure 4.20 shows the evolution of this

quantity with the operating voltage, and Table 4.3 collects all numerical values. The measured time

resolution σth saturates at around 60 ps for an operating voltage of 24 V, corresponding to an intrinsic
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Figure 4.19: Average detector signals at an operating voltage of 23 V in (a) and 25 V in (b). The shaded
band corresponds to the 1σ envelope of the total noise contribution.
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Figure 4.20: Equivalent time resolution σth of a single device as a function of the operating voltage.

Vsupply

Measured
time resolution(
σth,12/

√
2
) Estimated noise

contribution
(σnoise)

Estimated detector
time resolution(
σSPAD ⊕ σdiode

transp

)
23 V 125± 13 ps 49 ps 115 ps
23.5 V 87± 10 ps 43 ps 76 ps
24 V 63± 7 ps 39 ps 50 ps
24.5 V 61± 7 ps 36 ps 49 ps
25 V 61± 7 ps 32 ps 52 ps

Table 4.3: Numerical values for the equivalent time resolution (second column), the estimated con-
tribution from noise (third column), and the detector time resolution with the noise contribution
subtracted (fourth column).
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detector time resolution σSPAD ⊕ σdiode
transp of about 50 ps. Further increasing the supply voltage to

Vsupply = 25V does not lead to any additional improvements. The measured values are very similar

to the time resolution of commercial SPAD devices and prototypes determined in Ref. [122].

4.7 Summary

A systematic experimental investigation confirms that SPADs can function as fast timing detectors

for charged particles. The tested pixel geometry is relevant for the design of future position-resolving

detector systems and provides information about the expected performance of such an instrument.

The area sensitive to charged particles is not restricted to the high-field regions but extends

to the immediately surrounding pixel periphery and, depending on the operating conditions, even

outside the nominal boundaries of the pixel array. The achievable detection efficiency is not limited

by the fill factor of the device, but values close to unity can, in principle, be achieved.

The time resolution depends strongly on the position of the charged particle hit relative to the

pixel structure. If charges are deposited directly in the avalanche regions, a time resolution of around

60 ps is possible with the tested device. Primary charges deposited in other locations must first be

collected through diffusion or drift. These transport processes introduce additional fluctuations and

degrade the time resolution to about 1 ns or more, depending on the conditions. Multiple detector

layers operating in coincidence, offset by a fraction of the pixel pitch, might be required to provide

uniform timing capabilities over an extended area. MC transport simulations taking into account

the three-dimensional electric field configuration throughout the device are necessary for a more

detailed study and for the design of pixel geometries that minimise these effects.

The two tested devices, nominally identical to one another, show markedly different behaviour

in several metrics that indicate differences in the electric field configuration. Reproducibility of per-

formance across multiple devices and manufacturing batches must be considered when scaling up

the usage of SPADs for larger-scale experiments. Radiation tolerance also remains a concern. Both

devices show a substantial increase in the rate of dark counts after only a moderate but not very well

controlled exposure accumulated during the measurement campaign. Further experimental studies

are required to investigate the intrinsic limitations of this detector technology and to determine if

it can be used in high-rate environments at future accelerator facilities.
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Chapter 5

An effective theory of fundamental

physics

Remarkably, one can understand something about the universe without having to comprehend ev-

erything at once. In a very precise sense, physical phenomena occurring at a certain energy scale can

be described almost entirely in terms of concepts that reside at the same scale; knowledge about the

fine details of physics at much higher energy scales is not needed. In this way, scattering processes

at current collider experiments can be described without any recourse to Planck-scale physics. This

chapter shows that this is an inevitable consequence of the fact that the universe is both relativistic

and quantum mechanical.

Section 5.1 explores these aspects by considering scattering processes between elementary par-

ticles. Reasoning directly from first-principles physics, it shows that the primary contribution to the

scattering dynamics is generated at the scale of the process itself, and that the allowed form of these

dominant interactions is extremely constrained. The same argument reveals that phenomena orig-

inating at much higher energy scales may be observable with low-energy experiments. The form of

these effects is not constrained by symmetry; they are thus highly non-unique, and parametrically

suppressed. Section 5.2 then begins to organise these general conclusions within the formalism of

quantum field theory. It recognises the structure of the leading interactions as being generated by

the Lagrangian formulation of the Standard Model of particle physics. This model is extended in

Section 5.3 to allow subleading contributions originating at disparate energy scales to be effectively

parameterised. Together, this establishes the methodology and the notation used in the interpreta-

tion of the work discussed in Chapters 7 and 8.

121



5.1 A reductionist’s guide to the universe

The starting point of the following discussions is the set of fundamental principles underlying quan-

tum mechanics and special relativity. The causal structure of relativity posits that interactions oc-

cur locally in spacetime, and quantum mechanics demands that these interactions form part of the

unitary evolution of the state vector of the world. Taken together, locality and unitarity impose

extremely strong constraints which significantly limit the form that physical interactions can take.

What is a particle? A “particle” is a quantum state whose possible attributes are directly deter-

mined by the symmetries of spacetime. Translation invariance imparts a continuous identity to a

propagating such state, and rotation invariance renders this identity independent of the direction

of propagation. More formally, the representation theory of the Poincaré group [149, 150] iden-

tifies mass and spin (or helicity, for massless particles) as good quantum numbers of one-particle

states. A massive particle with spin s has 2s+ 1 spin degrees of freedom, while a massless particle

fundamentally exhibits only a single helicity state in the absence of a global parity symmetry.

Scattering amplitudes Information about the interactions between particles is encoded in scat-

tering amplitudes of the formM = out 〈{pf , σf}|{pi, σi}〉in, where {pi, σi} and {pf , σf} label the

sets of momenta and spin quantum numbers of the incoming (“initial state”) and outgoing (“final

state”) particles, respectively. (In the following, units are chosen such that c = h̄ = 1.)

Locality has important consequences for the analytic structure of the amplitude. This is apparent

already in the simple case of the four-particle amplitude illustrated in Figure 5.1 for the 2 → 2

scattering process 1 + 2 → 3 + 4. If the external momenta p1 and p2 are such that the production

of an intermediate one-particle state I becomes possible, s = (p1 + p2)
2 = m2

I , the four-particle

amplitude must develop a pole [151]. The residue of this pole must be the product of the two

corresponding three-particle amplitudes 1+ 2→ I and I → 3+ 4. The internal quantum numbers

of I are summed over. Analogous poles exist in the t- and u-channels, where poles are located at

(p1 + p3)
2 = m2

I and (p1 + p4)
2 = m2

I , respectively. This factorisation property is a reflection of

the physicality of the propagating intermediate state I , created and destroyed in local three-point

interactions.

The structure of the three-particle amplitudes, in turn, is completely determined by spacetime

symmetries up to an overall factor. They may be catalogued for arbitrary particle spin [151–153]. In
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Figure 5.1: The four-particle amplitude for the scattering process 1 + 2 → 3 + 4 factorises into
two three-particle amplitudes in the s-channel, involving the intermediate state I , whose quantum
numbers are summed over.

the limit of weak coupling (where simple poles are the only singularities of the amplitudes), there is

thus a network of relations between three-particle processes and higher-point amplitudes [154].

Interacting particle spectra Consistent factorisation of the four-particle amplitude is not auto-

matic but possible only for a very restricted set of particle spectra and types of interactions [151,

155–157].

For massless particles with spins s > 2, factorisation cannot be achieved for any kind of inter-

action. Such particles must thus be noninteracting, and hence unobservable.

Interactions of massless spin-2 particles are highly constrained. Their coupling strength to all

other states must be universal, and if multiple species of spin-2 particles exist, theymust bemutually

noninteracting. There can thus be only one kind of gravitation, and it must abide by the equivalence

principle [156].

Interactions between different species a, b, and c of massless spin-1 particles are possible if the

coupling strength fabc is fully antisymmetric in the particle label and satisfies a Jacobi identity. In

particular, this implies that a massless vector boson cannot interact with itself. If the coupling of

a vector boson of type a to fermions belonging to species i and j is proportional to a factor T aij ,

consistent factorisation is ensured if and only if these couplings form the generators of a Lie algebra

whose structure constants are the fabc, i.e. [T a, T b]ij = fabcT cij .

Finally, massless fermions and massless scalars may undergo Yukawa-type [158] interactions

with one another.

Leading and subleading interactions The above discussion only applies to the leading interac-

tions, i.e. to those that dominate the scattering amplitude of a process at a specific characteristic

energy scale E. They are responsible for the pole structure of the amplitude and are thus uniquely

determined by locality. These interactions, together with the known spectrum of elementary parti-
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cles, define the Standard Model (SM) of particle physics.

Scattering amplitudes may also contain additional pieces that are polynomials in the kinematic

invariants and thus grow polynomially in E. Their form is left unconstrained by locality and a

large number of such terms may, in principle, be present in a particular amplitude. As they do

not contribute to its factorisation properties, such terms cannot be interpreted as originating from

a sequence of resolved interactions between one-particle states. They parameterise the effect of

local physical effects operating at much higher energy scales Λ � E in the form of short-distance

“contact” interactions. Their coupling constants are dimensionful quantities that contain negative

powers of the scale Λ.

This is a remarkable conclusion: whatever form physics at a scale Λ might take, its effects on

processes with characteristic energies around E are polynomially suppressed in the ratio E/Λ. At

a fixed order in this ratio, these effects can manifest themselves only in a finite number of possible

ways.

5.2 The Standard Model as a field theory

The preceding discussion considered scattering amplitudes as the primary objects and identified

the properties of their analytic structure that allow them to be interpreted as resulting from a local

evolution in spacetime. It is also possible to describe scattering processes in away thatmakes locality

manifest.

In quantum field theory (QFT), particles are represented by a set of fields Φ(x) which transform

as irreducible representations of the Lorentz group. The dynamics of these fields is determined by

the Lagrangian density L[Φ] of the theory (hereafter simply referred to as the “Lagrangian”). It

generates the action S[Φ] =
∫
d4xL[Φ] and allows scattering amplitudes to be computed through

the path integral,M ∼
∫
DΦ eiS[Φ] [158]. For weak coupling, amplitudes may be constructed in

terms of a diagrammatic expansion which directly corresponds to the narrative of fundamentally

local interactions.

Embedding physical particles into field representations may introduce additional unphysical

degrees of freedom. This is the case for massless vector bosons, whose fields Aµ contain four in-

dependent degrees of freedom. The field configurations themselves cannot, therefore, carry physi-

cal meaning, but only equivalence classes under a corresponding gauge redundancy do. To ensure

independence of physical observables on the choice of gauge, the field-theoretic formulation of in-
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Field
Mass

dimension
Spin

Lorentz group
representation

Gauge group
representation

Gluons AAµ
1 1

(
1
2 ,

1
2

) (8, 1, 0)

Electroweak bosonsW I
µ (1, 3, 0)

Hypercharge boson Bµ (1, 1, 0)

Left-chiral quarks QL = (uL, dL)
3
2

1
2

(
1
2 , 0
) (

3, 2, 16
)

Right-chiral up-type quarks uR
(
0, 12
) (

3, 1, 23
)

Right-chiral down-type quarks dR
(
0, 12
) (

3, 1,−1
3

)
Left-chiral leptons LL = (νL, eL) 3

2
1
2

(
1
2 , 0
) (

1, 2,−1
2

)
Right-chiral charged leptons eR

(
0, 12
)

(1, 1,−1)
Higgs H = (H+,H0) 1 0 (0, 0)

(
1, 2, 12

)
Table 5.1: Fields in the SM, along with their mass dimensions and the spin of the particle they
represent, as well as the representations in which they transform under the Lorentz group SO+(3, 1)
and the gauge group SU(3)× SU(2)L × U(1)Y .

teracting massless vector bosons requires a Lagrangian which is invariant under the set of gauge

transformations, the gauge group, of the theory.

Table 5.1 lists the representations of the known elementary particles in terms of fields, along

with their mass dimensions [150] and gauge quantum numbers. The Lagrangian of the SM specifies

the leading non-gravitational interactions between these fields as1

LSM = −1

4
GAµνG

µνA − 1

4
W I
µνW

µνI − 1

4
BµνB

µν + (DµH)†(DµH) +
∑

ψ=QL,uR,dR,
LL,eR

ψ̄i /Dψ

−
[
H†d̄RYdQL + H̃†ūRYuQL +H†ēRYeLL + h.c.

]
− λ

(
H†H − v2

2

)2

, (5.1)

where the various terms and parameters are defined below. The Lagrangian is invariant under the

gauge groupSU(3)×SU(2)L×U(1)Y , where the first factor is associated to the gauge theory of the

strong force (QCD) and the remaining two factors describe the electroweak (EW) interaction. The

full gauge group is spontaneously broken to SU(3)×U(1)Q by the vacuum expectation value of the

Higgs doublet,
〈
H†H

〉
= v2/2. All Lorentz indices in Eq. 5.1 are suppressed for clarity. Generation

(flavour) indices are also suppressed unless important, when they are denoted as {p, r, s, t}. Gauge

indices are {A,B,C} for the adjoint representation of SU(3); and {I, J,K} and {i, j, k} for the

adjoint and fundamental representations of SU(2)L, respectively. The gauge-covariant derivative

Dµ is Dµ = ∂µ + ig3T
AAAµ + ig2t

IW I
µ + ig1Y Bµ. The matrices TA and tI are the SU(3) and

1Additional gauge-fixing and ghost terms [158] are necessary for its consistent quantisation but not shown explicitly.
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SU(2)L generators, respectively. The latter are related to the Pauli matrices σI as tI = 1/2σI .

The gi are the dimensionless gauge couplings and the strong coupling constant αs is defined as

αs = g23/(4π). The Yang-Mills field strength tensorsGAµν ,W
I
µν , andBµν may be expressed in terms

of the commutator [Dµ, Dν ]. The slash notation is used, where /D = γµDµ and the gammamatrices

satisfy the Clifford algebra relation {γµ, γν} = 2ηµν with the Minkowski metric ηµν . The field H̃

is defined as H̃i = εijH
†j , where the fully antisymmetric SU(2)L tensor has ε12 = 1. With these

conventions, the relation between the hypercharge quantum number Y , the weak isospin eigenvalue

t3 and the electric charge Q is Q = t3 + Y . The Yukawa-coupling matrices for down-type and up-

type quarks and charged leptons are Yd, Yu, and Ye, respectively. The Higgs quartic coupling is

λ.

It will be useful later to introduce the following shortcuts to label the hermitian action of Dµ

onto a generic pair of fields Φ and Φ†,

Φ†i
←→
DµΦ = iΦ†

(
Dµ −

←−
Dµ

)
Φ, Φ†i

←→
DI
µΦ = iΦ†

(
σIDµ −

←−
Dµσ

I
)
Φ.

Mass dimensions, dimensional analysis, and energy scales A generic Lagrangian is composed

of different operators Qi, each of which is multiplied by its characteristic coupling constant Ci,

L =
∑
i

CiQi. (5.2)

The action S =
∫
d4xL is dimensionless (it appears in the exponent in the path integral); the La-

grangian is thus required to have mass dimension four. The mass dimension of a particular operator

Qi is the sum of the mass dimensions of the participating fields, cf. Table 5.1. The spacetime deriva-

tive ∂µ has a mass dimension of unity. This implies that the coupling constant Ci of an operator

with mass dimension d has a mass dimension of 4 − d. It may thus be written as Ci = ci/M
d−4,

where ci is a dimensionless coefficient and M is a characteristic mass scale. By dimensional anal-

ysis, the contribution of Qi to the action scales as Ed, where E is the characteristic energy scale

of the scattering process and d is the mass dimension of the operator. With d4x ∼ E−4, the total

contribution to the action generated by the operator Qi scales as

S 3
∫
d4xCiQi ∼

(
E

M

)d−4

. (5.3)

The SM Lagrangian in Eq. 5.1 is built exclusively from operators with mass dimension d = 4

(with the notable exception of the Higgs mass-squared operator H†H with d = 2). According to
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Eq. 5.3, the contribution of such operators to the action is independent of the energy scale E of

the process under consideration. Their contributions to scattering amplitudesM thus survive down

to very low energies E. It is in this sense that the Lagrangian formulation of the SM encodes the

leading interactions, whichmirror precisely those identified by the general considerations in Section

5.1.

5.3 Separation of scales and effective descriptions

What remains to be catalogued are the “subleading” interactions originating at very high character-

istic energy scales Λ that were encountered at the end of Section 5.1. Eq. 5.3 shows that operators

with mass dimension d > 4 (and coupling constants with negative mass dimension) generate con-

tributions to scattering amplitudes that are polynomially suppressed as (E/Λ)d−4. For experiments

performed atE � Λ, they introduce small modifications to scattering processes between SM states.

Constructing all possible such operators and appending them to the Lagrangian of Eq. 5.1 represents

the most general way in which the scale Λmay affect the field theory of physics at energiesE. This

extends the QFT of the SM into the effective field theory (EFT) referred to as the SMEFT [159],

LSMEFT = LSM +

∞∑
d=5

L(d), L(d) =
∑
i

C
(d)
i Q

(d)
i =

∑
i

c
(d)
i

Λd−4
Q(d)
i , (5.4)

whereL(d) contains operators of mass dimension d. It is given by a sum of the form of Eq. 5.2, where

each operator Q(d)
i is assigned an independent coupling constant Ci. Its mass dimension is made

explicit and factored out into inverse powers of the energy scale Λ; the remaining dimensionless

coefficients c(d)i are referred to as Wilson coefficients [159].

Eq. 5.4 is an explicit expansion of the SM in powers of E/Λ. For well separated scales, Λ � E,

effects originating at higher mass dimension are increasingly suppressed. Conversely, the expansion

becomes invalid as the ratio E/Λ approaches unity and non-SM states with mass scales of order Λ

can appear in the final state as dynamical degrees of freedom.

All operatorsQ(d)
i are constructed from the SM field content in Table 5.1 and must be symmetric

under the full (unbroken) SM gauge group. This reflects the fact that spontaneous symmetry break-

ing is a phenomenon limited to the electroweak scale and independent of the scale Λ [160]. The

number of operators in L(d) that satisfy the above requirements grows exponentially in d, reach-

ing 7.5 · 109 for d = 15 [161]. At each mass dimension, a minimal nonredundant set of operators,
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Operator class
# CP-even operators,

general
# CP-even operators,

U(3)5

F 3 2 2

H6 1 1

D2H4 2 2

F 2H2 4 4

ψ2H3 27 3

ψ2FH 72 8

Dψ2H2 51 8

ψ̄ψψ̄ψ 1191 30

Total 1350 58

Table 5.2: Classes of d = 6 operators in the Warsaw basis. The symbol F refers to a generic gauge-
field-strength tensor, ψ labels a generic fermion field, H is the Higgs doublet, and D symbolises a
derivative. The second and third columns show the number of CP-even operators in the respective
categories for the most general flavour structure of the theory, and when imposing the U(3)5 sym-
metry discussed in Section 5.3.2.1.

an operator basis, may be systematically constructed with methods from algebraic geometry [162–

165].

Some important properties of the interactions induced by these operators depend strongly on

their dimensionality. If an operator Q(d) violates baryon number by an amount ∆B and lepton

number by an amount ∆L, then Q(d) must have a mass dimension of d ≥ 9/2|∆B| + 3/2|∆L|

[166]. Operators of odd mass-dimension must violate B − L conservation.

5.3.1 Phenomenology of dimension-five operators

Contributions from operators with d = 5 are formally the least suppressed (cf. Eq. 5.3). Only a single

new operator in this class is compatible with the gauge structure of the SM [167]. It provides the

simplest way to generate (Majorana) neutrino-mass terms [168] with |∆L| = 2.

5.3.2 Phenomenology of dimension-six operators

The leading interactions compatible with all accidental global symmetries of the SM arise at d = 6.

As discussed below, many new operators may contribute, modifying numerous aspects of SM phe-

nomenology. The modifications relevant for Higgs physics are briefly reviewed below in preparation

for the discussion in Section 7.9.

Using the Warsaw basis [169], the contributing operators fall into eight distinct categories,
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shown in Table 5.2. The SMEFT in the Warsaw basis has been completely renormalised [170–174].

Operators of the H6 and D2H4 types modify the Higgs potential and thus affect the dynamics of

spontaneous symmetry breaking, or renormalise the Higgs field. Similar renormalisations of the

gauge fields as well as mixing between the Bµ andW I
µ fields are effected by operators in the F 2H2

class. They also modify the Higgs-gauge interactions. The operators of the types ψ2H3, ψ2FH ,

and Dψ2H2 generate three- and four-point interactions between the Higgs field, the gauge fields,

and fermions. The four-fermion operators ψ̄ψψ̄ψ are by far the most numerous due to the many

different flavour combinations and contractions possible for the SM matter content.

5.3.2.1 Flavour symmetry

The kinetic terms in the SM Lagrangian in Eq. 5.1 show a U(3)5 flavour symmetry; separate (global)

unitary transformations performed on the flavour indices of the five fields uR, dR, QL, LL, and eR

leave Eq. 5.1 invariant, i.e. the flavour symmetry group corresponds to

U(3)5 = U(uR)× U(dR)× U(QL)× U(LL)× U(eR).

This symmetry is broken by the fermion mass terms; it is a genuine global symmetry of the SM only

for vanishing Yukawa coupling matrices Yu, Yd, and Ye.

This characteristic flavour structure of the SM can be extended to the entire SMEFT by retaining

only d = 6 operators that are either fully symmetric under U(3)5, or break this symmetry group

in a minimal way, i.e. contain the smallest allowed number of Yukawa couplings [175]. (This is

most easily done by promoting the Yukawa couplings to spurion fields as described in Ref. [176].)

These additional assumptions on the flavour structure significantly reduce the parameter count of

the theory (cf. Table 5.2). Certain flavour contractions are forbidden entirely, while the couplings

of the leading U(3)5-breaking operators become proportional to the Yukawa couplings and thus

primarily affect the third generation of fermions. This is the case e.g. for the operator QdH =

(H†H)(Q̄LpdRsH), for which only the contraction of Q̄L and dR with Y †
d remains,

QdH
U(3)5−−−→

[
Y †
d

]
ps
(H†H)(Q̄LpdRsH),

as also shown in Table 5.3.

The significantly reduced number of independent Wilson coefficients in the U(3)5-symmetric

limit of the SMEFT greatly simplifies cross-section calculations and allows the parameters of the
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Operator class Operator Wilson coefficient Operator definition

D2H4
QH� cH� (H†H)∂µ∂

µ(H†H)

QHD cHD (H†DµH)∗(H†DµH)

F 2H2

QHW cHW H†HW I
µνW

µνI

QHB cHB H†HBµνB
µν

QHWB cHWB H†σIHW I
µνB

µν

ψ2H3 QdH cdH

[
Y †
d

]
ps
(H†H)(Q̄LpdRsH)

Dψ2H2 Q(3)
H` c

(3)
H` (H†i

←→
DI
µH)(L̄Lpσ

IγµLLp)

ψ̄ψψ̄ψ Q(1)
`` c

(1)
`` (L̄LpγµLLs)(L̄Lsγ

µLLp)

Table 5.3: Selected d = 6 operators in the U(3)5-symmetric SMEFT that are important for elec-
troweak phenomenology and discussed in the main text. Sums over repeated flavour indices are
implied.

theory to be constrained by contemporary measurements, as shown in Chapter 7. For this reason,

the U(3)5 flavour structure will be implied in what follows, unless stated otherwise.

5.3.2.2 Electroweak symmetry breaking

The Higgs potential V (H) in the SMEFT receives a contribution from the operatorQH = (H†H)3,

V (H) = λ

(
H†H − v2

2

)2

− cH
Λ2

(
H†H

)3
,

which modifies the vacuum expectation value vT of the Higgs field to

vT = v

(
1 +

3cHv
2

8λΛ2

)
,

so that
〈
H†H

〉
= v2T /2. In the unitary gauge, the Higgs doublet is parameterised as

H =
1√
2

 0

vT + (1 +∆H)h

 , where ∆H =
v2

Λ2

(
cH� −

1

4
cHD

)
, (5.5)

where cH� and cHD are the Wilson coefficients of the operators QH� and QHD , defined in Table

5.3. The kinetic term for the scalar field h also receives contributions from these operators. To

canonically normalise the kinetic term, h must be rescaled by a factor 1 + ∆H , which depends on

their Wilson coefficients and appears as a universal multiplicative factor in all interaction terms

involving the scalar field h.
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Upon breaking of the electroweak symmetry, similar contributions to the kinetic terms of W I
µ

andBµ are caused by the operatorsQHW andQHB . Kinetic mixing betweenW 3
µ andBµ is effected

by QHWB . The relevant part of the SMEFT Lagrangian in Eq. 5.4 is

LSMEFT 3 −
1

4
W I
µνW

µνI

(
1− 2cHW

v2

Λ2

)
− 1

4
BµνB

µν

(
1− 2cHB

v2

Λ2

)
− cHWB

2

v2

Λ2
W 3
µνB

µν .

TheWilson coefficients cHW and cHB appear in the rescaling of the fieldsW I
µ andBµ to canonically

renormalise their kinetic terms. To preserve the gauge-covariant derivative, also the couplings g1

and g2 are simultaneously redefined,

W I
µ →

(
1 + cHW

v2

Λ2

)
W I
µ , Bµ →

(
1 + cHB

v2

Λ2

)
Bµ,

g2 →
(
1− cHW

v2

Λ2

)
g2, g1 →

(
1− cHB

v2

Λ2

)
g1.

As a result, QHW and QHB do not appear in pure-gauge interactions but only affect the Higgs-

gauge coupling. Conversely, cHWB appears in the transformation that relates the gauge and mass

eigenstates (W 3
µ , Bµ) and (Zµ, Aµ). It modifies theweakmixing angle θw and thus leads to a relative

modification of all photon and Z-boson couplings,

tan θw =
g1
g2

+
cHWB

2

v2

Λ2

(
1− g21

g22

)
. (5.6)

5.3.2.3 Input parameters

The 19 free parameters (summarised in a vector g) of the SM Lagrangian are determined by invert-

ing predictions for a set of experimentally accessible quantities Oi, i.e. from relations of the form

Oi = Fi(g). In the SMEFT, the relations Fi also depend on the Wilson coefficients, taken as free

parameters. At d = 6 the parameters g can thus be determined only up to terms of order v2/Λ2.

By construction, SMEFT predictions for the input quantities Oi must be independent of the

Wilson coefficients. Corrections to these observables instead get shifted into the predictions made

with the fully renormalised theory [176, 177].

Electroweak parameters To determine the four parameters g = (g1, g2, v, λ) of the electroweak

Lagrangian, four independent input observables Oi are necessary. Different combinations are pos-

sible; here the set {mW ,mZ ,mH , GF } is used, consisting of the measured masses of theW , Z , and

Higgs bosons, and the Fermi constant. Tree-level predictions for these observables may be read off
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from the Lagrangian LSMEFT,

GF =
1√
2v2T

(
1 + 2c

(3)
H`

v2

Λ2
− c(1)``

v2

Λ2

)
, (5.7a)

m2
W =

v2T
4
g22, (5.7b)

m2
Z =

v2T
4

(
g21 + g22

)(
1 +

cHD
2

v2

Λ2
+ cHWB

2g1g2
g21 + g22

v2

Λ2

)
, (5.7c)

m2
H = 2v2Tλ

(
1 + 2∆H −

3cH
2λ

v2

Λ2

)
. (5.7d)

The operators that contribute to these relations are again summarised in Table 5.3. As for the SM,

the vacuum expectation value vT may be determined via Eq. 5.7a from a measurement of GF . To-

gether with the experimentally determined boson masses, Eqs. 5.7b–5.7d fix the electroweak gauge

couplings and the Higgs quartic-coupling parameter in terms of the relevant Wilson coefficients.

Fermion masses The ψ2H3-operators generate Yukawa-like interactions between the Higgs bo-

son and the fermions. Focusing on the down-type quarks, the relevant terms in the Lagrangian

are

LSMEFT 3 H†d̄RYdQL +
cdH
Λ2

[
Y †
d

]
ps
(H†H)(Q̄LpdRsH) + h.c.

The eigenvalues of the fermion mass matrix now depend explicitly on cdH (cf. Table 5.3). Fixing

them to the experimental values of the quark masses shifts the modifications due to QdH into the

Yukawa couplings.
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Chapter 6

High-energy scattering experiments

Thematrix elementM = out 〈{pf}|{pi}〉in determines the cross-section σ for the scattering reaction

{pi} → {pf}. Performing such scattering experiments in a controlled laboratory environment is a

powerful method for the study of the spectrum of interacting fundamental particles. The initial state

|{pi}〉 relevant for the work presented here consists of two counterpropagating beams of ultrarela-

tivistic protons (pp) prepared by the Large Hadron Collider (LHC), while the final state particles {pf}

are measured with the ATLAS detector. Section 6.1 sets the notational conventions used to describe

scattering processes and points out a few of their most important properties. The consequences for

the design of the LHC and ATLAS are described in Sections 6.2 and 6.3, respectively.

6.1 Kinematics of proton-proton collisions

To describe the scattering reaction, it is convenient to employ a right-handed coordinate system

in which the initial-state protons move along the z-axis, i.e. they have momenta p1 = (p, 0, 0, p)

and p2 = (p, 0, 0,−p). The y-axis is chosen to point vertically upwards, the polar angle θ is mea-

sured from the z-axis, and the azimuthal angle ϕ is defined in the transverse xy-plane. Quantities

defined in the transverse plane are denoted by a subscripted ‘T ’, such as the transverse momen-

tum pT . The longitudinal z-component of a vectorial quantity receives a subscripted ‘L’, e.g. the

longitudinal momentum pL = pz . Instead of θ, the pseudorapidity η = − log tan(θ/2) is often

used to describe the trajectory of a final state particle, η ≈ 0/1/2/4 for θ = 90◦/40◦/15◦/2◦.

The distance ∆R between two points [η1, ϕ1]
T and [η2, ϕ2]

T in the pseudorapidity-azimuth plane

is measured as ∆R2 = (η1 − η2)2 + (ϕ1 − ϕ2)
2. The pseudorapidity coincides with the rapidity

y = 1/2 log [(E + pL)/(E − pL)] up to terms of order m2/p2, where m is the invariant mass and
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E and p denote the energy and the three-momentum of the particle, respectively.

Protons are composite particles; the initial state relevant for short-distance interactions is a pair

of partons, quarks or gluons, carrying fractions x1 and x2 of the proton momenta, respectively.

The parton distribution function (PDF) fi(x, µ2F ) parameterises the momentum distribution of the

parton species i inside the proton at a characteristic energy set by the factorisation scale µF . The

dependence of the PDF on µF is determined by its renormalisation group equation, which may be

solved perturbatively. The PDFs relate the cross-section for a proton-induced scattering process,

σ({p1, p2} → {pf}), to the cross-sections σ̂ij for the equivalent reaction initiated by the partons i

and j,

σ({p1, p2} → {pf}) =
∑
ij

∫
dx1dx2 fi(x1;µ

2
F )fj(x2;µ

2
F )σ̂ij({x1p1, x2p2} → {pf};µ2F , µ2R).

The parameter µR sets the scale at which the perturbatively computed cross-section σ̂ij is renor-

malised. The squared proton-proton centre-of-mass (COM) energy is s = (p1 + p2)
2 and that of

the parton system is ŝ ≈ x1x2s. In the absence of other intrinsic energy scales, the partonic cross-

section scales as σ̂ ∼ 1/ŝ. The rate with which a particular scattering reaction occurs, the interaction

rate R, is the product of its cross-section σ and the instantaneous luminosity L, which is related to

the incoming flux of the initial-state protons [178].

For µ2F � (1GeV)2 and x � 1, the gluon PDF fg(x) of the proton dominates over the PDFs

of other parton flavours and gluon-induced processes contribute significantly to the overall cross-

section. As x → 0, fg(x) ≈ x−2 and the cross-section for gluon-induced processes scales as σ ∼

s2/ŝ3. The COM energy enters at the fourth power. The quark PDFs are more important for x . 1;

quark-initiated processes are thus subject to higher scales ŝ [179, 180]. Based on the above, the

characteristic cross-section for processes with ŝ ≈ (1 TeV)2 is σ ≈ α2
s/(1 TeV)2 ≈ 1 pb, requiring an

instantaneous luminosity of around 1033 cm−2s−1 to achieve an interaction rateR of around 1mHz.

For f(x) ∼ x−λ, the rapidity of the partonic COM system is uniformly distributed in the region

|yCOM| < 1/2 log s/ŝ. For processes at the electroweak scale,
√
ŝ ≈ v studied at

√
s = 13 TeV, this

implies |ηCOM| . 4. The final-state products of such processes are concentrated in the “forward”

direction, at very shallow angles with the beam. High-mass states close to the kinematic limit, i.e. for

ŝ→ s, appear in the “central” region at small rapidities.
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6.2 The Large Hadron Collider

The LHC [181, 182] is a two-ring synchrotron and collider designed to provide an instantaneous

proton-proton luminosity of around 1034 cm−2s−1 in two interaction regions (IRs) at an energy of

up to
√
s = 14 TeV. It is installed in the 26.7 km tunnel at CERN, originally built for the Large

Electron-Positron Collider, and connected to the remainder of the accelerator complex which acts

as an injector. Achieving this performance requires storing and accelerating two very high-intensity

counter-rotating particle beams while maximising their density and geometrical overlap in the IRs.

In a strong-focusing synchrotron [183], the transverse beam envelope is determined by the main

quadrupoles and main dipoles, which also limit the maximum beam energy. The LHC main dipoles

and quadrupoles use superconducting NbTi coils operated at T ≈ 1.9K (significantly below the

critical temperature) to maximise the achievable field and field gradient [181].

The longitudinal beam structure is generated by the radiofrequency (RF) system, which operates

at a nominal frequency of 400.8MHz and creates the short bunches (with a 4σ envelope of around

1 ns) required for high-luminosity operation. The bunch intensity is limited to about 1.2 · 1011

particles by the mechanical aperture of the main magnets and the beam-beam interactions in the

IRs [182]. The bunch spacing is set to 10 RF periods, i.e. around 25 ns, selected to maximise the

instantaneous luminosity given the constraints set by the above machine limits and the injector

complex [184].

The LHC operated at
√
s = 13 TeV during Run 2 in the period from 2015–2018. The peak lumi-

nosity reached L ≈ 2.1 · 1034 cm−2s−1 in 2018 and the total delivered integrated luminosity during

Run 2 was around
∫
dtL ≈ 156 fb−1 [185]. This excellent performance, together with the bunch

structure described above, led to an average number of inelastic pp interactions per bunch crossing

of about 13 in 2015, increasing to about 37 in 2017 [185].

6.3 The ATLAS Experiment

ATLAS [186] is a large multi-purpose detector system centred on one of the two high-luminosity

IRs of the LHC. The detector volume is approximately cylindrical and immersed in a magnetic field

generated by a central superconducting solenoid and three superconducting toroids. Figure 6.1 gives

an overview of the arrangement of the detector subsystems necessary to operate in the challenging

luminosity environment provided by the LHC.
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Figure 6.1: Cutaway illustration of the ATLAS detector, reproduced from Ref. [186].

Tracking and vertexing elements are located close to the IR. They permit the primary collision

vertices within the luminous region to be identified, tracks produced by charged final-state particles

emerging from these vertices to be reconstructed, and displaced secondary vertices signalling the

decay of τ -leptons and long-lived heavy-flavour hadrons to be found. Several detector elements are

used for this purpose, located within the central solenoidal field and collectively referred to as the

“inner detector”. It comprises high-resolution semiconductor detectors with pixel and strip geome-

tries as well as a straw tube tracker. Electromagnetic and hadronic calorimetry systems surround

the inner detector and provide energy measurements across the wide pseudorapidity acceptance

of ATLAS. Both are sampling calorimeters and use a combination of liquid argon and plastic scin-

tillators as active media. The muon spectrometer is the outermost detector system. Based on hit

information delivered by gaseous detector systems, it tracks muons through the magnetic field pro-

vided by the air-core toroid. The total inelastic proton-proton cross-section of about 1/m2
p ∼ 80mb

implies an overall interaction rate of around 800MHz at L = 1034 cm−2s−1. Limitations in the

detector readout and data processing require the total inelastic rate to be suppressed by about six

orders of magnitude and hard-scattering events to be selected with maximum efficiency. For this

purpose, ATLAS is equipped with a two-level trigger system. The first-level trigger logic is imple-

mented in hardware and receives information from the calorimeter and the muon spectrometer.

Table 6.1 summarises the detector layout.
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Detector system Technology |η| coverage Resolution

Measurement Trigger

Inner detector : tracking & vertexing

Pixel Silicon pixel < 2.5 – σ(pT )/pT = a pT ⊕ b cosh
1
2 η

σ(d0) = a⊕ b p−1
T cosh

1
2 η

σ(z0) = a⊕ b p−1
T cosh

3
2 η

SCT Silicon strip < 2.5 –

TRT Drift chamber < 2.0 –

Calorimeters

EM LAr (Pb) < 3.2 < 2.5

σ(E)/E = aE− 1
2 ⊕ bE−1 ⊕ c

Tile Scintillator (Fe) < 1.7 < 1.7

HEC LAr (Cu) [1.5, 3.2] [1.5, 3.2]

FCal LAr (Cu + W) [3.1, 4.9] [3.1, 4.9]

Muon system

RPC RPC < 1.05 < 1.05

σ(pT )/pT = a p−1
T

⊕ b pT ⊕ c cosh
1
2 η

TGC MWPC [1.05, 2.4] [1.05, 2.4]

MDT Drift chamber < 2.7 –

CSC MWPC [2.0, 2.7] –

Table 6.1: Overview of the detector technologies used in ATLAS. The names of the subdetector
systems in the first column are explained in the main text. The acronyms RPC and MPWC stand for
resistive plate chamber and multi-wire proportional chamber, respectively. All calorimeter systems
are sampling calorimeters, for which the second column lists thematerial used for the activemedium
(absorber). The last column shows the characteristic composition of the resolution of the measured
quantities. The constants a, b, and c typically depend on the geometry of the detector and the
magnetic field.

6.3.1 Inner detector

The inner detector (ID) [187] system consists of a silicon pixel detector, a silicon strip tracker (semi-

conductor tracker, SCT), and a straw-tube transition-radiation tracker (TRT). The silicon tracking

detectors are arranged in concentric cylinders in the central detector and in the form of end-cap

disks in the forward regions. This layout provides eight precision measurements per track through-

out the entire tracking volume for |η| < 2.5. The TRT contributes 36 additional (lower-precision)

hits per track on average and adds particle-identification capabilities. Figure 6.2 gives an overview.

Tracking and vertexing performance The most important performance characteristics of a

tracking detector can be understood separately from the details of its practical realisation. An ide-

alised tracker geometry consists of N cylindrical detector layers, equidistantly spaced between an
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Figure 6.2: Overview of the systems comprising the inner detector. Reproduced from Ref. [186].

inner radius r0 and an outer radius r0 +L. It is immersed in a homogeneous longitudinal magnetic

field B. In the practical limit r0 � L, the relative transverse momentum resolution is [188, 189]

σ(pT )

pT
∼

(
σrϕ
BL2

√
5

N + 5

)
pT ⊕

(√
dtot/X0

BL

)
cosh

1
2 η, (6.1)

where dtot/X0 is the total material budget in units of the radiation length X0 [190] and σrϕ is the

position resolution in the rϕ-plane. Additional dimensionful constants independent of the detector

geometry are suppressed for simplicity. The dependence of the resolution on N shown in Eq. 6.1 is

approximate and accurate to around 6% for N ≥ 2.

The first term in Eq. 6.1 describes the intrinsic detector resolution, limited by the precision of the

measurement in the bending plane. Multiple scattering is captured by the second term and limits the

resolution at low pT and high |η|. Both contributions improve with the magnetic bending powerBL

and only have a weak (or no) dependence on the number of detector layers,N . Additional layers are,

however, important to improve the robustness of the track reconstruction in dense environments.

The impact parameters of reconstructed tracks are highly predictive of the presence of separated

secondary vertices and play an important role in jet flavour tagging, as further detailed in Section

7.3.3. The transverse impact parameter d0 (the track perigee) is defined as the minimum transverse

distance between the track and the z-axis, and the longitudinal impact parameter z0 labels the
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z-coordinate of the track perigee. In the relevant limit where r0 � L, their resolutions are [188]

σ(d0) ∼
σrφ√
N + 5

⊕

(
r0

√
d

X0

)
p−1
T cosh

1
2 η, σ(z0) ∼

σz√
N + 3

⊕

(
r0

√
d

X0

)
p−1
T cosh

3
2 η,

where d/X0 is the material budget of the innermost detector layer. For high transverse momenta,

the position resolution along the respective coordinates, σrϕ and σz , limit the accuracy of the ex-

trapolation. Multiple scattering is important at low pT ; the resolution scales linearly with the radius

r0 of the first detector layer.

Silicon pixel detector Pixels with a minimum size of 50 µm× 400 µm in rϕ× z are used for the

outer three layers in the barrel region as well as the end-cap disks, where they are oriented along

rϕ × r. The intrinsic position resolutions are σrϕ = 10 µm and σz = 400 µm/
√
12. The innermost

barrel layer, referred to as the IBL [191], is installed at r0 ≈ 33mm and uses pixels with a reduced

size of 50 µm×250 µm in rϕ×z. The trackmeasurement in the IBL dominates the impact-parameter

resolution [192].

Semiconductor tracker In the barrel, eight concentric silicon-strip layers surround the pixel de-

tector, arranged in pairs at four equidistant radial locations. The strips have a pitch of 80 µm and

are oriented along the z-axis. Neighbouring strips subtend a stereo angle of 40mrad, resulting in

position resolutions of σrϕ = 17 µm and σz = 580 µm. In the end-cap disks, the strips are oriented

radially.

Transition radiation tracker In the barrel, the TRT consists of 73 layers of straw drift tubes ori-

ented along the z-axis for |η| < 2.0, and radially mounted straws in the end-caps. The drift tubes

have a diameter of 4mm and provide a position resolution of 130 µm in the plane transverse to the

tube. No position information is available for the coordinate parallel to the straw. The straws are

interspersed with hydrocarbon radiators, in which relativistic charged particles excite transition ra-

diation which is used in conjunction with other detector systems to identify electrons and converted

photons [193]. Despite the high occupancies in the TRT of O(10%), the large number of additional

hits at larger radii significantly improve the robustness of the pattern recognition during track find-

ing. The outer radius of the TRT at r0+L = 1082mm defines the total extent of the tracker and the

outermost straw layers contribute significantly to themomentummeasurement. The bending power

of the solenoid deteriorates for |η| > 1.85, correspondingly reducing the momentum resolution.
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Figure 6.3: Overview of the electromagnetic and hadronic calorimeter systems. Reproduced from
Ref. [186].

6.3.2 Calorimetry

The calorimetry system is composed of several different sampling calorimeters which provide her-

metic coverage in the azimuthal direction. The inner electromagnetic calorimeter uses liquid ar-

gon (LAr) as active medium and covers the region |η| < 3.2 across barrel and end-caps. The

outer hadronic calorimeter is based on steel absorbers and plastic scintillator tiles in the barrel for

|η| < 1.7, while LAr is employed by the hadronic end-cap calorimeters (HECs). A dedicated for-

ward calorimeter (FCal), also using LAr, provides both electromagnetic and hadron calorimetry and

extends the acceptance up to |η| < 4.9. Calorimeter trigger signals representing energy deposits at

a reduced granularity are derived from all systems [194]. Figure 6.3 gives an overview.

Sampling calorimetry A sampling calorimeter [195] intersperses a passive absorber medium

with instrumented volumes in which the developing particle shower is sampled and the deposited

energy measured. This measurement is typically done through ionisation processes, i.e. is sensi-

tive only to the charged component of the cascade. For a simple calorimeter with constant spacing

∆d/X0 between samples and a thickness of each active element of ∆x/X0 (both in units of the

radiation length), the energy resolution σ(E)/E has the structure [196]

σ(E)

E
∼

(√
∆d/X0

Z
⊕ log−1 ∆x

X0
⊕ SEM

)
E− 1

2 ⊕ bE−1 ⊕ c. (6.2)
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The terms proportional toE− 1
2 arise from the different physical contributions to the intrinsic fluctu-

ations of the measurable energy deposition. The finite interval∆d/X0 results in only a (fluctuating)

fraction of the full cascade being sampled, described by the first “sampling” term. Using absorber

materials with higher atomic-number Z results in a final state with greater particle multiplicity,

thereby improving the counting statistics. The amount of energy deposited along a single track over

∆x/X0 follows a Landau distribution. Its fluctuations are particularly pronounced for thin layers

of active media, as shown by the second term. This contribution is usually negligible in calorime-

ters which use liquid or solid active media, such as those discussed here. In a hadronic cascade, a

large fraction of the total energy is usually invisible, and the total energy reconstructed from the

detectable electromagnetic component is thus subject to strong fluctuations. This is parameterised

by the term SEM, which is dominant in a hadronic calorimeter. Lateral or longitudinal leakage of

the shower beyond the nominal volume of the calorimeter leads to similar effects.

The contribution from electronic (thermal) noise and the intrinsic radioactivity of the employed

materials is energy-independent; these effects are subsumed in the parameter b. Imperfections in

the relative calibration between different calorimeter elements in a larger assembly are captured by

the constant c, limiting the resolution for very high energies.

Liquid argon calorimeters The precision electromagnetic calorimeter [197] uses lead absorbers

and LAr as active material, arranged in an accordion geometry in both barrel and end-caps. Three

(for |η| < 2.5) or two (for |η| ∈ [2.5, 3.2]) longitudinal layers are available to extract pointing

information for photons. The first layer is finely segmented to aid discrimination between pho-

tons and neutral pions, and to identify converted photons. The energy resolution is σ(E)/E =

10%E[GeV]−
1
2 ⊕ 0.7%. It is dominated by sampling fluctuations.

The hadronic end-cap calorimeters (HECs) [197] use a cylindrical geometry in which the copper

absorber is organised into several wheels oriented perpendicular to the z-axis. The LAr drift gaps

are segmented as ∆η ×∆ϕ = 0.1× 0.1.

For the FCal [197] station providing electromagnetic calorimetry, cylindrical LAr gaps are em-

bedded in a copper absorber matrix. The same geometry is used for the outer two hadronic calorime-

try stations, which employ tungsten rather than copper to create a high-density design, respect

tight space constraints, and ensure good hadronic-shower containment. Its energy resolution is

σ(E)/E = 100%E[GeV]−
1
2 ⊕ 10%.
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Figure 6.4: Overview of the muon spectrometer. Reproduced from Ref. [186].

Scintillator tile calorimeter For |η| < 1.7, a steel / plastic-scintillator tile calorimeter [198] is

used, read out by fibre-coupled photomultiplier tubes with a segmentation of∆η×∆ϕ = 0.1×0.1

and three longitudinal layers. Its intrinsic resolution is σ(E)/E = 50%E[GeV]−
1
2 ⊕ 3%, where the

constant term is limited by the energy calibration.

6.3.3 Muon spectrometer

The muon spectrometer (MS) [199] tracks muons through the magnetic field created by a large air-

core toroid in the barrel and two smaller toroids in the end-caps. It consists of a system of monitored

drift tubes (MDTs) and cathode strip chambers (CSC), which instrument the region |η| < 2.7. They

provide three precision measurements of muon tracks in the principal bending direction throughout

the full acceptance of the spectrometer. Within |η| < 2.4, theMS is also equippedwith fast resistive-

plate chambers (RPCs) in the barrel and thin-gap chambers (TGCs) in the end-caps to sample tracks

along the orthogonal coordinate as well as for hardware triggering.

Precision tracking The MDT system achieves a single-wire position resolution of 80 µm, to be

compared with the tube diameter of 30mm. Each muon station consists of several layers of drift

tubes to improve the position resolution and provide direction information. The maximum drift
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time is significantly longer than the interval between two subsequent bunch crossings. The trigger

chambers (discussed below) are used to resolve ambiguities. The CSCs are multi-wire proportional

chambers with cathodes segmented in orthogonal directions. They are used in the innermost end-

cap plane in η ∈ [2, 2.7], where particle rates are highest and shorter drift times are required. An

optical alignment system is used to monitor the relative positions between the different (systems

of) precision tracking chambers.

The pT resolution of the MS is limited by the hit position resolution for high momenta (pT >

100GeV) and by multiple scattering in the spectrometer for pT ∈ [30, 100]GeV (cf. Eq. 6.1). Fluc-

tuations of the muon energy loss in the calorimeter become noticeable for pT < 30GeV. They

are approximately independent of the muon momentum and thus contribute to the resolution as

σ(pT )/pT ∼ a p−1
T , where the constant a depends mainly on the material budget of the calorimeter.

This limitation is removed if information from both the ID and the MS is used to reconstruct the

muon track, improving the resolution to σ(pT )/pT . 2% for pT < 30GeV. The toroidal field geom-

etry renders the pT resolution approximately independent of η, although the resolution deteriorates

in the transition region η ∈ [1.4, 1.6] between barrel and end-cap toroids, where the field geometry

is more complicated and lower bending power is achieved.

Trigger chambers Three layers of RPCs are located within the volume of the barrel toroid. They

provide a coarse position measurement in both coordinates with a resolution of around 1 cm and

a time resolution of approximately 1 ns. Coincident hits in multiple RPC planes compatible with a

muon trajectory are used to select events with a well-defined pT -trigger threshold [200].

In the end-caps, TGCs are used as trigger chambers, located entirely outside the magnet. They

are thin multi-wire proportional chambers with high rate capabilities and finer segmentation but

worse time resolution, allowing a similar trigger strategy to be used.

6.3.4 Trigger system

The hardware trigger receives information from the calorimeters and the muon system at reduced

granularity and reduces the event rate to at most 100 kHz [201, 202]. The second trigger level is

implemented in software. It performs reconstruction of the event using information from all subde-

tectors and further reduces the event rate to around 1 kHz. The work presented in Chapters 7 and 8

uses triggers that select events containing electrons, muons, or missing transverse energy (defined

as the negative vectorial sum of calorimeter energy deposits).
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Chapter 7

Measurement of WH and ZH

production in the H → bb̄ channel

The SM in the form of Eq. 5.1 is sufficient to consistently describe most experimental results at

energy scales E up to E . 1 TeV. In particular, the prescribed dynamics of the Higgs field h is

compatible with the experimentally observed interactions of a neutral scalar boson with a mass of

mH ≈ 125GeV discovered by the ATLAS and CMS Collaborations using the data from LHC Run 1

[203, 204]. The model parametermH itself is not computable from known d = 4 physics, suggesting

that the origins of the electroweak scale, and thus the mass scales of all other known particles, lie at

energies Λ� E that are potentially beyond the direct kinematic reach of the LHC [205]. Similarly,

other phenomena, such as experimental indications for the violation of lepton-flavour universality

in semileptonic b-meson decays [206], are conjectured to be associated to new interactions occurring

at high scales.

The data set collected during Run 2 of the LHC is sufficient to place meaningful constraints on

d = 6modifications of the SM. Such a program is an important part of the legacy of the LHC exper-

iments, and must ultimately be based on measurements of a comprehensive set of SM observables

to be successful. This chapter summarises one contribution to this effort, consisting in the experi-

mental study of the interactions of the Higgs boson with the electroweak bosons and their impact

on the structure of d = 6 physics.

The experimental vehicle used for this analysis is the production of an on-shell Higgs boson

together with an electroweak boson V =W,Z [207] from the pp initial state, pp→ V H . A concise

review of the salient physical properties of this process and its most important backgrounds is given
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Figure 7.1: Leading-order Feynman diagrams contributing to pp→ V H , starting from a quark initial
state in (a), or a gluon initial state in (b) and (c).

in the following. These considerations guide the design of the data analysis, to which the remainder

of this chapter is dedicated.

Signal characteristics The characteristic energy scale E of pp → V H is set by the partonic

COM energy, E2 ∼ ŝ =
(
pV + pH

)2
= m2

V H . It scales with the transverse momentum of the

vector boson, pVT , which can be measured with good precision. The latter thus indicates the overall

kinematic scale of the V H process, and is used as a convenient surrogate for
√
ŝ in what follows,

√
ŝ ∼ pVT .

Both qq(
′) and gg initial states contribute to the amplitude for V H production [208]. The quark-

induced Drell-Yan like component in Figure 7.1a is available for both WH and ZH production,

qq̄ → ZH and qq̄′ → WH . The gluon-induced processes in Figure 7.1b and 7.1c proceed primarily

through a top-quark loop and exist solely for ZH . Their cross-sections are suppressed by about an

order of magnitude relative to the Drell-Yan contribution, but their importance is enhanced around

the energy scale introduced by the top-quark loop,
√
ŝ ≈ 2mt [209].

As discussed in Section 6.1, the contribution of the Drell-Yan signal component falls off less

steeply with ŝ compared to that of gluon-induced processes, among which are some of the most

important SM backgrounds (discussed below) but also other Higgs-boson production modes [210].

Performing an experimental measurement in regions of different
√
ŝ ∼ pVT thus helps to maximise

the sensitivity to the V H signal itself; and differential cross-sections binned in terms of this quantity

are important observables to isolate and quantify d = 6modifications suppressed by powers of ŝ/Λ2.

At hadron colliders, the fully hadronic final state (where V → qq̄(
′) and H → qq̄) suffers

from major irreducible multi-jet continuum backgrounds which make this channel intractable with

present technology. Selecting the leptonic decay of the vector boson provides a cleaner signature

which naturally suppresses these background contributions, enables efficient triggering, and allows
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WH and ZH production to be separated based on the number of observed charged leptons in the

final state [211]. This channel provides good sensitivity to the dominant H → bb̄ decay mode,

thereby helping to constrain the overall Higgs-boson width [212, 213].

The experimental signature of the Higgs boson in this decay channel consists of two b-jets whose

axes have an angular separation of

∆R ≈ mH

pHT

1√
z(1− z)

≈ 2mH

pHT
, (7.1)

where pHT ∼ pVT is the transverse momentum of the Higgs boson and z labels the momentum

fraction carried by one of the two b-quarks. In the kinematic regime pHT . 300GeV, where the

bulk of the signal cross-section is located, ∆R & 1. The two b-quarks can be resolved into two

well-separated hadronic jets that may be reconstructed individually, provided that the jet radius is

chosen to be sufficiently small. (Jets of this kind are, somewhat imprecisely, referred to as “small-

radius” jets in the following.) At significantly higher scales where pHT > 400GeV, ∆R < 1 and

the two jets begin to overlap and merge into one “large-radius” jet cone. Dedicated boosted-event

reconstruction techniques are required to efficiently access this regime.

Backgrounds Despite the significant reduction of the multi-jet continuum in final states con-

taining leptons, a diverse set of backgrounds with intrinsic mass scales similar to that of the signal

process remains. The production of a vector boson in association with a pair of b-jets, V + bb, forms

an important irreducible component. Jets of other flavours also contribute, but their importance can

be greatly reduced by applying flavour-tagging techniques. The yield of the gluon-induced compo-

nent (shown in Figure 7.2a) typically dominates over the quark-initiated process in Figure 7.2b due

to the relatively enhanced PDF.

Vector-boson pair production, V Z with Z → bb̄, shares many kinematic features with the V H

signal process. The mass scale of this process, mZ , is sufficiently similar to the scale mH of the

signal to act as a well-characterised “standard candle” for validating the analysis procedure but still

different enough from the latter to be experimentally separable.

An important reducible background, particularly for WH , is the production of top-quark pairs

followed by the decay t → Wb, shown in Figure 7.2c. Reducing this component requires excellent

detector coverage for soft leptons and jets at high pseudorapidities to prevent misreconstructing a

leptonically or hadronically decaying W boson. Top-quark pairs are preferentially produced close

to threshold and are thus relatively more important for the signal at low pVT .
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Figure 7.2: Example processes contributing to gluon-induced and quark-induced V +jets production
in (a) and (b), and top-quark pair production in (c).

Figure 7.3: Detector signature of the process pp → V (→ lep.)H(→ bb̄) targeted by this measure-
ment, containing two b-tagged jets and, depending on the decay of the vector boson, zero, one, or
two charged leptons.

Additional smaller background components arise from the production of single top quarks in

association with a jet or aW boson, as well as from the remaining multi-jet production.

Analysis overview The measurement described in this chapter investigates the pp → V (→

lep.)H(→ bb̄) process in its resolved regime, i.e. with a focus on pHT . 300GeV [5]. It uses the

full Run 2 data set collected with the ATLAS detector and includes numerous improvements over

analyses previously conducted in this channel [214–216]. The measurement separately targets the

processes Z(→ νν)H(→ bb̄), W (→ `ν)H(→ bb̄), and Z(→ ``)H(→ bb̄). It selects events with

zero, one, or two charged leptons ` (electrons or muons), and exactly two b-tagged small-radius jets

to represent the Higgs-boson candidate, as illustrated in Figure 7.3. Events containing τ -leptons are

not explicitly targeted. Additional non-b-tagged jets, e.g. originating from gluon radiation off the

initial-state partons, are also accepted [217]. The selected events are partitioned according to pVT

into several mutually disjoint regions that are analysed separately, starting at 75GeV and extending

to beyond 250GeV.

The three analysis channels, hereafter referred to as “0-lepton”, “1-lepton”, and “2-lepton”, have

very different characteristics. The experimentally clean 2-lepton channel receives background con-
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tributions from Z(→ ``) + bb and dileptonic top-quark pair production. Good signal purity is

achieved despite the relatively low event yield. The dominant backgrounds in the 1-lepton channel

are W (→ `ν) + bb and semileptonic tt̄. The 0-lepton channel has a high signal yield due to the

large Z → νν branching ratio. Its background composition is very diverse; W + bb, Z + bb and tt̄

contribute at similar levels.

The signal characteristics are extracted through a fit of template histograms describing the signal

and all backgrounds to the binned distribution of a multivariate discriminant evaluated on data. The

templates are constructed using a combination of simulation and data-driven methods. Among the

central results of this analysis is a measurement of fiducial V H cross-sections binned in pVT , and its

interpretation in the context of the SMEFT.

The following pages describe various aspects of the analysis procedure in more detail. Section

7.1 defines the cross-section bins targeted by this measurement; MC simulations employing the

generators listed in Section 7.2 play a central role in the analysis design. The event reconstruction,

selection, and categorisation are summarised in Sections 7.3–7.5, while Sections 7.6 and 7.7 define

the model used in the statistical analysis of the data. A summary of the results is given in Sections

7.8 and 7.9.

7.1 Simplified template cross-sections

Simplified template cross-sections (STXS) are cross-sections for the production of an on-shell Higgs

boson in certain, well-defined fiducial volumes [218–220]. The binning distinguishes between dif-

ferent Higgs-boson production modes and, for a specific production mode, is defined in terms of

kinematic variables. No attempt is made to separate decay modes of the Higgs boson, which allows

measurements to be combined across different final states.

The kinematic binning is operationally defined in terms of information from the truth record of

the MC event generator as explained below. Detector effects are unfolded as part of the measure-

ment procedure. The binning closely corresponds to the acceptance of the detector and sominimises

extrapolations beyond the observed kinematic regions. Variations of the experimental acceptance

within each bin are required wherever possible to be small relative to the expected statistical pre-

cision. The required levels of acceptance uniformity are not as stringent as for truly differential

cross-section measurements, and the definition of the fiducial volumes are correspondingly simpli-

fied. This allows multivariate analysis techniques (which encode information about the kinematics
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Figure 7.4: STXS binning as defined in Stage 1.2 [222]. Coloured dashed lines within a bin indicate
sub-bin boundaries.

of the targeted signal process in an implicit way) to be used in an STXS measurement, maximising

the precision of the result while limiting the theory uncertainties that are folded into it.

The STXS follow a staged definition in which the granularity of the binning is increased as mea-

surements become more precise. STXS bins may also be merged in case the experimental sensitivity

is insufficient for a simultaneous unfolding of all regions.

STXS binning for VH Only truth Higgs bosons with a rapidity of |yH | < 2.5, approximately

identical with the tracker coverage of the experiments, are considered. The truth vector boson is

defined as the particle attached to the production vertex of the Higgs boson in the truth record of

the generator. Only leptonically decaying vector bosons are considered, and all three charged lepton

and neutrino flavours are included. Truth jets are clustered with the anti-kT algorithm [221] with

a radius parameter of R = 0.4, starting from the set of all stable truth particles (defined as having

a lifetime greater than 10 ps) but excluding the decay products of the truth Higgs boson as well as

the truth vector boson. Jets are required to have a minimum transverse momentum of 30GeV.

The V H process is split intoWH and ZH based on the identity of the truth vector boson, and

ZH is further split into its quark- and gluon-initiated components. This distinction is not without

ambiguities. These are resolved in an ad-hoc fashion based on the content of the available samples

of simulated events, described in Section 7.2. The kinematic binning is then defined in terms of the

transverse momentum of the truth vector boson, pV,tT , and the number of truth jets, ntjet. The pV,tT

bin boundaries are chosen relative to the mass scale set bymH .
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Figure 7.5: Reduced STXS binning, obtained by merging bins defined in STXS Stage 1.2.

The full binning corresponding to STXS Stage 1.2 is shown in Figure 7.4 [222]. Beside the explicit

bin boundaries, it also defines a number of sub-bins. Additional explicit splits may be introduced at

these locations if permitted by the experimental sensitivity. The sub-bins also enter the parameter-

isation of theoretical uncertainties, as laid out in Section 7.7.2.3.

A coarser binning is employed for the analysis defined here, shown in Figure 7.5. It only distin-

guishes betweenWH and ZH , does not resolve the exclusive ntjet binning, and only covers a subset

of all defined pV,tT bins.

7.2 Event samples

7.2.1 Data sample

The data analysed for this measurement were recorded during Run 2 of the LHC, cf. Section 6.2.

A number of unprescaled single-lepton and missing-transverse-momentum triggers were used, de-

scribed in more detail in Section 7.4. Events were retained only if all relevant detector systems are

known to have been operating nominally. The selected data set corresponds to a total integrated

luminosity of 139.0± 2.4 fb−1 [223, 224].

7.2.2 Samples of simulated events

Samples of simulated events are used to describe the V H signal as well as most background pro-

cesses. With few exceptions, discussed below, the samples were generated to at least next-to-

leading-order (NLO) accuracy in αs. They were normalised to calculations of the inclusive cross-

section where available, typically at a higher order. The cross-section values computed by the gen-

erator were taken otherwise. Unless noted otherwise, EvtGen (v1.6.0) [225] was used to consistently
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model the decays of charm or bottom hadrons across different samples. Following the simulation

of the inelastic collision, minimum-bias events were superimposed to describe the effects of addi-

tional “pile-up” interactions in the same, or neighbouring, bunch crossings. They were obtained

by simulating soft QCD processes with Pythia 8.186 [226] using the A3 set of tuneable parameters

[227] and the NNPDF2.3LO set of PDFs [228]. Events are reweighted so as to reproduce the pile-up

distribution observed during data taking. All samples are processed by a high-fidelity simulation of

the ATLAS detector [229] based on GEANT [230]. Table 7.1 summarises the samples used for the

nominal modelling of events, with some further details given below.

Additional samples of simulated events were used to assess the impact of theoretical uncertain-

ties. They use alternative matrix-element generators or choose different models for parton shower-

ing and hadronisation; more information is available in Section 7.7.2.

Signal Samples were generated separately to NLO(QCD) accuracy for the qq/qg-initiated V H

process, and to LO(QCD) accuracy for the gg initial state. (The gluon-induced process is separately

finite and gauge invariant [217], motivating this ad-hoc distinction between the initial states. The

same definition is adopted for the STXS bins in Figure 7.4.) In both cases, events were first generated

with the first PDF in the NNPDF3.0NLO set and then reweighted to PDF4LHC15NLO [180] in order

to be able to employ the parameterisation of uncertainties in the latter PDF set [269].

The qq/qg → V H process is normalised to NNLO(QCD)+NLO(EW) accuracy. The simulated

events were further reweighted differentially in pVT to account for electroweak effects to NLO accu-

racy. This correction factor was computed with Hawk [270, 271]. Contributions from qγ-induced

processes were included in the overall normalisation of theWH sample [272].

Top-quark backgrounds Top-quark pair production (tt̄) is simulated to NLO(QCD) accuracy.

The resummation damping parameter hdamp of the employed Powheg generator is set to 1.5mt,

shown to result in good modelling [273].

The production of single top quarks was included in the s- and t-channel processes;Wt produc-

tion was also simulated. The diagram removal scheme [274] was used to eliminate doubly-resonant

diagrams overlapping with top-quark pair production.

Vector boson + jets The production of a vector boson in association with jets (V +jets) was sim-

ulated to NLO(QCD) accuracy for up to two partons in the final state, and to LO(QCD) for three-
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and four-parton final states. For Z+jets, contributions induced by off-shell photons, γ∗ → ``, were

also included. The MEPS@NLO algorithm [275–277] was used to merge the generated samples

with exclusive jet multiplicities. Decays of heavy-flavour hadrons were also handled by the Sherpa

generator.

Diboson The production of a pair of on-shell vector bosons (ZZ , WW , and WZ) is simulated

separately for the qq/qg- and gg-induced processes. For the former, the simulation is accurate to

NLO(QCD) for up to one additional parton in the final state, and to LO(QCD) for two- and three-

parton final states. The samples were normalised according to the cross-sections calculated by the

generator at NLO(QCD). The gluon-induced process is included at LO(QCD) for up to one additional

jet. The merging procedure is identical to that employed for the V +jets sample. The interference

with the V H signal is irrelevant at present levels of experimental precision and is therefore ignored.

Decays of heavy-flavour hadrons were also handled by the generator.

7.3 Event reconstruction and physics object definition

Information from different subdetectors is combined and reconstructed into analysis objects repre-

senting final-state particles. The leptonic decay of the vector boson produces charged leptons (for

Z(→ ``)H andW (→ `ν)H) as well asmissing transverse energy (forW (→ `ν)H andZ(→ νν)H).

The H → bb̄ decay of the Higgs boson leads to jets containing heavy-flavour hadrons. The defini-

tion of the corresponding physics objects is briefly summarised in the following, with more details

available in the references provided.

7.3.1 Charged leptons

Depending on the flavour, charged leptons were reconstructed based on information from the inner

detector, the calorimeters, and the muon spectrometer.

Electrons Electrons were reconstructed from topological clusters in the electromagnetic calori-

meter [278–281], geometrically matched to a track reconstructed in the inner detector [282]. Topo-

logical clusters are groups of calorimeter energy deposits that are estimated to have been caused

by the same electromagnetic shower. Spatially separate energy deposits caused by bremsstrahlung

photons are also included in the definition of the electron energy [279]. Reconstructed tracks were
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also used to determine the position of the collision vertices and to associate electron candidates to

these vertices. The primary vertex was defined to be the reconstructed vertex with the highest sum

of squared transverse momenta of associated tracks [283, 284]. Any remaining vertices are referred

to as pile-up vertices.

Only electrons with pT > 7GeV and |η| < 2.47 were used in this measurement. “Loose” elec-

trons were defined to originate from the primary vertex, satisfy a track-based isolation criterion, and

meet a loose quality requirement based on the electromagnetic-shower profiles, the quality of the

track fit and the track-cluster matching. In addition, “tight” electrons had to satisfy more stringent

quality requirements and have well-isolated calorimeter energy deposits.

Muons The dominant fraction of all muons considered in this measurement were reconstructed

as a continuous track constrained by hits in both the inner detector as well as the muon spectrom-

eter [285, 286]. To limit acceptance losses in regions of poor detector coverage, muon candidates

consisting of only a track in the inner detector, combined with energy losses in the calorimeters

consistent with a minimum ionising particle, and individual hits in the muon spectrometer were

also considered.

All muons were required to originate from the primary vertex, be in the acceptance of the muon

system with |η| < 2.7, and have a transverse momentum of pT > 7GeV. “Loose” muons were re-

quired to have limited neighbouring-momentum activity and pass loose track-quality requirements

to maximise the reconstruction efficiency. “Tight” muons were defined to be loose muons that ad-

ditionally meet more stringent track quality standards.

Taus Hadronically decaying τ -leptons were reconstructed from their individual charged and neu-

tral decay products [287, 288]. Identification of τ -candidates against hadronic activity initiated by

quarks or gluons was performed with a multivariate discriminant based on the calorimeter shower

shape and tracking information.

τ -leptons were not explicitly used in this measurement but were only employed to prevent

double-counting and to avoid overlap with other physics objects.

7.3.2 Jets

Jets were reconstructed by combining topological clusters in the electromagnetic and hadronic calorime-

ters [289, 290] using the anti-kT algorithm with a radius parameter of R = 0.4 [221]. Cleaning
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criteria were applied to identify and veto events containing spurious jets from beam-induced back-

grounds, cosmic-ray showers overlapping with collision events, or noisy calorimeter cells [291]. For

central jets (|η| < 2.5) with pT < 120GeV, tracking information was used to tag and remove jets

that originate from a pile-up vertex [292].

Central jets with pT > 20GeV were used in this measurement. Forward jets (2.5 ≤ |η| < 4.5),

for which jet vertex tagging is not available, were instead required to have pT > 30GeV to limit con-

tributions from pile-up. All jets were corrected with the standard jet-energy-scale calibration [293,

294], which subtracts energy due to pile-up and accounts for inhomogeneities in the calorimeter

response and for differences between quark- and gluon- initiated jets.

Jets that were b-tagged (defined below) received additional energy corrections. A muon recon-

structed in the vicinity of the jet axis was interpreted as coming from the semileptonic decay of a

b-hadron, and the muon momentum was added to the momentum of the jet to improve the energy

measurement. A correction, derived from simulation and dependent on the jet pT , accounted for

energy leakage outside the jet cone, which is more prominent in heavy-flavour jets. It improves

the di-b-jet mass resolution by about 20%. In the 2-lepton channel, the final state of the targeted

Z(→ ``)H signal was fully reconstructed. A per-event likelihood uses the reconstructed vector

boson decay to adjust the jet-energy measurement and thus improve the di-jet mass resolution by

about 40%.

7.3.3 Jet-flavour tagging

The decay chain of the heavy-flavour hadron present in a b-jet produces secondary and sometimes

also tertiary vertices [295, 296]. These are separated from one another and from the primary vertex of

the event by the decay lengths of the respective b- and c-hadrons. This striking flavour substructure

allows such heavy-flavour jets to be identified experimentally.

TheMV2 [297] discriminant was used to identify b-jets in the central region of the detector. MV2

is a boosted decision tree which processes information about the impact parameters of the tracks

associated to the jet and the properties of reconstructed secondary and tertiary decay vertices in

the jet. For flavour-tagging applications (and in contrast to Section 6.3.1), the impact parameter was

defined relative to the primary vertex. The selected working point achieves a b-tagging efficiency of

70% on a reference sample of simulated tt̄ events. The c-jet and light-flavour jet misidentification

efficiencies were 12.5% and 0.3%, respectively. (Light-flavour jets were defined as those not initiated
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by b- or c-quarks.)

The tagging efficiencies for b- and c-jets were measured from samples of tt̄ events up to a jet

pT of about 600GeV [297, 298]. Tagging efficiencies for light jets were extracted from a sample of

multi-jet events [299]. These results defined a set of data-to-simulation scale factors that adjust

the simulation to ensure that the expected tagging performance in data is faithfully modelled. A

simulation-driven method was used to extrapolate this calibration to the high-pT regime for which

no efficiency measurements are available [11].

7.3.4 Missing transverse energy

The missing transverse energy Emiss
T , as a vectorial quantity, is defined as the negative sum of the

transversemomenta of charged leptons, photons, jets, hadronically decaying τ -leptons, and the “soft

term” pmiss,st
T [300]. The latter is the sum of all tracks associated with the primary vertex but not

used in the definition of any other object. A related observable is the track-based missing transverse

momentum pmiss
T , computed as the negative sum of the transverse momenta of all tracks associated

to the primary vertex. It is a measure of the total momentum imbalance carried by the charged

particle content of the event.

7.4 Event selection

Selected events must have exactly two b-tagged jets, referred to as b1 and b2, which were used to

reconstruct the Higgs boson candidate. At most one additional untagged jet was permitted in the 0-

and 1-lepton channels, where the tt̄ background increases considerably for higher jet multiplicities.

No requirement on the number of additional jets was used in the 2-lepton channel, which almost

doubles the signal acceptance.

The transverse momentum of the vector boson, pVT , was reconstructed as the missing transverse

energy Emiss
T in the 0-lepton channel, the vectorial sum of Emiss

T and the transverse momentum of

the charged lepton in the 1-lepton channel, and the transverse momentum of the dilepton system

in the 2-lepton channel.

The analysis focuses on the regime of high scales, pVT & mH , where the signal-to-background

ratio is more favourable. Events with pVT ≥ 150GeV were analysed in the 0-lepton channel (limited

by the trigger acceptance) and the 1-lepton channel, where experimental sensitivity at lower scales

was limited due to significant top-quark backgrounds. For the 2-lepton channel, this requirement
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was relaxed to pVT ≥ 75GeV.

Table 7.2 summarises the nominal event selection. Additional details are given below.

0-lepton channel The online selection used unprescaled Emiss
T triggers. The trigger thresholds

depend on the data-taking period and range from 70GeV in 2015 up to 110GeV in 2018. Depending

on the trigger, the efficiency plateau was reached for an offline Emiss
T of between 180–200GeV; the

trigger was thus not fully efficient for a subset of events passing the offline selection. The trigger

efficiency was measured for the tt̄ and V +jets processes; differences between the measured and

simulated efficiencies amount to 5% at most and were corrected. A cut on the scalar sum of the

transverse momenta of the jets, HT , removed a small number of events where the simulation fails

to account for the dependence of the trigger efficiency on the distribution of jet activity in the event.

Events containing any “loose” leptons were rejected. The multi-jet background was efficiently

rejected by the high Emiss
T threshold. Events where high levels of Emiss

T are due to mismeasured

energy deposits in the calorimeters were removed by cuts on the angular separation between Emiss
T ,

pmiss
T , the axes of the reconstructed jets, and the di-b-jet system, bb.

1-lepton channel The event selection depends on the flavour of the reconstructed lepton. The

electron sub-channel is comprised of events passing single-electron triggers with pT thresholds of

24GeV in 2015 and 26GeV in 2016–2018. In the muon sub-channel, the same Emiss
T triggers as for

the 0-lepton channel were used. (As explained in Section 6.3.4, muons do not form part of the online

Emiss
T calculation.)

To minimise contributions from the multi-jet background, events were required to contain ex-

actly one “tight” lepton and no additional “loose” leptons. Leptons were required to have a pT of

at least 27GeV (25GeV) in the electron (muon) sub-channels. In addition, the requirement Emiss
T >

30GeV was imposed in the electron sub-channel to remove multi-jet events where a soft jet was

misreconstructed as an electron.

2-lepton channel In analogy to the 1-lepton channel, electron and muon sub-channels were de-

fined. The trigger requirement in the electron sub-channel was identical to that used in the 1-lepton

channel. Events in the muon sub-channel were required to pass at least one of several single-muon

triggers with pT thresholds of 20–26GeV.

Exactly two “loose” leptons of identical flavour were required, at least one of which must have a
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Figure 7.6: Predicted signal yield in the 2-jet category of the 1-lepton channel, shown in terms of pVT
and ∆R(b1,b2). The definition of the SR and the two CRs is overlaid. Published in Ref. [5].

transverse momentum pT > 27GeV. Events with two muons were retained only if the muons are of

opposite sign. The charge misidentification probability was large for electrons with high momenta;

no charge requirement was imposed in the electron sub-channel to maintain the signal acceptance.

Only the resonant contribution is of interest and the dilepton invariant mass m`` was required to

be within 10GeV of the nominal Z-boson mass of 91GeV [190].

7.5 Event categorisation

Selected events were categorised into several non-overlapping regions depending on the recon-

structed value of pVT , the number of reconstructed jets and charged leptons, and the kinematics

of the di-b-jet system. The definitions of the event categories are summarised in Table 7.3.

The categorisation in terms of pVT was chosen following the STXS binning introduced in Figure

7.5. This results in two pVT regions in the 0- and 1-lepton channels, pVT ∈ [150, 250)GeV and pVT ≥

250GeV. The 2-lepton channel employs pVT ∈ [75, 150)GeV as an additional third region. Events

with different jet multiplicities represent different levels of signal purity and are kept separate for

each pVT region. The 0- and 1-lepton channels define exclusive 2-jet and 3-jet categories. Following

the event selection, there is no upper limit on the jet multiplicity in the 2-lepton channel, and events

were sorted into a 2-jet and a ≥ 3-jet category.

Each of these regions was further divided into one signal region (SR) and two control regions

(CRs). The SR was defined in terms of a requirement on the angular separation ∆R(b1,b2) which
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Category 0-lepton 1-lepton 2-lepton

pVT categories
– – 75GeV < pVT < 150GeV

150GeV < pVT < 250GeV 150GeV < pVT < 250GeV 150GeV < pVT < 250GeV

pVT > 250GeV pVT > 250GeV pVT > 250GeV

Jet categories Exactly 2 / Exactly 3 jets Exactly 2 / Exactly 3 jets Exactly 2 / ≥ 3 jets

Signal regions ∆R(b1,b2) signal selection

Control regions High and low ∆R(b1,b2) side bands

Table 7.3: Summary of the event categorisation based on the kinematics of the vector boson, the
Higgs boson candidate, and the jet multiplicity.

isolates a domain preferentially populated by the signal, as illustrated in Figure 7.6. This selection

depends continuously on pVT and is designed to achieve a signal efficiency approximately indepen-

dent of the kinematic scale. The SR contains approximately 93% of all 2-jet signal events and about

81% of all 3-jet signal events that pass the event selection. (The signal efficiency in the ≥ 3-regions

of the 2-lepton channel is lower and about 68%.)

The ∆R(b1,b2) side bands define the CRs, referred to as the “high ∆R” and “low ∆R” CRs.

They are used to measure the normalisations of the most critical backgrounds. The high ∆R CRs

are enriched in tt̄ events in the 1-lepton channel and in Z+jets events in the 2-lepton channel. The

low ∆R CRs in the 1-lepton channel have a reasonably pure W+jets sample. The composition of

the CRs in the 0-lepton channel is more complicated and both V +jets and tt̄ contribute.

In total, this categorisation results in 14 SRs and 28 CRs.

The analysis categories were constructed to have maximal signal acceptance for the correspond-

ing targeted STXS fiducial volumes. Figure 7.7 shows the distribution of the signal yield associated

with a particular STXS bin across the reconstructed regions. The accepted signal yields across both

jet multiplicities are comparable, and the fraction of events from a particular pV,tT bin migrating to

an incorrect pVT region is small. A sizeable fraction of WH events in the 0-lepton channel involves

the W → τ(→ had.)ντ decay chain. The analysis acceptance of WH events for pV,tT < 150GeV

and ZH for pV,tT < 75GeV was negligible, resulting in very few reconstructed events of this type.

7.6 Multivariate discriminant

A set of multivariate discriminants, collectively denoted as BDTV H , was used as a summary statistic

for the statistical analysis described in Section 7.7. It was computed by a number of boosted decision

trees (BDTs), trained to separate the V H signal (“sig”) from the sum of all background components
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(“bkg”). Based on a set of event variables {e}, this discriminant implements a function from which

the likelihood ratio p({e}|sig)/p({e}|bkg) may be reconstructed [301]. The likelihood ratio is the

uniformly most powerful test statistic for testing simple hypotheses [302].

The training was performed on the samples of simulated events described in Section 7.2 using

the gradient boosting algorithm available in the TMVA package [303]. Separate BDTs were derived

in eight different kinematic regions, obtained by merging subsets of analysis categories to ensure

sufficient training statistics. Kinematic information describing the vector-boson and Higgs-boson

candidates forms the most important set of input variables. Among these are the invariant mass of

the Higgs-boson candidate (mbb), information on the relative orientation of the b-tagged jets and

their transverse momenta (∆R(b1,b2),∆η(b1,b2), pT,b1, and pT,b2), the reconstructed value of pVT ,

and the pseudorapidity gap between the vector-boson and the Higgs-boson candidate (∆y(V,bb)

and ∆η(V,bb) were used, depending on the lepton channel). For events with three (or more) re-

constructed jets, the pT of the (leading) untagged jet (pT,j3) and the invariant mass of the three-jet

system (mbbj) were used in addition.

Some additional event variables were employed depending on the lepton channel. In the 0-lepton

channel, the effective mass meff = pT,b1 + pT,b2 + pT,j3 + Emiss
T measures the energy scale of the

event and helps to separate the signal from the (generally softer) backgrounds. Events containing

top-quark pairs can enter this channel due to misreconstructed leptons or jets. The soft term pmiss,st
T

captures (part of) this event activity and improves discrimination against this background.

In the 1-lepton channel, the transverse mass mW
T of the W candidate (defined as the invariant

mass computed from the pT of the reconstructed lepton and Emiss
T , assuming massless particles) and

the reconstructed mass of the top quark (mtop) were used as additional inputs. The latter assumes

that the event originates from the tt̄ process and is defined as the invariant mass of the charged

lepton, the neutrino, and the b-tagged jet leading to the lower mass value. The four-momentum

of the neutrino was reconstructed from Emiss
T and the assumption that the lepton-neutrino system

originates from the decay of an on-shellW boson. The azimuthal angle between the lepton and the

closest b-tagged jet, min [∆ϕ(`,b)], provided additional discriminating power in this channel.

In both the 0-lepton and 1-lepton channels, the MV2 discriminant values of the two b-tagged

jets (MV2(b1) and MV2(b2)) help to identify tt̄ and Wt events containing W → cq decays. (In

the 2-lepton channel, these backgrounds are already very pure in their irreducible bb components

and these variables provided only insignificant improvements.) The MV2 discriminant enters in the
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Variable 0-lepton 1-lepton 2-lepton

mbb × × ×
∆R(b1,b2) × × ×
pT,b1 × × ×
pT,b2 × × ×
pVT ≡ Emiss

T × ×
∆ϕ(V,bb) × × ×
MV2(b1) × ×
MV2(b2) × ×
|∆η(b1,b2)| ×
meff ×
pmiss,st
T ×
Emiss
T × ×

min [∆ϕ(`,b)] ×
mW
T ×
|∆y(V,bb)| ×
mtop ×
|∆η(V,bb)| ×
Emiss
T /
√
ST ×

m`` ×
cos θ(`−,Z) ×

(Only in 3-jet events)
p
jet3
T × × ×
mbbj × × ×

Table 7.4: Input variables used for the multivariate discriminant BDTV H . The “×” symbol indicates
the inclusion of a variable. Adapted from Ref. [5].

form of a categorical variable with two bins, corresponding to b-tagging efficiencies of 0–60% and

60%–70%, respectively. The continuous MV2 distribution was not calibrated against data and could

not, therefore, be used.

In the 2-lepton channel, the polarisation of the Z boson carries important information. The

polar angle between the three-momentum of the negative lepton (in the rest frame of the Z boson)

and the three-momentum of the Z boson (in the detector frame), cos θ(`−,Z), was used, following

Ref. [304]. The significance of Emiss
T , Emiss

T /
√
ST , where ST labels the scalar sum of the momenta

of reconstructed jets and leptons, helps to discriminate against dileptonic tt̄ events, as does the

dilepton invariant massm``.

A complete list of all employed input variables is available in Table 7.4. A second set of BDTs,

BDTV Z , was defined using the same methodology and the same set of input variables but instead

trained to identify the V Z,Z → bb̄ diboson process against the V H signal and the remaining

backgrounds. It is used in Section 7.8.1 to validate the nominal measurement.

163



7.7 Statistical model

Samples of simulated events were used to model the binned distributions of BDTV H for the signal

and most of the backgrounds, with two exceptions, as discussed in Section 7.7.1. The resulting

histogram templates are subject to parameterised systematic uncertainties, summarised in Section

7.7.2. The measurement results were obtained through a joint fit of this statistical model to the

observed data, as explained in Section 7.7.3.

7.7.1 Background modelling

Most background processes were modelled from simulation using the methodology described in

Section 7.7.1.1. Data-driven techniques were used to extract the top backgrounds in the 2-lepton

channel (where a clean data-driven determination is possible) and to estimate the multi-jet back-

ground in the 1-lepton channel (for which reliable simulations are not available). These aspects are

briefly summarised in Sections 7.7.1.2 and 7.7.1.3, respectively.

7.7.1.1 Simulation-driven background modelling

The MV2 discriminant achieves substantial c-jet and light-flavour-jet rejections. Directly applying

the b-tagging requirement in the event selection to simulated events would significantly deplete the

samples corresponding to these flavours and generate large statistical uncertainties in the result-

ing histogram templates. Simulated events containing jets initiated by a c-quark or a light-flavour

parton (determined from the truth record of the generator) were instead weighted by the per-jet

b-tagging efficiency, parameterised in terms of the transverse momentum and the pseudorapidity

of the jet.

7.7.1.2 Data-driven top-background estimation

Events from the tt̄ andWt backgrounds passing the event selection of the 2-lepton channel typically

originate from processes where bothW bosons decay leptonically; the event yields are independent

of the lepton flavour. This allows both the yield and the shape of the BDTV H distribution for these

backgrounds to be extracted from a set of dedicated control regions, referred to as the eµ-CRs. They

follow the nominal event selection and categorisation in the 2-lepton channel but replace the same-

flavour condition on the two reconstructed leptons (ee orµµ) with the requirement of reconstructing

164



an eµ pair. Contributions from non-top backgrounds were negligible (< 1%). Possible differences

in the detector acceptance or the trigger efficiencies between the eµ-CRs and the nominal analy-

sis categories were evaluated in simulation and found to be negligible compared to the statistical

uncertainty resulting from the event yield in the eµ-CRs.

7.7.1.3 Multi-jet background estimation

The angular cuts in the 0-lepton channel and the selection of resonant dilepton events in the 2-lepton

channel render the multi-jet background negligible in the respective analysis categories.

In the 1-lepton channel, the shape of the BDTV H distribution for the remaining multi-jet events

and its normalisation were separately extracted from the data. Two control regions enriched in

multi-jet events, MJ-CR-1b and MJ-CR-2b, were defined for each signal region by inverting the tight

lepton isolation cuts in the nominal event selection and requiring exactly one, or exactly two, b-

tagged jets. The CR with relaxed b-tagging requirement, MJ-CR-1b, contained sufficient statistics

to allow a BDTV H template to be extracted upon subtraction of the non-multi-jet components (taken

from simulation). To ensure that the shape of the resulting template is representative of themulti-jet

distribution in the SRs, the variables MV2(b1) and MV2(b2) in these events were replaced with sam-

ples drawn from their joint distribution (determined from MJ-CR-2b), and the discriminant BDTV H

was subsequently recomputed.

The normalisation of the multi-jet background in a specific SR was determined from a fit of the

multi-jet template to themW
T distribution of the data following the nominal event selection, where

the shapes of non-multi-jet backgrounds were again modelled by simulation, but their normalisa-

tions were allowed to vary. The variable mW
T offers good discrimination between multi-jet events

and the remaining backgrounds, thus leading to a stable fit.

7.7.2 Systematic uncertainties

Systematic uncertainties originate from two principal sources. The understanding of the detector,

the performance of the event reconstruction, and the calibration of discriminating variables built

from reconstructed objects all contribute to the experimental uncertainty. Modelling uncertainties

parameterise the degree of uncertainty in the simulation of signal and background processes. The

treatment of both types of uncertainties is summarised in the following.
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7.7.2.1 Experimental uncertainties

The most important sources of experimental systematic uncertainties enter through the calibration

of the jet-energy scale and the flavour-tagging performance. Uncertainties in the data-to-simulation

scale factors for the b-tagging efficiencies originate from a series of (experimental andmodelling) un-

certainty sources considered in the data-driven tagging-efficiencymeasurements for each jet flavour.

These uncertainties were decomposed into several independent components, of which there are 44

for b-jets and 19 for both c-jets and light-flavour-jets [297, 298]. Uncertainties in the jet-energy scale

measurement were likewise parameterised in terms of 29 independent components [293].

Uncertainty sources affecting the reconstruction of charged leptons were considered [281, 285]

but did not significantly impact the results of this measurement. Uncertainties on all relevant

physics objects were accounted for in the calculation of Emiss
T , including uncertainties on the re-

construction of tracks in the inner detector, which are important for the soft term pmiss,st
T [305].

Additional uncertainties arise from the measurement of the integrated luminosity [223, 224]

and the correction of differences in the average number of interactions per bunch crossing between

simulation and data.

7.7.2.2 Background modelling uncertainties

Uncertainties in the simulation-based modelling of backgrounds arise from free parameters in the

MC simulation models or from assumptions made in their design. The impact of these uncertainties

was assessed by comparing predictions for different settings of these internal parameters, across dif-

ferent generator setups, or between the nominal simulated sample and data in a dedicatedmodelling

control region.

These differences may be parameterised in terms of three main classes of uncertainties. “Ab-

solute normalisation uncertainties” affect the overall normalisation of a background component,

e.g. due to uncertainties in the inclusive cross-section of the corresponding process. “Relative nor-

malisation uncertainties” capture possible relative differences in the background event yields be-

tween a pair of analysis regions with different acceptances. They are also referred to as “relative ac-

ceptance uncertainties”. Acceptance uncertainties may also exist between background components

that contribute to the same analysis category but involve different final-state signatures, e.g. where

the same background process may produce jets of different flavour. Finally, “shape uncertainties”

model variations in the differential distribution of a particular kinematic variable (or collection of
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such variables) within an analysis category, or a set of analysis regions.

Care was taken in the parameterisation of these uncertainties to avoid double-counting. Relative

acceptance uncertainties were normalised to not impact the overall normalisation across the two

analysis regions (or sample components) they concern. Similarly, shape uncertainties did not modify

the total event yield in the region in which they act. A shape uncertainty defined on a collection of

analysis regions may, however, change the event yield between these regions, and thus additionally

act as a relative acceptance uncertainty.

The absolute normalisations of the main backgrounds (V +jets and tt̄) are not constrained by

simulation but extracted from the data in the CRs (“floating normalisation”). They are thus not

subject to any absolute normalisation uncertainties. Depending on the background, independent

normalisation factors were defined for the different kinematic regions shown in Figure 7.8, further

discussed below. In cases where the same floating normalisation applies to multiple analysis cate-

gories, shape uncertainties and relative acceptance uncertainties were defined to allow the relative

background normalisations to vary across these regions. Absolute normalisation uncertainties re-

main for the subleading backgrounds for which no dedicated CRs are available.

For the diboson, Z+jets, and single-top backgrounds, shape uncertainties were assessed for the

two most important inputs to the multivariate discriminant, mbb and pVT . These were found to

be sufficient to cover the observed variations in the distribution of BDTV H . For W+jets and tt̄,

shape uncertainties were defined to capture variations in the joint distribution of all input vari-

ables. For each modelling uncertainty source considered, a dedicated BDT (referred to asRBDT) was

trained to estimate the ratio [301] between the nominal BDTV H distributions and those extracted

from an alternative simulated sample. It was subsequently used to reweight the nominal sample,

thereby smoothly interpolating between the two generator setups. RBDT also smooths out statistical

fluctuations in the alternative samples, typically containing substantially fewer simulated events.

Variations in the pVT distribution were factored out of RBDT and implemented as a separate and

independent shape uncertainty.

Tables 7.5 and 7.6 summarise the most important systematic uncertainties, with more details

provided below.

V +jets production Simulated V +jets events were partitioned into a number of components, de-

pending on the flavours of the b-tagged jets. The dominant component, responsible for 80%–90% of

the overall V +jets yield, consists of the flavour combinations bb, bc, bl, and cc, collectively denoted as
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(a)

(b) (c)

Figure 7.8: Strategy for the extraction of the normalisation of the main backgrounds from data,
for Z+jets in (a), W+jets in (b), and tt̄ in (c). The coloured boxes indicate the (combinations of)
analysis regions for which a common floating normalisation is used. For V +jets, the normalisation
factors apply only to the heavy flavour (HF) components, defined in the main text. Coloured dashed
lines indicate the presence of uncertainties that allow the relative background yields to be adjusted
between regions controlled by the same floating normalisation.

V +HF (“heavy flavour”). Its normalisation was extracted from data. The Z+HF yield is determined

primarily from the 2-lepton channel, and the W+HF normalisation is constrained by the 1-lepton

channel.

Relative acceptance uncertainties were assigned to control the extrapolation of these normali-

sation factors into the 0-lepton channel. Similar extrapolation uncertainties exist between the high

∆R and low ∆R CRs and the SR. Uncertainties on the flavour composition of V +HF were parame-

terised as relative acceptance uncertainties between the dominant bb component and the remaining

flavour combinations. The above uncertainties subsume several components, of which the most

important one is the comparison of the nominal simulated sample with an alternative generator

(MadGraph5_aMC@NLO + Pythia 8 [306, 307]).

For Z+HF, shape uncertainties formbb and pVT were derived by comparing the nominal Sherpa

simulation to data in thembb side bands to either side of the Higgs-boson peak. ForW+HF, shape

uncertainties originate from a comparison with the MadGraph5_aMC@NLO sample.

The remaining cl and ll flavour components are subleading, and only absolute normalisation

uncertainties are defined.

tt̄ production Only the tt̄ contributions in the 0- and 1-lepton channels, where simulation is used

to model this background, suffer frommodelling uncertainty. A common floating normalisation was

used for both channels, together with an uncertainty to account for acceptance differences. As for
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V +jets, the dominant jet flavour combination is bb. There also exists a nonvanishing bc compo-

nent, whosembb distribution contains a broad peak at a similar position as the V H signal. Flavour

composition uncertainties between bb, bc, and the remaining (subleading) flavour components were

derived, and shape uncertainties were also defined.

All uncertainties are based on a comparison of the nominal (Powheg + Pythia 8) simulation with

alternative samples, generated using different matrix element (MadGraph5_aMC@NLO + Pythia

8) or parton shower (Powheg + Herwig 7 [308, 309]) generators.

Single-topproduction Normalisation uncertaintieswere assigned separately for s- and t-channel

single-top production, as well as forWt. They contain contributions resulting from variations of the

renormalisation and factorisation scales, and from uncertainties on the PDFs and the strong cou-

pling constant.

Uncertainties on theWt acceptance were evaluated depending on the jet flavours. ForWt(bb),

the comparison of two different schemes to resolve the overlap with tt̄ production, diagram removal

and diagram subtraction [274], was the largest source. For non-bb flavours, denoted asWt(other),

the acceptance uncertainty is dominated by the parton-shower generator, assessed from a compar-

ison of the nominal sample (Powheg + Pythia 8) with an alternative (Powheg + Herwig ++ [308,

309]) configuration.

Multi-jet production Several shape and normalisation uncertainties on the multi-jet templates

were considered. They were evaluated from variations of the definition of the MJ-CRs, the simula-

tion used for the subtraction of non-multi-jet components, and themW
T range used for the template

fit that determined the normalisation.

Diboson production Independent absolute normalisation uncertainties exist for WZ , ZZ , and

the (much less important)WW process. They are composed of differences in the cross-section com-

puted for different scale choices by the nominal generator (Sherpa) and by an alternative generator

setup (Powheg + Pythia 8). Uncertainties on the diboson acceptance, the relative acceptance be-

tween the 0- and 1-lepton channels (forWZ) and the 0- and 2-lepton channels (for ZZ), as well as

shape uncertainties for pVT andmbb were derived from similar comparisons.
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Z+jets

Normalisation
Z+HF Floating, cf. Figure 7.8a
Z + ll 18%
Z + cl 23%

Flavour composition
bc↔ bb 30%–40%
cc↔ bb 13%–16%
bl↔ bb 20%–28%

Relative acceptance
SR↔ low ∆R CR 3.8%–9.9% (?)

SR↔ high ∆R CR 2.7%–4.1% (?)

0-lepton↔ 2-lepton 7%

Shape (?) pVT ,mbb

W +jets

Normalisation
W+HF Floating, cf. Figure 7.8b
W + ll 32%
W + cl 37%

Flavour composition
bc↔ bb 15%–30%
cc↔ bb 10%–30%
bl↔ bb 23%–26%

Relative acceptance
SR↔ CRs 3.6%–15%
0-lepton↔ 1-lepton 5%

Shape pVT
(†), RBDT (generator)

tt̄ (0-lepton and 1-lepton)

Normalisation Floating, cf. Figure 7.8c

Flavour composition
bc↔ bb 1.3%–8.2%
other↔ bb 0.3%–13%

Relative acceptance 0-lepton↔ 1-lepton 8%

Shape pVT
(†), RBDT (matrix element) (†), RBDT (parton shower) (‡)

Single top (0-lepton and 1-lepton)

Normalisation
s-channel 4.6%
t-channel 4.4%
Wt 6.2%

Acceptance (†)
t-channel 17%–20%
Wt(bb) 51%–55%
Wt(other) 21%–24%

Shape pVT ,mbb

Multi-jet (1-lepton)

Normalisation (†) 30%–200%

Shape BDTV H

Table 7.5: Summary of the most important modelling uncertainties for the V +jets, top quark, and
multi-jet backgrounds. For relative normalisation uncertainties, the ↔ symbol is used to denote
the two sample components or analysis regions affected by the uncertainty. (?) Independent un-
certainty components were applied in the pVT regions with separate normalisation factors. (†) In-
dependent uncertainty components were applied in the 2-jet and 3-jet regions. (‡) Independent
uncertainty components were applied in the 0-lepton and 1-lepton channels.

170



ZZ

Normalisation 20%

Relative acceptance 0-lepton↔ 2-lepton 6%

Acceptance 3%–18%

Shape pVT ,mbb

WZ

Normalisation 26%

Relative acceptance 0-lepton↔ 1-lepton 11%

Acceptance 4%–21%

Shape pVT ,mbb

WW

Normalisation 25%

Table 7.6: Summary of themost importantmodelling uncertainties for the diboson backgrounds. For
relative normalisation uncertainties, the↔ symbol is used to denote the two sample components
or analysis regions affected by the uncertainty.

7.7.2.3 Signal-modelling uncertainties

Signal-modelling uncertainties broadly belong to two categories: those primarily affecting the V H

production cross-section and those mainly impacting the modelling of theH → bb̄ decay. Table 7.7

summarises the most important contributions.

Uncertainties on the inclusive V H production cross-sections and the H → bb̄ branching ratio

were assessed following the guidelines published in Refs. [213, 310, 311]. The inclusive cross-section

of the gg → ZH process is known only to NLO(QCD) accuracy, and higher-order corrections are

expected to be significant. This leads to a scale-uncertainty estimate of about 25%, which is the dom-

inant signal-modelling uncertainty in this measurement. (The cross-section of qq/qg → V H comes

from an NNLO(QCD)+NLO(EW) calculation which achieves sub-percent scale uncertainties.) The

dominant contributions to the uncertainty on the branching ratioB(H → bb̄) arise from the limited

precision of measurements of the b-quark mass and αs, and from missing higher-order corrections.

Scale uncertainties on the differential VH production cross-sections were parameterised sepa-

rately for gg → ZH and qq/qg → V H , following the procedure documented in Refs. [269, 312,

313]. First, scale uncertainties on the cross-sections for a number of inclusive pV,tT and ntjet bins

were assessed. The bin boundaries correspond to the sub-bins defined in STXS Stage 1.2 (cf. Section

7.1), which are sufficiently granular for present levels of experimental precision. This results in a
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V H,H → bb̄

Scale variations

Inclusive cross-section
qq/qg → V H 0.7%
gg → ZH 25%

Differential cross-section
(STXS Stage 1.2)

qq →WH 3.0%–3.0%
qq/qg → ZH 6.7%–12%
gg → ZH 37%–100%

Shape pVT ,mbb

PDF+αs variations

Differential cross-section
(STXS Stage 1.2)

qq →WH 1.8%–2.2%
qq/qg → ZH 1.4%–1.7%
gg → ZH 2.9%–3.3%

Shape mbb

Parton shower variations

Acceptance
qq/qg → V H 1%–5%
gg → ZH 5%–20%

Shape mbb

Branching fraction

B(H → bb̄) 1.7%

Table 7.7: Summary of the most important systematic uncertainties on the modelling of the V H
signal.

total of four inclusive pV,tT bins, pV,tT ≥ {75, 150, 250, 400}GeV with corresponding uncertainties

∆75, ∆150, ∆250, and ∆400; and two inclusive ntjet bins, n
t
jet ≥ {1, 2}, with uncertainty components

∆1 and ∆2. These were then combined with the uncertainty on the inclusive cross-section, ∆y , as

described above, to yield the complete parameterisation. This procedure ensures a realistic assess-

ment of scale uncertainties and avoids spurious cancellations between physically unrelated terms

in the perturbative expansion [313]. Residual effects originating from modifications of kinematic

distributions within each Stage 1.2 sub-bin were assessed and found to be negligible. Cross-section

modifications caused by uncertainties on the PDF set and αs were also derived in the Stage 1.2

sub-bins.

The modelling of the H → bb̄ decay, dominated by the parton shower, affects the signal accep-

tance. Acceptance uncertainties were assigned based on a comparison between the nominal signal

simulation (Powheg + Pythia 8) and an alternative sample of events (Powheg + Herwig 7).

Shape uncertainties for the distributions of pVT andmbb were defined to parameterise effects from

variations in the renormalisation and factorisation scales, the PDFs, and parton shower models.
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Uncertainty scheme for STXS measurement Theoretical uncertainties on the inclusive cross-

section of a targeted signal component are relevant for determining the signal yield relative to the

SM prediction (discussed below in Section 7.8.2), but they do not contribute to the measurement of

its cross-section.

The scale-uncertainty model defined above was modified for the unfolding of the STXS in the

binning used by this measurement (cf. Figure 7.5). The uncertainties ∆
pV,t
T

and ∆nt
jet

were redefined

by subtracting their impact on the total cross-section for each targeted STXS bin [269]. The remain-

ing contribution thus takes the form of a shape uncertainty on the differential cross-section within

these bins. As the unfolded STXS bins are fully inclusive in ntjet, this subtraction is trivial for the∆nt
jet

components. An analogous redefinition was performed for all PDF andαs uncertainty components.

7.7.3 Statistical analysis

All results were obtained through a binned maximum likelihood fit [314] of the statistical model of

the analysis to the observed data distributions in the SRs and CRs. The likelihood functionL follows

the template defined in Ref. [315],

L(µ,θ) =
∏
β∈bins

Po(Nβ; νβ(µ,θ))
∏

k∈constrained
NPs

fk(θk), (7.2)

where Nβ is the observed number of events in bin β and νβ(µ,θ) is the expected event yield pre-

dicted for this bin by the statistical model, defined below. The vector of signal strength parameters,

also referred to as “parameters of interest” (POIs), µ, describes the inferred yield of the targeted

signal processes. The vector of nuisance parameters (NPs), θ, implements the effects of the parame-

terised systematic uncertainties. Certain classes of NPs are subject to constraints, expressed by the

second term in Eq. 7.2.

The maximum likelihood estimators (MLE) µ̂ and θ̂ were used to obtain point estimates for the

model parameters µ and θ. Confidence intervals for µwere constructed using the profile likelihood

test statistic [316],

t(µ) = −2 log
L(µ,

ˆ̂
θ)

L(µ̂, θ̂)
, (7.3)

where ˆ̂θ is the MLE of the vector of NPs conditional onµ, i.e. ˆ̂θ =
ˆ̂
θ(µ). Confidence intervals of this

form achieve exact coverage only for the points (µ, ˆ̂θ). For a d-dimensional confidence interval, this

test statistic is asymptotically distributed according to a (noncentral) χ2
d-distribution [317, 318].
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The asymptotic approximation is used throughout the remainder of this chapter. The MLEs and

confidence intervals determined from an Asimov data set were used to describe the results expected

for particular true values of the model parameters. The Asimov data set is constructed following

Ref. [316]. The technical implementation uses Minuit [319], RooFit [320], and RooStats [321].

The discovery test statistic t0 [316] was used to quantify the significance of an observed positive

signal, or individual signal component, µ ≥ 0,

t0 =


t(0) µ̂ ≥ 0,

0 µ̂ < 0.

The p-value of t0 under the µ = 0 hypothesis, p0, was used to define the significance Z = Φ−1(1−

p0), where Φ is the cumulative distribution function of the standard normal distribution.

7.7.3.1 Statistical model

The likelihood in Eq. 7.2 includes all SRs and CRs defined in Section 7.5. In the SRs, the binned distri-

butions of the final discriminant (BDTV H or BDTV Z ) were fitted, while the event yields were used in

the CRs. The binning in the SRs was chosen dynamically to generate narrow bins in signal-enriched

domains, while ensuring that the background estimate did not suffer from excessive statistical un-

certainties. The number of generated bins depends on the total event yield expected in each SR.

The model prediction νβ is a linear combination of histogram templates for the participating

processes, obtained from the nominal simulation or, for the cases described in Section 7.7.1, from

data. The signal strength parametersµ act as scale factors for the signal templates, i.e. theymeasure

the signal abundance relative to the SM prediction. The normalisations of the floating background

components (cf. Section 7.7.2.2) are controlled by similar, unconstrained, scale factors.

A separate constrained NP θk was introduced for each independent modelling or experimental

systematic-uncertainty component k. The NPs act linearly, modifying the relative normalisations

of the nominal histogram templates in different analysis regions (for relative acceptance uncertain-

ties), or interpolating the binned distribution between its nominal and alternative configurations

(for shape uncertainties). Each NP was standardised such that its modification vanishes for θk = 0

and attains the parameterised magnitude for |θk| = 1 (cf. Section 7.7.2). The constraint term fk(θk)

in Eq. 7.2 is fk(θk) ∼ exp(−θ2k/2). Uncertainty components which have a negligible impact on the

binned distribution in a given analysis category are pruned from the model.
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The effect of statistical uncertainties on the template histograms was included using the Barlow-

Beeston “light” method [322], which introduces a single additional constrained NP for each bin.

7.7.3.2 Fit configurations

Several different fit configurations were investigated. To validate the analysis, a measurement of the

overall V Z signal strength was performed through a fit of the BDTV Z distributions. This defines a

likelihood with a single POI, µbbV Z . A second validation fit simultaneously measured the WZ and

ZZ signal strengths, parameterised by the POIs µbbWZ and µbbZZ . In both cases, the Higgs boson

signal was set to its SM expectation within a conservative normalisation uncertainty of 50%.

The measurements of the V H process used BDTV H as final discriminant. Signal strengths were

measured both inclusively for V H (µbbV H ), as well as separately forWH and ZH (µbbWH and µbbZH ).

The measurement of the five STXS bins shown in Figure 7.5 is based on a likelihood LSTXS which

introduces a separate signal-strength parameter µb for each STXS bin b. With the signal systemat-

ics model defined in Section 7.7.2.3 for cross-section measurements, these parameters measure the

fiducial production cross-sections times the branching ratio into bb̄ relative to the SM expectation.

Signal contributions from STXS bins not targeted by the analysis were set to their SM expectations

within uncertainties.

7.8 Results

The results summarised in the following focus on the aspects relevant for the developments in Sec-

tion 7.9. Section 7.8.1 validates design choices made in the construction of the analysis through

a measurement of the diboson signal strengths. The measured WH and ZH signal strengths are

listed in Section 7.8.2 and the results of the STXS measurement for these processes are summarised

in Section 7.8.3. Additional information and results from an alternative analysis strategy which does

not rely on the multivariate discriminant BDTV H is available in the original publication [5] and in

a HEPData repository [323].

7.8.1 Diboson validation

The signal strength of the V Z process is measured to be

µbbV Z = 0.93+0.16
−0.13 = 0.93+0.07

−0.06 (stat.)+0.14
−0.12 (syst.).
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The signal strengths forWZ and ZZ obtained from a simultaneous fit are

µbbWZ = 0.68+0.26
−0.25 = 0.68+0.15

−0.15 (stat.)+0.21
−0.19 (syst.),

µbbZZ = 1.00+0.18
−0.15 = 1.00+0.08

−0.08 (stat.)+0.16
−0.13 (syst.),

with a Pearson correlation of 3% between these values. All values are compatible with the SM

prediction within one standard deviation.

7.8.2 Signal-strength measurements

Figure 7.9 shows the modelling of the observed BDTV H distribution in the three lepton channels

for different SRs. Good modelling is observed in all regions. The extracted floating normalisation

of the tt̄ background in the 0- and 1-lepton channels is compatible with the SM expectation. The

floating normalisation of theW+HF background component is corrected upwards by about 6% (15%)

relative to the nominal simulation for the 2-jet (3-jet) categories. TheZ+HF background is increased

by 9%–28% relative to the simulation, with stronger corrections for lower values of pVT . Similar effects

have been observed in previous results [214–216], indicating deficiencies in the modelling of the pVT

spectra of these processes.

The inclusive V H signal strength is measured to be

µbbV H = 1.02+0.18
−0.17 = 1.02+0.12

−0.11 (stat.)+0.14
−0.13 (syst.),

and theWH and ZH signal strengths are

µbbWH = 0.95+0.27
−0.25 = 0.95+0.18

−0.18 (stat.)+0.19
−0.18 (syst.),

µbbZH = 1.08+0.25
−0.23 = 1.08+0.17

−0.17 (stat.)+0.18
−0.15 (syst.),

with a Pearson correlation of 2.7%, illustrated in Figure 7.10. TheZH process is observed for the first

time with a significance of 5.3 standard deviations (5.1 s.d. expected), and the above result shows

strong evidence for the WH process with an observed significance of 4.0 standard deviations (4.1

s.d. expected). The inclusive V H process is observed at 6.7 standard deviations (6.7 s.d. expected).

The total statistical uncertainty is defined as the uncertainty in the signal strength when all

NPs are fixed at their MLEs, except for those implementing the floating background normalisations

and the effect of limited data statistics in the eµ-CRs. The total systematic uncertainty is the dif-

ference in quadrature between the total uncertainty on the signal strength and the total statistical
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Figure 7.9: Binned distributions of BDTV H in the 0-lepton (top), 1-lepton (middle), and 2-lepton
(bottom) channels, for pVT ∈ [150, 250)GeV (left) and pVT > 250GeV (right). The signal and back-
ground components are shown as stacked histograms, with the dashed line indicating the expected
total background contribution. The signal contribution, scaled by the extracted signal strength, is
additionally indicated by the red line. The total background uncertainty induced by the uncertainty
in the fit parameters (µ̂, θ̂) is shown by the hatched band.
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Figure 7.10: (a) Results for the signal strengths µbbWH and µbbZH from a simultaneous fit, as well as
the inclusive signal strength µbbV H . (b) Two-dimensional confidence intervals for the signal-strength
parameters µbbZH and µbbWH , at 68% and 95% confidence level (CL). The best-fit value is marked by a
cross, and the SM expectation is indicated by a blue star.

uncertainty. Both components contribute about equally to the results for the WH and ZH signal

strengths. Themost important experimental systematic uncertainties originate from the data-driven

measurement of the b-tagging efficiencies for b- and c-jets, the calibration of the jet-energy scale, and

the reconstruction ofEmiss
T . For ZH , the dominant modelling uncertainties originate from scale un-

certainties of the gluon-induced signal process. Modelling uncertainties on theW+HF background

are the leading contribution forWH .

The three lepton channels contribute approximately equally to the result for V H , with the 2-

lepton channel showing slightly lower systematic uncertainties and higher statistical uncertainties

compared to the 0- and 1-lepton channels. The analysis categories selecting pVT > 250GeV are the

most sensitive.

7.8.3 STXS measurements

Figure 7.11a shows the measured cross-sections in the five considered STXS bins (cf. Figure 7.5).

They are obtained as the products of the signal-strength parameters µb with the SM cross-section

for leptonic V H production in STXS bin b and theH → bb̄ branching fraction,
[
σbV (lep.)H ×B(H →

bb̄)
]SM

=
[
σbV H×B(H → bb̄)×B(V → lep.)

]SM
. The STXS definition includes decays into all three

generations of charged leptons; these are extrapolated from the measurements targeting electrons

and muons. All results are compatible with the SM expectation. The Pearson correlations between
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Figure 7.11: (a) Measured fiducial cross-sections σbV (lep.)H×B(H → bb̄) in the five considered STXS
bins. The SM cross-sections and uncertainties in the theoretical predictions are indicated by the red
bars. (b) Pearson correlation coefficients between the extracted STXS values.
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STXS bin SM prediction Exp. result Stat. unc. Syst. unc. [fb]

Process pV,tT region [fb] [fb] [fb] Th. sig. Th. bkg. Exp.

WH [150,250) GeV 24.0 ± 1.1 19.0 ± 12.1 ± 7.7 ± 0.9 ± 5.5 ± 6.0

WH > 250GeV 7.1 ± 0.3 7.2 ± 2.2 ± 1.9 ± 0.4 ± 0.8 ± 0.7

ZH [75,150) GeV 50.6 ± 4.1 42.5 ± 35.9 ± 25.3 ± 5.6 ± 17.2 ± 19.7

ZH [150,250) GeV 18.8 ± 2.4 20.5 ± 6.2 ± 5.0 ± 2.3 ± 2.4 ± 2.3

ZH > 250GeV 4.9 ± 0.5 5.4 ± 1.7 ± 1.5 ± 0.5 ± 0.5 ± 0.3

Table 7.8: Numerical values of the measured cross-sections σbV (lep.)H × B(H → bb̄) in the five
targeted STXS bins, compared to the SM prediction and its theoretical uncertainties. The total
uncertainty on the experimental result is split into a statistical uncertainty (Stat. unc.), systematic
components resulting from the modelling of the signal (Th. sig.) and the backgrounds (Th. bkg.), as
well as experimental sources (Exp.). Adapted from Ref. [5].

the extracted cross-sections are shown in Figure 7.11b. The correlations are below 10% in all cases,

most substantially so, reflecting the close correspondence between the analysis categories and their

targeted STXS signals (cf. Figure 7.7). In some cases correlations are reduced by the presence of NPs

and thus reach levels that are below those expected from the residual STXS signal contamination in

adjacent analysis regions.

Table 7.8 lists the numerical values of the measured cross-sections, with the total uncertainties

split into a statistical component (defined as above), as well as systematic uncertainties originating

from experimental sources and the modelling of the signal and the backgrounds. The total uncer-

tainty on themeasurement ranges from around 85% in the lowest pZ,tT bin to about 30% in the highest

pW,tT bin. The precision is limited by statistical uncertainties in all bins. Signal modelling uncertain-

ties are substantially larger for ZH compared to WH due to the limited theoretical knowledge of

the gg → ZH process.

A more detailed breakdown of the uncertainties is available in Table 7.9. The systematic uncer-

tainty attributed to a particular subset of NPs is defined as the difference in quadrature between

the total uncertainty from the nominal measurement and the uncertainty observed when all NPs in

the subset are fixed to their MLEs. The total statistical uncertainty is further decomposed into the

intrinsic uncertainty due to the limited size of the recorded data set (“Data statistical”), as well as

the components from floating background normalisations and the limited statistics in the tt̄ eµ-CR

used in the 2-lepton channel. The assigned total uncertainty differs from the sum in quadrature of

the individual components due to the presence of nontrivial correlations between the NPs.

The contribution fromEmiss
T is among the most important sources of experimental uncertainties
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in the pW,tT ∈ [150, 250)GeV bin, originating from the pmiss,st
T contribution and the important role of

this variable in the multivariate discriminant. A similar impact exists for the pZ,tT ∈ [75, 150)GeV

bin, which emerges from the uncertainty on Emiss
T /
√
ST , also used as input variable to BDTV H .

Uncertainties from the tagging efficiency for c-jets are more important for WH compared to ZH

due to the presence of a larger sample of events withW → cq decays relative to Z → cc̄.

7.9 Constraints on effective interactions

To explore the consequences of this result for the structure of interactions at energy scales Λ�
√
ŝ,

the STXS measurement is reinterpreted in terms of constraints on Wilson coefficients of d = 6

operators in the SMEFT.

Based on the formalism established in Section 5.3, Section 7.9.1 defines a set of operators that

modify the V H production dynamics or the H → bb̄ decay. Sections 7.9.2 and 7.9.3 derive SMEFT

predictions for the cross-sections in the STXS fiducial volumes in terms of the Wilson coefficients

of these operators. This parameterisation is incorporated into the statistical model in Section 7.9.4,

and the resulting operator constraints are summarised in Section 7.9.5.

7.9.1 Selection of operators

In agreement with the definition of the STXS regions, the Higgs boson is assumed to be on-shell

in what follows, i.e. modifications to the V (→ lep.)H production cross-section and the H → bb̄

decay arise separately. Only CP-even operators in the U(3)5-symmetric SMEFT are considered.

CP-odd operators do not modify the distribution of the CP-even kinematic variable pVT that defines

the binning of the analysis, and cannot therefore be constrained by the present measurement.

Of the remaining 58 operators, 17 were found to modify the signal process at leading order [324].

The V (→ lep.)H production cross-section receives corrections from the 13 operators listed in Table

7.10. A subset of these operators also alters the branching fraction B(H → bb̄).

A further four operators, QdH , QeH , QuH , and QHG, exclusively affect B(H → bb̄), either by

modifying the partial or the total decay width. They are listed in Table 7.11. Their effect on the

measured observables is completely degenerate, and only QdH was retained for further analysis.

This operator directly modifies the partial width of the H → bb̄ decay.
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Operator
Wilson

coefficient
Operator definition Example vertex

D
2
H

4 QH� cH� (H†H)∂µ∂
µ(H†H)

h h

QHD cHD (H†DµH)∗(H†DµH)

F
2
H

2

QHW cHW H†HW I
µνW

µνI h

W

W

QHB cHB H†HBµνB
µν h

Z

Z

QHWB cHWB H†σIHW I
µνB

µν h

Z

Z/γ

D
ψ
2
H

2

Q(1)
H` c

(1)
H` (H†i

←→
DµH)(L̄Lsγ

µLLs)
h

Z

`

`

Q(3)
H` c

(3)
H` (H†i

←→
DI
µH)(L̄Lsσ

IγµLLs)
h

W

`

ν

QHe cHe (H†i
←→
DµH)(ēRsγ

µeRs)
h

Z

e

e

Q(1)
Hq c

(1)
Hq (H†i

←→
DµH)(Q̄Lsγ

µQLs)

h

Z

q

q

Q(3)
Hq c

(3)
Hq (H†i

←→
DI
µH)(Q̄Lsσ

IγµQLs)

h

W

q

q

QHu cHu (H†i
←→
DµH)(ūRsγ

µuRs)

h

Z

u

u

QHd cHd (H†i
←→
DµH)(d̄Rsγ

µdRs)

h

Z

d

d

ψ̄
ψ
ψ̄
ψ

Q(1)
`` c

(1)
`` (L̄LpγµLLs)(L̄Lsγ

µLLp)

`

`

`

`

Table 7.10: Operators with d = 6 that affect the V H production cross-section or theH → bb̄ decay,
along with their respective Wilson coefficients. Sums over repeated flavour indices in the operator
definitions are implied. The last column shows example interaction vertices contained in the U(3)5-
symmetric SMEFT in terms of mass eigenstates.
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Operator
Wilson

coefficient
Operator definition Example vertex

ψ
2
H

3

QdH cdH

[
Y †
d

]
ps
(H†H)(Q̄LpdRsH) h

d

d

QuH cuH

[
Y †
u

]
ps
(H†H)(Q̄LpuRsH̃) h

u

u

QeH ceH

[
Y †
e

]
ps
(H†H)(L̄LpeRsH) h

e

e

F
2
H

2

QHG cHG H†HGAµνG
µνA h

g

g

Table 7.11: Operators with d = 6 that exclusively affect the branching ratio of the H → b̄b decay,
along with their respective Wilson coefficients. Sums over repeated flavour indices in the operator
definitions are implied. The last column shows example interaction vertices contained in the U(3)5-
symmetric SMEFT in terms of mass eigenstates.

7.9.2 Parameterisation of modifications to observables

The LagrangianLSMEFT in Eq. 5.4 allows predictions for arbitrary observables to bemade. ToO(Λ−4),

a generic scattering amplitudeM has the structure

M =MSM +
∑
i

c
(6)
i

Λ2
M(6)

i +
∑
ij

c
(6)
i c

(6)
j

Λ4
M(6)

ij +
∑
i

c
(8)
i

Λ4
M(8)

i . (7.4)

The amplitudeMSM is computed from LSM,M(6)
i contains exactly one insertion of the operator

Q(6)
i , andM(6)

ij contains a double insertion of Q(6)
i and Q(6)

j . The last term arises at d = 8. The

expansion in Eq. 7.4 is terminated at second order, implying that contributions from the operators

Q(6)
i are not resummed, e.g. into corrections to the total widths of SM states. This would lead to a

more general dependence ofM on the Wilson coefficients.

A cross-section σ depends on theWilson coefficients through the correspondingmatrix element-

squared. To second order in Λ, |M|2 reads

|M|2 = |MSM|2 +
2

Λ2

∑
i

Re
(
c
(6)
i M

(6)
i M

∗
SM

)
+

1

Λ4

∣∣∣∑
i

c
(6)
i M

(6)
i

∣∣∣2
+

2

Λ4

∑
ij

Re
(
c
(6)
i c

(6)
j M

∗
SMM

(6)
ij

)
+

2

Λ4

∑
i

Re
(
c
(8)
i M

(8)
i M

∗
SM

)
. (7.5)
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To O(Λ−2), only the interference contributions in the first line of Eq. 7.5 are relevant. They depend

linearly on the c(6)i and are fully determined at d = 6. These terms are suppressed as (E/Λ)2 and

thus typically contain the dominant modifications to the SM cross-section.

In certain scenarios, however, the terms of O(Λ−4) might represent the leading contribution,

despite formally being of higher order in the scale ratio and quadratic in the Wilson coefficients.

This can be the case when the SM amplitude itself is suppressed, e.g. in a certain kinematic limit or

when the presence of selection rules forbids the interference contributions altogether [325]. Terms

of this order are not fully determined in terms of the c(6)i alone. Diagrams with double insertions

of d = 6 operators are renormalised by d = 8 interactions, although they are entirely defined in

terms of the c(6)i at tree-level. The d = 8 matrix elements also contribute directly through their

interference with the SM amplitude.

A complete calculation of these terms is beyond the reach of presently available SMEFT MC

codes. It is nevertheless crucial to understand the relative importance of the first- and second order

corrections for the process at hand. The studies in Refs. [326, 327] suggest using the contribution

from
∣∣M(6)

i

∣∣2 to estimate the generic size of the remaining O(Λ−4) terms and evaluate their im-

portance for the resulting operator constraints. In the following discussion, only the terms in the

first line of Eq. 7.5 are therefore retained. These are individually gauge invariant and may be trans-

lated between different operator bases without ambiguity [328]. Comparisons are made with a fully

linearised calculation in which only the interference contributions are considered.

7.9.2.1 Parameterisation of the production cross-section

With these assumptions, the leptonic V H production cross-section in STXS bin b, σbV (lep.)H , depends

polynomially on the Wilson coefficients c(6)i ,

σbV (lep.)H =
[
σbV (lep.)H

]SM1 +
∑
i

αbic
(6)
i +

∑
ij

βbijc
(6)
i c

(6)
j

 . (7.6)

The cross-section
[
σbV (lep.)H

]SM
is computed with the SM Lagrangian. The coefficients αbi parame-

terise the interference of the SM amplitude with those containing a single d = 6 operator insertion.

The parameterisation constants βbij = βbji represent the partial O(Λ−4) contributions as explained

above. Parameterisations of the type of Eq. 7.6 are referred to as “linear” if they include only inter-

ference terms and “linear + quadratic” if O(Λ−4) contributions are also present.

The parameterisation coefficients are obtained from MC calculations of the cross-section σbV H

185



based on the Lagrangian LSM + L(6). They depend implicitly on the scale Λ, set to Λ = 1 TeV

by convention. This implies that also experimental constraints placed on the dimensionless Wilson

coefficients c(6)i are subject to this artificial scale dependence. Theymay easily be converted to limits

at a different scale Λ′ through the relation c(6)i /Λ2 =
(
c
(6)
i /Λ2

)′
. This is only admissible, of course,

provided that the assumption E/Λ′ � 1 remains valid.

Practical details of the calculation MadGraph 5 (v2.6.5) [306] was employed as matrix-element

generator, together with the implementation of the Warsaw basis available in the SMEFTsim pack-

age (v2.1) [176]. The parameters in the electroweak SMEFT Lagrangian were determined based on

the input parametersmW ,mZ ,mH , andGF , as explained in Section 5.3.2.3. Pythia 8 (v8.240) [239]

acts as parton shower (PS) generator, and Rivet [329] is used to classify the generated events ac-

cording to the definition of the STXS fiducial volumes. Only information extracted from the truth

record of the generator is necessary and the simulation of the ATLAS detector is not included. This

is further justified in Section 7.9.3.

The matrix elements for the processes qq → H`+`−, qq → Hνν̄, and qq → H`ν are computed

at LO in QCD. All three charged lepton and neutrino flavours are included. Off-shell W and Z

bosons are explicitly allowed. A consistent computation of the loop-induced gg → ZH production

mode in the SMEFT is not possible with these tools, and this process is not considered. The widths of

all particles are fixed to their SM values computed at LO to ensure a manifestly polynomial depen-

dence of the cross-section on the Wilson coefficients. To improve the efficiency of the calculation,

the masses of the first two generations of quarks and leptons are set to zero. The CKM matrix

is assumed to be diagonal. All generator-level cuts are aligned with the ATLAS recommendations

published in Ref. [324].

Eq. 7.6 defines a linear system of equations for αbi and βbij , provided that computations of

σbV (lep.)H for sufficiently many distinct sets of Wilson coefficients are available. The described gen-

erator setup allows the SM cross-section as well as the linear and quadratic modifications to be

computed separately, significantly reducing the number of MC samples necessary. The size of each

simulated sample is chosen such that the relative statistical uncertainty on the parameterisation

coefficients is not larger than 10−3. This ensures that the parameterisation in Eq. 7.6 is accurate for

Wilson coefficients c(6)i .
√
103 ≈ 30, far exceeding the regime c(6)i ≈ 1 expected for a natural

theory.
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Figure 7.12: Relative modification of the V H production cross-section σbV (lep.)H for STXS bin b in the

SMEFT for canonical values of the Wilson coefficients of individual operators, c(1)`` = 1 in (a), cH� =
1 in (b), cHWB = 1 in (c), and cHu = 0.1 in (d). Effects are shown when only the linear interference
terms are parameterised (thick lines) and for the case where also the quadratic contributions are
included (dashed lines).

Characteristics of themodifications As discussed following Eq. 7.5, the contribution of an oper-

atorQ(6)
i to the cross-section generically scales as E2/Λ2. When embedded in a particular process,

however, this leading component may not contribute and only a more modest growth with the kine-

matic scale may remain. This is illustrated in Figure 7.12 for operators modifying σbV (lep.)H .

The four-fermion operatorQ(1)
`` modifies the relationship betweenGF and the electroweak cou-

pling g2, cf. Eqs. 5.7a and 5.7b. Its Wilson coefficient c(1)`` thus leads to an overall scaling of theWH

and ZH cross-sections independent of the event kinematics (cf. Figure 7.12a). The operator QH�

enters in a similar manner through the factor ∆H defined in Eq. 5.5, as shown in Figure 7.12b.

The term QHWB modifies the HZZ coupling both directly and through its appearance in the

modified weak mixing angle in Eq. 5.6. Depending on the polarisation state of the Z boson, this

leads to an energy-independent contribution (longitudinal polarisation), or a linearly growing cross-

section (transverse polarisation). The polarisation-averaged impact is shown in Figure 7.12c. The

operator QHW shows similar characteristics but affects bothWH and ZH [330].
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Operators of the type Dψ2H2 such as Q(3)
Hq , Q

(1)
Hq , QHu, and QHd create genuine qqZH and

qqWH contact interactions. In this case, the leading energy dependence remains and the modifi-

cations of the cross-sections increase quadratically with the kinematic scale pVT . The inclusion of

the O(Λ−4) term in the parameterisation further enhances the magnitude of these changes. The

operatorQHu is chosen as a representative, and its impact is shown in Figure 7.12d. The remaining

operators in this class produce very similar effects.

7.9.2.2 Parameterisation of the H → bb̄ decay

In analogy to Eq. 7.6, the Higgs-boson decay width into the final-state f has the structure

ΓH→f = [ΓH→f ]
SM

(
1 +

∑
i

Afi c
(6)
i +

∑
i

Bf
ijc

(6)
i c

(6)
j

)
, (7.7)

with numerical coefficients Afi and Bf
ij = Bf

ji. For a set {f} of final states, the Higgs-boson total

width ΓH may be approximated as the sum of the respective partial widths, ΓH =
∑

{f} ΓH→f .

With Eq. 7.7, this generates the parameterisation

ΓH = [ΓH ]
SM

1 +
∑
i

Aic
(6)
i +

∑
ij

Bijc
(6)
i c

(6)
j

 , (7.8)

where the coefficients Ai and Bij are given by

Ai =
∑
{f}

[
ΓH→f

ΓH

]SM
Afi , Bij =

∑
{f}

[
ΓH→f

ΓH

]SM
Bf
ij .

All numerical coefficients were again obtained from MC calculations of the partial and total decay

widths as explained in Section 7.9.2.1. Using the relations in Eqs. 7.7 and 7.8, the branching fraction

B(H → f) = ΓH→f/ΓH may be expressed as a rational function of the Wilson coefficients,

B(H → f) = [B(H → f)]SM
1 +

∑
iA

f
i c

(6)
i +

∑
ij B

f
ijc

(6)
i c

(6)
j

1 +
∑

iAic
(6)
i +

∑
ij Bijc

(6)
i c

(6)
j

. (7.9)

Again, Eq. 7.9 implies a “linear” parameterisation in which the terms depending on Bij and Bf
ij are

dropped. The additional approximation of linearising the remaining expression is not made, i.e. a

rational dependence in terms of the Wilson coefficients is retained also in this case.

Practical details of the calculation The generator setup is very similar to the one described in

Section 7.9.2.1. MadGraph is used to integrate the decay matrix elements and compute the inclusive

decay widths ΓH→f and ΓH . Parton showering and STXS classification are not necessary.
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The total width ΓH is computed as the sum of the partial decay widths that are most im-

portant for the SM Higgs boson. This includes two-body decays into fermions, H → ff̄ where

f ∈ {b, c, s, τ, µ, e}, as well as the bosonic decays into two photons, two gluons, and H → Zγ.

The following four-body decays were considered: 4q, 4`, 4ν, 2q2`, 2q2ν, 2q`ν, and 2ν2`, where

q ∈ {b, c, s, d, u} and all lepton and neutrino flavours are included. The decays into electroweak

gauge bosons, H →WW and H → ZZ , are implicitly included.

7.9.2.3 Parameterisation of production cross-section times branching fraction

Relevant for the comparison with the measured observables is the product σbV (lep.)HB(H → bb̄). In

terms of Eqs. 7.6 and 7.9, its parameterisation is given by

σbV (lep.)HB(H → bb̄) =
[
σbV (lep.)HB(H → bb̄)

]SM1 +
∑
i

αbic
(6)
i +

∑
ij

βbijc
(6)
i c

(6)
j


×
1 +

∑
iA

f
i c

(6)
i +

∑
ij B

f
ijc

(6)
i c

(6)
j

1 +
∑

iAic
(6)
i +

∑
ij Bijc

(6)
i c

(6)
j

, (7.10)

and the corresponding “linear” parameterisation is constructed as described above.

It is convenient for the discussion in Section 7.9.5.3 to also introduce a parameterisation which

is manifestly linear in the Wilson coefficients and absorbs all branching-fraction modifications into

a separate parameter ∆B(H → bb̄)/
[
B(H → bb̄)

]SM which also acts linearly. This quantity does

not play the role of a Wilson coefficient (as it does not multiply a gauge-invariant operator) but is

more akin to a phenomenological parameter that can be experimentally constrained. For this case,

the parameterisation in Eq. 7.10 reduces to

σbV (lep.)HB(H → bb̄) =
[
σbV (lep.)HB(H → bb̄)

]SM(
1 +

∑
i

αbic
(6)
i +

∆B(H → bb̄)[
B(H → bb̄)

]SM
)
. (7.11)

7.9.3 Modifications of acceptance and multivariate discriminant

The above parameterisations capture changes in the overall cross-sections in the STXS fiducial vol-

umes. These are not directly observable but experimentally accessible only through the STXS sig-

nal strengths µb in terms of which the statistical model LSTXS, designed and optimised for the SM

V H(→ bb̄) process, is formulated. SMEFT modifications of the STXS are expected to be good rep-

resentations of effects on the signal strengths only if the behaviour of the analysis procedure itself

is not altered appreciably.
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This is the case if residual modifications to the pVT distribution within each STXS bin are small,

and effects on kinematic variables other than pVT are such that the distribution of the multivariate

discriminant used in the fit is not impacted in any significant way. Also, modifications to the signal

acceptance of the analysis must be subleading. These could either enhance or suppress changes in

the observable signal yield and thus deviate from the expectation encoded in the parameterisations

of the STXS. These aspects are investigated below for the operator to which the analysis shows the

highest expected sensitivity, Q(3)
Hq .

Modifications to kinematic distributions and the multivariate discriminant Modifications

to kinematic distributions are studied in a simplified setting, where the analysis selection is im-

plemented based on information from the truth record of the generator and reconstruction effects

are absent. Samples of simulated events are generated following the procedure outlined in Section

7.9.2.1 and the distributions of important event variables studied in individual analysis categories.

Figures 7.13a–7.13c show modifications to the distributions of selected kinematic quantities

when the Wilson coefficient c(3)Hq is placed at its expected ±1σ limits, obtained with the statistical

model described in Section 7.9.4. The distributions of the dimensionful observables pT,b1 and mtop

are modified significantly, following the characteristic modifications of the pVT spectrum caused

by the induced contact interaction. As Q(3)
Hq does not couple to leptons, the angular observable

cos θ(`−,Z) in the 2-lepton channel is unaffected.

Figure 7.13d shows the effects on the distribution of themultivariate discriminant BDTV H , using

the same binning that is employed in the statistical analysis described in Section 7.7.3.1. Variables

that are not well-defined based on truth quantities alone but required as inputs to the BDT are

sampled from their respective marginal distributions determined from the full detector simulation,

similar to the procedure used in the data-driven estimate of the multi-jet background (cf. Section

7.7.1.3). This concerns pmiss,st
T , MV2(b1), and MV2(b2). These quantities are only very weakly cor-

related with each other and with the remainder of the inputs. The impact of Q(3)
Hq on the most

signal-enriched bins is of the order of 10% in all analysis regions. Identical studies performed for

QHu, QHW , and QHWB show that these important operators introduce similar modifications of

the BDTV H distribution.

Modifications to analysis acceptance SMEFT modifications of the signal acceptance are eval-

uated in a similar manner. The signal event yield in each analysis category, computed based on
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Figure 7.13: SMEFT modifications to the distributions of kinematic variables in different analysis
categories, shown for the expected ±1σ limits of the Wilson coefficient c(3)Hq , for pT,b1 in (a),mtop in
(b), and cos θ(`−,Z) in (c). The discriminant BDTV H , computed as described in the main text, is
shown in (d). The grey band corresponds to the statistical uncertainty of the sample of simulated
events.
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(a) (b)

Figure 7.14: Modification of the fiducial cross-section in a specific truth fiducial volume (blue) and
the observed event yield in the corresponding analysis category (green), when c(3)Hq is set to its ex-
pected−1σ limit in (a) and +1σ limit in (b). The horizontal axis refers to both a fiducial volume ac-
cording to the STXS scheme, as well as the related analysis category. Both interference and quadratic
terms are taken into account.

generator truth information as described above, is studied as a function of each Wilson coefficient.

Comparing the evolution of this quantity to the parameterisation of the STXS allows the variation

of the analysis acceptance to be studied.

Figure 7.14 quantifies these changes when c(3)Hq is set to its expected ±1σ limits. The impact

on the scale of the analysis binning is minor and of the order of a few percent at most. A more

detailed inspection shows that significant acceptance changes are visible in the extreme tails of

the distribution for pVT & 600GeV. In this regime, the analysis acceptance is dominated by the

efficiency to reconstruct a highly boosted Higgs boson decay in the form of two isolated small-R jets.

Operators such asQ(3)
Hq orQHu can significantly enhance these tails and lead to acceptance losses of

about 10%–30% in the strongly boosted regime. Even in these extreme conditions, acceptance losses

due to changes in kinematic variables other than pVT remain subleading. This shows an intrinsic

limitation of the resolved reconstruction strategy, making a robust exploration of these high scales

impossible. This issue is mitigated in Chapter 8.
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7.9.4 Statistical model

A new likelihood function LEFT(c(6),θ) formulated in terms of Wilson coefficients was constructed

based onLSTXS(µ,θ) described in Section 7.7.3. For notational convenience, the investigatedWilson

coefficients are grouped into the vector c(6).

As shown in Section 7.9.3, modifications of the shape of the template histograms and the sig-

nal acceptance are of the order of 10%. In addition, SMEFT modifications and higher-order QCD

corrections are known to factorise to within about 10–15% for WH [331]. A similar factorisation

is expected to hold for ZH . Working to this precision, the parameterisations determined in Sec-

tion 7.9.2 at an accuracy of LO(QCD) + PS may be interpreted as scale factors for the nominal

NLO(QCD) + PS V H signal templates encoded in LSTXS. SMEFT modifications generally also af-

fect the normalisations and shapes of the background templates. These changes are expected to

be largely absorbed by the floating normalisations and extrapolation uncertainties defined in the

background model (cf. Section 7.7.2.2) and are thus not explicitly parameterised.

To construct LEFT, the STXS signal-strength parameters µb in LSTXS are replaced by the param-

eterisations of σbV (lep.)HB(H → bb̄)/
[
σbV (lep.)HB(H → bb̄)

]SM
in Eqs. 7.10 or 7.11. All nuisance

parameters present in the original model were kept and theoretical uncertainties on the overall

cross-sections in the STXS fiducial volumes are reintroduced. Confidence intervals for the Wilson

coefficients are obtained in analogy to Eq. 7.3 with the test statistic

t(c(6)) = −2 log
LEFT(c(6),

ˆ̂
θ)

LEFT(ĉ(6), θ̂)
,

where hatted quantities label unconditional MLEs and ˆ̂
θ is the MLE of the NPs conditional on c(6).

7.9.5 Results

Beside the structural assumptions on the action of d = 6 operators discussed above, a separate

question concerns the number of those operators that are allowed to contribute simultaneously.

Different types of operator constraints are derived in the following to explore various choices.

7.9.5.1 One-dimensional limits

In the most restrictive case, only a single Wilson coefficient is assumed to be nonzero and the asso-

ciated operator coherently modifies both the V H production and the H → bb̄ decay. Constraints
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Scaled parameter value

Figure 7.15: Summary of observed (obs.) one-dimensional confidence intervals at 68% and 95% CL
for themost importantWilson coefficients. Results are shown for linear (blue) and linear + quadratic
(orange) parameterisations.

of this type typically do not directly discriminate between particular models of local physics at the

scaleΛ but rather serve as useful benchmarks of the sensitivity of the analysis to various signatures.

Figure 7.15 summarises the one-dimensional confidence intervals for the operators to which

the experimental sensitivity is greatest. The result for the parameter cdH , to which this analysis is

uniquely sensitive, is also included. The strength of the constraint on a particular Wilson coefficient

depends significantly on the operator under consideration. Parameters such as c(3)Hq , cHu, or c
(1)
Hq are

constrained to levels ofO(0.01–0.1) by this measurement, driven by the strong modifications of the

cross-section in the pV,tT > 250GeV STXS bins produced by the generated contact interactions. The

likelihood profiles for c(3)Hq and cHu are shown explicitly in Figure 7.16. The constraints on operators

such asQ(1)
`` , which enter only indirectly, are significantly weaker. The one-dimensional confidence

intervals for all investigated operators are listed in Table 7.12.

In many cases, the obtained constraints show considerable differences between linear and linear

+ quadratic parameterisations. This indicates sizeable O(Λ−4) contributions, compatible with the

observations made below Figure 7.12.

7.9.5.2 Two-dimensional limits

A natural relaxation of the above situation is to consider two-dimensional confidence intervals, i.e. to

allow pairs of Wilson coefficients to be present at the same time. The form of the parameterisation

itself is not modified, and modifications of both V H production and H → bb̄ decay are included.

194



Wilson Linear Linear + quadratic

coefficient Exp. (68% CL) Obs. (68% CL) Exp. (68% CL) Obs. (68% CL)

cHWB [-0.75, 0.86] [-0.46, 1.3] [-0.66, 0.89 ] [-0.44, 1.1]

cHW [-0.19, 0.2] [-0.17, 0.21] [-0.27, 0.17] [-0.24, 0.18]

cHu [-0.14, 0.15] [-0.081, 0.22] [-0.17, 0.08] [-0.19, 0.1]

c
(3)
Hq [-0.022, 0.024] [-0.017, 0.029] [-0.025, 0.022] [-0.018, 0.026]

c
(1)
Hq [-0.32, 0.29] [-0.47, 0.18] [-0.08, 0.11] [-0.1, 0.13]

c
(1)
ll [-1.2, 1.3] [-1, 1.4] [-1.2, 1.2] [-1, 1.3]

c
(3)
Hl [-0.99, 0.91] [-1.1, 0.78] [-0.93, 0.97] [-1, 0.83]

c
(1)
Hl [-6.2, 5.9] [-8.6, 3.9] [-4, 11] [-5.1, 13]

cHD [-8.4, 8.2] [-5.5, 9.8] [-7.4, 5.7] [-7, 7.3]

cHd [-0.47, 0.44] [-0.69, 0.26] [-0.13, 0.18] [-0.16, 0.21]

cH� [-1.6, 1.7] [-1.3, 1.8] [-1.6, 1.6] [-1.4, 1.7]

cHB [-1.5, 1.4] [-1.1, 1.8] [-0.44, 0.58] [-0.38, 0.56]

cHe [-8.6, 8.3] [-12, 5.2] [-5.8, 17] [-7.3, 19]

cdH [-11, 3.7] [-13, 3.3] [-8.8, 4.2] ∪ [29, 42] [-10, 3.8] ∪ [29, 43]

Wilson Linear Linear + quadratic

coefficient Exp. (95% CL) Obs. (95% CL) Exp. (95% CL) Obs. (95% CL)

cHWB [-1.4, 1.8] [-1.2, 2.3] [-1.2, 1.8] [-1.1, 1.9]

cHW [-0.37, 0.4] [-0.34, 0.41] [-0.9, 0.3] [-0.97, 0.31]

cHu [-0.27, 0.3] [-0.22, 0.38] [-0.22, 0.13] [-0.24, 0.15]

c
(3)
Hq [-0.043, 0.05] [-0.037, 0.053]

[-0.22, -0.18]
∪ [-0.059, 0.042]

[-0.23, -0.18]
∪ [-0.047, 0.044]

c
(1)
Hq [-0.65, 0.56] [-0.81, 0.47] [-0.12, 0.15] [-0.14, 0.16]

c
(1)
ll [-2.2, 2.6] [-2, 2.7] [-2.5, 2.4] [-2.2, 2.5]

c
(3)
Hl [-2, 1.7] [-2.1, 1.6] [-1.8, 2] [-1.9, 1.8]

c
(1)
Hl [-12, 12] [-15, 9.7] [-6.7, 14] [-7.6, 15]

cHD [-17, 16] [-13, 17] [-11, 9.2] [-12, 10]

cHd [-0.95, 0.84] [-1.2, 0.69] [-0.2, 0.25] [-0.22, 0.27]

cH� [-3, 3.4] [-2.7, 3.5] [-3.3, 3.1] [-3, 3.2]

cHB [-3.3, 2.6] [-2.7, 2.9] [-0.72, 0.9] [-0.67, 0.85]

cHe [-17, 16] [-21, 13] [-9.6, 21] [-11, 23]

cdH [-2700, 5.4] [-∞, 5.2] [-241, 7] ∪ [26, 266] [-∞, 6.6] ∪ [26,∞]

Table 7.12: Expected (Exp.) and observed (Obs.) one-dimensional confidence intervals for the consid-
ered Wilson coefficients, at 68% CL (top) and at 95% CL (bottom). In each case, numbers are shown
separately for linear and linear + quadratic parameterisations.

195



0.3− 0.25− 0.2− 0.15− 0.1− 0.05− 0 0.05

(3)
Hqc

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5)
m

ax
- 

lo
g(

L 
/ L

68% CL

95% CL

Linear (exp.)

Linear (obs.)

Linear + quadratic (exp.)

Linear + quadratic (obs.)

ATLAS

 = 1 TeVΛ, b b→VH, H 

-1 = 13 TeV, 139 fbs

(a)

0.4− 0.2− 0 0.2 0.4

Huc

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5)
m

ax
- 

lo
g(

L 
/ L

68% CL

95% CL

Linear (exp.)

Linear (obs.)

Linear + quadratic (exp.)

Linear + quadratic (obs.)

ATLAS

 = 1 TeVΛ, b b→VH, H 

-1 = 13 TeV, 139 fbs

(b)

Figure 7.16: The likelihood profile t(c(6)i )/2 as a function of a single Wilson coefficient, for c(3)Hq in (a),
and for cHu in (b). All other Wilson coefficients are assumed to vanish. Curves for linear (blue) and
linear + quadratic (orange) parameterisations are shown separately. The thin dashed lines indicate
expected results (exp.); observed results (obs.) are shown in thick lines. Horizontal lines defining the
confidence intervals at 68% and 95% CL are also visible.

Figure 7.17 shows two-dimensional confidence intervals for different operator pairings. These

constraints show significant correlations, particularly when both linear and quadratic terms are

included in the parameterisation. The sensitivity to a particular linear combination of Wilson coef-

ficients can thus vary significantly. This has its origins in the interplay between the modifications

caused by independent operators, leading to (partial) compensations and cancellations.

7.9.5.3 Eigenoperators

In principle, higher-dimensional (and increasingly model-independent) confidence intervals may

be obtained by generalising the procedure outlined above. In practice, this leads to a further en-

hancement of the correlations between constraints. The limited amount of information contained

in the five available STXS bins does not allow all linear combinations ofWilson coefficients to be con-

strained simultaneously, and additional observables must be included in the fit to lift the underlying

degeneracies.

Here, a different approach is investigated, which determines those operator combinations to

which this analysis shows good sensitivity. They are referred to as “eigenoperators”, for reasons

explained below. The eigenoperators parameterise the set of corrections to the SM that can be con-
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Figure 7.17: Observed (obs.) confidence intervals for pairs of Wilson coefficients at 68% and 95%
CL. All Wilson coefficients except those explicitly considered in each case are assumed to vanish.
Results are shown for linear (blue) and linear and quadratic (orange) parameterisations, and the
best-fit value is indicated by a cross.
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strained simultaneously by this measurement. This avoids introducing the unphysical assumption

that only a limited number of operators contribute, and allows the available data to be interpreted

in the most natural sense.

Determination of the eigenoperators The eigenoperators are defined as those linear combina-

tions of Warsaw-basis operators that diagonalise the covariance matrix of a simultaneous fit [324].

The covariance matrix returned by a fit of the original likelihood model LEFT(c(6),θ) (or, equiv-

alently, its Hessian HEFT evaluated at the best-fit values) is in general not diagonal,

HEFT = −∂
2 logLEFT

∂c
(6)
i ∂c

(6)
j

∣∣∣∣∣
ĉ(6)

6= diag(λ),

where λ is the vector of eigenvalues. For Nop parameterised Warsaw-basis operators and NSTXS

measured STXS bins,HEFT containsNop−NSTXS zero eigenvalues. Their eigenvectors label directions

along which the likelihood does not vary, i.e. they identify linear combinations of operators that are

degenerate given the available observables.

The eigenvectors associated with the nonzero eigenvalues represent a first-order estimate of the

eigenoperators QEi. Due to interactions with nuisance parameters in the fit model, reformulat-

ing the likelihood model in terms of the (eigen-) Wilson coefficients cEi does not typically lead to a

complete elimination of all mutual correlations, although these are usually reduced substantially. It-

erating the diagonalisation procedure gives rise to the final eigenoperators so thatHEFT → diag(λ).

The operators QEi are naturally ordered according to the corresponding eigenvalues λi. As

diagonal elements of the Hessian, they represent a measure of the sensitivity of the analysis to the

parameters cEi,

σ2(cEi) ≈
1

λi
. (7.12)

The definition of the eigenoperators as linear combinations ofWarsaw-basis operators is only strictly

correct in the case of fully linear parameterisations. For more general dependencies, the eigendirec-

tions are given by curved trajectories in the space of operators (or Wilson coefficients).

Results The eigenoperators are determined for the manifestly linear parameterisation defined in

Eq. 7.11. Table 7.13 shows the five eigenoperatorsQE0–QE4 that diagonalise the covariance matrix

in a fit to data.

The leading eigenoperator QE0 consists almost exclusively of Q(3)
Hq , which is also the operator
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Eigenoperator Eigenvalue Composition

QE0 2000 0.98 · Q(3)
Hq

QE1 38 0.85 · QHu − 0.39 · Q(1)
Hq − 0.27 · QHd

QE2 8.3 0.70 ·∆B(H → bb̄)/
[
B(H → bb̄)

]SM
+ 0.62 · QHW

QE3 0.2 0.74 · QHWB + 0.53 · Q(1)
Hq − 0.32 · QHW

QE4 6.4 · 10−3 0.65 · QHW − 0.60 ·∆B(H → bb̄)/
[
B(H → bb̄)

]SM
+ 0.35 · Q(1)

Hq

Table 7.13: Eigenoperators expressed as linear combinations of Warsaw basis operators, ordered
according to their eigenvalues. Each eigenoperator is scaled to unit norm. For clarity, operators
contributing with a coefficient less than 0.2 are omitted.
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Figure 7.18: Modifications of the STXS bins caused by the four leading eigenoperators QE0–QE3,
when the corresponding Wilson coefficients cE0–cE3 are set to their ±1σ values obtained from a
simultaneous fit to data.

with the most significant one-dimensional constraint in Section 7.9.5.1. The second eigenoperator

QE1 consists of a linear combination of QHu, QHd, and Q
(1)
Hq , exposing the degeneracy between

them that was already pointed out in Section 7.9.2.1. The operators QE2 and QE3 show limited

sensitivity to linear combinations of∆B(H → bb̄)/
[
B(H → bb̄)

]SM,QHW , andQHWB . Although

themeasured STXS bins represent five degrees of freedom, only four eigenoperators show reasonable

sensitivity, leaving the last operator, QE4, virtually unconstrained.

The constraints on the four leading Wilson coefficients cE0–cE3 resulting from a simultaneous

fit are summarised in Figure 7.18, which also shows the modifications to the five measured STXS

bins. The sensitivity closely matches the expectation from Eq. 7.12.

199



Chapter 8

Combination of measurements of V H

production in the H → bb̄ channel

The data set recorded by ATLAS to date harbours great potential for the study of the V H process

in extreme configurations. Although the cross-section for pp → V (→ lep.)H(→ bb̄) in the region

pV,tT > 400GeV is only about 2 fb [269], several hundred events of this type are expected to have

been produced during Run 2 of the LHC. Modifications effected by d = 6 interactions are enhanced

in this domain, rendering those events highly informative about the structure of fundamental dy-

namics at large energy scales Λ. Such high-pV,tT , high-mV H events are spectacular, with production

restricted to well-instrumented central rapidities, heavily suppressed backgrounds, and striking trig-

ger signatures. Nevertheless, it remains challenging to design analysis procedures that allow this

potential to be realised and the available data set to be optimally utilised.

The pVT acceptance of the resolved measurement presented in Chapter 7 is intrinsically limited

by the chosen strategy of reconstructing the Higgs-boson decay into two separate small-radius jets.

Following Eq. 7.1, the two jet cones begin to touch for pHT ≈ 300GeV. Their geometrical overlap

becomes significant for pHT > 600GeV � mH , considerably reducing the analysis acceptance and

preventing a detailed study of the highly boosted regime. It becomes more efficient, then, to capture

the collimated Higgs-boson decay products in a single large-radius jet with a distinct, two-pronged

substructure [332].

A boosted V H measurement of this kind was presented in Ref. [6] for the first time. It is briefly

summarised in Section 8.1. Section 8.2 recognises the complementarity between the resolved and

boosted analysis techniques and devises a strategy for a rigorous combination of both approaches.
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Figure 8.1: Detector signature of a highly boosted V (→ lep.)H(→ bb̄) event, where the Higgs boson
decay products are contained in a single large-radius jet whose substructure is captured by two b-
tagged track jets. Additional small-radius jets can also be present. The leptonic decay of the vector
boson is reconstructed in the same manner as for resolved V H events.

The results of this procedure are summarised in Section 8.3. They extend the physics reach of ei-

ther measurement and characterise the kinematic structure of the V H process with the highest

granularity available to date.

8.1 Measurement of boosted V H production

The signature of the events selected by the boosted V (→ lep.)H(→ bb̄) analysis of Ref. [6] is illus-

trated in Figure 8.1. Like the resolvedmeasurement presented in Chapter 7, the analysis is organised

in three lepton channels to targetWH and ZH production separately. The trigger strategies, selec-

tion criteria for charged leptons, and the definition of the kinematic scale pVT are identical to those

listed in Section 7.3. Only events with pVT > 250GeV are considered.

Large-radius jets are clustered with the anti-kT algorithm using a radius parameter of R = 1,

starting from topological calorimeter clusters. At least one large-radius jet must be present. It is re-

quired to be within the tracker acceptance, |η| < 2.0, and satisfy pT > 250GeV. The invariant mass

of the large-radius jet,mJ , is computed from calorimeter energy deposits and tracks reconstructed

in the inner detector [333].

The energy of a large-radius jet is susceptible to contamination from pile-up. To improve the jet

mass resolution, the contents of the large-radius jet are re-clustered using the kT algorithm [221]

and soft sub-jets are subsequently removed. This grooming technique is referred to as “jet trimming”

[334, 335].

The large-radius jet with the highest pT forms the Higgs-boson candidate and must contain

at least two sub-jets, which are clustered with a pT -dependent radius parameter (0.02 < R < 0.4)

using tracks in the inner detector [336–338]. These jets are referred to as “variable-radius track jets”.
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The two leading sub-jets are required to pass a b-tagging requirement using the MV2 algorithm and

a working point similar to that defined in Section 7.3.3.

SRs are defined for two pVT regions, pVT ∈ [250, 400)GeV and pVT > 400GeV. In the 0- and

1-lepton channels, these are further split depending on the number of additional small-radius (R =

0.4) jets in the event. This defines a “high-purity” (HP) and a “low-purity” (LP) SR, containing events

with no, or at least one, additional jet, respectively. Dedicated CRs for the tt̄ background contain

events with at least one additional b-tagged variable-radius track jet not associated with the Higgs-

boson candidate. For such events, the Higgs-boson candidate typically captures a fully hadronic

t→W (→ cq)b decay. In the low-yield 2-lepton channel, only one SR (for all jet multiplicities) was

defined, and a dedicated tt̄ CR was not required.

The signal contribution was extracted through a maximum-likelihood fit of histogram tem-

plates to the binned mJ distributions in all SRs and CRs. The small multi-jet background was

extracted using a data-driven technique similar to that described in Section 7.7.1.3. All remain-

ing backgrounds were modelled from simulation. This analysis provides unique sensitivity to the

STXS Stage 1.2 sub-bin boundaries at pV,tT = 400GeV (cf. Figure 7.4). Four STXS bins were measured,

pV,tT ∈ [250, 400)GeV and pV,tT > 400GeV for bothWH and ZH .

More details are available in the original publication.

8.2 Combination strategy

In the regime pHT ∈ [300, 600)GeV, a significant fraction of allH → bb̄ decays may be reconstructed

either in two resolved small-radius jets or as one large-radius jet. This leads to a substantial overlap

in the events selected by the corresponding resolved and boosted analyses, illustrated in Figure 8.2.

8.2.1 Overlap removal

For the combined measurement presented here, the event selections are made orthogonal in the

following way. Higgs-boson decays in events with pVT < 400GeV were always reconstructed using

the resolved analysis strategy (cf. Chapter 7), and the boosted strategy was used for events with

pVT ≥ 400GeV. This allows the sensitivity provided by the multivariate discriminant BDTV H to be

fully exploited in the region that dominates the inclusive V H cross-section, while simultaneously

ensuring good signal acceptance at high scales. (The boosted-event selection achieves a signal ac-

ceptance that is about 30% higher than the acceptance of the resolved-event selection for events
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Figure 8.2: Fraction of W (→ `ν)H(→ bb̄) events selected in the 1-lepton channel of only the re-
solved analysis (blue), only the boosted analysis (orange), or both (green), shown as a function of
pVT . Published in Ref. [9].

Figure 8.3: Reduced STXS binning targeted by the combinedV H measurement, obtained bymerging
bins defined in STXS Stage 1.2.

with pVT ≥ 400GeV.) The transition at pVT = 400GeV is well-aligned with the pV,tT = 400GeV

sub-bin boundary in the STXS Stage 1.2 scheme [222].

To implement this overlap-removal strategy, the event categorisation of the resolved measure-

ment (cf. Table 7.3) is adjusted and the regions for pVT > 250GeV were redefined to correspond to

pVT ∈ [250, 400)GeV instead. The analysis categories for this pVT bin used in the original boosted

V H measurement were removed. This combination leads to a set of analysis categories well-suited

to extracting the seven STXS bins illustrated in Figure 8.3. The correspondence between the analysis

categories thus defined and these STXS bins is shown in Figure 8.4.
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Figure 8.4: Correspondence between the analysis categories, shown on the vertical axis, and the
STXS fiducial volumes, shown on the horizontal axis. (a) Predicted event yields for the V H signal
process. Entries with < 0.1 events are suppressed for clarity. (b) The predicted fraction of signal
events in a particular analysis category originating from a certain STXS bin. Entries with a signal
fraction < 0.1% are suppressed.
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(a)

(b) (c)

Figure 8.5: Strategy for the extraction of the normalisations of the main backgrounds from data, for
Z+HF in (a),W+HF in (b), and tt̄ in (c). The coloured boxes indicate the (combinations of) analysis
regions for which a common floating normalisation is used. Coloured dashed lines indicate the
presence of uncertainties that allow the relative background yields to be adjusted between regions
controlled by the same floating normalisation.

8.2.2 Statistical model

The structure of the likelihood model and the inference strategy is identical to that described in

Section 7.7.3. The statistical model now extends over the enlarged set of analysis categories de-

fined above. Modifications are made to the treatment of the floating normalisations of the main

backgrounds. These aspects are briefly summarised below, along with the form of the combined

systematics model.

Background normalisation strategy The normalisations of the W+HF, Z+HF, and tt̄ back-

ground components continue to be determined from the available CRs. The definitions of the corre-

sponding normalisation factors were changed compared to Section 7.7.2 to account for the inclusion

of the boosted analysis regions in the fit model and to ensure a reliable background modelling in all

categories. The normalisation-factor scheme used in the combined analysis is summarised in Figure

8.5.

For W+HF and Z+HF, the background normalisation factor is shared between the highest re-

solved pVT bin and the boosted HP and LP SRs. Common normalisations were used for the 2-jet

and (≥)3-jet regions in this regime. Extrapolation uncertainties ranging from 10% to 30% were used

to account for differences in the relative acceptance between the resolved and boosted regimes,
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and between the different jet multiplicities. They were derived from comparisons of the nominal

simulation with alternative generators (cf. Section 7.7.2.2 and Ref. [6]). In the resolved domain for

pVT < 250GeV, separate normalisation factors were used for different analysis categories to reduce

the reliance on simulation for the description of the pVT distribution.

The tt̄ CRs in the boosted 0- and 1-lepton channels allow the normalisation of this background

to be separately determined from data. Dedicated normalisation factors were used for the four

pVT and jet-multiplicity combinations in the resolved domain. In the 2-lepton channel, the resolved

top background contribution was determined from the eµ-CR as described in Section 7.7.1.2. The

boosted tt̄ contribution was negligible in this channel.

Systematic uncertainties Experimental systematic uncertainties affecting trigger efficiencies,

the luminosity determination, and the reconstruction and identification of leptons are equally present

in both boosted and resolved categories. They were described by common (“correlated”) NPs. The

algorithms for the reconstruction of calorimeter jets and flavour tagging differ between the two

regimes. The NPs parameterising these uncertainties were hence kept separate (“uncorrelated”).

The parameterisation of background modelling uncertainties was primarily determined by the

design and structure of the analysis and differed between the boosted and resolved regimes. The

corresponding modelling NPs were thus kept largely uncorrelated, with few exceptions. Correlated

NPs were used only for the description of flavour-composition uncertainties in the prediction of the

V +HF backgrounds (which use equivalent parameterisations) and for uncertainties on the overall

normalisation of the remaining subleading background components.

Theoretical uncertainties on the description of the V H signal were parameterised as described

in Section 7.7.2.3 across all analysis categories and hence use correlated NPs.

8.3 Results

8.3.1 Signal-strength measurements

Figure 8.6 shows the modelling of the observedmJ distributions in the HP SRs and the tt̄ CR in the

boosted 1-lepton channel, obtained from the combined fit. The modelling of the data distributions

in the resolved-analysis categories is very similar to that shown in Figure 7.9.
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Figure 8.6: Binned distributions of mJ in the high-purity SRs for pVT > 400GeV, in (a) for the 0-
lepton channel, in (b) for 1-lepton, and in (c) for 2-lepton. The distribution in the tt̄CR in the boosted
1-lepton channel is shown in (d). The signal and background components are shown as stacked
histograms, with the blue dashed line indicating the expected total background contribution. The
signal contribution, scaled by the extracted signal strength, is additionally indicated by the black
dashed line. The total background uncertainty is shown by the hatched band.
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STXS bin SM prediction Exp. result Stat. unc. Syst. unc. [fb]

Process pV,tT region [fb] [fb] [fb] Th. sig. Th. bkg. Exp.

WH [150,250) GeV 24.0 ± 1.1 19.6 ± 12.4 ± 8.1 ± 0.8 ± 7.3 ± 5.7

WH [250,400) GeV 5.8 ± 0.3 6.4 ± 2.3 ± 2.0 ± 0.3 ± 0.9 ± 0.6

WH > 400GeV 1.3 ± 0.1 1.9 ± 1.1 ± 0.9 ± 0.2 ± 0.4 ± 0.3

ZH [75,150) GeV 50.6 ± 4.1 49.5 ± 36.9 ± 25.9 ± 6.3 ± 18.5 ± 20.6

ZH [150,250) GeV 18.8 ± 2.4 20.0 ± 6.4 ± 5.1 ± 1.8 ± 2.5 ± 2.2

ZH [250,400) GeV 4.1 ± 0.5 4.0 ± 1.6 ± 1.5 ± 0.4 ± 0.4 ± 0.3

ZH > 400GeV 0.7 ± 0.1 0.2 ± 0.6 ± 0.5 ± 0.1 ± 0.3 ± 0.2

Table 8.1: Numerical values of the measured cross-sections σbV (lep.)H × B(H → bb̄) in the seven
targeted STXS bins, compared to the SM prediction and its theoretical uncertainties. The total
uncertainty on the experimental result is split into a statistical uncertainty (Stat. unc.), systematic
components resulting from the modelling of the signal (Th. sig.) and the backgrounds (Th. bkg.), as
well as experimental sources (Exp.). Adapted from Ref. [9].

This results in a measured inclusive V H signal strength of

µbbV H = 1.00+0.18
−0.17 = 1.00+0.12

−0.11 (stat.)+0.14
−0.13 (syst.),

and inWH and ZH signal strengths of

µbbWH = 1.03+0.28
−0.27 = 1.03+0.19

−0.19 (stat.)+0.21
−0.19 (syst.),

µbbZH = 0.97+0.25
−0.23 = 0.97+0.17

−0.17 (stat.)+0.18
−0.15 (syst.),

with a Pearson correlation of 2%. These results correspond to a rejection of the background-only

hypotheses with observed (expected) significances of 6.4 (6.3) standard deviations for V H , and 4.1

(3.9) and 4.6 (5.0) standard deviations forWH and ZH , respectively. The sensitivity to the inclusive

V H signal is slightly reduced compared to the results shown in Section 7.8.2.

8.3.2 STXS measurements

The cross-sections measured in the seven targeted STXS bins are shown in Figure 8.7a, and Table

8.1 summarises the numerical values. All values are in good agreement with the SM predictions,

with relative uncertainties ranging between 35%–300%, depending on the pVT region. The Pearson

correlations between these observables are shown in Figure 8.7b. The highest correlations of around

10%–15% are attained between the WH and ZH cross-sections for pV,tT > 400GeV and between

this bin and the pV,tT ∈ [250, 400)GeV regions.
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Figure 8.7: (a) Measured fiducial cross-sections σbV (lep.)H × B(H → bb̄) in the seven considered
STXS bins. The SM cross-sections and uncertainties in the theoretical predictions are indicated by
the red bars. (b) Pearson correlation coefficients between the extracted STXS values.
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Figure 8.8: Constraints on the Wilson coefficients of d = 6 operators in the Warsaw basis, obtained
from the STXSmeasurement of Figure 8.7, shown in green. The dashed lines in blue and orange show
the comparison with the constraints set by the individual resolved and boostedmeasurements docu-
mented in Section 7.9 and Ref. [6], respectively. (a) Likelihood profile t(c(6)i )/2 and one-dimensional

confidence interval for c(3)Hq . (b) Two-dimensional confidence interval for c(3)Hq and cHW . Published
in Ref. [9].

8.3.3 Constraints on effective interactions

Using the methodology developed in Section 7.9, the extended STXSmeasurement was used to place

constraints on the Wilson coefficients of selected operators with d = 6 in the Warsaw basis.

Figure 8.8a illustrates the likelihood profile as a function of c(3)Hq and compares it to the curves

obtained from the individual boosted and resolved measurements. As discussed below Figure 7.12,

the contact operator Q(3)
Hq induces modifications that depend strongly on the kinematic scale pVT .

The improved granularity and kinematic reach of the combined analysis allow thisWilson coefficient

to be constrained more strongly. The approximate degeneracy for c(3)Hq < 0 is now resolved.

Figure 8.8b shows a two-dimensional confidence interval for c(3)Hq and cHW . A significant in-

crease in the strength of the constraint is again visible for c(3)Hq . The operator QHW leads to an

approximately linear enhancement of the cross-section with pVT (cf. Figure 7.12). In this case, the

increased granularity of the STXS measurement is not as important and the limit on cHW improves

less. Constraints on additional (combinations of) operators are available in the original publication

in Ref. [9].

These results are also utilised in a combined analysis of ATLAS Higgs-boson measurements
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which includes in addition the H → γγ, H → ZZ∗, H → WW ∗, and H → ττ decay chan-

nels [339]. The sensitivity to c(3)Hq is almost completely determined by the combined V H,H → bb̄

measurement and the improvements described above directly enhance the global constraint.
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Chapter 9

Conclusions and outlook

Experimental particle physics truly is a science of many scales, a science where the transverse mo-

mentum of a Higgs boson measured in units of TeV can give rise to detector signals with an energy

of only a few meV. Physical processes across this extreme range, and the interplay between them,

must be understood and controlled to ensure the continued development of the global experimental

programme.

The analytical methods developed in Part I help tackle some of this complexity, condensing

the essence of intricate dynamical processes into a few explicit formulae. They clearly expose fun-

damental limitations and commonalities, show scaling laws, identify the most important physical

parameters, and thus help to guide and direct further work based on more detailed simulations.

A fully general but yet efficient method for the computation of detector signals is a powerful

tool. It unifies many previous results and provides a coherent and principled modelling strategy

for all devices that detect fields or radiation from moving charged particles. Applied to antenna

arrays used in the study of cosmic rays, the theorem opens up exciting new possibilities for building

high-fidelity signal simulations that go beyond contemporary techniques and have the potential to

enhance the physics reach of future experiments.

The analytic description of electron-hole avalanche statistics sheds light on the magnitude of

fluctuations and the origins of subtle correlation patterns. This theory provides the groundwork

for the rigorous description of single-photon avalanche diodes and explains the superior timing

capabilities of these devices from first principles. It also identifies their potential for precision timing

measurements of charged particles in collider experiments. Although first experimental studies in a

hadron beamhave demonstrated good performance, additional studies are needed before large-area,

212



radiation-hard detectors can become a reality.

In a reductionistic universe, most problems (and their answers) are destined to lie at the bottom,

at the smallest of length scales. Part II builds on the fantastic capabilities of the ATLAS detector and

the Large Hadron Collider to obtain the most granular cross-section measurements of the V H(→

bb̄) process available to date. This analysis combines resolved and boosted event reconstruction

techniques to cover the entire accessible kinematic domain, measuring fiducial production cross-

sections in the STXS scheme with uncertainties from 30%–300%, depending on the category. These

measurements lead to important constraints on contact interactions generated by processes beyond

the direct reach of present colliders. Effects from operators to which the analysis is most sensitive

are shown to be absent up to energy scales of 1–4 TeV, depending on the assumptions made.

To further tighten our grip on the TeV scale and beyond, we must continue to improve and ex-

pand our experimental capabilities. The future of the experimental programme at the Large Hadron

Collider is a bright and luminous one, promising to deliver profound surprises and enable stringent

tests of the global structure and internal coherence of our model of the world. But yet, if the physics

we understand is to help us master phenomena we don’t yet comprehend, we must also not shy

away from exploring new, complementary ideas. In the long term, we must learn to harvest the full

power contained in the laws of physics, all the way up to the Standard Model in its present form,

exploit this potential for the construction of novel instruments, and thus begin to shrink the gap

between our experiments and their target.
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Appendix A

The statistics of electron-hole avalanches in

semiconductors: auxiliary material

A.1 Commutation relations

A.1.1 Ladder operators

The ladder operators â† and â exhibit the usual commutation relations

[
âe, â

†
e

]
=
[
âh, â

†
h

]
= 1,

while all commutators combining operators from different species, e.g. [âe, â
†
h], vanish. The commu-

tation relations of the position-dependent ladder operators â†(x) and â(x) are direct generalisations

of this expression. Operators at different locations always commute,

[
âe(x), â

†
e(y)

]
=
[
âh(x), â

†
h(y)

]
= δ(x− y),

and commutators mixing operators from different species continue to vanish.

A.1.2 Number operators

The nonvanishing commutation relations between the number operators and the ladder operators

are

[
N̂e, â

†
e

]
= â†e,

[
N̂e, âe

]
= −âe,[

N̂h, â
†
h

]
= â†h,

[
N̂h, âh

]
= −âh,
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and

[
n̂e(x), â

†
e(y)

]
= â†e(x)δ(x− y), [n̂e(x), âe(y)] = −âe(x)δ(x− y),[

n̂h(x), â
†
h(y)

]
= â†h(x)δ(x− y), [n̂h(x), âh(y)] = −âh(x)δ(x− y).

A.1.3 Translation operators

With the definition in Eq. 2.43, the commutators of the translation operators with the number den-

sity operators are

[
n̂e(y), T̂e[∆]

]
= T̂e[∆]

(
n̂e(x)

1 + d∆
dx

− n̂e(y)

)
,

[
n̂h(y), T̂h[∆]

]
= T̂h[∆]

(
n̂h(x)

1 + d∆
dx

− n̂h(y)

)
.

A position-dependent drift velocity v(x) acting for a short time interval dt induces the infinitesimal

translation ∆(x) = v(x)dt. For electrons and holes, the above commutation relations specialise to

[
n̂e(x), T̂e[ve(x)dt]

]
= −dt T̂e[ve(x)dt]

d

dx
ve(x)n̂e(x),[

n̂h(x), T̂h[−vh(x)dt]
]
= dt T̂h[−vh(x)dt]

d

dx
vh(x)n̂h(x).

In these expressions, the action of a derivative on a generic operator Ô(x) is to be understood as

dx
d

dx
Ô(x) := Ô(x+ dx)− Ô(x),

which is inspired by the fact that expectation values and spatial derivatives commute for sufficiently

smooth distributions,
〈
d
dxÔ(x)

〉
= d

dx

〈
Ô(x)

〉
.

A.2 Logarithmic fluctuations at late times

With Eq. 2.12, the evolution equation for the observable log N̂e reads

d

dt
〈logNe〉 = 〈avg| [log N̂e, Ĥ] |ψ〉 3 αve

〈
log
(
1 +

1

Ne

)
Ne

〉
. (A.1)

The right-hand side contains terms that are not determined by the equation itself, and an ad-

hoc closure scheme would be required to determine its solution. Expanding Eq. A.1 for large Ne

shows that this issue disappears for large avalanches, where the right-hand side becomes constant,

limNe→∞

〈
log
(
1 + 1

Ne

)
Ne

〉
= 1. A similar phenomenon occurs in the evolution equation for the
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second moment
〈
log2N

〉
.

This suggests that there exist observables which are not generally identical to log N̂ and log2 N̂

but which limit to these quantities for large avalanches and whose evolution equations can be inte-

grated for all t. Two such observables, f̂1 and f̂2, are defined as

f̂1 :=
1

αve + βvh
ψ0

(
αveN̂e + βvhN̂h

αve + βvh

)
,

and

f̂2 :=
1

2(αve + βvh)2

ψ0

(
αveN̂e + βvhN̂h

αve + βvh

)2

+ ψ1

(
αveN̂e + βvhN̂h

αve + βvh

) ,
with the polygamma functions ψk. Their limiting behaviour is correct,

lim
Ne,Nh→∞

f̂1 =
1

αve + βvh

[
log N̂ + C0

]
,

lim
Ne,Nh→∞

f̂2 =
1

2(αve + βvh)2

[(
log N̂ + C0

)2]
,

where C0 is an irrelevant constant. With these definitions, the asymptotic value of σ(logN) may

be expressed in terms of the expectation values 〈f1〉 and 〈f2〉 as

lim
t→∞

2 〈f2〉 − 〈f1〉2 = lim
t→∞

1

(αve + βvh)2

[〈
log2N

〉
− 〈logN〉2

]
= lim

t→∞

σ2(logN)

(αve + βvh)2
. (A.2)

The time evolution equations of these expectation values involve the commutators [f̂1, Ĥ] and

[f̂2, Ĥ], where Ĥ is the Hamiltonian from Eq. 2.16. These commutators are trivial,

[
f̂1, Ĥ

]
= â†eâ

†
h,

[
f̂2, Ĥ

]
= â†eâ

†
hf̂1,

as are their time evolution equations,

d

dt
〈f1〉 = 1,

d

dt
〈f2〉 = 〈f1〉 .

This shows that the combination 2 〈f2〉 − 〈f1〉2 that appears in Eq. A.2 is time-independent, and

thus

lim
t→∞

σ2(logN) = (αve + βvh)
2
(
2 〈f2〉 − 〈f1〉2

) ∣∣∣
t=0

= ψ1(A),

as claimed in Eq. 2.42.
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(a) (b)

Figure A.1: Illustration of the update step ti → ti+1 for the evolution of electrons in (a) and for
the evolution of holes in (b). The numbers of electrons N j

e and holes N j
h contained in a bin j are

represented by coloured bars within the respective bin. A number of exemplary drift lines are shown
to illustrate the movement of charge carriers. Impact ionisation events are indicated by small black
dots.

A.3 Markov avalanche Monte Carlo simulation model

To simulate the development of the avalanche for equal carrier drift velocities, ve = vh = v∗, the

avalanche region x ∈ [0, d] is partitioned intoN equidistant bins of width∆x = d/N . The units are

chosen such that charges drift a distance of ∆x during the simulation time step ∆t, ∆t = ∆x/v∗.

The bin centre of bin j is located at coordinate xj and the simulation time steps are indexed as

ti = i∆t.

The electric field distribution E(x, t) = −Ex(x, t)x̂ and the resulting impact ionisation co-

efficients α(x, t) and β(x, t) are discretised into Ej(ti) = Ex(xj , ti), αj(ti) = α(xj , ti), and

βj(ti) = β(xj , ti). The charge carrier densities ne(x, t) and nh(x, t) are represented by the num-

bers of electrons N j
e (ti) and holes N j

h(t
i) in each bin. These carriers are assumed to be uniformly

distributed within the bin.

The discretised electric field profile Ej(ti) and the initial carrier densities N j
e (t0) and N j

h(t
0)

form the inputs to the simulation.

In the absence of impact ionisation, theN j
e holes present in bin j at time ti drift into bin j+1 at

ti+1, and theN j
h holes move into bin j−1. Impact ionisation is simulated as illustrated in Figure A.1.

During the time interval∆t, theN j
e electrons (N j

h holes) in bin j produceN j
e→eh (N j

h→eh) additional

electron-hole pairs. These numbers are drawn from a Poisson distribution with rate parameters
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αj∆x and βj∆x, respectively,

N j
e→eh(t

i) ∼ Po
(
N j
e (t

i);αj(ti)∆x
)
, N j

h→eh(t
i) ∼ Po

(
N j
h(t

i);βj(ti)∆x
)
.

Impact ionisation occurs uniformly along ∆x. The N j
e→eh electrons created in bin j at ti drift into

bin j + 1 at ti+1, while the N j
e→eh holes spread across multiple bins: N j→j−1

e→eh holes reach bin j −

1, N j→j
e→eh remain in bin j, and N j→j+1

e→eh enter bin j + 1. The same consideration holds for the

N j
h→eh electrons created from hole-initiated impact ionisation events, leading to N j→j−1

h→eh , N j→j
h→eh,

and N j→j+1
h→eh electrons in bins j − 1, j, and j + 1, respectively. These numbers are drawn from a

multinomial distributionwith event probabilities of pj→j−1 = 0.25, pj→j = 0.5, and pj→j+1 = 0.25,

respectively,

{N j→j−1
e→eh (ti), N j→j

e→eh(t
i), N j→j+1

e→eh (ti)} ∼ Mult
(
N j
e→eh(t

i), {pj→j−1, pj→j , pj→j+1}
)

{N j→j−1
h→eh (ti), N j→j

h→eh(t
i), N j→j+1

h→eh (ti)} ∼ Mult
(
N j
h→eh(t

i), {pj→j−1, pj→j , pj→j+1}
)
.

The updated charge carrier distributions are then computed as

N j
e (t

i+1) = N j−1
e (ti) +N j−1

e→eh(t
i) +N j+1→j

h→eh (ti) +N j→j
h→eh(t

i) +N j−1→j
h→eh (ti),

N j
h(t

i+1) = N j+1
h (ti) +N j+1

h→eh(t
i) +N j+1→j

e→eh (ti) +N j→j
e→eh(t

i) +N j−1→j
e→eh (ti).

The current I ind(ti) induced by the drifting charges is computed according to Eq. 2.33 and assuming

a uniform weighting field Ew = Vw/d,

I ind(ti) =
e0v

∗

d

∑
j

(
N j
e (t

i) +N j
h(t

i)
)
.

In the continuum limit where α∆x→ 0 and β∆x→ 0, this simulation model converges to the

avalanche model defined in Section 2.1. For the results presented in the main body, the avalanche

region is divided into N = 103 bins.
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