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“But one must ask every other man: Do you in all conscience believe that you can stand
seeing mediocrity after mediocrity, year after year, climb beyond you, without becoming
embittered and without coming to grief? Naturally, one always receives the answer: ’Of
course, I live only for my "calling." ’ Yet, I have found that only a few men could endure
this situation without coming to grief.”

Max Weber, Science as a Vocation
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Abstract
The origin of Quark Gluon Plasma-like (QGP-like) phenomena within small collision

systems has been a puzzle for researchers for over a decade. Throughout these years of
investigation, the presence of collective effects has been confirmed. Moreover, numerous
theoretical approaches have been attempted to describe these phenomena. Nonetheless,
it has been determined that the phenomena cannot be adequately explained by simple
mechanisms including either the initial or final stages alone.

Considering the complexity of the QGP-like phenomena in a small collision system,
the best way to investigate the origin of the collectivity, or maybe the only possible way to
pin down the origin of the collectivity, is to do the analysis with multi-observable analysis.
In this thesis, the full Run 2 data sample with the ALICE detector at the LHC is used,
providing the most precise measurements. Multiple observables are measured in pp, p–Pb,
and Pb–Pb collisions. The measured observables include multiple particle correlations,
cumulants, flow coefficients, symmetric cumulants, and correlations between flow and
mean transverse momentum. Various methods for suppressing short-range correlations
have been applied.

The measurements probe various mechanisms within the collisions. The initial stage of
the collision is examined using flow coefficients vn and nonlinear flow coefficients v4,22 and
χ4,22. Moreover, the event-by-event properties of the initial stage are assessed through
measurements involving NSC(3,2), which address the initial eccentricity correlations. The
initial size and shape correlation is investigated through the ρ(v22 , [pT]). The flow coef-
ficients, the nonlinear flow v4,22, and the NSC(4,2) are also influenced by the system’s
evolution. The ρ4,22 addresses the event plane correlation. Observables such as vn{2}
and χ4,22 have shown sensitivity to variations in the |∆η| separation. Conversely, other
observables like c2{4}, v4,22, and ρ(v22 , [pT]) are less sensitivity to non-flow contamination.
The measurements impose constraints on the model and shed light on the system’s origins,
aiding in the building of a comprehensive model that describes the collective phenomenon
in both large and small collision systems.
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摘要
在小对撞系统中类 QGP 现象（集体效应）的起源是一个困扰了研究人员十多年的问

题。在这些年的研究中，集体效应的存在已经得到确认。研究者尝试使用各种理论方法
来描述这些现象。然而，研究发现，这些现象不能通过仅包含对撞初态效应或对撞末态
效应的简单机制来解释。
考虑到小碰撞系统中类 QGP现象的复杂性，研究集体性起源的最佳方式，或者可能是

唯一可行的方式，就是进行多可观测量分析。这篇论文使用了大型强子对撞机的 ALICE
探测器几乎全部的 Run 2 数据样本，进行了最精确的测量，在 pp、p–Pb 和 Pb–Pb 碰撞
中测量了多个可观测量。测量的可观测量包括多粒子关联、累积量、流系数、对称累积量
以及流与平均横向动量之间的关联。同时，研究使用了各种方法来压低局部短程关联。
这些测量探究了对撞过程中的各种物理机制。对撞的初态效应可以通过流系数 vn，非

线性流系数 v4,22 以及 χ4,22 进行探究。此外，对对称累积量 NSC(3,2) 的测量可以研究
对撞初态的逐事件特征。这项测量表征了初态偏心性 (ε2, ε3) 的关联。对 ρ(v22 , [pT]) 测量
表征了初态大小和形状的关联性。流系数、非线性流 v4,22 和 NSC(4,2) 除了受到初态几
何影响外，也受到系统演化效应的影响。对撞事件平面 (Ψ2,Ψ4) 的关联由观测量 ρ4,22 表
征。诸如 vn{2} 和 χ4,22 等可观测量表现出对赝快度间隔的敏感性。相反，其他可观测量
如 c2{4}、v4,22 和 ρ(v22 , [pT]) 对非流效应的敏感性较低。
测量结果表明，对于大多数可观测量，从大碰撞系统到小碰撞系统的过渡是平滑

的，这表明产生这些可观测量的基本机制可能是相似的。然而，对于流系数 v2（以及
⟨⟨cos(2φ1 − 2φ2)⟩⟩ 和 c2{2}），cov(v22 , [pT ])，ck，以及 ρ(v22 , [pT ]) 存在例外。在小碰撞系
统和大碰撞系统之间，v2 和 cov(v22 , [pT]) 以及 ρ(v2n, [pT]) 的差异主要归因于在 Pb–Pb 碰
撞中，初始几何形状源自核子的重叠区域，而在 pp 碰撞中，它们源自初态几何的涨落。
对于 ck，在低多重数环境中观察到三种碰撞系统的测量结果不同。这种差异可能归因于
系统初始大小涨落的差异。

pp、p–Pb 和 Pb–Pb 碰撞的测量结果与不同的理论模型进行了比较。对于 pp 碰撞，
比较了 PYTHIA 8、AMPT以及来自 IP-Glasma + MUSIC + UrQMD 的计算。在 p–Pb
和 Pb–Pb碰撞的情况下，测量结果与 AMPT的运输模型预测以及 IP-Glasma + MUSIC
+ UrQMD 的流体动力学模型计算进行了比较。在许多情况下，基于少体相互作用的模
型以及那些包含流体动力学演化的模型并不非常成功。从一个角度来看，初始几何形状
的建模可能仍需要完善。此外，系统的实际演化是一个复杂的 QCD 过程，使用少体相互
作用或流体动力学演化的模型可能都过于简化。
这些测量揭示了系统中集体性的起源，对理论模型施加了约束，将有助于构建一个模

型从而全面地描述大小对撞系统中的集体现象。
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Dansk resumé
Forståelsen af kvark-gluon plasma (Quark Gluon Plasma, QGP) lignende fænomener i
små kollisionssystemer har været et mysterium for forskere i over ti år. Gennem årene
har man bekræftet at der findes kollektive effekter i små kollisionssystemer, og man har
forsøgt sig med flere teoretiske forklaringer, hidtil uden tilfredsstillende resultater. Det er
dog påvist, at fænomenerne ikke kan forklares udelukkende ved simple mekanismer, der
alene inkluderer systemets begyndelses- eller slutbetingelser.

Givet de quark-gluon-plasmalignende fænomeners kompleksitet i små kollisionssys-
temer tyder meget på at den bedste, og måske eneste, måde at undersøge dem på er
gennem en såkaldte“multi-observabel”analyse. I dette studie vil al tilgængelig data fra
LHC Run2 registreret med ALICE detektoren blive brugt til at give så præcise målinger,
som det er muligt. Forskellige observerbare data bliver målt i både pp, p–Pb og Pb–Pb
kollisionsdata. De relevante måledata inkluderer fler-partikel-korrelationer, kumulanter,
flow-koefficienter, symmetriske kumulanter og korrelationer mellem flow og den gennem-
snitlige transverse impuls. Flere metoder til at undertrykke non-flow korrelationer er
blevet anvendt.

Målingerne er følsomme overfor forskellige mekanismer i partikelkollisionerne. Begy-
ndelsesbetingelserne undersøges ved hjælp af flow-koefficienterne vn og ikke-lineære flow
koefficienter (v4,22 og χ4,22). Begyndelsesbetingelsernes fluktuationer fra kollision til kol-
lision involverer NSC(3,2), som er særlig følsom overfor korrelationer i excentricitet. Ko-
rrelationen imellem størrelsen og formen af QGP-fasen bliver undersøgt med ρ(v22 , [pT]).
Flow-koefficienterne og de ikke-lineære flow-koefficienter v4,22 samt NSC(4,2) bliver også
påvirket af, hvordan kollisionssystemet udvikler sig efter den første kollision. Koefficien-
ten ρ4,22 er følsom overfor korrelationer imellem kollisionernes symmetriplan. vn{2} and
χ4,22 har vist sig at være følsomme overfor de korrelerede partiklers adskillelse i pseudora-
piditet, mens variablene c2{4}, v4,22 og ρ(v22 , [pT]) er mindre følsomme overfor Indflydelse
af non-flow. Disse målinger kan hjælpe med til at afgrænse parametre i de eksisterende
kollisionssystemmodeller og bestemme kilden til kollektive fænomener i relativistiske par-
tikelkollisioner. De kan i sidste ende bidrage til at udvikle en komplet model, der kan
beskrive disse fænomener i både små og store kollisionssystemer.
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1 Starting from the chalk
For physicists, diving into the realm of philosophy, even when limited to scientific philos-
ophy, can be dangerous. Lacking rigorous training in logical reasoning and the historical
context of philosophy may lead the thinking or discussion to areas that have been ex-
tensively explored within the field of scientific philosophy. From a physicist’s standpoint,
engaging in philosophical discussions without delving into the details of physical theo-
ries can seem empty and superficial. Nevertheless, fundamental questions in physics and
philosophy often serve as the initial motivation for some physicists to pursue scientific
research, including me. In this chapter, I intend to elucidate concisely why the study
of Quantum chromodynamics (QCD) matter droplets, which is the main object studied
in this thesis, attracts reductionists and how their formation in small collision systems
presents an excellent opportunity for in-depth study from a reductionist’s perspective.

In 1992, Steven Weinberg published "Dreams of a Final Theory" [1], where he used
chalk as an example to illustrate the concept of reductionism. He explained that ev-
ery aspect of chalk, from its color, which is explained by electromagnetic theory, to its
chemical composition, described by atomic theory, could ultimately be traced back to a
"theory of everything"–the most advanced form of which is currently the Standard Model.
In contrast, the concept of emergence, first brought to prominence by Anderson in his
well-known 1972 paper "More is Different" [2], addresses that theories at one scale, such
as condensed matter physics, do not directly emerge from more fundamental theories at a
smaller scale. Instead, phenomena at different scales have their own unique properties, a
concept known as emergentism. Both of the concepts, reductionism, and emergentism, are
valid and do not conflict with each other, a view also agreed upon by Anderson himself.

In heavy-ion physics, "QCD condensed matter", the substance produced in heavy
ion collisions, serves as the "chalk". In theory, QCD matter droplets are governed by
the theory of everything, the Standard Model (SM). However, describing QCD matter
droplets using the fundamental theory is exceedingly complex. The study of QCD matter
require theories developed at the relevant scale, rather than limited to calculations from
first-principle QCD.

As the collision system size decreases, such as in proton–proton collisions compared to
lead–lead collisions, a similar "chalk" is formed 1. The "chalk" produced in these smaller
collision systems shares several properties with that created in lead–lead collisions. Prior

1Though it is uncertain whether the state produced is in equilibrium and can be adequately classified
as "matter"
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to the "discovery" of "chalk" in smaller systems, there was a minor effort to develop a
unified model capable of coherently describing "chalk" in both collision systems. It was
only after this "discovery" that the scales began to communicate more frequently, bridging
the gap between the microscopic and macroscopic perspectives.

The goal of me, as a heavy-ion reductionist, is to establish a theory that seamlessly
explains all aspects of QCD matter behavior at every energy scale and in every type of
collision system, ideally showing how it relates to the Standard Model. While the latter
may be too ambitious for the current era, the former is a feasible endeavor. To realize
this goal, as an experimentalist, one must investigate a variety of observables across
different collision systems, ranging from small to large. This process involves providing
both inspiration and concrete data to inform and constrain theoretical models, a subject
that this thesis will explore in depth.
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2 Physics background
2.1 The standard model

2.1.1 The standard model of particle physics

All the phenomena in the universe are governed by the standard model [3–6] of particle
physics, a gauge quantum field theory. In the standard model, there are three generations
of fermions, which are the quarks and the leptons. The six quarks are up quark, down
quark, charm quark, strange quark, bottom quark, and top quark. The six leptons are
electron, electron neutrino, muon, muon neutrino, tau, and tau neutrino.

Figure 2.1: The standard model of particle physics. Figure taken
from [7].

The interactions between the fermions are mediated by the gauge bosons. The gauge
bosons are the photon, the gluon, the W boson, and the Z boson, carrying the electro-
magnetic, the strong, and the weak interactions, respectively.

The dynamics and kinematics of the theory, as well as the interactions between
Standard Model particles, are governed by the Standard Model Lagrangian. The local
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SU(3)C×SU(2)L×U(1)Y gauge symmetry constitutes the internal symmetry that defines
the Standard Model Lagrangian. The Standard Model Lagrangian can be expressed as:

L = LEW + LQCD + LHiggs + LYukawa. (2.1)

Here, LEW and LQCD represent two distinct gauge sectors, the electroweak sector and
the Quantum Chromodynamics sector, respectively. The LHiggs denotes the Higgs sector,
and LYukawa encompasses the Yukawa couplings between the Higgs boson and fermions.
Particle masses arise through the Higgs mechanism via spontaneous symmetry breaking
of the electroweak symmetry. The Feynman diagram vertices of the Standard Model are
summarized in figure 2.2.

Figure 2.2: The Feynman diagram vertices of the standard model.
Figure taken from [7].

2.1.2 The quantum chromodynamics

Quantum chromodynamics (QCD) is a piece of the standard model. It describes the
strong interaction, the force that governs the interactions between quarks and gluons.
Quarks and gluons are the fundamental constituents of nuclear matter, which is of primary
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interest here. QCD is a non-Abelian gauge theory with the gauge group SU(3)C. The
gauge bosons in this theory are gluons, while the matter fields are represented by quarks.
The Lagrangian of QCD is expressed as follows [8]:

LQCD =

Nf∑
f=1

ψ̄f (iγ
µDµ −mf )ψf − 1

4
Ga

µνG
aµν , (2.2)

where Nf is the number of flavors of quarks, ψf is the quark field, Dµ = ∂µ − igsG
a
µT

a is
the covariant derivative, gs is the strong coupling constant, Ga

µν is the gluon field strength
tensor, and T a is the generator of the SU(3)C group. The gluon field strength tensor is
given by

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν , (2.3)

where fabc is the structure constant of the SU(3)C group.

Figure 2.3: Summary of determinations of αs as a function of the
energy scale Q. Figure taken from [8].

Two very important features of QCD are asymptotic freedom [5, 9] and quark con-
finement. When the distance between the quarks becomes smaller, corresponding to a
larger energy scale, the interactions between them weaken. Such a phenomenon is called
asymptotic freedom. The dependence of the coupling constant with the energy scale is
described by the beta-function, which is defined as

dgs
d lnµ = β(gs), (2.4)
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where µ is the renormalization scale. The beta-function is expressed as:

β(gs) = −β0
g3s

16π2
, (2.5)

to the first order, with β0 = 11 − 2
3Nf . The Nf = 6 is the number of fermions. The

negative sign of the beta-function indicates that the coupling constant decreases at higher
energies, which is indicative of asymptotic freedom. The effective coupling constant is
defined as

αs(Q
2) =

g2s
4π

=
4π

β0 log Q2

ΛQCD

, (2.6)

where Q is the energy scale and ΛQCD ∼ 300 MeV is the QCD scale parameter depending
on renormalization scheme. Equation 2.6 is validated experimentally and summarized in
figure 2.3. The strong coupling constant αs is approximately 0.1 at an energy scale of
Q ∼ 100 GeV, and the theory becomes strongly coupled at an energy scale of Q ≲ 1 GeV.
At high energies, quarks interact weakly, permitting the use of perturbative calculations.

Figure 2.4: A schematic representation of the QCD phase diagram.
Figure taken from [10].

At low energies, colored particles cannot exist in isolation, a phenomenon known as
confinement. Quarks and gluons must bind together to form hadrons. The two primary
types of hadrons are mesons (composed of one quark and one antiquark) and baryons
(composed of three quarks). The phenomenon can be understood intuitionally. When the
distance between quarks (and anti-quarks) increases, the force mediated by gluons does
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not diminish but remains constant. Under extreme conditions, deconfinement can occur,
leading to the formation of a state of matter called Quark-Gluon Plasma (QGP) [11]. As
shown in the QCD phase diagram, figure 2.4, the QGP could exist when the temperature
or the baryochemical potential (the baryochemical potential µ measures the imbalance
between quark and anti-quark) is large. Experimentally, these conditions can be produced
in heavy-ion collisions at the Relativistic Heavy Ion Collider (RICH) or the Large Hadron
Collider (LHC), which will be discussed in the next section.

2.2 Heavy-ion collisions

2.2.1 Evolution of heavy-ion collisions

Deconfined QCD matter is predicted to be produced in heavy-ion collisions. Over the
last three decades, a widely accepted framework for describing these collisions has devel-
oped [12]. This framework is illustrated in figure 2.5. Prior to the collision, the two nuclei
are Lorentz contracted, resembling two pancake-like objects. These objects, character-
ized by the nuclei’s wave functions, collide, initiating numerous QCD processes involving
varying momentum transfers. Large momentum transfer QCD processes occur at the on-
set, succeeded by processes with lower momentum transfers. These interactions generate
a multitude of partons, which deposit substantial energy and entropy within the small
overlapping region of the nuclei. Initially, the system is not in equilibrium. The partons
continue to interact, undergoing further processes with even smaller momentum transfers,
resulting in softer partons. This thermalization process culminates in the formation of an
equilibrated state known as the strongly interacting quark-gluon plasma.

The interactions among partons lead to the expansion and subsequent cooling of the
system. As the density and temperature of the matter decrease, hadrons begin to form.
The stop of changes in the matter’s chemical composition is known as chemical freeze-
out. During the chemical freeze-out, hadrons still interact with one another. However, as
the matter continues to expand, these interactions stop at a stage referred to as kinetic
freeze-out. Beyond this point, hadrons move freely without further interactions and are
eventually detected by detectors.

2.2.2 Diagnostic tools

Many diagnostic tools are developed to study the properties of the matter created in
heavy-ion collisions, providing information on the created matter at different stages of
the collisions. These signatures or observables include the strangeness enhancement [13],
the heavy flavor hadrons production, the jet quenching, and the anisotropic flow, etc.
Some of them will be discussed in the following sections.
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Figure 2.5: The evolution of heavy-ion collisions. Figure taken from
[10].

Strangeness enhancement

Strangeness enhancement is an important indicator of deconfined matter formation and is
regarded as one of the earliest proposed key signatures for the creation of the QGP [13–16].
When the temperature exceeds the mass of strange quarks, gluon fusion rapidly produces
strange quark pairs. During hadronization, the enhancement of strange quarks leads to
an enhanced production of strange hadrons. Figure 2.6 shows the hyperon-to-pion ratio in
comparison to proton-proton collisions as measured by the ALICE and STAR experiments
at the LHC and RHIC energy [17–24]. The particle Ξ (Ξ− = dss) consists of two strange
quarks, while the particle Ω (Ω− = sss) is a state with three strange quarks. The ratio of
hyperons to pions in Pb–Pb collisions is higher than that in pp collisions. Furthermore,
the difference in this ratio between Pb–Pb and pp collisions is much more pronounced for
the Ω/π ratio than for the Ξ/π ratio. The measurements are consistent with the concept
that strange quarks are produced abundantly in a medium whose temperature is higher
than the mass of the strange quark.

Jet quenching

In heavy-ion collisions, the initial hard scattering of partons produces high-transverse
momentum partons during the early stages of the collision. These highly energetic partons
then propagate through QCD matter that is both high in temperature and density. As
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Figure 2.6: Hyperon-to-pion ratios as a function of ⟨Npart⟩, for A–A
and pp collisions at LHC and RHIC energies. Figure taken from [21].



10 Chapter 2. Physics background

a result, the partons interact with the medium, leading to energy loss primarily through
radiative processes induced by the medium. This interaction modifies jet properties, such
as jet energy, compared to scenarios where the medium is absent, a phenomenon known
as jet quenching [25–28].

This modification could be quantified with many experimental techniques, including
inclusive jet suppression, inter-jet correlations, and intra-jet distributions [29]. The in-
clusive jet suppression is quantified by the nuclear modification factor, denoted as RAA.
The RAA is defined as

RAA =
NAA

NMB⟨TAA⟩σpp
, (2.7)

where NAA is the yield in the heavy-ion collisions, the NMB is the corresponding number
of minimum bias events, ⟨TAA⟩ is the average nuclear overlap function, and σpp is the
cross-section of the production in the proton-proton collisions.

Figure 2.7 shows a measurement of the RAA conducted by the ALICE experiment at
0-10% centrality. The RAA is less than unity over a large range of kintematic region. The
measurements support the idea that the jet loses energy as it travels through the hot,
dense medium.

Heavy quarkonium suppression

The heavy quarkonium (such as the J/ψ and the Υ) are the bound states of the heavy
quarks and anti-quarks. In the deconfined matter, due to the screening of the color charges
of the heavy quarks and anti-quarks, the yield of the heavy quarkonium is suppressed
compared to the superposition of the nucleon-nucleon collisions [31]. The dominant cause
of the suppression can be viewed as dissociating the heavy quarkonium in the deconfined
matter through interaction with the surrounding partons. The suppression of the heavy
quarkonium is observed in many experiments. Figure 2.8 shows the nuclear modification
factor of the J/ψ, measured by the ALICE experiment [32].

A deviation of RAA from unity suggests that the system cannot be adequately de-
scribed by a mere superposition of nucleon-nucleon collisions, suggesting the suppression
of J/ψ production in Pb–Pb collisions. At LHC energies, the J/ψ production arises from
a variety of mechanisms. In addition to the dissociation of J/ψ, the recombination of cc̄
pairs [33], as well as the cold nuclear matter effects [34], can also play a significant role.

Anistropic flow

In heavy-ion collisions, the initial geometric asymmetry is transformed through interac-
tions within the collectively expanding quark-gluon plasma into an anisotropic distribu-
tion of the final-state particles. This process effectively translates the spatial anisotropy
of the early stages into observable momentum anisotropies among the emitted particles.
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Figure 2.7: The nuclear modification factor of the jets, measured by
the ALICE experiment. Figure taken from [30].

Figure 2.8: The nuclear modification factor of the J/ψ, measured by
the ALICE experiment. Figure taken from [32]
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Anisotropic flow [35, 36], quantifies the azimuthal anisotropy in the distribution of final-
state particles. This distribution can be expressed as a Fourier series:

f(φ) =
1

2π

[
1 + 2

∞∑
n=1

vn cos[n(φ−Ψn)]

]
, (2.8)

where vn represents the nth-order flow coefficient, and Ψn is the nth-order symmetry
plane angle.

Figure 2.9 presents the measurements of the anisotropic flow coefficients v2, v3, and v4
in Pb–Pb collisions taken by the ALICE experiment. The data shows an initial increase
followed by a decrease in v2 as centrality increases. Remarkably, this fluid has the lowest
shear viscosity of any known substance, classifying it as a perfect liquid [37]. The shear
viscosity is close to the lower bound of h̄/4πkB predicted by the AdS/CFT [38].

Figure 2.9: Anstropic flow coefficients v2, v3 and v4 measured by
ALICE collaboration in Pb–Pb collisions. Figure taken from [39].

The collectivity could also be characterized by the dihadron correlation [40, 41]. The
correlation is proportional to the number of particle pairs within the kinematic region
defined by (∆η(= η1 − η2), ∆φ(= φ1 − φ2)). Here φ1, η1 and φ2, η2 represent the
azimuthal angle and pseudorapidity of the two particles, respectively. Due to global
collectivity, particles have a preferred direction of emission. Consequently, there is a
higher likelihood that two particles will be emitted at closely aligned angles, resulting
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in a ridge at ∆φ ∼ 0, regardless of their separation in ∆η, as shown in the figure 2.10.
Moreover, the peak observed at ∆η ∼ 0,∆φ ∼ 0 is predominantly due to correlations
between particles within the same jet.

Figure 2.10: Dihadron correlation in Pb–Pb measured by the ALICE
experiment. Figure taken from [41]

2.2.3 Theoretical tools

A variety of theoretical tools have been developed to simulate the processes involved in
heavy-ion collisions, many of which will be discussed in this section. Lattice QCD [42–44]
is a theory that describes the statistical properties of QCD matter, whereas other models
are utilized to simulate the dynamic processes of the collision.

The state prior to the collisions is modeled using either the nucleon degree of free-
dom or the gluon degree of freedom. This is done through approaches like the Glauber
model [45], the Kharzeev-Levin-Nardi (KLN) model [46–48], or the IP-Glasma model [49,
50]. In the early stages of the collision, hard parton scatterings are described using pertur-
bative QCD [9]. However, perturbative QCD becomes inadequate for partons with low
transverse momentum. The description of these low-momentum partons requires phe-
nomenological models, such as the Lund string model. PYTHIA 8 [51, 52] is often used
as a practical implementation of the Lund string model. Following the initial production
of partons, they undergo rescattering. This leads to the thermalization of the system,
which can be modeled using kinetic transport theories, such as the relativistic Boltzmann
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equation [53, 54]. Once thermal equilibrium is achieved, hydrodynamics offers a macro-
scopic description of the system’s evolution. On the other hand, the transport model,
which is a microscopic approach, describes the evolution of the partonic system through
the interaction of quasi-particles. In the final state, hadronic interactions are typically
simulated using models such as UrQMD [55] and ART (A Relativistic Transport) [56]
models.

Lattice QCD

Lattice QCD is a non-perturbative approach for solving QCD equations. It discretizes
quark and gluon fields on a space-time lattice, allowing for the calculation of the thermo-
dynamic properties of quark-gluon plasma.

Lattice QCD computations indicate that the transition from quark-gluon plasma to
hadronic matter is a crossover at zero baryon chemical potential, meaning there is no
distinct phase change. Instead, deconfined and confined phases can coexist. Further-
more, it has been demonstrated that at LHC energies, the energy density of the quark-
gluon plasma does not reach the ideal gas limit. The partons within the plasma inter-
act strongly, leading to the designation of this state as strongly interacting quark-gluon
plasma (sQGP) [57].

Initial stage models

Various models have been developed to characterize the initial stage of heavy-ion colli-
sions. The Glauber model [45], which is straightforward and widely used, describes the
nucleus-nucleus interactions in terms of fundamental nucleon-nucleon interactions. Typ-
ically, the nucleon density distribution within nuclei is represented by a Woods-Saxon
distribution, which accounts for the diffuse edge of the nucleus:

ρ(r) =
ρ0

1 + exp((r −R)/a)
, (2.9)

where R is the radius of the nucleus, a is the diffuseness parameter, and ρ0 is the central
density. In heavy-ion collisions, it is often assumed that each nucleon follows a straight-line
trajectory. Nuclear collisions can be viewed as a sequence of nucleon-nucleon collisions.
The event-by-event fluctuation of the nucleon within the nuclei is modeled through the
Monte-Carlo version of the models, called MC-Glauber.

The color glass condensate (CGC) [58] is a theoretical state of matter that emerges in
the high-energy limit of QCD. It forms part of the wave function of a hadron, which overall
is a color-neutral entity. The CGC concept posits that at high energies, the gluon den-
sity within a hadron becomes extremely high. In this dense environment, Bose-Einstein
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condensation happens, and the gluons cannot be considered as independent particles. In-
stead, their collective behavior is described by a classical field. The CGC is significant
for generating initial momentum anisotropy, crucial for understanding the early stages of
heavy-ion collisions. The CGC is implemented with the KLN model. Additionaly, the
Monte-Carlo version of the KLN model [46–48], the MC-KLN, considered the event-by-
event fluctuation. Both the nucleon position fluctuations and the color charge fluctuations
are considered in the IP-Glasma model, which is also based on the CGC framework. The
initial Glasma fields are generated by using both the impact parameter-dependent satu-
ration model (IP-Sat) [59] and the classical Yang-Mills theory [49, 50].

Relativistic hydrodynamics model chain

Relativistic hydrodynamics offers a macroscopic description of heavy-ion collisions grounded
in the conservation laws of energy and momentum. For hydrodynamics to be applicable,
the mean free path of the partons must be significantly smaller than the system’s size,
ensuring that interactions among partons are sufficiently frequent. Relativistic hydrody-
namics has become a standard tool for describing the dynamics of heavy-ion collisions.

The fundamental equation of relativistic hydrodynamics is expressed as:

∂µT
µν = 0,

∂µJ
µ = 0,

(2.10)

where Tµν represents the energy-momentum tensor and Jµ is the net baryon charge
current. The tensor Tµν is defined by:

Tµν = (ϵ+ p+Π)uµuν − (p+Π)gµν + πµν ,

with ϵ denoting the energy density, p the pressure, uµ the four-velocity of the fluid element,
and gµν the metric tensor. The viscous effects are implemented in the shear stress tensor
πµν and bulk pressure Π.

The initial condition and the equation of states are inputs of the relativistic hydro-
dynamic evolution. After the hydrodynamic evolution, particles are emitted from the
fluid. The Cooper-Frye formula [60] is employed to transition from the fluid to a par-
ticle description. A typical relativistic hydrodynamics model chain is the IP-Glasma +
MUSIC + UrQMD model [49, 50, 55]. As suggested by the name, the initial state of the
collision is described by the IP-Glasma, as described in the previous part. The MUSIC
model implements the relativistic viscous hydrodynamic simulation in 3+1 dimension.
The hadronic afterburn is simulated with the UrQMD, a microscopic transport model
describing the interaction between hadrons.



16 Chapter 2. Physics background

Few body interactions model chain

The evolution of the system in heavy-ion collisions can also be described by the transport
models. These transport models describe the evolution of the system at a microscopic
level, in contrast to hydrodynamics. They are also quasi-particle effective models in re-
lation to QCD. One well-known transport model chain is the AMPT (A Multi-Phase
Transport) model [61]. The AMPT model attempts to describe the entire process of
heavy-ion collisions. In the AMPT, the quasi-particles are the nearly massless quarks.
The initial state of the AMPT is determined by the HIJING model [62], which generates
the strings and minijets. Subsequently, the strings and minijets undergo fragmentation
into quark-antiquark pairs, a process referred to as the string melting mechanism. The
interactions among the partons are then described using the ZPC (Zhang’s Parton Cas-
cade) model [63]. Quarks that are close together within phase space are combined into
hadrons through the quark coalescence mechanism [64]. The interactions among the had-
rons are characterized by the ART model. Another well-known transport model chain
is the PACIAE [65]. Instead of using the HIJING initial condition as in AMPT, it uses
PYTHIA 6 [66] to generate the initial partons. After that, the system undergoes a parton
rescattering and hadronization. After that, a hadron rescattering happened.

2.3 Small collision systems

2.3.1 The surprise of the small collision systems

In the conventional understanding of heavy ion collisions, it was initially thought that
quark-gluon plasma cannot form in smaller collision systems such as pp or p–Pb collisions.
Nevertheless, in 2010, the CMS Collaboration presented measurements of dihadron colli-
sion [67], which suggested that a ridge structure is present in pp collisions, as illustrated
in figure 2.11.

The peak at (∆η ∼ 0,∆φ ∼ 0) primarily arises from particle pairs within the same jet,
while the ridge at ∆φ ∼ π is attributed to particles originating from back-to-back jets.
Most importantly, the ridge observed at ∆φ ∼ 0 with a large ∆η, as indicated by the red
arrow in the plot, is typically considered a feature of long-range collectivity, as discussed
in section 2.2.2. In Pb–Pb collisions, this long-range collectivity is usually interpreted
as as a result of the formation of QGP. However, in pp collisions, this discovery was
beyond the expectations of any existing theoretical model and is considered one of the
most unexpected findings at the LHC.
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Figure 2.11: Dihadron correlation from CMS collaboration in pp col-
lisions. Figure taken from [67].

2.3.2 Collectivity signatures

The signature is examined through subsequent analyses, a key one being the measurement
of dihadron correlations in p–Pb collisions, conducted by the ALICE, ATLAS, and CMS
collaborations [68–70]. Figure 2.12 displays the measurements in p–Pb collisions by the
CMS collaboration. A pronounced near-side long-range structure is distinctly visible
in the plot, confirming that global collectivity can also be observed in p–Pb collisions.
Similar to the case in pp collisions, this ridge structure could not be explained by any
intuitive model.

Flow observables are measured across both large (Pb–Pb, Xe–Xe) and small (p–Pb,
pp) systems at the LHC by the ALICE, ATLAS, and CMS collaborations. Similarly, at
RHIC, measurements are taken in large systems (Au–Au) and smaller collision systems
(p–Au, d–Au, 3He–Au) by the PHENIX and STAR experiments, as detailed in table 2.1.
These flow observables offer insights into various aspects of the collision systems, including
the initial stages, transport properties, and event-by-event characteristics, among others.
The definitions and physical interpretations of these flow observables can be found in the
references listed in the table 2.1.

Among the various analyses, the measurement of v2 and v3 by the PHENIX collab-
oration in p–Au, d–Au, and 3He–Au collisions [74] stands out as particularly significant.
The left plot in figure 2.13 presents the average system eccentricities as predicted by the
MC-Glauber model. These eccentricities are determined by the projectile geometry at
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Figure 2.12: Dihadron correlation from CMS collaboration in p–Pb
collisions at high multiplicity. Figure taken from [69].

Table 2.1: Collectivity observables are measured in both large and
small collision systems. In this context, "A" denotes a heavy ion, which

can be lead (Pb), xenon (Xe), or gold (Au).

Observable A–A p–A(d–A,3He–A) pp (high multiplicity)
Dihadron correlation [41, 71] [68–70] [67, 68]

Anisotropic flow coefficients [39, 72] [72–75] [72, 76]
Identified particle flow [77] [78, 79] [80]

Multi-particle cumulants [72, 81, 82] [72, 82–86] [72, 83, 84]
Decorrelation [87–92] [87, 88] [92]
Nonlinear flow [93–95]
vn-pT correlation [96, 97] [96] [98]

Flow magnitude correlation [99–101] [99, 100]
Flow magnitude fluctuation [102]

Event-plane correlation
Event-by-Event vn [103, 104]

High-pT flow [105, 106] [107, 108] [109, 110]
Charm flow [111–114] [115, 116] [115, 117]
Bottom flow [111, 118] [119] [117]
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Figure 2.13: Left: ϵ2 and ϵ3 in p–Au, d–Au and 3He–Au collisions,
calculated with MC-Glauber model. Right: Measurement v2 and v3
conducted by the PHENIX collaboration in p–Au, d–Au and 3He–Au

collisions. Figures taken from [74].

the subnucleon level and are defined by the equation:

ϵn =

√
⟨rn cos(nφ)⟩2 + ⟨rn sin(nφ)⟩2

⟨rn⟩
, (2.11)

where the model predicts a order of εp–Au
2 < εd–Au

2 ≈ ε
3He–Au
2 and εp–Au

3 ≈ εd–Au
3 <

ε
3He–Au
3 . In heavy-ion collisions, the final state momentum anisotropy vn is considered

to be proportional to the initial spatial eccentricities. Additionally, the measurements,
as in the right plot of figure 2.13, show an ordering of vp–Au

2 < vd–Au
2 ≈ v

3He–Au
2 and

vp–Au
3 ≈ vd–Au

3 < v
3He–Au
3 . It suggests that in p–Au, d–Au and 3He–Au collisions, the

final stage vn values originate from a response to the initial geometry, highlighting the
importance of subnucleon geometry in small systems.

Another intriguing measurements among the observables is the flow of identified had-
rons, as investigated by the ALICE collaboration. In heavy-ion collisions, the interplay
between radial and anisotropic flows induces a mass ordering effect in the flow patterns of
identified particles within the low pT region. Conversely, in the intermediate pT region,
the effects of baryon-meson grouping are evident and align with predictions from the
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ALI-PREL-503282

Figure 2.14: Identified particle flow in small collision systems. Figure
taken from [120].

quark coalescence model. The flow of identified particles such as π, K, p, and Λ is mea-
sured in p–Pb collisions. These measurements use ultra-long-range azimuthal correlations
and apply the template fit method to effectively minimize the contaminations of short-
range few-particle correlations. The measurements confirm mass ordering at low-pT and
baryon-meson grouping at intermediate pT in p–Pb collisions, as illustrated in figure 2.14.
These findings support the presence of partonic collectivity in p–Pb collisions.

Furthermore, measurements have been conducted at even lower multiplicities in ultra-
peripheral (UPC) [121, 122] electron-proton (ep) [123, 124], and electron-positron (ee) [125]
collisions. Searches for near-side ridge yield in ee and ep collisions have been carried out
using archived samples from the LEP ALEPH experiment and measured at the Belle
experiment. No ridge structure was found in ep collisions. The measurements in ee col-
lisions, shown in figure 2.15, reveal no near-side, long-range structure in these systems.
However, when experiments are performed at high multiplicities, with Ntrk > 50, a sub-
tle near-side long-range structure becomes slightly visible, as shown in the left plot of
figure 2.16. The right plot of figure 2.16 illustrates the yield of associated tracks as a
function of the azimuthal angle difference. A peak around ∆φ < 1 is indicated, which
failed to be described by the calculation with PYTHIA 8. A ridge structure in ee collision,
if existing, indicates the collectivity may raise from the final state effects unrelated to the
initial state. However, due to statistical limitations, it remains inconclusive whether a
long-range structure truly exists.
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Figure 2.15: Dihadron correlation from ALEPH archived data in ee
collisions. Figure taken from [125].

Figure 2.16: Dihadron correlation from ALEPH archived data in high
multiplicity ee collisions. Figures taken from [125].
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2.3.3 Other experimental evidence

Strangeness

Beyond collective dynamics, additional diagnostic tools are employed in small collision
systems. The motivation for these studies is that if the collectivity observed in small
collision systems originate from a fundamentally similar underlying mechanism as in the
large collision systems, one would naturally expect to see some other QGP signatures, to
some extent, in small collision systems as well. Strangeness enhancement, for instance, is
also observed in small collision systems [126]. Figure 2.17 illustrates the ratio of strange
hadrons to pions in pp, p–Pb, and Pb–Pb collisions as a function of multiplicity. In
smaller systems like pp and p–Pb collisions, strangeness enhancement manifests as an
increasing ratio of strange hadron production to pion yields with increasing charged par-
ticle multiplicity. Strange hadrons are more enhanced in events with high multiplicity.
There appears to be a smooth transition from pp to p–Pb to Pb–Pb collisions. The trend
is especially pronounced in multi-strange particles, suggesting that the enhancement is
proportional to the strangeness content of the particles. Considering the presence of a
hot, dense medium in small collision systems, events with higher multiplicity are expected
to produce a larger number of strange quarks through gluon fusion, resulting in the ob-
served multiplicity dependent yield ratio. The trend cannot be reproduced by the original
PYTHIA 8 used in [126], as it does not show any dependence on centrality. However, by
introducting the rope hadronization, PYTHIA 8 can effectively reproduce the trend [127].

Heavy flavour and jets

The measurement of heavy quarkonia in heavy-ion collisions probes the effects from a de-
confined quark-gluon plasma, where mechanisms such as dissociation and recombination
play significant roles. The yield ratio of bottomonium states Υ(2S) to Υ(1S) is partic-
ularly interesting to investigate because Υ(2S) is a excited state, and the two b quarks
within Υ(2S) are less tightly bound compared to the ground state Υ(1S).

The CMS collaboration has measured the Υ(2S) to Υ(1S) yield ratio across pp, p–Pb,
and Pb–Pb collisions [128]. As the charged tracks multiplicity increases, the Υ(2S) to
Υ(1S) yield ratio is suppressed. The suppression observed in Pb–Pb collisions is primarily
attributed to the dissociation through color screening, due to the presence of QGP [129].
Although the data is limited to certain multiplicity regions, the suppression exhibits a
relatively smooth transition from pp to p–Pb to Pb–Pb collisions. These measurements
suggest that medium effects on the Υ states become significant in pp and p–Pb collisions
as the multiplicity increases, indicating the existence of the QGP droplet in small collision
systems.



2.3. Small collision systems 23

Figure 2.17: Yield ratios to pions as a function of ⟨dNch/dη⟩ measured
in |y| < 0.5 in pp, p–Pb and Pb–Pb collisions. Figure taken from [126].
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Figure 2.18: Single cross section ratios Υ(2S)/Υ(1S) for |yCM| < 1.93
versus charged-particle multiplicity measured in |η| < 2.4, for pp, p–Pb

and Pb–Pb collisions. Figure taken from [128].

Another typical signature that usually indicates the presence of a hot, dense medium is
jet quenching, as discussed in section 2.2.2, which has also been explored in small collision
systems. However, unlike collective phenomena or strangeness enhancement, which show
similarities in both large and small collision systems, jet quenching has not been observed
in smaller systems [130–135]. One explanation for this is that the system is not sizeable
enough to produce the energy loss required to cause jet quenching.

2.3.4 Theoretical overview

The emergence of long-range correlations and numerous indicators of medium effects in
small collision systems raise important questions about the underlying mechanisms. It
remains a subject of debate whether the observed collectivity in small systems arises from
the same processes as in heavy-ion collisions. Since the observation of collective phenom-
ena in small collision systems, considerable theoretical work has been undertaken. These
models account for both initial and final state interactions. Initially, the profile of gluon
hot spots within a proton is thought to generate the initial geometric eccentricity [49,
136]. Collectivity may also receive contributions from the color glass condensate, which
introduces initial momentum anisotropy [49, 136]. The Lund string model suggests that
collectivity can emerge from geometry by overlaping string. In the final stage, hydrody-
namic models have proven highly successful in explaining many observables [50, 137, 138].
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Simultaneously, transport models qualitatively agree with the data though there are some
quantitative discrepancies compared to the experimental measurements [139]. However
it is premature to conclude that it is unsuitable for modeling the collective behavior. In
addition, collectivity can additionally manifest through hadronic rescattering in the final
state [140]. Distinguishing the contributions from these various physical mechanisms is
crucial for a comprehensive understanding of the dynamics at each stage of the collision.

2.3.5 Multi-observable analysis

As discussed in section 2.3.1, section 2.3.2 and section 2.3.3, the collective effects, which
often referred to as QGP-like effects have been widely observed. Meanwhile, as discussed
in section 2.3.4, various models are attempting to accurately describe the measurements.
However, it has been discovered that the collective phenomena in small collision systems
are complex, being influenced by factors such as initial stage effects, final stage effects, and
short-range correlations. Attempting to attribute the collective phenomena to a single
mechanism is an oversimplification and is not accurate.

Therefore, it is essential to examine the phenomena through a variety of observables.
Although most observables cannot isolate a single physical mechanism, each one provides
insight into different aspects of the phenomena, offering different sensitivity to the initial
stages, system evolution, and hard scatterings. The flow coefficients vn, cumulants cn,
symmetric cumulants SC(3, 2), SC(4, 2), nonlinear flow observables ρ4,22, χ4,22, ρ4,22 and
flow-mean transverse momentum correlations will be examined in the following sections,
offering insights into the construction of models that describe the phenomena from the
interplay from various physical aspects.
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3 Anisotropic flow observables
3.1 Final state particle azimuthal distribution

Anisotropic flow [35, 36] was shortly introduced in section 2.2.2. The extended description
is presented in this chapter. The azimuthal distribution of final particles in the transverse
plane can be characterized using a Fourier series as equation 3.1:

f(φ) =
1

2π

[
1 + 2

∞∑
n=1

vn cos[n(φ−Ψn)]

]
.

The distribution can also be written in a more compact form as:

f(φ) =
1

2π

+∞∑
n=−∞

−→
Vn e

−inφ, (3.1)

where
−→
Vn is the nth order flow-vector, defined as

−→
Vn = vn e

inΨn . Its magnitude is vn and
its orientation is Ψn.

At mid-central heavy-ion collisions, due to the almond-like shape of the overlap region,
with the hydrodynamic evolution from the initial stage to the final stage, the azimuthal
distribution of the final particles exhibits anisotropy in the transverse plane, leading to a
non-zero v2. The nonvanishing higher-order flow harmonics coefficient v3 arises from the
initial fluctuations in geometry. Due to the quantum fluctuations in the initial state and
transport development in the later stage, the symmetry plane Ψn and the flow coefficient
vn also fluctuate event-by-event [141]. The measurement of the flow harmonics coefficients
and their fluctuations provide a powerful tool to study the initial geometry of the system
and to constrain the viscosity to entropy density ratio of the QGP medium [142].

3.2 Multi-particle cumulants and flow coefficients

Precisely determining the symmetric plane is very challenging in experiments, if not
impossible. The flow coefficient vn can be obtained using the multi-particle cumulants
technique, without knowing the symmetry planes [143, 144].

The two-particle flow harmonics coefficient vn is defined as:

vn{2} ≡
√
cn{2}, (3.2)
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where the two-particle cumulants cn{2} is a characteristic of the event-by-event distribu-
tion of vn, defined as:

cn{2} ≡ ⟨v22⟩. (3.3)

The higher order multi-particle cumulants cn{4} and cn{6} are also the characteristics
of the event-by-event distribution of vn, defined as:

cn{4} ≡ ⟨v4n⟩ − 2⟨v2n⟩2,

cn{6} ≡ ⟨v6n⟩ − 9⟨v4n⟩⟨v2n⟩+ 12⟨v2n⟩3. (3.4)

The corresponding multi-particle flow harmonics coefficients vn{4}, vn{6} can be de-
fined as:

vn{4} ≡ 4
√
−cn{4},

vn{6} ≡ 6

√
1

4
cn{6}. (3.5)

If the fluctuations of vn are negligible and the non-flow correlations are absent, the
different order multi-particle flow harmonics vn are expected to be equal to each other:

vn{2} = vn{4} = vn{6} = vn. (3.6)

If the distribution of vn is Bessel-Gaussian, the mean and the standard deviation of vn
distributions can be approximated by the multi-particle flow harmonics vn{m} [141]:

vn{2}2 ≈ v̄2n + σ2
vn ,

vn{4}2 ≈ v̄2n − σ2
vn . (3.7)

The following relation is approximately satisfied:

vn{4} ≈ vn{6}. (3.8)

Another significant advantage of using higher-order multi-particle flow harmonics co-
efficients is that they are less sensitive to few particle correlations, compared with the
flow harmonics coefficients measured with two-particle cumulants.
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3.3 Symmetric cumulants

The symmetric cumulants SC(m,n) [145], characterizing the correlations between v2m and
v2n, is defined as:

SC(m,n) = ⟨v2mv2n⟩ − ⟨v2m⟩⟨v2n⟩ (3.9)

At mid-centrality heavy-ion collisions, where there is an almond-like shape of the overlap
region, different even orders of flow harmonics (v2n) are all expected to have a contribution
from the initial geometry ellipticity ε2. A positive correlation between v22 and v22m is
expected. The flow harmonic v3 is proportional to the initial triangularity ε3, which
is driven by the fluctuations in the initial state. The correlation between v22 and v23 is
expected to originate from the correlation between ε2 and ε3. Simulation shows that
the ε2 and ε3 are anti-correlated, and thus the SC(3, 2) is negative. It has been found
that SC(m,n) exhibits a unique sensitivity to the initial conditions of the heavy-ion
collisions [146]. It provides independent information on the properties of the QGP with
respect to the information provided by the multi-particle cumulants.

The symmetric cumulants SC(m,n) can be normalized by the corresponding multi-
particle flow harmonics vm{2} and vn{2}, which is defined as:

NSC(m,n) ≡ SC(m,n)

⟨v2m⟩⟨v2n⟩

=
⟨v2mv2n⟩ − ⟨v2m⟩⟨v2n⟩

⟨v2m⟩⟨v2n⟩

(3.10)

The normalization cancels the hydrodynamic response of the flow harmonics to the ini-
tial geometry fluctuations and makes the observable more sensitive to the initial condi-
tions. The symmetric cumulants are also insensitive to few-particle correlations, which
are strongly suppressed in four-particle cumulants [146].

3.4 Nonlinear flow mode

The low harmonics flow coefficients v2 and v3 are dominated by the linear response to the
initial geometric eccentricities, i.e. v2 ∝ ε2 and v3 ∝ ε3. However, the higher harmonics
flow v4 is not only determined by the linear response to the initial geometry, but also the
nonlinear response to the initial geometry, i.e.

V4 = V L
4 + V NL

4 = V L
4 + χ4,22(V2)

2, (3.11)

where V L
4 and V NL

4 are the linear and nonlinear response to the initial geometry, respec-
tively.
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If the nonlinear flow vector is independent of the linear flow vector, i.e. V L
4 and V NL

4

are orthogonal to each other, which has been confirmed by [94], the magnitude of the
nonlinear part of V4 could be measured with respect to the symmetry plane Ψ2:

vNL
4 = v4,22 = v4{Ψ2}. (3.12)

The v4{Ψ2} is defined as:

v4{Ψ2} =
ℜ⟨V ∗4 V 2

2 ⟩√
⟨V 2∗

2 V 2
2 ⟩

=
v4v

2
2 cos(4Ψ4 − 4Ψ2)√

⟨v42⟩
∼ ⟨v4 cos(4Ψ4 − 4Ψ2)⟩. (3.13)

The nonlinear coefficient χ4,22 could be obtained with

χ4,22 =
v4,22√
⟨v42⟩

. (3.14)

The nonlinear flow harmonic v4,22, combined with the measurement of low order flow
harmonics v2, reduces the dependence on the initial conditions and provides a direct
measurement of the development of the anistropic flow from the initial geometry. The
nonlinear contribution of V4 can is also related to the positive sign of symmetric cumulants
SC(4, 2) [147]. The nonlinear response coefficient is mostly determined at freeze-out [94],
providing an unique opportunity to study this stage of the heavy-ion collisions. Another
observable, ρ4,22, defined as

ρ4,22 =
v4,22
v4{2}

∼ ⟨cos(4Ψ4 − 4Ψ2)⟩, (3.15)

charactering the correlation between different order flow symmetry planes.

3.5 v2n − [pT] correlation

The correlation between the average transverse momentum pT and elliptic flow coefficient
v22 [148], is given by:

ρ(v22 , [pT]) =
cov(v22 , [pT])√

var(v22)
√

var([pT])
. (3.16)

The square bracket in [pT] denotes the average transverse momentum of charged parti-
cles in a given event. The v22 is calculated using the 2-particle cumulant method. The
cov(v22 , [pT]) is the covariance between v22 and [pT], which is defined as:

cov(v22 , [pT]) = ⟨v22δpT⟩, (3.17)
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where δpT = [pT] − ⟨[pT]⟩. The var(v22) and var([pT]) are the variance of v22 and [pT],
which are defined as:

var(v22) = ⟨v42⟩ − ⟨v22⟩2, (3.18)

var([pT]) = ⟨δp2T⟩. (3.19)

Figure 3.1: Sketch of how geometry affects the correlation between
v2 and [pT] in the case of a few participating nucleons. Figure taken

from [149].

In heavy-ion collisions, the [pT] fluctuation is caused by the size fluctuation of the
created fireball. The v22 is determined by the initial geometry eccentricity ε22. The mea-
surement of ρ(v22 , [pT]) in heavy-ion collisions is a probe of the initial state fluctuations,
characterized by the correlation between the initial geometry eccentricity ε22 and the size
of the created fireball.

The geometric model depicted in figure 3.1 provides a straightforward visualization of
the correlation in the case of few participating nucleons. When nucleons are compressed
together, the resulting fireball is more compact. This compression correlates with an
increase in the average transverse momentum. Consequently, the smaller size of the
fireball leads to a reduction in v22 . Therefore, in such a case, the ρ(v22 , [pT]) is expected to
be negative.
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4 Experimental setup
4.1 The Large Hadron Collider

The experimental analysis conducted in this thesis uses the data collected at the Large
Hadron Collider (LHC) [150]. The LHC is the largest particle accelerator and it can
accelerate particles to the highest energy in the whole world [150]. It is a circular accel-
erator with a circumference of 27 km. The LHC is the last in a series of accelerators in
the CERN complex, which accelerate the particles to the desired energy, shown in figure
4.1. The LHC can accerate either protons or ions. For protons, the linear accelerator

Figure 4.1: A schematic view of the LHC complex. Figure taken
from [150].

Linac 2 first accelerates the beam to the energy of 50 MeV. Then, the beam accelerates
to the energy of 1.4 GeV in the Booster. After that, the beam is injected into the Proton
Synchrotron (PS), where the beam is accelerated to the energy of 25 GeV. The beam
is then injected into the Super Proton Synchrotron (SPS), where the energy is raised to
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450 GeV. Finally, the beam is injected into the LHC, accelerating to the desired energy.
The LHC ring consists of two beam pipes in which the two beams circulate in opposite
directions. The particles circulating in the LHC are grouped into bunches, with a bunch
spacing of 25 ns for proton beams. Each proton bunch contains about 1011 protons, while
each of the lead bunch contains about 7× 107 lead ions.

The LHC started its operation in 2008. The first run of the LHC was from 2010 to
2013 (Run 1), and its second run (Run 2) was from 2015 to 2018. The third run (Run 3)
started in 2022. The data used in this thesis is collected in the Run 2 period. At Run
2, the LHC is operated at a center of mass energy of 13 TeV for proton-proton collisions.
At Run 2 period, the proton-lead collisions and lead-lead collisions are also conducted at
the LHC.

One of the primary goal of the LHC is to search for the Higgs boson. Two general-
purpose detectors, A Toroidal LHC ApparatuS (ATLAS) and Compact Muon Solenoid
(CMS), are designed to search for the Higgs boson, which was discovered in 2012 by the
two experiments. Many other physics topics are also studied at the LHC, such as the
measurements of the standard model parameters, searching for dark matter, study of
beyond the Standard Model physics, flavor physics and also the study of the quark-gluon
plasma. To study fruitful physics topics besides the general-purpose detectors ATLAS
and CMS, the Large Hadron Collider beauty (LHCb) experiment is designed for the study
of flavor physics, and the A Large Ion Collider Experiment (ALICE) is designed to study
the quark-gluon plasma.

4.2 ALICE detector

A Large Ion Collider Experiment (ALICE) is one of the large experiments at the LHC [151].
The ALICE detector is designed to study the quark-gluon plasma (QGP) created in heavy
ion collisions. It is also the only detector at the LHC optimized for studying heavy ion
collisions. Figure 4.2 shows the schematic view of the ALICE detector. The ALICE de-
tector has two main parts: the central barrel and the muon spectrometer. The coverage
of the central barrel is full azimuthal and |η| < 0.9. It is enclosed by a large solenoid
magnet with a magnetic field of 0.5 T. The subdetectors of the central barrel include
the Inner Tracking System (ITS) [152], the Time Projection Chamber (TPC) [153], the
Time of Flight (TOF) detector [154], the Transition Radiation Detector (TRD) [155], the
High Momentum Particle Identification Detector (HMPID) [156], the Photon Spectrome-
ter (PHOS) [157], the Electromagnetic Calorimeter (EMCal) [158], the Di-jet Calorimeter
(DCal) [159], the V0 detector [160], the T0 detector [161] and the Zero Degree Calorimeter
(ZDC) [162]. Some of them will be introduced in the following sections.
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Figure 4.2: A schematic view of the ALICE detector during the LHC
Run 2 period. Figure taken from [10].
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The ALICE coordinate system is defined with the origin at the geometrical center of
the ALICE detector [151].

The z-axis is oriented along the beam direction, pointing from the muon spectrometer
to the central barrel. This means that the muon spectrometer is positioned at the negative
end of z-axis. The x-axis is pointing toward the LHC ring’s center. Meanwhile, the y-axis
is pointing upwards.

4.2.1 Inner Tracking System

The Inner Tracking System (ITS) [152] is the innermost subdetector of the ALICE detec-
tor, designed to measure the vertex position of charged particles with high precision. It
consists of six cylindrical layers of silicon detectors, divided into three different technolo-
gies. In the inner most layers, there are two layers of Silicon Pixel Detector (SPD). The
middle layers are two layers of Silicon Drift Detector (SDD), and the outer layers are two
layers of Silicon Strip Detector (SSD).

Figure 4.3: A schematic view of the ALICE inner tracking system.
Figure taken from [163].

The SPD is located at the innermost layers of the ITS, with a radius of 3.9 cm and
7.6 cm. The spatial resolution of the SPD is about 12 µm in the transverse plane and
100 µm along the beam direction. The SDD is located at the middle layers of the ITS,
with a radius of 15 cm and 23.9 cm. The outermost layers of the ITS are the SSD, with
a radius of 38 cm and 43 cm. The spatial resolution of the SSD is about 20 µm in the
transverse plane and 820 µm along the beam direction. With the hits from the SSD, the
tracks reconstructed by the ITS can match those reconstructed by the TPC. The readout
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of the SDD and SSD layers are analog, providing information on the energy loss of the
charged particles. The particle identification can be performed by measuring dE/dx. The
precise measurement of the vertex position and the particle trajectory enables the precise
measurement of the distance of the closest approach (DCA) of the particle to the primary
vertex. The DCA is used to identify the particles that are produced in the primary vertex.

4.2.2 Time Projection Chamber

The ALICE experiment uses the Time Projection Chamber (TPC) [153] as the main
tracker. The TPC is a large cylindrical gas-filled detector with an inner and outer radius
of 85 cm and 250 cm. The length of the TPC is 500 cm. A schematic view of the
TPC is shown in Figure 4.4. The TPC is filled with a mixture of Ne-CO2-N2(90-10-5)

Figure 4.4: A schematic view of the ALICE Time Projection Chamber.
Figure taken from [153].

gas. The sensitive volume of the TPC is immersed in a uniform electrostatic field of 400
V/cm, provided by the central electrode and the endplates. When a charged particle
passes through the TPC, it ionizes the gas inside the volume. The electrons drift towards
the endplates of the TPC under the influence of the electric field. The position of the
hit in the transverse plane is measured by the position of the signal on the pads at the
endplate. The r − ϕ resolution is about 1100 and 800 µm for the inner and outer radius
of the TPC. The longitudinal position of the hit is measured by the time of the electron
cloud arrival at the endplate. With the arrival time of the electrons and the drift velocity
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of the electrons in the gas mixture, the longitudinal position of the hit can be determined
with a resolution of 1100 to 1250 µm. With up to 159 space points for the reconstruction,
the TPC provides a precise measurement of the particle momentum. Benefiting from the
many layers, the TPC can measure the energy loss information of the charged particles
at each layer. A precise dE/dx measurement is obtained by combining the energy loss
information along the particle trajectory. The particle identification could be performed
according to the Bethe-Bloch curve, which differs for different particle masses.

4.2.3 Time of Flight

The Time of Flight (TOF) [154] detector, as its name indicates, is used to measure the
time of the particle’s arrival. The TOF detector is a large cylindrical detector with an
inner and outer radius of 370 cm and 399 cm. It consists of 18 sectors in the azimuthal
direction. Each sector consists of 5 modules in the z-direction. The 90 modules are
built with Multi-gap Resistive Plate Chambers (MRPCs). The MRPCs are very fast
detectors with the benefit of the high electrostatic field uniformly distributed in the gas
volume. At such a high electrostatic field, the ionization electrons generated by the
charged particles are immediately collected by the electrodes. The time resolution of the
TOF detector reaches 40 ps. The flying time of the particle is determined by the time
difference between the particle’s arrival at the TOF detector and the collision time, which
is determined by the T0 detector. Combined with the particle momentum measured by
the TPC, the particle velocity and the particle mass can be determined. The information
on the particle mass is used for particle identification.

4.2.4 T0 detector

The T0 detector [161] is a Cherenkov detector consisting of two arrays, T0A and T0C,
located at the opposite side of the interaction point. The two arrays are located as close as
possible to the beam pipe, covering the full azimuthal angle. When the charged particles
pass through the quartz radiator, the Cherenkov photons are emitted and detected by
the photomultiplier tubes (PMTs). The time resolution of the T0 detector is about 50 ps,
providing the precise collision time of the event.

4.2.5 V0 detector

The V0 detector [160] is a plastic scintillator detector. It consists of two arrays, V0A
and V0C, located at opposite sides of the interaction point. The V0A detector is located
at the forward rapidity region at z = 340 cm, covering the pseudorapidity region of
2.8 < η < 5.1. While the V0C detector is located at the backward rapidity region
(z = −90 cm,−3.7 < η < −1.7), close to the muon spectrometer. The scintillator
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molecules are excited by the charged particles passing through the scintillator, which
emits photons that are detected by the PMTs. The signal strength of the PMTs is
proportional to the number of charged particles passing through the scintillator. It is
used for the centrality determination. As a solid-state detector, the V0 detector has a
very good time resolution of 1 ns. If both V0A and V0C get a signal, and in coincidence
with the beam bunch crossing, the event is triggered as a minimum bias event. The
V0 detector is also used for the trigger of the high multiplicity events in pp collisions
benefiting from the property that the charged particle multiplicity is proportional to the
signal strength of the V0 detector.

4.3 Data collection

4.3.1 Trigger

Due to the high collision rate at the LHC, the ALICE detector can not read out all the
events. The number of events that can be read out is limited by the readout time and
the occupancy of the detectors.

The Central Trigger Processor (CTP) is the main part of the ALICE trigger sys-
tem [164], used to decide whether to accept or reject the event. The CTP receives the
signals from the subdetectors and makes the decision based on the trigger configuration.
If the event is accepted, the CTP sends the trigger signal to the subdetectors to read
out the data. There are three stages of trigger (L0, L1, and L2), with the increasing
complexity and the increasing latency. The L0 trigger makes the decision within the
time of 1.2 µs, while the L1 trigger provides a decision within the time of 6.5 µs. The
fast response requirement prevents the L0 and L1 triggers from using all the information
from the sub-detectors. After the preselection by the L0 and L1 trigger, the L2 trigger
makes the decision within the time of 88 µs. After the three stages of trigger based
on the information from the hardware, the High-Level Trigger (HLT) further selects the
events of interest. It is the software trigger system, using the information based on the
reconstructed data.

The so-called minimum bias trigger is defined to select the events with a coincidence
of the signals from the V0 detector. The high multiplicity trigger is defined to select the
events with an appropriate threshold of the signals from the V0 detector. For the LHC
Run 2 period, about 3×109 minimum bias Pb–Pb events and 7×109 minimum bias p–Pb
events were collected. For the pp collisions, about 2× 1010 high-multiplicity triggered pp
events were collected and 1× 1010 minimum bias pp events were collected.
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4.3.2 Reconstruction

The signal collected by the ALICE detector requires a series of reconstruction steps to be
converted into the physical quantities analyzed in the physics analysis. The raw output
signals from individual detectors are converted into digital signals. The digital signals
with adjacent spatial and temporal information are grouped into clusters. The centers of
the clusters are used to reconstruct the space points.

The space points are then classified into tracks with certain track-finding algorithms.
Before the track finding, an estimation of the primary vertex (PV) is performed with the
hits of SPD layers. Tracklets are constructed by combining the hits of the two layers
of the SPD. The primary vertex is then estimated by finding the crossing point of most
tracklets.

Figure 4.5: An illustration of the track reconstruction procedure. Fig-
ure taken from [165].

The track reconstruction procedure is illustrated in Figure 4.5. The track reconstruc-
tion algorithm starts from the outermost layer of the TPC, where the hit separation is
the largest. It first uses the two outermost hits from the TPC as the seed of the track,
constructing a track candidate. Then, the track candidate is propagated to the next layer
of the TPC, where the hits are searched for the track candidate. The track parameters,
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the necessary information for the track propagation, are determined by a track fitting
procedure with the Kalman filter [166]. The Kalman filter considers the energy loss, mul-
tiple scattering, and the bending of the particle trajectory in the magnetic field. With
the Kalman filter, the track parameters can be updated with the new space points in a
continuous way. The track-finding procedure described above is repeated, and stopped at
the innermost layer of the TPC. The track is then extrapolated to the ITS. The procedure
is repeated in the ITS until all the possible hits are included in the track.

A second pass of the track finding is performed reversely from the innermost layer of
the ITS in a similar procedure, ending at the TOF detector. In this procedure, the hits
from the TRD and TOF are also included in the track finding.

Finally, the tracking procedure is repeated from the last hit, i.e., the outer wall of
TOF towards the primary vertex. During the procedure, the track parameters are up-
dated using the Kalman filter, called the track re-fitting. The primary vertex is then
re-determined with the tracks reconstructed in the previous step.

The track reconstruction efficiency is about 90% for the tracks with pT > 0.2 GeV/c,
benefiting from the large number of space points provided by the TPC. The relative
momentum resolution could reach 1.5% when the track is reconstructed with the TPC
and ITS.
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5 Experimental analysis
This chapter presents the details of the experimental analysis. First, the dataset, along
with the criteria for event and track selection, will be introduced. The detailed method-
ology for calculating the observables will then be introduced. Lastly, the approaches used
to estimate statistical and systematic uncertainties will be described.

5.1 Dataset and selection

5.1.1 Dataset

The dataset used in this analysis was collected by ALICE during the LHC Run 2 peri-
ods. The data sample includes pp collisions at a center-of-mass energy of

√
s = 13 TeV

collected in 2016, 2017, and 2018. Additionally, p–Pb collision data at center-of-mass
energy per nucleon-nucleon pair √

sNN = 5.02 TeV was collected in 2016. The Pb–Pb
collision data at a center-of-mass energy per nucleon-nucleon pair √

sNN = 5.02 TeV was
collected in 2015 and 2018. The data sample encompasses nearly all of the LHC Run 2
data, enabling us to make the most precise measurements possible at ALICE.

5.1.2 Event selection

The data collected by the ALICE detector undergoes rigorous filtering and selection
processes to ensure that the sample used in the analysis is of high quality and contains the
most relevant physics information. This selection process includes both trigger selection
and offline selection of events. The minimal bias trigger (MB) is used in p–Pb and Pb–Pb
collisions. While in pp collisions, the High Multiplicity trigger (HM) is used, considering
the flow signal is very small in pp collisions. The MB trigger is obtained through a
coincidence of signals with the V0A and V0C in time. The amplitudes of the V0M are
a sum of V0A and V0C signals, which is proportional to charged track multiplicity. The
HM Trigger is designed to select events with a higher event activity among the all events.
The HM Trigger is triggerd when the V0M signal is four to five times the average value
observed in MB collisions, depending on the period of data collection. This effectively
select the top 0.1% of MB events that has the highest particle multiplicity as measured
by V0M.
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Figure 5.1: Distribution of Vz in 5.02 TeV Pb–Pb collisions after all
the event cuts.

The positions of primary vertices are determined using signals recorded by the SPD.
A vertex cut of −10 < Vz < 10 cm is implemented to reject events whose primary vertex
is displaced significantly from the center of the detector. The example of primary vertex
distribution in Pb–Pb collisions is plotted in figure 5.1.

5.1.3 Track selection

Selection criteria are applied to ensure the quality of the tracks. The default choice of
tracks used in this analysis is global tracks. The global tracks require hits from both the
Inner Tracking System (ITS) and the Time Projection Chamber (TPC), with a minimum
requirement of 70 TPC clusters out of a total of 159. The maximum chi-squared (χ2)
value per TPC cluster should not exceed 2.5. Additionally, there must be at least one
hit in the SPD detector, and the maximum χ2 value per ITS cluster should not be larger
than 3.6. A converged track fit is required during the final step of the track reconstruction
procedure.

A criteria on the distance of closest approach (DCA) to the primary vertex is applied to
reduce the tracks from secondary decays. The distance of the closest approach (DCA) in
the longitudinal direction (|DCAz|) must be less than 2 cm. Additionally, the pT distance
of closest approach in the transverse plane cuts are DCAxy < 7× (0.0026 + 0.005/p1.01T ).

The general track cuts applied were as follows: |η| < 0.8, 0.2 < pT < 3.0 GeV/c.
The condition |η| < 0.8 ensures that the tracks are contained within the TPC acceptance
coverage. The lower bound of the pT selection is limited by the ability of the detector to
confirm the curved tracks with a small radius could be reconstructed. The upper bound
of pT selection is to exclude particles from hard scattering, which is not the focus of
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Figure 5.2: Distribution of pseudorapidity (left) and transverse-
momentum (right) in 5.02 TeV Pb–Pb collisions, after all the event

and track cuts.

this analysis. An example of pseudorapidity and transverse momentum distributions in
Pb–Pb collisions are shown in figure 5.2.

5.2 Analysis procedure

Generally, the analysis procedure is structured as follows: events are first classified into
event classes through their multiplicity, which is measured by taking into account the
effects of the detector. The observables, to be described in the section 5.2.2, are mea-
sured for each event class. The flow observables are obtained in terms of multiple particle
correlations, which are described in this section. The correlations include azimuthal cor-
relations, transverse momentum correlations, and azimuthal-transverse momentum corre-
lations. Calculating the multiple particle correlation usually requires multiple track loops,
which are extremely CPU-heavy. The multiple azimuthal track loop is optimized to a sin-
gle loop with the Q-cumulants method [143, 144], which will be discussed in section 5.2.3.
In addition, the v22 − [pT] involving transverse momentum could not be simply expressed
with the Q-cumulants method. Therefore, the expression of v22 − [pT] correlation in terms
of track azimuthal angle and transverse momentum is specially discussed in section 5.2.4.

5.2.1 Event classification and multiplicity correction

The events are classified according to their charged tracks multiplicity in 0.2 < pT <

3 GeV/c and |η| < 0.8. In the experiment, one can only obtain the reconstructed number
of charged tracks, whereas the generated number of charged tracks could only be esti-
mated. The generated number of charged tracks is estimated with an efficiency correction,
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Figure 5.3: pT-dependent efficiency in p–Pb collisions, calculated from
DPMJET simulation. Efficiencies for pp and Pb–Pb collisions are ob-

tained in a similar manner but are not shown here.

calculated by
Ngen

ch =
∑
trk

1

eff(pT)
, (5.1)

where the efftrk(pT) is the pT dependent tracking efficiency for each track, with the
correction of feeddown. The efficiency is obtained from Monte Carlo simulation, defined
as

eff(pT) =
Nreco(pT)

Nsim(pT)
, (5.2)

where the Nreco and Nsim are the simulated and reconstructed number of tracks. In
pp collisions, the PYTHIA 8 [51] generator is used in generating the events for efficiency
estimation. While in p–Pb and Pb–Pb collisions, the DPMJET [167] and the HIJING [62]
are considered.

The non-uniform efficiency is calculated from the Monte Carlo as the ratio of pT distri-
bution obtained from MC-reconstructed to pT distribution from MC-truth data sample.
MC-truth data sample contains only primary generated particles with positive or neg-
ative charge with the same kinematic cuts as are used in the real data analysis. The
MC-reconstructed sample is obtained from the generated particles propagated through
the detector using GEANT 4 [168] and then reconstructed using the same reconstruction
procedure used in real data. An example of the efficiency plot is shown in figure 5.3.
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Figure 5.4: Demostration of two-particle correlation without subevent,
denoted as the standard method.

5.2.2 Formulation of observables

In this section, the details of measuring multi-particle azimuthal correlations, cumulants,
flow coefficients, symmetric cumulants, and nonlinear flow observables will be presented.
The explanation begins by expressing multi-particle azimuthal correlations through track
loops that apply various suppression methods, without taking into account detector ef-
fects. The correction to the observables will be subsequently discussed. Finally, how
the other observables are expressed with multi-particle azimuthal correlations will be
discussed.

Two-particle azimuthal angle correlation

The multi-particle azimuthal angle correlations are first formulated without accounting
for detector effects. The corrections for these effects in the multi-particle correlation
expression will be addressed subsequently. The two-particle azimuthal angle correlation
in an event is constructed as

⟨cos(n(φ1 − φ2))⟩ =
1

Ncomb

∑
i ̸=j

cos(n(φi − φj)), (5.3)

where φi and φj are the azimuthal angles of two particles. The left-hand side of the
equation is a shorted form of the right-hand side. The variables φ1 and φ2 correspond to
φi and φj , respectively, on the right-hand side of the equation 5.3. The variables i and
j iterate over all pairs of tracks. The Ncomb = Ntrk(Ntrk − 1) represents the number of
track combinations, where Ntrk is the total number of tracks.

The two particles are taken from the range of |η| < 0.8 of the detector, as illustrated
in figure 5.4. The approach of constructing the two-particle correlation using all track
combinations is referred to as the standard method. This is to distinguish it from the
subevent methods, which will be discussed subsequently.
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The event-averaged two-particle azimuthal angle correlation is constructed as

⟨⟨cos(n(φ1 − φ2))⟩⟩ =

evt∑
i

Wi⟨cos(n(φ1 − φ2))⟩i

evt∑
i

Wi

, (5.4)

where i iterate over all the events, ⟨cos(n(φ1 − φ2))⟩i is the two-particle azimuthal angle
correlation in one event defined in equation 5.3, and the Wi is the event weight, propor-
tional to Ncomb. The double angle bracket means the average of particle combinations
and the average of events.

To suppress the effects of short-range particle correlations, the |∆η| separation method,
which is also called the two-subevent method, is used. When constructing the two-particle
correlation, the particles are required to be chosen from specific η ranges, denoted as

⟨cos(n(φ1 − φ2))⟩|∆η|>a =
1

Ncomb

∑
i,j

cos(n(φi − φj)), (5.5)

where a is the size of |∆η| separation. The particle 1 is taken from the negative η region
of the detector, i.e., ηi < −a/2 and the particle 2 is taken from the positive η region of
the detector, i.e., ηj > a/2. Here the η1 and η2 are the pseudorapidity of particles 1 and
2, corresponding to the azimuthal angle φ1 and φ2, as illustrated in figure 5.5. The Ncomb

equal to N1N2 in this case, with N1 the number of particles with ηi < −a/2 and N2 the
number of particles with ηj > a/2.

The event average for the two-particle correlation with |∆η| separation takes the same
procedure as the event average for the two-particle correlation with the standard method.
Additionally, the event average procedure is the same and will not be repeated in the
later discussions for the other multiparticle azimuthal angle correlation methods.

The |∆η| separation method reduces the possibility that two particles originate from
short-range correlations, such as fragmentations of the same jet or resonance decays.
However, a notable limitation of this method is the significant reduction in statistics.

Additionally, two-particle correlations are used in constructing observables involving
multiparticle correlations, such as c2{4} and SC(m,n). The three-subevent method is
used in constructing such observables. In this case, as a two-particle correlation, only two
of the three subevents are used. Depending on the selected subevents among the three,
the configuration is noted as n1|n2|, n1||n2, or |n1|n2. For instance, as shown in figure 5.6
the two-particle correlation with n| − n| is constructed as

⟨cos(n(φ1 − φ2))⟩n|−n| =
1

Ncomb

∑
i,j

cos(n(φi − φj)), (5.6)
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Figure 5.5: Demostration of two-particle correlation with two
subevents.

Figure 5.6: Demostration of two-particle correlation with two
subevents, while the two subevents are selected to be the middle

(−0.4 < η < 0.4) and left side (−0.8 < η < −0.4) of the detector.
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Figure 5.7: Demostration of three-particle correlation without
subevent, denoted as the standard method.

where particle 1 is taken from the region of ηi < −0.4, and particle 2 is taken from the
region of −0.4 < ηj < 0.4, as illustrated in figure 5.5.

Three-particle azimuthal angle correlation

Similarly, the 3-particle azimuthal angle correlation is constructed as

⟨cos(n1φ1 + n2φ2 + n3φ3)⟩ =
1

Ncomb

∑
i ̸=j ̸=k

cos(n1φi + n2φj + n3φk), (5.7)

where φi, φj , and φk are the azimuthal angles of three particles. The three particles are
taken from the full range of |η| < 0.8 of the detector, as illustrated in figure 5.7. The
Ncomb is the number of combinations, defined as Ncomb = Ntrk(Ntrk − 1)(Ntrk − 2), with
Ntrk the number of tracks. The event-averaged three-particle azimuthal angle correlation
is denoted as ⟨⟨cos(n1φ1 + n2φ2 + n3φ3)⟩⟩.

The subevent method can also be applied. In this case, the particles can be divided
into two or three subevents. The pseudorapidity range defines the subevents. With two
subevents, the three-particle correlation is denoted as

⟨⟨cos(n1φ1 + n2φ2 + n3φ3)⟩⟩|∆η|>a. (5.8)

The formula will not be expanded, considering that the format of the equation is similar to
previous equations. Instead, what is important is to address that the |∆η| > a represents
that −0.8 < η1 < −a/2,−0.8 < η2 < −a/2 and a/2 < η3 < 0.8, where η1, η2 and η3 are
the pseudorapidity of particle 1, particle 2 and particle 3, corresponding to the azimuthal
angle φ1, φ2 and φ3, as illustrated in figure 5.8.

This analysis uses the three-subevent method in addition to the two-subevent method
when calculating the multi-particle correlation. With three subevents, the three-particle
correlation is noted as

⟨⟨cos(n1φ1 + n2φ2 + n3φ3)⟩⟩n1|n2|n3
, (5.9)
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Figure 5.8: Demostration of three-particle correlation with two
subevents.

Figure 5.9: Demostration of three-particle correlation with three
subevents.

where particles 1, 2 and 3 are taken from the left, middle, and right parts of the event.
The order of harmonic n corresponding to the φ could be different. That means, the
n1|n2|n3 and n2|n1|n3 (n1 ̸= n2) are actually different configurations, as illustrated in
figure 5.9.

Four-particle azimuthal angle correlation

The four-particle azimuthal angle correlation is noted as

⟨⟨cos(n1φ1 + n2φ2 + n3φ3 + n4φ4)⟩⟩ (5.10)

Without using the sub-event, four particles are taken from the whole η region, called the
standard method, as is illustrated in figure 5.10.

Figure 5.10: Demostration of four-particle correlation without
subevents, denoted as the standard method.
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Figure 5.11: Demostration of four-particle correlation with two
subevents.

Figure 5.12: Demostration of four-particle correlation with three
subevents.

The subevent method can also be applied. In this case, the particles can be divided
into two or three subevents. The four-particle correlation with two subevents is noted as

⟨⟨cos(n1φ1 + n2φ2 + n3φ3 + n4φ4)⟩⟩|∆η|>a (5.11)

Two particles are taken from the region of η < −a/2 and two others are taken from the
region of η > a/2. The method is illustrated as in figure 5.12.

The three subevent method is also used for four-particle correlations, as illustrated in
figure 5.11.

⟨⟨cos(n1φ1 + n2φ2 + n3φ3 + n4φ4)⟩⟩n1,n2|n3|n4
(5.12)

Here φ1,φ2,φ3, and φ4 are taken from different regions. There are a few choices; one
can choose two particles from the left region of the detector, the middle region of the
detector, or the right region. If the φ1 and φ2 is taken from the left region, φ3 from
middle and φ4 from right, the configuration is labeled as n1, n2|n3|n4. The other config-
urations are labeled as n3|n1, n2|n4 and n3|n4|n1, n2, which manifest how the correlation
is constructed through the notions themselves.

Non-uniform acceptance correction and efficiency correction

When accounting for detector inefficiency, the expression of multiple particle correlations
requires a correction. This includes corrections for non-uniform acceptance and efficiency.
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In some regions of φ, the number of tracks is less than the average due to the detector’s
inefficiency. This indicates that the particles are not uniformly distributed across φ when
averaged over all events. Even from an isotropic source, the detected particles will exhibit
a non-uniform distribution. Consequently, this introduces a bias in the measurement of
multiparticle correlations.

To eliminate this bias, the expression for multiparticle correlation is corrected using a
weight. For instance, the two-particle correlation formula (referenced as equation 5.3) is
expressed as follows:

⟨cos(n(φ1 − φ2))⟩ =
1

Ncomb

∑
i ̸=j

wiwj cos(n(φi − φj)), (5.13)

where wi and wj represent the effective number of particles corresponding to particles i
and j, respectively, and the Ncomb is modified from the Ntrk(Ntrk − 1) in equation 5.3
to the effective number of combinations Ncomb =

∑
i ̸=j wiwj . The application of weight

corrections to higher-order correlations is straightforward and will not be described here.
The procedure for obtaining the weights for non-uniform acceptance (NUA) utilizes

the following method: One has to first extract the φ distribution in a (Vz, η) bin, where the
Vz and η are vertex z position of the event and pseudorapidity of the track, respectively.
Then one calculate weights as wi = wA

i = Nmax/Ni, where Nmax represents the maximum
value within the φ distribution, and Ni denotes the value located in the ith bin of the φ
distribution. Then, after applying the weights, the final φ distribution will be constant
over the whole azimuth, as shown in figure 5.13.

The multi-particle correlation is dependent on the transverse momentum of the par-
ticles used in the formulation. As a result, the multiparticle correlation is also biased
by the non-uniform efficiency in transverse momentum. Consequently, it is necessary
to correct the measurements for inefficiencies originating from detector imperfections or
losses during reconstruction, the same as the correction for non-uniform acceptance. For
instance, the corrected two-particle correlation formula is represented as follows in equa-
tion 5.13, with wi = wE

i = 1/eff(pT). This efficiency is the same one as the one obtained
in section 5.2.1. By considering both efficiency and acceptance, the weight is determined
by wi = wA

i w
E
i .

Cumulants expressed as multi-particle correlation

The two-particle cumulants cn{2} with the standard method is calculated as

cn{2} = ⟨⟨cos(n(φ1 − φ2)⟩⟩. (5.14)
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Figure 5.13: φ distribution after and before the non-uniform accep-
tance (NUA) correction.

With the η separation method, the the two-particle cumulants cn{2, |∆η| > a} is

cn{2, |∆η| > a} = ⟨⟨cos(n(φ1 − φ2)⟩⟩|∆η|>a. (5.15)

The four-particle cumulant c2{4} is calculated as

c2{4} = ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩
− ⟨⟨cos(2φ1 − 2φ3)⟩⟩ ⟨⟨cos(2φ2 − 2φ4)⟩⟩
− ⟨⟨cos(2φ1 − 2φ4)⟩⟩ ⟨⟨cos(2φ2 − 2φ3)⟩⟩
= ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩ − 2 ⟨⟨cos(2φ1 − 2φ3)⟩⟩2

(5.16)

With η separation method, the four-particle cumulant is expressed as:

c2{4, |∆η| > a} = ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩|∆η|>a

− 2 ⟨⟨cos(2φ1 − 2φ3)⟩⟩2|∆η|>a .
(5.17)

The c2{4} is also constructed with three-subevent methods. For the four-particle cor-
relation with three-subevent methods, it takes two particles from the middle η region
(−0.4 < η < 0.4) with harmonic coefficient 2, taking one particle from the left region
(η < −0.4) with harmonic coefficient −2 and another particle from the right region
(η > 0.4) with harmonic coefficient −2. In the ⟨⟨cos(2φ1 − 2φ3)⟩⟩ ⟨⟨cos(2φ2 − 2φ4)⟩⟩,
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the term ⟨⟨cos(2φ1 − 2φ3)⟩⟩ should correlate the particle in the left region and particle
in the middle region and ⟨⟨cos(2φ2 − 2φ4)⟩⟩ should correlate the particle in the middle
region and particle in the right region, i.e.

c2{4}−2|2,2|−2 = ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩−2|2,2|−2
− 2 ⟨⟨cos(2φ1 − 2φ3)⟩⟩−2|2| ⟨⟨cos(2φ2 − 2φ4)⟩⟩|2|−2 .

(5.18)

Similarly, the other configurations are defined as

c2{4}2,2|−2|−2 = ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩2,2|−2|−2
− 2 ⟨⟨cos(2φ1 − 2φ3)⟩⟩2|−2| ⟨⟨cos(2φ2 − 2φ4)⟩⟩2||−2

(5.19)

and

c2{4}−2|−2|2,2 = ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩−2|−2|2,2
− 2 ⟨⟨cos(2φ1 − 2φ3)⟩⟩2||−2 ⟨⟨cos(2φ2 − 2φ4)⟩⟩|2|−2 .

(5.20)

The vn{2} and v2{4} = 4
√

−c2{4} has the corresponding configuration as
√
cn{2} and

4
√

−c2{4}, respectly. They are expressed as:

vn{2} =
√
⟨⟨cos(n(φ1 − φ2)⟩⟩, (5.21)

vn{2, |∆η| > a} =
√
⟨⟨cos(n(φ1 − φ2)⟩⟩|∆η|>a, (5.22)

and
v2{4} = 4

√
−c2{4}, (5.23)

v2{4, |∆η| > a} = 4
√
−c2{4, |∆η| > a}, (5.24)

v2{4}−2|2,2|−2 = 4

√
−c2{4}−2|2,2|−2, (5.25)

v2{4}2,2|−2|−2 = 4

√
−c2{4}2,2|−2|−2, (5.26)

v2{4}−2|−2|2,2 = 4

√
−c2{4}−2|−2|2,2. (5.27)

Symmetric cumulants

The symmetric cumulant is expanded as correlations as

SC(m,n) = ⟨⟨cos(mφ1 + nφ2 −mφ3 − nφ4)⟩⟩
− ⟨⟨cos(mφ1 −mφ3)⟩⟩ ⟨⟨cos(nφ2 − nφ4)⟩⟩ .

(5.28)
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The SC(3,2) are measured with the standard method, η gap method, and three-
subevent method, corresponding to the methods used for the four-particle correlations.
Additionally, the two-particle correlation in the construction of the SC(3,2) should cor-
respond to the four-particle correlation. For example, the SC(3,2) measured with η-gap
method should be

SC(3, 2)|∆η|>a = ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩|∆η|>a

− ⟨⟨cos(3φ1 − 3φ3)⟩⟩|∆η|>a ⟨⟨cos(2φ2 − 2φ4)⟩⟩|∆η|>a .
(5.29)

While with the three-subevent methods, the SC(3,2) could be measured as

SC(3, 2)3,2|−3|−2 = ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩3,2|−3|−2
− ⟨⟨cos(3φ1 − 3φ3)⟩⟩3|−3| ⟨⟨cos(2φ2 − 2φ4)⟩⟩2||−2 .

(5.30)

Additionally, the other configurations are

SC(3, 2)−2|−3|3,2 = ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩−2|−3|3,2
− ⟨⟨cos(3φ1 − 3φ3)⟩⟩|−3|3 ⟨⟨cos(2φ2 − 2φ4)⟩⟩−2||2 ,

(5.31)

SC(3, 2)−3|3,2|−2 = ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩−3|3,2|−2
− ⟨⟨cos(3φ1 − 3φ3)⟩⟩−3|3| ⟨⟨cos(2φ2 − 2φ4)⟩⟩|2|−2

(5.32)

SC(3, 2)−2|3,2|−3 = ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩−2|3,2|−3
− ⟨⟨cos(3φ1 − 3φ3)⟩⟩|3|−3 ⟨⟨cos(2φ2 − 2φ4)⟩⟩−2|2|

(5.33)

SC(3, 2)3,2|−2|−3 = ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩3,2|−2|−3
− ⟨⟨cos(3φ1 − 3φ3)⟩⟩3||−3 ⟨⟨cos(2φ2 − 2φ4)⟩⟩2|−2|

(5.34)

and

SC(3, 2)−3|−2|3,2 = ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩−3|−2|3,2
− ⟨⟨cos(3φ1 − 3φ3)⟩⟩−3||3 ⟨⟨cos(2φ2 − 2φ4)⟩⟩|−2|2 .

(5.35)

The normalized observable NSC(3,2) is constructed with

NSC(3, 2) =
SC(3, 2)

v23{2}v22{2}
,
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where the NSC(3,2), the v3{2} and v2{2} are not required to apply the corresponding
configuration, in order to suppress the effects from short-range correlation as possible.

The construction of SC(4,2) is totally same as SC(3,2), only replacing the third har-
monic to the fourth harmonic.

Nonlinear flow mode

The v4,22 is expressed as

v4,22 =
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩√

⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩
. (5.36)

They are the three particle correlation divided by the square root of four particle
correlations. When calculating the correlation, for v4,22, the harmonic coefficient 4 in nu-
merator is corresponding to the 2,2 in denominator. Using the η gap method to calculate
the three particle correlation, the particle associated with harmonic 4 is taken from the
negative η region, and the other two particle are taken from the positive η region. This is
called the configuration A, labeled as ⟨⟨cos(4φ− 2φ− 2φ)⟩⟩|∆η|>a. The v4,22 with η gap
method is therefore constructed as

v4,22(|∆η| > a) =
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩|∆η|>a√

⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩|∆η|>a

(5.37)

There is a square root in the denominator, and due to the statistical fluctuations, the
four particle correlation could be negative in some of the multiplicity bin. Therefore, we
first merge the three-particle correlation and four-particle correlation to large bin to avoid
the fluctuation and then calculate the v4,22.

The v4,22 is also constructed with three-subevent method. It can take the particle
associated with harmonic 4 from left region, and the other particles from middle and
right region, i.e.

v4,22(4| − 2| − 2) =
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩4|−2|−2√

⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩2,2|−2|−2
, (5.38)

and other configurations can be

v4,22(−2|4| − 2) =
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩−2|4|−2√

⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩−2|2,2|−2
, (5.39)

and
v4,22(−2| − 2|4) =

⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩−2|−2|4√
⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩−2|−2|2,2

. (5.40)
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The χ4,22 is constructed as

χ4,22 =
v4,22√
v42

=
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩

⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩
. (5.41)

Similar as the v4,22, with the two-subevent method, the χ4,22 is constructed as

χ4,22(|∆η| > a) =
v4,22√
v42

=
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩|∆η|>a

⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩|∆η|>a
. (5.42)

And with the three-subevent methods, they are constructed as

χ4,22(4| − 2| − 2) =
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩4|−2|−2

⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩2,2|−2|−2
, (5.43)

and
χ4,22(−2|4| − 2) =

⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩−2|4|−2
⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩−2|2,2|−2

. (5.44)

5.2.3 Q-cumulant method

The Q-cumulant method [143, 144] is designed to compute the m-particle correlation,
changing the process from multiple particle track loops to a single-track loop, thereby
significantly reducing CPU usage. The Q-cumulant is defined as

Qn,p =
∑
i

wp
i exp(inφi). (5.45)

The Q-cumulant method could be used to calculate all correlations. For example, if
one want to use the Q cumulant method to calculate the two-particle correlation, it can
be expressed as:

⟨cos(2φ1 − 2φ2)⟩ =
Q∗n,1Qn,1 −Q0,2

Q0,1Q0,1 −Q0,2
. (5.46)

The Qn,1Q
∗
n,1 contains all the two-particle pairs, expaned as:

Qn,1Q
∗
n,1 =

∑
i,j

wiwj exp(inφ1 − inφ2)

=
∑
i ̸=j

wiwj exp(inφ1 − inφ2) +
∑
i

w2
i ,

(5.47)

where the i,j could take the same particles. If the same particle is taken, the nφi−nφj = 0

and thus exp(nφi − nφj) = 1, which is called auto-correlation. With a subtraction of
Q0,2 =

∑
i w

2
i , the Q∗2,1Q2,1 − Q0,2 represents the two particle correlation with different
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particles. For the denominator, the Q0,1Q0,1 is the combination of all weight pairs, i.e.

Q0,1Q0,1 =
∑
i,j

wiwj =
∑
i ̸=j

wiwj +
∑
i

w2
i . (5.48)

Similar the pairs with i = j is removed through the substraction of Q0,2.
The Q-cumulants method could also be used in the measurement of multi-particle

correlations with |∆η| separation. An example of two-particle correlation with η gap,
obtained from Q-cumulants method is described as following. The Q vector is constructed
with tracks in a subevent as

QA
n,p =

ηi<−a/2∑
i

wp
i exp(inφi), (5.49)

where the i loop over tracks with η < −a/2. Another Q vector is constructed as

QB
n,p =

ηi>a/2∑
i

wp
i exp(inφi), (5.50)

where the i loop over tracks with η > a/2. Therefore, the two-particle correlation could
be expressed as

⟨cos(nφ1 − nφ2)⟩|∆η|>a =
QA

n,1Q
B∗
n,1

QA
0,1Q

B
0,1

. (5.51)

Using the Q-cumulant method requires manually deriving the expressions for correla-
tions represented by Q vectors. Moreover, as the order of the correlation increases, the
expressions become more complex. The computation of these correlations as expressed
through Q vectors is implemented by the Generic Framework [145], which enables the
recursive calculation of high-order correlations and the integration of efficiency and ac-
ceptance corrections.

5.2.4 v2n − [pT] correlation

In this section, the observables involving the v2n − [pT] correlation is discussed. These
observables includes the cov(v22 , [pT], σ(v22) and ck.

The v22 is measured with |∆η| > a (a = 0.8, 1.0, 1.2) and [pT] is measured in |η| < 0.4.
The chosen kinematic region, as shown in the sketch (figure 5.14) automatically avoid
auto-correlation in the calculation of cov(v22 , [pT]), and provide a rejection of the short-
range correlation in flow observables calculation.
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Figure 5.14: The sketch of the kinematic region for the v2n − [pT]
correlation measurement.

Covariance between v2n and [pT]

The covariance between v2n and [pT] is expressed as

cov(v22 , [pT]) = ⟨v22δpT⟩ = ⟨v22 [pT]⟩ − ⟨v22⟩⟨[pT]⟩. (5.52)

The [pT] is the average in a single event (using a square bracket is a convention from
the invention of this observable). Similar as the detector inefficiency correction to the
multi-particle azimuthal correlations described in section 5.2.2, the weights are applied
for these observables. The observables with the weights is expressed here as:

[pT] =

∑
i

wE
i pT(i)∑

i

wE
i

, (5.53)

where i loops over all the tracks in a given kinematic region (|η| < 0.4, 0.2 < pT <

3 GeV/c), and wi is the weight of the track. It is noticed that the [pT] is not affected by
the non-uniform acceptance, and therefore does not require a correction.

The v22 is calculated using the two-particle cumulant method, which is defined with
the exact same expression as in equation 5.5. The same non-uniform acceptance and
efficiency correction procedure as what is described in section 5.2.2 are applied to the
measurements of v22 .

While averaging over all the events, the first term on the right hand of equation 5.52
is expressed as:

⟨v22 [pT]⟩ =

evt∑
i

Wiv
2
2(i)[pT]i

evt∑
i

Wi

, (5.54)

where the j loops over all the events. The event weight is a product of weight correspond-
ing to the v22 and the part corresponding to the [pT], i.e., Wi = W

(i)
v W

(i)
p . The Wv is
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constructed as:
Wv =

∑
ij

wA
i w

E
i w

A
j w

E
j , (5.55)

and Wp is constructed as:
Wp =

∑
i

wE
i . (5.56)

The wA
i and wE

i are the non-uniform acceptance weight and the efficiency weight used in
section 5.2.2.

The event averaged ⟨[pT]⟩ is calculated as:

⟨[pT]⟩ =

evt∑
i

W (i)
p [pT]i

evt∑
i

W (i)
p

, (5.57)

where the i loops over all the events in a given multiplicity bin.
It is important to address that in the calculation of ⟨v22⟩, the event weight is applied

to each event, which is calculated as:

⟨v22⟩ =

evt∑
i

W (i)
p W (i)

v v22(i)

evt∑
i

W (i)
p W (i)

v

, (5.58)

The reason to apply Wp to the ⟨v22⟩ is that when we consider equation (3.17) with
event weight correction, it becomes:

cov(v22 , [pT]) = ⟨WvWpv
2
2δpT⟩ =

⟨
WvWpv

2
2([pT]− ⟨[pT]⟩)

⟩
= ⟨WvWpv

2
2 [pT]⟩ − ⟨WvWpv

2
2⟩⟨[pT]⟩.

(5.59)

Variance of v22

The variance of the v22 could be expressed with azimuthal correlation only, and therefore
it could be calculated with the methods described in section 5.2.2. The square root of
the variance of the v22 is calculated as:

σ(v22) =
√

var(v22)
=

√
⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩|∆η|>a − ⟨⟨cos(2φ1 − 2φ3)⟩⟩2|∆η|>a.

(5.60)
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Variance of [pT]

Applying the weights, in a single event, the variance of [pT] is calculated as:

δp2T =

∑
i ̸=j

wE
i w

E
j (p

i
T − ⟨[pT]⟩)(pjT − ⟨[pT]⟩)∑
i ̸=j

wE
i w

E
j

. (5.61)

The term ⟨[pT]⟩ represents the event-averaged mean transverse momentum, as defined in
equation 5.57. In principle, one should iterate over all events to determine ⟨[pT]⟩ before
calculating the variance δp2T within a single event. However, it will be shown that the
term ⟨[pT]⟩ can be isolated by expanding equation 5.61. Therefore, iteration over all
events is avoided.

Expanding the equation 5.61, the δp2T is expressed as:

δp2T = [p2T]− 2[pT]
w⟨[pT]⟩+ ⟨[pT]⟩2, (5.62)

where

[p2T] =

∑
i ̸=j

wE
i w

E
j p

i
Tp

j
T∑

i ̸=j

wE
i w

E
j

, (5.63)

and

[pT]
w =

∑
i ̸=j

wE
i w

E
j p

i
T∑

i ̸=j

wE
i w

E
j

. (5.64)

The necessity for a nested loop can be avoided by reformulating equation 5.63 and
equation 5.64 as

[p2T] =

(
∑
i

wE
i p

i
T)

2 −
∑
i

(wE
i p

i
T)

2

(
∑
i

wE
i )

2 −
∑
i

(wE
i )

2
, (5.65)

and

[pT]
w =

(
∑
i

wE
i p

i
T)(

∑
i

wE
i )−

∑
i

((wE
i )

2piT)

(
∑
i

wE
i )

2 −
∑
i

(wE
i )

2
. (5.66)
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When averaging over all events, the weight is applied as:

⟨δp2T⟩ =

∑
i

W (i)
p (δp2T)i∑
iW

(i)
p

, (5.67)

where the i loops over all events. The Wp is constructed as:

Wp = (
∑
i

wE
i )

2 −
∑
i

(wE
i )

2. (5.68)

5.3 Statistical uncertainty

The statistical uncertainty is generally calculated with the standard bootstrap method [169],
which is a statistical resampling technique that samples a dataset with replacement to
estimate the population of a random variable.

In the bootstrap method used in this analysis, the entire data sample is divided into
30 sub-samples. Then, 30 sub-samples are randomly selected with replacements from the
full dataset. Each sub-sample may be selected multiple times. The 30 newly selected sub-
samples are then combined to form a single sample. This process is repeated for 100 times
to create 100 new resampled dataset. For each of the 100 samples, the observables are
calculated. The standard deviation of the observables across the 100 samples is computed
and used as the measure of statistical uncertainty. An example of the procedure is shown
in figure 5.15, showing the ⟨⟨cos(2(φ1 − φ2))⟩⟩ at ⟨Nch⟩ = 426. The histogram shows the
distribution of ⟨⟨cos(2(φ1 − φ2))⟩⟩ calculated with the 100 resampled dataset. The red
point with the uncertainty shows the results measured with the entire sample, and the
uncertainty is from the standard deviation of the observables measured with the resampled
set, calculated with

σ(x) =

√
(xi − x̄)2

100× (100− 1)
, (5.69)

with x̄ =
∑

i xi/100 and xi the measured observable ⟨⟨cos(2(φ1−φ2))⟩⟩ in the ith resam-
pled set.

The bootstrap method automatically addresses the correlation between different ob-
servables. However, a potential drawback of this method is the statistical instability of
the observables. For instance, the measured c2{4} may turn out positive in some sub-
samples due to statistical fluctuations, even though the measurement is negative for the
entire sample. In such cases, the uncertainty of c2{4} is determined using the bootstrap
method, and the uncertainty of v2{4} = 4

√
−c2{4} is subsequently calculated through

error propagation.
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Figure 5.15: Example of the ⟨⟨cos(2(φ1 − φ2))⟩⟩ at ⟨Nch⟩ = 426 from
5.02 TeV Pb–Pb collisions. The histogram shows the distribution of
⟨⟨cos(2(φ1 − φ2))⟩⟩ calculated with the 100 resampled dataset. The
red point with the uncertainty shows the results measured with the
entire sample, and the uncertainty is from the standard deviation of the

observables measured with the resampled set.

5.4 Systematic uncertainties

Systematic uncertainties represent the deviation between the measured result and its true
value, assuming an infinitely large dataset. These uncertainties stem from imperfections
in experimental conditions. In all results, systematic uncertainties were assessed by im-
plementing stricter criteria for event and particle selection.

The systematic uncertainty associated with event selection was probed by altering
the cut-off for the primary vertex’s position along the beam direction, denoted as |Vz|.
This was achieved by varying the cut from |Vz| < 10 cm to |Vz| < 7 cm. Additionally,
variations in track selection were examined. Instead of using the global tracks (identified
by filter bit 96), as described in section 5.1.3, hybrid tracks (identified by filter bit 768)
were utilized, which uses different track types with different track qualities. The minimum
required number of TPC clusters was increased from 70 to 80. Furthermore, the cut for
DCAz was tightened from 2 cm to 1 cm. The DCAxy cut is varied from DCAxy <

7 × (0.0026 + 0.005/p1.01T ) to DCAxy < 4 × (0.0026 + 0.005/p1.01T ), donated as a change
from 7 σ to 4 σ. Each of these modifications was implemented individually to assess their
impact.

For each variation of the selection criteria, appropriate non-uniform acceptance and
non-uniform efficiency corrections are implemented. When the track cuts are modified, the
recalculated track multiplicity is determined using the default cuts. As a result, the x-axis
correction remains consistent for both the default and varied results. Figure 5.16 shows
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Table 5.1: Summary of the systematics with variation.

Variable Default cuts Varied cuts
|Vz| 10 cm 7 cm

Track type Global track (FB96) Hybrid track (FB768)
NTPC Clusters 70 80

|DCAz| 2 cm 1 cm
|DCAxy| 7 σ 4 σ

210 310
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Figure 5.16: Comparision between default results and the results with
varied cuts for v2{2} in 5.02 TeV Pb–Pb collisions.
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Figure 5.17: Ratio and difference of v2{2} between the results with
default cut and cut varying the global track to hybrid track in 5.02 TeV

Pb–Pb collisions.

the default results and the results with varied cuts for v2{2}, as an example. The ratio of
the results obtained under the default cut and the varied cut and the difference between
them is calculated, as shown in figure 5.17. These differences are firstly smoothed with
a constant function or first-order polynomial function to avoid any bin-by-bin statistical
fluctuation. The maximum difference evaluated with the different smoothing methods is
taken as the estimated systematics for this check. The fitted results yield an absolute
uncertainty of 1.73 × 10−4 and a relative uncertainty of 0.239%. The |0.239% × v2{2}|
and |1.73 × 10−4| are compared bin-by-bin and the maximum of them is taken as the
systematic uncertainty.

A Barlow check [170] is also performed for each observable and cut change. The
Barlow nσ is

nσ =
xdef − xsys√
σ2

def ± σ2
sys

,

where "+" sign is used when the sample with default and varied cuts are statistically
independent. Conversely, if the sample with varied cuts is a subset of the sample with
the default cut, then the "−" sign is used.

If the measurement remains unbiased by any variations in the selection criteria, then
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Figure 5.18: Barlow nσ for v2{2} by changing the global tracks to
hybrid tracks, from 5.02 TeV Pb–Pb collisions.

nσ will approximately follow a Gaussian distribution with a mean of 0 and a standard
deviation of 1. If the most of the data points are with |nσ| > 1, the source of the systematic
uncertainty is regarded as statistically significant, which will be taken into account in the
total systematics. Figure 5.18 shows an example of the Barlow nσ of v2{2} in Pb–Pb
collisions when changing from global tracks to hybrid tracks. The quantity of data points
exceeding 1 significantly is larger than 30% ( the proportion corresponding to 1σ ) of
the total data points. This indicates that the variation from global to hybrid tracks
is statistically significant and should, therefore, be accepted as a source of systematic
uncertainty.

The total systematic uncertainty are calculated as the quadratic sum of these individ-
ual sources.
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6 Results and discussion
This chapter presents and discusses the measurements of various flow observables, in-
cluding multi-particle azimuthal correlations, cumulants, flow harmonics, symmetric cu-
mulants, and nonlinear flow observables, in pp, p–Pb and Pb–Pb collisions at the LHC.
In section 6.1, the focus is on multi-particle azimuthal correlations, the foundational
components for constructing flow observables. Subsequently, section 6.2 delves into the
discussion of cumulants, followed by the examination of flow harmonics derived from these
cumulants. The characteristics of symmetric cumulants and the observables describing
the nonlinear flow mode are presented and discussed in separate sections, specifically
in section 6.4 and section 6.5. Finally, the correlations between the flow and the mean
transverse momentum are explored in 6.6.

The results obtained using different non-flow suppression methods are presented and
discussed in each section, alongside comparisons with the non-flow calculations from the
PYTHIA 8 [51] model, considered one of the most reliable models available for describing
hard scattering. Various non-flow suppression methods are examined, and the measure-
ments demonstrating the most effective non-flow suppression are selected for comparison
with the state-of-the-art hydrodynamics model IP-Glasma + MUSIC + UrQMD [171]
calculations, where non-flow effects are negligible. At the same time, the significance of
the results obtained with different non-flow suppression methods should not be underes-
timated. Observables with different |∆η| separations probe different correlation lengths
in addition to their role as benchmarks for selecting results with minimal non-flow con-
tamination. This provides an opportunity for an apples-to-apples comparison between
models with few-body interactions, such as PYTHIA 8 and AMPT [61], to investigate
the different mechanisms in these models, which exhibit varying sensitivity to different
correlation lengths.

6.1 Multi-particle correlations

Multi-particle correlations serve as the fundamental elements for calculating various flow
observables. They are also the foundation for discussing flow signals and non-flow con-
tamination in other flow observables.
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Perspective: Flow and non-flow Before examining specific observables, it is
beneficial to discuss the concepts of flow and non-flow. The terms "flow" and "non-
flow" may vary in meaning depending on the context or among different physicists.

One perspective treats flow as a phenomenon where the particles detected in a
given collision event are independently governed by an underlying probability dis-
tribution, a concept commonly assumed within the hydrodynamic framework [172].
A crucial yet frequently overlooked aspect is the necessity for the system to exhibit
an infinite number of degrees of freedom, which leads to the assumption of inde-
pendence. The requirement for an infinite number of degrees of freedom is met in
hydrodynamic models, as they are classical field theory. Given an underlying proba-
bility distribution, the intrinsic flow coefficients vn and flow symmetry plane Ψn exist
on an event-by-event basis. This perspective supports the concept of flow fluctua-
tions and flow correlations. Conversely, non-flow encompasses any phenomena that
violate the assumption of independent particle emission, typically associated with
jet correlations or the cascading decay of particles.

Another perspective considers flow as the global collectivity of multiple particles,
particularly the long-range collectivity. Imagine a system where two particles are
emitted back-to-back due to energy-momentum conservation. As the system evolves,
multiple daughter particles are emitted in a cascade, and these particles interact with
one another. In the final state, an azimuthal anisotropy could be observed. In this
case, if multiple particles are produced within a pair of back-to-back jets and are
distributed over a wide range within the jet cone, the observed behavior of the jet
correlation is considered to be flow effects. Only correlations that are short-range or
involve fewer particles will be regarded as non-flow effects.

It is worth mentioning that the two perspectives converge in large collision sys-
tems. This is because the assumption of independence is approximately satisfied,
and the correlation becomes global. Whereas, in small collision systems, the flow
and non-flow effects may be distinguished differently according to the two perspec-
tives. This clarification is not merely a trivial exercise in semantics. It is particularly
important when explaining the underlying physics of flow observables. For example,
from the second perspective on flow, the c2{4} with a positive value is not strange
at all. In contrast, from the first perspective, a positive c2{4} occurs only if the
flow fluctuation is considerably large compared with the average flow coefficient. In
this thesis, the term "flow" refers to a global, long-range, multi-particle correlation
that assumes particles are emitted independently. "Non-flow" refers to short-range
correlations, correlations involving a few particles, or any other effects breaking the
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independence assumption depending on the context, provided it does not introduce
ambiguity. If needed, "short-range correlation" or "few particle correlation" is explic-
itly used instead of "non-flow" to avoid confusion.

6.1.1 Two-particle correlations

Figure 6.1 displays the multiplicity-dependent two-particle correlations for the second,
third, and fourth harmonics in Pb–Pb collisions at √sNN = 5.02 TeV. The measurements
employ the standard method as well as the two-subevent methods with pseudorapidity
separation ranging from |∆η| > 0 to |∆η| > 1.4. The two-particle correlations between
particles from the left (or right) side of the detector, specifically η < −0.4 (or η > 0.4),
and particles from the middle of the detector, i.e., −0.4 < η < 0.4, are also presented,
denoted as 2|-2| (see sketch in figure 6.1). The subevent methods are extensively discussed
in chapter 5. As the |∆η| increases, the correlations between the two particles exhibit a
monotonic decrease for ⟨⟨cos(2φ1 − 2φ2)⟩⟩, ⟨⟨cos(3φ1 − 3φ2)⟩⟩, and ⟨⟨cos(4φ1 − 4φ2)⟩⟩.
At high multiplicity (Nch ≳ 1000), where the collective expansion of the system dom-
inates the correlations, the relative differences between the standard methods and the
subevent methods are minor. However, in the low multiplicity region, where the number
of charged tracks is less than a few hundred, the magnitude of the two-particle correlations
undergoes a significant change with different |∆η| separations suppression methods. The
suppression is more pronounced in regions of lower multiplicity. The dramatic change in
the measurements with different |∆η| is because of the effective suppression of the short-
range correlations. Even with the application of the maximum achievable pseudorapidity
separation (|∆η| > 1.4) within the ALICE TPC acceptance, the two-particle correlation
does not saturate, indicating the persistence of short-range correlation effects in the low
multiplicity region. At low multiplicity, i.e., Nch ≲ 80, the two-particle correlation with
the standard method exhibits a decrease with the increasing multiplicity. This decreasing
trend diminishes when the |∆η| separation increases. A noticeable increase with increas-
ing Nch in ⟨⟨cos(2φ1−2φ2)⟩⟩ becomes evident with the largest gap (|∆η| > 1.4), and this
similar pattern is observed for ⟨⟨cos(3φ1 − φ2)⟩⟩ and ⟨⟨cos(4φ1 − φ2)⟩⟩.

The two-particle correlation is equivalent to the two-particle cumulants, i.e., cn{2} =

⟨⟨cos(n(φ1 − φ2))⟩⟩. Without the presence of non-flow, the cn{2} measures the ⟨v2n⟩.
The variation in c2{2} with respect to the Nch mainly stems from the changing overlap
geometry of the colliding nuclei in Pb–Pb. As collisions change from central to mid-
central, corresponding to a decreasing of Nch in Pb–Pb collisions, the overlap region
changes from a round to a diamond-like shape. As the Nch increases, the value of c2{2}
decreases. This is because the system becomes less dense, leading to less frequent hadronic
interactions. With a further decreases in Nch, the number of participating nucleons is
very small, and the overlap geometry is predominantly determined by the fluctuating
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Figure 6.1: Measurements of two-particle correlations of second,
third, and fourth harmonics (⟨⟨cos(2(φ1 − φ2))⟩⟩, ⟨⟨cos(3(φ1 − φ2))⟩⟩,
⟨⟨cos(4(φ1 − φ2)))⟩⟩ as a function of multiplicity in Pb–Pb collisions.
The correlations are measured with the standard method and the pseu-

dorapidity separation methods.
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positions of the participating nuclei. This initial spatial anisotropy is ultimately converted
into momentum anisotropy, leading to the observed pattern in ⟨⟨cos(nφ1 −nφ2)⟩⟩. If the
system is dominated by the short-range few particle correlations, the ⟨⟨cos(nφ1 − nφ2)⟩⟩
is expected to scale as 1/Nch [173]. When the |∆η| separation is not sufficient, the non-
flow effects could be significant. The interplay of these flow and non-flow effects results
in the trend of ⟨⟨cos(nφ1 − nφ2)⟩⟩ first decreases, followed by a less steep decrease, and
potentially even an increase, as the multiplicity increases, in the region where Nch ≲ 300.

Figures 6.2 and 6.3 present the measurement of ⟨⟨cos(2φ1−2φ2)⟩⟩, ⟨⟨cos(3φ1−3φ2)⟩⟩,
and ⟨⟨cos(4φ1−4φ2)⟩⟩ as a function of multiplicity in p–Pb and pp collisions, respectively.
The non-flow suppression method is applied in the same configurations as in Pb–Pb col-
lisions. Similar to the Pb–Pb collision at low multiplicity, the two-particle correlations
in small collision systems undergo significant changes when a larger |∆η| is applied. No-
tably, the two-particle correlation in the three-subevent method with 2|-2| (see the sketch
in figre 6.1) yields the second-largest correlation, surpassed only by the standard method
that does not suppress non-flow effects well. This configuration 2|-2| employs the same
separation length as |∆η| > 0 but involves fewer pairs in the correlation. Additionally,
the η region used for the configuration 2|-2| (−0.8 < η < 0.4) is smaller than the |∆η| > 0

(−0.8 < η < 0.8), and the averaged |∆η| is shorter in 2|-2|, resulting in a larger correlation
than |∆η| > 0.

In p–Pb and pp collisions, a declining trend with respect to the increasing of multiplic-
ity is observed for ⟨⟨cos(nφ1−nφ2)⟩⟩ using the standard method. With a larger |∆η|, the
decreasing trend weakens in both pp and p–Pb collisions. Similar to low-multiplicity Pb–
Pb collisions, the two-particle correlations in pp and p–Pb do not reach saturation, even
with the largest possible |∆η| separation. It suggests that some remaining short-range
correlations persist in the measured two-particle correlations.

The assumption that the ⟨⟨cos(nφ1 − nφ2)⟩⟩ measures the event averaged ⟨v2n⟩ may
not be valid in small collision systems. Nevertheless, by comparing results from small and
large collision systems, some indications can be inferred. The correlation’s dependence on
the multiplicity is weak in small collision systems. Because, in pp and p–Pb collisions, the
wounded nucleons do not generate a strong initial geometric eccentricity. Additionally, the
decreasing trends with increasing Nch for ⟨⟨cos(nφ1 − nφ2)⟩⟩ with the standard method
observed in small collision systems could be attributed to an interplay between non-flow
effects, scaled by 1/Nch, alongside flow effects. The trend exhibits a steeper decrease with
increasing Nch in p–Pb collisions than in pp collisions, which may be attributed to the
usage of a high-multiplicity trigger in pp collisions.
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Figure 6.2: Measurements of two-particle correlations of second,
third, and fourth harmonics (⟨⟨cos(2φ1 − 2φ2)⟩⟩, ⟨⟨cos(3φ1 − 3φ2)⟩⟩,
⟨⟨cos(4φ1 − 4φ2))⟩⟩ as a function of multiplicity in p–Pb collisions. The
correlations are measured with the standard method and the pseudora-

pidity separation method.
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Figure 6.3: Measurements of two-particle correlations of second, third,
and fourth harmonics (⟨⟨cos(2φ1−2φ2)⟩⟩, ⟨⟨cos(3φ1−3φ2)⟩⟩, ⟨⟨cos(4φ1−
4φ2))⟩⟩ as a function of multiplicity in pp collisions. The correlations are
measured with the standard method and the pseudorapidity separation

method.
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Perspective: Contributions to two-particle correlation Two-particle corre-
lations can be factorized more easily than multi-particle correlations. The following
discussion will explore the contributions of global collectivity and jet phenomena to
two-particle correlations. This analysis employs a simple model that assumes parti-
cles follow a pattern of global expansion, supplemented by the presence of a pair of
back-to-back jets.

The two-particle correlations can be factorized by a weighted sum of few particle
short-range correlations, few particle long-range correlations, and global particle cor-
relations. The correlation ⟨⟨cos(n(φ1−φ2))⟩⟩ is shortened as cn here. The dominant
contribution of the particle short-range correlation is the correlation of particles from
the same jet, while the main source of the few-particle long-range correlation is the
two-particle correlations from a pair of back-to-back jets. The other particle pairs
are considered global correlations. The two particles from the same jet usually have
small |∆η| and |∆φ|. The two particles from back-to-back jets usually have a |∆φ|
around π, while the ∆η of the two particles are quite arbitrary.

Denoting the short-range correlations, few particle long-range correlations, and
global particle correlations as "S", "L" and "G" respectively, the two-particle correla-
tions can be factorized as

cn = fScnS + fLcnL + fGcnG (6.1)

where f with the corresponding subscript is the ratio between the number of particle
pairs from a correlation source and the number of total particle pairs. Therefore,
fS + fL + fG = 1. The factor f is the same for different orders of harmonics. It is
naively expected that the cnS is around cos(0) = 1, while the cnL are different for
different order of harmonics. The c2L and c4L are around cos(2π) = cos(4π) = 1,
while the c3L is around cos(3π) = −1. It provides an intuitive expectation for
the two-particle correlations from back-to-back jets, and the observed positive c3 is
explained as a global collectivity.

Figure 6.4 shows the measurement of two-particle correlations for the second, third,
and fourth harmonics in pp collisions as well as the comparison to the PYTHIA 8 [52]
calculation. The PYTHIA 8 calculation is based on Monash tunning [51]. In addition, a
mimic of the ALICE V0M high multiplicity trigger, which is described in section 4.3.1,
is applied. The model calculation is compared with the measurements using standard
configuration and the two-subevent methods with |∆η| > 0, |∆η| > 0.8 and |∆η| > 1.4.
The jet contribution predominantly causes the non-zero two-particle correlations in the
PYTHIA 8 calculations. The ordering of results with different |∆η| separations observed
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in the PYTHIA 8 calculations is the same as in the measurements. The PYTHIA 8
calculations show slight decreasing trends with respect to multiplicity, substantially un-
derestimate the measurements for ⟨⟨cos(2(φ1−φ2))⟩⟩ for every |∆η| separation. It shows
that PYTHIA 8 cannot accurately describe short-range correlation measurements, and it
also fails to mimic long-range correlations in its calculations. For ⟨⟨cos(3(φ1−φ2))⟩⟩, with
|∆η| > 1.4, the sign of the observable is negative in PYTHIA 8, whilst it is positive in
measurement. PYTHIA 8 also underestimates ⟨⟨cos(4(φ1−φ2))⟩⟩ in the standard method.
However, when employing a larger |∆η|, the PYTHIA 8 calculation is able to reproduce
⟨⟨cos(4(φ1−φ2))⟩⟩ with high accuracy. Given that the same pairs of particles are utilized
to measure different harmonics of ⟨⟨cos(n(φ1 − φ2))⟩⟩, it’s important to note that while
⟨⟨cos(4(φ1−φ2))⟩⟩ may accurately yield the observed long-range (|∆η| > 1.4) correlation,
the fundamental mechanism in data and calculation might be different, considering the
incorrect sign prediction for ⟨⟨cos(3(φ1 − φ2))⟩⟩.
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Figure 6.4: Calculations of two-particle correlations of second,
third, and fourth harmonics (⟨⟨cos(2(φ1 − φ2))⟩⟩, ⟨⟨cos(3(φ1 − φ2))⟩⟩,
⟨⟨cos(4(φ1 − φ2)))⟩⟩ as a function of multiplicity in pp collisions from

PYTHIA 8 [52], compared with the measurements.
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Figure 6.5: Shape of 1− 1 cos(∆φ) + 0.1 cos(2∆φ).

Perspective: Contributions to two-particle correlation (continue) How-
ever, the statement of c2L ≈ 1, c4L ≈ 1 and c3L ≈ −1 is not always correct. The
shape 1− 1 cos(∆φ) + 0.1 cos(2∆φ) (see figure 6.5) mimic a properties of ∆φ distri-
bution of particles from the back-to-back jets, which has a peak at π. However, the
c3 from this distribution is 0 rather than around −1.

Therefore, one should not directly link a negative c3 (which is the case in PYTHIA 8)
to the back-to-back jets. Additionally, although the back-to-back jet always con-
tributes to the measured correlation and can not be removed through the |∆η| sep-
aration method, it is not suitable to claim that any observable is contaminated by
the back-to-back jets.

6.1.2 Three and four-particle correlations

Figure 6.6 and 6.7 presents a three-particle correlations of mixed harmonics ⟨⟨cos(4φ1 −
2φ2 − 2φ3)⟩⟩, measured in large and small collision systems. These correlations are es-
sential components in the measurement of nonlinear flow response observables such as
v4,22, χ4,22, and ρ4,22, defined in chapter 3. The results with varying |∆η| are presented.
In addition, three-subevent methods are also employed. As shown in figure 6.6, the
⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩ exhibits an initial increase and subsequent decrease with the
increasing multiplicity in Pb–Pb collisions. This pattern is consistent across results using
various |∆η| separations. Distinctions between the measurements with different |∆η| sep-
aration methods are obvious at low multiplicities (Nch ≲ 1000), while these differences
diminish at higher multiplicities (Nch ≳ 1000). The three-particle correlation shows a
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Figure 6.6: Measurements of three-particle correlations of mixed har-
monics ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩ as a function of multiplicity in Pb–Pb
collisions. The correlations are measured with the standard method, the
pseudorapidity separation methods, and the three-subevent methods.
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Figure 6.7: Measurements of three-particle correlations of mixed har-
monics ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩ in p–Pb and pp collisions. The cor-
relations are measured with the standard method, the pseudorapidity

separation method, and the three-subevent method.

monotonic decrease with an increasing |∆η| separation. Among the three-subevent meth-
ods, the measurement with −2|4| − 2 configuration (see the sketch in figure 6.6) has the
second largest results in magnitude, only smaller than the results using the standard
configuration. The measurement with the 4| − 2| − 2 method (see sketch in figure 6.6)
exhibits a correlation of magnitude similar to that observed for |∆η| > 0.2. Considering
the two three-subevent method configurations, the −2|4| − 2 method has two short-range
correlations, while the 4|− 2|− 2 method has one short-range and one long-range correla-
tion. The three-subevent method has a shorter-range correlation than the two-subevent
methods with a large |∆η| separation, while the three-subevent method is less influenced
by the back-to-back jets.

In both p–Pb and pp collisions, the standard method shows a decreasing pattern with
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respect to the increasing multiplicity for ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩. In pp collisions, this
decrease becomes barely noticeable beyond |∆η| > 0.2. Conversely, in p–Pb collisions,
the decreasing trend persists even at |∆η| > 0.2. In both collision systems, an increase
in |∆η| consistently leads to a reduction in ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩. The results from
the three-subevent configuration with −2|4|−2 are larger than magnitude than that with
4| − 2| − 2 configuration, consistent with what has been seen in Pb–Pb collisions. This
difference between the results of the two different configurations arises from the fact that
the −2|4|−2 configuration encompasses two short-range correlations, whereas the 4|−2|−2

configuration includes one short-range correlation and one long-range correlation.
The observable ⟨⟨cos(4φ1−2φ2−2φ2)⟩⟩ measures the ⟨v4v22 cos(4(Ψ4−Ψ2))⟩, encoding

the information of both the magnitude of flow and the correlation between flow symmetry
planes. In large collision systems, such as Pb–Pb collisions, transitioning from low to high
multiplicity, corresponding to moving from peripheral to central collisions, the event plane
correlation is getting smaller. This will be elaborated upon in section 6.5.2. Additionally,
the flow coefficients v4 and v2 decrease as the multiplicity Nch increases from approxi-
mately 100 to 2000. The v4 and v2 are observables connected to the measurements of
⟨⟨cos(2(φ1−φ2))⟩⟩ and ⟨⟨cos(4(φ1−φ2))⟩⟩. The contributions of symmetry plane correla-
tion and flow magnitude together give rise to the observed trend of ⟨⟨cos(4φ1−2φ2−2φ3)⟩⟩
in Pb–Pb collisions. Using the standard method, the observed decreasing trend with in-
creasing Nch in small collision systems may also be attributed to non-flow correlations.
Notably, a more pronounced decreasing trend is observed in p–Pb collisions compared
to pp collisions, similar as the patterns noted in ⟨⟨cos(n(φ1 − φ2))⟩⟩ measurements, ex-
plained as a stronger non-flow effects in p–Pb than pp collisions. The weak dependence
of ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩ on multiplicity suggests that the correlation between flow
angles Ψ2 and Ψ4 is not strongly influenced by multiplicity. This will be further explored
through the analysis of ρ4,22.

The comparison between ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩ measurements in pp collisions and
the PYTHIA 8 [52] calculations is shown in figure 6.8. The PYTHIA 8 calculations
underestimate the measurements obtained using the standard method. Furthermore,
even when employing the three sub-event method 4|-2|-2 or the two sub-event methods,
PYTHIA 8 still underestimates the measurements for ⟨⟨cos(4φ1−2φ2−2φ3)⟩⟩, suggesting
that it is insufficient for mimic long-range three-particle correlations, which may arise from
flow effects in data.

The correlation observed among four particles may originate from the pairwise correla-
tion of two particles within the group, or it could stem from a non-factorizable correlation
involving all four particles. The four-particle correlation ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩
encode the information of two-particle correlation ⟨⟨cos(2(φ1 − φ2))⟩⟩ and the genuine
four-particle correlations. It also serves as the denominator of the v4,22, χ4,22 and ρ4,22.
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Figure 6.8: Calculations of three-particle correlations of mixed har-
monics ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩ as a function of multiplicity in pp

collisions with PYTHIA 8 [52], compared with the measurements.

The ⟨⟨cos(3φ1 + 2φ2 − 3φ1 − 2φ2)⟩⟩ and ⟨⟨cos(4φ1 + 2φ2 − 4φ3 − 2φ4)⟩⟩ are ingredients
to obtain the symmetric cumulants SC(3,2) and SC(4,2), respectively.

The four-particle correlations are measured in Pb–Pb collisions with the standard and
pseudorapidity separation methods as well as the three-subevent methods. The mea-
surements are shown in figure 6.9. Using the standard method, the ⟨⟨cos(2φ1 + 2φ2 −
2φ1 − 2φ2)⟩⟩, ⟨⟨cos(3φ1 + 2φ2 − 3φ1 − 2φ2)⟩⟩, and ⟨⟨cos(4φ1 + 2φ2 − 4φ3 − 2φ4)⟩⟩ all
exhibit decreasing values with the increase of Nch within the region of low multiplicity
(Nch ≲ 100). Additionally, the curve descends sharply at high multiplicities (Nch ≳ 300).
The observables decrease as the |∆η| increases, consistent with the trends observed in
all previous two and three-particle correlations. It is interesting to note that the results
from different three-subevent configurations are quite different. Selecting two particles
from the central region of the detector results in two short-range correlations, leading
to the highest level of non-flow contamination compared to other three-subevent config-
urations. Additionally, it’s observed that the measurements with the 3, 2| − 3| − 2 (or
4, 2|−4|−2) configuration (see sketch in figure 6.9) are significantly larger than the results
with 3, 2| − 2| − 3 (or 4, 2| − 2| − 4) configuration due to the higher sensitivity of high
harmonics to the short-range correlations.

The measurement is also conducted in small collision systems of p–Pb and pp collisions
as shown in figure 6.10. A decreasing trend of ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩ with the
standard method is observed in p–Pb and pp collisions. With larger |∆η| separation,
the decreasing trend becomes weaker compared with the standard method in p–Pb and
pp collisions. The difference between the standard and the pseudorapidity separation
methods is more significant than in Pb–Pb collisions because the non-flow effects are
much larger in small collision systems. The measurements reveal an ordering of various
three-subevent configurations, resembling the patterns observed in Pb–Pb collisions. For
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Figure 6.9: Measurements of four-particle correlations ⟨⟨cos(2φ1 −
2φ2 + 2φ3 − 2φ4)⟩⟩, ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩, and ⟨⟨cos(4φ1 +
2φ2−4φ3−2φ4)⟩⟩ as a function of multiplicity in Pb–Pb collisions. The
correlations are measured with the standard method, the pseudorapidity

separation methods, and the three-subevent methods.

⟨⟨cos(3φ1 +2φ2 − 3φ3 − 2φ4)⟩⟩ and ⟨⟨cos(4φ1 +2φ2 − 4φ3 − 2φ4)⟩⟩, the observed pattern
is similar as ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩. Both observables exhibit a decreasing
trend with respect to the increasing of multiplicity in both p–Pb and pp collision systems
with the standard method. When applying |∆η| separation, the correlation decreases
monotonically. Substantial deviations between the different three sub-event methods
can be observed. The measurements with 3, 2| − 2| − 3 (or 4, 2| − 2| − 4) configuration
demonstrate the least contamination from short-range correlations, for the same reasons
explained as in Pb–Pb collisions.

The four-particle correlation ⟨⟨cos(nφ1 +mφ2 − nφ3 −mφ4)⟩⟩, measures the ⟨v2nv2m⟩
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Figure 6.10: Measurements of four-particle correlations ⟨⟨cos(2φ1 −
2φ2 + 2φ3 − 2φ4)⟩⟩, ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩ and ⟨⟨cos(4φ1 +
2φ2−4φ3−2φ4)⟩⟩ as a function of multiplicity in p–Pb (left), pp (right)
collisions. The correlations are measured with the standard method and
the pseudorapidity separation methods, as well as the three-subevent

methods.

when flow is the dominant factor. With a substantial |∆η| separation, i.e., |∆η| > 0.8,
is applied, the four-particle correlation initially increases and then decreases with respect
to the multiplicity. Additionally, the observed trend using the standard method, without
any non-flow suppression, is an interplay between the flow and short-range correlation
effects. In pp and p–Pb collisions, the observable’s multiplicity dependence is weak when
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Figure 6.11: Calculation of four particle correlations ⟨⟨cos(2φ1 −
2φ2 + 2φ3 − 2φ4)⟩⟩, ⟨⟨cos(3φ1 + 2φ2 − 3φ3 − 2φ4)⟩⟩, ⟨⟨cos(4φ1 + 2φ2 −
4φ3 − 2φ4)⟩⟩ as a function of multiplicity in pp collisions with the

PYTHIA 8 [52], compared with the measurements.

the pseudorapidity gap is large (|∆η| > 0.8). The initial geometry profile does not change
much when changing the multiplicity, which was previously confirmed through the study of
two-particle correlations. With the additional measurements of four-particle correlations,
it indicates that the geometry fluctuation is also insensitive to the changing of multiplicity.

The four-particle correlations are examined using PYTHIA 8 [52] calculation and com-
pared with the measurements for various analysis methods. These methods include the
standard method, |∆η| > 0, |∆η| > 0.8, and the three-subevent method with configura-
tions 2, 2| − 2| − 2 (or 3, 2| − 2| − 3, or 4, 2| − 2| − 4). The selected three-subevent method
is considered the least sensitive to the short-range correlations among the different three-
subevent configurations. The comparison is shown in figure 6.11. PYTHIA 8 success-
fully mimics the changing trend of multiple particle correlations when different analysis
methods are applied, including the standard methods, variations in |∆η|, and the three-
subevent methods. Upon comparing the calculation with the measurements, it becomes
evident that for ⟨⟨cos(2φ1+2φ2−2φ3−2φ4)⟩⟩, PYTHIA 8 fails to describe the measure-
ments for any configuration. Similarly, this model has the challenge to reproduce most of
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the measurements for ⟨⟨cos(3φ1+2φ2−3φ3−2φ4)⟩⟩ and ⟨⟨cos(4φ1+2φ2−4φ3−2φ4)⟩⟩.
Relatively better agreement is observed with |∆η| > 0.8 for ⟨⟨cos(3φ1+2φ2−3φ3−2φ4)⟩⟩
and ⟨⟨cos(4φ1+2φ2−4φ3−2φ4)⟩⟩, as well as for ⟨⟨cos(4φ1+2φ2−4φ3−2φ4)⟩⟩ with the
three-subevent method. The agreements between the PYTHIA 8 calculation and mea-
surements with |∆η| > 0.8 could be attributed to the fact that both the measurements
and calculation are close to zero.

6.2 Cumulants

The two-particle cumulants have identical values as the two-particle correlations, illus-
trated in figure 6.1, figure 6.3 and figure 6.2 in section 6.1. Further insights into the
physics of the two-particle cumulants were also provided and will not be reiterated here.

Figure 6.12 and 6.13 presents the measurement of second harmonic four-particle cu-
mulants c2{4} in large system (Pb–Pb) and small systems (p–Pb, pp) collisions. c2{4} is
generally less influenced by non-flow effects, compared with the two-particle cumulants,
due to its implementation involving four particles, where few particle correlation effects
cancel out in genuine four-particle correlations. The measurements are presented using
the standard method and different |∆η| separations. The three-subevent method is also
applied to the measurement.

In Pb–Pb collisions, as shown in figure 6.12, results from all the methods exhibit a
comparable magnitude. Regardless of the non-flow suppression method, all data points
consistently maintain a negative value. With all the different configurations, the c2{4}
always first decrease and then increase with the multiplicity increasing. With the increas-
ing of |∆η|, the changing of the c2{4} is not obvious, indicating the c2{4} is not sensitive
to the non-flow effects. Even with the standard procedure, which is believed to contain
most few-particle correlation effects, c2{4} is negative at the lowest multiplicity. The data
point with the standard method at the most peripheral bin is close to zero. Whilst with
implementing the ∆η separation or with the three subevent methods, a clear deviation
from zero emerges.

Notable differences could be seen in p–Pb and pp collisions among the standard, vari-
ous |∆η|, and the three-subevent methods, as shown in figure 6.13. In p–Pb collisions, the
c2{4} with standard method shows a transition from positive to negative with increased
multiplicity. With an increase of the |∆η|, the value of c2{4} becomes smaller. The results
for |∆η| > 0, |∆η| > 0.2 and |∆η| > 0.4 in the lowest Nch bin are positive but consis-
tent with zero within the uncertainty. However, due to the fluctuation, no monotonous
dependence of the |∆η| separation can be observed in the three subevent methods. The de-
creasing trend with the increasing Nch is present for |∆η| > 0, |∆η| > 0.2 and |∆η| > 0.4.
This decreasing trend for |∆η| > 0.8 is also observable but the uncertainty is relatively
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Figure 6.12: Measurements of c2{4} as a function of multiplicity in
Pb–Pb collisions. The standard method, |∆η| separation methods, and

three-subevent methods are used. The x-axis is shifted for visibility.

large. The c2{4} with the 2, 2| − 2| − 2 is smaller than the −2|2, 2| − 2, except for the
points with the largest multiplicity. Both of them are negative expect for the point of
2, 2| − 2| − 2, which could also just be leviated because of the statistical fluctuation. In
pp collisions, The c2{4} with the standard method exhibits a decreasing trend with the
increasing of Nch, which diminishes with larger |∆η| (|∆η| > 0.2). The standard method
yields a positive value for c2{4}, but as |∆η| increases, it turns to a negative value. With
the |∆η| > 0, the decreasing trend could still be observed. While with further increasing
of the |∆η| separation such as |∆η| > 0.2, the multiplicity dependence of the c2{4} is
weak. At the same time, all the data points for |∆η| > 0.2 are negative. Generally, an
ordering of c2{4, Standard} > c2{4, |∆η| > 0} > c2{4, |∆η| > 0.2} > c2{4, |∆η| > 0.4} >
c2{4, |∆η| > 0.6} could be concluded, with a few exception which might be caused by the
statistical fluctuation. Both of the two three subevent configurations (2, 2| − 2| − 2 and
−2|2, 2| − 2) of c2{4} are negative regardless of the multiplicity. And neither of the two
configuration shows a strong multiplicity dependence. The two different subevent config-
urations of c2{4} are clearly distinct from each other in pp collisions. The configuration
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2, 2|− 2|− 2 is with one long-range correlation and one short-range correlation. This con-
figuration is less affected by the short-range correlations compared with the −2|2, 2| − 2,
which contains two short-range correlations. The c2{4} with the three subevent method
2, 2| − 2| − 2 is smaller compared with the −2|2, 2| − 2.
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Figure 6.13: Measurements of c2{4} as a function of multiplicity in
p–Pb (left) and pp (right) collisions. The standard method, |∆η| sep-
aration methods, and three-subevent methods are used. The x-axis is

shifted for visibility.
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Figure 6.14: Calculation of c2{4} as a function of multiplicity in pp
with PYTHIA 8 [52]. The standard method, |∆η| separation methods,
and three-subevent methods are used. The x-axis is shifted for visibility.

The c2{4} is calculated with the PYTHIA 8 [52] in pp collisions, as shown in fig-
ure 6.14. It is to check whether this state-of-the-art non-flow model could well describe
the measurements. Additionally, it is interesting to see whether the differences of c2{4}
with different |∆η| separations could also be mimiced by the calculation from PYTHIA 8.
In PYTHIA 8, there are only a few particle correlations. After subtracting the short-range
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correlations, the c2{4} represents the remaining longer-range few particle correlations.
Similar to the data, the c2{4} decreases with the increasing |∆η|. Even with the largest
|∆η| separation of |∆η| > 0.8, shown in figure 6.14, no significant signature of negative
c2{4} is observed in the model calculation. The effect of the non-flow subtraction method
should not be judged by the criteria of the smallest absolute value of the c2{4} or smallest
c2{4}. Selecting the results according to whether they introduce short or long correlation
is preferred, since the longer range correlation is usually more interesting.

In a flow dominant collision system, the c2{4} measures ⟨v42⟩ − 2⟨v22⟩2, and it can
also be expressed as −(⟨v2⟩2 − σ2

v)
2 when the event-by-event v2 follow a Bessel-Gaussian

distribution and when the σv is small compared to the averaged ⟨v2⟩ [141]. In non-
central Pb–Pb collision systems where elliptic flow fluctuations are minor compared to
the elliptic flow v2 itself, c2{4} can be approximated as ⟨−v42⟩ if only the leading term is
considered. Therefore, in Pb–Pb collisions, the c2{4} decreases and then increases with
the increasing number of charged tracks. According to the formula c2{4} = −(⟨v2⟩2−σ2

v)
2,

the value of c2{4} is naturally negative. However, this expression may not hold in certain
scenarios. For instance, a positive c2{4} can occur in systems characterized by few-particle
correlations. Yet, it’s important to note that few-particle correlations do not always result
in a positive c2{4}, as observed in the PYTHIA 8 calculation. Another potential cause
for the deviation from this relationship is significant flow fluctuations, which could also
lead to a positive c2{4} [174].

6.3 Flow coefficients
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Figure 6.15: Left: Measurements of v2{2} as a function of multiplicity
in pp, p–Pb and Pb–Pb collisions. The measurements are compared
with the IP-Glasma + MUSIC + UrQMD [49] calculation. Right plot:

zoom in on the measurements in pp and p–Pb collisions.
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The second-order flow coefficients with two-particle cumulants methods, i.e., vn{2} =√
cn{2} are measured in pp, p–Pb, and Pb–Pb collisions as a function of the multiplicity,

shown in figure 6.15. The separation of |∆η| > 1.4 is used for the measurements. The
comparison with PYTHIA 8 [52] calculation for ⟨⟨cos(2φ1−2φ2)⟩⟩, as shown in figure 6.4,
already suggests the measurement can not be solely explained by the non-flow effects
modeled in PYTHIA 8. In Pb-Pb collisions, the data points firstly increase and then
decrease with the increasing of Nch, attributed to the emergence of geometric effects. In
small collision systems, the multiplicity dependence of v2{2} in both pp and p-Pb collisions
is considerably weaker compared to that observed in Pb–Pb collisions. A notable deviation
between data in pp and Pb–Pb becomes evident at approximately Nch > 50. The same
deviation is also observed between the measurements in p–Pb and Pb–Pb collisions at
Nch ≳ 50. In pp and p–Pb collisions the v2{2} originates from the fluctuation of the color
field from the initial stage, while in Pb–Pb collision, the v2{2} originates from the overall
shape of the overlapping region of the two nuclei.

When zooming in on the results from p–Pb and pp collisions, a clear deviation can
be observed between pp and p–Pb results. Moreover, the previously observed increasing
behavior of v2{2} in a previous study [72] is absent when more data is used in pp collisions.
Instead, the following trend appears: the v2{2} firstly increase and then decrease with
respect to the increasing multiplicity. In p–Pb collisions, there is an observed increase
in v2{2} with respect to the multiplicity. These distinctions between the pp and p–
Pb systems suggest potential differences in the fluctuating initial geometry or initial
momentum correlation across different collision systems.

The hybrid hydrodynamic model, IP-Glasma + MUSIC + UrQMD [49], provides a
qualitative agreement with the Pb–Pb results. In pp and p–Pb collisions, the IP-Glasma
+ MUSIC + UrQMD calculations are limited to a relatively low multiplicity region. The
hydrodynamics calculations underestimates the v2{2} measurements in both of the small
collision systems. The increasing trend in the model is more pronounced than what has
been measured in p–Pb collisions. Additionally, the hydrodynamics model predicts a
declining trend with increasing Nch, different from the measurements in pp collisions.

The measurements of the third order flow coefficient with two-particle correlation
methods v3{2} in pp, p–Pb, and Pb–Pb collisions are shown in figure 6.16. The mea-
surements are conducted with |∆η| > 1.4, altered from the previous analysis [72] with
|∆η| > 1.0, aimed at minimizing potential bias from short-range correlations. In Pb–Pb
collisions, the v3{2} initially increase, and then decrease with the increasing of multi-
plicity, in agreement with the trend of ϵ3 predicted from Glauber [45] and KLN [175,
176] models. Meanwhile, there is no pronounced multiplicity dependence in pp collisions,
while an increasing trend is seen in p–Pb collisions. The IP-Glasma + MUSIC + UrQMD
model qualitatively reproduces the measurements in Pb–Pb collisions, however the model
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Figure 6.16: Measurements of v3{2} as a function of multiplicity in
pp, p–Pb and Pb–Pb collisions. The measurements are compared with

the IP-Glasma + MUSIC + UrQMD [49] calculation.

only works approximately in p–Pb and pp collisions.
The measurement of v4{2} is presented in figure 6.17, showing a trend that first

increase and then decrease with the increasing of Nch in Pb–Pb collisions. The measure-
ments in Pb–Pb could be well reproduced by the IP-Glasma + MUSIC + UrQMD [49]
calculation over a wide multiplicity region from roughly 50 to 2500. The multiplicity
dependence of v4{2} is not evident due to the substantial uncertainty in p–Pb collisions.
The IP-Glasma + MUSIC + UrQMD calculation approximately reproduces both the
magnitude of v4{2}. In pp collisions, the measurements show a clear increasing trend as
multiplicity increases. The hydrodynamics model underestimates v2{2} while overesti-
mating v4{2} in pp collisions, indicating that the data and model discrepancy cannot be
simply resolved by tuning transport coefficients. This inconsistency may be linked to the
nonlinear contribution from ϵ2, which will be further discussed in section 6.5.

The flow coefficients with the four-particle cumulants method v2{4} is shown in fig-
ure 6.18 and compared with the results from v2{2}. The current understanding of non-
flow subtraction suggests that when employing the configuration of 2, 2| − 2| − 2, there is
one short-range correlation and one long-range correlation; the non-flow contamination
is minimal among the two different three subevent configurations. In all three collision
systems, v2{4} consistently shows a smaller magnitude compared to v2{2}. In Pb–Pb
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Figure 6.17: Measurements of v4{2} as a function of multiplicity in
pp, p–Pb and Pb–Pb collisions. The measurements are compared with

the IP-Glasma + MUSIC + UrQMD [49] calculation.

collisions, difference between v2{4} and v2{2} is attributed to the fluctuations of v2. The
observed smaller v2{4} compared with the v2{2} in small collision systems also indicates
a possibility that the flow fluctuations cause v2{4} to be smaller than v2{2}.

The v2{6} is also measured in pp collisions, compared with v2{2} and v2{4}. Due to
the limited statistics, only the standard method, without any suppression of short-range
correlation, is used. The measurements are also plotted in figure 6.18. The v2{6} is also
expected to be smaller than v2{2} in a flow dominant system. While in this measurement,
the magnitudes of v2{2} and v2{6} are approximately the same. The v2{6} < v2{4} is
usually interpreted as a sign of non-Gaussianity in the v2 distribution, as noted in [177].
However, what is observed in this analysis is a v2{6} > v2{4}. The best explanation for
the observation might be the influence of short-range correlations.
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Figure 6.18: Measurements of v2{2} and v2{4} as a function of mul-
tiplicity in pp, p–Pb and Pb–Pb collisions, and v2{6} as a function of

multiplicity in pp collisions.

6.4 Summeric cumulants

6.4.1 SC(3,2)

The symmetric cumulants SC(3,2) are measured in Pb–Pb collisions and small collision
systems shown in figure 6.19, 6.20 and 6.21, respectively. By construction, symmetric
cumulants further suppress the effect of a few particle correlations.

As shown in figure 6.19, in Pb–Pb collisions, the SC(3,2) using the standard method-
ology is positive at the lowest multiplicity points. However, as the event multiplicity
increases, the SC(3,2) transitions towards negative values, initially decreasing before ris-
ing again with higher multiplicities. At the highest multiplicity region, the SC(3,2) tends
towards zero. This trend persists even with an increase in |∆η| separation. Notably,
results obtained with |∆η| separation are consistently smaller across all multiplicities
compared to those obtained using standard methods. Nevertheless, even with a substan-
tial |∆η| separation (|∆η| > 0.8), positive SC(3,2) values are observed at the very low
multiplicity regions. As shown in the figure 6.20, similar trends emerge when utilizing the
three-subevent approach. The results decrease as the multiplicity increases, and it then
increases before reaching zero at high multiplicities. Notably, the three-subevent methods
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Figure 6.19: Measurements of SC(3,2) as a function of multiplicity
in Pb–Pb collisions. The measurements with standard methods and
different |∆η| separation methods are presented in the left plot. The
measurements with standard methods and different three-sub event con-

figurations are presented in the right plot.
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Figure 6.20: Measurements of SC(3,2) as a function of multiplicity
in p–Pb collisions. The measurements with standard methods and dif-
ferent |∆η| separation methods are presented in the left plots. The
measurements with standard methods and different three-subevent con-

figurations are presented in the right plots.

can yield negative values at the outermost peripheral region. In p–Pb collisions, with the
limit of statistics, only a few data points could be obtained for each non-flow suppression
configuration. With the standard method, the SC(3,2) is positive, and it decreases to zero
with increasing multiplicity. While with the increase of |∆η|, the SC(3,2) becomes smaller.
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Figure 6.21: Measurements of SC(3,2) as a function of multiplicity in
pp collisions. The measurements with standard methods and different
|∆η| separation methods are presented in the left plots. The measure-
ments with standard methods and different three-subevent configura-

tions are presented in the right plots.

For |∆η| > 0 and |∆η| > 0.2, the data points at the smallest multiplicity are positive
while the other the SC(3,2) is measured to be negative at higher multiplicity for |∆η| > 0

and |∆η| > 0.2. The results using the three-subevent methods are close to zero. In pp
collisions, one shows a more obvious sensitivity to applying the |∆η| separation or using
three subevent methods, compared with the Pb–Pb collisions, as shown in figure 6.21.
With the standard methods, the SC(3,2) are large and decrease with increasing multi-
plicity. This behavior is believed to be due to the contamination from the short-range
correlations. With an increase of |∆η|, the SC(3,2) is getting smaller, and the monotonic
decrease trend with the increasing of multiplicity is less obvious. With |∆η| > 0.2 or a
larger |∆η|, the SC(3,2) does not show an obvious multiplicity dependency. In addition,
the measurements with three different subevent methods show systematic differences be-
tween each other. The 3, 2| − 2| − 3 configuration is considered to exhibit minimal effect
from short-range correlations. This approach includes a long-range correlation among
particles associated with the third-order harmonic and a short-range correlation among
particles associated with the second-order harmonic. The configuration −3|3, 2| − 2 in-
cludes two short-range correlations. As for the 3, 2| − 3| − 2, it contains one short-range
correlation and one long-range correlation, but the long-range correlation is associated
with the second-order harmonic.

The SC(3,2) calculated in pp collisions with the PYTHIA 8 [52] model is shown in
figure 6.22. The PYTHIA 8 could mimic the behavior of the decreasing SC(3,2) with
the increase of the |∆η|. It is also noticed that with the three-subevent configuration
3, 2| − 2| − 3, the calculation with PYTHIA 8 is negative. The observation of negative
SC(3,2) in PYTHIA 8 suggests that the same sign of SC(3,2) in large and small collisions
may not represents a same origin in the two collision systems.
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Figure 6.22: Calculations of SC(3,2) as a function of multiplicity in
pp collisions with PYTHIA 8 [52]. The calculations are with stan-
dard methods, different |∆η| separation methods, and different three-

subevent configurations.

The symmetric cumulants SC(3,2) are compared with the hydrodynamical model IP-
Glasma + MUSIC + UrQMD [49], as displayed in figure 6.23 (top). The measurements
use the combined results from the three three-subevent method configurations, in order
to reduce the statistical uncertainty and to be consistent with the previous study [72]. In
both the pp and p–Pb collisions, the measurements do not show clear centrality depen-
dence. Most of the data points are positive with a few consistent with zero within the
uncertainty. In Pb-Pb collisions, the symmetric cumulants, the covariance between the
v22 and v23 , are well consistent with the predictions of the hydrodynamical model. This
suggests that both the correlation between ellipticity and triangularity, which originates
from nuclei position fluctuations, and the transport properties in large collision systems
can be well modeled. The first data point with lowest multiplicity deviates from the
trend of going zero at low multiplicity. The hydrodynamic model, IP-Glasma + MUSIC
+ UrQMD, predicts a very small SC(3,2) in pp and p–Pb collisions, which is consis-
tent with zero. This suggests that within the model, the initial eccentricity covariance
cov(ε22, ε23) is either negligible or the covariance diffuses during the hydrodynamic evolu-
tion of the system. Another factor contributing to the small SC(3,2) could be the tiny
absolute fluctuations in v22 or v23 on an event-by-event basis. It is worth clarifying that,
even if the absolute fluctuations of v2n are small, the relative fluctuations in comparison
to v2n themselves could still be substantial.

To reduce the impact of variations in v2n, the normalized symmetric cumulants are
investigated. The normalized symmetric cumulants, i.e., symmetric cumulants normal-
ized with ⟨v22⟩ and ⟨v23⟩, are also compared with theoretical calculation, presented in the
right plot of figure 6.23 (bottom). The normalized symmetric cumulants NSC(3,2) are
predicted to be less sensitive to the details of the hydrodynamic evolution of the system,
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Figure 6.23: Symmetric cumulants SC(3,2) (top) and normalized sym-
metric cumulants NSC(3,2) (bottom) in pp, p–Pb and Pb–Pb collisions,
compared with the IP-Glasma + MUSIC + UrQMD [49] calculation.

in contrast to the symmetric cumulants. To be consistent with the study in [72], the
SC(3,2) with a combination of the three-subevent configuration is used as the numerator
and the v2{2, |∆η| > 1.4}, v3{2, |∆η| > 1.0} are used in the denominator.

In Pb–Pb collisions, the normalized symmetric cumulant NSC(3,2) shows an increase
from approximately −0.3 to 0, corresponding to an increase in the number of charged
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tracks from about 80 to 2000. Furthermore, the IP-Glasma + MUSIC + UrQMD [49]
model provides an accurate description of the NSC(3,2), effectively capturing the co-
variance between the ε22 and ε23. Consequently, this agreement reduces the possibility of
an accidental correlation between theoretical predictions and measurements in SC(3,2),
which is affected by both the initial geometric correlation between the second and third
orders of eccentricity and the evolution of the hydrodynamic system. In pp and p–Pb col-
lisions, the observed normalized symmetric cumulants NSC(3,2) are notably large when
compared to the peak value measured in Pb–Pb collisions. Intuitively, the initial geomet-
ric profile arises from a fluctuating color field. If the initial energy or entropy deposition
fluctuations are pronounced, the eccentricities could be quite random. Therefore a weak
correlation between various orders of eccentricities is anticipated. Thus, the pronounced
negative NSC(3,2) could be attributed to the initial geometry without significant event-
by-event fluctuations or the presence of an alternative underlying mechanism. Another
consideration is that the system may not be driven by flow but by finite particle correla-
tions.

A pronounced positive NSC(3,2) indicates a strong correlation between the system
eccentricity ε22 and ε23.

6.4.2 SC(4,2)

The symmetric cumulants SC(4,2) are measured in both large and small collision systems,
as shown in figure 6.24, 6.25 and 6.26. In Pb–Pb collisions, within the range of Nch ≳ 100,
the value initially rises before declining with the increasing multiplicity. Notably, with
the standard method, the first data point in the peripheral Pb–Pb measurement stands
out significantly compared to subsequent points. As the |∆η| separation increases, the
SC(4,2) lowers, suggesting that the large value of this point at the lowest multiplicity with
the standard method is because of short-range correlation contamination. With all the
methods, except for the first point at the lowest multiplicity, the SC(4,2) first increases
with increasing multiplicity and then goes down, approaching zero at Nch around 2000.
With the enlargement of the |∆η| separation, the SC(4,2) gets smaller for the presented
multiplicity range. The SC(4,2) with all three subevent methods is smaller than the
measurements with standard methods. The differences between the measurements with
different three-subevent choices are evident. This suggests that the short-range correlation
is non-negligible with using the three-subevent methods. In p–Pb collisions, SC(4,2)
displays a decreasing trend with the standard methods as shown in figure 6.25. With
the increasing of |∆η|, the observable seems to decrease, the same as the pattern that
will be shown in pp collisions, while the uncertainties are large. No significant deviation
from the three subevent methods could be observed. Similarly as in p–Pb collisions, the
measurements with the standard analysis method show a declining trend in pp collisions,
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Figure 6.24: Measurements of SC(4,2) as a function of multiplicity
in Pb–Pb collisions. The measurements with standard methods and
different |∆η| separation methods are presented in the left plot. The
measurements with standard methods and different three-subevent con-

figurations are presented in the right plot.
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Figure 6.25: Measurements of SC(4,2) as a function of multiplicity
in p–Pb collisions. The measurements with standard methods and dif-
ferent |∆η| separation methods are presented in the left plots. The
measurements with standard methods and different three-subevent con-

figurations are presented in the right plots.

which becomes less evident with an increasing |∆η| separation as shown in figure 6.26.
The magnitude of the SC(4,2) in pp collisions is much larger than that in p–Pb collisions.
Additionally, with the increase of |∆η|, the SC(4,2) decreases monotonously. For all
configurations, SC(4,2) is either positive or consistent with zero. The measurements with



6.4. Summeric cumulants 99

20 30 40 50 60 70 80 90
)c < 3.0 GeV/

T
p| < 0.8, 0.2 < η (|chN

4−

2−

0

2

4

6

8

10

12

14

16

18

6−10×

S
C

(4
,2

)
Standard

| > 0.2η∆|
| > 0.6η∆|

| > 0η∆|
| > 0.4η∆|
| > 0.8η∆|

 = 13 TeVsALICE, pp, 
c < 3.0 GeV/

T
p| < 0.8, 0.2 < η|

This thesis

20 30 40 50 60 70 80 90
)c < 3.0 GeV/

T
p| < 0.8, 0.2 < η (|chN

4−

2−

0

2

4

6

8

10

12

14

16

18

6−10×

S
C

(4
,2

)

Standard
4,2|-2|-4
all 3sub

4,2|-4|-2
-4|4,2|-2

 = 13 TeVsALICE, pp, 
c < 3.0 GeV/

T
p| < 0.8, 0.2 < η|

This thesis

Figure 6.26: Measurements of SC(4,2) as a function of multiplicity in
pp collisions. The measurements with standard methods and different
|∆η| separation methods are presented in the left plots. The measure-
ments with standard methods and different three-subevent configura-

tions are presented in the right plots.

different three subevent configurations in pp collisions exhibit significant discrepancies.
The 4, 2| − 4| − 2 and −4|4, 2| − 2 configurations notably deviate substantially from zero,
whereas the 4, 2| − 2| − 4 configuration aligns closely with zero. Similar to the SC(3,2),
the measurements of SC(4,2) with 4, 2|−2|−4 contain a long-range correlation associated
with fourth-order harmonics and a short-range correlation associated with second-order
harmonics. This configuration is considered to suffer the least short-range correlation
among the three different three subevent methods.
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Figure 6.27: Calculations of SC(4,2) as a function of multiplicity in
pp collisions with PYTHIA 8 [52]. The calculations are with stan-
dard methods, different |∆η| separation methods, and different three-

subevent configurations.

The symmetric cumulant SC(4,2) in pp collisions is calculated with the PYTHIA 8 [52]
model. Unlike the data, where SC(4,2) measurements exhibit a decreasing trend with
the standard method, PYTHIA 8 results indicate a relatively flat trend with increasing
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multiplicity. Moreover, enlarging the |∆η| leads to smaller SC(4,2) values, which could be
monitored through the data points with the lowest Nch, where the uncertainty is relatively
small. No clear difference between the results of three different three-subevent methods
can be seen with current uncertainty.

The measurements of symmetric cumulants SC(4,2) are compared with the hydro-
dynamics model IP-Glasma + MUSIC + UrQMD [49] calculations, as illustrated in fig-
ure 6.28 in pp, p–Pb and Pb–Pb collisions. The measurements presented in the plot use
the results with the combined three-subevent methods, the same as what is used in [72].
In a flow-driven system, the SC(4,2) measures the covariance between the v22 and v24 . In
Pb–Pb collisions, the SC(4,2) is close to zero at central collisions where the multiplicity
is large (Nch ∼ 2000), rising at mid-centrality (Nch ∼ 300) and going down at the periph-
eral region (Nch ≲ 300). The exception is that at very low multiplicity, the data point
shows large SC(4,2), but with very large statistical uncertainty. In Pb–Pb collisions, the
theoretical calculation with IP-Glasma + MUSIC + UrQMD agrees well with the data
curve. The measurements in pp and p–Pb collision are positive and decrease with the
increasing Nch. On the contrary, in the case of pp and p–Pb collisions, the IP-Glasma
+ MUSIC + UrQMD calculation shows symmetric cumulants nearing zero, indicating a
small covariance between v22 and v24 . The smaller values of symmetric cumulants may
arise from the small variance of v22 or v24 . To understand the underlying physics behind
it, the investigation of NSC(4,2) is necessary.

The NSC(4,2) is measured in pp, p–Pb, and Pb–Pb collisions, shown in figure 6.28
(bottom). To obtain the NSC(4,2), the SC(4,2) values are further normalized by v22 and
v24 , using the |∆η| > 1.4 for v22 and |∆η| > 1.0 for v24 . In Pb–Pb collisions, the NSC(4,2)
values show a gradual increase from approximately Nch ∼ 2000 to Nch ∼ 100, in contrast
to SC(4,2), which reaches its peak at around Nch ∼ 300. The NSC(4,2) measures the
correlation between the v24 and v22 , where the v24 has a contribution from a linear and a non-
linear part. If the linear contribution dominates, the NSC(4,2) has a major contribution
from the correlation between ε22 and ε241. While if the nonlinear flow dominates, or if the
vL4 is independent to the v2, the NSC(4,2) is approximately ρ24,22(⟨v62⟩/(⟨v42⟩⟨v22⟩)−1) [147].
The ρ4,22 characterize the event-plane correlation, whose measurements will be presented
and discussed in the later sections. And the ⟨v62⟩/(⟨v42⟩⟨v22⟩)− 1 = cov(v42 , v22)/(⟨v42⟩⟨v22⟩),
which is always positive by definition. The IP-Glasma + MUSIC + UrQMD [49] well
described the NSC(4,2) in Pb–Pb collisions at a multiplicity of Nch ≳ 100 and above. In
pp and p–Pb collisions, NSC(4,2) in both pp and p–Pb collisions are larger than zero but
with large uncertainties. As just discussed in Pb–Pb collisions, the large positive NSC(4,2)
could be explained by a contribution from the nonlinear flow. The IP-Glasma + MUSIC
+ UrQMD underestimates the measurements, indicating an underestimate from nonlinear

1Exactly speaking, it should use cumulant-defined anisotropy coefficient ε′ [178] rather than ε
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Figure 6.28: Measurements of symmetric cumulants SC(4,2) (top) and
normalized symmetric cumulants NSC(4,2) (bottom) as a function of
multiplicity in pp, p–Pb and Pb–Pb collisions, compared with the IP-

Glasma + MUSIC + UrQMD [49] calculation.

flow, which will be further verified through the nonlinear flow measurements in the later
section.



102 Chapter 6. Results and discussion

6.5 Non-linear flow response

6.5.1 v4,22
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Figure 6.29: Measurements of v4,22 as a function of multiplicity in
Pb–Pb collisions. The standard method, |∆η| separation methods, and

three-subevent methods are used.
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Figure 6.30: Measurements of v4,22 as a function of multiplicity in
p–Pb (left) and pp (right) collisions. The standard method, |∆η| sep-
aration methods, and three-subevent methods are used. The x-axis is

shifted for visibility.
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The non-linear flow coefficients v4,22 is measured as a function of multiplicity in Pb–
Pb, p–Pb and pp collisions, as shown in figure 6.29 and figure 6.30. In Pb–Pb collisions,
this observable initially increases with the increasing multiplicity before decreasing. Re-
sults obtained through different |∆η| separation methods are well consistent, suggesting
that the observable is not very sensitive to non-flow contamination for the region domi-
nated by flow. In p–Pb collisions, the v4,22 with the standard method is the largest and
decreases with increasing multiplicity. With the increasing |∆η| separation, the v4,22 be-
comes smaller, and the results show a weak to no dependence on Nch. In pp collisions, the
value of v4,22 is notably large with the standard method. However, as the |∆η| separation
increases, v4,22 decreases. Till a |∆η| > 1.0, this decreasing trend does not saturate. The
measurements with |∆η| > 1.0 are consistent with the results with various three-subevent
methods within the statistical uncertainty, though a systematic difference between the
measurements of the two different three-subevent configurations is observed.

The behavior of the v4,22 with increasing of |∆η| can more or less be mimicked by
the non-flow model, as displayed in figure 6.31, which is unexpected. Non-flow effects
cannot account for this behavior, as PYTHIA 8 [52] calculation fails to accurately de-
scribe ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩ or ⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩, suggesting that the
agreement between v4,22 = ⟨⟨cos(4φ1 − 2φ2 − 2φ3)⟩⟩/

√
⟨⟨cos(2φ1 + 2φ2 − 2φ3 − 2φ4)⟩⟩

in measurements and calculation could be coincidental.
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Figure 6.31: Calculation of v4,22 as a function of multiplicity in pp
collisions with the PYTHIA 8 [52] calculation, compared with the mea-

surements.

The non-linear flow coefficients v4,22 are compared with the calculation from the hy-
drodynamics model, IP-Glasma + MUSIC + UrQMD [49], shown in figure 6.32. The
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Figure 6.32: Measurements of v4,22 as a function of multiplicity in pp,
p–Pb and Pb–Pb collisions. The measurements are compared with the

IP-Glasma + MUSIC + UrQMD [49] calculation.

coefficient v4,22 quantifies the fourth-order flow, originating from the initial eccentricity
ϵ22. A pattern where it initially increases and then decreases as the multiplicity Nch in-
creases is observed. This behavior is connected to the multiplicity dependence of both
v22 and χ4,22, with the latter primarily influenced by the initial stages of the system.
The hydrodynamics could qualitatively describe the measurements in Pb–Pb collisions.
Whether it can provide a good description for the χ4,22 will be discussed later. In pp
and p–Pb collision systems, the non-linear flow coefficient v4,22 does not show an obvious
multiplicity dependence. The magnitudes of v4,22 in pp and p–Pb collisions are similar
to that observed in Pb–Pb collisions for a similar multiplicity region. This measurements
indicate a similar system evolution across collision systems because the similar magni-
tudes of v2{2} are already observed in pp, p–Pb and low multiplicity Pb–Pb collisions.
The IP-Glasma + MUSIC + UrQMD model tends to underestimate the measurement of
v4,22 in pp collisions. In p–Pb collisions, the model exhibits an increasing trend, which
is not seen in the measurements. Notably, at the highest multiplicity with Nch ∼ 65,
the model calculations are slightly lower than the measurements. Furthermore, in pp
collisions, based on the earlier finding that the IP-Glasma + MUSIC + UrQMD model
overestimates v4{2} shown in figure 6.17, it suggests that the linear components of v4 are
not accurately reproduced with IP-Glasma + MUSIC + UrQMD. This implies that the
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initial conditions of the model require additional refinement.

6.5.2 ρ4,22
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Figure 6.33: Measurements of ρ4,22 as a function of cmultiplicity in
pp, p–Pb and Pb–Pb collisions. The measurements are compared with

the IP-Glasma + MUSIC + UrQMD [49] calculation.

The ρ4,22 measurements have been performed in pp, p–Pb, and Pb–Pb collisions and
are compared with the hydrodynamical model IP-Glasma + MUSIC + UrQMD [49]
calculations, as shown in figure 6.33. A three-subevent configuration of 4|-2|-2 for v4,22 and
two-subevent |∆η| > 1.0 for v4{2} is chosen to compute ρ4,22, attributing to a compromise
between statistical precision and contamination on short-range correlation effects. The
ρ4,22 ≈ ⟨cos(4(Ψ4 − Ψ2))⟩ represents a correlation between the flow symmetry planes
in a flow-driven system. It is expected that the value will be large when the difference
between Ψ2 and Ψ4 is small and has small fluctuation on an event-by-event basis. In
Pb–Pb collisions, ρ4,22 keeps approximately constant from Nch ∼ 100 to Nch ∼ 300, after
which it begins to decline. By an Nch ∼ 2000, ρ4,22 decreases to approximately 0.3. The
observed trend suggests that in central collisions, the system becomes isotropic, leading to
a more random orientation of Ψ2 and Ψ4. Consequently, the correlations between the Ψ2

and Ψ4 tend to diminish. At the multiplicity region of Nch > 100 in Pb–Pb collisions, the
calculation agrees with the measurements fairly well. In p–Pb collisions, the three data
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points are of similar magnitude compared with low multiplicity Pb–Pb collisions within
the uncertainty. In pp collisions, the ρ4,22 show a decreasing trend with the increasing
multiplicity. At the lowest multiplicity bin, the ρ4,22 hold a similar magnitude as in
the Pb–Pb collisions, while at high multiplicity region in pp collisions, the magnitude
is evidently smaller than the platform in low multiplicity Pb–Pb collisions. From an
initutive view point, if the expansion of the system is influenced by various sources, the
orientation of the flow vector may become more random, suggesting a weaker correlation
between Ψ2 and Ψ4. Conversely, a strong correlation between Ψ2 and Ψ4 implies that the
system’s expansion is likely dominated by a single source. It is also worth noticing that
the IP-Glasma + MUSIC + UrQMD underestimates the ρ4,22 in pp collisions, which is
agree with that the IP-Glasma + MUSIC + UrQMD also underestimates NSC(4,2).

6.5.3 χ4,22
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Figure 6.34: Measurements of χ4,22 as a function of multiplicity in
Pb–Pb collisions. The standard method, |∆η| separation methods, and

three-subevent methods are used.

The multiplicity dependence of the χ4,22, measured with different non-flow suppression
methods in pp, p–Pb and Pb–Pb collisions, are presented in figure 6.34 and figure 6.35.
In Pb–Pb collisions, the χ4,22 with standard methods gradually rises from around 0.85 to
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around 1.25 at the largest multiplicity region (Nch ∼ 2000). The results from different
|∆η| separation methods are not compatible with each other. With the increase of the
|∆η|, the χ4,22 becomes larger. The measurements with the two different three-subevent
configurations show clear deviations. Additionally, they deviate clearly from the standard
method that does not apply any suppression of short-range correlations.
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Figure 6.35: Measurements of χ4,22 as a function of multiplicity in
p–Pb (left) and pp (right) collisions. The standard method, |∆η| sepa-

ration methods, and three-subevent methods are used.

In p–Pb and pp collisions, with the increasing of the |∆η| separation, the χ4,22 gen-
erally becomes larger. When applying the three-subevent methods with the 2, 2| − 2| − 2

that is regarded to have one short-range correlation and one long-range correlation with
an ability to suppress the non-flow, the χ4,22 is compatible with the standard method.
With another three-subevent configuration (−2|2, 2| − 2), which is regarded as suffering
dramatically from the short-range correlation contamination, the χ4,22 is measured to
be small compared with the standard configuration. The results show that χ4,22 is very
sensitive to the choice of |∆η| separation, which reflects its sensitivity to the short-range
correlation effects.

The variation of χ4,22 observed with different three-subevent methods is also seen in
the calculation from PYTHIA 8 [52]. The three-subevent method with the configuration
2|2|-2,-2, is once again consistent with the results with the standard method. A larger
pseudorapidity separation results in an increased χ4,22. However, the measurements em-
ploying any pseudorapidity gap method do not agree with the calculations from any of
the three-subevent methods. This study suggests that the three-subevent methods incor-
porate significant short-range correlations in the χ4,22 measurements. Therefore, utilizing
the widest possible |∆η| separation is essential.

The χ4,22 in pp, p–Pb and Pb–Pb collisions with the largest possible |∆η| separation
is presented in figure 6.37. It is noted that, in Pb–Pb collisions, χ4,22 modestly decreases
from highest multiplicity to Nch ∼ 1000 and then remains almost constant from Nch ∼
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Figure 6.36: Calculation of χ4,22 as a function of multiplicity in pp
collisions with PYTHIA 8 [52], with standard methods, different |∆η|

separation method, and different three-sub event configurations.
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Figure 6.37: Measurements of χ4,22 measured as a function of multi-
plicity in pp, p–Pb and Pb–Pb collisions. The measurements are com-

pared with the IP-Glasma + MUSIC + UrQMD [49] calculation.

1000 to the region of Nch ∼ 100. Consequently, the trend of v4,22 (in figure 6.32),
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which is an initial increase followed by a decrease with increasing multiplicity, is primarily
attributed to the rise of v2 from low multiplicity to high multiplicity rather than a variation
in the non-linear mode coefficient. In pp and p–Pb collisions, no obvious multiplicity
dependency could be confirmed. They are consistent with the χ4,22 in Nch ≲ 1000 of
Pb–Pb collisions with a large uncertainty. The measurements are compared with the IP-
Glasma + MUSIC + UrQMD [49] calculations. In Pb–Pb collisions, both the χ4,22 and the
v4,22 can be well reproduced with the IP-Glasma + MUSIC + UrQMD, suggesting that the
model is good at modeling both the initial condition together with the system evolution
in Pb–Pb collisions. In addition, the calculation from IP-Glasma + MUSIC + UrQMD
also agrees with the measurements in pp and p–Pb collisions. However, the relatively
small discrepancy between the data and experimental results does not necessarily suggest
the excellence of the initial condition modeling, as changes to the initial conditions only
lead to minor variations in χ4,22 [94].

6.6 Flow-transverse momentum correlations

6.6.1 cov(v22, [pT])
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Figure 6.38: Measurements of cov(v22 , [pT]) as a function of multiplicity
in Pb–Pb (left) and pp (right) collisions. The measurements are with

different |∆η| separation to obtain the v22 .

The covariance between v22 and [pT], denoted as cov(v22 , [pT]), has been measured in
Pb–Pb collisions and pp collisions with different |∆η| separations, as shown in figure 6.38.
The measurement are with a fixed region (|η| < 0.4) to measure [pT], and a varying
region (|∆η| > 0.8, 1.0, 1.2, 1.4) to measure the v22 . In Pb–Pb collisions, for Nch ≲ 500,
the cov(v22 , [pT]) is found to decrease monotonously with the increasing |∆η|. While at a
higher multiplicity region, the cov(v22 , [pT]) is not sensitive to the |∆η|. With all the |∆η|
separations, the cov(v22 , [pT]) show a consistent trend: it initially decreases, then increases,
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and ultimately decreases again as the multiplicity increases in Pb–Pb collisions. In pp
collisions, the cov(v22 , [pT]) has been measured with the same |∆η| seperation methods
as the what has been done in Pb–Pb collisions. The covariance cov(v22 , [pT]) decreases
monotonously with the increasing the |∆η|. With the |∆η| > 0.8, |∆η| > 1.0 or |∆η| >
1.2, the measurements show a decreasing trend with the increasing Nch. While with
the |∆η| > 1.4, given the small value of the convariance and the large uncertainty, it
is not possible to draw a definitive conclusion regarding the multiplicity dependency.
With the increasing |∆η|, the contribution from the short-range correlation decreases.
The covariance could become smaller with the suppression of the short-range correlation
effects. The examination of how the covariance changes with variations in |∆η| separation
in p–Pb collisions has not been conducted due to insufficient data.

Despite the presence of non-negligible short-range correlations, measurements with
|∆η| > 0.8 are used in model comparisons and subsequent calculations of ρ(v22 , [pT]).
This is due to the fact that measurements with |∆η| > 0.8 has the least statistical
uncertainty. Furthermore, it will be demonstrated later that ρ(v22 , [pT]) is not significantly
affected by the short-range correlations. The comparisons of cov(v22 , [pT]) in pp, p–Pb,
and Pb–Pb collisions are shown in figure 6.39. The results in figure 6.39 are all obtained
with |∆η| > 0.8 for calculating v22 and |η| < 0.4 for calculating [pT]. In pp collisions,
cov(v22 , [pT]) decreases monotonically with an increasing number of charged tracks, but
the results remain positive even at the highest multiplicity. This monotonically decreasing
trend with increasing Nch is also observed in p–Pb collisions. However, in p–Pb collisions,
cov(v22 , [pT]) is measured to be negative at the highest multiplicity (Nch ∼ 130), although
the possibility of it being non-negative cannot be excluded due to large uncertainties. In
Pb–Pb collisions, cov(v22 , [pT]) initially decreases and then increases with the increasing
multiplicity. At low multiplicities (Nch ≲ 70), the data points for pp, p–Pb, and Pb–
Pb collision systems overlap with each other. Starting with a number of charged tracks
approximately Nch ∼ 70, the observed covariance in small and large collision systems
appears to diverge. This may be due to the fact that in small collision systems, the
initial geometry consistently originates from fluctuations, irrespective of multiplicity. In
contrast, in Pb–Pb collisions within regions of high multiplicity, the initial geometry is
shaped by the overlapping geometry of the wounded nucleons.

The measurements are compared with the theoretical model calculation from PYTHIA 8 [52,
179], AMPT [61, 179] and hydrodynamics model IP-Glasma + MUSIC + UrQMD [49,
180], as shown in figure 6.39 (right) and figure 6.40. As shown in figure 6.39 (right), in
Pb–Pb collisions, the AMPT calculation shows a same positive sign as the measurements.
The trend seen in the AMPT calculation initially shows a decrease, followed by an in-
crease, with the increasing Nch. This pattern is same as the trend observed in the data.
However, the magnitude of the cov(v22 , [pT]) is overestimated by the AMPT calculation.
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Figure 6.39: Left: Measurements of cov(v22 , [pT]) as a function of mul-
tiplicity in pp, p–Pb and Pb–Pb collisions. Right: Measurements of
cov(v22 , [pT]) in Pb–Pb collisions, compared with AMPT [61, 179] cal-

culation.
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Figure 6.40: Measurements of cov(v22 , [pT]) as a function of multiplicity
in p–Pb (left), pp (right) collisions, compared with PYTHIA 8 [52,
179], AMPT [61, 179] and IP-Glasma + MUSIC + UrQMD [49, 180]

calculations.

The deviation between the measurements and calculation could attribute to multiple rea-
son, including the insufficient modeling of initial geometry or transport processes. In
p–Pb collisions, the measurements are compared with the AMPT model calculation as
well as the IP-Glasma + MUSIC + UrQMD calculation, as shown in figure 6.40 (left). A
decreasing trend with increasing multiplicity is obtained from the AMPT model calcula-
tion. However, similar as the the calculation in Pb–Pb collisions, the AMPT calculation
in p–Pb collision also overestimate the measurements. Calculations using the IP-Glasma
+ MUSIC + UrQMD model, neither with or without the initial momentum anisotropy
contributed from the CGC, can accurately describe the measurements, failing to even cap-
ture the correct sign of cov(v22 , [pT]) in p–Pb collisions. As shown in figure 6.40 (right), in
pp collisions, the measurements are compared with the PYTHIA 8 and the IP-Glasma +



112 Chapter 6. Results and discussion

MUSIC + UrQMD calculations. The calculation from the PYTHIA 8 shows an increas-
ing trend with the increasing Nch, which is contradictory to the measurements, where
the cov(v22 , pT) decreases with the increasing multiplicity. This disagreements suggest the
explanation of the measurements with only a non-flow mechanism is not enough. Ad-
ditionally, the measurements are compared with the IP-Glasma + MUSIC + UrQMD
calculations in pp collisions, incorporating the initial momentum anisotropy arising from
the CGC effects. This model fails to even capture the correct sign of cov(v22 , pT) in pp
collisions. The difficulty in describing the measurements could stem from either an in-
correct relative contribution of the CGC and hydrodynamic components, or a lack of
consideration for non-flow short-range contributions. It is also possible that this devia-
tion between calculations and measurements comes from an inadequate modeling of the
initial geometry. To properly understand the reasons behind the poor modeling of these
measurements, a flow + jets hybrid model will be beneficial.

6.6.2 ck

The dynamic fluctuation of [pT] measured in pp, p–Pb, and Pb–Pb collisions, with respect
to multiplicity within |η| < 0.4, is illustrated in the figure 6.41 (left). The observable
ck is one of the components used in the calculation of ρ(v2n, [pT]), and it characterizes
the fluctuation in system size [181]. Across all three collision systems, the ck exhibit a
decreasing trend with the increasing of number of charged tracks. Notably, an ordering
of ck(pp) > ck(p–Pb) > ck(Pb–Pb) is seen, similar as the observation in [182]. This
ranking differs from most flow observables, which usually exhibit a smooth transition
across different collision systems. This indicates the initial size fluctuations are different
among the three collision systems under the same multiplicity.
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Figure 6.41: Left: Measurements of ck as a function of multiplicity in
pp, p–Pb and Pb–Pb collisions. Right: Measurements of ck as a function
of multiplicity in Pb–Pb collisions, compared with the AMPT [61, 179]

calculation.
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In Pb–Pb collisions, the ck measurements are compared with the calculation from the
AMPT [61, 179] model, as shown in the right plot of figure 6.41. Despite that similar
decreasing trends are observed in both the measurements and the AMPT model calcula-
tions, the AMPT results significantly underestimates the measurements. In figure 6.42,
the measurements are compared with various models calculatinos in small collision sys-
tems. The left panel shows the comparison in p–Pb collisions, and the right panel shows
the comparison in pp collisions. In p–Pb collisions, the AMPT prediction exhibits a de-
creasing trend, but it appears much flatter compared to the measurement, which shows a
steeper decline. Additionally, the AMPT model underestimates the measurements, sim-
ilar to its prediction in Pb–Pb collisions. Furthermore, comparisons are made between
the measurements and a hydrodynamical model calculations. Notably, the ck calculations
obtained with and without initial momentum anisotropy differ significantly. However, nei-
ther of the model with initial momentum anisotropy nor without it accurately describes
the measurements. In pp collisions, PYTHIA 8 [52, 179] calculation exhibits a similar
decreasing trend as the measurements, except for the first data point at the lowest Nch,
where it overestimates the measurement. On the other hand, the IP-Glasma + MUSIC
+ UrQMD [49, 180] model predicts an increase from Nch ∼ 0 to Nch ∼ 10. For Nch > 10,
with a increase in Nch, the ck decreases. This model substantially underestimates the
measured ck.
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Figure 6.42: Measurements of ck as a function of multiplicity in p–
Pb (left) and pp (right) collisions, compared with PYTHIA 8 [52, 179],
AMPT [61, 179] and IP-Glasma + MUSIC + UrQMD [49, 180] calcu-

lations.

6.6.3 σ(v22)

The measurements of v22 fluctuations var(v22), with different |∆η| separations performed
in Pb–Pb and pp collisions are shown in figure 6.43. In Pb–Pb collisions, a decreasing of
var(v22) with increasing of |∆η| could be clearly monitored at Nch ≲ 500. In pp collisions,
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Figure 6.43: Measurements of var(v22) as a function of multiplicity
with different |∆η| in Pb–Pb (left) and pp (right) collisinos.

despite the large uncertainties, a decrease in the measurements can be observed as the
|∆η| increases. The measurements of the var(v22) with varying |∆η| in p–Pb collisions has
not been conducted due to insufficient data.

For the same reasons as the case of cov(v22 , [pT]), the measurements with |∆η| > 0.8

are selected for model comparison and the subsequent calculation of ρ(v22 , [pT]). The
measurement of σ(v22) =

√
var(v22) in pp, p–Pb, and Pb–Pb collisions are shown in

figure 6.44 (left). In pp collisions, σ(v22) does not show a clear dependence on multiplicity.
In p–Pb collisions, σ(v22) decreases with increasing Nch, although with sizeable statistical
uncertainties. Conversely, in Pb–Pb collisions, σ(v22) increases with the number of charged
tracks. The fluctuations in v22 across pp, p–Pb, and Pb–Pb collisions are of comparable
magnitude within the uncertainty for Nch < 100. However, an increasing trend in Pb–Pb
collisions is observed with the increasing Nch.

The measurements are compared with the calculations from theoretical models PYTHIA 8 [52,
179] and AMPT [61, 179], along with a hydrodynamics model calculation, in the Pb–Pb
collisions as shown in figure 6.44 (right), and in p–Pb and pp collisions in figure 6.45.
In Pb–Pb collisions, the AMPT calculation well described the trend, and only slightly
overestimates the measurements. In p–Pb collisions, the AMPT calculation is also able
to reproduce the measurements, exhibiting a similar flat trend as the data, with only a
slight overestimation of the measurements. The σ(v22) calculation from the IP-Glasma +
MUSIC + UrQMD [49, 180] model is limited to Nch ≲ 80. The σ(v22) calculation from
IP-Glasma + MUSIC + UrQMD model without the initial momentum anisotropy from
the CGC starts from zero at very low multiplicity regions. As the number of charged par-
ticles increases, σ(v22) also increases, as shown in figure 6.45 (left). For the calculations
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Figure 6.44: Left: Measurements of σ(v22) as a function of multiplicity
in pp, p–Pb and Pb–Pb collisions. Right: Measurements of σ(v22) as a
function of multiplicity in Pb–Pb collisions compared with AMPT [61,

179] calculation.
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Figure 6.45: Measurements of σ(v22) as a function of multiplicity in
p–Pb (left) and pp (right) collisions, compared with the PYTHIA 8 [52,
179], AMPT [61, 179] and IP-Glasma + MUSIC + UrQMD [49, 180]

calculations.

with the initial momentum anisotropy, σ(v22) begins at a positive value when Nch ∼ 0,
and gradually increases as a function of multiplicity. At the multiplicity region where the
measurements and calculations are both available (50 ≲ Nch ≲ 70), both the IP-Glasma
+ MUSIC + UrQMD with and without the initial momentum anisotropy underestimate
σ(v22). The prediction with the initial momentum anisotropy aligns more closely with the
measurement. However, it’s worth noting that with an increase in |∆η|, σ(v22) is expected
to decrease, if the variation in σ(v22) with varying |∆η| is the same in p–Pb as in pp and
Pb–Pb collisions. Similar to p–Pb collisions, the hydrodynamic model calculations are
not available at high multiplicity regions. Within the region where theory calculations
and measurements are available, the model calculation underestimates σ(v22). However, as
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suggested in figure 6.43, an increase in |∆η| is expected to result in a smaller var(v22). Con-
sequently, σ(v22) is also expected to decrease. This suggests that the agreement between
the measurements and the IP-Glasma + MUSIC + UrQMD prediction might improve
with further suppression of short-range correlations. Unfortunately, due to limitations in
statistics, obtaining valid results with a larger |∆η| separation is challenging. Calcula-
tions with PYTHIA 8 employ the same |∆η| as the measurements. The weak multiplicity
dependence of the measurements could be well reproduced by the PYTHIA 8 calculation.
The calculation from PYTHIA 8 is only slightly underestimating the data points.

6.6.4 ρ(v22, [pT])
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Figure 6.46: Measurements of ρ(v22 , [pT]) as a function of multiplicity
in Pb–Pb (left) and pp (right) collisions. The measurements are with

different |∆η| separation to obtain the v22 .

The Pearson correlation coefficients, ρ(v22 , [pT]), have been measured in Pb–Pb and
pp collisions using various pseudorapidity separation |∆η|, as shown in figure 6.46. In
Pb–Pb collisions, it is observed that the measurements do not exhibit a significant change
when varying the |∆η| separation throughout the entire range of multiplicity. For pp
collisions, as shown in figure 6.46 (right), despite a relatively large uncertainty, the change
in ρ(v22 , [pT]) with an increase in |∆η| is not significant, especially when compared to the
situations of cov(v22 , [pT]) or var(v22), shown in figure 6.38 and 6.43. It is concluded that
the effects of short-range correlations are mainly cancelled out in both the numerator and
denominator when determining ρ(v22 , [pT]) results.

Given that the ρ(v22 , [pT]) shows weak sensitivity to the variation of pseudorapidity
separation |∆η|, and in order to maximize the precision, |∆η| > 0.8 is used for the final
results and subsequent physics discussions. The measurements from pp, p–Pb, and Pb–
Pb collisions are shown in figure 6.47. The measured correlations are within the range
of −0.1 to 0.2, suggesting a relatively weak correlation strength between v22 and [pT]

in the low multiplicity region (Nch ≲ 200). Upon normalization with σ(v22) and √
ck,
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the trend of ρ(v2n, [pT]) remains similar to the results of cov(v22 , [pT]). In both two small
collision systems, pp and p–Pb collisions, there is a evident decrease in ρ(v22 , [pT]) with the
increasing multiplicity. In Pb–Pb collisions, the correlation coefficient ρ(v22 , [pT]) exhibits
an initial decrease followed by an increase with the increasing Nch, similar as the behavior
observed in cov(v22 , [pT]) shown in figure 6.39. For low multiplicities, i.e., Nch ≲ 70, the
ρ(v2n, [pT]) values in pp and p–Pb collisions are consistent with each other. Meanwhile,
for the Pb–Pb collisions in the low multiplicity region, the data points also align with the
measurements from pp and p–Pb collisions. Similar as the cov(v22 , [pT]), the agreement
could be explained as follows: At very low multiplicities, i.e., Nch ≲ 70, the initial stages
of all three collision systems are all originates from fluctuations of the initial energy or
entropy deposition. Consequently, the initial shape and size correlation across the three
different collision systems could be similar. For Pb–Pb collisions in high multiplicity
region, the geometry effects stemming from the overlapping region of the colliding nuclei
gradually become more significant, and thus a non-monotonic trend is evident in Pb–Pb
collision systems.
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Figure 6.47: Left: Measurements of ρ(v22 , [pT]) as a function of mul-
tiplicity in pp, p–Pb and Pb–Pb collisions. Right: Measurements of
ρ(v22 , [pT]) as a function of multiplicity in Pb–Pb collisions, compared
with the AMPT [61, 179] and IP-Glasma + MUSIC + UrQMD [49, 180]

calculations.

The measurements are compared with the calculation from AMPT [61, 179], and IP-
Glasma + MUSIC + UrQMD model [49, 180], as shown in the right plot of figure 6.47 for
Pb–Pb collisions, and in the figure 6.48 for small collision systems. Additionally, in pp
collisions the measurement is also compared with the PYTHIA 8 calculation as shown in
figure 6.48 (right). In Pb–Pb collisions, both the calculations from IP-Glasma + MUSIC
+ UrQMD model and from the AMPT model show a non-monotic behaviour. It should be
addressed that the non-monotic trend is firstly predicted by the hydrodynamical model.
Then the similar trend is observed in data and finally the behaviour is observed in AMPT
calculation. In p–Pb collisions, as shown in figure 6.48, the hydrodynamics model fails
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Figure 6.48: Measurements of ρ(v22 , [pT]) in p–Pb (left) and pp (right)
collisions, compared with the PYTHIA 8 [52, 179], AMPT [61, 179] and

IP-Glasma + MUSIC + UrQMD [49, 180] calculations.

to accurately capture the measurements, whether with or without the initial momen-
tum anisotropy from the CGC. Without the CGC effects, the model predicts negative
correlations for the entire multiplicity region. However, when incorporating the initial
momentum anisotropy from CGC effects, a positive correlation emerges at very low mul-
tiplicities, turning the results to positive for Nch ≲ 10. Nonetheless, in the region where
both the measurements and calculations are available, the signs of the measurements and
IP-Glasma + MUSIC + UrQMD calculation are opposite. In contrast, the AMPT calcu-
lation in p–Pb collisions exhibits better agreement with the measurements, as shown in
figure 6.48 (left). The AMPT calculation give a positive correlation ρ(v22 , [pT]) in p–Pb
collisions, decreasing with increasing multiplicity, which aligns with the observed trends
in the measurements, only slightly overestimating the measurements. Similar as in p–Pb,
in pp collisions, the IP-Glasma + MUSIC + UrQMD model calculation is positive at
very low multiplicities, decreasing with increasing multiplicity. As the multiplicity rises
from Nch ≲ 10 to high multiplicities, the ρ(v2n, [pT]) turns to negative values. Similarly,
the AMPT model in pp collisions also predicts a positive correlation at low multiplicities
for Nch ∼ 20. As the multiplicity increases, this correlation shifts to a negative value.
In contrast, the PYTHIA 8 model provides a positive correlation in pp collisions, which
can be attributed to the contribution of jets. Intuitively, when an event has a greater
contribution from jets, it leads to an increase in both the mean transverse momentum and
the azimuthal anisotropy, thereby creating a positive correlation. However, PYTHIA 8
does not align with the observed trends in the measurements. Whether or not PYTHIA 8
calculation can successfully describe the ρ(v22 , [pT]), the results cannot be solely explained
by non-flow effects since PYTHIA 8 fails to model both the numerator and the denomi-
nator of ρ(v22 , [pT]), as previously discussed. Unlike the decreasing trend observed in the
data, there is no clear dependence on multiplicity observed for ρ(v2n, [pT]) in PYTHIA 8.
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Similar to the discussion on cov(v22 , [pT]), adequately incorporating the jet contribution
into the hydrodynamical model may be crucial for accurately describing the correlation
between flow and mean transverse momentum.
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7 Summary
The origin of QGP-like phenomena within small collision systems has been a puzzle for
researchers for over a decade. Throughout these years of investigation, the presence of
collective effects, as discussed in Chapter 2, has been confirmed. Moreover, as detailed in
Chapter 2, numerous theoretical approaches have been attempted to describe these phe-
nomena. Nonetheless, it has been determined that the phenomena cannot be adequately
explained by simple mechanisms, including the initial or final stages.

Considering the complexity of the QGP-like phenomena in a small collision system,
the best way to investigate the origin of the collectivity, or maybe the only possible way to
pin down the origin of the collectivity, is to analyze with multi-observable analysis. This
thesis uses the full Run 2 data sample with the ALICE detector at the LHC, providing
the most precise measurements using the method described in Chapter 5.

Chapter 6 presents the results of measurements in pp, p–Pb, and Pb–Pb collisions. The
measured observables include multiple particle correlations, cumulants, flow coefficients,
symmetric cumulants, and correlations between flow and mean transverse momentum.
Various methods for suppressing short-range correlations have been applied.

The measurements probe various mechanisms within the collisions. The initial stage of
the collision is examined using flow coefficients vn and nonlinear flow coefficients v4,22 and
χ4,22. Moreover, the event-by-event properties of the initial stage are assessed through
measurements involving NSC(3,2), which address the initial eccentric correlations. The
initial size and shape correlation is investigated through the ρ(v22 , [pT]). The flow co-
efficients, the nonlinear flow v4,22, and the NSC(4,2) is also influenced by the system’s
evolution. The ρ4,22 addresses the event plane correlation. Observables such as vn{2}
and χ4,22 have shown sensitivity to variations in the η gap. Conversely, other observables
like c2{4}, v4,22, and ρ(v22 , [pT ]) are less sensitivity to non-flow contamination. The main
physics carried by each of the observable is summarized in the table 7.1.

The measurements indicate that for most observables, the transition from large to
small collision systems is smooth, suggesting the underlying mechanism to generate these
observables could be similar. However, exceptions are noted for the flow coefficient v2 (as
well as ⟨⟨cos(2(φ1−φ2))⟩⟩ and c2), the cov(v22 , [pT]), the ck, and the correlation ρ(v22 , [pT]).
The discrepancies in v2 and cov(v22 , [pT ]), as well as ρ(v22 , [pT ]), between small and large
collision systems, are predominantly attributed to that in Pb–Pb the initial geometry
originates from the overlap region of the wounded nucleon, while in pp collisions, they
originate from the fluctuating color fields. As for the ck, it is observed that even at low
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Table 7.1: Summary of observables

Observable Physics message
vn Initial stage. System evolution.
SC(3, 2) Initial eccentricity correlation. System evolution.
NSC(3, 2) Initial eccentricity correlation.
SC(4, 2) Initial eccentricity correlation. Nonlinear contribution to v4.
NSC(4, 2) Initial eccentricity correlation. Nonlinear contribution to v4.
v4,22 Initial stage. System evolution.
χ4,22 Initial stage.
ρ4,22 Event plane correlations.
cov(v22 , [pT]) Initial size-shape correlation.
ck Initial size fluctuation.
σ(v22) Initial shape fluctuation.
ρ(v22 , [pT]) Initial size-shape correlation.

multiplicities, the measurements are different across the three collision systems. This
discrepancy may be attributable to differences in the initial size fluctuations.

The measurements from pp, p–Pb, and Pb–Pb collisions are compared with different
theoretical models. For pp collisions, comparisons are made with PYTHIA 8, AMPT,
and calculations from IP-Glasma + MUSIC + UrQMD. In the case of p–Pb and Pb–Pb
collisions, the measurements are compared with the transport model predictions from
AMPT and the hydrodynamic model calculations from IP-Glasma + MUSIC + UrQMD.
In many instances, models based on few-body interactions, as well as those incorporating
hydrodynamic evolution, are not very successful. From one perspective, the modeling of
the initial geometry may still require refinement. Furthermore, the system’s evolution in
reality is a complex QCD process, and the models that use either few-body interactions
or hydrodynamic evolution could potentially be oversimplified.

The measurements impose constraints on the model and shed light on the system’s
origins, aiding in the building of a comprehensive model that describes the collective
phenomenon in both large and small collision systems. For certain observables, such
as SC(3,2), additional statistical data is necessary to derive more definitive conclusions
regarding the physical interpretations they may offer. Moreover, the high-multiplicity
trigger often faces criticism for its challenging mimic in theoretical models, making a
direct comparison between experiment measurement and theoretical predictions. These
will be taken into account in upcoming measurements during LHC Run 3.
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A Preliminary results

ALI-PREL-507103

Figure A.1: Measurements of vn{m} as a function of multiplicity in
pp collisions. Figure taken from [183].
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ALI-PREL-507099

Figure A.2: Measurements of vn{m} as a function of multiplicity
in pp collisions (zoomed in to low multiplicity region). Figure taken

from [183].
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ALI-PREL-507164

Figure A.3: Measurements of vn{m} as a function of multiplicity in
pp collisions. Figure taken from [183].
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ALI-PREL-507114

Figure A.4: Measurements of nonlinear flow as a function of multi-
plicity in pp collisions. Figure taken from [183].
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ALI-PREL-551072

Figure A.5: Correlation of charged-particle v22 and [pT] in Pb–Pb, p–
Pb and pp collisions. Figure taken from [184].

ALI-PREL-558836

Figure A.6: Covariance of charged-particle v22 and [pT] in Pb–Pb, p–
Pb and pp collisions. Figure taken from [184].
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ALI-PREL-551087

Figure A.7: v22 fluctuations as a function of charged-particle multiplic-
ity in Pb–Pb, p–Pb and pp collisions [184].

ALI-PREL-558841

Figure A.8: Dynamic [pT] fluctuations as a function of charged-particle
multiplicity in Pb–Pb, p–Pb and pp collisions. [184].
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B W± boson production
In this thesis, the primary focus is investigating the origins of collectivity through aniso-
tropic flow observables. There have also been numerous attempts to pinning the origins
of collectivity using hard scattering, as outlined in section 2.3.3. To understand the
QGP-like effects using hard scattering, precise measurements of the nuclear parton dis-
tribution function are crucial. During my master’s program, I focused on measuring the
production of the W± boson in Pb–Pb collisions, with the majority of the analysis being
conducted at that time. This work was extended into my Ph.D. studies and finalized in a
publication [185] in 2023. The following section provides a brief overview of the analysis
procedure and summarizes the key findings.

B.1 Data samples and analysis strategy

The W± boson production cross-section measured in this study is derived from a sample
of Pb–Pb collisions at a nucleon-nucleon center-of-mass energy of √sNN = 5.02 TeV. The
data were collected in the forward rapidity region 2.5 < y < 4.

Neutrinos produced in the final state of W± boson decays cannot be detected. Instead,
W± boson candidates are extracted from the single muon transverse momentum spectrum
using a template fitting method. The W± and W± boson templates are generated using
the POWHEG framework, followed by a simulation of their propagation through the
ALICE detector. Muons originating from heavy-flavor decays are modeled using the pT

and y distributions calculated by FONLL [186]. For Pb–Pb collisions, the heavy-flavor
decay muon spectrum is adjusted by the nuclear modification factor RAA. The final yield
is determined after applying an efficiency correction. figure B.1.
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Figure B.1: Example of extraction of the W± signals. The figure is
taken from [185].

B.2 Results

Figure B.2 shows the cross section for W± bosons, and the charge asymmetry. The charge
asymmetry is defined as

Ach =
Nµ+←W+ −Nµ−←W−

Nµ+←W+ +Nµ−←W−
.

The MCFM+CT14 [187, 188] theoretical calculation without the nuclear modification
overestimates the W± yields. The measurements are compatible with calculations that
include the nPDFs using different models for W±. With the nuclear modification, the
central value of the prediction is closer to the measurements but the uncertainties are
larger.

The normalized yields are measured as a function of centrality as presented in fig-
ure B.3. The W± measurements are compared with the HG-PYTHIA [189] prediction,
which includes biases due to event selection and geometry that cause supression in pe-
ripheral region. Considering the large uncertainty, no centrality dependence is observed
in the measurements.
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ALI-PUB-524009

Figure B.2: Cross section and charge asymmetry of W± (right) in
Pb–Pb collisions. The figure is taken from [185].

ALI-PUB-524024

Figure B.3: Normalized yield of W± in Pb–Pb collisions as a function
of centrality. The figure is taken from [185].
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C Probe nuclear structure
The significance of nuclear structure has been increasingly acknowledged by the commu-
nity in studies over recent years.

The following sections presents our study of nuclear structure in Xe–Xe collisions
with the AMPT. On one hand, this study pioneers the investigation of nuclear structure
through flow measurements at the LHC, providing a framework for potential future re-
search into nuclear structure of oxygen-oxygen (O–O) collisions. It is expected that the
role of nuclear structure will become even more important in upcoming oxygen-oxygen
collisions at the LHC. It is important that oxygen is a medium-sized nucleus, significantly
larger than a proton yet considerably smaller than lead or xenon. Therefore, the inves-
tigation of flow phenomena in O–O collisions is of great importance in pinning down the
origin of collectivity across small to large systems in future research. On the other hand,
understanding the nuclear structure in Xe–Xe collisions is important itself for identifying
the origins of collective phenomena, considering that Xe–Xe collisions often serve as the
reference systems for such studies.

C.1 Analysis procedure

The density profile of Xe is described by Woods-Saxon distribution:

ρ(r, θ, ϕ) =
ρ0

1 + e[r−R(θ,ϕ)]/a0
,

R(θ, ϕ) = R0(1 + β2[cos γY2,0 + sin γY2,2]),
(C.1)

where a0 represents the nuclear diffuseness and R0 represents the radius. The β2 is the
quadrupole deformation parameters and the γ is the triaxial deformation parameter.

In this study, simulation samples of Xe–Xe collisions with varying parameters a0, β2,
and γ using the AMPT model was generated. Various flow observables, introduced in
chapter 3, are calculated using these samples. These observables include cumulants, flow
coefficients, symmetric cumulants, and nonlinear flow modes.

C.2 Results

The complete list of results can be found in [190]. As an example of the findings, the
calculation of v2{2} and v3{2} for different β2 and γ is presented in figure C.1. The
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Figure C.1: Calculation of v2{2} and v3{2} as a function of centrality
in Xe–Xe collisions with varying β2 and γ with AMPT.

analysis revealed that v2{2} is sensitive to changes in β2 but is less affected by variations
in γ. In contrast, v3{2} is found to be insensitive to both β2 and γ.

This study also finds that the observables v4,22, χ4,22, and NSC(3, 2) are sensitive to
β2. Interestingly, none of the flow observables examined in this study are sensitive to γ.
This insensitivity is important because another study [191] has shown that observables
such as ρ(v22 , [pT]) are sensitive to both β2 and γ. It is only by combining ρ(v22 , [pT]) with
observables that are insensitive to β2 that one can constrain both parameters, β2 and γ.
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