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Abstract :

The goal of this work is to provide an analytical description of the saturation or nonlinear stage
of the self-modulation instability (SMI), a critical phenomenon in oscillating unstable systems. In
many such systems, the nonlinear stage is marked by a shift in the resonant frequency, which
begins to depend on the amplitude of oscillation. This amplitude dependence fundamentally alters
the system’s behavior, leading to complex dynamics. To investigate this, we propose introducing
a dependence of the resonant frequency, k,, on the oscillation amplitude, specifically using the
plasma density perturbation, én as a key parameter. To approach this problem, we utilize the
Green’s function method in cases where the operator of the differential equation remains linear.
With this we accomplish to model a realistic behaviour of the plasma density perturbation when
the SMI goes through the saturation stage. The oscillations of the perturbation of the plasma
density takes longer to disappear as the density spread of the bunch increases.
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Introduction

Nowadays the pursuit of higher-energy accelerators is being impaired by the breakdown limit
of the materials used for acceleration in conventional accelerators, among other technical hurdles.
In order to achieve higher energy levels we need stronger magnetic and electric fields which require
technologies that we do not have at the moment are simply expensive. This is why projects like
AWAKE (Advanced WAKEfield Experiment) are so interesting for the future of high-energy physics.
AWAKE aims to achieve acceleration gradients of approximately 300 MV /m by the end of its
Run~ 2. In this experiment we use the wakefields generated in a plasma to accelerate an electron
bunch. As a plasma is an ionized medium we do not have to worry about material breakdowns.
Although a plasma carries other difficulties, such as instabilities and nonlinear effects, which can be
challenging to describe analytically. The goal of this project is to describe one of those non-linear
effects analytically. In particular, we seek the description of the self-modulation instability at its
saturation stage, where a linear wakefield model is not valid anymore.

1 Plasma wakefield acceleration

Plasma-based acceleration is an advanced technique for accelerating charged particles using
plasma waves and the high electric fields they generate. We can distinguish two types of technolo-
gies: plasma wakefield acceleration (PWFA) and laser wakefield acceleration (LWFA). PWFA is
based on the use of a particle beam as a driver to generate a plasma wave, while LWFA uses a
powerful laser pulse.

Plasma waves consist of a fluctuation of the plasma electron density and they provide the per-
fect structure to contain the particles we want to accelerate. Two common approximations are to
consider that the heavier positive ions in the plasma are immobile, and that both species (ions
and electrons) are cold (no thermal effects on particle motion). Under these conditions, disturbed
plasma electrons oscillate at the plasma frequency, given by w, = \/e?ng/eom. where ng is the
plasma density, e is the elementary charge, g¢ is the vacuum permittivity, and m, is the electron
mass, and thus form a plasma wave.

When a relativistic electron beam, for example, moves through plasma, it repels and disturbs
the plasma electrons in its path. After the plasma electrons are repelled by the beam, they are
pulled back by the positively charged ion column that remains, and they start to oscillate at wj,.
This collective oscillation forms a wave behind the electron bunch. The space charge separation of
the oscillating plasma electrons and the static ion background translates into electric fields, with
the plasma wake consisting of regions that can either accelerate or decelerate, and focus or defocus,
particles.

Plasma-based acceleration is promising but faces significant challenges, especially in achieving high-
quality particle bunches. These bunches need to have a high charge, maintain low emittance (which
is a measure of the spread of particles in phase space), and exhibit minimal energy spread. Recent
experimental results have shown progress in preserving these qualities, particularly in a specific
regime called the blowout regime, where the plasma’s focusing field depends linearly on the radius,
which allows the emittance to be preserved.

However, controlling the energy spread of the accelerated particles remains difficult. In the lin-
ear regime, where the plasma density perturbation is smaller than the density of the driving bunch,
the generated wakefields are sinusoidal and can introduce unwanted energy differences within the
bunch. Techniques like beam loading, where the witness bunch has enough charge to drive its own
wake and flatten the existing wakefields, especially if its profile is tailored specifically, can help
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reduce these issues.

In the blowout regime, the energy spread can be more predictable and might be corrected by
further processing, potentially achieving very low energy spreads. Despite these ongoing challenges,
significant progress was made in 2023 |1| when researchers demonstrated that plasma-accelerated
electron bunches could be used in free-electron lasers, confirming the potential of plasma-based
accelerators for advanced technological applications.

1.1 The self-modulation instability

In the linear regime, where the plasma density ng is much greater than the bunch density
ny, i.e., ng > ny, the generated wakefields oscillate harmonically along the co-moving coordinate
¢ = z — ct with a wavenumber k, = wp,/c. For a long bunch, i.e., one that extends beyond
one plasma wavelength A\, = 27 /k,, the action of the transverse component of the wakefields is
felt by the bunch particles, thus periodically focusing and defocusing them. As the initial bunch
profile is gradually shaped into a train of bunchlets with lengths and spacing of ~ A,, the plasma
is disturbed at a frequency that is closer and closer to its natural resonant frequency w,. The
wakefield amplitude therefore grows quasi-exponentially, and this feedback loop constitutes the self-
modulation instability (SMI). Eventually, when all the bunch charge in defocusing regions has been
lost, the instability enters a saturation stage.
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Figure 1: Illustration of the so-called hosing instability (a) and the self-modulation instability (b).
The blue-to-red color scale represents the transverse wakefield component, the yellow-shaded isosur-
faces represent the bunch distribution, and the red solid lines represent the bunch centroid (a) and
the RMS transverse bunch size (b).|2]

Since the SMI is dictated by the transverse dynamics of the bunch particles, its evolution time

scale is of the order of the betatron period wgl = V27 /wy, with wy, = y/nyog?/(e0Mp) and where
~p is the Lorentz factor of the bunch, nyg is the peak bunch density, g, is the bunch particle charge,
and M, is the bunch particle mass. The growth of the SMI has a spatiotemporal character, that is,
the growth rate depends on both ¢ and t (or z).

2 Theoretical Framework

In this section, our goal is to establish the mathematical tools and equations required to inves-
tigate the saturation stage of the self-modulation instability analytically.
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2.1 A derivation of linear wakefield theory

Starting at the very beginning, we will use the Maxwell equations for electromagnetic fields and
the cold fluid equations for both the plasma and the beam. The use of the cold fluid model is a good
approximation when the thermal velocities of the plasma and beam particles are small compared to
the plasma wake’s phase velocity, which is approximately the speed of light. Moreover, we consider
the plasma ions as stationary.

The Maxwell equations we are using are:

, 108
E=--22
V x - (3)
. 10E 47 -
= -4+ 4
vV x B c Ot c (4)

where p and J are the charge and current density. As the plasma is composed of the sum of different
species we can express them as:

N

P = Z qin; (5)
z]—vl

J = Z qin;iU; (6)
=1

The relativistic cold fluid equation for each species are:

on; Sy
5 +V-(nv;) =0 (7)
9 . L, (= U=
(&f—i_vl'v)pl_Ql(E—i_CXB) (8)
Pi = ™My (9)
1
2 2
p.
=1 i 10
w1 ha) 1o

The Maxwell equations can be written in terms of the electric potential ¢ and the magnetic potential
A, using the following relations between the fields and the potentials:

B=VxA (11)

_ 104

E=-V¢— - 12
Vo - = (12)
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It is also convenient to express these equations with normalized variables, in order to avoid carrying

several constants. In our derivation we will use the following normalization:

7= kyr t=
E:eE/mecwp B=
A= eA/mec? ¢ =
p = p/npe J =
b = Ti/c bi
n; = ni/np @Z = Qi/e
m; = m;i/me
With this we get:
V-E=p
V-B=0
_ = B
t
_ oz E =
5?2 >z
<8t2—v2>A:J
82
(50~ 7) =0
= 8¢
V-A+—=0
T
B=VxA
= &Af
E=-V¢— —
¢ ot
N;
p:ZQiﬁi
i=1
N;
J:Z%ﬁwz
i=1
on; .
81‘: V-(nivi):0
o . . @G (2 - _ A
7+UZV’U1:7(E+UZXB)
at my;
g L G(z .3
<+Ui-v>pi—(E+Ui><B)
ot m;
Pi = Mt
1
2 2
p.
%:<1+m12102>

eﬁ/mecwp

:ﬁi/mec

(23)
(24)
(25)

(26)

(27)

(28)

This set of equations is exceedingly cumbersome to solve. It is necessary to simplify the equations,
firstly by changing the coordinates to a frame that moves along with the bunch as it propagates
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through the plasma, i.e., (? 1,2, f) — (T1,s,&). This co-moving frame requires the following change
of coordinates:

Il
(S

13 -z
s=z
The partial derivatives are transformed according to:
2_0 0_ 0. 2
ot o€ 0z 0¢  0Os
o _9% ”_® _,00 &
oF 082 972 0€2  T0t0s  0s?

We decompose the vectors as follows:
S=5,+8 H’%

where S represents a general vector quantity. After replacing all of these definitions, we obtain:

ViA, =-J (29)
Vie=—p (30)

- 0
Vi di=—g(0-4) (31)
E:EL+E“2 (32)
El=-Vig— agy (33)

0
B =5¢ (0= 4) (34)
§:§L+B||2 (35)
BL:VLX(A||2)+V||XJL (36)
B”:(vaA’L)'é (37)
0 , .
% (p — ﬁpva) + V- (ptp1) =0 (38)
0 . _

<(1_Up||)8£+6pL'vl)pp:qP (E—{—UPXB) (39)

Due to the very different time scales of the evolution of the beam and the plasma wake, we use
the quasistatic approximation, where we essentially treat the beam as non-evolving during the time
required for the plasma to respond to its presence, and then update the beam in s due to the plasma
fields.

From the equations that link the potentials to the fields we can get the following set of equations:

0J1

ViE, =Vip+ o (40)
d(p—Jj)

ViBJ_:—VJ_ X (J”?:’)—V” XJJ_ (42)

ViBH = —(VJ_ X JJ_) -z (43)

6/ 23



ATWVAEE

These equations are the wave equations for the fields in the speed of light frame under the qua-
sistatic approximation.

For the plasma electrons we have the following equations:

T
{(1—11”)(;1—I—UL-VL}p:—(E—FUXB) (45)

where p = yv and v = (1 + p?)/2.

In order to make these equations tractable, we assume a small perturbation of the plasma density
ne — n+dn, where n is a constant background plasma density and dn < n is a small perturbation.
This is valid when n; < n.. Then, omitting all the second or higher order terms in the equations
presented above we get the following group of linearized equations:

ViA, =—-TJ1 (46)
Vi4=—-J (47)
0
VLALZ—%@—AH) (49)
J=-V, (50)
Jp==V| + @ (51)
p=—n+qn (52)
and the physical fields
0A |
E, =— - — 53
L Vig a¢ (53)
(¢ —A))
By = o (54)
BJ_:VJ_X(A”ZA’)—FVHXAJ_ (55)
BH:(VJ_XAJ_)'?:’ (56)
After substituting the equations for p, J, and Jj, the fields become:
oV

ViEL =Vi(—n+ qm) — 875 (57)

dn—V))

2 I

ViE = o (58)
ViBL = =Vix(gns—V))E+ V) x Vi (59)
ViBH = (VJ_ X VJ_) - Z (60)
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with the normalized plasma equations:

0
8*5(” -V))=-VL- Vo (61)
oV,
—— =k (62)
o€
oV,
5 5” — —F, (63)

We can obtain two equations for the transverse and longitudinal electric fields, using equation (62)

with (57) and (63) with (58):

(Vi-1)EL=V. (—f:z + qnnb) (64)
PR
(V2 -1)E = &FZ (65)

Note that the source term of the two equations are dn/ng and g,/np, which means that we need a
equation for dn/ng. Taking the derivative of equation (61) and substituting it in equation (62) and
(63), we get:

0? én  OE)

ALl R v AR -
9€Tn, o Vi BL (66)

now substituting from (53) and (54), then using equations (30) and (31) we get:
0? on
1) = = 67
<a£2 + ) o My (67)

We now have the equations for én, | and F)|. The procedure is as follows: first we solve the
equation for n, then we obtain Ej, and eventually F .

Figure 2: Diagram of the procedure to obtain the transverse and longitudinal electric field and the
plasma density perturbation.
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2.2 The Green’s function method for solving linear differential equations

The Green’s function method [3] allows us to solve differential equations of the kind

Lo(x) = f(x) (68)

where L is a linear differential operator and the variable x is defined on the domain x € D.

If we multiply this equation on both sides by g(z,z’), which will be our Green’s function, and
integrate them with respect to z from a to b:

9(, ) Lo(x) = g, 2') f ()
[ dxatxx)co60 = [ dx gl x) 1)
D

D

Using the Dirac notation for the inner product, we can write:
(9. L&) = (g, [) (69)
Now we take the adjoint, £¥, of the operator, L:

(g, L) = (L g, ¢) + boundary terms
(ﬁadj% @) = (g, f) + boundary terms

The boundary terms can be chosen such that they disappear and that the operator becomes self-
adjoint, i.e., £%%. This choice in turn gives us some boundary conditions for the Green’s function
itself (which are required for its solution). By definition g(x,x’) satisfies:

L%g(x,x") = 6(x — x) (70)
and therefore

(L%g,¢) = (g, f)
(LYg, ¢) = (5,0) = p(x')

The solution to the differential equation (68) is therefore:

b(x) = /D de g(£.%)1(€) (71)

The solution requires that we first solve equation (70) and determine the Green’s function g(x,x’).

In the last section we have obtained the equations for the plasma density and the longitudinal
and transverse electric field, so our purpose now is to solve them using this method. In order to do
so, we need to verify that the operator £ is linear. This proof can be performed very easily with
the homogeneity and additive properties:

e Homogeneity: £[\f] = AL[f] where X is a constant.

o Additivity: L[f +g] = L[f] + L]g]
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3 A theory for the saturation stage of the self-modulation instabil-
ity

In the context of linear theory, it is typically assumed that both the plasma frequency and the

plasma wavenumber, k,, remain constant throughout the analysis. This simplification allows for

more straightforward mathematical treatment of wave propagation in the plasma. However, this
assumption does not fully capture the complexities of real plasma dynamics.

In reality, the plasma wavenumber k, depends on the local plasma density. Since the plasma
density is not uniform and can vary spatially and temporally, particularly as the SMI evolves, the
assumption of a constant k, becomes inadequate.

As the SMI progresses, local perturbations in the plasma density arise, which influence the plasma
wavenumber. Therefore, to accurately model the system, it is necessary to account for the fact that
k, may change over time and space as a function of the evolving plasma density.

To incorporate this effect, we allow k, to vary by explicitly linking it to the plasma density perturba-
tion. This approach enables us to more realistically model the evolution of the system, capturing the
dynamic interplay between the plasma wave and the evolving density structure as the SMI develops.

In a plasma the wavenumber of the wakefield oscillations of the electrons is related to the elec-
tron plasma frequency as follows:
ky = -2 (72)

c
where wy, is the electron plasma frequency and c is the speed of light. We also know that w), is given
by:

e2ng

w =
P E0Me

where e is the elementary charge; ng is the plasma density; €¢ is the vacuum’s permitivity; and
me the electron’s mass. Let us consider a small perturbation of the plasma, by writing the plasma
density as ng — ng + on and substituting it in the definition of the plasma wavenumber:

1 2 1 2 0 16
R R COR
c\ egme c\ egme ngQ 2 ng

We now have a linearized dependence of £, on én.

1én
kp = kpp <1 + 27’L0> (73)

Then we insert this in the equation we obtained for the plasma density in section 1.1, which is,

before normalization: 52 5
n qvTp
— 4+ k) = =222 74
<8§2 * p) ng  Peng (74)

and we substitute the relation (73):

0

16 1én 0% on qnp \ on QM
K2~k 1+ = s =— (1 -2 ) ==k 22
» PO +/477%/ 2 ng 02 ng + 0 eng / no P9 eng v
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If we rearrange the equation and define dn := dn/ny and the same for n, — 7y, we get:
0 2 2
8762671 + kp’o (1 + nb) (571 = —kppnb (75)

This is an inhomogeneous, linear, second-order differential equation with variable coefficients:

y' (@) + (1= f(2))y(z) + f(z) =0 (76)

Using the Green’s function method explained in section 2.2 we can solve equation 76. First of
all, we have to demonstrate the linearity of the operator £, defined as:

2

L=—5+(1—f() (77)
If £ is linear, it must satisfy:
e Homogeneity:
d?(\
£ivg = T4 (1 pan) ng) =

d2

=M S5+ (1= f@)g| =
= AL]g]

o Additivity:

2
Clog+h =T (g+m)+ - f@)(g+h) =

dz?

2 2
= (@) g+ T+ (1 @)=
= Lo+ L[]

As we can see, L is linear, so we can apply the Green’s function method to solve the equation

Ly(z) = f(x) (78)

In order to do so, we present two strategies. First we consider the simplest scenario, in which
f(x) = const. This assumption may be valid when we consider the center of a long bunch profile
(02> Ap), where the longitudinal profile can be approximated as &~ nyy. Then we solve the general
problem, where f(z) is a function.

3.1 Case 1l: f(x)=-C
In this case our differential operator is:

d2

and the differential equation we must resolve is:
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We proceed with the Green’s Function method, then the solution of this problem is:

7)) = —C/ drg(z,2)

And for the green’s function we have the equation:
Lg(z,2') =6(z —2)
It is easy to find that in this case £ = £24,

In order to solve this we divide it in two reegions:

2 xX,Tr
Lolea) = d(a— o) = | g+ 1+ Clgwa) =0 @ <o
Polea) 4 (14 C)gla,a') =0 x>

The general solution for a differential equation of the form:
g"(w,2") + (1+ C)g(x,2") = 0

: g(z,2') = Asin <m a;) + Bcos (\/1—1—70 m)

Now if we impose the boundary conditions and the continuity consitions for the green’s function:

0 <
9(557 l'/) = 1 : \/17 / v 37,
msm( +C(z-2) z>z
Then our solution will be

y(z) =

\/m dac sin \/l—i—C’(x’—a?))

This solution shows a sinusoidal behaviour and tells us that the density perturbation of the plasma
density oscillates as a sinusoid once the constant density charged bunch interrupts in the plasma.

3.2 Case 2: f(x)#C
Now f(z) # C and the operator is:

2
c=L 40 fw)

dz?

But as we demonstrated this is still linear and we can apply the green’s method. So by redoing all
the steps did before we reach to a similar equation:

= [ e gteaf@)

As before, in order to solve this we must solve first

Lg(z,2') =6(z —2)
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In this case the problem splits as follows

gla,a') = { %g + (1= f(2)g(z,a') =0 @ <af
| C94 (1 - f@)g(w,a) =0 = >

Just to simplify the calculations we define h(xz) := 1 — f(z) and the differential equation we

must to resolve is:
9" (z,2") + h(z)g(z,2') = 0

3.2.1 Particular Case:

We could think analytically using a gaussian function is better than others, but for our purpose
it seems a better option to use a cosine function with a RMS equivalent to the gaussian, but with
the advantage of being exactly zero for any other range. Also this is more realistic as the density

of the bunch of particles does not decrease to infinity:

1 T X
- 5[1—cos( 5;)] 0<xz<2V2m0
f(a:)—{ 0 T > 2V2mwo

— f(x, 10)
0.5f(x, 20)
0.2f(x, 50)

I 50 - ‘160‘ - ‘150‘ - ‘260‘ - ‘250
Figure 3: f(z) representation for different values of o keeping constant the bunch’s charge.

Changing this particular case in our differential equation for the green’s function we get:

ﬁwg—k[%—%cos(\/gg)]g(x,x’):() 0<z<a
d 1 1 i _
g(z,2") = 4+ (3 fd;COS (\/g/%) gz, 2 ) =0 2/ <z <2 2770/
FEHglz,a)=0 2210 <x <
9 4 g(z,a') =0 ¥ <z
T 9
With the boundary conditions:
0
BCs: y(z — c0) =0 2y =0
8 /
GBCs: ¢(0,2') = 0 delw.x)l
o |,
GCCs: ;1_r>r(1) g2’ +e,2') = ii_%g(a:' —¢g,) Org(z, $/)‘x:z/+e — Opg(x, x’)‘z:m,_a =1

First we will rewrite the equation for the interval from 0 to 2v/27wo. The equation is:

d%g 1 1 T ,
E—F [2—2008< 20)} g(z,z") =0

(79)
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we will introduce the change of coordinates:

o [T 2\/5 o _1 [mo
TS\ T TN or 20\ 20n

then the differential equation turns into:

1 w0d%g
402 2 On?

?g(n,n)

o + [a —2qcos (2n)] g(n,n') =0

1
+§[1—cos(2n)]g:0:>

which is the Mathieu’s differential equation|4] for:

1 /x 1 7,
— = 1 — N —_ = — 0
a ( nbO) o2 q 402

o= —
20\ 2

The solution for this equation are the Mathieu’s functions, for each interval will be:

9(77,77/) = Clc(a’7 q,77) + CQS(aa q, 77) 0< n < 77/
g(n,n') = e3C(a,q,n) + c4S(a,q,n) n<n<m

The equivalence between coordinates can be more clearly seen in this picture:

oS
»
5l
q
v X

X

" Y
Figure 4: Interval for the green’s function for x coordinate (up) and 7 coordinate (down)

At this point we use the boundary conditions:

GBCs — g(n,1') = c1C(a,q,n) + c28(a,q,n) = c1 = c2 =0 0<n<n
GCCs — g(n,n') = ¢3C(a,q,n) + c4S(a,q,n) = c3,¢4 n<n<m

It can be shown that the coefficients ¢3 and ¢4 are then:

204/2/m er(aq) = 20/2/m

S'(a,¢,7) — S=L12C'(a, g, 77) C'(a,q,7) - S8/ (a, q,7)

03(0’7 q, 77/) =

For the cases 7 <n <7’ and ' < n, we have:

/ : 2 2 ,
g(n,n') = cssin 20 ;7’]—|—C6C0820' o T<n<n
/ . 2 2 ,
g(z,x") = cysin204/ —n + cgcos 204/ —n n <n

s T
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— ¢3(0.3, x,0.001)
—— ¢3(0.5,x,0.001)

| I \ I

| / . / / — ¢4(0.1, x,0.001)

— c4(03, x,0.001)

7’5 0 715 -, X, U
/ / / — ¢4(0.5,x,0.001)

Figure 5: In this picture we plotted the coefficients c3 and ¢4 for different values of o.

and if we use the boundary conditions:

— _ 2
g(m, )t =g(m,n) Ozg(m, )T — Opg(m, )™ =20 -
_ _ 2
gl =g’ n') Oag(m, )t = Oag(m,n)” =204/~

Then the coefficients cs, cg, c7, cs:

2041/2 2
cs = sin (20v27) [c3C(a, q, ) + c4S(a, q,m)] + cos ( 20 ) \/g [20 + ¢3C’(a, q,m) + ¢4S’(a, q,ﬂ)}
g s

202 2
o = cos (20VT) [¢5C(a, ) + esS(a, 0, m)] + T o V2T \@ [zaﬂ +¢3C(a,q.7) + eaS'(a, q,wﬂ
2
c7 = c¢5 + cos <20\/7)
T
cg = cg —sin | 204/ —
T

with this the green’s function is:

0 0<n<n
c3C(a,¢,n) + caS(a, g, n) N <n<m
(n,1) = . 2 2 / (80)
gunLn s sin (20 ;77) + cg cos (20 ;77) TN <N
c7 sin (20\/%7) + cg CcoS (20 7%77) n <n
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Finally the solution we are looking for is:
N / / / 1 /
y(77) = / d77 [03(a7 q, 77)0(@» q,7 ) + 04(a7 q, "7)8(@’ q,n )] 5 [1 — COS 277 ]
n

Seems pretty clear that this integral can not be solve by hand, so we solved it using Wolfram
Mathematica. The full expression is:

/2 ™
y(n) = US(a é:) , / difC(a, ;) [1 = cos 2| +
S(aaqan)_mc (%Qﬂ?) n

0\/2/x

; _ Claam) g
C (CL, q, 77) S(a,q,m) S

_|_

/ dn'S(a,q,n) [1 — cos 217’}
(asq,m) /n

The plot obtained is:

0.02r

0.01/

U UUUULULU

30 do 50

~0.01} "

~0.02"

Figure 6: Full solution for different values of o and for ny = 0.001 fized. The horizontal azix
represents the spatial coordinate along the bunch’s path. And the vertical axis, the variation of the
plasma density.

As we can see in the plot. The smaller the bunch spread the faster the instability develops. The
blue line correspond to the smaller value of 0 = 10, we can see the instability grows quicker than
the higher values. For example, for a ¢ = 20, the instability takes longer to disappear. The red
and green lines are divergences caused by the numerical method that Wolfram Mathematica use to
represent the Mathieu’s Functions.

If we expand the domain of the plot we can see, as it was expected, that the orange solution
for the higher value of ¢ follows the explained behavior.

The next plot shows the linear model. The main difference we can see is that the linear theory
shows a non-decreasing behaviour of the oscillations of the plasma density variation, meanwhile our
model establish a more realistic view as the variation of the plasma density starts and ends the
oscillations. The blue line corresponds to a lower value of the argument of the sinusoids functions.
This arguments relates to the charge density of the bunch which perturbs the plasma, it must be
recalled that this solution started from assuming the bunch charge density is constant.
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0.02

0.01/

~0.01]

~0.02"

010

0.05

-0.05

-0.10~

Figure 8: Plot of the linear solution.

3.2.2 General Case:

In this section we try to solve the differential equations for the Green’s function for any f(x) by
doing a series expansion. The solution comes from assuming a function of the form of:

g(z,2') = Z en(z — 2"
n=0

and the same for the function h(z), and then we get:

ch+2(n +2)(n+1)(x —2')" + EZ hen(z — x/)n—i—k -0
n=0 n=0 k=0

Here we apply a little trick to have it in a more convenient form, and that is the following. If we
have to functions a(x) and B(z) that can be written as a series:

a(z) = Z an(x — xo)" B(x) = Z bp(z — x0)"
n=0 n=0
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and we multiply them

afz) - B(z) = (Z an(x — xo)”) (Z bp(z — xg)”)
n=0

n=0
if we are inside the convergence radius we can use the distributive and commutative relations

oo o0

a(z) Blz) =D anbp(z — xo)" T =
n=0 k=0

= Z (ZL‘ - xO)n Z Gnbm—n
m=0 n=0

[e.e]

= Z en(x — x0)"
n=0

where we have defined
n
Cp i — Z akbn,k
k=0

Then coming back to our equation, we get:

> lensan+2)(n+1)+ ) crhpp| (x—2/)" =0

n=0 k=0
Z [cnia(n+2)(n+1) +d,) (z — 2 )" =0
n=0

The coefficients keep to:
o dn o ZZ:O ck’hn—k
Cnt+2 = — = -
(n+2)(n+1) n+2)(n+1)

This recurrence relation is valid for all values of n, but we must give in advance a value for ¢; and
o, which in order to do things easier we can take ¢; = 0, for ¢g we can give any number but zero,
otherwise we end up with the trivial solution g(x,2') = 0, then:

_coho - _ —Coa o _coh4 cohoha
2 3 6 4 12 24

Cy =

About the coefficients of h(z) it wouldn’t be a problem as we can usually expand the functions
we commonly use as series with defined coefficients.

The final form of the solution will be:
y(z) = 9(0,2)y'(0) — ¢'(0,2)y(0) + /0 da' Y en(d — x0)" f ()
n=0

the coefficients ¢, are obtained by using the recurrence relation previously deducted.
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—z2

For a simple case in which f(x) = e~ and x¢ = 0 the solution can be calculated as it is shown!:

o o0 5
) = en [l (@
n=0 0
1 n+1
=25t ( 2 )
=0
It can be shown that this solution is not divergent, as n — oo, I'((n + 1) /2) — oo, but ¢,—00 — 0,

SO
(o)
2 2

n=0

3.3 Case 3: A daring attempt

First we define: £ := d?/dxz? + A where A is a constant, and U(x) = —(1 + y(z))f(z), hence
the so called equation turns to:

Lf(z)=U(z) (81)
The next step is multiply equation (81) by g(z, z’) and integrate it from 0 to oo:

/OOO dz g(x,2")Ly(z) = /OOO dz g(z,a"\U ()

now we expand the left-hand side of the equation, integrating by parts:
| e steaat@) = oo @) - o @ty + [ de Lot

about the boundary conditions, we suppose that y(z = 0) = a; as well as ¢/(z = 0) = az, and later
we will impose g(oc0, z’) = ¢'(00, 2’) = 0. With this all, equation (81) can be rewritten as:

/ " Ly(a,a)y(x) = / i g2 YU (@) — [gle, 2 (@) + [ (@ ()]
0 0

At this point we make our supposition of what does the green function must abide by. In our case
we impose:

Lg(z,2') =6(z —2) (82)
so we get:

| e otaay@) =) = [ de gl U)
0 0

But we need to solve the equation we imposed for the green’s function:

o for x < 2’

d2 /
gé;x ) + Ag(x,2") =0
e and for z > 2’ , /
d
ggéw )+ Aga,a') =0

!The integrals can be found in [5]

19 / 23



ATWVAEE

the general solutions for this differential equations is well known:

c1sinvVAzx + cogcosvVAr <2’

cssin VAz + cycos VAx x> (83)

g(z,2') = {

If we substitute the boundary conditions we get: c¢3 = ¢4 = 0. And for the solution when z < a/,
we integrate the equation (82) from 2/ — ¢ to 2’ + ¢ and impose the continuity of g(x,x’):

_ / 6, / — — / — 5’ / = 1 84
Tl + e 1) = g(e! —2,) (34)

g(xl + 6,.%'/) - g(l’
this provides us two equation for finding the coefficients ¢; and cs:

cos vV Az o sin v Ax’
VA ? VA

Ccl1 =

so our green function is:

cos VAz' _ sinVAgz' /
g([]jjxl) _ { \/Z Sin \/Z.f . 7\/2 COS \/ZI’ x < 1’/ (86)
x>

Now we go back to our solution of the equation (81):

VA 0 VA VA

where we changed 2/ — x and x — & and U(§) = —(1 — y(£)) f(&).

(o) = oSy con s+ [ [(W snyAz - SV loe @)

The final solution of our problem depends on the solution to the integral at the right side of
the equation (87). But as we can see the solution of the problem y(z) is also inside the inte-

gral. If we consider that the effect of this term is small enough, we can find y(x), assuming

yo(z) = a9 Smf’” + a1 cos vV Az and putting this inside the integral:

B z cos vV Ax' sin v/ Ax' sm \/Ef
[__/0 d£< T sin VAE — 71 csf&)( 7a —mCOS\/Zﬁ)f(ﬁ)

We can define:

n- [ Cae Cosfg” £(€) sin VAE n--[ Cae Smgx £(©) cos VA

B | e VA ) i) Ii=—o | g VAT ) cos?( )

Is = —ay /Ox d§ COS\/gw f(&) sin VAE cos VAE I = —ay /OJ: d§ Smjzx/f(ﬁ) sin VA€ cos VAE

hence I = 5% _ T,

n=1

For example, if we take a bunch with a gaussian density profile, i.e., f(§) ~ 6_52, and take all
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the constants a; = ay = 1 then?:

L= lee_§ T <2Erﬁ [g] — Erfi [g —l—ix} — Erfi [% (m— 21%‘)])

2
Iy = }lie—%ﬁ <Erﬁ [g - ix] — Erfi [g + mD

I3 = %e*’#ﬁ [26”2 Erf () — i (Erfi (7 — iz) — Erfi (7 + 1:17))}
I, = %e_”zﬁ [26”2 Erf (z) + i (Erfi (7 — iz) — Erfi (7 + 11‘))}
1

Iy = I = ée_”2ﬁ(2 Erfi[n] — Erfi[r — ix] — Erfi[7 + iz])

This solution seems complicated, but its effect on the first term is small but important, see the
: 3
picture®:

05

-05

Figure 9: In blue we have the first proposed solution, yo(x), which is a sum of sine and cosine. In
orange, we plotted the y(x) = yo(xz) + I, being the main difference the reduction of the amplitude in
all the function but at the beginning where it is a little bit higher.

As we can see this approach repeats the solution and its behaviour of our first case. But me
must to say that this way is harder than the case 1.

2All the following results where made using Wolfram Mathematica
3This plot was done with the solution of the integral previously calculated and by taking A = 7
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4 Summary

To sum up, this work focuses on analyzing and providing an analytical description of the non-
linear stage of the Self-Modulation Instability (SMI), a phenomenon critical in plasma-based accel-
erators. The project is inspired by efforts like the AWAKE experiment, which seeks to use plasma
wakefields to accelerate particles beyond current material limitations in accelerators.

Plasma-based particle acceleration holds great promise for achieving higher energy levels in par-
ticle accelerators without material breakdown, a limiting factor in traditional accelerators. This
study aims to describe the nonlinear or saturation stage of the SMI, an instability in plasma that
arises when the density of plasma electrons fluctuates due to the presence of a charged particle
beam. In order to do so, we begin with deriving the linear wakefield theory, based on Maxwell’s
equations and the cold fluid approximation for the plasma. It describes how electromagnetic fields
interact with plasma and beam particles. The Green’s function method is proposed as a mathemat-
ical approach to solving the relevant differential equations.

The resonant frequency of the plasma wakefields depends on the oscillation amplitude, specifi-
cally influenced by the plasma density perturbation. This section presents an analytical attempt
to solve the differential equations governing the system’s behavior during this nonlinear stage using
various mathematical techniques, including special functions and Green’s method. Two different
cases of the bunch’s charge density profile are explore: constant and a gaussian-kind given by our
before defined f(x). We show that as we could expect the non-linear effects establish a start and
end of the plasma density perturbation and the duration of the spread depends on the value of the
o of the particle bunch.

The study successfully formulates and analytically explores the nonlinear dynamics of the SMI
in a plasma wakefield accelerator. Although the resulting equations are complex and often require
numerical solutions, the methods presented contribute to understanding how plasma wakefields be-
have at the saturation stage of SMI, aiding future designs of high-energy particle accelerators. As
a consequence of this study we encourage to explore a more sophisticated way of resolve and plot
the Mathieu’s functions in order to obtain smoother solutions.
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