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Abstract

The stability of particle motion is a central concern of beam dynamics for the optimal design of
particle accelerators. Linear effects are generally well under control, allowing us to store beams
for more than 50 hours in machines like the Large Hadron Collider, at CERN. Non-linear effects,
on the other hand, introduce complications that must be controlled to enhance the region of
stable motion. In such complex systems, the emergence of chaos forces us to integrate the
motion element-by-element to study the complete picture of beam dynamics. This establishes
particle tracking as a fundamental tool required to probe non-linear effects. Yet despite the
successes of the field, the ubiquity of the linear picture leads to a framework which often appears
fragmented. In this respect, this dissertation proposes a formalism which can naturally describe
linear, non-linear, analytic and numerical experiments alike using a self-consistent framework.
To do so, we take an epicycle approach (in the spirit of the ancient Greeks) and place a general
quasiperiodic expansion as the central object of study.

Critically, this choice ensures close contact with empirical observables and enables a detailed
spectral analysis of the particle’s motion. After providing a visual interpretation of KAM tori, we
show how the integrals of motion can be recovered for arbitrary Hamiltonian flows, including fully
coupled six-dimensional systems such as the LHC. Using Lie algebraic methods, we investigate
the transport and deformation of these tori, establishing a foundation for describing coupled
linear motion as a stepping stone toward a more complete non-linear treatment. Although
closed-form solutions remain generally inaccessible, we demonstrate that the compensation of
non-linear effects can be rigorously studied through the non-linear residual, a quantity shown to
correlate strongly with dynamic aperture. Ultimately, the framework connects naturally with
the Normal Form approach, which relies on the same quasiperiodic expansions.
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Lay Summary

The stability of particle motion is a central concern in the design of particle accelerators. In the
Large Hadron Collider, protons can travel billions of times around the machine without significant
loss — just as the Earth has revolved around the Sun for billions of years. Describing ac-
curately this delicate motion requires strong conceptual foundations, which are still being refined.

This dissertation introduces a framework that can naturally describe both simple and complex
systems alike, in a unified and self-consistent way. It also provides practical methods for
interpreting experimental measurements. By building a bridge between mathematical theory
and empirical observations, this work allows us to probe (as best as we can) elusive concepts
such as chaos by deepening our understanding of its counterpart: stable motion.
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Preface

This dissertation is an original intellectual work from the author, P. Bélanger. All figures were
made by the author. Unless specified otherwise, the figures were generated from tracking codes
and represent realistic physical scenarios. To do so, XSUITE [1], NAFFLIB [2] (from the author)
and PYTORI [3] (from the author) were used.

Intellectual property of previous authors is identified throughout the text when needed, and
“quotation marks” are used when exact wording is kept. This dissertation introduces a novel
formalism to describe elements of common knowledge in beam dynamics. Because of this, every
chapter (introduction included) is considered to be an integral part of this intellectual work,
aiming to build towards a deeper understanding of beam dynamics by the end of the dissertation.

The ideas presented in this thesis are the result of many years of work and discussions. Naturally,
the credit should be shared with numerous collaborators, mentors and friends. In particular, the
contribution from G. Sterbini cannot be overstated; both in terms of time (cumulating several
hundreds of hours of personal discussions) and in terms of impact on the content of the thesis
(and on the author). Additionally, discussions with R. Baartman, T. Planche, D. Kaltchev and
K. Paraschou were foundational to cultivate the understanding of the author; and ultimately
foundational for the global results achieved in this work.

Chapter 1 presents common concepts of beam dynamics, mostly inspired by A. Wolski [4], but
oriented towards tracking codes such as XSUITE [1]. The perspective presented comes from the
author, with an important inspiration from J. Moser [5].

Chapter 2 presents a view of Hamiltonian mechanics taken from J.D. Meiss [6] which follows
naturally from the seminal work of J. Laskar [7]. The global approach, the formalism and the
interpretation of the results come from the author. The calculation of the integrals of motion
was the subject of a publication from the author [8].

Chapter 3 presents a topological interpretation of Lie algebra following the results of Chapter 2.
The intellectual approach was importantly inspired by the work of E. Forest [9]. The equations
obtained throughout the chapter are the work of the author.

Chapter 4 presents a topological description of linear dynamics based on the results of Chapter 3.
Parts of the approach were importantly inspired (and in a sense justified) by the work of
A. Chao [10]. The novel formalism and the ensuing interpretations are the work of the author.

Chapter 5 presents a topological description of non-linear dynamics based on the results of the
author in Chapter 3 and 4. The numerical experiments presented are the fruits of the author’s
work, importantly inspired by J. Laskar’s numerical methods [11].

GenAl tools : For this dissertation, the use of Generative Al was limited to ChatGPT; used as
an enhanced search engine and as a programming aid. All texts and figures were made by the
author without any direct involvement of Generative Al
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CHAPTER 1

Introduction:
Beam Lines and Storage Rings

Particle accelerators are built with the purpose of bringing nuclei, ions and elementary particles
(like protons and electrons) to high velocities, typically close to the speed of light. Thereafter,
the particles can serve as projectiles directed at some fixed target — to probe and alter nuclei —
or at some moving target, like other particles in the case of a collider [12]. The energy of the
accelerated particles depends on the research objectives and dictates, in counterpart, the design
characteristics of the required accelerator. Due to the variety of existing machines (linacs,
cyclotrons, synchrotrons, etc.) and the vast range of achievable energies (from a few eV to
several TeV), it would be difficult to present concepts of beam dynamics general enough to
apply to all. As such, the present thesis will be implicitly working under the heuristics of high
energy storage rings such as the Large Hadron Collider (LHC). That being said, the formalism
introduced and developed throughout this work shall be applicable — implicit assumptions
aside — to a wide range of dynamical systems reaching even outside of the field of beam
dynamics, as long as they can be described with an appropriate Hamiltonian.

After introducing the LHC for general context, this chapter presents a generic description of
beam lines, storage rings and of the basic components that are used to build them. From there,
fundamental ideas pertaining to the study of beam dynamics are introduced and the general
problem of particle stability is discussed.



2 Topological Formulation of Beam Dynamics

1.1 General Context

The aim of this work is to clarify the foundations of beam dynamics within the broader context
of modern accelerator physics. While the success of the field is undeniable (with groundbreaking
technological achievements such as the Large Hadron Collider) the theoretical framework often
appears fragmented and ambiguous — at least from the perspective of newcomers. Compared
to older fields (e.g. Optics), the conceptual language of beam dynamics remains unsettled.
There are good historical reasons for this situation, as discussed in Chapter 3, but the resulting
ambiguities motivate a re-examination of the formalism. A central issue is the treatment of
generic Hamiltonian flow (see Chapter 2). Standard introductions reduce the dimensionality
step-by-step (from 6D to 4D to 2D) in order to simplify the concepts. While pedagogically
useful, this reduction obscures the fundamental principles and ultimately limits our ability to
interpret the complete 6-dimensional motion. This limitation is the motivation behind the
fundamental research question at the heart of the dissertation:

“Can we find a natural and effective way to describe non-linear motion in the full
6-dimensional Hamiltonian flow of beam dynamics?”

Addressing this question requires revisiting some of the most basic notions of the field. The
first one concerns the action, a supposed invariant of motion. In practice, the “action” is
often taken as either a linear approximation or an abstract formal construct that cannot be
measured. In Chapter 2, we show — inspired by J. Laskar’s work [13] — that one can construct
a topological description of the dynamics in which the action becomes a measurable area.
This area can be visualized, but also computed numerically using particle tracking codes (see
Chapter 3). Moreover, this approach connects naturally with standard experimental diagnostics
(i.e. spectral analysis and Resonance Driving Terms [14]), as well as advanced theoretical
frameworks (i.e. Normal Form Analysis [15]).

The aim of the dissertation, therefore, is to assemble a consistent and unified picture of
beam dynamics, valid from the simplest linear models to the highly non-linear regimes (even
“hopelessly complex” [16]). Although the underlying motivation is to clarify our understanding of
complex simulations and experimental observations, the strategy adopted consists in developing
an analytic framework. From Chapter 1 onwards, key concepts of beam dynamics are discussed
in terms of topology (i.e. the study of shapes, in phase space). Chapter 4 introduces a linear
formalism to describe fully coupled systems; and Chapter 5 extends these concepts to non-linear
dynamics, even when closed-form expressions are unavailable. The strength of this approach
lies in its ability to bridge linear and non-linear regimes seamlessly; and to connect the analytic
theory with computational and experimental observations.

Throughout, the reader is invited to challenge some common notions: are particles ever truly
confined to ellipses? How is particle smearing different from chaos? Can there be tune
modulation? Coupling resonance in linear systems? Are there any surviving KAM tori in
complex machines like the LHC? Although these questions are not necessarily all answered, we
believe that a reframing of the formalism is an important step towards a deeper understanding
of beam dynamics.
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1.2 The Large Hadron Collider

The Large Hadron Collider is made of two interlaced rings — each 27 km in circumference —
buried 100 m underground at the European Organization for Nuclear Research (CERN) on the
border of Switzerland and France. Protons extracted from a bottle of hydrogen gas are acceler-
ated through a chain of accelerators before being injected in the LHC in two counter-rotating
beams (beam 1 and beam 2), where they are further accelerated to an energy of 7 TeV. To guide
these high energy protons, more than 1200 dipole magnets and 400 quadrupole magnets are
used, respectively bending and focusing the beams around the machine. Most of the magnets
are made of superconductive material, kept at a temperature of about 2 K. Bringing the beams
into collisions takes about an hour of operation, during which the protons simply circulate
around the machine. Even then, only a small fraction of the protons successfully collide together
— given the small interaction cross-section — while the rest simply remain on course. Hence,
the LHC is first a storage ring for the majority of the protons, and a collider only for some.
Its primary goal is to successfully store the beams for several hours (57 h achieved in a single
fill in 2022), losing as few protons as possible, while maximizing the number of collisions over time.

CMS

[ Bending magnets
Quadrupole magnets
Sextupole magnets
Octupole magnets

Beam 1

Beam 2

Cleaning
uruesy)
>

(a) LHC sectors layout (b) LHC beam 1 magnets

Figure 1.1: The Large Hadron Collider. (a) LHC layout showing the 8 sectors and the
4 IPs. (b) The LHC magnets distribution (up to octupoles) for beam 1.

%

Injection

Injection

ATLAS

The two interlaced rings of the LHC are not perfectly circular, but are instead made of
eight arcs and eight insertions (straight sections) as shown in Fig. 1.1. The insertions are
used for specific tasks: beam collisions for the four big experiments (ATLAS, ALICE, CMS
and LHCb), beam injection, beam cleaning, beam acceleration, beam diagnostics and beam
dumping. The arcs on the other hand, mainly guide and focus the beam along its circular
trajectory. The two cleaning IRs (3 and 7) contain the LHC collimation system, which protects
the accelerator equipment against beam losses by removing protons from the beam halo.
Finally, the beam dumping system (IR 6), is designed to extract the circulating beams from
each ring and send them to an external dump block, located at the end of a 700 m long beam line.
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The two beams are not made of a continuous stream of protons, but are instead bunched into
groups of 1.0 — 1.8 x 10'! protons separated by 25 ns gaps. Longitudinally, each bunch is about
1 ns long. The bunched structure is fixed by the accelerating radiofrequency (RF) cavities,
which divide the machine into 35,640 stable RF buckets. During regular LHC operation, protons
are injected in the machine in a given arrangement of filled and unfilled buckets, which forms
the so-called filling pattern. Typical filling patterns contain around 2500 bunches, for a total
beam intensity in the order of 10 p*.

The nominal velocity achieved by the protons at top energy is very close to the speed of light,
i.e. Br =v/c=0.999999991017 (with “r” standing for “relativistic”), bringing the LHC beam
in an wltrarelativistic regime. At 7 TeV, the Lorentz factor reaches a value of 7, = 7460.5, which
has important implications for the protons. In particular, the electric field lines around each
proton are confined in the plane perpendicular to the direction of motion, as shown in Fig. 1.2.
This entails that neighbouring protons do not produce any significant force on each other,
which reduces collective effects such as space charge [4]. Another way of understanding this
phenomenon is to consider the length contraction between the reference frame of the protons and
the reference frame of the laboratory. As the speed of the protons increases closer to the speed
of light, the distance between neighbouring protons (in the moving frame) stretches by a factor
~-. As a result, any single proton is essentially isolated from its neighbours. This condition shall
be satisfactory to justify the study — for the rest of the thesis — of single-particle dynamics.

(+) —> 7 @® — 7

(a) v =1 (b) v =3 (c) v = 7460.5

Figure 1.2: Field lines for a moving proton with increasing velocity [17]. (a) At rest,
v = 1. (b) Relativistic velocity, 7, = 3. (c) Ultrarelativistic velocity, 7, = 7460.5.
The field lines are compressed towards the plane perpendicular to the velocity. In the
ultrarelativistic limit, the field lines are essentially confined to the plane.

Following this brief overview of the Large Hadron Collider and of the energy range at which
it operates, the main considerations for a simple model of storage rings should be highlighted.
For the purpose of our work, the LHC shall indeed be reduced to a storage ring enabling the
study of single-particle dynamics: a periodic system in which 104 p* are forced to circulate in
a beam pipe of 5 cm of diameter for several hours and billions of turns.
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1.3 Building a Storage Ring

Consider that we wish to build a simple storage ring. Since the trajectory of charged particles
in motion can be bent with the help of magnetic fields — following the Lorentz force — one is
required to design a magnetic lattice in order to guide particles through a beam line. To ensure
that particles are stored efficiently, the beam line needs to eventually close onto itself in the
shape of a ring. Let us introduce the coordinate system used for such a task.

1.3.1 Coordinate System

Starting with a single particle — the reference particle — uniform dipolar fields can be used
to guide it through any generic circular arc. This is done with the help of dipolar magnets
(bending magnets), as discussed below. By distributing such magnets appropriately around the
ring, the reference particle can be made to loop back to its original position, thereby forming
the reference orbit, illustrated in Fig. 1.3. To follow the reference particle along its orbit, only
the longitudinal location, s, is needed. Provided that all magnets are properly aligned with the
reference orbit, the reference particle will remain stable and circulate indefinitely.

Reference orbit ~_

S - T

Figure 1.3: Curvilinear coordinate system for the description of accelerator beam
dynamics. The longitudinal position along the reference trajectory is given by s and
the deviation from the reference particle is given by the co-moving frame (z,y, 2).

Let us now consider a second particle, slightly displaced with regard to the reference particle.
Its position can be described, at any point, with the displacement from the reference particle in
the transverse plane (z,y) — perpendicular to s — and along the longitudinal axis, z. Before
developing the tools allowing us to describe the equations of motion for this particle, let us look
at the fundamental accelerator components used in the making of a storage ring.

1.3.2 Fundamental Lattice Elements

The minimal set of elements required to guide particles through a storage ring consists of a
quartet: drift sections (to connect magnets together), dipoles (to bend the reference trajectory),
quadrupoles (to focus the beam transversely) and RF cavities (to focus the beam longitudinally).
Let us first consider a series of test particles which are on-momentum, meaning that they travel
at the same speed as the reference particle. In the field-free space between magnets, these
particles will simply drift along the beam line following their initial transverse momentum, as
shown in Fig. 1.4(a). To bend the reference trajectory, dipoles (dipolar magnets) are used,
providing a uniform kick to all particles independently of their position, as shown in Fig. 1.4(b).
Finally, to ensure stable bounded motion around the lattice, quadrupoles (quadrupolar magnets)
are used to focus and defocus the beam as shown in Fig. 1.4(c).
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—— 2=
\ ) .

(a) Drift (b) Dipole (¢) Quadrupole

Figure 1.4: Trajectory of on-momentum particles traveling through common elements.
(a) A drift, where particles keep their original transverse momentum. (b) A dipole, where
particles receive a uniform kick, independent of their position. (c¢) A focusing quadrupole
followed by a defocusing quadrupole, where particles are focused towards the magnetic
axis. In all cases, traveling along the s-axis corresponds to a drift and the magnetic
elements only provide an instantaneous kick, changing the momentum of the particles.

By virtue of Maxwell’s equations (V-B = 0 and V x B = 0), a quadrupole magnet which focuses
the beam in the horizontal plane must defocus it in the vertical plane, and vice versa. Following
conventions, quadrupoles are named based on their effect in the horizontal plane. It can be
shown that a combination of focusing and defocusing quadrupoles — appropriately spaced —
allows for stable motion in both planes simultaneously (see Chapter 4). Since dipoles provide a
uniform kick which is independent of the position (in straight sections) and quadrupoles provide
a kick which scales linearly with the position, both are known as linear elements.

The description of the motion — positions and momenta — of particles travelling through a beam
line is at the core of the fundamental transport problem of beam dynamics. Several heuristics
and physical models have been adopted throughout the years [9] in an attempt to improve
tracking codes (such as XSUITE [1]) and improve the analytic description of beam dynamics [15].
The reader shall be made aware that for the present thesis, all magnetic elements are considered
to be thin (zero length) and that any progress along the s-axis requires the presence of drift
sections of finite length. As will be shown in later chapters, complicated dynamics arise from the
presence of drifts due to unavoidable coupling effects between the longitudinal motion and the
transverse one. To illustrate this claim, let us return to the few elements discussed previously
but considering, this time, particles of varying energy (off-momentum particles).

Chromatic Effects

Assuming a reference particle traveling with a longitudinal reference momentum pg = 3,,7v,,mc,
slight variations in the energy can be described using d,, = Ap/po, which is typically in the order
of 10™* within the bunches of the LHC. In the drift regions between magnets, particles with dif-
ferent longitudinal momenta — but otherwise identical transverse momenta — travel at different
angles along the s-axis, as shown in Fig. 1.5(a). This simple phenomenon leads to a multitude
of chromatic effects, which arise due to the energy dependence of the beam dynamics. When
passing through dipoles, particles with higher energy (d, > 0) are bent less — an effect known
as beam rigidity — and conversely for particles with lower energy (0, < 0), as shown in Fig. 1.5(b).
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Figure 1.5: Trajectory of offf-momentum particles traveling through common elements.
(a) A drift, where the spread in energy develops into a position deviation. (b) A
dipole, where particles are bent more or less depending on their momentum deviation.
(c) A quadrupole, where the effective focal length depends on ¢;, due to the necessary
drifts around the magnet. The trajectories have been computed via tracking using
6p € [-1071,1071], a deviation 1000 times higher than typical LHC values.

As a result, particles entering a dipole parallel to the magnetic axis exit with small transverse
momentum based on their momentum deviation, d,. This spread of energy and transverse
momentum then develops into a position deviation over the length of the following drift sections.
For a thin quadrupole and fixed reference momentum, the instantaneous kick only depends on
the transverse amplitude. But in the necessary drift sections surrounding said quadrupole, the
behaviour discussed earlier applies: particles with different energy travel at different angles
along the s-axis, and the effective focal length of the quadrupole is being impacted, as shown in
Fig. 1.5(c). A physically thick quadrupole — of finite length — therefore has a focal length
which depends on the momentum deviation, an effect known as the chromatic aberration.
Whether we consider a thick quadrupole or a thin quadrupole surrounded by drift sections
makes no difference; both approaches equivalently capture the essential physics of the problem.

Longitudinal stability

As a final point of discussion, RF cavities need to be added in order to to maintain longitudinal
stability, provide longitudinal focusing and compensate for energy loss (although negligible in
hadron storage rings). Their effect depends on the time of arrival of each particle with regards
to the reference particle, which can be described with the longitudinal position ¢ = s — 3, ct.
Above the so-called transition energy, particles entering a cavity earlier than the reference
particle (¢ > 0) are accelerated, and particles entering later than the reference particle (¢ < 0)
are decelerated, as illustrated in Fig. 1.6(a). This is because above transition (like in the LHC),
particles with higher momentum take longer paths around the circular trajectory of the machine.

To further improve longitudinal stability, it is required to reduce chromatic effects as much as
possible. As discussed earlier, the presence of dipoles in the magnetic lattice introduces an
important energy-dependence leading to dispersion, which is the variation of the closed-orbit
with energy. As such, in dispersive regions, particles with ¢, # 0 tend to be off-centered with
regard to the magnetic axis, leading to chromatic aberrations, as shown in Fig. 1.6(b). To correct
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Figure 1.6: Trajectory of off-momentum particles traveling through common elements.
(a) An RF cavity, where particles with ¢ > 0 are accelerated and particles with ¢ < 0
are decelerated. (b) A quadrupole in a dispersive region, which leads to chromatic
aberration. (c) A sextupole corrector in a dispersive region — from (b) — which
corrects the chromatic aberration, but introduces non-linear effects. The trajectories
have been computed via tracking using §, € [-1071,107!] and D, = 18 m (dispersion).

for this undesirable effect and reduce the overall energy-dependence of the beam dynamics,
sextupoles (sextupolar magnets, with a quadratic kick) are required, as shown in Fig. 1.6(c). By
doing so, the chromatic aberration is corrected, but non-linear effects are introduced, leading to
several additional complications in the beam dynamics — the topic of Chapter 5.

Following this introduction of common beam dynamics elements, let us now look, in the next
section, at the mathematical tools required for the study of the equations of motion for particles
in an accelerator beam line. This shall be done using Hamiltonian mechanics.

1.3.3 Hamiltonian

The Hamiltonian for a relativistic particle of mass m and charge g. moving in an electromagnetic
field is given by:

H= C\/(ﬁ—qez‘T)2 +m2c? + qe¢ (1.1)

where p is the canonical momentum of the particle, ¢ is the scalar potential and A is the
vector potential. From there, the equations of motions can be found as a function of time by
integrating Hamilton’s equations. However, the usual form given in eq. (1.1) is not ideal for
the study of particle accelerators: “in general, it is difficult to work out the time at which a
particle enters a particular magnet, but we know immediately how far along the beam line it
has travelled when it does so” [A. Wolski, 4]. To work around this, it is convenient to change
the independent variable, from the time ¢ to the path length s, such that the equations of
motion can be integrated from one accelerator component to the next. We therefore change the
Hamiltonian H(x;, pi;t) to a new one, H(x;, p;; s), and Hamilton’s equations become:

= = 1.2
dt Op; T s op; ' (1.2)
dpi _ OH dpi  OH

dt 0w ~ ds ~ Ox;
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To ensure that H properly describes the equations of motion following Hamilton’s equations, a
careful canonical transformation is required. The reader is referred to the complete treatment
from A. Wolski [4] for the details (namely a rescaling by the reference momentum and a change
of the longitudinal variables). For the purpose of this work, we simply recall the final pairs of
conjugate variables [18]: (z,pz), (y,py) and (¢, pe). Assuming that the reference particle travels
with a longitudinal reference momentum pg = 3,7, mc, the transverse canonical momenta are
normalized such that in the end:

Pz =DPz/Po and  py = py/po (1.4)

which yields the unitless momenta p, and p, considered for H. The transverse position, z and y,
are unchanged. As for the longitudinal variables, the longitudinal deviation from the reference
particle, ¢, is considered together with the energy deviation, p., following:

1 F—-Ey
¢=s8= Pt P = o5 Eo

To

(1.5)

Note that the energy deviation, p;, and the momentum deviation, d,, are closely related via
(140,)? = 142p. + B2 p?, which leads to &, ~ p, for small energy deviations (p, < 1, 6, < 1) or
ultrarelativistic velocities, 3, ~ 1. In the absence of electric fields (¢ = 0), the final Hamiltonian
reads:

H =pe = (1+ha) [\/(1+ 2+ B,p2) — (02— 02)? = By —ay)? —as] . (16)

where @ = qe/_f/ po is the scaled vector potential and A is the curvature of the reference trajectory
(h = 1/R for a circular arc of radius R). For most magnets, the magnetic field can be taken
to be purely transverse (a; = ay = 0) and piecewise constant, in which case eq. (1.6) can be
simplified. These considerations will be made clear in the following chapters. Moreover, typical
drift sections will be assumed to be straight (h = 0) with curvature only arising as a sequence
of small instantaneous dipolar kicks in bending magnets (see Chapter 3).

1.4 The Stability Problem

As we have already established, storage rings are a challenging environment for particle survival:
any slight deviation from the design orbit — transverse, or longitudinal — needs to be carefully
controlled using different magnets to ensure stability. Moreover, these conditions have to hold
for many hours as the particles circulate around the machine for several billions (10%) of turns.
As a direct comparison, the Earth has also revolved around the Sun — autonomously — for
several billions of years. It seems therefore natural to draw parallels between these two periodic
Hamiltonian systems, and more generally, between the fields of Accelerator Physics and Celestial
Mechanics, as did J. Laskar [19], A. Chao [20] and J. Moser [5].

Celestial Mechanics has been, for a long time, the emblem of ultimate stability, periodicity
and regularity; concerned with the project of describing with absolute precision the motion
of celestial bodies. Significant progress was already established by the epicycle theory of the
Greeks [21], formalized in the Almagest of Ptolemy (100-175 AD), which is to say that the
motion can be decomposed into a finite number of uniform circular motions. However, following
Newton’s Principia (1687), it has been made clear that this apparent regularity was not so easy
to describe mathematically, especially for the case of the famous three-body problem. In 1885,
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King Oscar II of Sweden formulated the question as an open challenge, looking for a solution [5]:

“For an arbitrary system of mass points which attract each other according to
Newton’s laws, assuming that no two points ever collide, give the coordinates of
the individual points for all time as the sum of a uniformly convergent series whose
terms are made up of known functions.”

The prize from the challenge was awarded to H. Poincaré, who showed in the following
years (1892-1899) that no general closed form solutions exist to describe the motion — a
behaviour now known as chaos. Finally, half a century later (1954-1963), Kolmogorov, Arnold
and Moser demonstrated — in a joint theorem (KAM) — that despite the result of Poincaré,
some converging solutions are guaranteed to exist in restricted regions of the system. Aside
from all this theoretical work, the first “striking example of chaotic behaviour in the solar
system” [J. Laskar, 19] was given by the chaotic tumbling of Hyperion, a satellite of Saturn
observed in 1984 by the Voyager spacecraft. Clearly, as highlighted throughout 2000 years of
history, the question of stability is a complicated one. This is what led J. Moser to ask [5]: Is
the Solar System stable? And similarly, one could reasonably ask: Is the LHC beam stable?

1.4.1 Chaotic systems

Let us emphasize where the problem lies. In the simplest formulation of the n-body problem,
two masses orbit each other and the motion remains stable for all eternity — the classical Kepler
Problem. Adding additional masses, say by considering Jupiter alongside the Earth and the
Sun, brings us into the three-body problem, which has no general closed-form solution. Poincaré
himself noted that trajectories can then be separated into two categories: those for which the
series expansion converges (stable) and those for which the series diverges (unstable). Moreover,
most systems are mixed and admit cases from the first category, and cases from the second [22, 23].

To understand this behaviour, M. Hénon showed that the dynamics of the three-body problem
could be reduced to the study of a simple mathematical map — which transforms a set of
initial coordinates into a set of final coordinates — iterated many times [24]. He noted that
regular trajectories “seem to lie on a curve”, whereas chaotic ones behave in a completely
different way: “it is clearly impossible to draw any curve through them. They seem to be
distributed at random, in an area left free between the closed curves. Most striking is the
fact that this change of behaviour seems to occur abruptly” [M. Hénon, 25]. An example of
both trajectories can be seen in Fig. 1.7(b), for the Hénon map. As we now know, there is
no stochasticity in chaoticity, which is a perfectly deterministic phenomenon. Instead, the
problem lies in the non-existence of closed form expressions to describe the motion. S. Wolfram,
creator of WolframAlpha, eloquently puts it this way: “From all the successes of Science,
we’ve come to believe that there would be formulas to predict everything. But computational
irreducibility [of chaotic systems| shows us that that isn’t true. And in fact, to find out what a
system will do, we have to go through the same irreducible computational steps as the system
itself. Yes it is a weakness of Science, but it is also why the passage of time is significant and
meaningful: we cannot jump ahead and get the answer, we have to live the steps.” [S. Wolfram, 26]

As it turns out, the Hénon map also finds a direct application in Accelerator Physics, where
it models the transverse motion of particles in a simple non-linear system with 1 degree of
freedom (see Chapter 5). Starting from a purely linear lattice and considering on-momentum
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Figure 1.7: Phase space portrait of the simplest 2D system of Accelerator Physics. (a) A
linear lattice, composed of quadrupoles, dipoles and drifts. (b) A non-linear lattice,
where a single thin sextupole is added, leading to amplitude-dependent dynamics. In
the non-linear case, the dynamics follows the Hénon map, originally used to study the
famous three-body problem of Celestial Mechanics.

particles, the motion remains stable for all eternity at all amplitudes, as shown in Fig. 1.7(a)
— a direct analog to the Kepler problem. When a single sextupolar kick is added to the lattice,
one obtains the simplest non-linear system of Accelerator Physics, which follows the Hénon map,
as shown in Fig. 1.7(b). The dynamics then appears drastically different from the linear case:
chaos, resonance islands, high-order fixed points and amplitude-dependent behaviour emerge,
in accordance with the observations from Poincaré and Hénon. Therein lies the fundamental
question: how then is the stability impacted by the introduction of non-linearities? The KAM
theorem, ultimately, provides an answer which guarantees the existence of some stable solutions:

KAM Theorem

Consider a Hamiltonian system with n degrees of freedom that is integrable, meaning that it
admits n independent integrals of motion I, also called actions, which commute under the
Poisson bracket {I;, I} =0 (j,k =1,2,...,n). Such a Hamiltonian, Hy, can be written as
a function of the actions only (e.g. for n = 3 degrees of freedom):

HO(x7pw7y7py7<7pC) HHO(IZ7[y7IC) (17)

Suppose the system is perturbed by a small term in some region of the phase space. Then,
under suitable assumptions (e.g., the non-degeneracy and smoothness of the frequency map
0H/01;), the following claim holds: most of the invariant tori of the integrable system
survive the perturbation and the corresponding motion remains quasiperiodic [11, 27, 28].
These surviving KAM tori correspond to frequency vectors that satisfy a diophantine
condition [8]. (Additional context shall be found in Chapter 2.)
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1.4.2 Quasiperiodic Expansions in Beam Dynamics

Chaos, as it stands, is both a physical phenomenon limiting our ability to describe the motion of
realistic non-linear systems; and a mathematical problem emerging from the iteration of simple
maps such as Hénon’s. In the latter case, convergent solutions require the mathematician to
provide formal stability proofs, ensuring a proper description of the motion for all eternity [5].
That being said, most practical applications do not require us to know if the motion is stable for
all eternity, but simply for a limited meaningful period of time, which lifts a lot of mathematical
subtleties and opens the door for numerical methods to be used.

Oftentimes, chaotic motion may appear to be regular over long periods of time before di-
verging [22]. If this characteristic time length is longer than the lifetime of the circulating
beams, then such a trajectory might be, by all practical accounts, indistinguishable from a
stable one. One can therefore understand the interest that was put, over the years, towards
the development of symplectic particle tracking codes [9], driven by the need to accurately
investigate the complex dynamics of non-linear systems beyond the reach of analytic calculations;
element by element. As S. Wolfram puts it, “we have to go through the same irreducible
computational steps as the system itself”. This simple fact establishes particle tracking as the fun-
damental tool to be used in order to better our understanding of complex machines like the LHC.

But through this process of continuous development on the numerical front, one is at risk of
eventually losing the ability to describe, analyse and understand the final particle motion. Let
us therefore recall the challenge posed by King Oscar II and seek out the proper series to
describe the motion. The natural format for such series was already given by the Greeks — the
epicycles — and is nothing else than a generalized Fourier series. This quasiperiodic expansion,
used by Poincaré for his demonstration and later by Kolmogorov, Arnold and Moser for their

N) = Z A QN (1.8)

theorem, can be written as:

where Re{t,} is the position — see Chapter 2 — as a function of the turn number, N, which
depends on some frequencies, Q, and integer linear combinations thereof, 7 - Q Equation (1.8),
the “prize equation”, is at the heart of this thesis work, where we aim to show that a profound
understanding of beam dynamics can be built around this representation of the motion, building
on the success of our predecessors.

In Chapter 2 the distinction between particle dynamics and energy manifold is presented, with
important geometrical results pertaining to eq. (1.8). The use of quasiperiodic expansions
to describe tracking results is also presented. In Chapter 3, the transformation of eq. (1.8)
through a given Hamiltonian flow is described using Lie algebra, which serves as a basis for
analytic calculations. In Chapter 4, coupled and uncoupled linear dynamics is presented in this
formalism, leading to an effective and unified description of 2D, 4D and 6D linear motion. In
Chapter 5, non-linear effects are introduced, showing the importance of eq. (1.8) in this context,
allowing for visual interpretations of non-linearities and measurements of the non-linear residual.
Finally, the Appendix presents experimental studies that motivated and guided the development
of this formalism.
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Figure 1.8: The Thesis. In the following chapters, we hope to show that the quasiperiodic
expansion of eq. (1.8) can serve as the cornerstone of a formalism unifying both linear and
non-linear motion. From there, Normal Form Analysis becomes more intuitive, as it naturally
relies on such series. Furthermore, eq. (1.8) will be shown to bridge analytic calculations
and numerical tools, enabling us to describe and interpret the complex dynamics of tracking
experiments using the very same formalism as in theoretical analysis. With this approach, we
hope to recover the insight provided the epicycles theory of the ancient Greeks — an idea that
eventually led to the KAM theorem, centuries later.






CHAPTER 2

Topological Foundations

Energy Manifolds and Quasiperiodic Motion

The study of single-particle dynamics in circular accelerators relies on the observation that most
trajectories remain regular and confined, despite the underlying non-linearities of the system
and the presence of chaotic layers. These regular trajectories are embedded on invariant tori,
and their long-term behaviour remains stable. As such, it becomes essential to develop a robust
understanding of the dynamics and the topology of these tori within a general Hamiltonian
framework.

In this chapter, the evolution of loops and tori under Hamiltonian flow is examined and is
connected to the fundamental concept of symplecticity. Building on a Fourier description of
these geometric objects, we show that a symplectic area can be consistently defined — even in
6-dimensional phase space — and associated to well-defined integrals of motion. The embedding
of single-particle trajectories on these invariant tori is then demonstrated explicitly for periodic
systems. Finally, a numerical method — the Numerical Analysis of the Fundamental Frequencies
(NAFF) — is introduced and is used to construct these tori from tracking data. This allows
to retrieve the corresponding integrals of motion and obtain an insightful description of the
motion; both for linear and non-linear cases.
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2.1 Hamiltonian Flow

The transport problem of single-particle dynamics is concerned with the description of the
motion — positions and momenta — of particles travelling through a beam line. For a particle
with n degrees of freedom, a 2n-dimensional phase space can be used to uniquely specify its
state at a given longitudinal location. Recall that the usual time variable ¢ of Hamiltonian
mechanics was traded for the longitudinal location s in the formulation of eq. (1.6). In the
following chapters, 3 degrees of freedom will be implicitly assumed for the sake of generality,
yielding a 6D phase space, & = (z, pz, ¥, Dy, ¢, Pc)-

2.1.1 Complex coordinates

Consider the full phase space, formed by the three pairs of canonically conjugate variables:
(,pz), (y,py), and (¢,pe). According to Hamilton’s equations, a given Hamiltonian H (Z; s)
leads to a set of six coupled differential equations:

HEs) o o, e D dpy O b (2.1

ds’ ds’' ds’ ds’' ds ds

which describe the Hamiltonian flow of the system. Indeed, integrating the set of equations (2.1)
between two longitudinal locations, s; and sz, allows us to transport particles along the
longitudinal axis, as shown in Fig. 2.1. Naturally, Hamiltonian flow gives rise to the concept of
maps [6], which describe the transformation of phase space step-by-step, integrating every point
forward in s.

Let us denote the phase space coordinates & of a given particle as a set of complex coordinates,
P = (Y, ¥y, )", whose three projections — one in each conjugate plane — read:

wxzx/\/ﬁiwo_ipm\/ﬂjo
¥ Sy =y/\/By — ipy /B (2.2)
wCEC/\/FCO_Z‘pC\//BiCO

after being rescaled by some arbitrary lengths, 5;, (j € {z,y,¢}), such that all projections of 1)
have homogeneous units of v/m. To lift this arbitrariness, ;, can be chosen to be 1 m — as
done in this thesis — or chosen to match the Courant-Snyder S-function (periodic or not) at
the entrance of the beam line in each plane, as discussed in Chapter 4. The interest of eq. (2.2)
lies in the ability to describe any pair of conjugate variables in the complex plane directly, as
well as being able to recover the individual coordinates at any points following;:

1 k
1 + 92/ B (23)
Pe = 5t = 5)/\/Bao - (2.4)

and idem for the other projections. Note that the vector ) is represented in bold font, instead
of the usual vectorial arrow, to emphasize the fact that it describes a specific object (a particle).
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Figure 2.1: Hamiltonian flow of a simple beam line. The horizontal phase space (z, p,)
is recorded at two longitudinal locations, s; and sy. Three particles (in blue), ¥, 1,
and 13, are transported along the longitudinal axis according to Hamilton’s equations.
A loop (in black), £(¢) = ¥(0O,), is also transported according to Hamilton’s equations.

2.1.2 Symplectic Maps

Transformations from a Hamiltonian flow have the particularity of being symplectic [6]: they
preserve the area of any loop — any closed curve — drawn in phase space. Clearly, this feature
cannot be appreciated by studying single particles in the form of ¥ from eq. (2.2). Hence, let
us consider instead a periodic function of some angles, 6 = (02,0y,0,), which describes a
collection of points, X (é) =(X,P.,Y, P, Z, PC)(é) in the 6-dimensional phase space. Using a
similar complex notation, we write:

W, (8) = X/\/Bay — iPay/Bao
¥(6) : { v, (6) = Y/\//Ty0 — Py /By > (2.5)
v.(6) = 2/ /B, — iPey/Beo

where capital letters are used to distinguish the coordinates of this topological (6D) object
from the single-particle coordinates (z, p,, etc.) presented earlier. Once again, the individual
coordinates can be recovered using:

X(6) = %(\Px +03)1/Br (2.6)
Po(8) = 5 (Vo = W3) //Buy (2.7)

and idem for the other projections. With this functional form, lII(G_)') represents a torus (more
details in the next section) on which a loop, £(¢), can be embedded by letting the angles
evolve as a parametric function of a single parameter, e.g. () = (O,(f),cst.,cst.) with
©,(¢) = 2n¢. An arbitrary loop can be obtained with a general parametrization such as
B(0) = (0,(0), ©,(£),0.(¢)) with 0 < ¢ < 1. For a purely 2D problem, any torus is de facto a

loop and vice versa. Although v and ¥(O) are used to describe different objects — a particle
in one case and a torus in the other — both can be transformed following the Hamiltonian
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Figure 2.2: Horizontal phase space (z,p,) from Fig. 2.1 for the two longitudinal
locations, s; and s3. The three particles, 1, ¥y and 13, are mapped to new
coordinates in the transformation s; — s2. As for the loop, L({) = ¥(0,), it is
both displaced and deformed, but the enclosed area (in light grey) is conserved, by
virtue of symplecticity.

flow of the system. Every point on W constitutes an initial condition (at a fixed s location)
for Hamilton’s equations, and one can transport the torus by integrating each point forward.
In Fig. 2.1, a simple loop L({) = ¥(0O,,) is transformed following the Hamiltonian flow of the
system alongside some particles, ¥, ¥4 and 5. For this illustration, only the z-projection,
U,(©;), is considered. Since the transformation is symplectic, one can formally show [6] that
the “area” enclosed by the loop — closely linked to the action of the loop — is preserved under
the Hamiltonian flow. To further investigate this claim, the horizontal phase space at the two
longitudinal locations, s; and so, is reproduced in Fig. 2.2. The three disconnected particles
are seen to be mapped to new coordinates in the transformation s; — so. As for the loop, it is
seen to be both displaced and deformed, but the enclosed area (in light grey) is conserved, by
virtue of symplecticity. Alternative formulations of the symplectic condition shall be given in
Chapter 3.

2.1.3 Fourier Series for Loops and Tori

—

If ©,, ©, and O, are left to separately vary from 0 to 27, ¥(©) becomes a parametric
description of a set of periodic coordinates — a set of X in phase space — which all belong
to a 3-torus. Broadly speaking, an n-torus is a periodic structure constructed as the product
of n independent periodicities, such as © = (O, ©,,0.) [29]. If only one angle is left to
vary, e.g. if ©(f) = (O,(f),cst., cst.) with ©,(¢) = 2n/, then the collection of points forms
a loop, embedded on the torus, and evolving in the 6-dimensional phase space. The same
can be said for any constraint — or resonance condition — which limits the number of free
parameters to 1 such that 0= é(f) Again, a 1-torus is by definition a loop, as mentioned earlier.
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As it turns out, this object is precisely a 6-dimensional generalization of the epicycles. Using a
set of three coupled Fourier series, the projections of a given torus W, in each plane, can be

written as: . o
U, (6) =3 4; /@)

w(6) : {W(O) =B " i w(@6) : R O (2.8)
U (6) =3 Cq O

where 7@ € Z3 is any integer vector and 7 - © = (ng, Ny, N¢) - (O, Oy, O,) are linear combinations
of the three angles by which coupling effects arise. The spectral amplitudes, Az, Bi and Cj
are complex numbers corresponding to the projection of ¥; on a given phasor of the basis,

|7) = ei(ﬁ‘é), which we can write as the inner product (in Dirac notation):

1
(2m)?

27 27 2w 5 o
An = (7| Vy) = /0 /O NRZC) e~©) 4o, de, do. , (2.9)

and idem for Bz and C; . Before delving into the general 6D case, it is insightful to look at
some recognizable expansions for the 2D case. When only ¥, (0,) is considered, one should
remember the distinction between the following expansions:

(Circle) U, = A |
(Ellipse) W, = A1 4 A_1e7 = | (2.10)
(General) U, = ...+ A1e7© 4 Ag+ A19% + A9 4 .. |
i.e., expansions with one or two phasors describe, respectively, circles and ellipses; and more
phasors can be added to describe a more general loop. An example from each case is shown in

Fig. 2.3 for reference. In particular, the constant term, Ag, gives the position of the centroid of
the loop — and more generally {Ag, By, Cy} point to the centroid of the torus in 6D.
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Figure 2.3: Recognizable cases for 2D phasor expansions. (a) A circle, made of
one phasor: {4;} = {1},/pm. (b) An ellipse, made of two phasors: {A;,A.;} =
?{(2—1—@'), (1+4)} y/nm. (c) A general loop, here made of three phasors: {A;, A_j, Ay} =
${(2+1),(1+14), (i/v/2)} /im. In all three cases, the area enclosed by the loop is  pm.
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To appreciate the distinction between loops and tori, one must go beyond the 2D case (in 2D,
loops and tori are equivalent). Considering the 6-dimensional phase space, we can parametrize
the angles © of a given torus to describe an embedded loop, £(¢), which yields:

Lo () = U, (6(£)
L) : L) =T,(6(0) , with0<l<1, (2.11)
L (0) =06

(£) (©(0))

where the different projections of L(¢) follow the same Fourier series as the projections of ¥,
on which it is embedded. By construction, there exist three — and only three — topologically
independent closed curves on ¥ that cannot be continuously deformed into one another [29].
Since ©,, ©, and O, are the fundamental periodicities of the structure — as expressed in
eq. (2.8) — we can identify the fundamental families of loops to be those corresponding to full
cycles over ©;, ©, or ©.. To highlight the nature of a given loop, we shall make a distinction
between the three families using the following notation:

v(ey, 0,,0,) = L)
\II(Gx,QS,@() = L(0)
¥(0,,0,,07) = L({)

¥(27l,0,,0,)
¥(0,,210,0,) , with0</(<1, (2.12)
¥(0,,0,,210)

where (072, 0,,0,) denotes a full cycle over ©, while all other angles are kept constant, and
so on. Any other generic loop on the torus can be obtained by combining these fundamental
cycles via generic parametrization of the three angles, ©,(¢), ©,(¢) and ©.(¢).

As shown in the upcoming sections, studying the basic cycles of 4D and 6D tori can provide
insightful observations on the phase space dynamics. In particular, separating the fundamental
families of loops can be used to visualize the hyperdimensional structures by reducing the
dimensionality of the problem. An example of this approach is shown in Fig. 2.4 for a simple
4D torus. In Fig. 2.4(a), various loop projections ¥, (0%, 0,) are taken by letting ©, vary,
sweeping out a surface which reveals the toroidal structure in the (z,p,) phase space. The
procedure is then repeated with the ¥, projection to reveal the structure of ©F loops in the
(y,py) phase space, completing the description of the first family. In Fig. 2.4(b), the second
family of loops is studied in the same way, giving us a representation of @gj loops in both planes,
V. (0, 05) and ¥y (O,,07).

Similarly, one can also explore all the possible values taken by \I/z(é) and \I/y(é) in their
respective phase space, (z,p;) and (y,py), as shown in Fig. 2.5. By flattening the torus in such
a way, one essentially obtains the “shadow” of both projections, covering a finite region of the
phase space. From there, a given loop can be studied by adding its projection in both planes,
e.g. ¥,(03,0, = cst.) and ¥, (03,0, = cst.) for a given OF loop. Naturally, the projections
from any loop must lie within the region covered by the flattened torus. By letting the other
angle vary (O, in this case), the loop projections are seen to move within the shadow, eventually
painting the entirety of the flattened torus when all combinations of angles are explored. This
second technique, more compact, complements the results from Fig. 2.4.
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v, (05,0, =0)

(Z, z) 1

: ! )
1
1

7,6, =0.6))

e | v
I
| (Y, py) v.00)

Figure 2.4: Visualization of the basic cycles of a 4D torus, ¥(07,0,) and ¥(6,, ©y) at a fixed
s location. (a) Projections of all ©F loops in the (z,p,) phase space (top) and (y,p,) phase
space (bottom). (b) Projections of all © loops in the (z,p;) phase space (top) and (y,py)
phase space (bottom). All loops are travelled following the directional arrows.

— ¥,(05,0, =0) — U(0,=0,09)
4 r4
2 1 2
T =
= 07 0=
8 >
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—41 -4
4 -2 0 2 4 -4 -2 0 2 1
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Figure 2.5: Shadow of the 4D W torus (grey) in both conjugate planes. The projections of two
loops, obtained from the two basic cycles ¥(07,0, = 0) and ¥(©, = 0,0y), are also shown.
The phasor expansion of the torus contains four phasors in each plane, as given below.

i (1,0) (~1,0) (0,1) (0, 1)

U, : Az [ymm] 1.368+1.266i 0.429+0.561i 0.439+0.410¢ 0.132+0.179:
U, : By [ymm| —0.744—0.071¢ —0.095+ 0.415; 1.888+0.206¢ 0.213 —1.050¢
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2.1.4 Poincaré Integral Invariants

Let us go back to the area-preserving property of symplectic transformations by considering a
closed loop L(¢) embedded in the 6-dimensional phase space. The symplectic area A(L) of the
loop is in fact the sum of the 3 phase space areas of the projections of £(¢) on the 3 conjugate
planes [6], such that:

A(L) = 7{5 (PodX + P,dY + P.dZ) . (2.13)

where X are the coordinates of the loop. Historically, eq. (2.13) is referred to as the Poincaré
Integral Invariant, and is precisely the quantity being conserved along the Hamiltonian flow of a
time-independent system. This “area” relates to the action of the loop via I = A/27.

In previous sections, we have been considering tori made of 3 independent periodicities, where
3 topologically independent families of loops can be found. On a given torus, ¥(0), we can
therefore define 3 independent symplectic areas, obtained by integrating over the 3 basic cycles

following:
A, = (Px dX + P,dY + P, dz) = Apz + Asy + Auc
Oz

A= ¢ (PodX + PydY + P dZ) = Aye + Ay + Ay | (2.14)

Yy

A, :]{9 (Pde+Pde+Pch) = A+ Agy + Ace
¢

where X are coordinates on the torus. Each symplectic area is obtained as the sum of the
partial areas in cach plane, Aj, = §g PrdX, Ajy = fo. By dY and Ajc = §o P dZ, as shown
in Fig. 2.6 for a 6D torus. For any given projection, e.g. A, the area is not expected to
be conserved by itself. Instead, the conserved quantity — the symplectic area of the loop —
corresponds to the sum of all projections on the conjugate planes. In Fig. 2.6(a,b,c), the three
independent symplectic areas obtained from O, @5 and ©f are shown with unique colors in all
three conjugate planes. Areas travelled clockwise are positive — as hinted at by the looping
symbol, ©° — and negative otherwise.

Starting from the Fourier expansion of the torus, eq. (2.5), the Poincaré Integral Invariants can
be computed and expressed in terms of the complex coefficients of the expansion, which are
assumed to be known. Following a short derivation (see Demonstration 2.1 on page 24), one
can show that the first partial area is given by:

Ajo(©) = 7Y m| (1| Wa) P + A (0) = 7Y 1| Az]* + A;(6) (2.15)
with . . .
2je(8) = 730 37 Guym, (m5]47l1 4| cos(075(6) — ¢ ;(6)) ) (2.16)
7 mAR

where 0y 1, = 1 if nj = m; (0 otherwise) and where, e.g., @ﬁw(é) =nyOy + n.O, + arg [Aj;]
is a phase parameter keeping track of the non-integrated angles as well as the phase of the
complex coefficients, arg (A5). In the different projection planes, the different A;, and Ajm(é)
functions are obtained from eq. (2.15) and eq. (2.16) by permuting the coefficients of the Fourier

expansion, i.e., where Az, — Ayy — Ajzc are obtained by replacing Ay — By — Cj and so on.
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¢ Pz ¢ Dz ¢ Pa

Figure 2.6: The 3 Poincaré Integral Invariants for a 6D torus. (a) A,, obtained from
the sum of the three partial areas in blue. (b) A,, obtained from the sum of the three
partial areas in pink. (c) A., obtained from the sum of the three partial areas in green.
In (a,b,c), the (¢, p.) plane was scaled up for the benefit of the visual representation.
Each of the projected areas is positive (positively oriented) since travelled clockwise.

i (1,0,0) (—1,0,0) (0,1,0) (0,-1,0) (0,0,1) (0,0,-1)

U, : Az [ymm] 3.461+0.024i 3.342+40.024i —0.323 —0.204¢ —0.314+0.193; 0.000 + 0.000¢ 0.000 — 0.000i
U, : B; [y/pm] 0.557—0.319: 0.534+0.313i  2.002+0.010i  1.928 4+ 0.010¢ 0.000 —0.000¢ 0.000 4 0.0007
U, : Cy [ymm] —0.093+0.070i —0.093 —0.070i —0.000 —0.020¢ —0.000+0.020: 0.038 —0.000¢ 0.038 — 0.000i

Hence, the 3 independent Poincaré Integral Invariants of eq. (2.14) can be written as:
Ap(6) = 7", (145" + [Bal* +Cal*) + Au(6)
7
)
)

(
)

w3 my (14al +1Bal’ +[Cal®) +2,(6
)

Ay(6) = (2.17)
A(©) =73 n (|4al + |Bal* + |Cal*) + A8
where the remainder, Aj(é), carries all the angular dependence following:
Aj(6) = 85a(6) + 8y(8) + Aje(6) , (2.18)

in each plane, j € {z,y,¢}. In the example of Fig. 2.6, the remainder of ¥ is zero for all
angles since no spectral line contributes to the various A; (since On;m; = 0 for 1 # m in
eq. (2.16)). This is to say that all loops from a given family share the same symplectic area
with no dependence on the non-integrated angles. If one were to add additional spectral
lines, such as Ay 10y # 0 and B(y10) # 0, then all of Ay, Agy, Ay, and Ay, would become
non-zero, introducing an angular dependence on the projected areas. This result does not
jeopardize symplecticity: any loop, parametrized by some é(ﬁ), can be transported through the
Hamiltonian flow of the system and its area remains invariant. Instead, the claim of eq. (2.17)
is that various loops from a given family — e.g. from the ©F cycle — start with a different
symplectic area depending on ©, and ©,.. This observation is a key element for the integrability
condition, as discussed in the next section.
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Demonstration 2.1: Poincaré Integral Invariant.

We wish to evaluate the partial area, A;;, given by:

27 0X
Ay = 7{9 PdX = /0 <Pm8(%> 4o, . (2.19)

Starting from the Fourier series of eq. (2.5), we can write:

X = Z |Azi| cos(ngOz + i z)

U, (6) = D Ay eOrtmOutneOa o , (2:20)

7

where X = Re{¥,}\/Bzo, Po = —Im{¥,}/\/Bz, and goﬁx(é) = nyO, + n.O, + arg (Az) is
a phase parameter keeping track of the non-integrated angles (here ©, and ©.) as well as
the phase of the complex coefficients, arg (A7). The integrand of eq. (2.19) then reads:

0X . .
(PJC(?Qr) = Eﬁ: %:nx]AﬁHAm] Sin(nz; Oz + ¥7z) sin(mzOz + Vi) (2.21)

To proceed with the integral, the following orthogonal identity can be used:

27
/0 sin(ngOy + ¥i.z) Sin(MzOz + @ ) dOz = dny m, (7r cos (@i — gomx)) (2.22)

where 0y, m, =1 if n, = m, and 0 otherwise. After integration, we therefore end up with:
Age =7 Z Z 6nm,mx (n:v’Aﬁ| ’Aﬁi’ COS((pﬁ,x - @nﬁ,x)) (223)
noom

which is the result we were looking for. One can see that eq. (2.23) is tied to the phase
parameter ¢, which depends on the non-integrated angles (©, and O, in this case). Hence,
it is relevant to separate the terms that are angle-independent from the others (i.e. when
=1, Qi z — Pmz = 0) to explicitly expose the dependence on é, yielding:

Azz(8) = 13" ng| Azl? + Ay (6) (2.24)

where the angle-dependent part is given by:

Beo(®) =7 Y bnom, (naldsll Al 008 (052(6) — 052(6)))  (2:25)

F——

n m#n

which is the same as eq. (2.23) for m # 7i. In the different planes, the different A-functions
are obtained from eq. (2.25) by permuting the coefficients of the Fourier expansion, i.e.,
where Ay, — Agy — Ay are obtained by replacing Az — By — Cf.
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2.1.5 Integrals of Motion in Periodic Systems

While the Poincaré Integral Invariants highlight the preservation of the symplectic area for any
loop transported along the Hamiltonian flow [6], this geometric property does not, in general,
imply the existence of dynamical invariants. In periodic systems — such as storage rings —
stable solutions must lie on tori which are themselves invariant under the one-turn map: the
mapping of any point from the torus must also belong to the torus itself, one full period later.
For such systems, the Hamiltonian can be written as a function of the actions alone — as in
eq. (1.7) — and the dynamics can be expressed in terms of the action-angle variables.

This canonical structure provides the foundation for Normal Form theory [15], where a sequence
of symplectic transformations brings the system into a simplified, integrable form. By contrast,
in open-ended or non-periodic systems, tori do not need to map onto themselves. In such cases,
the preservation of the symplectic area is no longer sufficient to define conserved action variables,
which illustrates the distinction between the Poincaré Integral Invariants and the integrals of
motion. This allows us to introduce the notion of integrability with the following proposition.

Proposition 2.1: Integrable tori.

—

A torus, ¥(0), is said to be integrable if there exists a sequence of symplectic transformations
that can be used to move continuously on the torus, effectively changing the value of ©,, ©,

and ©, at will. For an integrable torus, the remainders A;(©) of all the Poincaré Integral
Invariants necessarily cancel out across all angles, that is:

Aj(6) = Ajo(6) + Ajy(6) + Aj () =0 ¥V O €R? je{zyc}, (2.26)

which is to say that all loops from a given family share the same symplectic area with no
angular-dependence.

In that case, three independent actions I, I, and I, can be defined.

By virtue of Proposition 2.1 the Poincaré Integral Invariants can be used to define 3 independent
integrals of motion, or actions, following:

1

" or

I; A;

1
o }é j (PodX + PydY + P.dZ) . (2.27)

which, for an integrable torus, leads to:
_ 1 2 2 2
7
1
Iy = Iyo + Iy + Iy = 5 Dy (|Aal + |Bal® +1Cal’) - (2.28)
7
1
Ie=Tg+Iy+ 1 = B Z”c (’Aﬁ’2 + | Bl + ‘06’2)
i

—

Although the partial actions I;;(©) are individually not invariant, their sum in each plane is
and they each correspond to a dynamical invariant. This special condition is sine qua mon with
the existence of a Normal Form, as discussed in the next section.
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Let us illustrate the angular-dependence further by considering a torus for which the Ajj
functions are not individually zero. To do so, the torus of Fig. 2.4 (here labelled as ®o(6))
is transformed via a non-linear symplectic transformation such that ¥ = M W for which
U, =Yg, + i% (X3 - Y$) and ¥, = ¥, — i% (X0Yp). The details of such a transformation
shall be given in Chapter 3. The resulting torus contains 12 phasors, many of which respect the
{0n;m; = 1 for 7 # m} condition required to make Ay, Agzy, Ay, and Ay, non-zero, as shown
in Fig. 2.7. When moving on the torus — i.e. when changing ©, or ©, — the A-functions
are seen to individually vary, but their sums, A, (Fig. 2.7(a)) and A, (Fig. 2.7(b)) cancel out
across all angles.

Naturally, the variation of the projected area can be visualized on the torus itself, as shown in
Fig. 2.8. When moving on the torus, the individual projected area such as A, and A, shown
in Fig. 2.8(a), are seen to vary between ©, = 0 and ©, = 7, but their sum is invariant. The
corresponding flattened projections are shown in Fig. 2.9 for completeness.

From Fig. 2.8 and Fig. 2.9, one can see how the integrability condition — formalized in
Proposition 2.1 — is necessary, but not sufficient, for the definition of the action-angle variables.
If there exists a series of symplectic transformations to continuously move on the torus, then
the symplectic area must be invariant across all angles. That being said, one can also imagine a
non-integrable torus for which all A-functions vanish with their sum, but were no symplectic
transformation exists to continuously move on the torus. As such, the integrability condition
provides a strong criteria which needs to be satisfied for a torus to be the periodic solution of a
periodic Hamiltonian system.

0.50 1 —

0.25 =7 T 011
E g
t© 0.0 @ 001
3 F

~0.251 o1

~0.50

702.
0 /2 T 3/2 o 0 /2 7'r 31/2 o
o, .
(a) (b)

Figure 2.7: Evolution of the various A-functions for an integrable torus. (a) Variation of
the symplectic area of ©F loops for various values of ©,. (b) Variation of the symplectic
area of ©F loops for various values of ©;. In both cases, the total remainders, A, and
Ay, cancel out across all angles. The basic cycles are illustrated in Fig. 2.8.
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v, (08,0, =0) Ve (0, = 0,05)
(2, pz) (2, px)
‘I’y(e(r)v Oy =0) Uy (Oz = 0:98)
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1
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Figure 2.8: Basic cycles for an integrable 4D torus with angle-dependent symplectic areas.
(a) Projections of ©F with ©, € [0,7]. (b) Projections of ©f with ©, € [0, 7]. In both cases, the
projected areas vary along the torus but their sum (top and bottom, with common colors) is
invariant. The torus considered was obtained from the torus of Fig. 2.4, ¥, after modification
by a symplectic transformation: ¥, = ¥¢ , + i% (Xg —Y§) and ¥, = ¥, — i23_0 (XoYp)-
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Figure 2.9: Shadow of the integrable 4D torus from Fig. 2.8 in both conjugate planes. The
projected areas individually vary along the torus, but their sum (with corresponding colors and
line styles) is invariant, as shown in Fig. 2.7
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2.1.6 Normal Form

The integrability condition of Proposition 2.1 guarantees the existence of three independent
actions, conserved under the Hamiltonian flow. This leads to a set of action—angle variables
(z,pz) — (I3, 0,) (idem for y and ¢), for which the Hamiltonian depends only on the actions,
H = H(I,, I, I.). In these coordinates, the actions remain constant, the angles advance linearly
through the system, and the invariant torus takes on a circular shape in each conjugate plane.
Although the explicit canonical transformation to action—angle variables is generally unknown,
the integrals of motion directly provide the expected result using eq. (2.28). For the sake of
clarity, it is useful to distinguish three important phase-space representations: & (physical), z
(Courant—Snyder), and T (Normal Form). One can transform from physical to Courant—Snyder
phase space — where ellipses become circles — via the real symplectic W-matrix [18]:

U=W1l¥ with X=W1X, (2.29)

where W™ W is a linear transformation of ¥ associated to the W-matrix. This transformation
completely circularizes the motion in each degree of freedom for purely linear dynamics (see
Chapter 4). When eq. (2.29) is applied to a general non-linear torus, the normalization is only
partial: residual distortions and coupling effects remain, as shown in Fig. 2.10(b). To remove
these, one must extend the idea of linear normalization to a general (non-linear) symplectic
transformation N ~! ¥, which ultimately brings the motion into its normal form — a fully
decoupled, circular representation of the action-angle variables. By definition:

U, (0,) = /21, €=
y(0y) = /21, | with T =N"1T, (2.30)

U (O,) = /21, ¢

where A is in general unknown, but is guaranteed to exist for integrable cases [15]. This
transformation plays the same role as the W-matrix plays for the linear case: it maps the
distorted and coupled tori into fully circular, decoupled tori, as shown in Fig. 2.10(c).
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(a) ¥(O7,0,) (b) ¥(05,0,) (c) ¥(63,0,)

Figure 2.10: Sequence of symplectic transformations to put a simple 4D torus into its
normal form. (a) ¥, taken from Fig. 2.8. (b) W, following the application of the W-matrix.
(c) W, the normal form of the torus. The symplectic area is unchanged in (a,b,c).
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2.2 Periodicity and Energy Manifold

Let us now return to the original problem of beam transport. In previous sections, the effort was
put on the topological description of loops and tori, with little attention devoted to the description
of single-particle dynamics. In the following sections, the profound connection between v and ¥
— particles and tori — shall be made explicit. Moreover, important numerical methods will be
presented for the construction of invariant tori when periodic boundary conditions are imposed.

2.2.1 Regular Motion & Quasiperiodic Expansion

In periodic conservative systems — such as the LHC, assuming a static lattice configuration —
the energy is preserved and particle trajectories are constrained to evolve on constant-energy
surfaces. In phase space, those surfaces are referred to as energy manifolds. It can be shown [29]
that for a given integrable trajectory, the energy manifold is an n-torus embedded in a 2n-
dimensional phase space. The KAM theorem, presented earlier (see page 11), guarantees the
existence of such tori on restricted regions of the system. It appears therefore natural to put
those invariant tori — those energy manifolds — at the core of our description of beam dynamics.

Proposition 2.2: Embedded particles.

In periodic conservative systems, regular trajectories (i.e. non-chaotic trajectories) are
embedded on well-defined invariant tori which are preserved under the one-turn map of
the system. In such cases, the trajectories are quasiperiodic and can be obtained from a
stroboscopic sampling of their corresponding invariant torus, 7.e.:

P(N) = ¥(27QN) (2.31)

where Cj = (Qz, Qy, Q) are the fundamental frequencies of the trajectory and N is the
turn number. Outside of resonant conditions, a given particle eventually covers the entire
surface of its invariant torus as ©; = 27Q; N, j € {x,y,¢}, varies with arbitrarily large N
values, exploring ©; € [0, 27] (mod 27) densely.

Furthermore, the corresponding torus is necessarily integrable, with actions I, I, and I..

—

Out of the periodic structure of an energy manifold, ¥(©), emerges the quasiperiodic motion
of a single particle, ¥»(NN), turn after turn. As a result, we return to the prize equation (1.8),
proposed by King Oscar II, and write:

BN {Uy(N) =3 By AN (2.32)

)

Y(N) = Y C mTFAN)

which is again a generalization of the epicycles. In the above expansion, the spectral amplitudes,
Ay, Bi and Cy are identical to the ones of the invariant torus of the particle. The frequencies
in the Fourier expansion, 77 - @, correspond to integer linear combinations (or harmonics) of the
fundamental frequencies Cj This structure reflects the diophantine condition required by the
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KAM theorem. The form of eq. (2.32) is general, and applies equally to linear and non-linear
systems, as shown in Fig. 2.11. To give a practical example, one can show (see Chapter 4) that
the Fourier expansion for 2D linear motion can be written as:

Ya(N) = V2L, (Af TN 4 AT im0 it AE = Be/Bay 0z 1 (2.33)

2v/ B/ Buro

where a, and (3, are the well-known Courant-Snyder parameters [4]. Remembering that
Yo = /\/Bay — 1Pz Pry, the above formulation turns out to be fully equivalent to the usual
formulation of the motion for single-particle linear dynamics:

x = /2,0, cos(2nQ,N) ,

Py = — \/\/%(sin@ﬂQmN) + ag cos(2rQN)) | (2.54)
as illustrated in Fig. 2.11(a). However, as highlighted by A. Chao [30], the Courant-Snyder
picture is not without weakness and fails to describe non-linear dynamics in a natural way.
For non-linear systems, one should instead expect the particle trajectories to follow a more
complex shape, described by a more general quasiperiodic expansion (of which ellipses are only
a particular case). These shortcomings are implicitly addressed with the general formulation
given in eq. (2.32), as shown in Fig. 2.11(b).

Proposition 2.2 introduces — for the first time — the fundamental frequencies C} = (Qz, Qy, Q.)
within ¥ (N), which appear as a property of the single-particle dynamics. In fact, Q is also a
key property of the energy manifold of the particle; and more profoundly, an emerging feature
of the system, arising due to the periodic boundary conditions imposed on the problem.

Invariant torus ¥(©,) + Tracking
o Single particle ¢ (N) »  Chaos
0.8 1 0.8 g

0.4 041
g 5

= 0.0 =001
= 8
= =

—0.41 —0.41

—0.8 1 —0.81

04 02 00 02 04
2 [mm]
(a) Linear lattice (b) Non-Linear lattice

Figure 2.11: Comparison of the quasiperiodic motion of single particles, ¥ (N), with
their respective invariant tori, ¥(0,) for two simple 2D systems. (a) A linear lattice.
(b) A non-linear lattice (Hénon map). In both cases, the single particle dynamics is
obtained as a stroboscopic sampling of the invariant tori. The turn-by-turn tracking,
obtained from the iteration of the map, is also shown for comparison.
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Let us contextualize the previous claims. For open-ended Hamiltonian flow, a “solution” refers
to the integrated trajectory of a given set of initial conditions. When periodicity is imposed;
either as a mathematical constraint, or due to the physical periodicity of the accelerator lattice
— e.g. in a FODO cell, or a closed storage ring — one must restrict the search to solutions
which are also periodic. The system, constrained in such a way, admits eigensolutions which
necessarily follow the periodicity of the lattice. A given particle, 4, is constrained to move on
some periodic energy manifold \Il(é) which is fixed by the system. In that case, \Il(é) must be
an eigensolution of the one-turn map, M; a condition we write as:

ME(B) = ¥(O + 2rQ) , (2.35)

such that any point on ¥ maps to ¥ itself after one turn, albeit with its angles O shifted by
some quantity, 2#@ = (27Qy, 2mQy, 27Q. ). Hence, Q appears as an emerging property of the
system, tied to a given energy manifold ¥, and imposed by the periodicity of the Hamiltonian
flow. In fact, writing eq. (2.35) in the Normal Form phase space yields (by construction):

MU, (D) = Q=) ()
ME(B) : { MU, (6) = )T, (6) , (2.36)
MU (D) = '*TIT(6)

which shows that @ = (Qz, Qy, Q) are the true eigenvalues of the problem in that space, where
the transformation corresponds to pure rotations of all the angles, 6. An example of the periodic
Hamiltonian flow of the Hénon map is shown in Fig. 2.12. Clearly, the two tori shown are
invariant under the one-turn map of the system, as described by eq. (2.35).

S, |

Sy

Figure 2.12: Hamiltonian flow of a 2D non-linear periodic lattice (Hénon map), made
of drifts, quadrupoles and a single sextupole. The periodicity of the lattice (between s;
and s9) imposes additional constraints and only periodic eigensolutions are admitted.
The topology of the resulting energy manifolds depends on the amplitude, as shown
with two tori, ¥ and ¥,. After one period, the tori are unchanged, albeit dephased
by some quantity 27Q,, shown with the blue arrows.
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In general, the topology of the eigensolutions depends on the distance from the origin, as shown
in Fig. 2.13(a). Sufficiently close to an integrable region of the system, one can expect — as a
corollary to the KAM theorem — a large set of invariant tori for which the frequency vector
depends smoothly on the action variables, Q(Iz, Iy, 1;), such that small variations in the actions
lead to small, smooth changes in the frequencies [11]. In this sense, the solutions are not isolated
instances in phase space, but rather part of a continuous manifold of regular motion. Far
away from resonances, the frequency map I Q(f ) is non-degenerate and is as smooth as the

underlying Hamiltonian — often smooth and analytic. In other words, the derivatives:

0@ 0A; 0B; 0Cjy
oI;> 9I;" 9I; OI;

for j € {x,y.¢), (2.37)

are continuous and vary smoothly across the family of neighbouring KAM tori, as shown in
Fig. 2.13(b). This Jacobi-like relationship between nearby solutions leads to phenomena such as
amplitude-dependent detuning, a well-studied problem of beam dynamics [4]. If the detuning is
such that the fundamental frequencies are forced to cross a resonance condition, written as:

7 - Q =nyQu + nyQy +ncQ; =¢q, withqeZ, (2.38)

then the aforementioned smoothness can be broken. The precise set of “active” resonances — the
set of relevant {7i, g} — is not trivial to describe and depends, in general, on the Hamiltonian.
Starting from the origin, the fundamental frequency shall therefore be found in continuity with
the tunes — or betatron frequency — of the system, at least up to the first resonance gap. In
Fig. 2.13, one can see that the properties of the eigensolutions are initially smoothly varying
as a function of the action. However, this continuity is eventually broken when @, — 1/5 and
does not extend smoothly across the resonant gap — delimited by the separatriz.
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Figure 2.13: Regularity of the 2D Hénon map around a fifth order resonance. (a) KAM
family around the origin, broken by the separatrix and the resonance gap. (b) Fourier
coefficients (e.g. Ay, As, Az) and fundamental frequency @, as a function of the action.
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2.2.2 Numerical Analysis of the Fundamental Frequencies (NAFF)

The regularity of the frequency map, highlighted in eq. (2.37), is at the center of the Frequency
Map Analysis (FMA). This technique, introduced and extensively developed by J. Laskar,
has found widespread application across numerous domains of physics [7, 11, 13, 28]. The
impact of Laskar’s contributions on the present thesis is substantial: many of the conceptual
propositions — particularly the visualization and interpretation of invariant tori — have
been made possible through his numerical approach, known as the Numerical Analysis of the
Fundamental Frequencies (NAFF) and implemented in the NAFFLIB project [2]. To paraphrase
Laskar [11]: “This numerical method relies on the observation that when a quasiperiodic
function f(t) is given numerically, it is possible to recover a quasiperiodic approximation of f(t)
in a very precise way over a finite time span [—7', T, several orders of magnitude more precisely
than what simple Fourier series will provide. Indeed, when computing the Fourier series of f(t)
over the finite interval [—T, T'], one assumes that f(¢) is periodic of period 27", which is not true.
In the following algorithm, we make a different hypothesis, which is dictated by the knowledge
of the regular dynamics of our system, and we search for quasiperiodic approximations.”

In our case, the function under study is the complex coordinate ©,(N) = x(N)/\/Pze —
ipz(N)\/Bry, which is known over a finite time span N € [0, T)]. This description of the motion
is typically obtained via tracking, in which case the trajectory ¥(N) is the “true” observable
— i.e. it is not an approximation — but is ultimately truncated at N =T turns. For this signal,
the spectral amplitude A(v) can be computed as a function of the frequency v following:

T-1
Fn(N)) = AW) = 21 3 (W) e N (), (2.39)
N=0

where x, (V) is a weight function, taken to be the Hann window (of order p) centered on the
dataset (i.e. at N — T'/2) and given by:

D 2
Xp(N) = 2(2(5))‘ (1 - COS(27TN/T))p . (2.40)
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Figure 2.14: Fourier transform of a simple quasiperiodic signal made of five frequencies
using a Hann window (p = 4) and T' = 10*. After finding the dominant frequency
component (v, Ag), its contribution is subtracted from the original signal and the
procedure is repeated to find (v, A1), and so on.
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The difference between eq.(2.39) and a conventional Discrete Fourier Transform (DFT) is that
the DFT looks for discrete values of frequencies following v = m/T (with m € Z) which is not
the case here. Letting v be continuous is equivalent to zero-padding, a technique commonly
used in signal processing to improve the resolution of DF'T algorithms.

The key element in Laskar’s approach, however, is to iteratively identify the dominant frequency
components of the signal (v, v1, v, etc. ; together with Ay, A, A, etc.) in order to reconstruct
the quasiperiodic expansion of ¥, (/N) in the form of a truncated approximation:

Np,
¢£N}J(N) — Z Ak; ei[27r(l’k)N} , (241)
k=0

made of N}, harmonics, ordered with decreasing amplitudes. The main frequency vy is found by
locating the maximum of eq. (2.39) — using for example a Newton—Raphson method — before
being subtracted from the original signal. The procedure is then repeated to obtain the second
dominant frequency, vy, and so on. This iterative procedure is shown in Fig. 2.14 for a simple
synthetic signal. If ¢, (NN) corresponds to a stable trajectory embedded on a KAM tori, then
one can show [11] that the sum ;. Ay is guaranteed to converge and we can generally further
assume that Ay — 0 as k — oo such that the approximation improves as IV}, is increased. More
importantly, Laskar showed that this iterative method ensures — for a KAM solution — that
the accuracy of the frequency determination scales with 1/72 without the Hann window (p = 0),
while for an ordinary FFT method, this accuracy scales with 1/7. By using the Hann window,
the convergence instead scales with 1/7%P*2, In this thesis, we generally consider p = 4, which
is not practical for noisy signal (e.g. from experimental data) but improves the accuracy of the
frequency determination for clean signal. In Fig. 2.15, the convergence of the NAFF algorithm
is presented for a non-linear coupled 4D Hénon map. Even for this realistic, non trivial case,
one can see that it is possible to retrieve the first 100 harmonics up to machine precision.
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Figure 2.15: Convergence of the NAFF algorithm using a Hann window (p = 4)
for a non-linear signal taken from the coupled 4D Hénon map. The first N = 100
harmonics are extracted from the 1, () signal. In most cases, the frequencies v, and
their spectral amplitude A}, are found up to numerical precision when 7" > 10* turns.
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Equivalence Principle

For 6D motion, the procedure is applied separately in the three conjugate planes, which allows
for a natural treatment of coupled dynamics. Indeed, when ¢,(N), 9,(N) and ¥.(N) are
considered, coupling effects are intrinsically taken into account, turn-by-turn, and various linear
combinations of the three fundamental frequencies 7 - Q can be found in all three signals. As a
result, we obtain a numerical approximation of the full 6D motion ¥(N) (from eq. (2.32)):

¢x<N) %wg(CNh)(N) (V:c,kaAk) — Ap

Y(N) = LYy (N) ~y{M(N)  with  { (v, Bi) = B (2.42)

veV) () (Ve C) = Ag

and
Vg = g - Q + nog (2.43)

where noy, € Z is an aliasing number used to restrict the frequencies in the domain v, € [—0.5,0.5].
Establishing the correspondence between the frequencies v and the linear combinations of the
three fundamental frequencies, 7 - @, as done in eq. (2.43), is a subtle matter which ultimately
requires the knowledge of Cj In practice, we often assume that the dominant frequency in each
signal (v4,0, vy,0, Vc,0) corresponds to the fundamental frequency in each plane (Q,, @y, Q). But
when strong coupling effects are present, this assumption is no longer valid and sidebands — e.g.
synchrotron sidebands, 77 = (1,0, £1) — can end up having a higher spectral amplitude than
that of the fundamental frequency, A o). The reader is referred to Chapter 4 for additional
details.

The labelling, or mislabelling, of the spectral lines in vy, — 7 - Q + ngg can lead to various issues
which makes FMAs difficult to carry out for strongly coupled systems and seemingly break the
continuity expected from eq. (2.37). In fact, one can show [31] that there are infinitely many
possible labelling choices — an equivalence principle — for the single-particle motion which
preserve the Fourier series of eq. (2.42). The two formulations:

{@Q) =T} = {(P)i,PG) — (P17} (2.44)
are equivalent when P is taken to be a unimodular (i.e. detP = =+1) integer matrix.

Permutations respect this condition. For example, if one identifies the sideband Q, + Q.
to be the horizontal fundamental frequency, @, <+ @, + Q., the unimodular matrix

1
P=10
0

S = O

1 1
0], (PHY =10
1 ~1

S = O

0
0
1

shows that indexing the frequencies according to (ng,ny, —n, + n¢)g, e.g. the line (1,0,0)
becoming (1,0, —1) and (1,0,1) becoming (1,0,0) and so on, yields an equivalent description of
the motion through eq. (2.42). That being said, the three actions are also modified to become
(Iz, 1y, —I + 1), which are three new constants of the motion, different (and discontinuous)
from the ones that would be expected around the origin. In the same way that the frequencies
Vi = Tl - C_j are preserved under the unimodular transformation P, one can show that the dot
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product:
r-q =@ |pg|=1-4 (2.45)

is preserved, independently of the unimodular matrix P. Hence, although the mislabelling
process can lead to erroneous evaluations of the individual actions, one can always use eq. (2.45)
to identify if the problem stems from this issue, or from the numerical evaluation itself. To lift
the equivalence condition of eq. (2.44), and uniquely label the spectral lines of the single-particle
motion, it appears that the only robust method is to invoke the continuity argument. One can
always start from the origin (where coupling should be negligible) and slowly move to the desired
observation point while choosing the fundamental frequencies to be in continuity with the ones
at the origin, assuming that no resonances are crossed (see Fig. 2.13). In most reasonable cases
however, taking the dominant frequency is each plane is generally satisfactory, and will be the
method adopted in this thesis.

Reconstruction of the Energy Manifold

The interest behind the numerical decomposition of the motion into its fundamental frequencies
— via NAFF — extends well beyond conventional spectral analysis. Starting from tracking
data — that is from the raw iterations of an arbitrary map — it becomes possible to extract an
approximate quasiperiodic expansion of the motion w(N h)(N ) in the form of the prize equation,

q. (1.8). Moreover, according to Proposition 2.2, it also becomes possible to reconstruct the
underlymg _energy manifold on which the trajectory resides. By establishing the correspondence
Vg — it - Q@ + nop and letting © = 27N, we indeed obtain ¥V»)(6) ~ ¥(6), a torus which
approximates the true energy manifold of the particle. From there, the tools developed in this
chapter become available to us and the corresponding integrals of motions can be extracted
directly from the complex coefficients of the expansion. Two conditions are required for these
claims to hold: the particle should belong to a KAM torus and its fundamental frequencies
should lie outside of any low-order resonance, ensuring the trajectory densely explores the torus.

This raises a natural question: in the general case, can we find a closed form expression for the
Fourier expansion of the energy manifold? As it turns out, this question can be readily answered
using concepts of Lie Algebra, which will be developed in Chapter 3. For linear systems, finding
the complete expansion is indeed possible. However, for non-linear systems, it will be shown
that an infinite amount of harmonics (N, — 00) are required for the complete description of the
motion. Although the expansion is guaranteed to converge — from the KAM theorem — we are
left, in practice, with two choices: to either consider an approximate solution to the problem
(the Normal Form approach [15]) or extract a numerical solution using the NAFF algorithm, as
discussed here.

In Fig. 2.16, the energy manifold of a particle from the coupled 4D Hénon map is shown using a
numerical expansion with N, = 100 harmonics. In Fig. 2.17, the shadow of the torus is shown
together with turn-by-turn tracking data from the iterations of the map. One can see that the
single-particle motion is confined to stay within the shadow of the torus, leading to an apparent
smearing of the motion, which should not be surprising following the discussions from this
chapter. To confirm that the motion is well-described by the numerical approximation provided,
the expansion ¢(100)(N ) = g (100) (ZWQN ) is also shown on top of the tracking data.
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Figure 2.16: Visualization of the basic cycles of an energy manifold from the 4D Hénon map.
(a) Projections of all ©F loops in the (Z,p,) phase space (top) and (7, p,) phase space (bottom).
(b) Projections of all ©F loops in the (&, p.) phase space (top) and (7, p,) phase space (bottom).
The ©F loop in the (7, p,) phase space is travelled counter-clockwise and is therefore negative.
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Figure 2.17: Shadow of the torus in both conjugate planes. The single-particle tracking is shown
to be confined within the shadow of the torus for all turns. Naturally, the stroboscopic sampling
of W(190)(@) following (190 (N) = ¥(109)(27QN) is in agreement with the tracking data.






CHAPTER 3

Lie Algebra

Preserving the symplectic structure of phase space is a defining feature of Hamiltonian dynamics
and a prerequisite for accurate long-term beam transport. In this respect, Lie algebra offers a
natural framework to generate symplectic maps and construct a set of fundamental operators
underlying the Hamiltonian flow of realistic beam lines. Within this formalism, particles, loops,
and tori can all be transported in a unified way, extending the concepts introduced in Chapter 2.

Building on the work of E. Forest, A. J. Dragt, and others, this chapter develops an element-by-
element approach in which physical magnets are replaced by a set of fundamental symplectic
operators with exact transfer maps. These operators coincide with the elements implemented
in modern tracking codes such as XSUITE, ensuring direct consistency between analytic and
numerical treatments. After introducing an algebra for multivariate Fourier series, we show
how both single-particle coordinates 1) and tori ¥ can be transformed under the same rules,
making it possible to describe spectral content — and the evolution of the energy manifold —
directly. This framework yields a self-consistent grammar for beam transport and clarifies the
origin of common tracking phenomena, such as the appearance of synchrotron sidebands in six
dimensions. Throughout the chapter, emphasis is placed on distinguishing the physical lattice
from its model, and on interpreting the latter faithfully, within its well-defined mathematical
context.
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3.1 Symplectic Integrators

As discussed in Chapter 2, Hamiltonian flow is, by nature, always symplectic. However, for
many systems, the equations of motion do not admit closed-form solutions and the motion
needs to be integrated step-by-step. If the integrator — the method of integration, e.g. a simple
Runge-Kutta approach — is inappropriately chosen, then the symplectic nature of the solution
can be lost. As A. Wolski puts it [4, Chap. 9], this can have dramatic impact on the beam
dynamics when tracking particles over many turns in a storage ring: the use of non-symplectic
transfer maps can lead to artificial growth or damping in the particle oscillations, resulting in
inaccurate information on the stability of the motion. One can therefore understand the interest
that was put, over the years, towards the development of symplectic particle tracking codes,
driven by the need to accurately investigate the complex dynamics of non-linear systems beyond
the reach of analytic calculations. The history of symplectic integrators was extensively reviewed
by E. Forest [9] and is outside the scope of this thesis. That being said, several heuristics can
be adopted and it is important to clarify the approach taken here.

Since the work of Courant and Snyder in 1958 [4, 32|, the linear picture has become the
standard description of accelerator physics for many applications. In fact, this theory has
been a cornerstone in the design, description, and operation of particle accelerators lead-
ing to important breakthroughs in the field. The success of this approach is partly due
to the fact that its main assumptions — that of linear and uncoupled dynamics — have
proven to be excellent approximations to describe realistic stable machines. However, as
modern colliders have become larger and more complex, the need to understand intricate
non-linear effects has grown and the limitations of the linear picture have become more apparent.

In this respect, an important goal of this thesis is to unify the “grammar” of the field in a
formalism which can naturally describe linear, non-linear, analytic and numerical experiments
alike using a self-consistent framework (Fig. 1.8). It appears to the author that typical
approaches fall prey to several layers of equivocation — that is: ambiguity in the meaning of
terms. In Cognitive Science, it is well-documented [33, 34] that such ambiguities can lead to
far-reaching confusion and, if left unattended, reduce the speed of progress in a given field.
Studies in beam dynamics regularly start from a physical machine (a real magnetic lattice)
which is described numerically using a set operators in tracking codes. It should be clear — from
the start — that those two systems are fundamentally different from one another; and should
therefore be treated as such. As E. Forest said: “This is an extreme view of integration found
in accelerator physics: we create models that become reality in the highest sense of the word.
Therefore, modelization is what we are doing rather than bona fide integration” [E Forest, 9].

Hoping to perfectly replicate the real machine in the numerical experiment constitutes a first
layer of equivocation. Then, in the interpretation of the numerical experiment — the tracking
results — one commonly uses incompatible analytic heuristics, which came from an approximate
description of the Hamiltonian, leading to yet a second layer of equivocation. We then make
claims that are “accurate to some order” (order in the amplitude of the coordinates, or order in
the magnet strengths, one does not know) which adds another layer of equivocation.

To avoid these shortcomings, we propose to build a set of fundamental symplectic operators
with ezact transformations — in fact, the same as the ones used for tracking — and study their
impact on the beam dynamics. In doing so, we abandon the complete correspondence with the
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v

Figure 3.1: Schematic of a simple beam line. The complete description of the physical
lattice (in blue) is abandoned to study a simpler model (in black) which can be described
exactly. Physical magnets are replaced with a succession of thin kicks separated by
drift sections (according to standard splitting methods; described in Sec. 3.3.1). The
correspondence can be arbitrarily improved by subdividing the elements in more slices.

physical machine (the first layer of equivocation) to study the numerical machine, as shown in
Fig 3.1. Since the solutions are exact with respect to this simplified model, the analytic tools
developed in the process can be used to interpret the tracking in a self-consistent way (avoiding
the last layers of equivocation). In other words, the complete Hamiltonian H, of eq. (1.6):

Ho=pc— (14 ha) [\/(1+ 2p + B202) — (e — a2)? — (py — )2 — 5|, (3.1)

is left aside — definitively — and replaced by a succession of elements, for which the local
Hamiltonian H, .1 as is only defined over the length As of each element. These local
Hamiltonians shall always take the form:

2 2
Py + P
Hy oins =pc—0p + ﬁ —hx(1+ ) + (1 + hx)as . (3.2)
p
I Drift ! Dispersive ! Magnetic I

with (1 + 6p) = \/1 + 2p; + B2 p2. Eq. (3.2) is obtained from eq. (3.1) by settings the fields
to be purely transverse (a, = ay = 0) and expanding the square root to second order in the
dynamical variables. The three terms (drift, dispersive and magnetic) can be used to describe
the various elements needed. Eq. (3.2) being a piecewise description, some implications of
Maxwell’s equations might be impossible to describe with this simple form. In such cases,
additional ad hoc elements can be considered and added to the sequence of elements. In the
context of this thesis however, eq. (3.2) shall be sufficient to build realistic beam line models (as
illustrated in Fig 3.1). With this element-based approach, the final effective Hamiltonian of the
beam line as a whole forever remains unknown — in closed-form, as will be shown from the
Baker—Campbell-Hausdorff (BCH) formula. That being said, the global map of the system can
still be described by composing the sequence of elements. In essence, this approach is similar to
E. Forest’s vision: “A Hamiltonian-free description of single particle dynamics for hopelessly
complex periodic systems” [16] and builds on the Fourier expansions, as well as the numerical
tools such as NAFF, presented in the previous chapter.
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3.2 Lie Transformations

Let us consider the physical phase space & = (2, Dz, Y, Py, ¢, Pc) = ({¢;,pj}) with j € {z,y,¢}
describing the position and momentum of a particle in a beam line. The Poisson Bracket [g, f]
of any two functions of the phase space, g(¥) and f(Z), is a differential operation defined as:

_ 99 of 09 Of
(9, f] :2]:<8qj8p]_8pj8qj> , (3.3)

which can be rewritten — for convenience — as the Lie operator (: g :) acting on f(Z) following:

Cg)f=lg /1. (3-4)

Suppose we wish to evaluate f(Z) along the beam line, i.e., we want to integrate f(Z) in the
Hamiltonian flow of the system. Assuming that f(Z) has no explicit dependence on s, the
variation in the beam line follows:

dq; Of dpj aof
Z ds aq] ds Op; (3.5)
which, using eq. (1.2) and eq. (1.3), yields:
df OH of OH Of df
- = ——— ——— =—[H —=(—-H: .
ds = 2= 0p; 0~ 0g; opy — UDS or go=(-HOT (3.6)
J
and the solution, integrated between s; and s, is:
52
[f@] =eD[f@] . wih @ z/ Hds (3.7)
S92 S1 S1

where the operator et~ is the Lie transformation of f (&) with generating function G (units of
m) [4, 35, 36]. For this thesis, the Hamiltonian is either constant over some finite length (thick)

or punctual (a Dirac-like, thin kick) in which case we can make the following proposition.

Proposition 3.1

For thick (s — s+ As) or thin (s — s+ds with ds — 0) elements with constant Hamiltonian
H, the Lie transformations:

@], = @] o [f@)] =W p@)] . (38)

integrate Hamilton’s equations over the element and therefore maps the function f(Z)
through the Hamiltonian flow. The result is always symplectic, by construction. As pointed
out by A. J. Dragt [36]: “integrating Hamilton’s equations of motion produces symplectic
maps, and every symplectic map arises from integrating Hamilton’s equations ”.

In particular, if f(Z) is taken to be each of the dynamical variables in turn, M & = et—HAs) 72
provides the full transfer map M for the element.
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As such, Lie transformations appear as an important — and natural — tool to solve the transport
problem of beam dynamics. The evolution of any function f(Z) in the Hamiltonian flow of the
system can be obtained by taking the Lie transformation of f(Z) with the Hamiltonian as the
generating function. Furthermore, Lie transformations are always symplectic and allow us to
avoid the challenges discussed earlier. Going back to the definition of Lie operators, eq. (3.4),
one can see that successive applications yield:

(g)f=r,
Cg)'f=1lg 1], (3.9)
C9)*f=1lgl9 1,

where ( g :)0 is, by definition, the identity operator. The effect of a Lie transformation, et9),
can therefore be expressed as a power expansion in the operator following:

0o [ Nk
L DR RN P IR TP (310)
k=0 ’

It is noteworthy that the result is the same if the Lie transformation is applied directly to the
argument of f(Z), i.e. et f(Z) = f (e(:gz)a?’) and hence:

e(:glz)e(:ggz) 7= 6(192:) <e(1913)f) — (6(:‘(]2:) o 6(1911)) 7. (311)

In practice, beam lines are made up of several elements (drifts, dipoles, quadrupoles, sextupoles,
etc.) traversed sequentially. Following eq. (3.11), sequential transformations are written as

compositions. If Hy, Ho, ..., H, correspond to the Hamiltonians of the elements of a beam
line with lengths Asy, Ass, ..., Asy,, then:
MZ,, = (e(:_H"AS":) 0.0l H2As2) o e(:_HlAsl:)) Tsy = Ts,, (3.12)

yields the full transformation through the Hamiltonian flow of the system. At this stage, one
might be tempted to study the global map M directly, which is discouraged in this thesis
and runs counter to the methodology presented. Again, as S. Wolfram puts it: “we have to
go through the same irreducible computational steps as the system itself” [26]. Formally, the
composition of Lie transformations follows the Baker-Campbell-Hausdorff (BCH) [35] formula,
which gives the effective generating function from a sequence of transformations, g; and go:

el = o) it h= gy + g2+ 2o ge] + sl [on. o] + sl [oe.0n]) . (313)
which is an infinite series of nested commutators of g; and gs. In general, there is no finite
closed-form expression for h (except for some special cases). In other words, the effective
Hamiltonian of a sequence of elements, e.g. H; and Ha, can only be known (in closed-form)
if the elements commute, [Hi, Ha] = 0. As such, we shall restrict ourselves to the study of
individual elements with exact (closed-form) transformations, which we apply sequentially — and
explicitly forgo the search for an effective Hamiltonian. In this sense, Forest’s “Hamiltonian-free
description of single particle dynamics for hopelessly complex periodic systems” [16] is not a
departure from Hamiltonian mechanics; rather, it recognizes the fundamental limitation posed
by eq. (3.13) and advocates for an element-by-element approach, as we do.
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3.2.1 Application on Complex Coordinates, Loops and Tori

In Chapter 2, we introduced v and ¥ as functions of the phase space variables in the form of

Vi = qj/\/Bj, — i/ Bj, for j € {x,y,¢}. The transformations of eq. (3.8) can therefore be used
to obtain the evolution of ¥ or ¥ through the Hamiltonian flow following:

e(:—HAs:) d)l,m — 77[)2@
TR ap = apy 0 L eETHAS) Yy (3.14)

e(:fHAs:) 1/}1’4 _ ¢27<

and

@

etHAS) @y (6) = Wy ,(6)
e(:—HAs:) \I’l(é) — \1,2((3) . e(:fHAs:) \Pl,y(é) — \PQ,y(é) , (3_15)
et HAs) ‘I’l,c<é) = ‘I’2,<(é>

—

which only differ semantically with the capitalization of ¥» — ¥ to remind ourselves that ¥(©)
is further parametrized by the angles ©. That being said, the effect of a Lie transformation
et=HAs) on either 4 or ¥ is identical since the two are equivalent functions of the phase space
variables. Based on eq. (3.10), Lie transformations are obtained from a power series of Poisson
brackets. It is therefore relevant to list a few identities from which further results can be derived,
as done in Demonstration 3.1.

Demonstration 3.1: Useful Poisson bracket identities.

Starting from eq. (3.3) and remembering that ¥, = X/\/By, — Py\/Ba,, the following
identities can be obtained. Equivalent identities can be similarly obtained for y and ¢.

Coordinates Complex Coordinates
[z,pz] = 1 (3.16) [P, 2] = 2i (3.17)
[z, 2] = [pz,pa] = O (3.18) (Vs U] = 0 (3.19)
[f(¥:py: ¢, pc)s 9(z,p2)] = 0O (3.20) [f(y:py: ¢ pc); ¥a] = 0 (3.21)
(298, 2] = —b- 2%t (3.22) 2%, Wy] = —ia- /B, XOTL (3.23)
[2%%,p2] = a2z 1p8 (3.24) b o, = b A—pPb! (3.25)

vV Bwo

The symplectic condition states that a transformation is symplectic (i.e. canonical) if it
preserves the fundamental Poisson brackets. In real coordinates this means that [g;, pi] =
for j, k € {x,y,¢}. In the complex basis, the equivalent relations are:

[V, U] =0, (W, W] =20 . (3.26)
A transformation M is therefore symplectic if and only if:
(MU, (MUL)*] = M[¥;, V7] = 206 , (3.27)

for all degrees of freedom 7,k € {x,y,¢}.
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A few examples
1. HAs = ax + bp,

Consider that we wish to apply the transformation from a Hamiltonian of the form HAs =
az + bp,, with corresponding transformation et—(4#+%2)) ~ Starting in the horizontal plane, we
need to evaluate the Poisson bracket [—(az + bpy), ¥5], which can be done in three ways: either
by evaluating the derivatives of eq. (3.3) directly; or by substituting ¥, = X/\/Bz, — 1P/ By
in the Poisson bracket and consider the left column of Demonstration 3.1; or by directly using
the right column of Demonstration 3.1 to get the result. In any case, the first few applications

of the Lie operator yield:

¢ —(az +bpy) )0, =T,
€ —(az + bpe) )W = [—(az + bpa), Ws] = b/\/Bay + iay/Bay. (3.28)
¢ —(az + bpe) )?V, = [—(az + bp,), [~ (az + bp,), U,]] = 0,

which allows us to infer that all further application will also vanish, such that we get:

- } = SR (- + bpy Ak o
ety (6) = 3 (¢ —(az : D) ) ,(6)
k=0 :

U, (6) + (b)) Bag +iay/Buy) - (3:29)
For the other conjugate planes, eq. (3.21) informs us that all Poisson brackets vanish since
[—(ax + bpy), V] = [—(az + bps), ¥:] = 0. Indeed a transformation which only depends on
(z,ps), has no effect on the other conjugate planes. We can therefore write:

artbp ) (B e —(az + bpy) ) = =
e U, (0)=>_ 1 U, (0) =T,(0), (3.30)
k=0 ’

and idem for ¢. Overall, the transformation yields:

Wy + (b//Bry + i/ Bay)

et=(aztbr)) g (0) : (@, : (3.31)

v,

which corresponds to a translation in the (z,p,) phase space with X — X +b and P, — P, —a.

2. HAs = axp;

Let us now consider a transformation with a Hamiltonian of the form HAs = axp,. Again, the
first few applications of the Lie operator lead to:
)0 \II:E - \II:E ;
\I] = |—ax y \I[ == a‘I/*,
)2 v = [mazps, bl ! ) (3.32)
—axpy )V, = [—axpy, [—axp,, V]| = a* ¥,
)* Uy = [—azpy, [~azps, [~azps, V)] = a0}
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which allows us to infer that:

2 4 3 5
(—arpz) g (@) — @ e @ e *
e %(6)—<+2,+4,+ )\If$+<1+3,+5,+ g8
= cosh(a)¥, + sinh(a) ¥, (3.33)

Just like the previous example, the transformation has no effect in the other conjugate planes,
such that we get:
cosh(a)V, + sinh(a)¥},
eb-amrs) g(8) : { W, : (3.34)
W
which corresponds to a symplectic rescaling of the phase space (a telescope). Indeed, substituting

X/ Bzy — ©Py+/Pz, in place of ¥, shows that the transformation scales X — e*X and
P, — e~ ®P, such that the area is preserved.

3. HAs = pam ((x//Bzo)? + (P2\/Bzo)?)

Finally, let us consider a Hamiltonian of the form HAs = ;7 ((x//Bry)? + (Pzr/Bxo)?) Which
is typical in the Courant-Snyder analysis of linear systems. In fact, if 35, is chosen to be the
Courant-Snyder parameter (3;, then this Hamiltonian is close to being normalized. In any case,
the first few applications of the Lie operator yield:

(—HAs )0, =0, ,
(—HAs)' U, = [-HAs, U] = i27rp, ¥, , (3.35)
( —HAs )* U, = [-HAs,[-HAs, U,)] = (i27p,)% ¥,

which allows us to infer that:

( _HAs) Z ZQ?T,U«m m(é) _ ei(27ruz) \Ijm(é) . (3.36)

Again, with no effect in the other conjugate planes, the final transformation reads:

6i(27rug;) \Ijm(é)
elmpam(@/ /B P42 /B20))) (6) : { W, (B) (3.37)

v(©)
which corresponds to a rotation of the complex coordinates in the horizontal plane. If 8, = 1,
then the transformation is also a geometric rotation of the horizontal phase space.

The three examples presented should help the reader in getting familiar with Lie operators
and the construction of Lie transformations. Based on the above results, it appears necessary
to list the algebraic rules involved in the manipulation of Fourier series such as \Il(é) while
preserving the functional form of these series. In general, Lie transformations return a function
of ¥, ¥,, U, which represents a new Fourier series. The algebraic rules required to describe
the transformations are presented in Demonstration 3.2 and will be needed for the rest of the
thesis. This “algebra” was implemented in python (see PYTORI [3]) to facilitate the analysis.
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Demonstration 3.2: Algebra of Multivariate Expansions.

Consider two generic multivariate expansions of the form:
6) =3 4; ™9 and Wy(6) = ¥ By 76 (3.38)
i n

with Az = (7| ¥ ) and B = (71| ¥2). One can show that a function of ¥; and ¥y is also a
multivariate expansion where the new coefficients are given in terms of Az and Bz. The
key algebraic rules are as follow.

Addition: The sum of two expansions is given by the sum of the coefficients:
(7| U1+ ¥2) = Az + By (3.39)

Multiplication: The product of two expansions is given by the convolution of their
coeflicients:
(7| U10y) ZA Bii_ (3.40)

Powers: Raising an expansion to an integer power p is computed recursively using repeated
convolutions from the multiplication rule, eq. (3.40).

Scalar Multiplication: For a complex scalar ¢, the expansion becomes:
(11| cV1) = cAp (3.41)
Complex conjugation: The complex conjugate of a multivariate expansion yields:

(n|wy) = A* (3.42)
Those simple rules can be implemented in programming tools and allow to obtain, from
a function of multivariate expansions, the resulting multivariate expansion. A practical
example relates to the coordinates (X, P;) of a torus projection, ¥,(0), which can be
obtained as multivariate expansions following:

31
91

X(6) = %(%w;)@ “5702 A+ A g) 7O) (3.43)

91

pm(é): W) /\/Beo = 2\/52 (A7 — A* ;) O) (3.44)
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3.2.2 Transformation of common elements

Following the introduction of Lie transformations, let us study the set of fundamental operators
(the elements) required to build realistic beam line models, as highlighted in Fig. 3.1. It should be
emphasized that the transformations given below are exact — with regard to their corresponding
local Hamiltonian — and identical to the ones used in XSUITE [18]. As previously mentioned,
all Hamiltonians take the form of eq. (3.2).

Thin Quadrupole

The first — and simplest — element to consider is the thin quadrupole, which can act as a
focusing or defocusing device similar to optical lenses (see Chapter 1). Assuming the magnet is
centered on a straight coordinate system, the corresponding local hamiltonian Hj is:

1 1
H, = ikf(a:Q — ) + 5k;;(—za;y) , (3.45)
where B B,
< 7.% e Y
kt +ik} = = 3.46
n po(ax”+ 837") ( )

are the normal ;) and skew k) multipolar strength of order n. As done previously, the identities
of Demonstration 3.1 can be used to compute the corresponding Lie transformation. For a thin
quadrupole, this leads to:

Uy + i1/ Bey (KT X — KJY)
et—Hg ds) \I;(é) P U, — iy /By (KTY + KFX) 5 (3.47)
\IIC

where K} + 1K) = [y, (k} +ik})) ds are the integrated multipolar strengths of the thin element
in the limit As — 0. The reader familiar with common transfer maps will notice that eq. (3.47)
is nothing more than the usual transfer map for thin quadrupoles with the simple change
(x,pz) = (X,P;) and (y,py) — (Y,P,). In general, the transport of loops and tori can
be obtained from the usual transfer maps by replacing the dynamical variables with their
corresponding Fourier series. From there, the computation is carried out by using the algebraic
rules of Demonstration 3.2. In some cases, other mathematical operations are needed (e.g. the
quotient of two Fourier series) and additional manipulations need to be done. This is notably
the case of the thin dipole element and the drift element, which will be discussed later.

Thin magnetic elements have the particularity of being additive, in the sense that their
Hamiltonians commute. Far from being the norm, this exception implies that:

—_

ebHads) _ (—H{ ds) (—HS ds) iy H; = k(2 — %) ; Hf = %k{(—?xy) . (3.48)
according to the BCH formula (eq. (3.13)), since [H;, H;] = 0. As such, we can study normal
quadrupoles and skew quadrupoles separately depending on the orientation of the magnets; or
combine the two for the general case. From eq. (3.47), one can see that a normal quadrupole
(letting k7 > 0 and k] = 0) is indeed focusing in the horlzontal plane (P, — P, — /By, K{ X)
and defocusing in the vertical plane (P, — P, + /B, K;Y) as expected.
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Thin Multipole

Consider now the case of a general magnetic field expressed as a multipole expansion following:

By +iB, = Bret 3 (b + i) (I; ly) — D5 (kS k) (e i) (3.49)

n—0 ref Qe [~

where a,, and b,, are generic multipolar coefficients [4] corresponding to some reference field Bief
and reference radius R,er. For our purpose, the expansion is rewritten in terms of the normalized
multipolar strength k) and k), as shown in the right-hand side of the equation. Following
XSUITE’s convention [18], n = 0 corresponds to a dipole field, n = 1 to a quadrupole field, n = 2
to a sextupole field, and so on. In a straight coordinate system, the local Hamiltonian for a
general multipole H); is:

Hy =Re [Z ﬁ(k; + k) (2 + z’y)”“] . (3.50)
n=0

The effect of Hys can be found at any order by separating the different contributions and making

use of the monomial transformation:
W, +iy/ By (an X" 1Y)
pl—azy™) v(O) : U, +i /By0 (aanYm—l) ) (3.51)
v,

After collecting the proper terms (order-by-order) in the expansion of eq. (3.50), the final
transformation for a general multipole can be written as the product of monomials:

eb=Har ds) _ [ eb-anme™s™) | (3.52)

since terms such as z"y™ and 2y’ always commute, [x"y™, xkyé] = 0. In the above, a, , are
functions of the integrated magnet strength following the multipole expansion of eq. (3.50).
Additionally, the global transformation can also be written in a concise way following:

W, + iy By Re{K}H(X, V)
TIIIW(O) ¢ §w, iy [, In{KHX,Y) 5 With K(ey) = 30 55(K; + ik (@ + iy)”

n=0
\PC
(3.53)

where the real and imaginary parts (Re{C}, Im{K}) need to be taken on K(z,y) before letting
x — X and y — Y in order to preserve the Fourier structure of the variables. For a numerical
implementations of eq. (3.53), this can be achieved through a Horner-like iterative scheme, as
done in XSUITE [18].
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Thin Bending Dipole

Dipole magnets are elements that generate a uniform magnetic field and can serve two main
purposes. They may act as bending magnets, providing the transverse deflection necessary to
guide the beam along a curved trajectory; or as orbit correctors, delivering a localized transverse
kick (orbit bump) to the beam. The distinction depends on the local curvature of the reference
trajectory, h. Importantly, A is not determined by the equations of motion, but is instead
fixed, a priori, through the choice of coordinate system. Using the normalized field strength
k§ = qe Bo, the local Hamiltonian Hp for a thin dipole is:

2

Hy = —hz(146p) + k§ <1: + h;) , (3.54)

with (1 + 6p) = \/ 1+ 2p; + 2 p? and where the linear terms are responsible for the beam
deflection. If h = kj, the linear terms cancel out and the deflection vanishes for on-momentum
particles (6, = 0). In that case, a particle with the reference momentum and initially on the
reference trajectory remains on the reference trajectory at the exit of the dipole. This is the
bending function mentioned above. If, instead, h = 0, the beam is deflected away from the
reference trajectory and the dipole acts as an orbit corrector. Using the differential form of the
Poisson bracket (eq. (3.3)) to handle the square root in d,(p.), the Lie transformation for a
particle v is:

U+ iy By (KG (1 + h) — h(1+ 5,.))

e(:—Hb ds) P wy , (3.55)
w(_ 1 <1+6T0p4>hx

6(0 1+ 5})

where the horizontal kick indeed vanishes if h = kg, d, = 0 and « = 0. In this form, eq. (3.55)
cannot be used to describe the transport of loops and tori, since quotient of Fourier series are in
general ill-defined — and absent from the list of algebraic rules of Demonstration 3.2. To work
around this limitation, we write the chromatic term 1/(1 4 6,) — C, as another multivariate
expansion:

Co=(1+2P. + B2 P2)1/% = 1+Z DM [G2 (3)] (8P (3.56)

which follows the same algebraic rules. Here, C, is expressed as a Taylor expansion in P,

that converges when |3,,FP;| < 1 — which is always the case. In eq. (3.56), the g,ﬁ“)
the Gegenbauer polynomials of order k& and parameter « (a generalisation of the Legendre
polynomials) and f3,, is the relativistic velocity parameter. We further define the inverse of the
chromatic term, Cgl, as:

C7l = (142P. + B2 P2 = 1+Z DR G (3] B P (3.57)

which also converges for |5,,P;| < 1.
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Following these definitions, the thin dipole transformation for loops and tori can be obtained
from eq. (3.55) by letting 1/(1 + J,) — C, to get:

W+ i B (K5 (1+ hX) — bt
et~Hods) g (@) : { Wy : (3.58)
1
v - \/TTCC(l + B Po)h X
0

which is non-linear for off-momentum particles (P, # 0), but linear otherwise (with P, = 0
and C, = 1). In general, off-momentum particles are not deflected uniformly and the energy-
dependent deviation induced by the magnet leads to dispersion, which is the variation of the
closed orbit with energy. To give a sense of the orders of magnitude involved, it is worth
remembering that p, is typically in the order of 10~* in the LHC.

Thin RF Cavity

Radiofrequency (RF) cavities are used to accelerate or decelerate particles within a bunch using
a time-dependent electromagnetic field. As such, RF cavities are an essential tool to ensure
longitudinal (¢-plane) stability. Here we consider the simplest operational case which keeps
particles confined — within a bunch — around the synchronous phase ¢,.. For a thin RF cavity
with frequency f,, and wavenumber k. = 27 f,./c, the local Hamiltonian H, is:

Hyp = 2% 058 (0 = (e /Bro) ) 005 = 8, | (3.59)

kRF

where Vv = qe‘g is the normalized voltage of the cavity and d(s — s,;,) is the Dirac delta. Since

0
the true field is s-dependent [4], eq. (3.59) corresponds to the “average” Hamiltonian applied
locally at the cavity location s;.. The Lie transformation for a particle 1 reads:

Vg
ebHrpds) gy . ] Yy . (3.60)
1/)4 - i\//BﬁTOVN sin (¢RF - (kRF //67”0) C)

For loops and tori, the same transformation is obtained via the Maclaurin series expansion of
the sine function following:

v,
ot ds) (@) . )Y e L (86D
_ VP _ ; nmw RF
Vet N [ZO (o +5) (@02) ]

which can be computed from our simple algebraic rules. For sufficiently small ¢, this
transformation is approximately linear and provides longitudinal focusing, in close analogy to
the effect of thin quadrupoles in the transverse plane.
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Drift

The last — and most complex — element to study is the drift space, which models the field-free
transport between magnets. As discussed in Chapter 1, any longitudinal progress along the
beam line (in s) shall be done using drifts. In this framework, it is the only fundamental element
which is required to be thick. For that reason, drifts are the source of many complications,
including chromatic effects. To clarify: various effects arise when particles travel longitudinally
along the beam line, and the burden of this progression is carried out by drifts and drifts only.
The local Hamiltonian H, for a drift is defined as:

P+

A e

(3.62)

with (14 0p) = \/1 + 2p; + (2 p2. Using the differential form of the Poisson bracket (eq. (3.3)),
one can show that the corresponding Lie transformation over a length As yields:

As _pr
Vet B (4 0y)
' ' As P
eb—Hals) gy o L by + E(l—i—iyép) ) (3.63)
As 1+ B2 pc P2+ 2
vt h (1 ICETS) (l o115,

for a given particle ¥. Once again, we make use of the chromatic term (eq. (3.56)) to write the
transformation for loops and tori as:

As
U, + 2P, -C
Bao ‘
(—HgAs) 3 As
¢ ¥(6) : QU+ B G , (3.64)
Yo
As 1
O LR (1+5eaez+ 7))
0

which can be computed using the algebraic rules presented. This important result highlights
the complex nature of beam transport in a single equation. Simple drift regions introduce
non-linearities (due to C., P? and Py2) and couple the longitudinal planes with the transverse one.
By restricting ourselves to the study of on-momentum particles, ¢.e. by setting P, =0 = C, =1,
the drift simplifies to:

As

VB,

As
Byo

o As <P§ + p;)
‘ /840 2

U, + P,

et Hahs) g(@) « { ¥y + By , if P, =0 (on-momentum). (3.65)

which is still non-linear. It should be noted that in most situations (where, e.g., p, ~ 107%),
eq. (3.65) is a good approximation of the transformation. In such a case, the transverse
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planes are decoupled from the longitudinal one (the so-called synchrobetatron coupling), which
greatly simplifies the problem. That being said, in the general case synchrobetatron coupling is
unavoidable in 6D. This is the reason for the emergence of synchrotron sidebands in the Fourier
spectrum of particles motion, as discussed in the next section.

3.3 Numerical Methods & Models

Let us consider a simple thought experiment to illustrate the insightful perspective that can
be gained from the formalism (and the transformations) introduced in this chapter. Imagine
a stable particle evolving in a periodic beam line with non-zeros actions I = (I, I, ;) and

—

fundamental frequencies Q = (Qz, Qy, Q). Let us further assume that, by some feat of beam
optics, the energy manifold of the particle at the location sg is purely circular, meaning that the

—

corresponding KAM torus ¥o(0©) and the turn-by-turn motion y(/N) at that location read:

U, = /2, " Yy = /20, QN
To(0) : { Ty =1/21,¢  and ap(N) : {y = /21, eIV (3.66)

W, = /21 ¢ We = /21, 2RI

If we wish to study the motion at a further location s1, separated from sg by a drift of length
As = s1 — sp, one would need to record the tracking at s; for every turn to get ¢, (N). From
there, the energy manifold \Ill(é) could be constructed numerically using the methods presented
in Chapter 2. That being said, the transformations presented in the present chapter give us
an alternative way, which is to directly transform the torus via ¥; = et~ 42%) ¥ Taking the

horizontal projection as an example, one would expect to find (from eq. (3.64)):

As

U1 ,(0) = Vo + —— Po - Coc (3.67)
Bro
= VAT i AT (09— ) e 1 S (R (69 - )|
= z€ 125% zle e k:1ck cle e

where P, (6) = L (U, —W%)/\/By, was used and where ¢, = (—1)* [Q,glm) (l/ﬁm)} (iﬁm/(Q\/@))k
are coefficients extracted from eq. (3.56). An example of this transformation is shown in Fig. 3.2.
The above result informs us that the energy manifold — and therefore the Fourier spectrum of
the particle — should contain contributions from an infinite number of synchrotron sidebands
with frequencies v = +Q, + kQ, with k € {1,2,3,...}. To put this claim to the test, one
can compare the particle’s tracking data (from XSUITE) with the stroboscopic sampling of the
transformed KAM torus according to Proposition 2.2. The result is shown in Fig. 3.3, where
the Fourier spectrum F (1)) of the tracked particle is compared to the Fourier spectrum F (V)
of the torus before and after the transformation of eq. (3.67). The transformation is shown for
two truncation numbers (O[(P,)%] and O[(P;)?]) of the P, series (see Demonstration 3.3 for
details on the proper symplectic truncation).

What should be apparent, from Fig. 3.3, is that the transformations presented in this chapter
provide a complete account of the evolution of the spectral content through the Hamiltonian
flow of a generic system (with O[(P,)*°]). More than the numerical results, we should emphasize
the insight provided by this approach. Based on the above example, one should not be surprised
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Figure 3.2: Shadow of the transformed torus ¥;(0) following a simple drift. In the
numerical example considered, I = (1,1,1) x 1072 m, Q = (0.353,0.289, 0.002) and

—

Bro = 0.99999. In realistic machines, I is typically in the order of pm or nm such that
the transformation is approximately linear and the deformations are less visible.
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Figure 3.3: Comparison of the horizontal Fourier spectrum of a tracked particle
F(z(N)) with the Fourier spectrum of the corresponding torus F(VU,(2rQN)).
(a) Before the drift, at sg. (b) After the drift, at s;. With eq. (3.67), the torus

is transported from sy to s1 using two truncation numbers (O[(P;)?] and O[(P.)

20]

of the C. series in P;) and the result is compared with tracking data. One can see
that the number of terms in the expansion controls the number of sidebands observed.
Ultimately (for O[(P;)*°]), a complete account of the synchrotron sidebands is obtained.

to see synchrotron sidebands appear when simple tracking experiments are extended from 4D
to 6D, since any drift element introduces an infinite number of sidebands. As such, any periodic
solution — in 6D — shall also contain an infinite number of spectral lines, as observed in generic
tracking experiments. This also explains why the task of finding closed-form expression for the
periodic solutions of a periodic system is a complicated one, as discussed in later chapters.
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Demonstration 3.3: Symplectic truncation.

The transformations introduced above are exact, closed-form maps of the Hamiltonian
flow. For single—particle motion they reduce to simple analytic functions, identical to those
used in tracking codes (such as XSUITE). For loops, tori, and more general Fourier-series,
applying these maps generates a rich — and typically infinite — spectrum (e.g., through
the chromatic factor C.). In the numerical implementation of such transformations, one
is naturally required to truncate the expansion. Following seminal work on the topic [9]
the truncation needs to be done on the Hamiltonian itself — before computing the Lie
transformation — to ensure that the result is symplectic.

Let us revisit the drift element to highlight this point. Since the nested Poisson bracket in the
exponentiation cancel out in this specific case (i.e. ( —H As )*® = 0), the transformation
can be written as:

As O0H As
v, +—rn —— =V, +—P,-C
V BCC() apl‘ B$() ¢
As OH As
(—HgAs) N\ . v +——=¥. +——P -C
(& ‘I’(@) g Y \/@ 8py Y Byo Y ¢ 9 (368)
As OH As oct ac. P2+ P?
e/ S O [ B
¢ \//340 Ip¢ ‘ /840 [ OF; P, ( 2

which is identical to eq. (3.64). Indeed, based on eq. (3.56) and eq. (3.57), one can show
that the derivatives of the chromatic term C. and its inverse C; ! yield:

0C. 9 3 anl
aipc = (1 + B’I’OPC) CC and 6PC

= (1+ B2 P)C , (3.69)

which can be used to study the effect of a truncation of C. to order N, denoted with
Tn[C.]. Following the truncated power-series algebra (TPSA) approach, truncation can be
propagated through derivatives [37, 38]: i.e. if 0C./OP, = f(C.), then O(Tn[C.])/0P; =
Tn-1[f(C.)]. In other words, the identities of eq. (3.69) can be used in eq. (3.68) before
truncating the result to order N —1 to obtain an accurate — and symplectic — transformation
of the drift to order IV in P,.. Although this caveat makes the computation more cumbersome,
it is required in numerical codes to ensure the symplecticity of the transformation. For
analytic descriptions, the closed-form expressions presented in the previous section should
be preferred.
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3.3.1 Splitting Methods

Let us revisit Fig. 3.1 and clarify the idea of correspondence between a physical element and its
model. For a thick magnet, the starting point is the local Hamiltonian of eq. (3.2), written as:

2 2 (e} .

Dy +p (kr +ik)) .
Hpy =pe — 6 + ———— 9 E:i’l n "t = Ho 4+ Hy . .
™ = D¢ p+2(1+5p)+Re (T 1D)! (x +iy) a+ Hyr (3.70)

n=0

Although the associated map can in principle be written as et—HruAs) it typically admits
no closed-form solution suitable for direct implementation. Our goal is therefore to construct
a composition of exact (closed-form) symplectic maps from the set of fundamental operators
introduced earlier, so that the resulting model achieves an optimal correspondence with the
physical element [4, 39, 40]. This can be done using the Zassenhaus formula (a counterpart to
the BCH formula, eq. (3.13)):

cbe(g1+02)) — plegr) ybegn) (=5 [91,.02)) o€ 5 2lon L9102 +on lon,02]))) . .. (3.71)

)

which shows how nested commutators arise in any factorization of et€(91192)) with € as
a dimensionless error parameter. One can then look for symmetric factorizations that
systematically cancel the error terms — and improve the correspondence — order-by-order in e.
For separable Hamiltonians Hryr = Hg + H)y, standard symmetric splittings are:

1 1
HTM:Hd+HM:§Hd+HM+§Hd (3.72)
Hry=Hyg+Hy=caHg+ coHpy +csHyg+ caHpyp + csHyg + coHpyp + c1 Hy (3.73)

with ¢; = %(4 +292+ \3/41), co = 2c¢1; c3 = % —c1; ¢4 = 1 —4cy. Using repeated applications
of eq. (3.71) to separate each term, one can show [4] that the resulting maps yield, respectively,
274 and 4% order integrators (or models) following:

e(:eHTM:) _ 6(:§Hd:)e(:eHM:)e(:ng:) + 0(63) (374)
e(ZEHTM:) — 6(:016Hd:)e(:CQEHM:)e(:(:3eHd:)e(:C46HM :)e(:036Hd:)e(:CQEHM:)e(:qud:) + 0(65) (375)
where the usual generators of the Hamiltonian flow can be obtained by letting ¢ =+ —As. The
reader should be aware that the coefficient c5 ~ —0.1756 is negative, such that some steps corre-
spond to negative drifts. This is a known feature of even-order symmetric compositions (beyond
274 order) where some steps need to be taken backward (while maintaining the actual length
of the element, i.e. 2¢; + 2¢3 = 1). Although not intuitively obvious, this approach does pro-
vide a better description of the physical element [4], improving the correspondence with its model.

The important conclusion is that optimizing the accelerator model (the composition and number
of slices from a given splitting method) can be separated from studying the fundamental operators
of beam transport. In fact, eq. (3.75) illustrates how the correspondence can in principle be
made arbitrarily close — following, e.g., the TEAPOT approach [9] — by increasing the splitting
number or by adopting higher-order symmetric factorization. That being said, the resulting
map remains a product of the same fundamental operators introduced earlier. Consequently,
the analytic tools developed in this chapter, as well as the insight provided by the formalism
introduced, can be directly used to interpret the tracking results from the global maps.
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Summary: Transformation of common elements.
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Drift, eq. (3.64):

As
U+ —F,;-C
VB ©
~ A
et=Hids) g (§) : { W, + =P, C,
Byo
As 1
U+ —— [1 —~C.(1+p2P,) (1 + 563(195 - Pj))]
540
with eq. (3.56) and eq. (3.57):
CE' = (1+ 2P, + B2 P2) F1/2 _ 1+Z [ (£1/2) <6 )} (ﬁropc)

Thin dipole, eq. (3.58):
W, + i/ B (KG (1 4+ hX) — h )
e(:—Hb ds) \I’(é) : \Ily

W, — Ce(1+ 7 P)hX

1
/BCO

Thin quadrupole, eq. (3.47):
T, +iy/Bag (KX — K1Y)
et~Hads) g (@) U, i /ﬁy0 (KTY + K X)
L2

Thin multipole, eq. (3.53), using K(z,y) = 3, o (K + 1K) (x + iy)™:

\I’z + i\/ﬁjORe{IC}(X’ Y)
el H ds) (@) - v, — i\/QZIm{IC}(X, Y)
w,

Thin RF cavity, eq. (3.61):

e(:_HRF ds:) \Il(é) :







CHAPTER 4

Topological Formulation of
Linear Beam Dynamics

The description of coupled motion remains an important conceptual challenge in beam dynamics.
While the Courant-Snyder formalism provides an elegant framework for uncoupled systems, its
extension to fully coupled 6D dynamics has historically required awkward retrofitting. Building
on the Lie algebra tools developed in Chapter 3, this chapter presents a topological approach
to linear beam dynamics in which we look for an eigensolution to the transport problem,
characterized by a set of optical functions that encode the shape of the tori in each plane,
including coupling effects.

Beginning with uncoupled beam lines, we show that any symplectic linear transformation
preserves elliptical topologies. This analysis is then extended to transversely coupled systems,
and finally to fully coupled 6D motion including the longitudinal plane. For periodic systems,
eigensolutions are obtained by solving a simple dephasing condition, from which the fundamental
frequencies emerge naturally. A normalization procedure is also introduced to map the physical
phase space to the Courant-Snyder phase space, where elliptical eigensolutions become circles.
The connection between the optical functions introduced and the traditional Courant-Snyder
parameters is made explicit at the end of the chapter.
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4.1 The Courant-Snyder Picture

To open this chapter, let us review an illuminating piece of work by A. Chao (one of the most
eminent accelerator physicists), titled: “SLIM — A Formalism for Linear Coupled Systems” [10,
30]. Without diminishing the importance of the work of Courant and Snyder [32], Chao presents
some of its limitations. Indeed, in the Courant-Snyder tradition we have been doing Accelerator
Physics in three steps: find the transport matrices, compute some auxiliary lattice functions
(az(s), Bz(s), Vz(s), etc.) and finally compute the beam’s physical properties (beam size,
tunes, etc.). In his paper, A. Chao demonstrates that the auxiliary functions themselves do
not possess direct physical meanings and are, in fact, “artifacts”. Moreover, he argues that the
Courant-Snyder picture fails to describe coupled motion in a natural way and often demands
some “awkward retrofitting” which ultimately leads to a confused and incomplete picture
(in other words: equivocations). Despite recognizing the importance of the Courant-Snyder
tradition, A. Chao therefore ventures to build a more general formalism for linear beam
dynamics. “Admittedly, one price to pay is that we will lose the elegance of the Courant-Snyder
representation, but the other advantages may prove worthwhile” [A. Chao, 30].

Although the approach taken in this thesis is yet a different one, A. Chao’s words resonate
strongly throughout this chapter. For additional context on the Courant-Snyder tradition, the
reader is referred to the textbook by A. Wolski [4, Chap. 3-4]. We shall shortly introduce
the optical functions )\ﬁ, which describe the topological signature (the shape) of arbitrary 6D
ellipsoids. The reader should keep in mind that those unitless numbers are strongly linked to
the usual optical functions ay(s), B.(s), Yz(s) of the Courant-Snyder theory and share similar
conceptual foundations. At the end of the chapter, the bridge between the two formalisms
will be given explicitly. After all, the Courant-Snyder parameters are now an integral part of
Accelerator Physics; and forever part of the spoken language of accelerator physicists.

4.2 Transverse Motion in Uncoupled Linear Beam Lines

Usual treatments of linear beam dynamics begin by assuming a purely 2D mathematical
framework made of 2 x 2 transfer matrices. In an effort to build towards a complete 6D
description of beam dynamics, we shall avoid this simplification and, instead, work directly with
the 6D transformations presented in Chapter 3. In order to reach similar grounds however, we
make the explicit assumption that only on-momentum particles are considered, such that p, =0
and 0, = 0. Moreover, we restrict ourselves — as a first step — to the study of beam lines made
of drifts, dipoles and normal quadrupoles. Under those assumptions, the transformations of
Chapter 3 lead to uncoupled motion in the two transverse planes, as shown in Table. 4.1.

Table 4.1: Horizontal Lie transformations for on-momentum (P, = 0) tori.

Element Lie transformation (Horizontal plane)
Drift space et—Hals) g = p, \/ATSTO P,
Thin dipole et~ ds) g = U, 4 i/ By (K (1 4+ hX) — h)

Thin (normal) quadrupole e(—H{ ds) U, = WUy +iy/ By KT X
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Proposition 4.1: Uncoupled linear transformation.

Using the usual identities X = £ (¥, + ¥%)\/By, and Py = 2(V, — U%)/\/Bg,, one can see
that any combinations of the uncoupled linear transformations of Table 4.1 can be reduced
to an uncoupled linear function of W, written as:

MY, =u¥, +oV , with {u,v} €C. (4.1)

The transformation is symplectic if |u|? — |v|? = 1, as shown in Demonstration 4.1.

To study this generic system in details, let us first look at its effect on a simple ellipse
U, = A9 + A_1e 9= following:

MU, = (uA; +vA*) e + (uA +vA}) e ©= | (4.2)

which yields another ellipse with some new coefficients (extracted from (£1|M ¥, )). We
therefore conclude that a linear transformation like eq. (4.1) transforms an ellipse into a new
ellipse; and preserves its topological nature. More generally, a linear transformation preserves the
spectral content of the loop — or torus (equivalent here) — on which it is applied: if A4, Oz
is present in W, before the transformation, it will remain in M ¥, after the transformation and
no new contribution can emerge.

This observation suggests the existence of a special loop, an eigensolution, which maps onto
itself after the transformation. To prove this point, we must demonstrate that this eigensolution
can be found, readily, from the transformation itself. This will be done shortly, after looking at
the simple example of FODO lattices.

Demonstration 4.1: Symplectic condition and matrix form.

Let us consider the general uncoupled linear transformation of eq. (4.1). Based on
Demonstration 3.1, the transformation is symplectic if, and only if:

[(MT,, (MU = [uT, + 0P, u* U+ 0 U] = (Ju]® = [v]}) [V, U] = 2i , (4.3)

which is respected if |u|? — [v|> = 1. In matrix form, the transformation can be applied on
the phase space coordinates (z, p,) following:

7 [ Re(u+v) Bze Im(u —v)\ [ (4.4)
Pu) -\ —Im(u+v)/Bx, Re(u —v) ) \ps . '
Conversely, the map parameters {u, v} can be obtained from a generic 2 x 2 matrix following:
(a b) w= 5 [(a+d) +i(b/Bry — Bay)]
c d ~
v =7 [(a—d) —i(b/Bzy + ¢Bu)]

(4.5)

N =N




62 Topological Formulation of Beam Dynamics

Example: FODO Lattice

As a seminal example of linear systems, consider a beam line made of equally spaced quadrupoles
of alternating focusing (k7 = +k) and defocusing (k7 = —k) strengths. This arrangement is
known as a FODO cell (Focusing, Drift, Defocusing, Drift) and is commonly used in the design
of stable beam lines. Importantly, it can be used to construct a periodic FODO lattice where
the unit cell is repeated indefinitely. Assuming drifts of length L, illustrated in Fig. 4.1, the
transfer map M, through a single FODO cell can be expressed as:

M@ _ (6(:7Hd Ly ° e(:Jqu ds:) o e(:fHdL:) o 6(:7Hq ds:)) ) (46)

Applying the transformations from Table 4.1, the final map can be composed, element-by-element,
and ultimately written in closed-form following:

_ 1 212 L 212
M0, = <[1—2LK]+Z%{2+LK+,@OKD\PI

1 L

. ([LK + L2K2] iz |2+ LK - 531{2}) v (4.7)
2 260

In general — for “hopelessly complex” periodic systems — it is not possible to find an expression

for the complete transformation. This simple exercise is shown here as an example, to familiarize

the reader with linear transformations.

As shown in Fig. 4.1, it is well-known that particles in FODO cells are confined to evolve
on ellipses. Moving forward in s, these ellipses are sheared and deformed but ultimately
go back to their original shape at the end of the FODO cell. This topological periodicity
follows the periodicity of the lattice, unlike the single-particle trajectory which is never exactly
closed — and is in fact quasiperiodic. In action angle variables, the progress along the lattice is
given by the phase advance, y,(s), which also describes the progress on the energy manifold itself.

L(_:r,px)

. A

I = e = oY
i i i i

Figure 4.1: Periodic transport of ellipses in an uncoupled FODO lattice. The unit cell
is shown at the bottom, together with the beam size and an example of single-particle
trajectory. The phase advance, p,(s), increases with s and is responsible for the
motion on the ellipse. One can see that the single-particle trajectory is not periodic
(Qz = Apy = 0.1959 through the unit cell) whereas the transport of the ellipse is.
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4.2.1 Eigensolutions for Uncoupled Linear Periodic Systems

Let us now impose a periodic condition on our system, as discussed in Section 2.2. We would
like to find, if it exists, the expression of a closed loop which maps back onto itself after one
iteration of M. Such a loop shall respect the dephasing condition (illustrated in Fig. 4.2):

MU, (0,) =V, (0, +21Q,) < M (Z Anem@z> = (Anem@“Qz)) e (4.8)

n

which enforces the fact that every points belonging to the initial loop, ¥, still belong to the same
loop after the transformation, albeit moved by some phase advance (or fundamental frequency)
(), which is yet to be determined. Here, no assumption is made on the loop, except for the fact
that it is uncoupled from the other planes, and the general solution is sought. Applying the
transformation of eq. (4.1), one can explicitly write for the left-hand side of eq. (4.8):

MU(Oy) =+ (uA,1>e_i® + (uA1>ei® +--+ (vA*_l)ei@ + (vA*f)e_i@ +..., (4.9
And for the right-hand side:
W, (0, +27Qy) = -+ (Ae7 20 ) om0 (4l 0 (4.10)

In order for the equality to be satisfied, one can group the terms in pairs of A4, and write the
problem in matrix form following:

An +in(27Qz) _ U v An
(A’_‘n>e o\t owr) A, (4.11)

+in(2mQz) for any given n. However,

which is a typical eigenvalue problem, with eigenvalues e
the characteristic matrix of eq. (4.11) is unique and, importantly, independent of n. Unless the
phase advance satisfies a resonance condition (generally avoided, by design, for linear systems),

only one n with e¥™(27Qx) can be associated to the eigenvalues of the characteristic matrix.

M

Pz
Pz

@ [m] 2 [m]

(a) (b)

Figure 4.2: Transformation of two closed loop under the linear map M. (a) Before the
transformation, at s;. (b) After the transformation, at s3. The smaller loop, made of
three phasors, is not periodic under the transformation of M. The bigger loop however
(the ellipse) is an eigensolution of M and is periodic under the transformation.
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Without loss of generality, we enforce that the fundamental mode n+1 shall survive. From there,
the eigenvalues of the characteristic matrix give us the fundamental frequency @, following:

eti2mQ2) — Re(u) £ y/Re(u)2 —1 =  cos(2nQ,) = Re(u) (4.12)

where the condition |Re(u)| < 1 is required to ensure stable bounded motion. Note that this is
analog to the usual trace condition of the Courant-Snyder matrix. As a result, none of the other
eF(2mQ2) can simultaneously be eigenvalues of the system; and the corresponding eigenvectors
must vanish, 7.e. A4, =0V n # £1. For the fundamental mode (n & 1), we are left with:

A\ (v)(ei®Q0) —q)
(- ()

from which we conclude that the loop ¥, (0,) = A; €' + A1 ¢~ which is an ellipse, is
the eigensolution of the transport problem of eq. (4.1). Naturally, the eigenvector (and the
eigensolution) can be arbitrarily rescaled. A particularly useful rescaling is one that allows us
to factorize the action I, from the map properties (the optical functions, )\;t) following:

i (u* +u— eﬂ:i(QNQE))
©2y/sin(27Q,) Im(u — v)
where A¥ are unitless. Those optical functions solely depend on the machine parameters
(similarly to the Courant-Snyder parameters o, and ;) and respect the important property

IAF|2 — [A\;|? = 1. Revisiting concepts from Chapter 2, we directly see that this loop (this
1-torus) is integrable with a corresponding Poincaré Integral Invariant:

W(0,) = V2L, (Afe'® + 0770 ) with AF (4.14)

A= (| (L W2) [P = [(=1 W) ) = w@L)(XP = APy =2nl . (415)

as expected. Furthermore since eq. (4.14) describes the energy manifold of the system, it readily
gives the turn-by-turn motion of single-particles 1, (N) = ¥, (27Q,N) (through eq. (2.31))
and provides a complete account of the corresponding Fourier spectrum. As shown in Fig. 4.3,
contributions with spectral amplitudes A4; = /2I, A\ are found at the two frequencies +Q.,.

/L
7/

92.0- Torus ]-'(\IJ,,(27rQ,,N))
' Particle ; F (1, (N)) Qs

1.5 V2L
= -2
g 1.0 & /2T, |\ |

0.5 1

0.0 . . W . :

—0.3546 —0.3500 0.3500 0.3546

Frequency, v

Figure 4.3: Comparison of the Fourier spectrum of particle F(¢,(N)) with the
corresponding eigensolution torus F (¥, (27Q,N)) in a linear system with @, = 0.3499.
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4.3 Transverse Motion in Coupled Linear Beam Lines

Let us now consider a slightly different beam line, which includes — as a minimal example — thin
quadrupoles with non-zero skew components (see Sec. 3.2.2). Starting from the transformations
of p. 57, it is clear that the motion becomes coupled between the transverse planes: the
transformation of ¥, now contains terms proportional to ¥,, and vice versa. The relevant
transformations for the simplest transversally coupled beam line are summarized in Table 4.2.

Table 4.2: Transverse Lie transformations for on-momentum (P, = 0) tori.

Element Lie transformation (Transverse planes)
Drift (—HgAsy) U, =0 As P (—HgAs) U, = U As P,
rift space e z z-&-m T e y y+m y
Thin dipOIO C(:_Hb ds) ‘Ij.’l: = \I!JIJ + 7;\/ 6:1;0 (I((J)r(1 + hX) - h) 6(:_Hb ds?) \I!il/ = \IJLU
Thin quadrupole  et~Hed) W, = W, 4 i /By, (Ki X — KIY) et Hads) g, = W, — i\ /B, (K{Y + K{ X)

A pure skew quadrupole (with k7 = 0 and kj > 0) is physically equivalent to a normal
quadrupole rotated by 45°. Thus, the system under study is — from a practical standpoint —
no more complex than the uncoupled case analyzed earlier, and its description should follow
naturally. For the general case of a sequence of arbitrarily oriented thin quadrupoles however,
the situation cannot be reduced to the uncoupled case by a simple coordinate rotation. Within
the Courant—Snyder framework, this case is typically abandoned and alternate formalisms are
needed (see, e.g., the approach of Edwards-Teng or Lebedev-Bogacz [41]). Here, we expand on
Proposition 4.1 and write the general transformation for transversely coupled linear systems as:

MV, = Uy Wy + Uy Yy + V2V, + vxy\IJZ (4.16)

M) :
(©) {M\Ily = Uy Vo + Uyy WUy + vy Uy + vy Wy

with {u;x, v} € C. More compactly, one can equally write:

M <$f> =U @m) +V <$}> with U = (Zm Zmy> and V = <zm Z””y> (4.17)
y Y y yr  Uyy yz  Uyy
which is a generalization of eq. (4.1). Following Demonstration 3.1, one can show that the
symplectic condition in this case can be written as UUT — VVT = Iyy9 and UVT — VU™ =
where UT = (U*)T. That being said, if the coefficients of eq. (4.16) are obtained from a sequence
of symplectic transformations in the form of Table 4.2, the transformation is symplectic by
construction. Following the procedure established for the uncoupled case, we would like to find
a torus which maps back onto itself after one iteration of M. The dephasing condition, in this
case (and in general), reads:
MEB(O) = ¥(6 + 27Q) (4.18)

— —

which is required to be respected for all projections, ¥;(©). Remembering that ¥,(©) =
S Ag €0) and \I/y(é) = Y- By €7©) from eq. (2.8), the dephasing condition leads to a
similar set of eigenvalue problems to that of eq. (4.11), given by :

MT,, = £in(2mQx) Tyy and MT,, = £in(2mQy) Tyn (4.19)

(continued on next page)
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(4.20)

Following similar arguments to those of the previous section, we conclude that outside of
resonance conditions, all coefficients Az and Bz must vanish except for the eight coefficients
A(+1,0s A0, +1)> B(+1,0)> B(o,+1)- After setting n = 1, the eigenvalue problem eq. (4.19) can be
solved using standard algorithms to find the eigensolutions of the transport problem. This yields
the two fundamental frequencies @), and @), from the four eigenvalues (eXi(2mQ2) and Fi(27Qy))
and the corresponding eigenvectors. Once again, the eigenvectors can be rescaled to factorize
the actions I, and I, from the map properties; described with the optical functions /\j[k for
J,k € {x,y}. In the end, the eigensolution of the transport problem eq. (4.16) can be written as:

U, (0) = V2L, (\,e™" + Aj,e 07) + ZIy()\iyeiQy + )\;ye_i@y)

¥(6) : . . . .
\/E()\;xezex + )\;me_zex) + QIy()\;yeZ@y + )\;ye_z@y)

(4.21)

,(6)

which is a direct generalization of the decoupled case, eq. (4.14). The procedure to extract
the numerical values of the optical functions (A\%) from the map parameters (U and V) is
presented later in Demonstration 4.2 along with the general case. Eq. (4.21) highlights the
fact that four spectral lines should be expected in the Fourier spectrum of a transversely

41— Eigensolution, ¥(6) e Particle, Y(N) (Xsuite) — 4
27 o S
7 7
= 0+ y L0 =
8 >
IS8 SY
—2 R r—2
—4 T T —4
-4 =2 0 2 4 -4 -2 0 2 4
z [mm] y [mm]
2.0 /a
Torus  ; F(¥,(27QN))
154 — Particle ; F(wz(N)) Q:’” Q.y B
V2L, k-
= —Qa o 21|\
S Q vezabe |
< TVELI
-Q,
0.5 ! L
A__ V 2[y‘A;y|
0.0 //
. . 4/ . .
—0.3546 —0.3500 0.3500 0.3546

Frequency, v

Figure 4.4: Comparison of the single-particle motion ¥ (N) with the eigensolution

—

torus W(O©) in a coupled beam line. (Top) In phase space. (Bottom) Horizontal Fourier
spectrum. A complete account of the spectral lines is given by eq. (4.21).
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coupled linear system, as shown in Fig. 4.4. In this simple example, a skew FODO cell is
built by using quadrupoles with k] = (£k + Ak) cos(26) and ki = (£k + Ak)sin(26), which
corresponds to normal quadrupoles rotated by an angle 8. The slight offset in strength, Ak, is
used to obtain different fundamental frequencies in  and y. This yields a fully coupled system
described by eq. (4.21). For Fig. 4.4, 6 = 30° such that the same system could be obtained
by using normal quadrupoles (ki = 0) and rotate the entire beam line by 30°. Hence, the
system considered in Fig. 4.3 is physically identical to the one considered in Fig. 4.4, up to
a rotation of the coordinate system. We can therefore see that changing the coordinate sys-
tem (here by a rotation) yields different spectrum in which new lines can be created or destroyed.

An important misconception should be addressed on the basis of Fig. 4.4. It is commonly said
that the “highest peak” in the Fourier spectrum of a particle corresponds to its fundamental
frequency. However, it should be clear from eq. (4.21) and Fig. 4.4 that the highest peak in F(¢;)
can correspond to @, if the action of the particle, I, is sufficiently high. The manifestation
of this effect ultimately depends on the initial conditions of the particle under study. By only
looking at the highest peaks in the spectra (F(1;) and F (1)), one could erroneously conclude
that the particle is “on resonance” (or “locked”), with @, = @Q,, which is clearly not the case.

4.4 Fully Coupled Linear Beam Lines

Proposition 4.2: Coupled linear transformation.

Let us consider a 6D phase phase. Any linear transformation of ¥ can be written as:
ME =UW 4+ V¥ with {UV}ecC>?, (4.22)

with ¥(6) = (U, ¥,,, ¥)7, which is symplectic if UUT — VVT = I3,3 and UVT = VUT =
By considering the augmented basis (¥, ¥*)", this equation can equally be written as:

v\ o v . (U vV 6x6
M <\11*> =M <‘I’*> with M = <V* U*) e C®" . (4.23)

The periodic solution of the the transport problem in M is given by the eigensolutions of M.
The fundamental frequencies @ are found from the eigenvalues, eFi(27Q1) and the optical
functions )\ﬁ are found from the eigenvectors, T} o< (A}, )\;“k, )\zrk, (Az) ™ (M) (Age)™)T
(J, k € {z,y,¢}), with a suitable normalization. The eigensolution can then be written as:

,(0) = V2L, (ALe® + A, e ) + 2[y()\;'yei@y + )\;ye_iey) + QIC(A:Cei@C + )\;.Ce_ieC)
W3 0,(6) = V2I,(ALe™® + Ape %) + 1 /2L,(\ e + Ay e TY) + (/2L (A5 + A e 7)) (4.24)
Ve(6) = VLML +A5e7%) + /25,0 +A5e7%) 4121 (O + 2570

or in a more compact form:

) Al & oI, &=\ AEONE, A
V() =Ay | 2L, | + A | 20, € with Ax = [ A5 AL AL | . (4.25)
21, "¢ 21, "%¢ M AL AL

This solution is unique, up to an arbitrary phase advance 6 6+ .
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Demonstration 4.2: Courant-Snyder gauge.

As discussed in Proposition 4.2, the solution given in eq. (4.25) is unique up to an arbitrary
phase advance 6 6+ i, which could equally be placed on the eigenvectors of M following
Ty, — '@, for k € {z,y,¢}. This choice of phase is a gauge which needs to be fixed in
order to obtain a unique set of optical functions. Let us define the gauge-invariant quantities:

Bir = M e + 0517 (4.26)

which are the generalized Courant-Snyder S-functions. By convention, we use the Courant-
Snyder gauge: for each eigenvector Tj, = (11, TJC, T;,;, (Tpr)*s (Tyr)*s (Tg)")", we fix:

to be real and positive. Concretely, this fixes 2r¢), = — arg(T}h, + (T7,)*) for k € {x,y,¢}.
Then, \/Brr = v/Bk can be used to compute the physical beam size accordlng to the usual
Courant-Snyder theory. Moreover, the various 3;; can be used to choose a robust labeling
rule for the eigenmodes in the diagonalization of M: we enforce that the mode T}, (associated
with the fundamental frequency @) shall be labelled such that max(3;;) = Bik in all three
planes. This is always possible except for some singular cases (e.g. perfectly skewed systems).

Looking at the transformations found on p. 57, it should be noted — and emphasized — that
common accelerator elements are intrinsically non-linear in the longitudinal plane. Moreover,
when longitudinal stability is required, RF cavities need to be used, which unavoidably introduces
an off-momentum contribution. As a result, the assumption (P, = 0) leading to Table 4.1 and
Table 4.2 can no longer be used and the system as a whole becomes non-linear in all planes. Hence,
the general linear transformation given in Proposition 4.2 is first and foremost a mathematical
construct which cannot be truly reproduced in a physical system. That being said, it is always
possible, even in the non-linear case, to extract the linear part of the map and study it on the
basis of eq. (4.22). The information obtained in such a way can then be used as an approximate
description of the motion at small amplitudes (|¥| < 1); or as a tool used to normalize the lincar
part of the map. By doing so, one moves the problem into the Courant-Snyder phase space,
where all linear transformations correspond to simple rotations, and non-linear transformations
correspond to more general deformations. The following section describes this normalization
procedure, while non-linear transformations are discussed in Chapter 5.

4.5 Normalization and Courant-Snyder Phase Space

So far, our study of linear systems showed us that the eigensolutions of linear transfer maps can
be found by imposing the dephasing condition, eq. (4.18), and solve for the spectral coefficients
Az, Bi, Cz in all planes. This ultimately leads to the construction of a complex matrix M follow-
ing the formulation presented in Proposition 4.2. The solution, eq. (4.25), is a fixed topological
object. Based on Proposition 2.2, this equally gives the single-particle dynamics by considering
a stroboscopic variation of the angles, 6 |—> 27rQN turn after turn. We have also previously
shown (in Chapter 2) that the actions I; = 1 Y5 n; (| (77| W, ) 2+ | (7| Uy ) |2+ | (7| T ) |?) are
invariant along the beam line, by virtue of simplicity.
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That being said, it should be clear from Fig. 4.1 that the topology of the torus changes
throughout the beam line and is not invariant in itself. By that we mean that the components
of ¥, which dictate the orientation of the ellipse in Fig. 4.1 (and of the 6D ellipsoid in the
general case), change as a function of s. Naturally, the single-particle spectra — given by the
same components — also change. To formalize this point, let us go back to the simple case
of uncoupled dynamics. The claim is that for any position s along the beam line, there is a
suitable factorization of the motion (see Demonstration 4.2) in terms of the action I, the phase
p(s) and the optical functions AF(s), such that the ellipse ¥, (6., s) can be written as:

U, (0,,5) = Ai(s) €% + A (s)e
=21, (/\;(s)ei%“”(s)ei@g” + A;(s)e_izﬂ“z(s)e_iG)”) . (4.28)

By convention, the initial phase is set to be zero, u,(0) = 0, and the phase advance is obtained
from Apiy = piz(s) — p(0) = 5= arg (A41(s)/(vV2IAZ(s))). If only one could normalize the
geometry of the ellipse — simplify the topology — for any s along the beam line, then the motion
would be reduced to that of a pure rotation given by the phase advance, p,(s). In essence, this
is similar to the diagonalization process of a matrix, where we look for a space in which the
matrix takes on a simpler form. As discussed in Section 2.1.6, this space shall be called the
Courant-Snyder (C.S.) phase space (i.e. the linear Normal Form), denoted with the coordinates
# and their complex counterpart 9(N) and ¥(6). By construction, U, (0,) = /2I,¢2mH=(s)¢iOx
for a linear solution, such that eq. (4.28) can be written as:

U, (04, 5) = A (8)T4(Oy, 8) + A (5)F% (O, 5) | (4.29)

which is readily a transformation of ¥, — ¥,. The Courant-Snyder normalization, therefore,
corresponds to the inverse of eq. (4.29). Remembering that |A\}(s)|> — |\, ()] = 1, we get:

Te(Or,5) = AL"(5) Wa(®2,5) = Ay (5) W3(Ou, 8) = VAL (NI () = IA; (5)[?) e27r=)i®
= /21, e?™Ha(5)¢i®s (4.30)

which is indeed a pure rotation, as a function of s, on a circle with constant radius v/21,. For
the rest of the thesis, the s-argument shall be omitted for simplicity, but one must always keep
in mind that all optical functions (and spectral content) vary along the beam line in s.

11 11
’:?_' E
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-1 0 1 -1 0 1
 [mm]  [y/pm]

Figure 4.5: Linear transformation (drift — quad. — drift). (Left) In the physical phase
space, ¥;(0,, s). (Right) In the Courant-Snyder phase space, ¥;(0,, s). In the C.S. phase
space, linear transformations reduce to a pure rotation given by the phase advance, pi,(s).
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It is important to note that the Courant-Snyder coordinates Z carry homogenous units of /m,
as shown in Fig. 4.5 — which are also the units of both W and ¥. Hence, in the Courant-Snyder
phase space, the complex coordinates are given in terms of the phase space coordinates following:

U,(0)=X —iP,
¥(O) : {T,(6)=Y —iP, , (4.31)
U.(0)=Z—iP,

without the need for the rescaling parameters (5, for j € {z,y,¢}) used in eq. (2.5).

The previous normalization concepts can readily be generalized to a higher number of dimensions.
Eq. (4.29) becomes the construction transformation W, since it allows to construct the physical
phase space torus ¥ from the normalized torus ¥. The normalization transformation is then
given by its inverse, W—!. Considering \Il(é) = (V,, ¥y, ¥,)", both transformations can be
written as:

. _ T i T, % MEOAE AT
(Construction) V=W¥¢ =A¥+A_ ¥ ‘ T

o S Lo, with Ay = [ AL A A [, (4.32)
(Normalization) =W "¥=AlT-A"T AEE E
cw ey e

which is symplectic with A+Ai —A_AT = Isx3 and AL AT — A_Al = 0. One should note
that the construction transformation is simply a compact version of eq. (4.24) (equivalent to
eq. (4.25)) when W is circular in the C.S. phase space — which is the case for linear solutions.
The Courant-Snyder phase space is an insightful conceptual tool which can be used to study
various effects and play with what A. Chao called “Phase Space Gymnastics” [42] (i.e. the design
of beam lines used to manipulate the phase space at will). This is described in Proposition 4.3.

Proposition 4.3: Phase Space Gymnastics.

Consider a transformation M;j_,o which maps the location s; to the location ss. If the
optical functions A+ and Ag + are known at the two locations, together with the phase
advance Af = [is — i1, then the corresponding linear transformation can always be found
in the form of eq. (4.22). In the Courant-Snyder phase space, the transformation My is
given by a pure rotation following;:

ei(ZWA,u‘z) 0 0
Mi_o® = R(AD) ¥ with R(Af) = 0 ) 0 (4.33)
0 0 ei(Qﬂ'A'uC)

As a result, the corresponding physical phase space transformation can be obtained from
Mo =Wy RW{ 1. i.e. by first going in the Courant-Snyder phase space at the starting
location s;, applying the rotation and returning to the physical phase space with the
construction Wy at the final location sy. In the end, the transformation can be written as:

U= Ap+BRAL | — Ao R*A]_

V=—Ay RA] +Ay RA, )
- 2,1+ 1,— 2,— 1,+

M o® =UW + V¥*  with {

For periodic optical functions, the above still holds with Aq + = Ag + = Ax.
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Example: Transverse Rotation

Let us consider again Fig. 4.3 and Fig. 4.4, which were said to only differ by a transverse rotation
of 8 = 30°. One can show that the U-V transformation for a generic transverse rotation yields:

_ cos(f) sin(6) _ .
U= (_ sin(6) cos(0) )’ V=0. (Transverse 6-Rotation)

According to eq. (4.34), we should also be able to find a suitable U-V transformation to take us
from Fig. 4.4 (the coupled location) to Fig. 4.3 (the uncoupled location). Considering A; + to
be the optics of the coupled case (as measured from the particle spectra) and Aa + to be the
optics of the uncoupled case, we find, numerically:

0.866 —0.5

. 5ot B P AT —
U = A27+RA17+ A27_R A T <O_5 0~866

) , V=0, (Fig. 4.4 — Fig. 4.3)

which is indeed a transverse rotation with 8 = —30°. In the above equation, we imposed a phase
advance of zero (instantaneous transformation), such that R = Ioxo.

Example: Normalization and Compensation

In the next example, we wish to show that the normalization transformation of eq. (4.32) is not
merely an abstract tool, but that it can also be built with a sequence of physical elements. This
is particularly useful for the problem of compensation, which we frame as follows: “Given a
generic transformation, M, can we find a compensator M, such that the overall transformation
M o M becomes transparent for all ¥, albeit for an arbitrary phase advance?”. In other words
(and in a similar way to eq. (4.18)) we wish to find an M¢ such that:

MeoMEB(O)=V(6 +2rj)) V. (4.35)

To achieve this result, the normalization transformation YW~ can be used. First, we note that
W1 is just a particular case of the linear transformation eq. (4.34). Here, A; 1 correspond to
the optics at the observation location and Ay 4+ (the target optics) are by construction given by
the fundamental matrices Ay = I3x3 and Ag — = 0. This latter condition is equivalent, in the
Courant-Snyder theory, to decoupled optics with 8, = 3, =1 m and o, = oy = 0.

.M SV
o

A\lb.:t A\l.i ~\2 +

(a) (b)

Figure 4.6: Visual representation of the compensation problem. (a) For any initial ¥
matched to an optics Ag +, the map Mg oM returns the same ¥ up to a phase advance.
In parallel, the map W™1(Ag +) o M (which itself depends on Ag 1) always returns
a circle with (Ag 4+, Ay ) = (I,0). The two maps are, in general, different. (b) In
the specific case where ¥ is matched to the circular optics (Ag 1, Aj ) = (I,0), both
outputs are identical. We have therefore found the compensator, Mg = W~1( o4
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The situation is illustrated in Fig. 4.6. To understand the approach, some nuances need to be
added to the concept of optics. Based on eq. (4.25), one should see that Ay give, first and fore-
most, a description of the topological signature of any arbitrary 6D ellipsoid. For periodic beam
lines however, the eigensolutions admit a specific topological signature (property of the lattice)
which bears the name of optics. Indeed, in the design of a beam line, the optician studies some
key topological properties (a, 3,7 in the Courant-Snyder tradition) and their evolution along the
lattice. For periodic systems, those are forced to correspond to the topological signature of the
eigensolutions. For open-ended transfer lines however, the optics shall be seen as the reference
topology chosen by the optician. If an ellipsoid differs from this reference signature AL, it is said
to be mismatched. If, instead, the ellipsoid corresponds to the reference topological signature, it
is said to be matched. In open-ended transfer lines, the optician is free to chose any desired optics.

To solve the compensation problem according to Fig. 4.6, one can use the fact that the the
normalization map depends on the chosen optics, W_I(A(),j:). In the specific case where a
circular optics is chosen following (A ,,Af ) = (I,0), then the normalization W~1(Aj ;)
corresponds precisely to the compensation map which fulfills eq. (4.35). In fact, we can write:

W A07:|: — A27:|: . Mo = W(Agd:) o Wﬁl(Ao;‘:) (see Fig. 4.6(&))
= Mceg=IoWw} ’67i) =W o0.4) (see Fig. 4.6(b))

since W(A3 ) = 1. To support these claims, let us consider a numerical experiment with a
generic map M composed of several drifts, normal quadrupoles and skew quadrupoles such that:

U— —0.884+1.14; —0.00 — 0.01z
- 0.00 — 0.01¢ —0.88 4 0.55¢

V= (F094-044i  0.02+4001i ’
0.02+0.01i  0.24 4 0.15¢

M =U¥ + VP with (4.36)

Starting with the circular optics (A, Af_) = (lax2,0), we find that the normalization
transformation required at s; follows:

Al = ( 1.41 +0.28 —0.01 — 0.0Ii)
_ . 1,+ = \-0.01 —0.017 1.04 — 0.00¢
WA )@ =Al @ — A]_¥*  with . T, (437)
) ) ’ Y — —1.00 + 0.287 0.03 — 0.01¢
- 0.03 — 0.007 0.28 — 0.00%

which we claim is the compensator transformation (in the form Mg ¥ = UcW + Vo ¥*).
To confirm the result, we can look for another compensation map which we know should
give the intended result. Namely: the inverse of M followed by an arbitrary phase advance,
M¢ = Ro M~ Reversing the line element-by-element in the numerical experiment (followed
by the original phase advance R) yields:

Ur — 1.41+0.28¢ —0.01 —0.01%
¢ = \~0.01-0.01i 1.04 — 0.007

Mec® =RoM ' =UsW + Vo T*  with (100+028, 003 001,)
VC: —1. . 7 . — U. T

(4.38)
0.03 — 0.002 0.28 — 0.002

which is indeed the same map as the one obtained from the normalization transformation in
eq. (4.37). Since we know eq. (4.38) works for all ¥ (it is the inverse of M, after all), we can be
certain that eq. (4.37) also works for all ¥. Note that this simple experiment can be carried out
analytically for any generic U-V transformation following the very same steps. The numerical
route was however preferred, in this case, to give a tangible demonstration to the reader.
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Demonstration 4.3: Bridge to Courant-Snyder and back.

As mentioned in Chapter 2 (eq. (2.29)), the Courant-Snyder normalization of eq. (4.32)
can equally be carried out on the real coordinates ¥ via the use of the real symplectic
W-matrix [18] following:

F-Wle & X=wX, (4.39)

This W-matrix is typically considered to be the 6-dimensional generalization of the Courant-
Snyder parameters. To make the transformation explicit, the (inverse) construction
transformation can be written as:

x Wi Wio ? fc
Pz W2 1 W22 p}‘ W:m: me Wﬂf ¢ p~z
py - g = | Wy Wy Wy ];/ (4.40)
Cy W5 5 W56 Ey WC T WC Y WC ¢ éu
D¢ Wes Wes D¢ D¢

) 2x2 : _ (Wi Wia
where Wj, € R are 2 x 2 block matrices of the form W, = (W21 Was

J,k € {x,y,¢}. The optical functions )\;Ek can be directly obtained from the W-matrix
following:

) and so on for

)\;tz = %(WH + WQQ) — l% (ng + Wm) 9 (4.41)

and so on for all W, — )\jck, (block-by-block). After enforcing the Courant-Snyder gauge
(Demonstration 4.2), the generalized Courant-Snyder parameters a;, and (3, can be defined,
together with the block determinant d;i, based on the optical functions. Let a = (/\;“k)* —I-/\j_k

and b = )\jk — (A1), then :
Bir = lal? = Xf + (52
azr = Imfab} = Im{ (V)" + ) (N — ()9} (442)
dj, = Refab} = Re{(A)" + A5 (A — ()" }

In turn, the optical functions can be obtained from the generalized Courant-Snyder
parameters following:
ﬁ'k +ia-k :Ed‘k
AL (s) = & S (4.43)
* 2,/Be

where we have assumed that the arbitrary rescaling parameters 3, defined in Chapter 2
were all fixed to 1 m (in the alternative, one needs to replace (i — B;i/Bj,). For the
uncoupled case: off-diagonal terms are zeros, the block determinants are all d;; = 1, the
generalized Courant-Snyder parameters are the usual oy, — @y, Bre — Bz and so on, and
the optical functions reduce to:

+_ B/ By + 0y £ 1 and A = By/Byo + oy £ 1 .

g 2VBe/Bay ! 2/8y/Buo

(4.44)






CHAPTER 5

Topological Formulation of
Non-Linear Beam Dynamics

Non-linear effects fundamentally alter the character of single-particle dynamics. While linear sys-
tems are scale-invariant (they preserve the same topology across all amplitudes), non-linearities
introduce amplitude-dependent deformations, detuning, resonance islands, and chaotic layers.
The central question of this chapter is whether the topological framework developed in the
previous chapters can be extended to describe and study these non-linear effects, even when
closed-form analytic solutions are unavailable.

We begin by showing that the Courant-Snyder phase space greatly simplifies the non-linear
picture: all symplectic transformations can be decomposed into rotations and shears. Linear
contributions reduce to pure rotations, while non-linearities manifest as amplitude-dependent
shears that distort the invariant tori. This geometric observation motivates the definition of a
non-linear residual, which quantifies the departure from linear transport. As a practical figure of
merit, the non-linear residual is shown to correlate strongly with the dynamic aperture of complex
lattices — offering a computationally efficient tool for machine optimization. Applications to
beam-beam compensation in the HL-LHC demonstrate how minimizing the non-linear residual
translates directly into improved dynamic aperture. Finally, the connection between this
topological framework and classical Normal Form analysis is established, providing a unified
interpretation of resonance driving terms and their role in shaping the long-term stability of
non-linear periodic systems.
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5.1 A Non-Linear Framework

In the last chapter, we showed how any linear transformations of ¥ could be written in terms
of a U-V matrix transformation (see Demonstration 4.2). This unsurprising result is in line
with usual treatments of linear beam dynamics, where the elements operators themselves are
described using transfer matrices. In our case, the operators used in the construction of the
U-V matrices are not matrices themselves, but rather generic Lie transformations (taken from
Chapter 3, p. 57). Here, it should be emphasized that this U-V framework is only a convenient
way to group the terms of the linear contribution of M, which in general is a function of W.
This approach allows for a natural extension of the linear treatment into a non-linear one.

Proposition 5.1: Non-linear transformations.

Let us consider a 6D phase phase. Any symplectic transformation of ¥ can be written as:
MU =UW + VI + f(¥), with {U,V} e C>3 and f(¥):C*>— C?, (5.1)
or more explicitly:
MYy = uza Vo + Uzy Uy + g Ve + Voo Uy + Uy Uy + 02V + fo(Pa, Wy, V)

MW 2§ MYy =y Vo + gy Yy + uy Ve + vy Uy + vy U + 0y U7 + £y (U, Uy, Ue)

MUy =Wy + uey Wy + uec Ve + vV + vy Uy + vec U+ fo(Va, Uy, Vo)
(5.2)
where f, fy, fc are non-linear functions of the three projections ¥,, ¥, ¥,..

In fact, this description of non-linear systems was already implicitly present throughout the
results of Chapter 3. Looking back at eq. (3.12), let us recall that a map composed of a sequence
of elements Hy, Ho, ..., H, with lengths Asy, Aso, ..., As, can be written as:

M ‘IJO — (e(:—HnASn:) 0---0 e(:—HQASQ:) o e(:—HlAslz)) ‘IIO — ‘I’n . (53)

After applying the sequence of transformations element-by-element on W, one can indeed always
write the overall transformation in the form of a set of non-linear functions of the projections
(¥, ¥y, U,), as shown in eq. (5.2). The linear contribution can conveniently be written in
terms of a U-V transformation while the quadratic, cubic and higher order terms are explicitly
contained in the non-linear functions f,, f, and f..

These non-linear contributions fundamentally change the character of the motion by introducing
a myriad of new effects. Examples were already given in Fig. 1.7 and Fig. 2.11 for a thin
sextupole kick (leading to quadratic terms in f, and fy); and in Fig. 3.3 for an off-momentum
drift (leading to terms of infinite order in f,, f, and f,). In the linear picture of Chapter 4, the
topology was independent of the actions I — the tori preserved their shapes and fundamental
frequencies @ across all amplitudes. In contrast, non-linear effects break this scale invariance:
they deform the invariant tori in an amplitude-dependent way, giving rise to detuning with
amplitude, resonance islands and chaotic layers.
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From a mathematical standpoint, this means that the eigensolutions of the map M can no longer
be reduced to a simple matricial eigenvalue problem. Although the dephasing condition eq. (4.18)
still applies, each set of actions I now defines its own torus and its own set of fundamental
frequencies Q(I), determined by the higher-order terms in f(®¥). Because of this important
change, we postpone the discussion of non-linear eigensolutions to the end of this chapter.
Instead, we begin by developing a series of descriptive tools to capture the consequences of
non-linearities in simple transport systems and open-ended beam lines.

5.2 Rotations and Shears

Let us consider a generic beam line with a given set of optical functions AL. Recall, following
Chapter 4, that the optics is the reference linear topology chosen by the optician. Based on
eq. (4.25), any matched (but otherwise general) torus ¥ can be written as:

U, = ZAﬁ (i(7-6)

i(7-6 A A A VTpeti@méa)
— _ . i) . (£1,0,0) (0,£1,0) (0,0,£1) ,
‘I’(G) : \I’y - ZBn (& , with (B(:I:I,O,O) Bo,+1,00 Bo,o,+1) | = Ai \/Eeﬂ:z(%wsy)
i C+1,000 C,41,00 Co,0,+1) \/Eeii(%rqbc)
7

(5.4)
where, in other words, the first order lines (|7i| = 1) are all proportional to their corresponding
optical function. It should be noted that the Courant-Snyder normalization W™ (eq. (4.32)) is
a general transformation which does not presuppose any particular topology for ¥. We can
therefore apply it on any generic torus to go into the Courant-Snyder phase space following:

=W o =AL & AT ¥ (5.5)

which gives us a new torus ¥ with new spectral content, (7| ¥;) for j € {x,y,¢}. By construc-
tion, an ellipse that is matched to the optics is transformed into a circle via W™!. Any other
torus, however, is only partially “circularized”.

By definition (Proposition 4.3), the Courant-Snyder normalization dramatically simplifies the
transport through linear systems, which is then reduced to pure rotations. Once again, this is a
general result which does not depend on the shape of ¥, as shown in in Fig. 5.1. If the transport
from s; to sg is made of linear elements, then in the Courant-Snyder phase space (eq. (4.33)):

ei(2ﬂ'AMz) 0 0
Mi_o® = R(AD) ¥ with R(Af) = 0 €2 y) 0 . (5.6)
0 0 ei(QﬂAlLC)

which is a geometric rotation of the phase space. It therefore appears natural to begin our study
of non-linear effects from within the Courant-Snyder phase space. There, the basic matched
torus is readily given by ¥ = (\/T, €'®= /T, ¢'®v /I €©¢)" and linear transport takes the
form of pure rotations, R(Af) ¥.
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====-Initial loop

—— Transformed loop
1 4
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— 0 i
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(a) (b)

Figure 5.1: Courant-Snyder normalization and linear transport for generic 2D loops.
(a) In the physical phase space, linear transformations appear as combined shears
(horizontal and vertical). (b) In the Courant-Snyder phase space, linear transformations
appear as geometric rotations of the phase space. Additionally, we see that any matched
(but otherwise general) loop is partially “circularized” by W~1.

Based on the summary page of Chapter 3 (p. 57), it should be noted that all the transformations
considered are shearing transformations, either horizontally or vertically:

(Horizontal shear) U, = U+ f(P) with {c1,c} € R, j € {x,y,¢},

5.7
(Vertical shear) U, = Uj+icog(P) and f(¥), g(¥); functions of ¥, (5.7)

i.e., contributions are either added to the real part of ¥; (position), or to its imaginary part
(momentum). In linear systems, there is a sequence of shearing transformations which map an
ellipse back onto itself with a given phase advance (e.g. in a FODO cell). When going in the
Courant-Snyder phase space, this effect is simplified in the form of pure rotations, as shown in
Fig. 5.1. Otherwise, the categorization proposed in eq. (5.7) still applies, as summarized below.

Proposition 5.2: Rotations and shears.
In the Courant-Snyder phase space, all single-element transformations et=H) can be placed
into one of three categories:
(Horizontal shear) T, +
(Vertical shear) U U +icyg(P)
(Rotation) U, —

Wlth {01,02} € R, ] S {xayvg}a

N - - (5.8)
and f(¥), g(¥); functions of W.

For on-momentum tori: drifts, dipoles and quadrupoles form linear transformations in the
transverse plane which lead to rotations. For off-momentum tori: drifts lead to (often
negligible) horizontal shears. Lastly, non-linear multipoles of arbitrary order lead to vertical
shears, commonly called kicks.

In the longitudinal plane however, drifts always lead to horizontal shears.
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=== Initial torus

Transformed torus

(a) Rotation (b) Sextuple (c) Octupole (d) Decapole

Figure 5.2: Visualization of non-linear transformations in the horizontal (Z, p,) Courant-
Snyder phase space. (a) For on-momentum tori, any sequence of drifts, dipoles and
quadrupoles lead to pure rotations. (b,c,d) Multipoles of arbitrary order lead to
vertical shears, also called kicks. The initial torus considered is purely circular,
Uy = (VI €9+, /T, ¢®v)7. For the transformed torus, both the shadow is shown (in
grey) as well as a basic cycle ¥,(0%,0, = 7/2), corresponding to Yy = 0.

The categorization of Proposition 5.2 can be particularly useful for the visualization of non-linear
effects. Following similar ideas to those presented in Chapter 4, the deformation caused by
non-linear effects can be highlighted by studying the deformation of an initially circular torus,
U, = (VT €=, VI €9v)T, as shown in Fig. 5.2. As one can see, linear transformations lead to
a geometric rotation of the phase space which is, importantly, independent of the distance from
the origin (the amplitude). Non-linear transformations however, lead to important distortions
which cause an amplitude-dependant change in the angle (i.e. Wo(0) — (0 + 2xji(I))), seen
from the ©, = 0 dots in Fig. 5.2(b,c,d). Moreover, non-linear coupling arises, leading to the
smearing of the torus shadow.

That being said, the apparent complexity of Fig. 5.2 remains both “well-behaved” and “in-line”
with the intuitive description of non-linear effects. With the latter, we mean that the expected
polynomial kick — i.e. &2 for a sextupole, & for an octupole and so on — can be clearly
seen in the deformations of Fig. 5.2(b,c,d), especially for the basic cycle ¥, (02, 0, = 7/2)
shown in blue. This choice of angle (8, = 7/2) is equivalent to setting Yy = 0 on the torus
before the transformation. Then, by well-behave we mean that the transformation is analytic
and finite throughout the entire phase space i — just like #2, #3 and so on — which means
that chaos is yet to emerge despite the presence of arbitrarily strong non-linearities. In fact, as
discussed towards the end of the chapter, this suggests that chaos arises when transformations
(just like the ones of Fig. 5.2) are iterated many times. More specifically, when looking for the
eigensolution of a transport problem, we inevitably question the infinite: the solution, if it
exists as a convergent series (see Chapter 1), must warrant us stability for an infinite number of
iterations of the map since it is, by definition, unchanged after any single iteration.
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5.3 Non-Linear Residual

Following Fig. 5.2, one would naturally like to have a metric to quantify the distortion of a given
torus and measure its departure from a circular one. This was, indeed, an important research
topic during the Superconducting Super Collider (SSC) era and associated to a critical machine
parameter in the design phase of the project [43-45]. To quote J. Bengtsson and J. Irwin: “Early
in the design process for the SSC, the concepts of tune shift and smear were chosen as first order
measures of merit of machine designs. Smear was to be a measure of departure from linearity.
It has been used extensively by the SSC Central Design Group recently in comparing various
systematic multipole error correction schemes.” [44]. They then go on to mention that although
the intention of the concept is clear, different quantitative definitions have emerged which
warranted the contribution from M. Furman and S. Peggs: “A Standard for the Smear” [45].
Prior to both of these works, E. Forest used the concept of smear to define a linear aperture,
which quantified the region of phase space where motion remained approximately linear. Most
probably, this notion eventually inspired the broader dynamic aperture concept; which refers to
the long-term stability boundary in the presence of chaos (discussed in following sections).

We now propose a similar concept with a few caveats that imposes us to introduce a new name in
defining the non-linear residual (NLR), R. Whereas the smear from the SSC era was sometimes
presented as a statistical quantity associated to a distribution, R shall be an analytic property
of a torus. Importantly, studying the evolution of the non-linear residual through a lattice (for
an initially circular torus) shall inform us on the strength of non-linearities in the machine. That
being said, for a standalone torus, R shall simply measure its distortion. A natural choice for
this metric would be to use the average radial excursion over the entire torus, as we do below.

Proposition 5.3: Non-linear residual.

For any torus ¥ in the Courant-Snyder phase space, one can compute the average Courant-

-

Snyder linear invariant (J ) = ((Jz), (Jy), (J¢))" from the average radial excursion following:

<JI>E%<)~(2+P§>Q, (Jy>z%<}72+15y2>é, <J<>E%<zz+pg>é, (5.9)

—

where the average (-)g is taken over all angles ©. The non-linear residual R can then be

computed following:

Jy—T
R = W with R € RF (5.10)

which corresponds to the relative error of the C.-S. linear invariants with regards to
the true actions I = (I, I,,1.)" of the torus. Since ,/21; is the effective radius of the
torus in each plane, the non-linear residual measures the error of the average radial excursion.

The non-linear residual is a dimensionless measure of the torus distortion, which vanishes
(R = 0) for a circular torus and is strictly positive (R > 0) otherwise.

Following the guidelines of M. Furman and S. Peggs, any metric used for the task at hand shall
respect three fundamental properties [45]: it must be invariant under linear maps, it must be
orientation invariant and it must finally be scale invariant. We could add to this list that the
metric shall also be generalizable to an arbitrary number of dimensions. These requirements
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ensure that the metric is independent of the observation point in the lattice, unless additional
non-linear deformations are imposed on the torus. The non-linear residual R, as defined in
Proposition 5.4, respects all of these requirements. Being measured in the Courant-Snyder phase
space, all linear transformations are pure rotations and the first two requirements are equivalent.
Since R is evaluated from the geometric radial excursion, it is naturally orientation invariant.

To demonstrate that R is also scale invariant, the results of Demonstration 5.1 are needed.
From there, one can compare the true action I, with the C.-S. linear invariant (.J,), given by:

I, = ;zﬁ:nw (’Aﬁ

Indeed, the actions from eq. (2.28) can indifferently be computed in the physical phase space or
the Courant-Snyder phase space (A7 S Aﬁ) since the normalization transformation is symplectic.
Hence, the non-linear residual can be obtained directly as a function of the Fourier coefficients of
¥ following R(¥) = R({Ax, Bz, C5}). By inspection of eq. (5.10), one can see that a uniform
rescaling of the torus /e W — {\/2 A, /€ B, /€ Cr} leaves R unchanged, i.e.:

2+‘Bﬁ2+‘c~’ﬁ

2) and <Jm>:;ZyAﬁ|2. (5.11)

R(P)=R(VeW®) for/eeR, (5.12)

where the rescaling parameter /¢ was purposely given the form of an emittance to emphasize
the invariance of the non-linear residual with regard to the expected beam size.

Demonstration 5.1: Average radial excursion.

Starting from a general torus projection W, = Yoq Az ei(ﬁ'é), we wish to compute the average
radial excursion in that plane, which corresponds to the C.-S. linear invariant (J;). First,

we note that by definition, U, = X — iP,, such that:
_1l/so | & 1 /= =4
(Jo) = 3 (X2 + P >é =3 <‘I/x\11x>e : (5.13)
Similar to the approach of Demonstration 2.1, the result can be expressed in terms of the
coefficients of the Fourier expansion following an explicit calculation of the integral:

1 i i(i6 ix o —i(m-©
(%)3}{ ]é fég [ZA,;& )% 7 A el >] 16,d0,d0,
z /Oy

<M’I>é -
7 m

=>4 (5.14)

=
n

which is obtained by using the orthogonal identity f02 S g =danyey) do; = 271' Onjm; {or
j € {z,y,¢}. Hence, for the three different planes with Fourier coefficients Az, By and Cjg,
the three average radial excursions are:

() =5 lAaP, Gy =5 X IBaP, () =331GE.  (5.19)

n n n

The parallels with the true actions I, I, and I, (eq. (2.28)) should be striking.
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Figure 5.3: Non-linear residual for the multipolar deformations of Fig. 5.2 (magnetic
strength reduced by 100). (a) Rotation, where R | = 0. (b,c,d) Multipolar kicks. R (1) is
shown as a function of the actions of the initial circular torus, ¥y = (/I €=, VI e'Ov)T,

In lattice design, one must find practical solutions that both achieve the desired phase space
gymnastics (Proposition 4.3) and maximize the region of stable motion. The goal is to push
the chaotic layers further away from the reference particle and thereby improve the dynamic
aperture — 14.e. the set of initial conditions in phase space corresponding to bounded motion. In
this regard, there is an important distinction between the transverse planes and the longitudinal
plane that must be acknowledged. The multipolar magnets acting in the transverse plane provide
kicks that grow in strength with the particle’s amplitude (o< #2,%3, etc.). In contrast, the
longitudinal kick of the RF cavities is a restoring potential provided by a sinusoid. Consequently,
the dynamic aperture is dominated by transverse non-linearities while longitudinal motion
is typically confined within the RF bucket. This asymmetry justifies the primary focus on
transverse non-linear optimization when studying lattice design.

Proposition 5.4: Transverse non-linear residual and dynamic aperture.

For practical lattice design, one can study the transverse non-linear residual R following:

R1 = \/ (el = Ix}; z §§Jy> —hE (5.16)
z T Ly

which is equivalent to eq. (5.10) after dropping the longitudinal contribution. As will be
shown in the following sections, minimizing R is found to improve the dynamic aperture.

As a simple example, let us study the transverse deformations from the multipolar kicks
of Fig. 5.2. This can be done by measuring the deformation of an initially circular torus,
W, = (VI €©=, VI ¢©v,0)T through the different elements, similarly to what was visually
represented in the figure. Since R, is a positive scalar, it becomes possible to study R | (f ),
i.e. the dependance of the deformations as a function of the actions of the initial torus ¥. This
is shown in Fig. 5.3 for the same multipolar deformations as in Fig. 5.2, albeit reduced (in
strength) by a factor 100 to yield a range of R | which is similar to what can be tolerated in
the LHC [46]. It should be noted that the non-linear residual is a relative metric: what can or
cannot be tolerated to obtain a satisfactory dynamic aperture needs to be determined a priori,
depending on the global characteristics of the lattice. Examples for the LHC will be presented
in the following sections, after prior discussions on the problem of non-linear compensation.
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5.4 Non-Linear Compensation

In Chapter 4, a simple example of compensation was given. The conclusion, importantly, showed
that compensation, normalization and inversion are all connex concepts. The normalization
transformation can be built as a physical system which corresponds to the inverse of the map.
This type of compensation neutralizes the effect of the original map completely.

5.4.1 Sextupolar compensation

Here, we would like to broaden these concepts and discuss of compensation as a way to mitigate
unwanted effects while preserving wanted effects. The seminal example for this is the addition of
sextupoles in typical transfer lines to mitigate chromatic aberrations, as discussed in Chapter 1
(Fig. 1.6). Based on the visual representation of the sextupole kick in Fig. 5.2, one can see
that a geometric rotation of the phase space by 180° (corresponding to p, = p,, = 0.5) would
produce the inverse kick. This is illustrated in Fig. 5.4. As a result, we can intuitively conclude
that any two sextupoles separated by a linear transformation with a global 180° phase advance
would produce a compensated pair of sextupoles, as illustrated in Fig. 5.4(c). The transverse
R 1 could grow importantly between the two sextupoles, but the deformations will eventually
be cancelled out at the exit of the second one. A key point however, is that only the transverse
deformation is being compensated. In the longitudinal plane, the chromatic correction provided
by the sextupoles (and mainly evolving within the drifts) remains. This gives us a clear design
criterion to use sextupoles while preserving the dynamic aperture of the machine by limiting
the transverse non-linearities.

One should note that the approach is similar to what was presented earlier in Chapter 4. By
choosing to study the deformation of a an initially circular torus ¥o = (/I €*©=, VI e®v, 0)7
through the system, we find a clear criteria to establish that a proper compensation was achieved.
The compensator corresponds, once again, to the inverse of the map combined with a geometric
rotation. Since this geometric interpretation takes place in the C.-S. phase space, one would
also have to scale the strength of each sextupole by the optics A+ at the sextupoles locations.

=== Initial torus
=== Transformed torus

(a) After sextupole (b) After rotation (¢) Compensated pair

Figure 5.4: Non-linear compensation of a sextupole pair. (a) Deformation after the first
sextupole. (b) Deformation after a global 180° phase advance. (c) Restoration of R =0
after the second sextupole. The two sextupoles self-compensate in the transverse plane.
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5.4.2 Beam-Beam Compensation

This next example, as it turns out, is where it all started. The research project which led to this
dissertation initially had for objective to further our understanding of beam-beam compensation
and study operational scenarios for the use of the beam-beam wire compensator (BBWC) device.
Let us therefore present the core principles behind the idea of beam-beam compensation.

Alongside electron cloud effects, the main source of non-linearities in the LHC (and the upgraded
High-Luminosity LHC (HL-LHC)) is the beam-beam (BB) effect, arising from the electromagnetic
interaction between the two counter-rotating beams. In the interaction regions, the two beams
share a common beam pipe and perturb one another. Head-On (HO) collisions take place at
the interaction points, whereas Long-Range (LR) interactions are distributed on both sides of
the IPs. These interactions, akin to multipolar errors, occur several times (~50) per IR for the
nominal bunches and strongly contribute to the excitation of high-order resonances, eventually
leading to the reduction of dynamic aperture [47-49]. To mitigate this problem, current-carrying
wires have been proposed as a correction device to compensate the BBLR kicks [50, 51]. More
details can be found in Papers I — V (in appendix).

Equivalence Principle

In the transverse plane, the beam-beam kick from a gaussian bunch of protons with size o is
purely radial and scales with the radial distance, r, following (see Paper IV and Paper V):

_ e
Apy = —ea - (IL)eg (1-e ) (5.17)

where (IL)eq = —Np - (ec) - [(1 + 82)/(286,)] is the equivalent current for a bunch of intensity N,
traveling with a relativistic velocity parameter .. One can see that the beam-beam long-range
kick (BBLR, a regime where r >> o) is equivalent to the kick of an infinite wire powered with the
equivalent current (IL)eq. In turn, it can be shown that the magnetic field of an infinite wire is
the one of a pure multipole, exciting contributions from all multipolar components (Paper IV):

(kL +ik:L) = —nl (q‘”‘o> ( (L) (5.18)
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Figure 5.5: HL-LHC optics around IP1 at the end of the luminosity-levelling (see Paper IV).
The location of the BBWCs is shown with coloured squares whereas the BBLRs kicks are
shown with the coloured dots. Both the BBLRs and the BBWCs are in phase.
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As such, the effect on the beam dynamics scales with the C.-S. p-functions (5., 3,) at the
location of the kick and depends on the beta ratio, p = ,/8,. In principle, any single BBLR kick
can be naturally compensated using a dedicated BBWC installed in phase at the appropriate
beta ratio (ppLr = pBWC) and at the appropriate distance from the beam. That being said,
the HL-LHC lattice contains many BBLRs distributed over the IRs (x50, with varying beta
ratios), and only 2 BBWCs located after the separation dipoles on each sides of the IRs, as
shown in Fig. 5.5. This specific compensation scheme, introduced and thoroughly studied in
earlier work [52], makes use of the antisymmetric optics of the IRs to reduce the number of
BBWCs required. Indeed, with the phase advance between the BBLRs being negligible and the
antisymmetric optics of HL-LHC (left to right, p, = 1/py), it has been shown that the overall
RDTs of the lattice could be optimally compensated using only a pair of wires.

This equivalence principle — reducing 50 BBLRs to 2 BBWCs — is an important feature of the
problem. Departing from the idealized compensation scheme presented above, we wish to show
that the non-linear residual can be used to study the problem under more general conditions
— 4.e. using the complete LHC lattice. More importantly, we wish to study the compensation of
a set realistic beam-beam kicks (from the 6D Hirata method [18]), which we cannot express
simply in terms of Lie algebra to get a transformation of W. Hence, the methods developed
over the last few chapters need to be replaced by regular particle tracking. That being said, the
insight gained through the dissertation remains.

To start, we distribute a set of particles on a circular torus of fixed radius following
1:[10 = (rye's, ry €, 0)7 where ¢, and ¢, are used to sample the entire torus densely.
For N particles, we can choose (¢g,¢y) = (2nvy;N,27v,N) where v, and v, are arbitrary
frequencies which only need not to satisfy any resonant conditions — and so should be taken to
be two independent irrational numbers. As a first example, the idealized case of a single isolated
BBLR kick is shown in Fig. 5.6(a). The particles are tracked in the physical phase space and
then normalized according the the usual C.-S. normalization after the kick. One can see the
very same smearing concept as of Fig. 5.2, here made visible with particles and regular tracking.
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(a) BBLR kick (b) BBWC kick (c) Compensation

Figure 5.6: Torus deformation seen from regular particle tracking. (a) BBLR kick,
computed from the 6D Hirata method [18]. (b) BBWC kick computed from an infinite
current-carrying wire (see Paper IV). (c) Compensation of a single BBLR kick with the
appropriate BBWC. At large amplitudes, the long-range approximation is no longer valid.
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Since the physical dimensions of the beam are relevant for this applied case, the C.-S. coordinates
are expressed in units of emittance /e, such that 2 =1 /e, — =z =1 V/Bzez = 1 04, which
relates to the beam size in each plane. In Fig. 5.6(b), the equivalent BBWC kick is shown,
computed by infinite current-carrying wire (as in Paper IV). One can see that the deformation
is similar to that of the BBLR up to some amplitude. The difference is shown in Fig. 5.6(c)
when the two kicks are applied sequentially (in compensation), where we see that a circular
torus is retrieved. At large amplitudes, the opposing beam is in close range and the long-range
approximation of eq. (5.17) is no longer valid.

As done previously, the non-linear residual R can be used to study the quality of the compen-
sation as a function of the initial position of the particles (here with zg — ips, = 7.€'%*). The
situation illustrated in Fig. 5.6(c) is studied for various initial conditions in Fig. 5.7(a). One can
see that the compensation is excellent over the entire transverse space, up to a horizontal initial
amplitude of 8 ¢, for an opposing beam located at around 11 o,. It should be noted, however,
that this idealized compensation considers a perfectly round beam, which can naturally be
compensated with a single wire.

When the opposing beam is not round, as shown in Fig. 5.7(b), the compensation is significantly
altered and the long-range approximation breaks down much earlier than in Fig. 5.7(a). An
interesting finding — which can easily be tested and validated through the measure of the
non-linear residual — is that a pair of wires can be used to retrieve a satisfactory compensation,
as shown in Fig. 5.7(c). Indeed, placing a pair of wires with half the current at the focal points
of an elliptic beam allows us to compensate the beam-beam kick almost as effectively as in
the ideal round case. Mathematically, the two situations overlap when the elliptical beam is
changed into a round beam, with the two focal points ultimately located at the center of the
circle. This interesting case study is an example of a situation which would be difficult to
analyse analytically, but which is made simple by the use of the non-linear residual.
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Figure 5.7: Non-linear residual for compensation of a single beam-beam long-range kick.
(a) Round beam. (b) Non-round beam, showing partial compensation. (c) Non-round
beam, compensated with two wires (half current) placed at the focal points of the opposing
beam. The beam shape considered is shown in each of the insets in the right corners.
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5.5 Dynamic Aperture Studies

As mentioned earlier, the practical goal of the approach presented is to inform us and guide us
in optimizing the lattice design. It should be said that the methods presented here bear strong
parallels with the linear aperture of E. Forest [43] which were based on the smear. That being
said, the author had no knowledge of this text prior to these studies and the findings were found
independently (thereby showing a convincing convergence of ideas).

Fig. 5.7 showed an idealized single BBLR compensation. In a more realistic scenario, 50 BBLRs
need to be compensated with the help of 2 BBWCs as discussed around Fig. 5.5. Although we
typically assume that there is no phase advance between each long-range interactions, this is of
course an approximation. More importantly, since the optics continuously vary along the interac-
tion points, each long-range interaction varies in strength and there is no trivial solution on how to
operate the BBWC (i.e. choosing the distance and the current at which to operate) to optimally
compensate the non-linear perturbations. The ultimate figure of merit to inform us on quality
of the compensation is the dynamic aperture. That being said, dynamic aperture studies are
costly and often require several days of computation — even when parallelized over 10,000 CPUs.

The conceptual results of this chapter suggest that by improving the linearity of the machine
(R1 — 0), one should be able to push the chaotic layer away from the reference particle and
improve the dynamic aperture. More precisely: to extend the dynamic aperture beyond the 6 o
target of the HL-LHC project, one should ensure that the linearity of the machine is satisfactory
up to that point, as shown in Fig. 5.8. Here, a circular torus is tracked through an isolated
segment of the HL-LHC lattice — namely through IR1, where the BBLR interactions take
place. In Fig. 5.8(a), one can see that without BBWC compensation, the non-linear residual
rapidly decreases between the core of the beam ((r;,7,) — 0) and the 6 ¢ boundary shown
with the black line. However, when powering the BBWC at a suitable distance and current, the
linearity of the core is extended beyond the 6 o boundary, as shown in Fig. 5.8(b). Here, R, is
computed in a single pass through IR1, instead of the 10° turns required by typical dynamic
aperture studies.

10 .
1073 p\j
8 =
=]
3
: ;
1074 =
0
2 4 6 8 10 2 4 6 8 10
Ty [04] Ty [04]
(a) Baseline, BBCW OFF (b) Baseline, BBCW ON

Figure 5.8: Non-linear residual for a realistic beam-beam compensation through IR1 in
the HL-LHC lattice. (a) Without compensation, the non-linear residual decreases between
the core and the 6 o target. (b) With compensation, the linearity of the core is extended
beyond the 6 ¢ target. The BBWC are operated at 400 A - m and 15 ¢ in this case.
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Assuming that the dynamic aperture of the machine is mainly limited by the transverse
non-linearities in IR1 and IR5 (which are very similarly designed), one would expect that
optimizing R, in those regions could have a significant impact on improving the dynamic
aperture of the machine as a whole. More details can be found in Paper IV. To study this,
various operational conditions for the BBWC (current and distance) are considered. In each
case, the non-linear residual R | is evaluated in a narrow band around the 6 o target highlighted
in Fig. 5.8. The worst value (maximum R | ) is kept as an indicator of the compensation and
shown for all distances x,, and currents I, in Fig. 5.9(a). It should be noted that only IR1
is considered to evaluate the non-linear residual. In a second step, the dynamic aperture is
evaluated for the entire machine by tracking particles for the usual 10° turns required in typical
DA studies (see Paper IV and Paper V). The result is shown in Fig. 5.9(b).

Comparing the two metrics, one can see that there is a strong correlation between minimizing
the non-linear residual and maximizing the dynamic aperture. The salient features of Fig. 5.9(b)
can indeed be observed in Fig. 5.9(a): the optimal band in the center, a gradual improvement
of the DA from the powering of the wires (I,, = 0) up to this optimal band, and the worsening
of the DA above this band (overpowering of the BBWCs). Naturally, the precise variation of
the dynamic aperture is not fully captured by the non-linear residual, since the former is a
global effect which also depends on the interaction of the compensation with the rest of the lattice.

Finally, important insight can be gathered on the basis of Fig. 5.9(a), namely the effect of the
compensation on the so-called PACMAN bunches, which receive on average half of the beam-beam
kicks compared with the nominal bunches. Indeed, the colorbar of Fig. 5.9(a) additionally shows
the corresponding BBLR residual strength as a fraction of a total compensation. This metric
was obtained by scaling down the BBLR strength between 0 and 100% without compensation
and evaluating R in each cases. The simple conclusion is that anywhere within the yellow
band of Fig. 5.9(a), PACMAN bunches (seeing 50% of BBLRs) are fully compensated whereas
nominal bunches are only partially (50%) compensated. Hence, there is a large set of BBWC
operational conditions which significantly improve the DA for both nominal and PACMAN
bunches.
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Figure 5.9: Comparison of the non-linear residual with the dynamic aperture for the
problem of beam-beam compensation. (a) Non-linear residual, evaluated through IR1.
(b) Dynamic aperture for the full lattice, obtained by tracking particles for 10° turns.
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5.6 Eigensolutions for Non-Linear Periodic Systems

In the previous sections, an insightful description of non-linear transformations was provided
based on a visual interpretation of torus deformation and the introduction of the non-linear
residual R as a metric to quantify said deformation. In the Courant-Snyder phase space, we
showed that all single-element transformations can be placed into one of three categories:
horizontal shears, vertical shears and rotations (Proposition 5.2). This topological description
ultimately led to the demonstration of a correlation between the non-linear residual and the
dynamic aperture, an important metric for lattice design. To close this chapter (and the thesis),
we shall return to the general non-linear transformation presented in Proposition 5.1 and look
for methods of analysis to further our understanding on non-linear effects — namely, Normal
Form Analysis.

Outside of the aforementioned analytic tools, it should be noted that the Fourier description
introduced in Chapter 2 always holds for integrable tori. The reader shall therefore remember
that numerical approximations of the motion — constructed through the Numerical Analysis
of the Fundamental Frequencies (NAFF, Section 2.2.2) — can always be obtained through
tracking whenever analytic descriptions fail. Establishing a strong theoretical background for
the interpretation of these numerical results is, ultimately, the overarching goal of the thesis.

5.6.1 The Hénon map

Following our study of linear systems in Chapter 4, one would like to know what happens to the
motion when stepping outside of the assumptions of linear systems. To study this, we consider
once again on-momentum tori (with P, = 0) — to ensure that the transverse planes remain
decoupled from the longitudinal one — and we add to the list of elements of Table 4.2 the
simplest non-linear multipole magnet. This is the normal thin sextupole, H}" = %k‘g (23 — 3zy?),
which transforms ¥, and ¥, according to:

+
6(:—HS ds:) U, =0, + ’L'l ﬁ ket X2 _ Y2
o(—HT ds) g . v eV e ( ) (5.19)

_HT ds: )
(I ds) g, g /B, K (XY)

Consider the effect of this sextupole, followed by an uncoupled linear map Mj_o. In the
physical phase space, the global transformation is M = Mj_.50 el—HI ds) Gince we know that
Mo = R(Aﬁ) simplifies to a pure rotation in the C.-S. phase space, it is convenient to study
the global map M directly in that space, where the transformation of the sextupole can be
obtained by rewriting the Hamiltonian H; in terms of the C.-S. coordinates Z and 7. Assuming
an uncoupled linear case, this can be done directly with the Courant-Snyder parameter (5,
following = + /B, @ and y + /B, §, which yields H; = Tk ( /273 _ 3vB:By E3?). Letting
n = By/ B, the sextupole transformation in the Courant-Snyder phase space becomes:

A ds) § i%ﬁg/z k3 (X'Q _ 77}72)

e(:ffjlgL ds:) \i, . (520)

lH ) G, b, — g2 kg (XT)
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Finally, using X = 1(¥, + ¥%), the global map of our system can be written as:

M ‘i’m — i(2mpz) (q; +hy (( + U* ) (\i, + N )2)>
MY, = e!2miy) <\IJ — 2hyn (U, + T2 )
)

with hy = ’Lgﬁx/ k3 and again n = 3, /Bz. One recognizes that eq. (5.21) is indeed a non-linear
transformation of W, as introduced in Proposition 5.1. In the partlcular case where h) = —i/4,
eq. (5.21) is the 4D Hénon map [15]. Furthermore, if the non-linear coupling parameter 7 (which
controls the contribution of ¥, in the ¥, transformation and vice versa) vanishes, n = 0, or if
the y-coordinate is zero, W, = 0, then eq. (5.21) reduces to the well-known Hénon map [24, 25]:

(Hénon map) MU, = @) (\T/a, - i(\ilx + \f/;)?) : (5.22)

As discussed in Chapter 1, this historical map is an important example of a “simple” chaotic
system. What we have just showed is that it describes precisely the horizontal motion
in a lattice composed of an uncoupled linear section and single thin sextupole kick. The
effective hamiltonian for the global transformation is not trivial to describe [15], but the transfor-
mation itself, eq. (5.22), and its physical composition (linear section and thin sextupole) are clear.

We should emphasize that the motion described by eq. (5.22) takes place in the Courant-
Snyder phase space directly. In earlier chapters (Fig. 1.7 and Fig. 2.11), the Hénon motion was
transported in the physical phase space by choosing a particular set of optics. A key aspect of the
Hénon map however, is that it only depends on a single map parameter, u;, which corresponds
to the phase advance of the linear section. The value of h; is irrelevant and changing it is
equivalent to a simple rescaling of the entire phase space (i.e. changing hy — ah; is equivalent
to rescaling the coordinates by ¥, — a¥,, and leaves the picture unchanged).

(a) gz = 0.2071 (b) pa = 0.2981

Figure 5.10: Invariant tori of the 2D Hénon map (grey) outside of the chaotic region (red) for
two map parameters. (a) p,; = 0.2071 and (b) p1, = 0.2981. The invariant tori were constructed
using the NAFF approach (see Chapter 2) after tracking the corresponding particles for 10*
turns. The phase advance is shown on each torus, after one iteration of the map.
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5.6.2 Normal Form Analysis

We now look for analytic methods to obtain the (approximate) eigensolutions of non-linear
systems. To do so, the concepts presented throughout the dissertation can be extended to
the study of Normal Forms. For a rigorous treatment of Normal Forms (including distinction
between resonant and non-resonant cases), the reader is referred to the original work of
A. Bazzani, E. Todesco and G Turchetti [15]. What we provide here is an intuitive interpretation
of the concepts, in continuity with the linear formalism presented in Chapter 4. Two key
ideas make the basis of normal-form analysis, namely: an order-by-order construction of the
eigensolutions and a generalisation of the dephasing condition, eq. (4.18).

Order-by-order

To keep track of the order of the expansions, we first introduce the normal-form basis vector
P = (px, py, pc)", serving as a new generating element for arbitrary multivariate expansions. We

define: 6
— 19, -
Pr =V 2-[1‘6 l:[lx = Pz
p : py = \/2[yeiey SuCh that i’ : {I}y = py (523)
pe = ,/QIgeiGC \i}c =P

One can see that 21, = p,p: = |p:|?> is a conserved quantity (and idem for other planes).
Following this definition, generic tori such as ¥ or ¥ can also be expressed in terms of p. We

therefore extend our original Fourier definition (eq. (2.8)) and write ¥ as:

Uy = Ay €9 = 57 a0 (02055 (0L 05™) (02027
n Jjklmpq
B(6) : { Uy =2 B ¢ =37 b (04N (00 (020 (5.24)
n jklmpq
=3 "Cq € = N7 G (02038 (0,05 (0 0EY)
n Jjklmpq

with {j,k,l,m,p,q} € N. Eq. (5.24) highlights that a torus can be viewed either as a sum of
rotating vectors (the epicycles), or equivalently as a sum of multi-dimensional volume elements;
obtained from the Hadamard product of the normal-form basis vectors. The left-hand side
allows for a physical interpretation of the tori; and explicitly relates to the spectral content,
as discussed previously. In contrast, the right-hand side provides an algebraic (polynomial)
structure which relates directly to the Normal Form. Since the construction W(p) is essentially
a canonical transformation from ¥ — \Il the coefficients @;,.,, are not arbitrary and must
satisfy the symplectic condition. Based on Demonstration 3.1, these coefficients must be such
that [0, U] = [U,, \i/Z] = ¥, @z] = 2i when starting from [pz, ;] = [py, py] = [pc, 7] = 2i.

It should be emphasized that @;u,.,, are precisely the resonance driving terms (RDTs) used in
the literature [14, 15, 53-55]. Additionally, one can see that ¥(p) can be collapsed into ¥ (O) at
any point (meaning ¥(p) — ¥(6)) by summing the contribution of all RDTs which contribute
to a given spectral line:

Aﬁ — <ﬁ’\i/$> _ Z {Ojklmz?q (2I ) (21 ) (QIC) if (j,l,p) - (kam7Q) =n (525)

ki otherwise
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For that reason, spectral components like A; are sometimes referred-to as the combined RDTs in
the literature [14]. We shall shortly use these concepts to construct the Normal Form of the 2D
Hénon map “up to 6** order”. Here, the order refers to the polynomial degree in the normal-form
variables p. In this framework, p, and pj are treated as formally independent complex variables
and both contribute to the order. For an expansion of order n (i.e. plp:F oc |p,|"), all terms of

total degree higher than n are neglected, that is O(|p,|"*), or 0(19(3”“)/2).

Dephasing condition

Let us go back to the dephasing equation (eq. (4.18)), which was foundational for Chapter 4.
Indeed, it allows to establish a clear condition for ¥ to be an eigensolution of M:

ME(O) = ¥(6 +27Q) . (5.26)

As it turns out, this equation is perfectly general. If M is a non-linear map, one simply
needs to make explicit the fact that the fundamental frequencies @ are functions of the
actions Q(I'). However, the insight of eq. (5.26) remains: a torus ¥ is an eigensolution of
M if its transformation corresponds to a simple dephasing of the angle variables 6 é+27r@(f ).

The normal-form motion is an amplitude dependent rotation: to each set of actions I corresponds
a set of fundamental frequencies Q Once again, @ can be written in terms of the normal-form
basis vector p. However, due to additional symmetries on the angle coordinates [15, Chap. 3],
the expansion of @ can be expressed as powers of I%I;j[ é directly, which yields:

21Qu = > wajit (Papl) (pyol)* (pep?)!
kil
5 o *\ ] *\ k *\ [
onG: { 27Qy = %wy,ﬂcz (p203) (pyPy)* (pep?) (5.27)
20Qc = > went (p2pl) (pypl)* (pep?)’
ki

where wy i ({J, k,1} € N) are coefficients to be found — in all planes. Recall, indeed, that

Q(I) is an emerging property of the map for any given action (see Chapter 2). To see how
eq. (5.27) is linked to the dephasing condition, a short demonstration is given below.

Let us consider a 2D case and omit the plane index for simplicity. In Chapter 4, the dephasing
equation ¥(0) — ¥(O + 27Q) informed us to look for solutions which could be obtained
following A,, — A,e"™2™Q) i e. by changing the phase of each component uniformly. This is
indeed appropriate for linear systems where the phase advance is independent of the action:
any solution shall respect this unique condition, and the criteria is a strong one. In non-linear
systems however, the phase advance depends on the action following eq. (5.27):

2mQ(I) = wo + wi(pp*) + w2pp™)? + ws(pp*)*> + O(lp]") - (5.28)

In such a case, imposing a uniform dephasing breaks the search for general solutions — only
one particular solution with a given action I and corresponding phase advance ) can be found.
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Instead, one should look for the effect of the map on the basis vector p itself. By definition, the
transformation M ¥ is a pure rotation. Using et = e%(1 4+ b + 1b2 ..), we get:

M = QD) p — 0 (1 4w (pp") + (i — 3wt (pp")? + 0(!/)!6)) p

| (5.29)
= (p+iwn(p07) + (i = 501) (P0™) + 0ol
which gives us the transformation of p through the map at various orders:
(First order) 2RI oy giwo
(Second order) R oy el ) (5.30)
(Third order) 2RI 5y 0 4 0 (p2p*)

where, again, wg and w; are coefficients to be found. One should note that the transformation
to first and second order are identical. The variation of the phase advance with amplitude,
therefore, is a third order effect. Based on eq. (5.29), the next correction to the phase advance
shall arise as a fifth order effect, and so on. This result is an additional criteria which should
be enforced when evaluating the dephasing condition. In fact, an alternative formulation of
eq. (5.26) is

ME@) =6 +2:G(T) &  ME(p)= (D) p) (5.31)

which are both equivalent. On the left-hand side of each equality, we compute the effect of the
transformation. On the right-hand side of each equality, we enforce what we expect to find
— a dephasing of the angles, or, the rotation of the normal-form basis vector. The interest of
the p-based approach is that it enforces the expected dependance of the phase advance on the
amplitude, order-by-order, whereas the B-based approach is agnostic to this dependance.

The Normal Form procedure, therefore, can be summarized as follows: establish a trial torus ¥
truncated at the first order; transform it through the map M; truncate the result; and finally,
compare it with the expected solution from the dephasing condition (also truncated). Then,
solve for the unknown coefficients (@, combined with the emerging wy j/rr) ¢ this yields the
first order eigensolution. The procedure is then repeated, order-by-order, to obtain higher order
solutions. In fact, the first order solution was already explicitly given in Chapter 4. Truncating
the equations of Proposition 5.1 to first order yields a linear problem. In that case, solving for
the coefficients leads to the construction of the M matrix from Proposition 4.2: the coefficients
{@kimpqs Ojkimpqs Cikimpg } (With |jktmpg| < 1) are then given by the eigenvectors of M and the three
emerging coefficients w; 0o, wy,000, wWe,000 correspond to the eigenvalues of M. We can therefore
start the Normal Form procedure to second order directly (i.e. start in the C.-S. phase space
with ¥) by building on the results of Chapter 4.

We should emphasize, finally, that this procedure is a propagative method: we do not study the
properties of the map per se; rather, we start from a trial solution of order n and look for the
coeflicients which respect the dephasing condition. Unlike the classical Lie-operator approach,
where one seeks a generating function that conjugates the map to its Normal Form, our proposal
is to treat the Normal Form as a propagative eigensolution problem, solved order-by-order. Let
us now illustrate the above ideas by constructing the Normal Form of the 2D Hénon map, up to
3™ order explicitly, and up to 6" order for the plots.
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Application to the Hénon map

Let us construct, order-by-order, approximate eigensolutions for the 2D Hénon map, eq. (5.22):

(Hénon map) MU = Cm) (\If (T + @*)2> (5.32)

v
4

where we omit the z-index for simplicity. Based on eq. (5.24)(for ¥) and eq. (5.27)(for Q(I)),
we expect solutions of the form:

U = Z&jk (Pp*), and 27Q(I ij pp¥) (5.33)
jk

To first order, ¥ and QW we get the result from the linear contribution of the map:

v =p and 2rQW) = 27y (5.34)

which fixes the coefficients agg = 0, @g1 = 0, d190 = 1 and wg = 27wu. To second order, we
therefore look for solutions of the form (note eq. (5.30)):

U@ = 0O 4 gy p? + @1 pp* + a2 p?,  and  20Q® = 27QW) | (5.35)

where new coefficients need to be found. Transporting ¥(?) on one hand (left-hand side) and
rotating the basis vector p on the other (right-hand side) allows us to enforce the dephasing
condition eq. (5.31) and yields the system of equations:

(620 _ i) ezwo _ GQO eszo / / /

- - 1/4 1/2 i/4
(a1 — §) €0 = an | = (ago,a11, Go2) = (1 oo’ 1 — 0 1 e—Siwo)
(&02 . i) ezwo _ a02 e —2iwo

(5.36)
from which we get all the second order coefficients (wop = 27y was already found at the first
order). With ¥(?) in hand, we look for the third order expansion:

{ UO) =0 4 agg p® + g1 p?p*! + a2 p'p*? + digz p*° (5.37)

2rQ®) = 27Q® + wy (pp*)
Again, we use the dephasing condition to solve for the coefficients. This time, the effect on p is

not a simple rotation, but rather /™) p s €0 4 e™0(p?p*) as per eq. (5.30). This
leads to:

<&30 _ a20+a02 ) giwo — a30 3iwo

(EL21 z(a20+a11+a11+a02 ) eiwo _ a21 _|_Zw1) wo wy = _i(&20+&11;a’1‘1+582)

(d12 z(ao2+a11+a11+azo ) 0 — G 0 (5.38)
(Gog _ a02+a20 ) €0 = Gos e —3iwo

The second equation (in agp) directly yields the value of the phase advance correction, wq, while
the others provide the values of {asp, @12, o3} based on the second order coefficients. We are
therefore left with a single unknown, as;. As discussed below eq. (5.24), the coefficients are not
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arbitrary and must satisfy an additional symplectic constraint to ensure that \fl(p) is a canonical
construction. Here, while the complete rotation of the basis vector ¢/?mQ() p from eq. (5.31)
represents an exact symplectic transformation, the truncated version €™ p + iw;e™0(p%p*) does
not automatically preserve symplecticity. The remaining degree of freedom in ao; is precisely
what restores it. At the third order, the symplectic condition for do; reads:

as1 + &;1 = 2‘&02‘2 — 2|C~L20|2 (539)

which fixes the real part of dg; and leaves the imaginary part free (gauge choice). Following this
step, all the coefficients for the third order Normal Form ¥U®) are known. As we have shown,
the procedure is algorithmic and can be carried out to higher order, albeit with increasing
complexity in the expressions of the coefficients, @;, and wj. In the end, we obtain (explicitly):

VOL,0) = > am (™) = D0 Am(p) €™, and  21Q(D) = Y wi(pp*) . (5.40)

j+k<n j<n

where of course p = /21 '©. This procedure was carried out up to order 6 using PYTORI [3],
and the results are shown in Fig. 5.11 for the two Hénon maps shown previously in Fig. 5.10.
The interest of eq. (5.40) is that it provides a functional form (in I and ©) of the invariant
tori of the map, whereas the NAFF-based tori shown earlier in Fig. 5.10 need to be computed
separately from single-particle tracking. That being said, the two methods yield solutions
of different accuracy (numerical precision for NAFF and n'" order expansion for the normal form).

In Fig. 5.11(a), one can see that @(6)(1 ,©) breaks down beyond the separatrix, as illustrated
with the dashed-line tori. In fact, the continuity of the Normal Form does not extend smoothly
across the resonant gap (see Fig. 2.13 for details). This observation highlights the fact that
eq. (5.24) is essentially a Taylor expansion of the spectral coefficients A,,(I), centered around
po = 0. To obtain a proper Normal Form beyond the separatrix, one would need to look for a
new set of aj;, coefficients, centered on a pg lying beyond the resonance gap. In Fig. 5.11(b)
however, there are no low-order resonances and the Normal Form is a good approximation of
the tori up to the chaotic region.

— —— Normal Form (6" order)

0.8 0.8

Bl Bl
2 0 £ ool
zi ‘i
—0.81 —0.81
0.8 0.0 0.8 0.8 0.0 0.8
T [y/m] T [y/m]
(a) po =0.2071 (b) e = 0.2081

Figure 5.11: Normal Form (6" order) of the 2D Hénon map taken from Fig. 5.10.

(a) pe = 0.2071 and (b) p, = 0.2981. The functional form W) (I,0) provides an
approximate description of the eigensolutions, centered around the origin, pg = 0.
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Particle (Hénon) —— Normal Form (6" order)
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Figure 5.12: Comparison of the single-particle spectrum from the iterations of the map
(tracking) or the Normal Form expansion (6'" order). The particle was taken from the
second smallest torus next to the origin in Fig. 5.11(b). Although the topology of the torus
is well-accounted for, several spectral lines are missing due to the truncation at order 6.

The propagative procedure mentioned earlier might not be self-evident from this simple example,
since the global map can be written explicitly. That being said, in general we do not need the
global map in order to find the Normal Form. Using the algebraic rules presented in Chapter 3,
it becomes possible to transport ¥ and evaluate the dephasing condition on an arbitrary map
by sequentially applying the operators (element-by-element, using PYTORI [3]). This is what
was used here, even for the simple 2D Hénon map.

Although the Normal Form presented above provides a good description of the invariant tori,
the complete particle spectrum is naturally richer (the truncation is ultimately a truncation in
the spectral content). This is highlighted in Fig. 5.12, where we compare the single-particle
spectrum from the Hénon map with the Normal Form expansion. For reference, the particle
considered was taken from the second smallest torus next to the origin in Fig. 5.11(b). The
topology of the Normal Form is accurate, but several lines are still missing in the spectrum. This
observation suggests a different avenue, where one could combine both the functional strengths
of the Normal Form (¥(I,©)), and the practical strengths of a NAFF-based approach. The
challenge of the Normal Form, indeed, lies in the determination of the coefficients, which grow
in number as the truncation order is increased. Let us recall that the collapse of ¥(p) — ¥(O)
is always a straightforward operation (eq. (5.25)):

~ itk +m pta . . o
i (i) B,) = 3 {Ben QL)T QLTI GLp) =~ kmg) =7 o)
0 otherwise

Jklmpq

The inverse operation, however, is much more difficult. In general, the number of unknowns
jrmpq leading to any finite number of observable spectral lines Az leads to an undetermined
system of equations. That being said, using a few different particles with various actions f, one
could lift this limitation and obtain and overdetermined system of linear equations for @;u,,-
This approach could be a practical route to a numerical Normal Form — and, crucially, a way
to extend normal-form ideas to 6D, where purely analytic constructions are often impractical.



CHAPTER 6

Conclusion
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6.1 Closing Remarks

The motivation for this work stemmed from a persistent difficulty to understand non-linear
beam dynamics in a natural and effective way. Although the advanced theoretical tools available
— such as Resonance Driving Terms and Normal Form analysis — are undeniably powerful,
they are often disconnected from the intuitive (and pedagogically accessible) language of linear
optics. This gap between advanced theory and basic intuition makes it difficult to reconcile our
understanding of the motion when going beyond the Courant-Snyder regimes into non-linear
ones. Inspired by the works of E. Forest, A. Bazzani, J. Laskar, and A. Chao, this dissertation
explored a new perspective intended to reconnect the Courant-Snyder tradition with a complete
six-dimensional description of non-linear motion.

A striking observation, in more advanced theories, is the overwhelming reliance on perturbative
constructions. Coupling is often framed as an error spoiling an otherwise ideal FODO cell.
Frequencies are ambiguously referred to as either “bare tunes” or “eigentunes”, which can be
misinterpreted as a resonance, or even attributed to non-linear phenomena. Resonance Driving
Terms (in the form of exact RDTs or combined RDTs or n™ order RDTs) then appear as
perturbative corrections which tend to obscure the underlying geometry. Even the so-called
action, supposedly invariant, becomes a perturbation of the Courant—Snyder invariant and
is eventually replaced by empirical quantities measured in restricted subspaces of the full
six-dimensional phase space.

While we recognize the value of perturbative approaches, this work sought to establish a
description of non-linear motion exempt from perturbative artifacts, in hope of deepening our
understanding of beam dynamics.

6.1.1 A 6-dimensional framework

The notion of Hamiltonian flow proved to be a particularly natural concept for accelerator
physics: we design beam pipes, where particles flow through magnetic elements, undergoing a
sequence of symplectic transformations that globally define the map of the system. Building
upon this, the framework makes use of the general quasiperiodic expansions found in advanced
theories — and in the seminal works of Laskar, Forest, and Poincaré. This allows us to visually
represent the tori on which particles are confined. This topological interpretation restores
the action as a measurable area, both geometrically and numerically, and places the particle
spectrum at the center of the theory.

Naturally, the present work lays only the foundations for a truly comprehensive six-dimensional
description. The intricate interplay between longitudinal and transverse degrees of freedom, such
as synchro-betatron coupling and chromatic effects, was discussed primarily in the context of
drifts. However, a full exploration of these coupling effects from a topological standpoint remains
to be done. Nevertheless, the results obtained for the LHC demonstrate that six-dimensional
motion can indeed be reconstructed and studied within this formalism — a necessary first step
towards a deeper understanding of longitudinal stability in real machines. In this sense, the
formalism serves as both a conceptual and computational bridge between abstract Hamiltonian
theory and measurable accelerator observables.
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6.1.2 A tracking-oriented approach

Tracking codes such as XSUITE can simulate the long-term evolution of particles through billions
of turns with remarkable precision. Yet the theoretical interpretation of these results often
remains fragmented, largely due to their conceptual difference from the intuitive Courant—Snyder
picture. One of the aims of this dissertation was to provide a theoretical framework that renders
tracking results mathematically intelligible and provide an account of complex observables such
as the particle spectra. More than being a mere convenient numerical solution, this approach
is grounded in the fundamental limitations of Hamiltonian mechanics. We have shown that
the Baker—-Campbell-Hausdorff formula leaves us with only two options: to integrate an exact
Hamiltonian (a hopeless task, as E. Forest remarked) or to integrate a sequence of elementary
transformations. The latter, although approximate with regard to the former, reflects both
the physical and computational reality of tracking. Clarifying this conceptual framework is an
important step in a faithful description of non-linear motion. As S. Wolfram aptly observed,
“we have to live the steps; this is what makes the passage of time significant, and meaningful”.

Of course, this approach remains incomplete: collective effects and statistical distributions of
particles are not treated explicitly. Still, the framework provides a consistent foundation on
which such extensions could be built — a bridge between the microscopic motion of single
particles and the macroscopic collective behaviour of beams. This work still remains to be done.

6.1.3 A stability-based study

The entire dissertation revolved around the concept of stability. What was shown is our capacity
to describe and quantify regular motion through the geometry of KAM tori. In doing so, we
deliberately avoided discussing complex phenomena such as resonances or chaos; choosing instead
to focus first on what could be known and computed with precision. Although resonances can
be naturally treated as an extension of the present formalism, chaos itself remains elusive. In
this sense, the work stands on the shore of stability, away from the sea of chaos, which will need
to be tackled in future work. Far from being a limitation on the scope of the work, it appears
as a recognition that progress in understanding instability begins with a precise understanding
of stability itself.

6.1.4 Outlook and future work

We began the dissertation with a few open questions pertaining to the nature of KAM tori. By
now, at least two important ingredients should have been made clear. First, the fundamental
frequencies of KAM trajectories are fixed and well-defined. Second, the six-dimensional
trajectories can be described by a quasiperiodic expansion which yields the integrals of motion
and allows for insightful visualization of the tori, plane by plane. Building on these foundations,
several directions naturally emerge.

Emittance. Reviewing the concept of beam emittance in a six-dimensional phase space
appears necessary to deepen our understanding of conservation laws in beam dynamics. This
key observable bridges empirical measurements (the RMS area occupied by the beam) with
theoretical considerations. A more careful analysis of the expected emittance for realistic cases,
starting with linear coupled lattices [53], would be an important step towards more robust
diagnostics for future machines.
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Non-linear matching. Modern circular accelerators often face problems of “mismatch” when
injecting beams into non-linear lattices, leading to degradation of beam quality. Exploring
the process of non-linear matching — and understanding how beam distributions evolve over
time — could provide insight into particle diffusion and the development of non-Gaussian
distributions [27]. These questions are directly relevant for high-intensity colliders, where the
control of beam halo is critical.

Dynamic Aperture. In Chapter 5, we showed a strong correlation between the non-linear
residual and the dynamic aperture, suggesting that the residual could serve not only as a
diagnostic tool, but also as an optimization metric. It might therefore be possible to use the
KAM region to describe the region of stability, instead of relying on beam losses. Systematically
exploring this connection and integrating the residual into standard design workflows could
provide a powerful tool for future machines.

Experimental validation. Finally, the framework developed here has been applied exclusively
to tracking simulations. Extending the analysis to experimental turn-by-turn data — using
beam position monitors or other diagnostics — would provide an important validation and could
enable new forms of beam-based measurements for non-linear dynamics, similar to what has been
done with fixed lines [56]. In particular, connecting the visualization techniques introduced in
this dissertation to resonance driving terms could open new avenues for operational optimization.

These directions share a common aim: to bridge the quasiperiodic description of motion with
measurable observables used in the design and operation of realistic machines.

6.2 Summary

This dissertation proposes a way to present beam dynamics as a single coherent picture: analytic
and numerical, linear and non-linear, transverse and longitudinal — all standing on equal footing.
While substantial work remains to be done, the six-dimensional description introduced here
offers powerful visualization methods and new tools to inspect the non-linear world beyond what
was previously accessible. This work reaffirms that stability in accelerators is not restricted to
linear systems, but can be rigorously studied in non-linear ones as well. Ultimately, exploiting
the topological structure of phase space — building upon the corollaries of the KAM theorem —
stands as a guiding principle towards a deeper understanding of beam dynamics.



[16]

[17]
[18]

References

G. Tadarola, A. Abramov, P. Belanger, et al., “Xsuite: An Integrated Beam Physics
Simulation Framework”, in (Oct. 22, 2023), 10.18429/JACOW-HB2023-TUA2I1.

P. Belanger, K. Paraschou, G. Sterbini, et al., Nafflib: A Python Implementation of the Nu-
merical Analysis of Fundamental Frequencies Algorithm, https://pypi.org/project/nafflib/.

P. Belanger, Pytori: A Python Package for the Transport of Loops and Tori in Accelerator
Beam Lines, https://pypi.org/project/pytori/.

A. Wolski, Beam Dynamics in High Energy Particle Accelerators (Imperial College Press ;
Distributed by World Scientific, 2014).

J. Moser, “Is the Solar System Stable?”, Pauli lectures (1975).

J. D. Meiss, “Symplectic Maps, Variational Principles, and Transport”, Reviews of Modern
Physics 64, 795-848 (1992) 10.1103/RevModPhys.64.795.

J. Laskar, Frequency Map Analysis and Particle Accelerators, 2003, 10.1109/PAC.2003.
1288929.

P. Belanger and G. Sterbini, Numerical Evaluation of the Integrals of Motion in Particle
Accelerator Tracking Codes, 2025, 10.48550/arXiv.2503.19122.

E. Forest, “Geometric Integration for Particle Accelerators”, Journal of Physics A:
Mathematical and General 39, 5321-5377 (2006) 10.1088,/0305-4470/39/19/503.

A. Chao, “Slim: a Formalism for Linear Coupled Systems”, Chinese Physics C 33, 115-120
(2009) 10.1088/1674-1137/33/S2/030.

J. Laskar, “Introduction to Frequency Map Analysis”, in Hamiltonian Systems with Three
or More Degrees of Freedom (Springer Netherlands, 1999), 10.1007/978-94-011-4673-9 13.

J. Livingood, Principles of Cyclic Particle Accelerators (1961).

J. Laskar, C. Froeschlé, and A. Celletti, “The Measure of Chaos by the Numerical Analysis
of the Fundamental Frequencies. Application to the Standard Mapping”, Physica D:
Nonlinear Phenomena 56, 253-269 (1992) 10.1016/0167-2789(92)90028-L.

A. Franchi, L. Farvacque, F. Ewald, et al., “First Simultaneous Measurement of Sextupolar
and Octupolar Resonance Driving Terms in a Circular Accelerator from Turn-by-Turn
Beam Position Monitor Data”, Physical Review Special Topics - Accelerators and Beams
17, 074001 (2014) 10.1103/PhysRevSTAB.17.074001.

A. Bazzani, E. Todesco, G. Turchetti, et al., “A Normal Form Approach to the Theory
of Nonlinear Betatronic Motion”, Publisher: CERN, 10.5170/CERN-1994-002 (1994)
10.5170/CERN-1994-002.

E. Forest, “A Hamiltonian-Free Description of Single Particle Dynamics for Hopelessly
Complex Periodic Systems”, Journal of Mathematical Physics 31, 1133-1144 (1990)
10.1063/1.528795.

J. D. Jackson, Classical Electrodynamics, 3. ed. (Wiley, 2009).
G. Tadarola, Xsuite Physics Manual, https://xsuite.web.cern.ch (2023).


https://doi.org/10.18429/JACOW-HB2023-TUA2I1
https://doi.org/10.18429/JACOW-HB2023-TUA2I1
https://doi.org/10.1103/RevModPhys.64.795
https://doi.org/10.1103/RevModPhys.64.795
https://doi.org/10.1103/RevModPhys.64.795
https://doi.org/10.1109/PAC.2003.1288929
https://doi.org/10.1109/PAC.2003.1288929
https://doi.org/10.48550/arXiv.2503.19122
https://doi.org/10.1088/0305-4470/39/19/S03
https://doi.org/10.1088/0305-4470/39/19/S03
https://doi.org/10.1088/0305-4470/39/19/S03
https://doi.org/10.1088/1674-1137/33/S2/030
https://doi.org/10.1088/1674-1137/33/S2/030
https://doi.org/10.1088/1674-1137/33/S2/030
https://doi.org/10.1007/978-94-011-4673-9_13
https://doi.org/10.1007/978-94-011-4673-9_13
https://doi.org/10.1007/978-94-011-4673-9_13
https://doi.org/10.1016/0167-2789(92)90028-L
https://doi.org/10.1016/0167-2789(92)90028-L
https://doi.org/10.1016/0167-2789(92)90028-L
https://doi.org/10.1103/PhysRevSTAB.17.074001
https://doi.org/10.1103/PhysRevSTAB.17.074001
https://doi.org/10.1103/PhysRevSTAB.17.074001
https://doi.org/10.5170/CERN-1994-002
https://doi.org/10.5170/CERN-1994-002
https://doi.org/10.5170/CERN-1994-002
https://doi.org/10.1063/1.528795
https://doi.org/10.1063/1.528795

102

Topological Formulation of Beam Dynamics

J. Laskar, “Large Scale Chaos and Marginal Stability in the Solar System”, Celestial
Mechanics and Dynamical Astronomy 64, 115-162 (1996) 10.1007/BF00051610.

A. Chao, “Chaos in Accelerators”, SLAC-PUB-8144, 10078 (1999) 10.2172/10078.
G. Gallavotti, Quasi Periodic Motions from Hipparchus to Kolmogorov, June 28, 1999.

1. C. Percival, “Chaos in Hamiltonian Systems”, Proceedings of the Royal Society of London.
A. Mathematical and Physical Sciences 413, 131-143 (1987) 10.1098 /rspa.1987.0105.

H. Poincaré, “Sur Le Probléme Des Trois Corps”, Bulletin astronomique 8, 12-24 (1891)
10.3406/bastr.1891.10419.

M. Hénon, “Numerical Study of Quadratic Area-Preserving Mappings”, Quarterly of
Applied Mathematics 27, 291-312 (1969) 10.1090/qam/253513.

M. Hénon and C. Heiles, “The Applicability of the Third Integral of Motion: Some
Numerical Experiments”, The Astronomical Journal 69, 73 (1964) 10.1086/109234.

S. Wolfram, “How to Think Computationally about AI, the Universe and Everything”,
Stephen Wolfram Writings (2023).

C. E. Montanari, “Diffusive Models and Chaos Indicators for Non-Linear Betatron Motion
in Circular Hadron Accelerators”, PhD thesis (2023).

J. Laskar, “Frequency Analysis for Multi-Dimensional Systems. Global Dynamics and
Diffusion”, Physica D: Nonlinear Phenomena 67, 257-281 (1993) 10.1016/0167-2789(93)
90210-R.

J. Masoliver and A. Ros, “Integrability and Chaos: The Classical Uncertainty”, European
Journal of Physics 32, 431-458 (2011) 10.1088/0143-0807/32/2/016.

A. Chao, “SLIM: An Early Work Revisited”, EPAC (2008).

C. E. Mitchell, R. D. Ryne, K. Hwang, et al., “Extracting Dynamical Frequencies from
Invariants of Motion in Finite-Dimensional Nonlinear Integrable Systems”, Physical Review
E 103, 062216 (2021) 10.1103/PhysRevE.103.062216.

E. Courant and H. Snyder, “Theory of the Alternating-Gradient Synchrotron”, Annals of
Physics 3, 1-48 (1958) 10.1016/0003-4916(58)90012-5.

J. Vervaeke and J. M. Kennedy, “Metaphors in Language and Thought: Falsification
and Multiple Meanings”, Metaphor and Symbolic Activity 11, 273-284 (1996) 10.1207/
s15327868ms1104_ 3.

J. Vervaeke and J. M. Kennedy, “Conceptual Metaphor and Abstract Thought”, Metaphor
and Symbol 19, 213-231 (2004) 10.1207/s15327868ms1903__3.

A. Chao, “Lie Algebra”, in Special Topics in Accelerator Physics (World Scientific, Nov. 30,
2021), pp. 134-327, 10.1142/9789811253508__0004.

A. J. Dragt, “An Overview of Lie Methods for Accelerator Physics”, Proceedings of PAC
(2013).

M. Berz, Modern Map Methods in Particle Beam Physics, Vol. 108 (1999), 10.1016/S1076-
5670(08)70227-1.

M. Berz, “Differential Algebraic Description of Beam Dynamics to Very High Orders”,
Part. Accel. 24, 109-124 (1989).

E. Forest and R. D. Ruth, “Fourth-Order Symplectic Integration”, Physica D: Nonlinear
Phenomena 43, 105-117 (1990) 10.1016/0167-2789(90)90019-L.


https://doi.org/10.1007/BF00051610
https://doi.org/10.1007/BF00051610
https://doi.org/10.1007/BF00051610
https://doi.org/10.2172/10078
https://doi.org/10.2172/10078
https://doi.org/10.1098/rspa.1987.0105
https://doi.org/10.1098/rspa.1987.0105
https://doi.org/10.1098/rspa.1987.0105
https://doi.org/10.3406/bastr.1891.10419
https://doi.org/10.3406/bastr.1891.10419
https://doi.org/10.1090/qam/253513
https://doi.org/10.1090/qam/253513
https://doi.org/10.1090/qam/253513
https://doi.org/10.1086/109234
https://doi.org/10.1086/109234
https://doi.org/10.1016/0167-2789(93)90210-R
https://doi.org/10.1016/0167-2789(93)90210-R
https://doi.org/10.1016/0167-2789(93)90210-R
https://doi.org/10.1088/0143-0807/32/2/016
https://doi.org/10.1088/0143-0807/32/2/016
https://doi.org/10.1088/0143-0807/32/2/016
https://doi.org/10.1103/PhysRevE.103.062216
https://doi.org/10.1103/PhysRevE.103.062216
https://doi.org/10.1103/PhysRevE.103.062216
https://doi.org/10.1016/0003-4916(58)90012-5
https://doi.org/10.1016/0003-4916(58)90012-5
https://doi.org/10.1016/0003-4916(58)90012-5
https://doi.org/10.1207/s15327868ms1104_3
https://doi.org/10.1207/s15327868ms1104_3
https://doi.org/10.1207/s15327868ms1104_3
https://doi.org/10.1207/s15327868ms1903_3
https://doi.org/10.1207/s15327868ms1903_3
https://doi.org/10.1207/s15327868ms1903_3
https://doi.org/10.1142/9789811253508_0004
https://doi.org/10.1142/9789811253508_0004
https://doi.org/10.1016/S1076-5670(08)70227-1
https://doi.org/10.1016/S1076-5670(08)70227-1
https://doi.org/10.1016/0167-2789(90)90019-L
https://doi.org/10.1016/0167-2789(90)90019-L
https://doi.org/10.1016/0167-2789(90)90019-L

6.2. Summary 103

H. Yoshida, “Construction of Higher Order Symplectic Integrators”, Physics Letters A
150, 262-268 (1990) 10.1016,/0375-9601(90)90092-3.

O. Gilanliogullari, B. Mustapha, and P. Snopok, A Formalism for the Transport and
Matching of Coupled Beams in Accelerators, May 13, 2025, 10.48550/arXiv.2505.08987.

A. Chao, “Phase Space Gymnastics”, Proceedings of the 13th Symposium Acc. Phys.,
10.18429/JACOW-SAP2017-MOCH1 (2018) 10.18429/JACOW-SAP2017-MOCHI1.

E. Forest, “Analytical Computation of the Smear”, SSC-95, 6750681, ON: DE90014100
(1986) 10.2172/6750681.

J. Bengtsson and J. Irwin, “Analytical Calculations of Smear and Tune Shift”, SSC-232,
6876278, ON: DE90013770 (1990) 10.2172/6876278.

M. A. Furman and S. G. Peggs, “A Standard for the Smear”, SSC-N—-634 (1989).

P. Belanger, R. Baartman, D. Kaltchev, et al., “A Topological Approach to the Problem
of Beam-Beam Compensation”, Beam-Beam Workshop (2024).

K. Skoufaris, S. Fartoukh, Y. Papaphilippou, et al., “Numerical Optimization of DC Wire
Parameters for Mitigation of the Long Range Beam-Beam Interactions in High Luminosity
Large Hadron Collider”, Physical Review Accelerators and Beams 24, 074001 (2021)
10.1103/PhysRevAccelBeams.24.074001.

W. Herr, “Beam-Beam Effects in the LHC”, in International Workshop on Collective
Effects in Large Hadron Colliders, Vol. 50 (1995), pp. 69-81.

W. Herr, X. Buffat, R. Calaga, et al., “Long-range beam—beam effects in the LHC”, in Mini-
Workshop on Beam-Beam Effects in Hadron Colliders (2013), 10.5170/CERN-2014-004.87.

J. Koutchouk, “Correction of the long-range beam-beam effect in LHC using electro-
magnetic lenses”, in PACS2001. Proceedings of the 2001 Particle Accelerator Conference
(Cat. No.01CH37268), Vol. 3 (2001), pp. 1681-1683, 10.1109/PAC.2001.987147.

F. Zimmermann, “10 Years of Wire Excitation Experiments in the CERN SPS”, in
Proceedings of the ICFA Mini-Workshop on Beam—Beam Effects in Hadron Colliders,
Publisher: CERN (2013), 10.5170/CERN-2014-004.153.

S. Fartoukh, A. Valishev, Y. Papaphilippou, et al., “Compensation of the Long-Range
Beam-Beam Interactions as a Path Towards New Configurations for the High Luminosity
LHC”, Physical Review Special Topics - Accelerators and Beams 18, 121001 (2015)
10.1103/PhysRevSTAB.18.121001.

A. Franchi, E. Métral, and R. Tomas, “Emittance Sharing and Exchange Driven by Linear
Betatron Coupling in Circular Accelerators”, Physical Review Special Topics - Accelerators
and Beams 10, 064003 (2007) 10.1103/PhysRevSTAB.10.064003.

R. T. S. Garcia, “Direct Measurement of Resonance Driving Terms in the Super Proton
Synchrotron (SPS) of CERN using Beam Position Monitors”, PhD thesis (2003).

D. E. Veres, A. Bazzani, F. Capoani, et al., “Xnlbd: a New Python Package for the
Analysis of Non-linear Beam Dynamics Phenomena”, Journal of Physics: Conference Series
3094, 012038 (2025) 10.1088/1742-6596/3094/1/012038.

H. Bartosik, G. Franchetti, and F. Schmidt, “Observation of Fixed Lines Induced by a
Nonlinear Resonance in the Cern Super Proton Synchrotron”, Nature Physics 20, 928-933
(2024) 10.1038/s41567-023-02338-3.


https://doi.org/10.1016/0375-9601(90)90092-3
https://doi.org/10.1016/0375-9601(90)90092-3
https://doi.org/10.1016/0375-9601(90)90092-3
https://doi.org/10.48550/arXiv.2505.08987
https://doi.org/10.18429/JACOW-SAP2017-MOCH1
https://doi.org/10.18429/JACOW-SAP2017-MOCH1
https://doi.org/10.18429/JACOW-SAP2017-MOCH1
https://doi.org/10.18429/JACOW-SAP2017-MOCH1
https://doi.org/10.2172/6750681
https://doi.org/10.2172/6750681
https://doi.org/10.2172/6750681
https://doi.org/10.2172/6876278
https://doi.org/10.2172/6876278
https://doi.org/10.2172/6876278
https://doi.org/10.1103/PhysRevAccelBeams.24.074001
https://doi.org/10.1103/PhysRevAccelBeams.24.074001
https://doi.org/10.5170/CERN-2014-004.87
https://doi.org/10.5170/CERN-2014-004.87
https://doi.org/10.5170/CERN-2014-004.87
https://doi.org/10.1109/PAC.2001.987147
https://doi.org/10.1109/PAC.2001.987147
https://doi.org/10.1109/PAC.2001.987147
https://doi.org/10.5170/CERN-2014-004.153
https://doi.org/10.5170/CERN-2014-004.153
https://doi.org/10.1103/PhysRevSTAB.18.121001
https://doi.org/10.1103/PhysRevSTAB.18.121001
https://doi.org/10.1103/PhysRevSTAB.10.064003
https://doi.org/10.1103/PhysRevSTAB.10.064003
https://doi.org/10.1103/PhysRevSTAB.10.064003
https://doi.org/10.1088/1742-6596/3094/1/012038
https://doi.org/10.1088/1742-6596/3094/1/012038
https://doi.org/10.1088/1742-6596/3094/1/012038
https://doi.org/10.1038/s41567-023-02338-3
https://doi.org/10.1038/s41567-023-02338-3
https://doi.org/10.1038/s41567-023-02338-3




Publications






Paper |

JACoW Publishing: IPAC 2023






Paper | — IPAC 2023

109

BEAM-BEAM LONG-RANGE WIRE COMPENSATORS IN LHC RUN 3*

P. Bélangerf’l, R. Baartman, D. Kaltchev, TRIUMF, Vancouver, Canada
G. Sterbini, CERN, Geneva, Switzerland
Ialso at University of British Columbia, Vancouver, Canada.

Abstract

Beam-beam effects are known to undermine the perfor-
mance of the LHC during proton-proton collisions. In order
to enhance the luminosity production and increase the tol-
erance of the working point of the machine after the High
Luminosity upgrade of the LHC, it is relevant to study the
possibility of using current-carrying wires to compensate
long-range beam-beam effects. Following proof of principle
studies in LHC Run 2, beam-beam wire compensators em-
bedded in the collimators of the LHC are used in standard
operation since the start of Run 3. In this paper, a figure of
merit quantifying the efficiency of luminosity production
is introduced and measurements from LHC Run 3 are pre-
sented. Bunch-by-bunch data is used to demonstrate the
successful compensation of beam-beam effects in the LHC.

INTRODUCTION

In circular colliders, the non-linear electromagnetic inter-
action between two colliding beams significantly perturbs
the beam dynamics, which is known as the beam-beam (BB)
effect [1]. For high beam intensity and small beam-beam
separation (or small crossing angle), beam-beam effects are
known to become an important limiting factor for luminosity
production [2]. In the Large Hadron Collider (LHC) the two
beams share a common beam pipe around the interaction
points (IPs), where several proton bunches collide based on
a specific filling scheme. The head-on (HO) interactions,
when two bunches collide, are necessary for luminosity pro-
duction. On the contrary, long-range (LR) interactions take
place on both sides of the IPs, where the beams are sepa-
rated by several transverse sigmas. These interactions, akin
to multipolar errors, occur several times (= 40) per IP for
each bunch and strongly contribute to the tune-spread, even-
tually leading to the development of instabilities, proton
losses and the reduction of dynamic aperture [3-5].

Following a proposal to use current-carrying wires to
compensate BBLR interactions [6], beam-beam compensa-
tion wires (BBCW) were first installed in the SPS [7] and
eventually in the LHC [8], alongside theoretical progress
regarding the optimal compensation scheme to adopt [9].
In 2018, the first results of BBCW operation in the LHC
were recorded in a machine development experiment [10,
11]. This proof-of-principle study allowed using the BBCW
prototypes in standard operation during the first months of
LHC Run 3, an essential step in order to gather operational
experience for future BBCW operation in HL-LHC.

* Work supported by the High Luminosity Large Hadron Collider project.
The authors would like to thank the Machine Development team, the LHC
Operation team as well as the HL-LHC Management for their support.

T pbelanger@triumf.ca or philippe.belanger @cern.ch

In this paper, the burn-off efficiency is introduced as a
novel figure of merit to discuss luminosity production in the
LHC, and experimental BB compensation results from Run
3 are presented. Results from a follow-up study to the afore-
mentioned machine development experiment are presented
and compared to operational observations of successful BB
compensation. The bunch-by-bunch signature of BB-driven
losses is also presented and discussed.

WIRE COMPENSATORS IN RUN 3

1 H]ELRI X IBH].R VV 1r'¢
s (m) _
—150 —75 0 75 150

Figure 1: BBCW layout for LHC Run 3 around IP1 and IP5.

The wire compensators for LHC Run 3 (2022) are BBCW
prototypes, comprised of 2 copper wires per beam and per IP
around IP1 and IP5 (ATLAS and CMS), as depicted schemat-
ically in Fig. 1. The wires are lying in the crossing plane
of each IP, vertically and horizontally, for IP1 and IP5 re-
spectively. To facilitate the ad hoc movement of the wires as
well as the machine protection requirements of such devices,
the BBCW prototypes are embedded directly in the jaw of
the tertiary collimators of the collimation system [8]. Since
the condition for optimal compensation (8. /8, aspect ratio,
beam-wire distance, etc.) are not met with this in-jaw BBCW
installation, the wires are installed in pairs, on both sides
of the beam. This allows to compensate the BBLR leading
order effect, which is an octupole-like tune-spread [9]. The
limitations of the present BBCW prototypes have been under
review since the start of Run 3 and could be addressed in
the HL-LHC era via the installation of standalone BBCW
assemblies at specific locations on both sides of the IPs [12].

BBCW Commissioning

At the end of 2022, the BBCW were commissioned to
be used during regular LHC operation, alongside the inten-
sity ramp-up of the machine. The commissioning consisted
mainly in validating the 5" axis alignment of the BBCW
using the collimator alignment system and to implement a
tune feed-forward system to compensate the quadrupole-like
tune-shift caused by the wires. This was done using the trim
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quadrupoles on both sides of each IP. Following a successful
commissioning period of about two weeks, the wires were
routinely used at the end of regular proton-proton physics
fills with constant 8* of 30 cm, once a satisfying level of
integrated luminosity had been cumulated for the fill. The
BBCW were used for several hours over more than 60 fills,
where the main objective was to study the impact on the
beam and to optimise the orchestration of BBCW operation
during the regular LHC cycle. In total, 6 beam dumps were
related to BBCW operation: 4 of them related to an excessive
leakage current (earth fault) from the power supply, showing
a clear weakness of the present in-jaw prototypes. No beam
dumps have been related to beam instabilities caused by the
operation of the wires. Following the earth fault dumps, the
BBCW of Beam 2 were successfully repaired to be used for
the rest of Run 3. However, the BBCW of Beam 1 are no
longer operational. As such, the rest of the paper will focus
exclusively on Beam 2 BBCW operation.

FIGURE OF MERIT FOR LUMINOSITY

A common figure of merit used to quantify the condition
of the LHC is the lifetime of the beam. It provides impor-
tant information for the LHC as a storage ring, but does
not inform about the luminosity production of the collider.
Instead, it is more appropriate to define the instantaneous
burn-off efficiency 7, following:

_ | aN|
"= dt bo dt total -

where [%]total and [‘fl—]y]bo are the total and burn-off losses,
N is the beam intensity, £ = ¥ ips Lip is the total luminosity
of the collider, Ry is the loss rate from non-burn-off losses
and o}, = 80 mb is the accepted value for the cross section
of proton-proton collisions at 7 TeV. The efficiency is similar
to the effective cross section o = % [GPPL + RN ] used
in previous work [10, 11]. One can note that n = o,/ 0ef-
To optimise luminosity production, a well-behaved machine
needs to lose most of its protons to collisions, i.e. n — 1.
Assuming small R, over a short period of time compared
to the length, 7', of luminosity production for a fill, one can
show that the relative gain in integrated luminosity, G, scales
with the integral of 7(¢), or more precisely:

T
. / (— - 1) dt )
o \n
where ro = 0p,pLo/No is a constant which depends on the
initial conditions (with units of s™!). Alternatively, one can

see that (l] - 1) = RN

7 opp L

oppL

oopL + RN W

r0T+2
r0T+1

G~—r0[

corresponds to the luminosity-
normalized losses of the machine. For example, if n = 0.5
for 30 minutes in typical LHC conditions (Ng = 2400 - 1.3 X
10" p* and £y = 2 x (2.2 x 10** Hz/cm?)), the change in
integrated luminosity is G ~ =3 % for 7 = 10 h. Hence, the
experimental efficiency is to be discussed on the basis of its
deviation from 1 = 1 over a certain period of time.
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EXPERIMENTAL RESULTS

Building up on a previous study from 2018 [10] and fol-
lowing the successful use of BBCW in standard LHC opera-
tion in 2022, a dedicated machine development experiment
was realized to study BB compensation in a beam-beam dom-
inated regime. For this experiment (fill 8348), the bunch
intensity was increased, the crossing angle was reduced, and
the filling scheme was modified to mitigate electron cloud
formation by colliding isolated trains [13]. The beam param-
eters used for the machine development (MD) experiment
are summarized in Table 1 and compared to a typical op-
erational case. Fill 8120 was chosen as a case study for
standard operation since it is representative of the general
observations from the first months of operation in Run 3.

Table 1: LHC conditions for the machine development ex-
periment and the operational fill at the start of Run 3.

Parameter MD Operational Fill
Wire current Iy 350 350 (A)
Wire pos. IP1[IP5 d,, 9.2[124 92124 (mm)
Beam Energy E 6.8 6.8 (TeV)
Bunch intensity N, 1.4 x 10" 1.0 x 10!! (p*/b)
Beta at the IP B* 30 30 (cm)
Half-crossing 0./2 130-160 160 (urad)
Num. of bunches  ny, 158 2413

Bunches per train 48 48

During the machine development experiment, the half-
crossing angle was reduced in steps, from 160 prad to
130 prad. Meanwhile, the BBCW of IP1 and IP5 were cy-
cled together to their maximum current of 350 A. The filling
pattern was chosen such that isolated trains of 48 bunches
were colliding exclusively in IP1 and IP5. The measured
burn-off efficiency for Beam 2 is reported in Fig. 2 on a
bunch-by-bunch basis. Calibrated diamond beam loss moni-
tors (dABLMs) [14] were used to evaluate the Ry N term of
eq. (1) and the bunch-by-bunch luminosity was taken from
the ATLAS/CMS measurements. From the color code, one
can see that the efficiency scales with the effective number
of BBLR interactions, used to quantify the BB strength expe-
rienced by the different bunches of a train. This quantity is
discussed in more details in the following section, alongside
the interpretation of the results.

Figure 2 also shows the clear reduction of the efficiency
with the crossing angle, as expected due to the scaling of
BB effects with beam-beam separation. One can see that the
efficiency tends to slowly improve over time on a time scale
of about 30 — 60 min. With every cycle of the BBCW, the ef-
ficiency improves instantaneously to reach 0.95 and returns
to its prior state when the BBCW are powered-off. Moreover,
the variation between the bunches of a train is dramatically
reduced when the wire compensators are powered: bunches
with a high number of BBLR encounters reach a similar effi-
ciency as the other bunches. A similar behaviour is observed
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Figure 2: Bunch-by-bunch efficiency measured during the machine development study, fill 8348, and the operational fill
8120. The effective number of BBLR interactions is shown with the color code. The powering of the BBCW is shown with
the green areas and the half-crossing angle is shown in red. All axes are using the same scales for both plots.

with the operational case study, albeit with more variability
in the bunch-by-bunch response. The difference in clarity of
the signal is attributed to the filling pattern of the operational
case. Indeed, contrarily to the MD, the operational case in-
cluded series of 5 trains of 48 bunches. With such a filling
pattern, bunches from successive trains interact together in
both IPs via BBLR interactions and electron-cloud build-up
along the trains. This situation is fundamentally different
from the machine development experiment, where isolated
trains were used to mitigate electron-clouds.

Bunch-by-Bunch Signature

The relationship between beam-beam effect and beam
losses is not straightforward. For this reason, it is relevant
to consider the variation of efficiency (or losses) between
different bunches of a given train, hereby referred to as the
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Figure 3: Bunch-by-bunch normalized losses measured dur-
ing the machine development study, fill 8348, and the oper-
ational fill 8120. The red and green dots show the average
losses 5 min before and 5 min after powering-on the BBCW.

bunch-by-bunch signature. Indeed, despite the complexity
of the experimental observations and the experimental un-
knowns, the relative behaviour within a train can be studied
in detail. To quantify the BB strength, the area A (in tune
space) of the octupole-like tune-spread experienced by a
given bunch due to all long-range encounters is used. One
can define the effective number of BBLR encounters, nig
to be proportional to A following:

nh=A. ln;‘;‘d / ﬂmid] )

where n'L‘:d is the number of long-range encounters expe-
rienced by the middle bunch of the train and A™ is the
octupole-like tune-spread area for that bunch. In Fig. 3,
experimental observations are compared to the expected sig-
nature for ni‘: assuming that A is an adequate indicator of
BB strength. As one can see from the machine development
data, important experimental features of the bunch-by-bunch
signature are seen before (a plateau) and around the middle
(local maxima) of the train. Similar observations have also
been reported in the past [5], but have not yet been fully
explained.

SUMMARY

This paper presents experimental results from Run 3,
showing a successful compensation of the BB effect using
BBCW prototypes in the LHC. A novel figure of merit quan-
tifying the efficiency of luminosity production is presented.
Using this metric, results from a machine development study
in a beam-beam dominated regime are presented, showing
clear BB compensation. The results are compared to an
operational fill, in which a compensation is also observed,
despite the presence of important electron-cloud effects. Fi-
nally, the bunch-by-bunch signature of beam losses along a
train is presented and compared to the area of BB-related
tune-spread in tune space. It is believed that the visible fea-
tures of the bunch-by-bunch signature could be exploited in
the future, due to their intrinsic link to the BB effect.
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Abstract

Recent experimental measurements in the Large Hadron
Collider (LHC) have shown a clear correlation between
beam-beam resonance driving terms and beam losses, with
a characteristic bunch-by-bunch signature. This observation
creates interesting conditions to study diffusive processes.
Over the past few decades, early chaos indicators, frequency
map analysis and dynamic aperture studies have been com-
monly used to study particle stability in circular machines.
However, the underlying mechanisms driving particles to
large amplitudes in the presence of high order resonances is
still an open question. Leveraging on years of development
on particle tracking tools, this paper presents full-fledged
6-dimensional bunch-by-bunch beam loss simulations in the
LHC. The computed loss rates are shown to be in agreement
with experimental observations from LHC Run 3.

INTRODUCTION

Maximizing the beam lifetime is a critical task for the
optimal operation of storage rings and circular colliders like
the Large Hadron Collider (LHC). In recent years, particle
stability in circular machines has been extensively studied
with chaos indicators, frequency map analysis and dynamic
aperture studies [1]. However, the underlying mechanisms
driving particles to large amplitudes in presence of high
order resonances is still an open question [2, 3]. No simple
model exists to describe the effect of beam perturbations on
the slow loss of particles over time. This conceptual gap can
be attributed, on one hand, to the fundamental limitations
in fully describing chaotic systems via closed form equa-
tions outside of particle tracking codes [4], and on the other
hand, to the extensive computational resources required to
study a system like the LHC over any meaningful period
of time. Indeed, a realistic scenario would need to include
10 particles tracked over several tens of thousands of ac-
celerator components for 10* turns in order to study a single
second of LHC operation. To understand the steady state
losses taking place after hours of operation, the number of
turns would need to be increased by three orders of magni-
tude. That being said, following decades of progress in the
development of symplectic particle tracking codes [5] and
the modernization of computational tools, more complete
simulations are now within reach.

* Work supported by the High Luminosity Large Hadron Collider project.
The authors would like to thank the Machine Development team, the LHC
Operation team as well as the HL-LHC Management for their support.

T philippe.belanger@cern.ch

In principle, diffusive models offer a promising avenue to
describe slow particle losses over long periods of time by
describing the behaviour of an ensemble of particles directly.
Such models have already been fitted to experimental
data [6, 7], but a direct correlation between diffusive
parameters and the underlying machine parameters (such
as the resonant driving terms (RDTs)), remains to be
done [8, 9]. In this regard, realistic full-fledged beam loss
simulations offer an ideal framework to validate diffusive
models by having access to both the machine parameters
and the ensuing beam losses. Moreover, in order to consider
both the transverse and longitudinal dynamics in a complex
6-dimensional (6D) system like the LHC, full-fledged
tracking simulations appear as the only solution allowing to
include high-order non-linear elements without resorting to
drastic approximations.

In 2022, the precise measurement of the characteristic
bunch-by-bunch signature coming from the beam-beam ef-
fect was carried out in the LHC [10]. This observation offers
the ideal starting point to validate full-fledged beam loss sim-
ulations, as proposed in this paper. In the following sections,
beam-beam effects will be briefly introduced, the simulation
tools will be explained and the resulting bunch-by-bunch
losses will be presented.

BEAM-BEAM EFFECTS

Alongside electron cloud effects, the main source of non-
linearities in the LHC is the beam-beam (BB) effect, com-
ing from the electromagnetic interaction between the two
counter-rotating beams. Around the interaction points (IPs),
the two beams share a common beam pipe and perturb one
another. Head-On (HO) collisions take place at the center
of the IPs, whereas Long-Range (LR) interactions are dis-
tributed on both sides of the IPs. These interactions, akin
to multipolar errors, occur several times (x40) per IP for
each bunch and strongly contribute to high-order resonances,
eventually leading to the development of diffusive processes
and proton losses. The beam-beam long-range (BBLR) kick
can be included in tracking simulations via a weak-strong
model [11], where a given (weak) bunch is subject to a static
(strong) BBLR element for every BBLR encounter. Not all
bunches of a train experience the same number of BBLR in-
teractions as they cross the interaction regions (IRs), because
of different encounter schedule with the bunches of the op-
posite beam. As a result, every bunch needs to be tracked in
a different effective lattice to account for beam-beam effects.
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Figure 1: Evolution of the normalized intensity as a function of time for 48 bunches in the LHC, tracked for 2 x 10° turns.
The particle distribution is Gaussian (¢ = 1) and the collimators are fixed at 5 oo, in all planes. The number of long-range
interactions experienced by each bunch is shown with the color code.

SIMULATION STRATEGY

In the last few years, significant efforts have been made at
CERN to develop and consolidate a modernized software
for multi-physics simulations in particle accelerators.
Xsuite [12] was developed to replace several programs
(COMBI, PyHeadTail, Sixtrack, Sixtrack-lib, MAD-X,
etc.) and unify them under a common framework. More
importantly, it supports different computing platforms
and allows the use of Graphics Processing Units (GPUs),
which can be used to parallelize computations and speed up
simulations by orders of magnitude [13]. By leveraging on
such a tool, is it now possible to track tens of thousands of
particles over a few million turns in about 15 h of computa-
tion time'. Despite these improvements, the sampling of a
6-dimensional phase space with a few thousand particles
is extremely sparse and additional strategies need to be
employed to obtain practical results, as described below.
The simulation parameters, shown in Table 1, were chosen
to match the LHC operational conditions from an ad hoc
fill (Fill 8348) in order to compare the simulation results
with the experimental data collected during that fill.

Table 1: Simulation Parameters, Chosen to Match Fill 8348.

Parameter Value Unit
Beam Energy E 6.8 (TeV)
Bunch intensity Np 1.4x 10" (p*/b)
Emittance Ex, Ey 2.0 (um)
Beta at the IP B 30 (cm)
Half-crossing 0./2 130 (urad)
Octupoles Lot 430 (A)
Tune 0.0y, (62.31,60.32)
Chromaticity ~ AQ,,AQ, 15

! Computation done using the NVIDIA A100 40GB GPU

To study the bunch-by-bunch losses, a single train of 48
bunches meeting in IP1 (ATLAS experiment) and IPS (CMS
experiment) was considered. For each bunch, the encounter
schedule with the other beam was computed to determine
the location and the strength of the BBLR interactions to be
included in the effective lattice of the bunch.

Particle Distribution

Since beam losses are computed by counting the number
of particles hitting the collimators, the particle distribution
considered is of prime importance and a realistic distribution
needs to be used. However, typical Gaussian-like particle
distributions are highly inefficient to track, since most parti-
cles are close to the origin and will survive a large number
of turns. Moreover, because of the heavy computational
time, repeating the simulation to test various distributions
becomes impractical. In order to solve both of those
problems, the particles were distributed uniformly inside the
volume of a 6D hypersphere in the normalized phase space.
This choice of distribution allows to sample the entire
phase space as densely as possible and to later re-weight
the particles with the desired probability density function
in post-processing, without needing to repeat the tracking.
As such, the 25,000 particles tracked for each bunch were
used to sample the phase space and the final losses were
inferred after resampling the hypersphere distribution with a
realistic distribution (1.4x 10! particles) in post-processing.

Typical particle distributions in the LHC have been ob-
served to follow the heavy-tail g-Gaussian [14, 15], for which
the beam profile in a given plane follows:

2/ (52(5 —
Fip () = eq(=x/(ox(5 3q))),
CyVo2(5-3q)

for1 < g <5/3,

where C, is a normalization constant, 0')% is the variance and
eg(x) = (1+(1- q)x)l/(l_q) when g > 1. When g = 1,
e4(x) = e* and the q-Gaussian becomes a regular Gaussian
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Figure 2: Bunch-by-bunch average loss rate over the full

simulation window for different q-Gaussian distributions.

The experimental data from Fill 8348 is shown and compared
to the best match obtained when allowing g (+0.01 shaded
area) to vary between the bunches.

distribution. The 4D elliptically-symmetric generalization
of this distribution [16] was used for the transverse plane and
a 2D multivariate Gaussian was used for the longitudinal
plane, assumed to be independent from the transverse one.

Beam Aperture

To compute the losses, the three primary collimators of
the LHC (horizontal, vertical and skew collimators) were
considered as the beam aperture. Similarly to the particle
distribution, the computations were done in post-processing
after tracking the particles. To do so, the maximum excursion
of each phase space variable was binned every 10,000 turns
and recorded for every particle, allowing to infer whether
or not the particle would hit one of the three collimators,
placed at an arbitrary position over time. The advantages
of this method are twofold. First, the disk space required
to store the data is reduced by a factor 10*. Second the
aperture can be moved over time in the transverse plane to
study collimator scraping, once again in post-processing,
without having to repeat the simulation. The large binning
considered reduces the time resolution of the losses, which
was deemed acceptable to study slow diffusive losses in the
context of this paper.

BUNCH-BY-BUNCH LOSSES

After tracking the particles for each bunch, the losses
were computed with the collimators at 5 oy, in each plane,
where oo is the nominal sigma value, computed with the
nominal emittance of 3.5 um. The evolution of the intensity
over time is shown for each of the 48 bunches on Fig. 1
for the case of a Gaussian beam (¢ = 1). The loss rate
evolves rapidly in the first few seconds of the simulation
and stabilizes by the end of the time window. A longer
simulation window would be preferable to model realistic
beam losses accurately. One way to accelerate the process is
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Figure 3: Bunch-by-bunch g-Gaussian parameter, g (+0.01
shaded area), for the best fit with the experimental data.

to bring the collimators at 4 oy, for the first 10,000 turns,
before retracting them to 5 oo afterwards to measure the
losses. This procedure aims at mimicking the numerous
perturbations cleaning the beam over the several hours of
typical operation. The next results were obtained following
this aforementioned procedure.

In Fig. 2, the bunch-by-bunch loss rate is compared to the
experimental data from Fill 8348 for different q-Gaussian
distributions. Even for the most conservative distribution
(6D Gaussian, g = 1), the results are in agreement with the
experimental data, both in terms of the order of magnitude
of the loss rates and in terms of the bunch-by-bunch signa-
ture. However, the precise value of the bunch-by-bunch loss
rate depends on several parameters, such as the bunch-by-
bunch intensity, emittance, g-value and the parameters of the
bunches from the other beam. To highlight this effect, the
particle distribution was allowed to vary separately for each
bunch by changing the g-value, while keeping the bunch
intensity and emittance constant. By doing so, the agree-
ment with the experimental data is found to improve, and the
g-value for each bunch is reported in Fig. 3. These results
suggest that with all free parameters held constant between
the bunches, the loss rate is underestimated for bunches with
a few BBLR interactions and overestimated for bunches with
numerous BBLR interactions.

SUMMARY

This paper presents simulation strategies to allow for full-
fledged 6-dimensional bunch-by-bunch beam loss simula-
tions in a complex accelerator like the LHC. As a result, it
is shown that the loss rate obtained with a limited number
of assumptions is in good agreement with the experimental
data observed in the LHC. Moreover, by allowing the bunch
distribution to vary, the agreement is improved. Such simu-
lations can be used to study diffusive models in more details,
by allowing to inspect both the machine parameters and the
ensuing beam losses.
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Numerical evaluation of the integrals of motion
in particle accelerator tracking codes
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Particle tracking codes are one of the fundamental tools used in the design and the study of com-
plex magnetic lattices in accelerator physics. For most practical applications, non-linear lenses are
included and the Courant-Snyder formalism falls short of a complete description of the motion. Like-
wise, when the longitudinal motion is added, synchro-betatron coupling complicates the dynamics
and different formalisms are typically needed to explain the motion. In this paper, a revised formal-
ism is proposed based on the Fourier expansion of the trajectory — known to be foundational in the
KAM theorem — which naturally describes non-linear motion in 2D, 4D and 6D. After extracting
the fundamental frequencies and the Fourier coefficients from tracking data, it is shown that an ap-
proximate energy manifold (an invariant torus) can be constructed from the single-particle motion.
This cornerstone allows to visualize and compute the areas of the torus projections in all conjugate
planes, conserved under symplectic transformations. These are the integrals of motion, ultimately
expressed in terms of the Fourier coefficients. As a numerical demonstration of this formalism, the
case of the 6-dimensional Large Hadron Collider (LHC) is studied. Examples from the 2D and 4D
Hénon map are also provided. Even for heavily smeared and intricate non-linear motion, it is shown
that invariant tori accurately describe the motion of single particles for a large region of the phase
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space, as suggested by the KAM theorem.

I. INTRODUCTION

Particle accelerators and storage rings such as the
Large Hadron Collider (LHC) at CERN require their
beam of particles to be stable for long periods of time. In
the LHC, the circulating beams can be stored for dozens
of hours (57 h achieved in a single fill in 2022). This
corresponds to more than 10° revolutions around the
accelerator — a number comparable to that of Earth’s
revolutions around the Sun over the past few billion
years. As such, the 10' protons of the LHC beam
experience a comparable journey to that of our Solar
System, daily. This machine therefore offers an ideal
testing ground to study the stability of conservative
Hamiltonian systems, historically tied to the famous
n-body problem in celestial mechanics. In its simplest
formulation, the Kepler problem, two masses orbit each
other and the motion remains stable for all eternity.
Adding additional masses, say by considering Jupiter
alongside the Earth and the Sun, brings us into the
famous three-body problem, which has no general
closed-form solution. The system can then exhibits
chaotic motion and the question of stability becomes a
complicated one. This is what led J. Moser to ask [1]:
Is the Solar System stable? And similarly, one could
reasonably ask: Is the LHC beam stable?

That being said, most practical applications do not
require us to know if the motion is stable for all eternity,
but simply for a limited meaningful period of time,
which lifts a lot of mathematical subtleties and opens
the door for numerical methods to be used. When the
single-particle motion is not stable, or regular, it is said

to be chaotic, in the sense of Poincaré [1, 2], which is
to say that the trajectory cannot be represented as a
convergent series. Chaotic motion may appear to be
random at all times, or it may appear to be regular
over long periods of time before diverging [3]. If this
characteristic time length is longer than the lifetime of
the circulating beams, then such a trajectory might be,
by all practical accounts, indistinguishable from a stable
one.

In any case, the behaviour of a system as a whole is
in general neither completely regular nor chaotic, but
mized. As demonstrated by the KAM theorem [1] (1954-
1963), mixed systems always admit some regular solu-
tions close to integrable regions of the system. This can
be seen, for example, with the gaps in the rings of Saturn
or the gaps in the observed frequencies of the asteroids or-
biting our Sun [4]: unstable chaotic trajectories amidst
stable ones. With the popularization of computational
physics, both types of trajectories can be observed and
studied, although the challenge presented by chaos still
remains. To paraphrase S. Wolfram [5, 6]: “We’ve come
to believe that there would be formulas to predict every-
thing. But computational irreducibility [e.g., for chaotic
systems| shows us that that isn’t true, and that in fact,
to find out what a system will do, we have to go through
the same irreducible computational steps as the system
itself”. As such, chaotic motion is perfectly deterministic,
but the future state of the system cannot be found read-
ily from its present state. This simple fact establishes
particle tracking as the fundamental tool to be used in
order to better our understanding of complex machines
like the LHC.
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By design, the magnetic lattice of storage rings
is built mainly out of linear elements: dipolar and
quadrupolar magnets for which the Hamiltonian ad-
mits closed-form solutions (analogous to the Kepler
problem). Of course, real machines make use of higher
order magnets (sextupoles, octupoles, etc.) and feature
high order multipolar contributions such that the final
non-linear system admits mixed solutions. Despite
this complexity, the linear picture has become the
standard description of accelerator physics since the
work of Courant and Snyder in 1958 [7]. In fact,
the Courant-Snyder theory [8] has been a cornerstone
in the design, description, and operation of particle
accelerators. The success of this approach is partly due
to the fact that its main assumptions — that of linear
and uncoupled dynamics — have proven to be excel-
lent approximations to describe realistic stable machines.

However, as highlighted by A. Chao [9], the Courant-
Snyder picture is not without weakness and fails to
describe non-linear dynamics in a natural way. Indi-
rectly, the ubiquity of this linear formalism popularized
the idea that elliptical phase space topologies are to
be expected in particle accelerators. With non-linear
magnets present in the lattice, this formalism is of
course unsatisfactory and one should instead expect the
particle trajectories to follow a more complex shape,
described by a more general quasiperiodic expansion (of
which ellipses are only a particular case [10]). In fact,
this was already well described by the epicycle theory of
the Greeks, formalized in the Almagest of Ptolemy [11],
which is to say that the motion can be decomposed
into a finite number of uniform circular motions. This
age-old claim still finds itself to be useful in modern
times, as discussed in later sections.

On the analytic front, these ideas are not so far from
the picture provided by the normal form approach [12],
which aims at finding an approximate interpolating
Hamiltonian to describe the system. In the last few
decades, this framework allowed for the formulation of
the so-called resonance driving terms (RDTs), which are
used to describe perturbations from the linear behaviour,
arising from the presence of high order multipolar terms
and other spurious effects [13]. Correction schemes
based on experimental measurements of resonance
driving terms have had important practical results for
the successful operation of the LHC. That being said,
when the machine complexity is increased, far-reaching
assumptions are needed for those methods to succeed,
without which the analytic calculations rapidly become
intractable.
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One can therefore understand the interest that
was put, over the years, towards the development of
symplectic particle tracking codes [14], driven by the
need to accurately investigate the complex dynamics
of non-linear systems beyond the reach of analytic
calculations. By numerically implementing symplectic
elements [15], tracking codes can be used to build virtual
machines which closely resemble the real machines being
modelled and for which the single-particle physics is
accurate. From there, complex phenomena such as
particle diffusion or chaos can be studied via brute-force
tracking of many particles over long periods of time. But
as mentioned, when trying to interpret the results, the
linear formalism commonly used in accelerator physics
falls short of a proper description of the non-linear effects.

The present paper is set to address the aforementioned
limitations. It needs to be said that no new mathemat-
ical results are presented, most of which can be found
in earlier work [16]. Instead, we propose a revised for-
malism which allows for a deeper conceptualization and
understanding of non-linear motion in particle accelera-
tors, both for the longitudinal and the transverse motion.
First, it is shown (section II) that the quasiperiodic ex-
pansion describing the time series of regular trajectories
can be obtained numerically — from tracking — to a
high level of accuracy. From there, the approximate en-
ergy manifold of the particles can be constructed follow-
ing a simple change of variable. This topological jump
(section III), in turn, allows for the visualization and the
computation of an area which is conserved by the sym-
plectic transformations of the system — the so-called in-
tegrals of motion — in 2D, 4D and 6D (section IIIB).
Additionally, coupled motion and phase space smearing
appear naturally within the context of this formalism.
Finally (section IV), these concepts are applied to track-
ing data from the 6D LHC, where it is shown that the
integrals of motion can indeed be accurately computed
for a large region of the phase space.

II. THEORY & FORMALISM

The Hamiltonian flow of a conservative system (e.g.
a non-dissipative storage ring) can be expressed via a
symplectic map, which describes the discrete evolution
from an initial set of coordinates to a final set of coordi-
nates, some finite time later [17]. This is the essence
of particle tracking codes, where single particles are
transported along the accelerator and their trajectories
are observed in phase space, turn after turn. It can
be shown that a simple non-linear lattice made out of
dipoles, quadrupoles and a single sextupole follows the
well-known Hénon map [18] (see Appendix B for details
of the map), which will be used for illustrative purposes
in the following sections.
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A. KAM Theorem

A fundamental aspect to consider for the stability of
single-particle trajectory is the question of integrability.
A system with n degrees of freedom (a 2n dimensional
phase space) is said to be integrable if there exist n
independent integrals of motion I;, also called actions,
which commute under the Poisson bracket {I;,I;} = 0
(i,7 = 1,2,...,n). For a realistic particle accelerator
with 3 degrees of freedom, one should therefore expect
to be able to find 3 integrals of motion [19] such that
the Hamiltonian H can be written as a function of the
actions only:

H(xap$7y7pya47p() }_)H(IwﬁlzﬁlC) (1)

In general, however, the Hamiltonian might be not inte-
grable for all initial conditions and the system is mixed.
It exhibits both regular motion, for which the series de-
velopment of the trajectory converges, and chaotic mo-
tion, for which it does not. Fig. 1 shows the phase space
portrait of the Hénon map, for which the two types of
trajectories can be clearly identified. As mentioned by
M. Hénon, regular trajectories “seem to lie exactly on
a curve” [19], which takes the form of a quasiperiodic
series (see following section). The KAM theorem, from
Kolmogorov, Arnold and Moser, guarantees the existence
of some of those regular trajectories for certain classes of
mechanical systems [1, 3]. This is notably the case of
the n-body problem, as well as restricted regions of non-
integrable systems where the Hamiltonian is almost in-
tegrable (in a perturbative sense). Particle accelerators
belong to this latter category. Since particle accelera-
tors are built by adding high-order multipoles to a linear
foundation of dipoles and quadrupoles, they are intrin-
sically designed in a perturbative fashion. Hence, the
final Hamiltonian is well integrable near the closed orbit
— stable, by construction — of the machine and sta-
ble KAM solutions are guaranteed to exist, up to some
amplitude.

B. Choice of Coordinates

Naturally, the single-particle motion at a given s po-
sition along the ring can be described in the physical
phase space & = (z,ps, Y, Py, ¢, Pc) directly from track-
ing (see Appendix A for details), as shown in the top
plot of Fig. 1. However, to highlight the effect of non-
linearities, the coordinates can always be transformed
into the Courant-Snyder (or linearly normalized) phase
space coordinates & = (%, Pu, U, Dy, C, Dc) with the help of
the W-matrix [20] using # = W~1(s) Z. By doing so,
linear motion (e.g. close to the origin) takes the form of
circles instead of ellipses, as shown in the bottom plot
of Fig. 1. A convenient way to describe the turn-by-
turn motion of a particle is to use the complex notation
P = T —1P;, combining the position and the momentum
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FIG. 1. Phase space portrait of the 2D Hénon map (u, =
0.2071) in the physical phase space with ¢, = 0.335 nm
(top plot) and the Courant-Snyder phase space (bottom plot).
Both regular and chaotic trajectories can easily be identified.
The KAM theorem guarantees the existence of some regular
trajectories near the elliptical fixed points.

together [21]. One can then write, for 2D linear motion:

Vu(N) = & — ipy = Ag 2™N (for I, - 0)  (2)
where N is the turn number, |Ag| = /2I, is the radius
of the circle in the complex plane and @, is the funda-
mental frequency of the particle. In the Courant-Snyder
phase space, the coordinates (Z, p,, etc.) homogeneously
assume units of y/m. If the beam emittance is known,
one can further express the coordinates in units of /¢
such that 2 =1 \/e, — x =1 +/Be, = 1 0., which
relates to the beam size.

Regular trajectories can in principle be further simpli-
fied by going to normal form, x = (z,p,,y,p,, E,ﬁc), a
phase space where the motion takes the form of purely
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independent rotations around a given fixed point (typi-
cally the origin) expressed in terms of the action-angle
variables [12] — similar to eq.(2), but for all amplitudes.
That being said, this transformation is not straightfor-
ward and cannot be done, in general, without resorting
to numerical methods like the ones presented in this pa-
per. It is nonetheless important to note that there ez-
ists, in principle, such a transformation which can be
used to normalize the motion step-by-step, going from
the physical to Courant-Snyder to normal form phase
space, (x,pz) — (Z,pz) — (Z,p,), in a symplectic man-
ner.

C. Regular Motion & Quasiperiodic Expansion

One important practical implication of the KAM the-
orem is to provide us with a closed-form expression to
describe regular trajectories. Using the complex notation
P, = T — 1P, to describe both position and momentum
in the Courant-Snyder phase space, the motion in each
plane can be written as three Fourier series, each made
of Np, harmonics, following:

Ny
SND(N) = & — ip, = ZA’“ oil2m(-G)N]
k=0

Nh N
%N;J(N) = §—ip, = ZBk 2r(e QN (3)
k=0

Nh = -
QZJgNh)(N) ={—ip. = Z C,, 2t Q)N]
k=0

giving us the coordinates as a time series in N, the
turn number. The spectral amplitudes Ay, Br and Cj
are complex numbers, sorted with decreasing amplitudes
for increasing k. In general, this description of the mo-
tion is only an ezact solution to the KAM problem when
Nj, — oo. By truncating the quasiperiodic expansion to a
finite NV}, one obtains an approximate solution where the
error is periodic and bounded, provided that the KAM
solution exists. It is noteworthy that the series devel-
opment in each plane only contains contributions from
a discrete set of well-defined spectral lines vy (or fre-
quencies, with units of turn—!) [22]. For example, in the
horizontal plane, 1., one can write:

Vk:ﬁk'é+nok, Mg GZB, nox € Z (4)
where the 7i;, - Q = (ng, Ny, n¢ )k - (Qz, Qy, Qc) are integer
linear combinations (and so are 17, - Q@ and (), - Q) of
the particle’s fundamental frequencies, Q, properties
of the single-particle trajectory, shared between the
three planes v, ¥, and .. For the convenience of the
graphical representation, the frequencies are aliased in
the domain v, € [—0.5,0.5] using the additional integer
nok, without loss of generality.
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FIG. 2. Comparison of the time series obtained from the
quasiperiodic expansion of eq. (3) for the 2D Hénon map
(2 = 0.2071) and the map itself, shown for the last 50 turns
out of 10° iterations. The expansion is numerically obtained
from Nj, = 50 harmonics evaluated after 10* turns. The va-
lidity of the time series therefore extends outside of its evalu-
ation window. The bottom plot shows the Fourier spectrum
of the outermost stable particle from the plot above: only the
discrete set of frequencies from eq. (4) are found.

In Fig. 2, the turn-by-turn position obtained from
eq. (3) (truncated to Nj, = 50 harmonics) is compared to
the iterations of the Hénon map itself from which it was
numerically extracted. As shown in the bottom plot, the
Fourier spectrum of a regular trajectory contains a dis-
crete set of frequencies, made out of linear combinations
of the fundamental frequency — one only, for this 2D
case — as stated by eq. (4). The description of the mo-
tion given by eq. (3) is an important cornerstone of the
present approach, allowing for a closed-form analysis of
the trajectories. One can see that the turn-by-turn posi-
tion lies on an invariant curve, which will be introduced
in the next section. The area enclosed by this loop is an
integral of motion, preserved under Hamiltonian trans-
formations.
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The interest of eq. (3) lies in the fact that the Fourier
expansion can be obtained numerically from a Fourier
analysis or — to a better accuracy — from the Numerical
Analysis of the Fundamental Frequencies (NAFF), intro-
duced by Laskar [22]. This claim holds even for complex
non-linear systems, where analytic calculations become
impractical. The NAFF algorithm (see nafflib [23], or
Appendix C [24-27]) is an iterative scheme where a win-
dowing function is used to recover the frequencies of the
signal with an accuracy that is several orders of magni-
tude better than a simple Fast Fourier Transform (FFT).

After finding the dominant frequency, vy, its contribu-
tion is subtracted from the original signal and the pro-
cedure is repeated to obtain the second dominant fre-
quency, v, and so on. By doing so, one eventually
obtains the set of sorted amplitudes, Ay, and frequen-
cies, vy, corresponding to the quasiperiodic expansion of
eq. (3) with great accuracy for a relatively low number
of turns. For the 2D Hénon map shown in Fig. 2, 10*
turns are sufficient to get most frequencies up to machine
precision, which allows to describe the time series of the
quasiperiodic trajectory beyond the analysis window, say
up to 10° turns in this particular example. Evidently,
the numerical description obtained is an approximation
of the real trajectory of the map.

III. ENERGY MANIFOLD

For the non-dissipative conservative case, individual
particles conserve their energy and the single-particle
trajectories are constrained to evolve on well-defined
constant-energy surfaces, called — in phase space — en-
ergy manifolds. By construction, these energy manifolds
are invariant under the one-turn map of the system, i.e.
the mapping of any point from the energy manifold also
belongs to the manifold itself, one turn later. This can
be seen, for example in 2D, from the invariant curves of
the Hénon map depicted in Fig. 2. The following sections
generalize this idea to 4D and 6D systems and present a
description which allows for the calculation of the inte-
grals of motion.

A. Invariant Tori

By following a given particle (e.g. in Fig. 2) over many
turns using eq. (3), one finds that it eventually covers
the invariant curve — the energy manifold — on which
it resides densely. Out of the quasiperiodic turn-by-turn
motion emerges an underlying periodic structure. This
is to say that the main argument of the quasiperiodic ex-
pansion, 2rQN (mod 27), smoothly and monotonically
completes a full period in the process of describing the
energy manifold. In fact, provided that Cj does not satisfy
any resonant condition [16], p- Q=q (P € Z3, q€7Z),the
energy manifold of a particle can be recovered with the
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simple change of variable 6= ~271'C§’N . By doing so, one
constructs an invariant torus, ¥, directly from the time
series of eq. (3). Denoting the projections of the torus in
all three planes as ¥, \T/y and \114, one can write:

Ny, R
\IIJ(EN;L)(@) =X — pr — ZA’“ ¢ilx-©]

k=0
IN(O) =Y —iP, = ZBk el (5)
@EN;:,)(@) 7 ZPC Z o ez[ék -6)

where capital letters are used to dlstlngmsh the single-
particle coordinates (x pgc7 etc.) from the underlying
topological object (X P,, etc.) on which they reside.
Broadly speaking, an n-dimensional torus is a periodic
structure constructed as the product of n independent
circles, or periodicities such as 6 = (02,0,,0.) [28].
The above result is therefore deeply linked to the exis-
tence of the normal form. Indeed, this particular phase
space — where the motion takes the form of independent
rotations — informs us that the energy manifolds of
regular trajectories are topologically described by hy-
perdimensional tori. By going into the Courant-Snyder
phase space (or even physical phase space), this claim
is no less true and the topology is preserved, albeit
deformed, leading to eq. (5). In the resonant case,
the topology is different and needs to be appropriately
described with regards to its corresponding fixed point.
For example, the 5-th order resonance shown in Fig. 2
requires to consider the 5-cycle of the map (thereby
lifting the resonant condition) to get a new expansion in
the form of eq. (3) and construct the energy manifold
with eq. (5).

As mentioned, outside of the resonant condition, a
given particle eventually covers the entire surface of its
invariant torus as ©; = 27Q;N, j € {z,y,¢}, varies
with arbitrarily large N values, eventually covering
©, € [0,27] (mod 27) densely. This can be seen, for ex-
ample, from the invariant curves (1-torus) of the Hénon
map depicted in Fig. 2, obtained from eq. (5) by letting
\ily = U, = 0. It should be clear — at least visually —
that the invariant curves (X, P,) are continuous closed
loops, in contrast with the iterations of the map (Z, p,)
which are obtained from a stroboscopic sampling (i.e.
27Q.N) of this underlying topological object. The
spectral amplitudes A, By, Ck and the integer vectors
fig, g, O in eq. (5) are the same as in eq. (3). As
such, the torus obtained is a numerical approximation
of the truly invariant one (N, — o), obtained from —
and fully consistent with — the quasiperiodic expansion
of eq. (3).

For systems with more than 2 dimensions, visualizing
the invariant tori requires additional care. In particular,
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FIG. 3. Visualization of the energy manifolds U (invariant tori) from eq. (5), in grey, for 3 different particles in the 4D Hénon
map with p, = 0.2465, p, = 0.4142 and p = 0.3 (see Appendix B for details). (a) In the Courant-Snyder phase space, z.
(b) In the normal form phase space, Z. The top plots show the projections of the invariant tori, @I(GI,Gy = cst.) and
\ily(@z,e)y = cst.), for all ©®,. The projections of two different 4-dimensional ©, loops are also shown in red and green,
travelled following the directional arrows. The area is positively oriented if travelled clockwise. The sum of the areas enclosed
by corresponding colored loops is an invariant. The azimuthal deformation of the tori gives rise to the smearing observed in
the single-particle trajectory over many turns, when plotted in the conjugate planes, as shown in the bottom plots.

non-linear coupling effects make the analysis difficult
by introducing smearing [10] in the single-particle
trajectories when observed in either the physical phase
space, ¥, or the Courant-Snyder phase space, Z, as
shown in the bottom plot of Fig. 3a for the 4D Hénon
map (see Appendix B for details of the map). That
being said, eq. (5) offers a way to study and visualize
the periodic structure of the underlying tori by letting

one of the angles, say ©,, vary along a closed loop
while fixing the other angles, here ©,. By doing so, the
projections of the tori are obtained in both transverse
planes; ¥,(0;) in (&,p,) and ¥y (©,) in (g,p,) for
the 4D case, as illustrated in the top plot of Fig. 3a.
When the single-particle trajectory is observed over
many turns, both angles are densely explored following
6 = QWQN and the azimuthal deformation of the
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tori gives rise to the smearing observed in the bottom
plot.  Non-linear coupling can also be observed in
Fig. 3a (more evidently for the high-amplitude parti-
cle) as the non-zero area of the projection observed
in the (y,p,) plane. This is to say that \ily varies as
a function of ©, — the very definition of coupled motion.

More importantly, one can note that the sum of the ar-
eas enclosed by the loop projections ¥, (6,) and ¥,(6,)
is one of the integrals of motion, conserved under the
Hamiltonian flow. By numerically calculating this area
following the procedure presented in the upcoming sec-
tion, one can reconstruct the equivalent normal form tori
— circular tori of equal cross-sectional area — as shown
in Fig. 3b.

B. Integrals of Motion

Embedded in the very nature of a symplectic trans-
formation is the fact that the enclosed area of any loop
drawn in phase space is to be conserved [17]. For a 2n-
dimensional phase space, this area is the sum of the n
projections, on the different conjugate planes of the sys-
tem, of the 2n-dimensional loop. In particular, by choos-
ing a loop lying on the energy manifold of a particle —
and moreover obtained from the evolution of a particular
periodicity of the system, ©; — one obtains the Poincaré
integral invariant [16, 17], defined as :

1 S
L = Lo+l +Li = o 72 (P.aX+Pyay+Pdz) (o)
J

with j € {x,y,¢}. Following the construction of the in-
variant tori with eq. (5), the above integral takes a purely
geometric interpretation, already represented graphically
in earlier plots. In Fig. 2, I, = I, is the area enclosed
by the invariant curve of a particle in the (&, p,) phase
space. In Fig. 3, I, = I, + I,y is the sum of the areas
(identified with a common color) enclosed by the projec-
tions of a 4-dimensional ©,, loop in the (Z, p,) and (g, py)
conjugate planes. The contribution to the integral can ei-
ther be positive or negative, depending on the orientation
of the loop projection (positive if travelled clockwise), as
indicated with the directional arrows in Fig. 3. In that
example, the I, projection — which comes from non-
linear coupling — is negative in sign and varies along
the torus. That being said, the sum I, = I, + I, is
expected to be invariant. In fact, for a general torus de-
scribed by eq. (5), the result of the integral from eq. (6)
can be shown to yield (see Appendix D for derivation):

Np
1 -
v = 3 > <"jk |Akl* +my, | Bl + ¢, |Ck~|2) +¢;(©) (7)

k=0

which carries a remaining 6 dependence. For a pure
KAM torus — that is, the energy manifold of a Hamilto-
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FIG. 4. Evolution of the angle-dependant terms in the partial
actions, Iy, and Iy, for the case of the 4D Hénon map (from
Fig. 3a, outermost trajectory). Two truncation numbers, Ny,
are shown. As Nj — oo, the sum of the angle-dependant
terms goes to zero, €, = Agz + Agy — 0. With N, = 50
the variations along the torus are in the order of 0.1% of the
action.

nian system — the 6 dependence observed in each pro-
jection is required to cancel out, which allows us to write:

6;(0) = Aj2(6) + A,(6) + A;(6) =0 ¥V 6 (8)

where the A functions describe the variation of each
projection as a function of the non-integrated angles
due to coupling effects, as discussed in the next section.
However, in the numerical approximation of a KAM
torus, it might be the case that the remainder e]-(é)
does not exactly cancel out, which will be discussed
in section IIIB2. It is important to mention that the
remainder ¢;(6) being zero or not is not an artifact of
the truncation itself, but rather the result of the torus
being Hamiltonian or not.

This Poincaré integral, expressed in eq. (6) in terms of
the Courant-Snyder variables, can equally be computed
in the physical phase space or the normal form phase
space. Since ©,, ©, and O, are 3 independent periodic-
ities of the torus, they describe 3 topologically indepen-
dent loops, where none of the loops can be deformed con-
tinuously into each other or shrunk to zero [28]. Hence,
the 3 integrals of motion obtained via eq. (6) are inde-
pendent actions of the system.

1. Angle-dependant projections

As mentioned, the projections of a given loop in the
conjugate planes of the system each carry an angular de-
pendence, which only cancels out when the projections
are summed together via eq. (6), following eq. (8). This
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can be seen in the bottom plot of Fig. 3a, where the pro-
jection of the red loop in the (g, p,) plane is smaller than
its green counterpart, evaluated at a different ©,. In fact,
for a loop around ©;, the projections in the 3 different
conjugate planes, [;, = 5 f®j PdX, Ijy = o= f@j P,dY

and I;; = % f@j PCdZ take the form:

5 (8) Znn Akl + A.(6)
k 0
™ (6) = Zm]k Bul” +45,(8)  (9)
k 0
Ny, =
](C ]) Zng |C/€| + AJ((G)
k 0
where for example:
Nh Np,
A(6) = 5303zt (me [ Aell Al cospn, — 22)) (10)
k 0 I#k

in which 6% is the Kronecker delta and ¢, =
Ny, Oy + n¢, O, + arg [Ax] is the parameter responsible
for the dependence on ©, and ©, the non-integrated
angles. The different A functions are obtained from
eq. (10) by permuting the plane considered, i.e.
where Ay, — Azy — Ay is obtained by replacing
T — My %Ek and Ap — By — C} and so on.

The evolution of these angle-dependant terms is shown
in Fig. 4 for the numerical approximation of a KAM
torus obtained with different truncation numbers. The
invariant torus considered is the one from the outermost
partlclc from Flg 3a. As one can see, the remainder
€2(0) = Ay (6) + Aw((ﬂ) goes to zero as the number of
harmonics, Nh, is increased.

2. Numerical evaluation

If the closed-form expansion provided by eq. (5) holds
— that is if the time series of eq. (3) accurately describes
the single-particle motion and @ does not satisfy any res-
onant condition — then all the aforementioned quantities
can be computed numerically for the torus considered,
which serves as an approximation to the energy mani-
fold of the particle. However, as shown in Fig. 4, the
angular dependence of this numerical description is not
guaranteed to cancel out when summing up the different
projections. In such cases, the action becomes difficult
to evaluate. That being said, due to the presence of the
cosine in eq. (10), the average over the angles — for any
A function — always vanishes, i.e. (A)g = 0. More-
over, since the amplitude of these oscillating functions
converges towards zero as the number of harmonics is in-

creased, the average value of I](N’L) (6) can be taken as an
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FIG. 5. Relative error of the average action { I$")

. asa
function of the truncation number N}, for the three particles
of Fig. 3a. The convergence depends on the degree of non-

linearity of the trajectory, which scales with the amplitude.

estimator of the true action for most truncation numbers.
In fact, one can show that this average yields:

Np

(™) = ;Z (144l i, Bl 5, 14f%) (1)

which is identical to eq. (7) with ej(é) = 0, the action
of a pure KAM torus. From there, one can asses the nu-
merical validity of the approximation of a given torus by
writing its actions as I;(6) = (Ij)g + ¢;(0), separating
the constant part from the angle-dependant part. Nev-
ertheless, the estimation provided by eq. (11) should be
the final quoted quantity, since it converges much faster
than the remainder, ej(é), when increasing the trunca-
tion number. As shown in Fig. 5, the convergence rate
of this average depends on the amplitude of the particle
or, more generally, on the degree of non-linearity of the
lattice at the amplitude considered. The three particles
taken here as examples are the ones of Fig. 3a, shown pre-
viously. For highly non-linear regimes, an infinite number
of harmonics would, in principle, be required.

IV. APPLICATION TO THE LHC

As a final demonstration of the framework introduced
in this paper, the case of the 6-dimensional LHC at top
energy is studied. The lattice considered is the one used
as a baseline for the High-Luminosity upgrade of the LHC
(HL-LHC), including beam-beam interactions in all the
interaction points of the collider. The beam parameters
considered can be found in Table I.

Alongside electron cloud effects, beam-beam effects
are the main source of non-linearities in the LHC, leading
to important beam losses and the reduction of dynamic
aperture by several sigmas [29, 30]. Due to the complex
nature of these interactions, their effect on the dynamics
of the beam is typically studied in the transverse plane
only, after resorting to several approximations. However,
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FIG. 6. Tracking results for a particle starting at (z,y,¢) = (1.504,20y,10o¢) in the LHC. The same particle is observed
separately in IP1 (top) and IP5 (bottom). The turn-by-turn data is shown, as well as the projections of the corresponding
torus in all three planes, U, \fly, ‘il,;, looping over ©,. Exploring all the possible ©, and O, values allows to explain the
important smearing of the trajectory. The horizontal action I, = Iz + Iy + Iz is obtained from the sum of the projected
areas, identified with a common color.

TABLE I. HL-LHC parameters considered. eq. (3) and eq. (5), can still be used. Using NAFF to

extract Nj = 100 harmonics in all three planes, the
Parameter Value Unit approximate tori can be constructed to evaluate the ac-
Beam Energy E 7.0 (TeV) tion and understand the heavily smeared single-particle
Bunch intensity Ny 1.13 x 10" (p*/b) trajectories observed in the tracking results. Such an
Norm. Emittance ex, €y 2.5 (um-rad) example is shown in Fig. 6, where an off-momentum
Long. Emittance’ e 62 (mm-rad) particle starting from (z,y,¢) = (1.504,20y,10) is
Beta at the IP B* 15 (cm) 5 : :
. tracked over 10° turns. Slices of the corresponding torus
Half-crossing 0c/2 250 (urad) .
Crabbing angle oo 190 (urad) (looping over O, as an example) are shown on top of
Octupoles Toue 60 (A) tracking data for different values of ©, and ©.. One
Tunes (QzyQy)co.  (62.312,60.319) can see that the turn-by-turn data can be obtained from
o Qcco. —0.002 a stroboscopic sampling (© = 27QN) of this torus,
Chromaticities AQrco Auc.. 15 turn after turn. In fact, by exploring all of the © angle
T See Appendix A for details. values, one can show that the entirety of the smeared

region is eventually covered. Additionally, the horizontal
action I, = I, + Iy + I, is obtained from the sum of
the projected areas of the O, loop in all three planes,
identified with a common color. To show — at least
visually — the effect of symplectic transformations along
the machine, two independent monitors are installed,
one in IP1 and one in IP5, for comparison.

using the Hirata method [20, 31], beam-beam effects can
be accurately modelled in 6D tracking codes, including
their impact on the longitudinal plane.

For this complex 6D case, synchro-betatron coupling
effects arise and the dynamics becomes difficult to
analyze. However, the system is still Hamiltonian The integrals of motion shall respect the defining
and the formalism introduced above, mainly driven by  feature of being invariant in time — turn after turn
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(Suboptimal tunes)

(Beam-Beam)

FIG. 7. Evaluation of the variation of the horizontal action, I,, between IP1 and IP5 for two different versions of the HL-LHC

lattice from Table I.

(Top) A suboptimally tuned (Qz,Qy)c.o. = (62.315,60.331) lattice without beam-beam interactions.

(Bottom) The baseline HL-LHC lattice at top energy with beam-beam interactions in all IPs. Three initial off-momentum
coordinates are sampled (¢ = {0.01c¢,0.500,1.000.}) and a dense grid of transverse initial positions is considered in each case.
The presence of beam-beam interactions increases significantly the number of resonances. The trajectory of a particle taken

from the rightmost bottom plot is shown in Fig. 6.

— as well as along the machine — in s. The latter
form of conservation is easier to evaluate numerically
since it trades computing time for memory. As such, a
similar study to the one shown graphically in Fig. 6 was
repeated for a dense grid of particles in the 6-dimensional
phase space and the variation of the horizontal action,
I, between IP1 and IP5 was evaluated. The results
of this study are shown in Fig. 7 for two different
machines based on Table I: a suboptimally tuned
(Qz, Qy)co. = (62.315,60.331) version of the HL-LHC
baseline lattice without beam-beam (top); as well as
the full HL-LHC baseline lattice including beam-beam
interactions (bottom). The particles were tracked for
10° turns and N;, = 100 harmonics were extracted. It
is noteworthy that a smaller number of turns could
have been considered for the numerical evaluation of
a simpler lattice. However, in presence of beam-beam
effects, many spectral lines are introduced, which
requires a higher number of turns to accurately resolve
the spectrum. As an example of a simpler system, the
reader is referred to the case of the 2D Hénon map,
shown in Appendix F.

The suboptimally tuned case (top plots, Fig. 7) shows
that the integrals of motion, evaluated numerically on the
basis of eq. (11), are indeed well-preserved between the
IPs. In these plots, resonance conditions appear as bright
stripes where the integrals of motions cannot be properly
evaluated due to the breaking of the topological condi-
tion required for eq. (5) to hold. In the bottom plots, one
can see that the addition of beam-beam interactions in-
creases significantly the number of resonances and makes
the evaluation of the integrals of motion more challeng-
ing. In principle, the variation of the action between
the IPs could be reduced for a large region of the phase
space (purple region, ~ 1073 action error) by increasing
the number of turns or the number of harmonics consid-
ered due to the high degree of non-linearities present in
the lattice. Indeed, as shown in Fig. 6 (particle taken
directly from the bottom plot of Fig. 7c), the motion in
that region remains regular and is well-described by the
approximate invariant torus extracted from the tracking.
On the contrary, for resonant cases, such a behaviour can-
not be recovered and the picture is completely different.
However, the labelling of resonant cases is a subtle issue
which should not be trivialized. The reader is referred
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to Appendix E for additional details. As a final note, it
appears that the continuity of the action is an important
indicator to consider when trying to determine whether a
given particle lies on a KAM torus or not, as highlighted
in Appendix F.

V. SUMMARY

This paper showed that invariant tori can be con-
structed numerically to approximately describe the en-
ergy manifold of single-particle trajectories based on
tracking data. From there, the integrals of motion can
be found based on the area of the tori projections in all
conjugate planes — in 2D, 4D or 6D — and computed
numerically. The formalism described is based on the
KAM theorem, which guarantees the existence of some
regular trajectories expressed in terms of complex Fourier
series. After extracting the harmonics of said series from
tracking data, it is shown that the underlying topologi-
cal object — an invariant torus — can be constructed.
This conceptualization of the motion allows to describe
coupled motion (transverse and synchro-betatron cou-
pling) in a natural manner and accounts for the heavily
smeared trajectories observed in phase space. Examples
are shown based on the 2D and 4D Hénon map. As a
final numerical demonstration, it is shown that the HL-
LHC baseline lattice can be studied with this formalism,
including beam-beam effects in 6D. This pragmatic and
descriptive approach appears promising to further the
understanding of non-linear motion in particle accelera-
tors, beyond the reach of analytic calculations. In par-
ticular, the closed-form expression presented to describe
invariant tori can be used to quantify non-linearities and
tori deformation for compensation studies, as well as non-
linear matching problems. That being said, some impor-
tant challenges remain with regard to the transition from
regular to resonant to chaotic motion, which was not ex-
plored in this paper.
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Appendix A: Single-particle tracking

The formalism developed in this paper is intended to
be general and independent of the tracking code con-
sidered. That being said, it is worth mentioning that
the notation used throughout the paper is based on the
Xsuite code [32], developed at CERN. Xsuite is a 6D sin-
gle particle symplectic tracking code used to compute the
trajectories of individual relativistic charged particles in
circular accelerators. Following standard practices, the
coordinates presented in Section IIB correspond to de-
viations from the reference trajectory of a particle with
speed Boc and momentum F,. The transverse canonical
momenta P, and P, are normalized following:

ps = Py/Py and p,=P,/F, (A1)
yielding the unitless momentum considered in this paper.
In the longitudinal plane, the longitudinal deviation from
the reference particle, as well as the energy deviation, are
considered. The coordinates (¢, p;) therefore read:

1 E—E,

= A2
y P /Bg EO ( )

¢ =s— Poct

Just like the transverse coordinates, (¢,p.) can be
transformed into the Courant-Snyder phase space to
obtain (¢, p;) with the help of the W-matrix, as discussed
in Section II B. By doing so, the longitudinal motion lies
on circles for small energy deviations and is ultimately
limited by the RF bucket for large energy deviations,
as shown in Fig. 8, which is given as an example of
the metric. In the paper, the longitudinal coordinates
are often given in units of 0., which coincide with the
dashed lines of Fig. 8, in the Courant-Snyder phase space.

In Table I, the normalized longitudinal emittance is
given in units of mm-rad, which requires clarifications.
The design bucket area of the LHC is typically given
as 7.9 eVs with a bunch area of 2.5 eVs, considering
20 in both dimensions of the (At, AE)-space. Divid-
ing by 4w, the corresponding emittance is therefore
of e,, = 0.2 eVs. To convert this emittance to the
proper units for the (¢,p;) phase space — by analogy
to the transverse emittance — one needs to multiply
by Boc and divide by B2E as per eq. (A2) above.
Hence, normalized to Byyo, the design value of ECN is

E?T - ﬁgoEcn €5, (Bovo) = 64 mm-rad at 7 TeV.
0

For additional details on the general Hamiltonian and
the physics included in the Xsuite code, the reader is
referred to the Xsuite manual [20].
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FIG. 8. Longitudinal phase space of the LHC for the Courant-
Snyder coordinates (¢, pc). The invariant curves of the Hamil-
tonian are shown in blue, and the separatrix (RF Bucket) is
shown in black. The grey dashed lines correspond to multi-
ples of 0., as seen in the Courant-Snyder phase space.

Appendix B: Hénon Map

The Hénon map [18] is one of the simplest model of
non-integrable Hamiltonian maps which exhibits chaotic
behaviour. It is an ideal mathematical tool to discuss the
features of non-linear dynamics with reproducible results.
Moreover, the map can be constructed from a sequence
of thin magnetic elements, as discussed below.

1. 2D case

Let’s consider the 2D case of a thin sextupole followed
by a linear segment with phase advance p, and beta
function 3, at its entry and exit. Using the complex
notation v, = T — ip,, one can show that the one-turn
map of this system can be written in closed-form in the
Courant-Snyder phase space. The application of the re-
sulting map, My, on a given complex point v, yields the
new point:

MED Gy = el [§, 2@+ 027 (BY)
where a = f%kzﬁg/ % is the strength of the non-linearity
as a function of the sextupole strength, ko, and the beta
function at the entrance of the linear segment. The par-
ticular case where a = 1 corresponds to the well stud-
ied Hénon map (which can also be obtained via a non-
symplectic rescaling 1y, — U /a) [12].
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2. 4D case

By extension to the previous case, the application of
the very same transformations on a set of 4D coordinates
Yy = 2 — 1, and ¢, =y — 1D, yields the new points:

MUP) G — i {1&1 — i (@5 + ) — o + Wz)}
Mg;D) 1[’1/ — ity [J)y + z%(d}; + sz)(l/jz + 7/;1/)]
(B2)

where p = 3,/8; and a = —%l@ﬁg” once again. The
case where a = 1 corresponds to the well-studied 4D
Hénon map [12]. The p parameter is responsible for the
non-linear coupling between the two planes. One can see
that for p = 0 or ¢, = 0, the 2D Hénon map is recovered

in the horizontal plane for 1.

Appendix C: NAFF, summary of the algorithm

Let’s consider a quasiperiodic function ¢ (N) known
over a finite time span N € [0,T]. The spectral ampli-
tude A(v) can be computed as a function of v (assuming
continuous v, equivalent to zero-padding FFT) following:

T-1
A = 7 3 6 BN () (c
N=0

where the Hann window x,(N), of order p and centered
on the dataset, is given by:

-5 (2

From there, the main frequency 1y can be found
by maximizing eq. (C1l) using, for example, a New-
ton—Raphson method. With the windowing function of
eq. (C2), vy can be found with an accuracy that scales
with 1/T%%2 as compared to 1/T for a simple FFT [22].
The key aspect of Laskar’s approach however, is to then
subtract the contribution of vy from the original signal,
and repeat the procedure to obtain the second dominant
frequency, v1, and so on.

Appendix D: Derivation of the integrals of motion

The Poincaré integral invariant given by eq. (6) can be
separated into its projections onto the different canonical
planes as discussed in section IIIB. We are therefore
looking to compute one of these projections, e.g. I,
given by:

1 o1 (. 98X
Im_gﬁszdX_g/o (anez>d@w (D1)
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Starting from eq. (5), one can assume a set of coordinates,
(X, P,), written in the complex form ¥, = X — iP,
following;:

Nn B
TV(O) = X —iPy =) Ay, e'lie©) (D2)
k=0

For any fixed ©, and O, the loop ¥, (0©,) thereby formed
lies on the torus given by eq. (D2) — as shown graphically
in Fig. 3 — for which we wish to calculate the area. To
facilitate the integration over ©,, one can introduce the
phase parameter ¢, = ny, 0, + n, O, + arg[A;] such
that:

Ny
)= Z | Ay eilney, Oztea]
k=0

W ( (D3)

Taking the real part of eq. (D3) for the position and the
imaginary part for the momentum, one can directly write:

& Np,
- 0X ' )
P, = 20 (1A sin e, Oc + o]
Np,

<2

To proceed with the integral, the following orthogonal
identity can be used:

Ny, |Al sin [nz,@ + @Il] (D4)

27
/ Sin(ng, Oy + Yz, ) SiN(Ng, Op + g, )dO, (D5)
0

= WCOS(SDmk - prz) : 62:1
where 53:2 = 1if n,, = ng and 0 otherwise. After
integration, we therefore end up with:

Nh Np

Ny
Z Z 5nz:€ (nzk |Ak||Al| COS((IOZk- - @mz)) (D6)
20z

where the summation is taken over the various spectral
lines of the horizontal spectrum, ¥,. One can notice that
the result is tied to the phase parameter ¢, which depends
on the non-integrated angles ©, and ©.. Hence, it is
relevant to separate the terms that are angle-independent
from the others (i.e. when ! = k, ¢, —pz, = 0) to expose
the dependence on (6,,0,), yielding:

Np,

k 0

(D7)

where the angle dependant part is explicitly given by:

N Np
AN = 2505t (Al A cos(ou, — 02) (DS)
k 0 1#k
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Generalizing, the Poincaré integral invariant I; = I,
L, + I (for j € {z,y,¢}) can be obtained by summlng
the three projections:

Nh

M (6) = onjk |Aul” + A,,(6)

Nh

*Zmn |Bk‘ "‘Ajy(é)
k=0

15" (6) = (D9)

Nh

M (6) = fZ@k Cil? + Ae(6)

where the different A functions are obtained from
eq. (D8) by permuting the plane considered, i.e. where
Az = Agy — Ay is obtained by replacing i, — my —
Zk and A, — B, — C), and so on.

Appendix E: Continuity & Uniqueness

It can be shown that a given family of neighbouring
KAM trajectories (a KAM region) smoothly depends on
the actions, far away from resonances [22]. In fact, the
Fourier expansion coefficients in each plane, as well as
the single-particle fundamental frequencies, are expected
to be continuous and differentiable, such that:

—

0An 0B 0C; d8£

h
6 IJ- 8 8 I 3 I are smoot

(E1)

for j € {x,y,¢}, where the spectral lines need to be
indexed according to their corresponding integer vector
(77, m or [) to be unambiguously identified, instead of
sorting them by decreasing amplitude. An important
consequence of eq. (E1), and in particular of the smooth
evolution of Q, is that if the betatron frequencies
(the tunes) are well-defined on the closed-orbit of the
machine (which is generally the case), then so are the
particles fundamental frequencies in the neighbouring
KAM region around the origin. To illustrate this claim,
the continuity of some spectral lines (as a function of I,,)
from the horizontal spectrum of the LHC is shown in
Fig. 9. It can be seen that although the first synchrotron
sidebands overtake the main line in terms of amplitude
around ¢ ~ 1.50(, the continuity condition of eq. (E1)
allows us to unambiguously identify the main line and
its frequency (the single-particle fundamental frequency,
Q.) as being the one in continuity with the closed-orbit
betatron frequency when (x,y,¢) — (0,0,0).

The labelling, or mislabelling, of the spectral lines is
a subtle issue which requires careful consideration and
is not to be trivialized. It is commonly assumed that
the frequency of the highest spectral line, vy, corre-
sponds to the fundamental frequency of the invariant
torus, vy <> [V1,0,0) = Qz], which is clearly not the case
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FIG. 9. Continuity of the main line and the first few syn-
chrotron sidebands from the horizontal spectrum, 1%;9), for a
particle moving from the origin, (z,v,¢) = (0,0,0) to a high
amplitude point (z,y,¢) = (504, 20y,20¢) in the LHC (see
Table I for details, without beam-beam interactions). The
spectral amplitudes Az, the fundamental frequencies Q and
the harmonics 7i - Q are all smooth functions of the action, I,.
I, and I, are also increased as the particle is moved towards
the high amplitude point. Results obtained via tracking.

in the example provided in Fig. 9 for high amplitude par-
ticles. This leads to mislabelling issues which seemingly
breaks the continuity expected from eq. (E1). In fact,
inspecting eq. (3) together with eq. (4) reveals that there
are infinitely many possible labelling choices for the the
single-particle motion which preserve the Fourier series
of eq. (3). One can show [33] that the two formulations:

qQ U@
[ & U r (E2)
UMy, 1k, G}

~

{7k, o, O}

are equivalent when U is taken to be a unimodular (.e.
detU = +1) integer matrix. For example, in the case

of the high amplitude particle of Fig. 9, if one identifies
the sideband @, + @ to be the horizontal fundamental
frequency, Qz < Q5 + Q, the unimodular matrix

101 1 00
v=|010), @H*=[o010
001 -101

shows that indexing the frequencies according to

(ng,ny, —ng + n¢)g, e.g. the line (1,0,0) becoming
(1,0,—1) and (1,0,1) becoming (1,0,0) and so on, yields
an equivalent description of the motion through eq. (3).
That being said, the three actions are also modified to be-
come (I, I, —I; + I.), which are three new constants of
the motion, different (and discontinuous) from the ones
that would be expected around the origin. In the same
way that the frequencies vy = iy, - Q are preserved under
the unimodular transformation U, one can show that the
dot product:

r.q=[wn)-vgl=1-¢ (3

is preserved, independently of the unimodular matrix
U. Hence, although the mislabelling process can lead
to erroneous evaluations of the individual actions, one
can always use eq. (E3) to identify if the problem stems
from this issue, or from the numerical evaluation itself.

To lift the equivalence condition of eq. (E2), and
thereby uniquely label the spectral lines of the single-
particle motion, it appears that the only robust method
is to invoke the continuity of eq.(E1) by smoothly mov-
ing the particle from the origin (where labelling should
be unambiguous) to the actual coordinates under study
and properly identify Q. Although this method is com-
putationally demanding, it is the only one known to the
authors to reliably label the spectral lines in complex
systems like the LHC, with coupling in all planes. If the
particle amplitude is low enough, or if the coupling is less
important, one can usually retrieve the fundamental fre-
quencies without worrying about this issue. This is the
case for the results shown in Fig. 6 and Fig. 7, where the
longitudinal coordinate was kept below ¢ < 1o, to avoid
mislabelling problems.

Appendix F: Hénon map, integral of motion

Using the procedure described in the paper, one can
evaluate the integral of motion, I, of the 2D Hénon map
for various initial conditions in the (Z,p,) plane. As
shown in Fig. 10 (left), the action continuously increases
with the distance from the origin. Within the resonance
islands, the action is discontinuous and should instead
be evaluated with regards to the appropriate fixed point,
located at the center of each island. Additionally, one
can assess the invariance of the integral of motion under
the Hamiltonian transformation of the map, similar to



Paper Ill — arXiv preprint 2025 135
1 300 1 10-2
250
107 2,
200 <
W =
=2 04 150 B, ‘E 0 10-4 !
100 s
8
10 A
50
-1 . 0 —1 : 10°6
-1 0 1 -1 1

Ve

0
T [VE]

FIG. 10. Numerical evaluation of the action, I, using N = 20 harmonics for different initial conditions in the 2D Hénon map
(1z = 0.2071). In the right plot, the variation of the action between two observations points, sg and s1, is shown. By increasing
the number of harmonics N, considered, the picture darkens and all stable tori are evaluated well-below the 1075 error value.

what was done in Fig. 7 for the LHC. This can be done
in time (by evaluating the integral of motion twice, after
several turns), or in s, by adding additional observations
points, as shown in the rightmost plot of Fig 10. To do
so, the sextupolar kick of the Hénon map is split into

two equal thin lenses, and the integral of motion is eval-
uated separately at those two locations, so and s;. If
more harmonics are considered for the numerical evalu-
ation (Nj, = 20 here), the picture darkens and the error
decreases for all initial conditions belonging to KAM tori.
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1 A Topological Approach to the Problem of Beam-Beam Compensation

P Belangerj’z, R. Baartman®, D. Kaltchev!, G. Sterbini*
ITRIUMEF, Vancouver, Canada & 2CERN, Geneva, Switzerland

Abstract

Beam-beam long-range interactions are known to be a strong source of non-linearities in particle
colliders which can be mitigated with the help of dedicated correctors, e.g. by using current-
carrying wires. To study this effect analytically, a normal form approach is commonly used to
derive the resonance driving terms and develop suitable compensation schemes. In this paper,
we propose a different approach based on a topological study of the non-linear transformation
from beam-beam long-range interactions. The equivalence between long-range interactions,
multipolar expansion and current-carrying wires is discussed using this formalism. Ultimately,
this allows to optimize the conditions for wire compensation in HL-LHC. To support the results,
we show that the proposed operational conditions also optimize the dynamic aperture and the
long-term stability of the machine.

1.1 Introduction

The Large Hadron Collider (LHC) is soon to be upgraded into the High-Luminosity LHC (HL-LHC) which
is planned to be operational by 2030. For this new era, the focus will be to increase the luminosity produc-
tion of the machine by pushing the performance into increasingly challenging regimes. As such, addressing
the problem of compensation to reduce non-linearities seen by the beam and improve the beam lifetime is
of great importance in order to reach the targeted luminosity of the HL-LHC project.

Alongside electron cloud effects, the main source of non-linearities in the LHC (and also foreseen
for HL-LHC) is the beam-beam (BB) effect, arising from the electromagnetic interaction between the two
counter-rotating beams. In the interaction regions (IRs), the two beams share a common beam pipe and
perturb one another. Head-On (HO) collisions take place at the interaction points (IPs), whereas Long-
Range (LR) interactions are distributed on both sides of the IPs. These interactions, akin to multipolar
errors, occur several times (=50) per IR for the nominal bunches and strongly contribute to the excitation of
high-order resonances, eventually leading to particle diffusion, particle losses and the reduction of dynamic
aperture [1-3]. A common approach to study the problem is the so-called weak-strong model [4], where a
given weak bunch is subject to a static strong BBLR element for every encounter. The long-range beam-
beam effect increases with the reduction of the crossing angle (needed for increased luminosity). To mitigate
this problem, current-carrying wires have been proposed as a correction device to compensate the BBLR
kicks [5-7]. As shown in Fig. 1, the optics of HL-LHC allows to install the beam-beam wire compensators
(BBWC) in phase with all the BBLR kicks, left and right of both IP1 and IP5.

In this paper, the problem of beam-beam compensation is approached with topological arguments,
where the deformation of hyperdimensional tori is used to introduce the concept of non-linear residual and
quantify the compensation. First, a general description of beam-beam compensation is introduced to provide
some context. From there, the concept of non-linear residual is presented and ultimately applied to the case
of HL-LHC. We show that a wire compensator cannot be replaced by a high-order multipolar corrector
package, and the optimal operational point for the wire is discussed, based on an analysis of the non-linear
residual. Finally, a dynamic aperture (DA) scan is presented to support the results.
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Fig. 1. HL-LHC optics around IP1 at the end of the luminosity-levelling (see Table 1). The location of the proposed
wire compensators is shown with coloured squares (1 assembly of 3 modules on both sides of the IP) whereas the
BBLR lenses are shown with the coloured dots. Both the BBLR and the BBWC are shown to be in phase, such that
the compensation is essentially a local one.

1.2 BBWC - BBLR equivalence
In order to remain consistent with tracking codes such as Xsuite [8], a thin lattice is considered in the
formulation of the problem. As shown in previous work [9], the radial integrated kick from a current-
carrying wire of finite length L embedded in a drift of length L;,, (with Li, > L) follows:

L

- *(dp, _ Ml 1 2 4 2 1 2 4 2 inite wi
Ap, = /;Lmt ( T ) ds = —eg <\/4(Lim + L)%+ r?— \/z(Lint — L)y +r (Finite wire, (1))

2

where the integral is taken over the full length of the interaction, Lj,;. The sign of the current, I, is taken to
be positive when oriented in the same direction as the weak beam. When the beam-wire distance is small
compared to the length of the wire, » < L, the integration length becomes irrelevant and one retrieves the
kick of an infinite wire, integrated over a length L, and given by:

Mo

Ap, = —
Pr 627rr

(IL) (Infinite wire, (2))

which is a good approximation for the case of the LHC where L ~ 1 m and 7 ~ 10 mm. Similarly, assuming
a beam of protons and neglecting the longitudinal dimension (4D transformation), the effect of a beam-beam
interaction coming from a counter-rotating strong-bunch of intensity NV, distributed over a length Ly, is to
provide a radial kick in the transverse plane given by:

~

b

%7 2 2 /6 2
Ap, = /_ , <CZZ> ds = e% (Nb - (ec) - {1 ;56 }) (1 —e /20 ) (Beam-Beam, (3))

1Ly

2 2
where the length of interaction between the weak-bunch and the strong-bunch is halved since the bunches
are assumed to travel in opposite directions at constant speed. We see that the beam-beam long-range kick
(aregime where r > o) is equivalent to the kick of an infinite wire powered with the equivalent current:

1+ 52
2
where (3 is the relativistic velocity parameter. In the relativistic limit, one gets (/L).q = —N - (ec) as

shown in previous work [5,7]. Eq. (4) indicates that the wire compensator kick is completely analogous to
the beam-beam kick in a long-range regime, and can therefore be used as a natural compensating device.

~

(IL)eq = —Ny - (ec) - [ 4
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1.2.1 Multipolar expansion

One can show [7, 10] that the transverse field (B,, B,) from a single wire located at (z,, y,,) in the trans-
verse plane is the one of a pure multipole and can be written in cartesian coordinates as:

o

, pol (z +iy)"
By 4+iBy =Mooy~ W 5
Yy +1 o 7;) (x'u_) 4 ,L'yw)n-i-l ( )

which implies that the field contains contributions from all multipolar components. From there, following
Xsuite’s convention, the corresponding normal, k%, and skew, k£*, multipolar strengths for a wire compen-
sator can be expressed as:

‘ qo 110 (IL)
KL 4 ikiL) = —n! (J0R0Y) 2R 6
(KL +ikyL) = —n (PO 27r> (T + 1Y) ©

as seen by the weak beam, where gy is the charge of the beam and P the reference momentum. The resulting
thin-lens Hamiltonian is the one of a pure multipole, i.e.:

_ q0 _ - 1 27 0% - \n—+1
Huv = —H)AZ—Re{;M(kZ—O—zkn)(x—b—zy) @

The same can be said about the BBLR kick in the long-range approximation, by virtue of eq. (4).

1.2.2  Wire compensation

In a machine such as the LHC, the linear contribution to the Hamiltonian (dipolar and quadrupolar kicks)
can readily be compensated with the help of the closed-orbit feedback system and ad hoc quadrupolar
corrections. As such, one can focus on the non-linear contributions (sextupolar kick and up) by normalizing
the linear part of the motion. To do so, the physical phase space coordinates & = (x, Py, Y, py, ¢, pc) are
transformed into the linearly normalized phase space coordinates 7= (Z, Pa» U Dy, ¢, pc) with the help of
the WW-matrix [8] using FT=W-1z Following this transformation, the normalized coordinates (Z, p,, etc.)
homogeneously assume units of m?. If the beam emittance is known, one can further express the normalized
coordinates in units of 1/ such that £ = 1 Vér = =1 V/Bzex = 1 0, which relates to the beam size.
With this change of variable, a kick in normalized space can be expressed as:

Ay = ~L\/B .Re[Z U+ i) (VB T+ iV, g)”]

n=2

0 (3)
Ap, = L+/B,- Im{z %(k;; + k) (v Be & +iv/By g)n]

n=2

where n > 2. Since both BBLR lenses and BBWC lenses can be modelled with the multipolar strengths of
eq. (6), the ideal compensation condition would require that the sum of the kicks be zero to all orders and
over the entire space. Introducing the beta-ratio p = 3, /3, one can show that the conditions at different
orders n for a horizontal crossing (both BBLR and BBWC located in the horizontal plane) are:

ILj~ ]_m NJ'GC' )
> Tl e 3 B ®

j € BBWC j € BBLR

with
0,1,... 2 ifni
n>2 m € 0,1,...,n/2} ?n?seven
{0,1,...,(n+1)/2} ifnisodd
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which corresponds to the sum of the contributions from all BBLR interactions and all the BBWCs used
for the compensation. For a vertical crossing, the equivalent conditions are obtained by letting £ — ¢ and
p — 1/p. As an example, in order to compensate the octupole-like contribution, one requires that:

s o (el oy .

j € BBLR (&)1 j € BBWC ()"
N Vi ec . i IL i 5
(Octupole-like) n =3 Z [ b ((j; 4))4 (p;) — Z W =0 (10)
j € BBLR J j € BBWC J
[Ny ()] - (p)* (IL); - (ps)*  _
2 ()4 ; ngc (2;)* ’

j € BBLR

Clearly, these conditions (at various n) cannot be all simultaneously satisfied unless there is a single BBWC
lens used to compensated a single BBLR kick (or a sum of comparable ones). In this case, the BBWC needs
to be installed at the same normalized distance ;. = Tz and at a longitudinal location with the same
beta-ratio, p, as the one of the long-range. For the IRs of HL-LHC (see Fig. 1), the aim is to compensate
50 BBLRs using 2 BBWC, located on the left and the right of the IPs. Because of the antisymmetric optics
of the IRs, the wires have complementary beta-ratios (p;, = 1/pg). In this case, some previous work [7]
showed that the two wires should be installed symmetrically in the physical space and at a very specific
beta-ratio (x;, = xr and pr, = 1/pr = 1/2) in order to minimize the overall resonance driving terms
(RTDs) of the lattice, or, equivalently, the residual kick provided by eq. (8).

In the following sections, we will show that a satisfactory compensation can also be achieved with the
proposed location of the BBWCs for HL-LHC, shown in Fig. 1, even if the beta-ratio (p;, = 1/pg ~ 1/1.75)
is not the optimal one with the optics considered. Furthermore, we will show that the wires (left and right)
can also be positioned at the same distance in normalized space, which brings some practical advantages in
terms of implementation in the machine. To defend these points, topological arguments are used to describe
the non-linear transformation from BBLR interactions.

1.3 Linearization and topological compensation

Let’s consider a general transverse Hamiltonian acting at a longitudinal location s and written in terms of
the normalized coordinates, Z, as:

Hoy = ptam(3® + 52) + pym (i + 52) + Hae (2) (11)

where ji; and p,, are the linear phase advances (in units of 27) for both planes and HL (f) is a general
non-linear kick. As can be shown using Lie algebra [11], if the non-linear part of this hamiltonian vanishes,
then the transformation exp(: —7:150 :) corresponds to a pure rotation in both of the transverse planes, with
respective rotation numbers fi; and ji,. On the other hand, if the non-linear part is non-zero, the corre-
sponding transformation becomes a non-trivial deformation of the phase space, as in the case of the BBLR
kick discussed earlier. Hence, we shall say that a non-linear beam line like the one of eq. (11) is said to be
compensated if the overall transformation takes the form of a pure rotation in the normalized phase space
with some non-trivial effective rotation numbers ./, and u;. In other words: to compensate is to linearize,
bringing the transformation back to a pure rotation.
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Fig. 2. Transformation of a series of hyperdimensional tori with the Hamiltonian of eq. (11). (a) Initial circular tori
(b) Deformed tori after a single BBLR lens located at z = 11 o, (c) Compensated tori after a single BBLR lens
followed by a compensating BBWC lens, also located at x = 11 o,.. The tori were chosen to have various horizontal
amplitudes, 7, € [0,10] /2, and a common non-zero vertical amplitude, 7, = 6 \/Z,. Only the (X, P,) projections,
U, are here shown for simplicity.

In order to quantify said compensation, let’s consider a hyperdimensional torus {f( P,.Y, Py} (02,0y)
written in the form of quasiperiodic series [12]. In order to distinguish between the two important cases of
circular or deformed tori, one can write separately:

v oo
g U, =X —iP, = (rxeid’”“‘)ei@”f g U, =X —iP, = ZAkei[nszw'F"yk@y]
N 'U =
E 2 ’;0 (12)
= ~ - ~ . . - - ~ .
2| b=y -if= (ryewy)ezey S | by =¥ —iB, =) ByelmarOstmnoyl
A k=0

where capital letters are used to distinguish the single-particle coordinates (e.g. T, p,) from the topological
curves (e.g. X , 1596) on which they reside. The amplitudes Ay and By, are complex numbers with a given
phase, and 7i, = (ngk,nyk) and 1y = (Mg, Mmyy) are integer numbers generating various linear com-
binations of the angles, 6 = (©4,0,). Evidently, the circular torus is only a specific case of the more
general torus, made of a single phasor term in each plane corresponding to 7ip = (1,0) and 7 = (0,1)
with well defined radii, |Ag| = . and |By| = r,. Under the action of the transformation exp(: —H.g, : )
from eq. (11), one can show that a circular torus is transformed into a deformed torus if the non-linear term
7:[NL (i") is present, but remains circular otherwise (albeit rotated). Hence, one can claim that a beam line
is compensated if and only if it transforms a circular torus into another circular torus. Since the transfor-
mation is symplectic (and area-preserving), this implies that the two tori have the same radii, 7, and ry,
and are simply rotated. To see this effect, one can populate a circular torus like the one of eq. (12) with a
few thousand particles (more properly conceptualized as observation points) and use any tracking code to
see the effect of a given transformation. As a note of caution: the torus should be sampled carefully using
non-commensurate angles (where the ratio ©,/0, is irrational), in order to sample the torus densely. An
example of this procedure is shown for many tori of various amplitudes in Fig. 2 for the case of a single
BBLR lens and a compensated BBLR lens using a single BBWC.
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1.3.1 Non-linear residual

As clearly shown in Fig. 2, the deformed tori each appear as a smeared" collection of points when projected
onto a given transverse plane. Based on eq. (12), one can infer that this effect arises from the multitude of
coupled phasors present in the quasiperiodic expansion of the deformed torus. In fact, one can show that
when averaged over /N densely sampled particles (observation points) from a torus, or, equivalently, over
the angles ©, ©,, the radial excursion is directly related to the underlying phasors following:

i (), = (50422, = (), = 5

obtained from an explicit calculation of the integral:

i[7ig-6] * _—i[it;-6)
<\1n1r 5= @7 %72 kzer XZA 76l | 4e,de, (14)

which reduces to the above result by using the fact that § ez[”e —im®l 4@ = 21 §,,,,. This result can
be directly generalized to a higher number of dimensions if need be. Interestingly, eq. (13) can be used to
establish a clear difference between a circular torus for which 72 + p2 = |Ag|? = 2 is a constant, and
a deformed torus, for which it is not. In turn, this allows to determine whether a given torus is made of a
single phasor Ag = r,e®+, or of many Ay, in which case the radial excursion varies point to point.

By comparing the Courant-Snyder linear invariant, J, = %(572 + p2), to the Poincaré non-linear
invariant, [, one can quantify the deformation of an individual torus via the non-linear residual, R, defined
as:

Jy—T . e -
= W) =11 >_, I with I= < "’3) and (J ) = <<JI>> (15)
1T 1y (Jy)

where the average (f ) can be taken over the angles O, ©, or a collection of IV particles used to sample
the torus. As shown in a separate work [12], the non-linear invariants I can be evaluated numerically from
tracking data in order to evaluate this deformation. By definition, the residual is & = 0 for a circular
torus, where (j ) = I, and R > 0 otherwise, as also discussed in a separate work [13]. Although the
residual is in general the property of a torus, one can equally use it to describe the deviation from linearity

of a given transformation in the form of eq. (11). Let’s note \IJ — eli—Hsg) \Il so the transformatlon of

(\IJI, \If( ) from sg to s1. If \I’SO is taken to be a circular torus, then the deformations generated on \1131
become a direct measure of the non-linearities of the transformation. Since the invariants at sy are known to
be Iy, = (Lo, Iy)sy = %(r%, ry) by construction (and are, by definition, invariant under any transformation)
one can explicitly write the non-linear residual of the transformation as:

(16)

RSQ—).Sl =

() = 1a)" + (1) = 1,)° \/ (@2 4+ 52w —ra)” + (@ + By —1)°

I$2+Iy2 Tg:2+7"y2

which is an important result used for the rest of this work. The numerical procedure suggested on the basis of
eq. (16) is straightforward and as follows: populate a circular torus of known radii (7, r,,) with N particles,
track through a given segment of beam line and evaluate R ,,_,s, from eq. (16) with the average taken over
the N particles. In fact, this procedure was already visually illustrated in Fig. 2.

'The smear is a technical term defined in the Superconducting Super Collider (SSC) era which differs from the non-linear
residual. See Ref. [13] for additional details.
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1.3.2 Demonstration: multipolar compensation

Let’s consider the trivial compensation case of a single BBLR kick, as previously shown in Fig. 2. Based on
eq. (16), one can numerically evaluate the non-linear residual of the BBLR transformation alone, for various
transverse positions in the form of Ry, s, (72, 7y). The result is shown in Fig. 3(a). Far away from the
center of the strong beam, the BBLR kick becomes essentially multipolar and one can hope to compensate
the kick based on the expansion of eq. (6). By doing so, the non-linear residual R, (72, 7y) is reduced
on a wide region of transverse positions around the origin. The results are shown in Fig. 3(b, c, d), for
an ideal compensation, order-by-order. One can see that the transformation (BBLR followed by multipolar
compensation) is increasingly effective, as the order of the multipolar correction is increased. Finally, by
considering the compensation from a wire compensator (i.e. a pure multipole), shown in Fig. 3(e), the non-
linear residual is reduced over the entire transverse space except for the immediate vicinity of the strong
beam core, where the long-range assumption is no longer valid (see Section 1.2). It is clear that even for the
simplest case of BBLR compensation (i.e. a single BBLR), the BBWC is the appropriate device to consider,
by virtue of the fact that it is the natural multipole counterpart of the BBLR lens.

It is noteworthy that the non-linear residual (hence the color scale of Fig. 3) is a comparative metric.
Naturally, for a longer segment of beam line (e.g. 2 BBLR kicks), the residual would increase and there is
no absolute criterion to determine what should be tolerated or not. As such, the metric should be used to
compare two similar segments (e.g. a compensated and a non-compensated segment) to establish a relative
comparison, as was done here.
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Fig. 3. Non-linear residual map, R,_,s, (75,7 ), for a short segment containing (a) A BBLR lens located at z =
11 o, (b, c, d) A BBLR lens followed by a multipolar compensator of increasing order, (¢) A BBLR lens followed
by a wire compensator. The results were obtained via tracking with the default Xsuite [8] elements (BeamBeam2D,
Multipole, Wire) fora 7 TeV proton bunch with Ni = 50 - (2.3 x 10'!) and €, , = 2.5 um-rad.

1.3.3 Demonstration: flattened strong beam

As a second example, let’s consider the compensation of a flattened strong beam using a single BBWC.
Since the BBWC-BBLR equivalence was derived for a round beam in Section 1.2, one should not expect
the same level of compensation for an elliptical beam.

Indeed, by studying the non-linear residual map R,—s, (72, 7y) for this simple case, Fig. 4 shows
that the BBWC-BBLR equivalence deteriorates for elliptical beams in comparison with round ones. This is
one of the many factors which can influence the overall compensation scheme for a realistic IR (alongside
the beam-beam separation and the beta-ratio), as discussed in the next section for the case of HL-LHC.
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Fig. 4. Non-linear residual map, Rs,s, (rz,7y), for the BBWC compensation of a BBLR kick assuming (a) A
horizontally-flat strong beam, o7 /o2 = 1/0.2 (b) A round strong beam, o7 /o2 = 1/1 (c) A vertically-flat strong
beam, 02/ 05 = 0.2/1. The insets show the BBWC placed at the center of the corresponding strong beam.

1.4 Application to HL-LHC

As mentioned in the introduction, a promising strategy to reach the luminosity targets of HL-LHC is to
allow for the reduction of the crossing angle in both IP1 and IP5. Unfortunately, this is made challenging by
the 50 BBLR interactions found in each IR. Despite being in phase, the many BBLRs are not all equivalent
and cannot be perfectly reduced to a single one, due to the optics variation along the IR. From eq. (8)
and eq. (9), one can see that both the BBLR separation, Z;, and the BBLR beta-ratio, p = 3,/,, play
a significant role in the resulting kick. Moreover, as shown in Fig. 4, the beta-ratio of the strong beam
also influences the quality of the compensation achievable with a simple wire compensator. In Fig. 5, an
overview of the relevant parameters is shown for the 50 BBLR interactions of IR1, as well as for the proposed
BBWC modules, left and right of the IP. In these conditions, no perfect solution exists and the problem of
compensation becomes a problem of optimization.

18 : v 6
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16 i —e— BBLR separation | s
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—e— §,/B, (Strong Beam)
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Fig. 5. Relevant HL-LHC optics parameters for the 50 BBLR interactions of IR1 with a half-crossing angle of 6./2 =
250 prad in the horizontal plane. Close to the IP, the BBLR separation is around 10.6 o, and the beta-ratio is close to
p = By/Bs ~ 1. The proposed compensation scheme requires the BBWC to be powered (at most) with 450 A-m at
14.75 o,, from the weak beam, left and right of the IR, where p,, 1, ~ 1/1.75 and p,, g =~ 1.75.

1.4.1 Non-linear residual optimization and dynamic aperture

Outside of the framework of the present paper, it has been shown that a proper BBLR compensation scheme
can be used to reduce resonances [7] and therefore push the dynamic aperture boundary beyond the 6 o
target usually considered for HL-LHC [3]. These results allow us to formulate a clear optimization problem
in terms of the non-linear residual which would also improve the dynamic aperture of the machine at once.
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To do so, we propose to reduce the problem to the study of the linearity of the transformation between the
entry of IR1 and its exit, Ry, (72, 7y) = Rir1(rz,7y) and aim to reduce the non-linear residual around
the 6 o boundary by varying the BBWC current and beam-wire distance. The justification for the proposed
formulation is based on a few key considerations:

1. The dynamic aperture considered is mainly limited by the BBLR interactions of IR1 and IRS.

2. Due to the chosen optics, the transformation through IR1 and IRS are analogous, such that optimizing
IR1 should give the operational BBWC conditions to separately optimize IRS as well.

3. Optimizing the linearity of the transverse transformation, R, (72, 7y), around the 6 o boundary
should have a significant impact on improving the dynamic aperture of the machine as a whole.

To carry this optimization study, the machine segment between the dispersion suppressors left and right
of IP1 was extracted from the full HL-LHC lattice in order to isolate IR1, as show in Fig. 1. The lattice
parameters considered for the study can be found in Table 1. The current and beam-wire distance (in
normalized coordinates) of the BBWCs left and right of the IP was varied and the non-linear residual was
evaluated in each case. The maximum residual in the transverse plane around 6 o (r2 + 7’5 = ((6 £
0.2) ez )2) was computed for each operational condition. The results are shown in Fig. 6(a) alongside the
expected sextupolar (n = 2) and octupolar (n = 3) compensation conditions from eq. (9). To understand the
impacts of the non-linear residual on the long term stability of the machine, a full dynamic aperture study
was also carried out, as shown in Fig. 6(b). The results indicate that minimizing the non-linear residual
seems to have an important impact on the dynamic aperture of the machine. Based on this optimization
study, the proposed compensation scheme would be to power the wires with their design current value of
450 A-m, at 14.75 o, from the beam, or closer.
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Fig. 6. Optimal BBWC operational condition in terms of current, /,,, and beam-wire distance, x,,, for the baseline
lattice of HL-LHC (Table 1). (a) Non-linear residual at 6 ¢ from IR1 alone. (b) Dynamic aperture of the full lattice
after 10% turns for Ap/p = 2.7 x 10~* off-momentum particles. The sextupolar (n = 2) and octupolar (n = 3)
compensation conditions from eq. (9) are shown in both cases and can serve as a visual guide for comparison.
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Table 1. HL-LHC parameters considered for the dynamic aperture scan, Fig. 6(b).

Parameter Value Unit
Beam Energy K 7.0 (TeV)
Bunch intensity Ny 1.13 x 1011 (p™/b)
Norm. Emittance €Y, ey 2.5 (pm-rad)
Beta at the IP 8* 15 (cm)
Half-crossing 0./2 250 (urad)
Crabbing angle Occ —190 (prad)
Octupoles Toct —60 (A)
Tune Q2.Qy  (62.320,60.325)
Chromaticity AQLAQ, 15

To give some additional insight into the absolute metric of the non-linear residual, Rirj (7, 7y) Was
also computed without BBWC compensation, but with artificially reduced BBLR strength in order to mea-
sure the corresponding non-linear residual. The results are shown on the left side of the color bar of Fig. 6(a).
The residual corresponding to a reduction of the BBLR strength by 50% was made to line up with the middle
of the color bar (white). Hence, the region inside the white lines of Fig. 6(a) corresponds to a compensa-
tion of more than 50% of the BBLR strength, which seems sufficient to have a significant gain in dynamic
aperture, as show in Fig. 6(b). This observation is particularly interesting to discuss the case of PACMAN
bunches [3], which typically see only half of the BBLR interactions and therefore would be completely
compensated around the white areas of Fig. 6(a), but not overcompensated, resulting in a gain of dynamic
aperture for both nominal bunches and PACMAN bunches. Finally, in order to account for the small dif-
ferences between the global optimum of Fig. 6(a) and Fig. 6(b), one can refer to the few approximations
mentioned at the start of Section 1.4.1.

1.5 Summary

In this paper, the problem of beam-beam compensation is addressed with the help of topological arguments.
An overview of the equivalence between long-range interactions and current-carrying wires is presented and
general compensation considerations are introduced. By looking at the deformation of hyperdimensional
tori, the non-linear residual is introduced as a relative metric of non-linearity. This allows to clearly show
the differences between a low-order multipolar compensator and a wire compensator (multipole of infinite
order), as well as the differences between round strong beams and flattened strong beams. Finally, the non-
linear residual is used to study the optimal compensation scheme for HL-LHC by varying both the wire
current and beam-wire distance. The results are found to be in agreement with dynamic aperture studies and
suggest to power the wires with 450 A-m at 14.75 o, from the beam or closer.
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Abstract

Beam-beam long-range interactions are known to be a
strong source of non-linearities in hadron colliders, under-
mining the performance of the Large Hadron Collider (LHC)
during proton-proton collisions. In order to enhance the
luminosity production of the machine and increase the toler-
ance of the working point after the High Luminosity upgrade
of the LHC (HL-LHC), dedicated correctors such as beam-
beam wire compensators can be used. In this paper, the
beam dynamics of this compensation problem is studied in
details, ultimately showing that the linearity of the machine
can be significantly improved throughout the beam core —
and up to several sigmas — leading to an improvement of the
dynamic aperture. This conclusion is shown to be supported
by analytic calculations, simulation studies, as well as exper-
imental results presented in earlier work. With the proposed
approach, wire compensators can be positioned according
to the collimation settings, simplifying their implementation
in the machine for the HL-LHC era.

INTRODUCTION

The Large Hadron Collider (LHC) is soon to be upgraded
into the High-Luminosity LHC (HL-LHC) which is planned
to be operational by 2030. For this new era, the focus will
be to increase the luminosity production of the machine
by pushing the operational scenarios into increasingly
challenging regimes. As such, controlling the non-linearities
of the lattice and improving the beam lifetime is critical to
reach the target of the HL-LHC project. Alongside electron
clouds, the main source of non-linearities in the LHC is the
beam-beam (BB) effect, arising from the electromagnetic
interaction between the two counter-rotating beams. In the
interaction regions (IRs), the two beams share a common
beam pipe and perturb one another. Head-On (HO)
collisions take place at the interaction points (IPs), whereas
Long-Range (LR) interactions are distributed on both sides
of the IPs. These interactions, akin to strong multipolar
errors, occur several times (=50) per IR for the nominal
bunches and contribute to the excitation of high-order
resonances, eventually leading to particle diffusion, particle
losses and the reduction of dynamic aperture [1-3].

To mitigate this problem, current-carrying wires have
been proposed as a correction device to compensate the
BBLR kicks [4-6]. As shown in Fig. 1, these so-called
beam-beam wire compensators (BBWCs) need to be

* philippe.belanger@cern.ch
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Figure 1: BBCW layout for HL-LHC around IP1 and IPS5.

Table 1: HL-LHC Parameters (End of Lumi-Levelling)

Parameter Value Unit
Beam Energy E 7.0 (TeV)
Bunch intensity Ny 1.13x 101 (p*/b)
Norm. Emittance &Y, & 2.5 (um-rad)
Beta at the IP B* 15 (cm)
Half-crossing 0./2 250 (urad)
Crabbing angle Occ -190 (urad)
Octupoles Lot -60 (A)
Chromaticity AQy,AQ,y 15

installed after the separation dipoles in order to act sep-
arately on the two beams, which travel in opposite directions.

The Maxwellian equivalence between current-carrying
wires and beams of charged particles has been well-
established theoretically by several authors over the last few
decades [4, 6, 7]. On the experimental front, successful
beam-beam compensation was recently demonstrated
in the LHC during dedicated machine development
experiments [8, 9] as well as regular LHC operation [9].
However, the integration of a full-scale compensation
system in the machine for the HL-LHC era — the first
of its kind — requires additional considerations to op-
timize the effects on the beam dynamics, as discussed below.

In this paper, the linearity of the IRs is studied with and
without BBWCs at various amplitudes using the non-linear
residual, which will be introduced. This method comple-
ments the usual resonance driving terms (RDTs) approach,
while reducing the complexity of the analysis by directly
using generic tracking codes to reach its conclusions. To
support the results, dynamic aperture scans are presented.
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Figure 2: Non-linear residual, R, through IR1 for various amplitudes, (7, ry), in HL-LHC. (a) Without BBWCs. (b) With
BBWCs at 15 o and 400 A-m. (c) After reducing the crossing angle, with BBWCs at 12 ¢~ and 400 A-m.

EQUIVALENCE PRINCIPLE

In the transverse plane (4D), the beam-beam kick from a
gaussian bunch of protons with size ¢ is purely radial and
scales with the radial distance, r, following:

Apy = —e 2% (IL)eq x (1 - e—’z/z”z) .M
2nr

where (IL)eq = —Np - (ec) - [(1+B%)/(2B)] is the
equivalent current for a bunch of intensity Nj traveling
with a relativistic velocity parameter . One can see that
the beam-beam long-range kick (a regime where r > o)
is equivalent to the kick of an infinite wire powered with
the equivalent current (/L)eq. In turn, it can be shown
that the magnetic field of an infinite wire is the one of a
pure multipole, exciting contributions from all multipolar
components [10]. As such, the effect on the beam dynamics
scales with the beta functions (8, 8y) at the location of the
kick and depends on the beta ratio, p = B /Bx.

In principle, any single BBLR kick can be naturally
compensated using a dedicated BBWC installed in phase
at the appropriate beta ratio (oggLr = pBawc) and at the
appropriate distance from the beam. That being said,
the HL-LHC lattice contains many BBLRs distributed
over the IRs (=50, with varying beta ratios), and only
2 BBWCs located after the separation dipoles on each
sides of the IRs. This specific compensation scheme,
introduced and thoroughly studied in earlier work [6],
makes use of the antisymmetric optics of the IRs to reduce
the number of BBWCs required. Indeed, with the phase
advance between the BBLRs being negligible and the
antisymmetric optics of HL-LHC (left to right, p, = 1/p;),
it has been shown that the overall RDTs of the lattice could
be optimally compensated using only a pair of wires. Since
the beam-beam separation is symmetric on both sides of
the IPs, it is moreover required that the BBWCs be placed
symmetrically on both sides of the IPs to reach the optimal
compensation.

This equivalence principle — reducing 50 BBLRSs to 2
BBWCs — is an important feature of the problem. However,
departing from the optimal compensation scheme suggested
in earlier work [6], this paper is set to demonstrate that a
satisfactory compensation can also be achieved over a wide
range of operational parameters. In particular, it will be
shown that the 2 BBWCs need not be installed symmetri-
cally on both sides of the IPs, but can instead be installed
at a similar normalized distance (in units of o, and o).
This choice of implementation could, in principle, facilitate
the integration of the devices in the machine (in terms of
machine protection), ensuring that the requirements of the
HL-LHC collimation hierarchy are safely met.

COMPENSATION AND LINEARIZATION
Phase Space Rotation

Let’s consider a general transverse Hamiltonian (4D) act-
ing between the longitudinal locations s¢ and s and written
in terms of the normalized Courant-Snyder coordinates, )%,
following:

Hoyorsy = xrt(F + p2) + pyn (5 + p2) + Fne (%), ()

where u, and 1, are the linear phase advances (in units
of 27) for both planes and Fixy. (?) is a general non-linear
term. As can be shown from Lie algebra [11, 12], the
transformation exp (: ~Fyysy As :) corresponds to a
pure rotation in both the (%, p,) and the (¥, p,) phase
spaces if the non-linear part of the Hamiltonian, . ()?),
vanishes. On the other hand, with the non-linear term
being non-zero, the corresponding transformation becomes
a non-trivial deformation of the phase space. This is
namely the case, e.g., for the IRs of HL-LHC, when BBLR
kicks are considered. It is possible, however, to combine
non-linear lenses in such a way that the non-linear term
vanishes or reduces to an additional linear term. Hence,
we shall say that a non-linear beam line like the one
of eq. (2) is compensated if the overall transformation
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Figure 3: Dynamic aperture scans over various working points, (Qx, Qy), for HL-LHC. (a) Without BBWCs. (b) With
BBWCs at 14.75 o and 450 A-m. (c) After reducing the crossing angle, with BBWCs at 13 o and 450 A-m.

takes the form of a pure rotation in the Courant-Snyder
phase space with some non-trivial effective rotation
numbers . and 4. In other words: to compensate is to
linearize, bringing the transformation back to a pure rotation.

Non-Linear Residual

This particular framing of the problem makes it
clear that the linearity of a beam line can be mea-
sured by evaluating how the corresponding transformation,
exp (: —Hyy—s,As @), departs from a pure rotation. As
shown in a separate work [12], this can be achieved by com-
paring the Courant-Snyder linear invariant, J, = %(iz +p2),
to the Poincaré non-linear invariant [13], /., via the non-
linear residual, R, defined as:

Ty =T

R = =
71

. 7 _ Ix T\ _ <Jx>
with [ = (Iy) and (J ) = (<Jy>) , 3

where the average (f ) is taken over N particles uniformly
distributed over 4-dimensional tori, allowing to cover all
possible phases in both planes, ¢, and ¢,. This figure of
merit can be evaluated directly from tracking data to quantify
the non-linear deformation. To do so, particles are placed at
fixed radial amplitudes (7, 7, ) in the Courant-Snyder phase
space ((%, p) and (¥, py)) with various phases (¢, ¢y)
and tracked through the beam line. By symplecticity, the
projected areas (I, Iy) = 5(r2,r?) are preserved through-
out the beam line but the radial excursions, § (2 + %) and
% < yZ + ﬁi) are not, due to non-linear deformations. Hence,
the non-linear residual can be ultimately evaluated follow-

ing:

‘Rsoas] = J

at various amplitudes. By definition, the residual vanishes
(R = 0) for a pure rotation and is strictly positive (R > 0)
otherwise.

A A Y 2 2\ )2
((X +Px> rx) +(<)2’ +Py> ry) @

rZ+ry

BBLR COMPENSATION IN HL-LHC

In Fig. 2, the linearity of a section of the HL-LHC lattice
(IR1) is evaluated for the baseline configuration of the
machine at the end-of-levelling. One can see that without
BBWCs (Fig. 2(a)), the lattice becomes highly non-linear
around the 6 o line. With compensation (Fig. 2(b)),
the level of linearity originally found only in the core
of the beam is pushed beyond the 6 o line, showing a
successful compensation of the BBLR kicks. Finally, it is
also shown that BBWCs can allow to reduce the crossing
angle further into the levelling process (Fig. 2(c)) while
preserving a similar non-linear residual to that of the
baseline configuration.

Contrarily to typical RDT-based approaches, the non-
linear residual allows to visualize the effect of non-linearities
at various amplitudes, while providing a comparative metric
to asses the quality of the compensation. As such, one can
conclude that a satisfactory compensation is obtained in IR1
— despite the non-optimal compensation scheme considered
— as shown in Fig. 2(b). To validate these claims, dynamic
aperture scans were performed for each configuration, as
shown in Fig. 3. One can see that the DA is significantly
improved (reaching the HL-LHC target of 6 o) for a wide
variety of working points when powering the BBWCs.

SUMMARY

This paper presents a revised compensation scheme for
beam-beam wire compensators in the HL-LHC era, allowing
the wires to be positioned at the same normalized distance
on both sides of the IPs. By studying the non-linear residual
over IR1, it is shown that BBWCs can significantly improve
the stability of the beam dynamics over a wide region of
the transverse plane, making the machine sufficiently linear,
beyond the 6 o line. To support this claim, dynamic aperture
scans are provided, showing an improved range of possible
working points for HL-LHC.
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Abstract

The stability of particle motion is a central concern of beam dynamics for the optimal design of
particle accelerators. Linear effects are generally well under control, allowing us to store beams
for more than 50 hours in machines like the Large Hadron Collider, at CERN. Non-linear effects,
on the other hand, introduce complications that must be controlled to enhance the region of
stable motion. In such complex systems, the emergence of chaos forces us to integrate the
motion element-by-element to study the complete picture of beam dynamics. This establishes
particle tracking as a fundamental tool required to probe non-linear effects. Yet despite the
successes of the field, the ubiquity of the linear picture leads to a framework which often appears
fragmented. In this respect, this dissertation proposes a formalism which can naturally describe
linear, non-linear, analytic and numerical experiments alike using a self-consistent framework.
To do so, we take an epicycle approach (in the spirit of the ancient Greeks) and place a general
quasiperiodic expansion as the central object of study.

Critically, this choice ensures close contact with empirical observables and enables a de-
tailed spectral analysis of the particle’s motion. After providing a visual interpretation of
KAM tori, we show how the integrals of motion can be recovered for arbitrary Hamiltonian
flows, including fully coupled six-dimensional systems such as the LHC. Using Lie algebraic
methods, we investigate the transport and deformation of these tori, establishing a foundation
for describing coupled linear motion as a stepping stone toward a more complete non-linear
treatment. Although closed-form solutions remain generally inaccessible, we demonstrate that
the compensation of non-linear effects can be rigorously studied through the non-linear residual,
a quantity shown to correlate strongly with dynamic aperture. Ultimately, the framework
connects naturally with the Normal Form approach, which relies on the same quasiperiodic
expansions.

TRIUMF | UBC | CERN
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