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PROGRAM SUMMARY

Title of program: DISLAN, DINLAN, DISVAV, DINVAV, COEDIS, COEDIN
Computer: CDC 6000, Installation: CERN, Geneva

Operating system: CDC Scope

Programming languages used: FORTRAN IV

High speed store required: 800(DISLAN), 314 (DINLAN), 92(DISVAV), 5Z(DINVAV),
695 (COEDIS), 1331 (COEDIN), [auxiliary routines:
109(FCN), 337 (EXPINT), 304(CSINTL), 322(RZERO)]
words. No, of bits in a word: 60

Is the program overlaid? No
No. of magnetic tapes required: None
What other peripherals are used? Line printer

No. of cards in combined program and test deck: 291 for the Landau distribution,

625 for the Vavilov distribution
Card punching code: BCD

Keywords: Landau Distribution, Vavilov Distribution, Random Number Generation,
Energy Loss of Particles

| Nature of the phystcal problem

The Landau and the Vavilov distributions are used to describe the energy loss
of charged particles traversing a thin layer of matter. For Monte Carlo simula-
tions it is of particular interest to have a random number generator for these

distributions.

Method of solution
Fourier series are used to approximate the probability density functions, the
cunulative distribution functions and the inverses of the conditional (see Sec-

tion 5) distribution functions.

Restrictions on the complexity of the problem

Theoretical considerations, together with numerical tests, show that in the
case of the densities and the distribution fucntions three to five significant
digits are obtained. In the case of the inverses of the conditional distribution
functions three significant figures are obtained almost everywhere, except near
the end points of the interval, where a relative error of up to 5-6% may sometimes

occur.

Running time

Typical running times (in sec on the CDC 6600) are given in Tables 1 and 2,
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Table 1

Running times in msec

Landau
Distribution
DISLAN (X,,0) 2.75
DISLAN(X,1) 2.42
DINLAN(X) 1.99
Table 2

Running times in msec

Vavilov Distribution

k= 0,01, % = 0.5

k=4,0, 2 =0

5

k = 10.0, B% = 0.5

COEDIS (RKA,BE2,0,J)
COEDIS (RKA,BE2,1,J)
COEDIN (RKA,BE2,J)
DISVAV(X, 0)
DISVAV(X, 1)
DINVAV (X)

78.0

81.0

9957.0
0.21
0.21
1.56

12,0
12.0
7911.0
0.024
0.022
1.54

12,0
13.0
7838.0
0.023
0.022
1.55
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LONG WRITE-UP

1. Introduction

The Landau distribution and its generalization, the Vavilov distribution,
are often used to describe the energy loss of charged particles traversing a thin
layer of matter. The Laplace transform of the probability density function of the
Landau distribution was found by Landau [1] to describe the energy loss of fast
particles which have traversed a layer of matter of a given thickness, the corres-
ponding probability density function of A is given by

Ctie
£,00) = 7%? j’ S Ins + s ds | (1.1)
c-iw

where c is an arbitrary real positive constant. This function was tabulated by
BSrsch-Supan [2] in 1961 for -4 < A < 100,

A generalization of the Landau distribution was given by Vavilov [3] in 1956.
This distribution takes into account the maximum allowed energy transfer in a
single collision of a particle with an atomic electron. Again, if A is the random
variable introduced by Landau, the corresponding probability density function of
the Vavilov distribution is given by

£O) = iy Cfﬂw b(s) e S as (1.2)
c-ic
where
9(s) = Cexp [¥(s)] , (1.3)
C=exp [x(1 + B%y)] , (1.4)

P(s) =s Ink + (s + BZK)(f 1 - expt[— st/i] gt - YJ _
1.5)

-k eS/K

= 0.5772 ... (Euler's constant) (1.6)

<
{
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and ¢ is an arbitrary real constant. The parameters k and B* with
k>0, 0<B2<1, (1.7)

have the following meaning. « is proportional to the ratio of the mean energy
loss over the path length of the particles to the largest energy transfer possible

in a single collision with an atomic electron. The parameter g% is given by

B® == » (1.8)

where v is the velocity of the particle and c the speed of light.

It can be proved that £(A) converges to fo(A\) as k » 0. In [3] it is shown
that for k < 0.01 the Vavilov distribution may be replaced by the Landau distribu-
tion. Seltzer and Berger [4] have tabulated the function £()) for « = 0.01, 0.04,
0.07, 0.1, 0.4, 0.7, 1.0, 4.0, 7.0, 10.0 and B* = 0.0 (0.1) 1.0. In addition they
have demonstrated that for « > 10.0 the Vavilov distribution may be replaced by

a Gaussian distribution with mean value

p=+y-1-82-1Ink (1.9)
and varilance

g2 = 2: B (1.10)
K y

We shall therefore consider only the cases where

0.01 < « £ 10.0 , 0sp?*<1., (1.11)

The computer programs described in this paper provide physicists with a means
to calculate in a fast way the probability density functions fo (%) and £(), the

cumulative distribution functions

A

Fo0) = [ £0(8) dE (1.12)
A

F() = _/ f(g) d¢ , (1.13)

and the inverse functions of F, and F which are used for the generation of random
mmbers according to the Landau and the Vavilov distributions.
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In all of these programs the main emphasis was put on speed of calculation;
consequently the precision of the calcﬁlated function values, though sufficient
for practical purposes, is not very great. The numerical methods which are applied
can, in principle, also be used to obtain a higher precision by just changing some
parameters as can be seen later.

2. Method of computation

The functions f,(}) and f(\) are continuous, and have only one maximum, in
the neighbourhood of zero, as can be seen from [4]. In addition they tend expo-
nentially to zero as |A| + ®, except that f,(}) behaves as O(A™%) as A » +=
(see [2]). We can therefore use the following method, described in [5], to compute
the function values of f,()), £(}), Fo(A) and F(A\), at least in a certain finite
interval.

We give the formulae only for £(A) and F(}), since those for the Landau dis-
tribution are of the same form.

Let €. and e, be two given small positive numbers and let T and T, be two
quantities such that

T_

/’ O ' 2.1)
f £0) s e, (2.2)
T

+

We then define the following two functions

-0l ' in |
g(}) — 17 * ég; (Ak cos kwh + Bk sin kme} , _ (2.3)
i = (A B
_1 WX k .- S ~
G\ =T A - * éi; (T? sin kwi T cos kwk)},, S 2.8
with
w=—2T’1, T=T, -T_, | (2.5)
fee] A B
_ wl. k. k
A= - —= - éi; (T? sin kuwT_ - cos kwT_] s (2.6)

A = Re ¢(ikw) , (2.7



B, = - Im ¢(ikw) (2.8)

for k = 0, %1, #2, .... It is then shown in [5] that, for T_ < 1 < T, we have

g = £0) + ). [f(x +KT) + £00 - kT)] , (2.9)
k=1
< g - £ € F(T) + £(T,) + =2 Ex (2.10)
T
e £ 60D - F) < e, . (2.11)

These formulae show us that we can take g(X) as an approximation to £(A) and
G(A) to F(A). Since f(A) tends to zero for |A| + =, we only have to make |T_| and
T, large enough to obtain reasonable error bounds in (2.10) and (2.11). Naturally,
in the neighbourhood of the end points of the interval (T_, T () the function g(})
is a very bad approximation to £(A). However, in general, the values of f(A) will
be so small there that, from the point of view of using f{A) to compute probabilities
over different intervals, it is irrelevant whether we have an error of one hundred
per cent or even more. What counts from a practical point of view is the fact that
(2,11) is valid for all A with T_ < A ¢ T+.

Taking into account that we know ¢(s), given by (1.3), and

do(s) = &5 1N S (2.12)
which is the Laplace transform of f,()), the only quantities we still have to de-
termine, given €_ and €,, are T, T+ and N, where N is the number of terms used
in the Fourier series. The choice of these parameters is discussed in the next
two sections.

3. Determination of T- and T+

In Section 2 we already mentioned that f£()) tends exponentially to zero as
|A| » = and f,(}) does the same for A > -», Therefore, there exist c, > 0,
c_<0,M >0andM >0 such that

e ) < M for all A < 0 , (3.1)

A
=
A

e M £

[ 74

M+ for all A

v
o

(3.2)
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Using this fact, we know from 5], theorem 1, that for every T_ < TEO) and
T, 2 TEO) the inequalities (2.1) and (2.2) are satisfied, where

(o) . 1. e
1= e (A0 ¥ (3.3)
i 1 €
Tf.O) = oLE%I(l:f,O) (-& In *d?'(-gz)—J . (3.4)

These formulae allow us to determine T _ for £(A) and T_ for £(A) and f,(A). The
determination of T, for £,()) requires a different methed.

Taking into account that in (1.2) the real constant c may be chosen arbitrarily,
it is seen that for the Vavilov distribution we can take ¢_ = -« and c, = +» in
(3.3) and (3.4), respectively. We may therefore seek to obtain the extrema of
(3.3) and (3.4) by equating the derivative of

o

Uy(@) = 5 In 55y (3.5)

fu—

to zero.

Substituting (1.3) in (3.5), we obtain the roots o, of Ui(a) = 0 and take
T£°) = Ui(ai). Setting X, = ai/K, it then follows after a lenghty but straight
forward calculation that

Ti=TJ_E°)=-)—1(——[%lnei—1—Bzy-xian+e_xi—

I

(3.6)
- (x, + 82)[111 Ix,| + El(xi)]]

where x_ is the negative root and x_ is the positive root of the equation

(1 - g2)e™ - Bz[ln Ix| + El(x)] =1=-82(1-%) - % Ine, =x . (3.7)

The function E, (x) is the exponential integral defined according to [6], No. 5.1.39
and 5.1.1, by

foe]

X
_ -t -t
() = -y - In x|+ [ L€ ar - | &, (3.8)
0 X
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where for x < 0 we have to take the principal value of the integral on the right-
hand side of (3.8).

Numerical calculations show that the expression
= 2 1
Xg =1 - p(1 - v) - = In e (3.9)

is an approximation to the root x_ of (3.7), which is sufficient for practical
purposes. In other words, by substituting (3.9) into (3.6) we obtain a T_ value
which is only slightly smaller than TEO). The root x, has to be determined nu-
merically.

As has already been mentioned, for the Landau distribution T_ (= TEO)) can
also be determined by (3.3). Using (2.12) in (3.3) we easily find:

=1 =-1-mmi (3.10)

To determine T, for the Landau distribution we mention that BSrsch-Supan [2]
has given an asymptotic expansion of f,(A) for large, positive A. This expansion
has been used in [5] to show that for T _ 2 200:

f £o(0) dy < 2043, L 8 (3.11)
T+ T3 TL{*
T + +

+

We observe that the last two terms on the right-hand side of (3.11) are very small.

We therefore drop these terms and obtain

T, = (3.12)

by taking the equality sign in (3.11) and replacing the left-hand side by e,.

The quantities T, are thus given as functions of e, by (3.6) for the Vavilov
distribution and by (3.10) and (3.12) in the case of the Landau distribution. The
‘choice of €, will be discussed later.

4, Determination of N

From (2.7) and (2.8) we can see that, the larger w, the faster the Fourier coef-
ficients Ay and Bk tend to zero. For a fixed precision the number N of terms required
in the Fourier expansion will therefore decrease with increasing w. On the other hand,
using (2.5) and (3.6) it can be shown that w increases with increasing k for fixed -
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82 in the case of the Vavilov distribution. Therefore we try to find an expression
for N as a function of «, B%? and some parameter € which determines the precision.
In the case of the Landau distribution we determine N simply by trials on the

computer, since the Landau distribution is independent of any parameter.

From (2.3), (2.7) and (2.8) we have for the absolute value RN of the remainder
of the series in (2.3):

fe ]

RN =‘% z: {Ak cos kwi + Bk sin kwx)
k=N+1
-5 | L [qs(ikw)elk‘“ - qsc-ikw)e“lk‘“} (4.1)
k=N+1
0
w .
) l(b(lkw) :
k=N+1
According to [6], No. 5.2.1 and 5.2.2, the sine and the cosine integrals are
given by ' ’
X .
Si(x) = f o tat, (4.2)
. 0
X
Ci(x) =y + In x + f-c-?-?-—%:——l-dt (4.3)
0
for x > 0. Therefore, for x > 0,
X
1 - e 1t
————?T——-dt -y =1nx - Ci(x) + 1 8i(x) . (4.4)
0
Using (1.3), (1.5) and (4.4), we obtain after some calculation
8 ek | = 2L c ‘-@BzK exp | -k cos X2 - g2 i [X] - st K
T | T~ |k P K K)o k|l
(4.5)

Since Si(x) -+ /2, Ci(x) » 0 for x » = and |cos x| < 1, we obtain:
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B2k ,
2 otk | s £ C & [15.‘2] o muk/2

K k
(4.6)
B S
where vy converges faster to zero than Uy as k > oo,
Using (1.4) and (4.6) in (4.1) yields
W Bk -muwk/2 - (4.7)
Rgs 2D ) K¥Fe e v U Y
k=N+1 k=N+1
with
2 2
1 C (4.8)
™

Here again, VN converges faster to zero than UN as N >~ =, We therefore use only

UN for the determination of an expression for N,
It then follows easily after a change of variable and integration by parts
that

[e9)

2 -
u <%9DfxBKe”“x/2dx

N
N
2 2 -
= %% p NBTK o muN/2 .[ [1 + %HB K mmwy/2 dy (4.9)
0
CRZk ~muN/2 -
< DN e b2y = W+ T

where again, ZN converges faster to zero than WN for N » o,

- With WN we have found our final expression to determine N. We set

2 -
pNBK N2 (4.10)

where € is a suitably small number, and we determine the root N of (4.10) numerically.
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For g% = 0 (4.10) can be solved analytically, giving

N=Zm2 fore=0. (4.,11)

The choice of a suitable ¢ will be discussed later.

5. The inverse of the distribution functions

One of our goals is the generation of random numbers according to the Landau
and the Vavilov distributions. Let us assume that we have an analytic expression
for the inverse function P(x) of the distribution function F()A). Then, if w is a
random number from a uniform distribution over (0,1),

y = P(W) (5.1)

is a Vavilov-distributed random number. We therefore try to find at least an
approximation to P(x).

Let Q(x) be the inverse function of G(X) where G(A) is given by (2.4). Then
Q(x) is an approximation to P(x). We now give an analytic expression for Q(x).

From the definition of G(A) we know that

Q) =T_, Q) =T, . (5.2)

We define the following odd function

-T_ - Tx + Q(x) , 0<xgl,
R(x) = (5.3)
T - Tx-Q(x) , -1sxs50.
R(x) can be expanded in a Fourier sine series
R(X) = ) D, sin kmx , | (5.4)
k=1
with
1
Dk = 2 J‘ R(x) sin kmx dx , k=1, 2, ... . (5.5)

0

Therefore, with (5.3) and (5.4) we obtain
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Q) =T + Tx + ZDk sin kmx . (5.6)
k=1

Integrating (5.5) by parts gives
1
2
D, = T j‘ Q' (x) cos kmx dx . (5.7)
0
Then the transformation x =-G(A) finally yields

T,
D, = & J' cos [kn G(A)} d,  k=1,2, .. . (5.8)
T

To sunmarize, the inverse of G(A) is given by (5.6), where the coefficients
D, are given by (5.8). The integrals in (5.8) must be calculated numerically,
for instance by the trapezoidal rule, or Simpson's rule. A practical criterion
for the choice of the number M of coefficients Dk in (5.6) will be discussed later.

Remark:

It is evident that we can also find a sine series representation for the
inverse of the conditional distribution function

FAT') = P(A < MA < T') , (5.9)

where T' is a fixed value with T_ < T' < T . If GS(XIT’) is the conditional dis-
tribution function corresponding to the distribution function G(A), then Gg(AfT’)

is an approximation to PS(XIT’); moreover, if

s = G(T") , (5.10)

we have

1y = GV
G (AT = =5~ (5.11)

Let QS(X) be the inverse of GS(A\T’); it is then easily seen that

Qg(x) =T+ (T' =T )x + gz Cy sin mkx , (5.12)
- =1

where
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TI

C, - E%‘.[ cos {%g G(X)J A,  k=1,2, .. . (5.13)
T

For practical reasons we shall use later QS(X) instead of Q(x), for S = 0.99
and S = 0.995, depending on the value of «,

6. Precision and the free parameters

In the actual programs the free parameters T,, N, M, S and so on have been
chosen in the following way.

For the density and the distribution function of the Landau distribution we

have taken
T = -5, T, = 233.5 , N = 200 . (6.1)

This choice guarantees a precision of at least three correct decimal places for
both functions. In many cases precision is even higher as has been found by
numerical tests.

In the case of the Vavilov distribution T_, T and N are always calculated

+
according to the corresponding formulae derived in Sections 3 and 4. As has
already been mentioned there, the values of T, and N are dependent on the choice
of €, and €, respectively. In the program we have chosen

e_ =€, =¢=0.0005, (6.2)

giving at leat the same precision as in the case of the Landau distribution. In
both of these cases the precision of the distribution function is higher than that
of the density, for the reason given in Section 2, The choice of the parameter

in (6.1) and (6.2) was made partly by theoretical considerations and partly by
numerical tests,

We finally have to discuss the inverse function. Numerical tests showed
that the series (5.6) converges fairly slowly. However, the series (5.12) converges
much faster when taking, for instance,

S=0,99 for 0.01

in
~
A

0.04 , (6.3)

w2
it
A
~
A

0.995 for 0.04 < x £ 10.0 , (6.4)

in the case of the Vavilov distribution, and S = 0.99 in the case of the Landau
distribution. In practical terms it means that we replace. the original distribution
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by a new distribution (the conditional distribution) which has a shorter tail on
the right-hand side. We have cut off a part of the tail which contains 1% and
0.5%, respectively, of the probability content of the original distribution, which
can be tolerated in practice; in fact, for small k, the long tail on the right-
hand side is physically meaningless. Taking S as indicated in (6.3) and (6.4),
and taking M = 260 for the Landau distribution and M = 200 for the Vavilov dis-
tribution, Qs(x) is almost everywhere accurate to three decimal places or more
with an error up to 5-6% occurring only in the immediate neighbourhood of the

end points of (0,1).

7. The routines
7.1 Landou distribution

(1) DISLAN(X,I). This is a function subprogram which computes for I = 0 the
value of the density function, and for I = 1 the value of the distribution
function, at the point X, It uses the equations (2.3) and (2.6), where
the Fourier coefficients are given in DATA statements. The method for
the summation of the Fourier series is the one recommended by Clenshaw [7],
applied by Hivie [8] in the subprogram TRISUM for the summation of trigono-
metric series. (It is used in all other routines in this paper where Fourier
series occur.) DISLAN is independent of any other subroutine. It is de-
defined for all real X. Especially we have

0 for X< =-3.5, 1=20,1,
DISLAN(X,I) = 0 for X > 230 ,
1 for X > 230 , I

—
i 1}
= O
-

(2)' DINLAN(X). This is a function subprogram, which gives the value of the
inverse of the conditional distribution function at the point X. It uses
(5.12)-(5.13) with S = 0.99 and T' = 85.46782.

The Fourier coefficients are given in a DATA statement. DINLAN is inde-
pendent of any other subroutine. It is defined for all X with 0 < X < 1.

In particular,

DINLAN (0.)
DINLAN(1.)

3.5,
85.46782 .

If X = RNDM is a random number, uniformly distributed over (0,1), DINLAN(X)

yields a random number according to the conditional Landau distribution.



- 15 -

7.8 Vavilov distribution

(3) DISVAV(X,I). This function subprogram computes with the help of the
equations (2.3)-(2.6) the value of the density function if I = 0, and
the value of the distribution function if I = 1., Before DISVAV(X,I) is
used in a program the subroutine COEDIS(RKA,BEZ,I,J) [see (5)] must be
called, DISVAV is defined for all real X, In particular

0 for X < T_, 0,1,
DISVAV(X,I) = ¢ 0 for X>T,, I=0,
1for X>T, , I=1.

b
i

(4) DINVAV(X). This function subprogram uses (5.12) to compute the value
of the inverse of the conditional distribution function. Before
DINVAV(X) is used in a program the subroutine COEDIN(RKA,BE2,J) [see (6)]
must be called. DINVAV is defined for all X with 0 £ X £ 1. In parti-
cular ’

DINVAV(0.) =
DINVAV (1.)

1
—3

)

b

where T_ is computed in COEDIS and T’ in COEDIN, As in (2), if X = RNDM
is a random number uniformly distributed over (0,1), DINVAV(X) generates
a random number according to the conditional Vavilov distribution.

(5) COEDIS(RKA,BE2,I,J). In this subroutine the equations (3.6)-(3.9) are
used to compute T, for all RKA = « and BE2 = B* satisfying (1.11).
Furthermore, the %ourier coefficients are computed. Any error messages
which may arise during the execution of COEDIS are written on logical
unit J as are the values of T,. If J is replaced by -J, the values of
T, are suppressed. )

(6) COEDIN(RKA,BE2,J). This is a subroutine in which T’, defined in Section 5,
is computed. In addition it expands the integrals (5.13) by the trape-
zoidal rule to compute the Fourier coefficients for the inverse of the
conditional distribution function. The three arguments required by
COEDIN are precisely the 1St, an and 4th arguments of COEDIS; this
subroutine is called from COEDIN,
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7.3 The aquxiliary routines

(7) FCN(X,RKA,BE2). This function subroutine contains the three auxiliary
functions which are used in COEDIS and COEDIN to compute T_, the number,
N, of Fourier coefficients, and T/,

(8) EXPINT(X). This is a function subprogram written by K8lbig [9] to
compute the value of the exponential integral (3.8). The numerical
method which is used was proposed by Cody and Thacher [10], [11].

(9) CSINTL(X,L). This is a function subprogram which computes for L = 1
the sine integral (4.2), and for L = 2 the cosine integral (4.3), at
the point X. It was published in ALGOL by Burlisch [12] and translated
into FORTRAN by K&lbig [13].

(10) RZERO(A,B,X,RKA,BE2,LU). This is a slightly modified version of a sub-
routine written by Pomentale [14]. It computes the root X of the equation
FCN(X) = 0 [see (7)] in the interval (A,B), where RKA and BE2 have
the same meaning as in COEDIS, and LU is the number of the logical unit
onto which any error messages will be written. The numerical method to
find the root is based on Miller's [15] method.

8. Usage of the routines

For the user who wants to compute the density function, or the distribution
function, or the inverse of the conditional distribution functions, only the
routines

DISLAN, DINLAN, DISVAV, DINVAV

are of immediate interest. The remaining routines

COEDIS, COEDIN, FCN,
EXPINT, CSINTL, RZERO

are only auxiliary routines for DISVAV and DINVAV, although the last three are
of general interest,

In the case of the Landau distribution the use of DISLAN(X,0) in an arith-
metical expression yields the density, that of DISLAN(X,1) the distribution
function, and DINLAN(X) results in the inverse of the conditional distribution
function, described in Section 5. DISLAN and DINLAN are independent of each
other and of any other routine. DINLAN can be used to generate random numbers,

as has already been described in (2), Section 7.
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The case of the Vavilov distribution is more complicated. Firstly, the user
always has to specify RKA(=«) and BEZ(= B?) in the range

0,0l <k <10 and 0sB?><1.

Secondly,

DISVAV requires:  COEDIS, FCN, EXPINT,
CSINTL, RZERO;

DINVAV requires:  DISVAV, COEDIS, COEDIN,
FCN, EXPINT, CSINTL,
RZERO,

Finally, before DISVAV can be used for the first time, COEDIS must be called.
Moreover, COEDIS must be called again whenever one of the arguments RKA, BEZ2 or
I changes. For instance, to calculate values of the density function and the
distribution function for a range of values X, the following coding could be used

CALL COEDIS(RKA,BEZ,0,J)
D01I=1,N

1 DENSIT(I) = DISVAV(X(I),0)
CALL COEDIS (RKA, BE2, 1, J)
02I=1,N

2 DISFUN(I) = DISVAV(X(D), 1).

Similarly, a call must be made to COEDIN before DINVAV is used. COEDIN
itself calls COEDIS with I = 1. Therefore, having called COEDIN, the function
DISVAV can be called for I = 1 without calling again COEDIS. However, if DISVAV
is used with I = 0, COEDIS has to be called first.

Similarly to the routines for the Landau distribution DISVAV(X,0) yields the
density function, DISVAV(X,1) the distribution function and DINVAV(X) the inverse
of the conditional distribution function. Again DINVAV can be used to generate
corresponding random numbers.

9, Test runs

The results of the test runs are self-explanatory. However, we should mention
two things. Firstly, the abscissae to the values of column 2 of the test runs
are the corresponding values of column 5 divided by the appropriate S, (see
Section 5). Secondly, the trailing zeros of the values taken from Seltzer-
Berger [4] are not significant.
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TEST VALYUES FOR THE LANCAL DISTRIBUTION

AESCISSA THGLRSE DENSITY DFNSITyY DISTRIBUTION
COLDTT TuiAL FUNCTION FUNCTTION FUNCTLCA
GISTH, FCT, (DISLAN) (RURSCH=SPAN)

=3,500 ~3,473 00008 .00001 L00008
26850 “2obbY W 01374 . 00964 L00197
=1.500 ~1e4€7 e 10045 + 10055 e 04955
.« 000 =002 17894 17686 28658
5000 4,966 039290 03917 W77332
10,000 19,007 LN1196 ,01198 ,BE338
Z 000 “0el6 00296 ,00300 .G4417
2 L0090 FALGEL «00136 L00130 .9€4c3
€ L0060 49,502 L N0H46 L00045 L9000
g - ,000 SRR a4 Lronz2i? ,00017 ,98894

TEST val tig s O THE VAVILGY DISTRIAUTION

KAPRS = .01 RETA%*x2 = 0,0
ARBCISSA [HVERSE CESSTTY NENSTTY UTHTRTRUTTION
CLniin T Tk Ay, FinmeTIon FUNCTTON FUNCTTUN
DT8TR, FhrlT, (BTSVAV)Y (SFLTZEReRERGER)
=3, 000 =3,085 L UNOEH LNO06ER L00¢02
=2, 000 w],079 © 04442 L,N4440 L01417
=1.,000 =, Quh 1529 L, 10300 ., 114RY
G000 L0te L, 1R0AY LIH1ND L2RUEK
h,000 H,000 W 03086 03660 W7R074
10,000 10,007 W G1210 01210 LHO176
15,000 18,006 L0054k L0546 R P LK
20,000 20,000 00304 00304 , 45200
J0,000 29,9490 ,00131 L0013 LO7288
34,000 $4,008 L0010 L0010t 97747
WARPA = 4,00 RETA*RP = o5
ARSI T35 IHVFRSF PEMSTTY NFWNSTITY NISTRIBUTTIONM
Crmb YT 16 ad FUMNCT Tt Fline TTON FUNCTTNN
BISTR, FuaCT, (DT8SVAV) (SFILTZER=BRERGER)
3 .h00 3,623 L NNGRY L00948 LONORE
wld, 280 =3 0265 LOBARY L NBHED LONRTY
3,000 2,999 L2FRA0k 26400 L8682
wd 750 w2 744 Jaug7 Leonon 15304
=2.500 2,444 JHRY2T LJBALON , 34233
wd,2h0 w2250 cH9H20 LH9500 JH7079
w2, 000 w000 yHH2ENR LBE30N L7HRAR
=1,750 ml, 754 37286 L, 37300 L,BQ754
=1,500 =1,800 L1644 16400 08237

m1, 280 “l,28 LOBRED L 05850 LORKAD
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