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ABSTRACT

't 1ogP(l - t) dt, whose

1 - —
Closed expressions for the integral fo t=! 1o0g™
general form is given elsewhere, are listed for n = 1(1)9, p = L(1)9. These ex—

pressions were evaluated with the help of a computer.
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INTRODUCTION

At the beginning of this century, Nielsen discussed, in a little-known mono-

graph [1], properties of a family of functions
1

LR L L a p
S _{x) = -E-a—_—-r)!—pr t 108 t lcg (1 - xt) 4t L

ap
0
for positive integers n, p, and complex x. These functions include many special
cases such as Euler's dilogarithm, Kummer's trilogarithm, the Spence functions

and polylogarithms. As already proposed EZ], it seems appropriate to call the

family (1) Nielsem's generalized polylogarithms.

Although the monograph El] contains quite a number of misprints.and a few
erroneous results, it does present a considerable amount of useful information,

in particular transformatiom formulae relating Sn p(x) to Sn p(llx) and Sn (1 = x).
3’

+P
It is remarkable that these formulae, and comsequently also those for § p(1/(1 -x}),
2

3

Sn,p((x ~ 1)/x), and Su,p(x/(x - 1)) contain, apart from logarithms and constants,

only functions SU,W(X). However, as far as the author knows, the important for-

mulae of [l] have never found their way inte any of the relevant handbooks.
Tnterest in these functions revived some time ago, at least for the case

p = 1, ia the context of more-dimensional integration of rational functioms in

quantum electrodynamics (see, for exampie [3], [4]). Their properties are also

of interest in group theory and geometry [5]. The book of Lewin Eé] gives many

formulae and properties of Sn1(X)' A general discussion of Nielsen's momograph

is given in [2]. ‘

THE VALUES s = 5 (1)

L, P ,p
The purpose of this note is to give explicit expressioms for the special

values

(_1}n+p*1

= = =1 =1 P -
S 3 p(l) TE—:—ITTET t log t log (1l t) dt , (2)
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at least for some n and p. It is easy to show that sy ° = sp n’ and hence we can
» L]
restrict p to n 2 p. A closed expression for S . is given in [2] {in impliecit
b

form also in [6]), which reads

P K+l B (@, ..., @) -
- DT TpTy e W
SD,P Z ke Z m1 . m'k C(ml) LN C(mk) » (3)
k=1 m,
1

where

B(m, ey m) =) [:i] [:t] : )
Pi

The sum over m. is to be taken over all sets of integers {mi} (i=1, ..., k)

which satisfy

k

> £

@, 2 2, Z: m, =0 +p (5
i=1

and the sum over p; over all sets of imtegers {pi} (i =1, ..., k) which satisfy

k )
< < - =
1= Pi = mi 1, z: Pi P . (6)
i=1
The function
zm = ) K" &)
k=1

is the Riemann zeta function for integer argument. Nielsen remarked that the

functions Sn p(x) are probably the simplest amalytic functions which coincide with

>

Z{m) for special values of its arguments, He added that he was not able to use

his theory of Sn p(x) to find expressions for [(2u+1) analogous to the known ex-~

>

pressions for Z(2u).

Nielsen [l] formulated a theorem about the structure of o 5 and gave the

principle of the proof. He also calculated the cases p £ 3. The case p=1is
trivial, giving
1
jf et I.t::gn-1 t log (1 - t) dt = (-1)™(a - l)Isn’1 = -DMa - D)cin + 1 .
0 . (83
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The case p = 2 can also be handled easily, but the k = 3 term in (3) for p = 3 is
somewhat more involved, and Nielsen's final expressiom [l,§18(19),(20)] is in-
correct. However, the expression for s, given as an example ia [l] differs from
the correct expression only by a difference in the coefficient of :(2):2(4) (Va

instead of Y:z), and this could be due to a misprint.

Writing (3) as
k+1
-1
Sn,p = Z '(—%""ak(n,?) ’ (2
k=1
it is easy to find from (4) the following expressions for ak(u,p) in the case of

some special values of p and k:

3 (n,p) = BERI L ca s g (10)
n .

0 (n,2) = ) T(DTa - v + 2) (1
v=z

a (m,m) =MD . | (12)

For k = 2, p = 3, we have from (&), for v =2, ..., n + 1,

) o= v o+ IV o -V + 3V
Ha(n—v+3’v)=e"'2[ 1 ](2}+E“"“’1[ 2 ][1]

and
Hy(n = v + 3,v) 1 n ifv=2,v=n=+1
2 (13)
(= v+ 3 «%-(ni—l) ifve=3, ..., n,
where Ev,u =0 for v = u and Ev,u = 1 for v # u, so that
n
1
5,3 = @M@+ D +5 @+ 1) ) 5@ =v+3)
=3
. (16)
=) (- DIWMT@- v+ .
v=2

In the case k. = 2, p = &4, one finds for v =2, ..., n+ 2,
[ ]
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-V o+ v n o=V + 4y
H(n=v + 4,V) = ¢ £ [“ ][]4-5 £ [ }[)
" ? V,27v,3 1 3 V,27V,n+1 2 2
B SRV AV
Ev,u+1av,n+z [ 3 )[1J )

a{n+ 1) ifv=2,v=n+ 2

Thus

Hy(n - v + 4,v)

= =

CEEE A n (o + 2) ifv=3 ven+1

[V -+&v+m®+Tn+7] ifv=4, ...,0
(15)

-
NPA

and therefore

o, (n,4) = % n(n + 1)Z2(2)5(a + 2) +-% n{n + 2)2(3)z(n + 1)
- (16)
+ -11—2- Z [\)2 - {n + 4)v + % + In + 7]C(V)C(n -V o+ 4) .,

PE 2

For larger values of p, o,(n,p) becomes more and more complicated.

For k = p = 3, we see that p;, = p, = p, = 1 and Hy(my, my, m3) = mym,m,.
The sum over my in (3) therefore equals. the sum over the products c(ml)c(mz)c(m3)
for all partitioms {m,, m,, m,} of n + 3 satisfying 2 £ m, < E(n + 3)/3], with a

weight for possible permutations, where [E] denotes the integer part of £. This

leads to
u* v*
03(m,3) = ) T ) wmLWEMta 3~ v - , (an
u=2 v=U

where p* = [(n + 3)/3], v = [(n - U+ 3)/2], and

1 ifu=vand 3u=n+ 3

3 ifu=vand 3u#na+
w(m;u,v) = if u#vand 2u + v =1 + 3 or (18)
if W# vand yp + 2v =

6 otherwise .,

From (1), (10), and (11) it follows that

1

Jf et 1ogn-1 t log?(1 - t) dt = 2(-1)n—1(n - l)lsn )

]

n (19
= D" - 1! [(n + 13g(n + 2) ~ Z: VG (n -~ v + 2)] >

V=12



apd from (10), {(14), and (17),
1

jﬁ £*! log™ ' t log®(l -~ £) dt = 6(~1)"(a ~ Dls

o3
1] A M
o
(D a-D! @+ D@+ D@+ D=3 ) @=-v+ DM@ =+ I
ys3g
u V (20)
£ Y s ) wmmmilem 3 -y - m] :
=z V=i

This last formula corrects formula [l,§18(19)] of Nielsen.

For arbitrary n and p, it is obvious that (3) can be reasonably evaluated
only by means of a computer. The main task consists in constructing the sets
{mi} and {pi}. Becauge of the fact that all permutatioms have to be taken into
account, the mumber of these sets grows rapidly with increasing values of n + p.
We have construcred these sets up to m = p = 9 by means of a FORTRAN program. As
an example, their number, disregarding the condition 1 < P; < @, - 1, is showmn

form=p =9 in Table 1.

Table 1

{mi} 1 ] 91 286 495 462 210 36 1

{p;} 1 8 28 56 70 56 28 8 1

Wot all of these sets contribute to the result {3), because of the condition

1< Py < o, = L.

The evaluation of formula (3) has been performed in REDUCE [?] forn + p £ 14,
and in FORTRAN for higher values of n + p. Although REDUCE is very convenient
because it gives the rational coefficients of C(ml) eee C(mk) directly, FORTRAN
was preferred for higher n ; p for reasons of computer time, The rESults-have
been checked by evaluating the definition integral (1) by numerical integratiom,

replacing the limits O and 1 by € = 10" and 1 - £, respectively, and using

Nielsen's 32 decimal table of Z(m), m = 2(1)70, for the evaluation of Sy
9
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A TABLE OF THE INTEGRAL

We ligt the expressions for s p? n=2(1)9, p = 2(1)n. The values for the
b

integral in (2) itself,
1

r = Jf t! Tog™ ! £ 10gP(1 - ©) dt = (-1D™P 7 (n - 1)1pls , (20)
n,p Q,p
9

would lead for higher n or p to rather large coefficients. The expressioms for
P = 1 can be easily obtained from (8)., The reference work [8, No. 4.2912] lists

only the case n = p = 1, whereas Lewin E6] gives (20) forn = 3, 4, and p = 2.

Using the well-known relation [8, No. 9.5421],

22¥indlyg |
22 = — T e

where Bzu are the Bernoulli numbers, the expressions for r P simplify to some
k]
extent. We give these values for o = 1(1)7, p = 1(1l)n.

S22 = =¥2 T3(2) + ¥ 2(4)
532 = _C(Z)C('B) + 2:(5)

$3; = Vs 2°(2) - N2 24 - 233 + Y g(s)

~5(2)3(4) - Y2 g¥(3) + ¥ g(8)
= Y2 2(25(3) - 20(2)5(5) -~ Yo £(3)L(4) + 50(7)

S,y = ~V2e TH2) + N 2E(DTA) + (DL23) - 'Y (2)z(6) - 4Z(3)C(5)
- Y79 gr4y + Y, (8)

$s2 = ~5(2)C(5) =~ 7(3)5(4) + 35(7)

ss3 = 72 S5(DTA) + Y2 t(DEA3) - 2 5(2)5(6) - 30(3)(5) -
S R ORE T

S5y = =76 T3(2)T(3) + TS5 + T (DTS = 50(2)5(7) + Y2 37(3)
- % T(3)z(6) - 6Z(H)Z(5) + 147(9)

Tiz0 2%(2) - Yo 23 (2324 - Y2 53 (DT23) + ¥ 22(2)(6)
A ATDYE(5) ¢ M T4 - Y 2(L(8) + T £2(3)z(4)
- 102(3)2(7) - 10Z(4)Z(6) - 52%3(5) + 2% r(10)

Ss55
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-~ 7 -
—2(2)z(6) - T(NT5) - Yo 724 + T T(8)

Y 22(2)2(5) + T(DT(3)T(4) - 34T + Y5 233 - T2 3(3)z(H)
- Th Z(e)T(5) + %Y (9

Y 234 - Y 22(2)2%(3) + Y 22(2)2(6) + 35(2)5(3)5(5)
+ ¥ 2(2)Z2(6) - TT(DT8) + T £2(3)5(4) - 8T(3)(T) -
- 37, £(4)T(6) - 473(5) + 215(10)

Yy THDE(3) = Y2 23 (DZS) = h 2T + T2 22T
- Y (2233 + ¥ T(25(3T(6) + 6T(DL(HT(S) - LAL(DL(N
+ T 2E3E5) + Y (3524 = W T(DTB) = P t(HL(T)

- *¥s z(5)z(6) + 425(11)

Yyao 25(2) + Vie THDCA) + Yo 2HDZED) - Yo £3(DLE)

- 2RI - The THDTHE) + 2T HDLB) - T 2(DT2BITH)
+105(2)5(3)T(T) + 105(T(&)5(6) + 55(c*(5) = 1?5 T(2)£(10)

S Y 2%(3) + Y T2(3)T(6) + 12C(3)T(4)Z(5) — 285(3)Z(9)

3y za) - 217 (&)T(8) - 26L(5)C(T) - *FV;e 2P(6) + TTT(12)
~7(2)C(7) = Z(3)T(6) - T(&)IT(5) + 45(9)

Y, £2(2)7(6) + ()T (5) + Y2 (T34 = T2 5(2)7(8)

+ Y2 23T - 4L(R)T(T) = 4T(HT(E) = 263(5) + 125(10)

Y 23 (2(5) - Ve 2T + Y 2N = Yo DT
+ Ty T(DT)C(6) + T T(2)L(HHT(S) - ¥ (D59 + 252(3)5(5)

r20(3)23(6) - Y, 2(3)5(8) - Y c(ao(N) - Yy Z(5)5(6) + 300(11)

You £9(2)T(8) + Y1z THDEA3) - Y1z 23(AT6) - T2 £H(D5(3)T()
- ¥ 33 + T THDE8) = M (DTS + 8T(DTUNT(D
¢ s S(DTWITE) + 4L(DTI(E) - 215(DE(0) = Yo T (D)

v 1Y 226) + 1T L) = 7Y Tz « e 2@

- Y r(4)T(8) - 222(5)C(7) - ®¥s T2(6) + 665(12)
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S7e = =T120 L3(DL(3) + Y12 THDL(5) + Tz TG - e T3(2) (D)

Sau

+

ES

-

+

+

7o 82T - Y2 HDLBE6) ~ 352(DTL)T(5) + 7LD
T T(DLART(3) - Y (DL (4) + Y T(2T(3)E(8)

P 2(25(8)5(T) + Y T(2)T(5)E(6) = 425(DT(IL) - Th, T3 (3)L(4)
98(3)2(7) + 2 T, T(3TIT6) + 9L(T(5) - 23Y5 z(I)E(10)

T 22(85(5) = 3 £(a)T(9) - 420(5)T(8) - 12y, £(6)L(T7)
132z(13)

= Ysowo T7(2) = Yao 55(2)5(4) - Yau T2)Z3(3) + Yas T L(6)

+

+*

+

72 2T + e 22 (DTA) ~ 2%y 22 (2)0(8)

%o 2222 (DNZ4) - SLHDLTT) - STHDL(L)Z(6) - %o £2(2)23(5)
*¥s 22(Dz(10) + Yu (243 - % T(DL2(3)5(6)
125(2)2(3)5(4)5(5) + 280(DT(1T(9) - *%he £(2)T3 (&)

2T t(2)L4)Z(8) + 260(2)5(S)T(T) + “$ Yy £(2)22(6) - 775(2)£(12)
73 2330205 ~ MYy gA(DHTA6) + S% £2(3)8) + 31Z(I)r(L)T(N)

i 2(2(5)2(6) - BN + Mz t2(E(8) + P $(4L(5)
Y5 (4)T(10) ~ 225 £(5HT(9) = *2Vs £(6)5(8) - 35¢2(7)

Y78 £ (14)

= -5(2)2(8) - £(3)L(7) - C(H)3(6) - Y2 z2(5) + ¥, £(10)

= Y2 £2(2)2(7) + $(2)T(3)Z(6) + T()T(A)T(S) - 4T(2Z(9)

+

-

2 TRTB) + Yo 232 = T 1(DT8) - Yo (&) I(T)
¥ 7(5)z(6) + 152(11)

= =% 2226 - V2 2HDIDLS - N 22D + T 22(DE(8)

+

Y2 $(2)TE(3)0(4) + (T YTLTY + 4Z(2)T(4)L(6) + 20(Dr2(5)
125(2)2(10) = You £*(3) + % 22(3)2(6) + % T(I)T(H)IT(5)
Ui 23T + Y 23 = ST Z(8)T8) - 13(SHT(T) - 5%, £2(6)

o1

[ T I Ry I T I T T N T R R T R R R T N R
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Yauw TH(2IT(SY + Yo 23(2)T(NEH) - Y2 232TD) + T2 THDH3)
- T 222Z)T6) = T 22DTWIT) + MY £2(2)T(9) - 22(2)TF(3)5(5)
- 24((NTHG) + Y2 g()T(D5(8) + P L(DTWBIT(D)

+ 3y Z(2)g(5)5(6) = 305(2)zZ(11) = ¥ £3(3)g(4) + 622 (3)T(D)

+ 199, T(TZ(6) + 62(NT(5) = 3330 + *¥ 2 (4)5(5)

- 327(4)T(9) - '2Y, z(5)7(8) - 30C(6)T(T) + 995(13)

“Yizo T3(DEB) = Yus (D23 + T £ (DT(6) + Y2 TP(2)5(3)5(5)
+ U 232228 - Ts 2328 + Yo TH(ATE(T(H) = 42(D(3)T(D)
My TH2)T(4)T(8) = 252(2)22(5) + *Yp TP (2)2(10) + Yo T(D)T(3Y
By £(2)22(3)5(8) - T s(DTILHTS) + TV 1D (DE@)

1y, 2(2)23(4) + Y 2(DT(HT(8) + 225(D(5)T(7) + ¥ 5(2)57(6)
662(2)2(12) - Y5 £3(NEL(5) = *Ths TAITA) + T 22(3)T(B)

b

+

262(3) (A T(T) + V2 2(3)E(5HT6) =~ 725(3NT (1) + *° %5 £2(4)2(H)
13204)22(5) = 379 2(4)T(10) = **Ya z(5)L(9) = '** T2y £(6)5(8)

S, £2(7) + *2Y, r(14)

+

Y720 c5(2>ccﬁ> - Yoo 25(2)2(5) = Yo THDT(DT(&) + Yau (DT

- Y, Z3DTRR) + Y 2325356 + £ (2)T(DL(5) ~ T3 57 (2)5(9)
+ Ty 232ZETS) + s THDTNTIE) - Y (DT E(®)

- 3, AT = e 2HT5)5(6) + 2127 (235 (1)

F W, (23 (3)s) = 9T = 2T 3(2)5(3)5(h5(6)

- 9g(DT(RZA(5) + Y o(DT(BE(0) = T T(DETA(4)T(S)

+ 139 (2)z(4)z(9) + 420(DL(5)5(8) + 12 £(2)5(6)5(T)

- 1322513 + Y12 2¥(3) = T2 23(3)5(6) - Y $HDL(4)T(3)

+ M 23T - e 2@ + e 5(3)5(4)5(8) + 48T(3)g(5)T(T)
» BSY £(3)22(6) - 1435(3)5(12) + 7 2257 *# VY £(4)5(5)5(6)
- 1357(4)Z(11) + 827(5) - ®*75 (5)5(10) = %% £(6)C(9)

= %3 T(HE(8) + 4295(19)
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Sgs = =Ve0320 232 + Yugo T5(2)2(4) + Viz2e T(DT3(3) - Vis 25(2)C(H)

22

Sg3

- Y5 2*(2)2(3)7(5) = Thea THDITE4) + *Tas T(2)5(8)

= %2 D) + T gHDLBITN + T 2(DE(HT6)
+ % 22D = s 2(D5(10) - Vs 22 (D243 + Tz T2 (3)T(H)
+ 622(T(NG(H)5(5) ~ 1THDT(3L() + ¥, g2(D¥ (W)

= 21 22(DT(OT(8) = 1307 (DT(5)L(9) - Y72 £2(2)72(6)

+ T (512 + T 5253355 + Y £(2)33(3)z3 ()

= % (DTA(3)0(8) = 315(DT(BTAIT(T) = Yy Z(2)Z(3)T(5)5(6)
+ 845(2)2(3c(11) - **Tn2 7(22H(4)T(6) = Yo T(2)5(4)L2(S)

+ %% (DM LU0 + 22 Z(2)T(HT(I) + ** T 2(DT(6)5(8)
+350(H(D) - VMY p(Dz(s) + M 24304 - 623D

= 2 223 @g6) - 9T3(HLE(5) + Y5 3 (3)t(10)

~ T SN2 + 259 £(HTATO) + 86L(3)T(S)T(B)

+ 2%, £(3)T(6)T(T) = 2645(3)T(13) - 2105 2M(4) + 137, £2(4)Z(8)

4+ 830(4)Z(5)g(T) + T 5(4)TR(6) - **% z(&)g(12) + 2% z3(5)r(6)

- 228z(5)7(1l) - 213z(6)£(10) - 204z(7)c(9) - 3217, £23(8)

+ 203 £(16)
=5(2)2(9) - §(35(B) = £(&)T(7) - £(5)5(6) + 50(11)

Y2 2(2)5(8) + Z(L(INE(T) + T(2)T(&)T(6) + Yo T(2)52(5)
= Y2 T(2)TL0) + Y2 Z2(3)5(6) + T()T(AIZ(5) - 52(3)z(9) + Y 23(4)
- 50(4)7(8) - 35(3)5(7) - ¥ z¥(6) + % z(12)

=Y 235N = o g6 - 2 $H(DT(HT(5) + 222D

- 2(2523)5(5) = V2 t(2T(DTEG) + Yo £(2)2(3)5(8)

+ T (LWL + T2 T(DL(5)5(6) - 155(5(11) - Y5 £°(3)z(4)

+ T2 22T + 55(T(HT(B) + Y2 2(BHTHSE) -~ T z(3)T(L0)

+ %2 22(8)5(5) = *Ys T(4)T(9) ~ 165(5)5(8) - *F T(6)(7) + 55z(13)
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Yo 29(2)2(6) + Yo 23(DE(IIT(S) + Yrz THDZH(® - The THDE(E)

+ Yo 22(2TE(3)T4) - 282 (DTUDLT) - 262 (DT(4IT(6) - tH (DTS

« 622(DT(10) + Yoy T(DE*(D) = N T(DTEDE(B) - T2 TDF(3NT(H)E(S)
s %Y n(2)2(3)2(9) = % $(DTHE) + ST T(2)5(4)T(8)

£ 132(DLTN + %, T(DTAE) - B s(Dz12) - ¥ $7 (35D

- % g2(3)zE) + 1T 2HRTB) + 155(3)Z(HT(T) + *Ts T(3)5(5)T(6)

~ 45C(HTAD + Y Z2HAEE) + 1T L(HTH(SY - ¥ T(4)5(10)

- 128 £(5)z(9) - ¥, £(6)z(8) - 203(7) + 143g(14)

“Yyap T3(DL5) ~ Yau 2HDZBTH) + Yo TH(DE() -

- Yue 23(DZ3(3) + Tha THDTDE) + T2 ¥ (DT(H)EL()

- 1y £3(2)2(9) + 22(DZI)TG) + THTHS) - 2 22T
- 2y, gH5WE - P 2HDT(5)5(6) + 157721l

Y 2(DIB)TE) - 60(DTEBIL(T) = P c(DT(3)T(4)5(6)

- 62(2)5(3)g2(5) + 33(2)z(3)5(10) - *¥s T(DTH(H)L(5)
+320(2)T(6)zi9) + 12, z(2)2(5)T(8) + 305(2)g(6)5(T) - 997(2)5(1l3)
+ Yo 25(3) - s 22(3)5(6) = 752(3)Z(A)E(S) + 7Y £2(3)E(D)

J Uy, £i3)z3(s) + 360(3)TT(8) + ISTRNL(HHTT) + *M2u 5L
- 2% r(3)7(12) + MY gF(e)L(8) + Y T(&) T (5)g(8) - 1025(4)(11)
+ 3% 23(5) - P9, £(3)E(10) - *2Ys 2(6)T(D) - Y T(NT(B)

+ 19%7 £(15)

Vige T5(C(H) + Yaua £3(2)52(3) = Vs £3(DL(6) - Ya 5" (DT(DL(S)
- s 2 DZ2(S) + Tae 3(2TB) = Taw 2H2TH(3IZ(4)

5 2T + T L@IUBDTB) + Tz L(DLHB)

- Ty 32010 - Y1z £H@ETH(3) + Vs 2H(2ITF(3)5(6)

£ 1Y 22(2)2(3)54)Ti5) = 1T 22T + s £H(DE(A)

- Yy Z2(E(8)5(8) - 11225 T(T) = STz 53 (257 (6)

+ 3322(DZ(12) + W £(DZHRILSY + “The T(2CF(3)THH)

- 199 (ER(3)5(8) ~ 262(D T LML) ~ V2 5(2)5(3)L (53 (6)

& 722(2)T(HT(ID) - 2°%s (DLHSIT(6) = 13T(DT(4)E*(5)

+ 83T (2)T(H)E(10) + P T(2T(3NT(D) + ¥ T(DL(6)T(8)
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P T2 - Y2 2(D5(18) + Y TG - 5233
He 223)5HT6) ~ 1T 2R3 + 1% £2(3)z(10)

2% 2(NTHGITG) + 22 5(3)5(4)5(9) + Y, £(3)5(5)5(8)
23 5(3)5(6)L(7) - 2315(3)L(13) = Ve £4(4) = Y'Y z2(4)g(8)
720(8) 5587 + 23375, z(4)5%(6) - 5 g(4)g(12)

1% £2(5)0(6) =~ 2015(5)¢(11) - 77, £(6)£(10) - 181Z(7)Z(9)
*$7, £2(8) + 715¢(16)

“Ysous 57(2IL(3) + Yagq 28(2)0(5) + Yuu 25(22(3)2(4)

Tow 835(2)0(7) * Yy THDT3B) - Wuy £ (DT(RT(E)

T TH2ITBIT() + Ty (D59 - T, (D LE3)L(5)

“Pe THTTA) + Y (DT (LB) + Yy, 23 (24T
a6 3(DT(5)Z(6) = 722 (DT (L) - Ty 22253 (3)5(4)

T2 225235 + P 22(DL(T(S)5(6) + N T2(25(3)53(5)
2o 22 (D23 (10) + T 2 (DLAHIZ(S) + 1Y 72D 1(4)E(9)
2152(2)5(5)5(8) = V3 £2(D)5(6)2(7) + 6622(2)C(13) = Yyy £(25(3)
T £LHDLE) + Y 2D = 7T (D22(3)2(9)
s DDA - Y 1D TDDLB) - 485(DT(3)2(S) (D)
%56 T(D7(3)52(6) + 1430(2)2(3)g(12) - 7% (DL (4)L(D)

P 2 (5(95(5)T(8) + 1352(2)5(4)z(11) - 87(2)2(5)

*27%s T(DL(5)5(10) + *°; £(2)5(6)T(9) + *3%, (Z(7)L(8)
4292(2)5(15) + *%ay TH(3G(3) + YUy 23AC2(4) - T 23 (D)2 (®)
T 225 )TN = 2, g2(3)T(5)T6) + 7822 (3)L(11)

P 7% SNTHAITG) = T t(BLAITHS) + 237, 2(3)L(4)2(10)
1% 20)5(5)5(9) + P8 £(3H5(6)5(8) + Y, z(B)gA(T)

B3, (NT(LE) = 2% 234)Z(5) + B3, £3(4)Z(9)

e S(OTBTB) + T3 5(4)T(BIT(T) - 4290(4)T(13)

B 22Ty + Y5 0(5)22(6) - STHL £(5)5(12)

3655(6)2(11) - %%, £(7)z(10) - 7%, £(8)Z(9) + 1430C(17)
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Yiesas0 22(2) = Yaszgq 57(2)2(4) - Yaro Z8C(DZ2(3) + Ya16 T°(2)2(6)

+

-+

Y3 23(DTANT(S) + Tage T4 = Yo L7 (DT(B)

Fos CTHCDZ2(DTB) - V12 THDTTUTY = N1z HDTHT(O)

Yow T2 (DTE(5) + Fap ZHDT(L0) + Yoo Z¥(2)54(3)

39, 322 (DL (6) - 2r3(DT(NZ(B)T(5) + s HDT(HT(N

Ty, 23223 (4) + 2V, 23 (22 (4)5(8) + ¥ 23 (D(5)T(D

el e 23(2)52(6) - T (D2 (12) - T 2D

295 22T + *Y THDLEALEB) + *Y tHDTBITBTT)
S r2(DZ(C(5L(6) = 4222(DT(NTAL) + 1Ty 2HDTHHTE)
3L, 22242 (5) = Y, £3H(2)z(4)g(10) - MYy 22 (2)5(5)Z(9)
27, 22(2)2(6)5(8) - *%: 22 (L) + Y 23Dz (1)

700 2(DE* (D) + 60D DD + P Tha TDLA(IE4)E(E)
9r(2)z2(3)53(5) - 235 $(Dg(3z(10) + Ty T(DT(NTHAT(S)
268, £(2)2(3)5{4)7(9) - 845(2)Z(3T(5)5(8) ~ 2*Y5 (2 (3)5(6IT(T)
2645(2)T(NT(13) + 20 %1ae S(DTE) = 152 2(DTHOL®)
83z(2)z(&) ()7 = 3275 5(Dz(4)g2(6) + % ()T(8)L(12)

123, 7£(2)z2(5)z(6) + 2287(2)z(5)g(11) + 213z(2)5(6)5(10)
2062(2) (7 5(9) + 32175, z(DTA(8) - %1% 1(DT(L6) - Va5 3°(3)
T Z(3)2(6) + ¥ TDTWIT(3) - T3 $3(3)2(9)

596 C2(3)T3W) = Y £2(D5(H)T(8) - 487(3)5(5)(T)

85Y. o £2(3)z2(6) + 143z%(3)£(12) - 7% T(3)zH (&) L(T)

193, £(3)5(4)5(5)g(8) + 2702(3)g(4)g(11) = 165(3)53(5)

12880 £(3)2(5)2(10) + 1% (3 (65 (9) + *3% T(3)5(7)Z(8)
8582(3)z(15) - 3% ¢3(4)5(6) = s £2(4)5(5) + 2TV £F(8)Z(10)
2%, £(4)2(5)5(9) + 5% c(&)IT(6YZ(B) + 2T T(H)HD

SS7T7, (4)L(14) + “S% 358 + **Y T(5)z(8)L(T)

7262(5)5(13) + *185%,4 £(6) - 0¥ T(6)£(12) - 6307(7)z(11)

1215 ~(8)g(10) —- 270Y, £3(9) + %1%y g(18)
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£(3)

~Yao T

~Yys

~F32(3) + 8g(5)

“2¥age w8 + 1222(3)

6Z(5)

=105 T + 65%(3)

= Tg(3) - 12n25(5) + 1807(7)
=**hzeo0 0 ~ 24n222(3) + 5762(3)(5)
-%15 mé

~%s ThZ(3) - 8nPg(S) + 144g(T)

~*hs7s % = 127222(3) + 4325(3)Z(5)

=% w°5(3) = M1 1*r(5) - 480 72z(7) + 288r°(3) + 80647 (9)

=50 T - 40m*Z2(3) - 1920m2(3)T(5) + 28800T(3)Z(7) + 14400%2(5)
1205(7)

=¥e3 W+ 2400(3)5(5)

=1 m°5(3) - 187°z(5) - 360m2(7) + 1202°(3) + 6720C(9)

~27% Las y‘” = 36m53(3) - 1440m75(3)5(5) + 23040C(3)5(7) + 115202(5)

-7 mi5(3) - 28Y, 7%z(S) - 14807 z(7) - 1200m%z%(3) - 33600m2z(9)

+ 504005%(3)7(5) + 604800z(11)

=TS Y, saas00 T2 - 200m852(3) - 6720m%2(3)0(5) - 144000m2Z(3)c(7)

- 72000m%z2(5) + 21600C*(3) + 2419200Z(3)z(3) + 22464007(5)Y2(7)
~¥es T2

=3y TRE(3) - T6mYn(5) - 240m2C(7) + 57607(9)
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ST%aas O - 24m*22(3) - 720m25(3)Z(5) + 17280L(3)5(7) + 8640C2(3)

S04 o 78z (3) - 3%, wig(5) - 1296m*z(7) - 480m2z?(3) - 26880mZ(9)

+ 3456072(3)C(5) + 518400C(1Ll)

_10w8079, oo mi2 - 180MSZ2(3) = 5520m(3)g(5) - 115200%25(3)2(7)

- 57600m25%(5) + 14400z"(3) + 2016000z(3)Z(9) + 19008007(35)5(7)

~22%, £l07(3) - 7728%5(5) ~ S89%Y%, xSz (7) - 4560m*z3(3) -~ 154560M*7(9)
- 3024007222 (3)T(5) - 3628800m3g(11l) + 4665600Z%(3)z(T)

+ 46656007(3)0%(5) + 63428800z(13)

2 5101888 oo pl* L 1974m%22(3) - 47040m%Z(3)5(5) - 7459207 5(3)Z(7)

- 372960T%72(5) - 151200m2z*(3) - 16934400m*5(3)Z(9)
- 15724800m2C(5)Z(7) + 8467200z3(3)5(5) + 304819200%(3)5(11)

+ 2709504007(5)g(9) + 127008000Z%(7)



[1]

(3]

[4]

Ce]
[7]

Le]

- 16 =
REFERENCES

N. Nielsen, Der Eulersche Dilogarithmus und seine Verallgemeinerungen,

Nova Acta Leopoldina Halle, v. 90, 1909, pp. 123-211,

K.S. Kolbig, J.A. Mignaco and E. Remiddi, On Nielsen's generalized poly-
logarithms and their oumerical calculation, Nordisk Tidskr.

Informationsbehandling (BIT), v. 10, 1970, pp. 38-74.

J.A. Fox and A.C. Hearn, Analytic computation of scme integrals in fourth

order quantum electrodymamics, J. Comput. Phys., v. 14, 1974, pp. 301-317.

D, Maison and A. Petermann, Subtracted generalized polylogarithms and the

SINAC program, Computer Phys. Comm., v, 7, 1974, pp. 121-134.

W. Maier and H. Kiesewetter, Funktiomalgleichungen mit analytischen Losungen,

VEB Deutscher Verlag der Wissenschaften, Berlinm, 1971.
L. Lewin, Dilogarithms and associated functions, Macdonald, London, 1958.

A.C. Hearn, REDUCE Users Manual, Univ. of Utah, Salt Lake City, Utah, USA,

2nd Editiom, 1973.

I.5. Gradshteyn and I1.M. Ryzhik, Table of integrals, series and products,

Academic Press, New York, 1980,



	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18

