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Abstract
The chain of experimentally accessible Barium isotopes represents a broad field
regarding the evolution of nuclear quadrupole collectivity from the shell closure
at N=82 towards and even beyond spherical-to-deformed shape transitions. Sev-
eral isotopes ranging from stable 130,132Ba towards radioactive 140,142Ba have been
studied with the projectile-Coulomb excitation technique including the application
of the Doppler-shift attenuation method (DSAM). Thereby lifetimes of quadrupole-
collective states of 132Ba and 140Ba could be determined for the first time. Further-
more the static electric quadrupole moments Q(2+1 ) for 130,132Ba and 140,142Ba were
determined. The results are compared to Monte Carlo Shell Model and Beyond-
Mean-Field calculations.
Another interesting feature in this mass region is the effect of shell stabiliza-
tion in the N=80 isotones. This is further investigated by a measurement of the
B(E2;2+1 → 0+1 ) values of 140Nd and 142Sm.

Zusammenfassung
Die Kette der Barium Isotope zeigt um den Schalenabschluss bei N=82 ein inter-
essantes Verhalten hinsichtlich der Entwicklung von Quadrupol-Kollektivität, ins-
besondere bezüglich des Übergangs von sphärischer zu deformierter Gestalt des
Kerns. Angefangen bei den stabilen Kernen 130,132Ba bis hin zu den radioaktiven
Isotopen 140,142Ba wurden Messungen mit Hilfe von Projektil-Coulomb-Anregung
durchgeführt und die DSA-Methode angewendet. Somit konnten Lebensdauern von
quadrupol-kollektiven Zuständen in 132Ba und 140Ba zum ersten Mal bestimmt wer-
den, ebenso wie elektrische Quadrupolmomente Q(2+1 ) in 130,132Ba und 140,142Ba.
Die Ergebnisse werden mit Monte-Carlo Schalenmodell und Beyond-Mean-Field
Rechnungen verglichen.
Ein anderes interessantes Phänomen in dieser Massenregion ist die Ausprägung des
Z=58 Unterschalenabschlusses in den N=80 Isotonen. Diesbezüglich wurden die
B(E2;2+1 → 0+1 ) Stärken von 140Nd und 142Sm gemessen.
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1 Introduction and motivation
The chart of the nuclides (see fig. 1.1) served as a playground for nuclear struc-
ture physics from the beginning of the field in the 1930s [Hei32a; Hei32b; Hei33;
Fer34; YUK35] to this day. In order to understand the interplay of the strong inter-
action between nucleons (protons and neutrons) in the nucleus, scientists started
to measure observables such as energies and transition strengths of excited nuclear
states [BB30] and their electric and magnetic moments. With a growing number of
nuclear models, each describing different phenomena sometimes even in the same
nucleus, the necessity of experimental data covering the whole playground became
obvious. Just with the possibility to compare different models systematically in
chains of isotopes or isotones, e.g., one is able to judge about the quality of those
models. These comparisons are requirements on the route towards a universal the-

Figure 1.1.: The nuclear landscape as it is known today stretches up to nuclei with
proton number Z=118 (element not yet named) and neutron number
N=177.
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oretical model that is able to explain the behavior of all nuclei in a consistent way
so that we finally understand, was die Welt im Innersten zusammenhält1.

The advent of radioactive ion beam (RIB) facilities (with an intensity and energy
suitable to study nuclear reactions) in 1989 in Louvain-La-Neuve [Dar90] and 1990
at the GSI in Darmstadt [Mün90] started the extension of the systematics of many
observables towards the unstable neutron- and very proton-rich parts of the chart.
Thereby also many improvements regarding the theoretical description of nuclei
have been triggered. The experimentalists had and have to develop new methods
to meet the requirements of experiments with unstable nuclei but also traditional
techniques, such as Coulomb excitation, can be used.

This work presents recent measurements of transition strengths and quadrupole
moments in the chain of Barium isotopes (Z=56) as well as the N=80 isotones by
exploiting the experimental possibilities of Coulomb excitation with stable and, in
particular, unstable beams. The evolution of nuclear quadrupole collectivity from
the shell closure at N=82 towards and even beyond spherical-to-deformed shape
transitions is investigated in the Barium isotopes. The measured quadrupole mo-
ments Q(2+1 ), in comparison with the Monte Carlo Shell Model (see subsec. 3.1.1)
predictions, lead to a better understanding of the change of shape in those isotopes
when adding or removing neutrons to or from the spherical, semi-magic nucleus
138Ba. The shape of a certain nucleus, also in an excited state, remains one of the
big questions in nuclear structure physics. The effect of shell stabilization [Rai06]
is of major interest in the N=80 isotones. Is the subshell structure of the shell
model (see sec. 3.1) still visible for nuclei of mass A≈140? For the filled π(1g7/2)
orbital at Z=58 this is investigated by the presented measurements of transition
strengths in 140Nd and 142Sm. Two theoretical models, namely the shell model and
the quasiparticle-phonon model (see sec. 3.2) serve as reference points.

1 Johann Wolfgang von Goethe, Faust (I. Teil)
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Figure 1.2.: The chart of the nuclides around the nuclei investigated in this work:
140Nd and 142Sm in the N=80 isotones, 130,132,140,142Ba in the Z=56 chain.
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2 Nuclear deformations
In this first theoretical chapter the general aspects of nuclear deformation shall be
discussed and the basic variables will be introduced. Furthermore the generally
acknowledged geometrical or collective model of nuclei with the description of
vibrational and rotational motion is presented.

11



2.1 General aspects

In a simple description of the nucleus one would consider a homogeneous distribu-
tion of nucleons (protons and neutrons) and no preferred direction in space. The
nucleus is then spherical, but in order to minimize its potential energy, the shape
of the nucleus can deviate and adopt a "new" equilibrium with a deformed shape.
For the magic numbers of the shell model (8, 20, 28, 50, 82, 126), see sec. 3.1,
the shape of a nucleus is in general spherical. Measurements show that between
these numbers most nuclei are deformed. The electrical potential V created by the
distribution of charges in the nucleus at a distance R from the origin O (observer)
can be expanded in multipoles

V (R)∝
1

R

∫

ρ(r)dr
︸ ︷︷ ︸

monopole

+
1

R2

∫

zρ(r)dr
︸ ︷︷ ︸

dipole

+
1

R3

∫

(3z2 − r2)ρ(r)dr
︸ ︷︷ ︸

quadrupole

+... (2.1)

where r denotes the distance from one point in the nucleus to the origin O and ρ
is the charge density. Spherical coordinates are used, while z is the coordinate of
the longitudinal axis. The first term corresponds to the total charge of the nucleus.
The second and third terms are the dipole and quadrupole terms respectively. Many
nuclei are ellipsoidal and therefore have an axial symmetry. In this case the dipole
term is zero and the nucleus has a static quadrupole deformation. Of course, there
can also be octupole and hexadecapole shapes. Eisenberg and Greiner [EG70]
introduced the collective coordinates aλµ, defined by the expansion of the nuclear
surface into spherical harmonics

R(θ ,φ) = R0



1+
∑

λ=0

λ
∑

µ=−λ

aλµYλµ(θ ,φ)



 , (2.2)

where R0 is the radius of the spherical nucleus at the same volume. The charge
distribution is usually smeared out at the surface of the nucleus (diffuseness) and
therefore R0 is defined as the mean radius of this diffuse range. The multipole
order is given by λ in the following way:
λ= 0: volume variations, e.g., breathing modes
λ= 1: trivial translation of the nucleus, usually excluded
λ= 2: quadrupole deformation (first one of interest)
λ= 3: octupole deformation (associated with 3− states)

The size of the deformation can be defined in terms of the parameter βλ:

β2
λ =

∑

µ

a2
λµ (2.3)
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Figure 2.1.: Nuclear deformation from prolate to oblate in the (β ,γ) plane using
the Lund convention. The shaded area is sufficient to describe the pos-
sible deformations as explained in the text.

For the restriction of λ = 2 and transforming from the laboratory frame to the
intrinsic frame of the nucleus, the five aλ=2,µ parameters are reduced to two real
parameters a2,0 and a2,2 = a2,−2 while a2,1 = a2,−1 = 0. It is convenient to change
the notation here [BM69] and write

a2,0 = β cosγ (2.4)

a2,2 = a2,−2 =
1
p

2
β sinγ (2.5)

to specify the nuclear shape in terms of β and γ. The parameter β represents the
extent of the quadrupole deformation and is equivalent with the general definition
of eq. 2.3 for λ= 2:

β2
2 =

∑

µ

a2
2µ = β

2 cos2 γ+ 2 ·
1

2
β2 sin2 γ= β2 (2.6)

2.1. General aspects 13



The second parameter γ denotes the degree of axial asymmetry. Most nuclei are ax-
ially symmetric, or close to it, at least in their ground states. For an axially symmet-
ric nucleus, the potential has a minimum at γ = 0◦. A common convention (Lund
convention) for the ranges of β and γ variables is that β > 0,γ = 0◦ for an axially
symmetric prolate nucleus (American football, cigar) and that β > 0,γ= 60◦ gives
an axially symmetric oblate nucleus (disc). If γ is not a multiple of 60◦ the nucleus
is triaxial, what means no axial symmetry at all. The different configurations are
shown in fig. 2.1. An alternate convention would be β > 0 for prolate and β < 0
for oblate deformation and γ ∈ [0◦, 30◦].

When one tries to measure the deformation experimentally the two important
quantities to describe a quadrupole-deformed nucleus are the moment of inertia J
and the quadrupole moment of the ellipsoidal shape. Both can be written in terms
of β for axially symmetric nuclei. For an ellipsoid, the so-called rigid body moment
of inertia is

Jsph =

∫

ρmat(r)r
2
⊥dV =

2

5
M r2. (2.7)

Integrating the radius over the nuclear surface gives to first order in β

J =
2

5
AMR2

0(1+ 0.31β). (2.8)

The electric multipole operators Qλν are defined as [EG70]

Qλν =
Z
∑

k=1

rλk Yλν(θ ,φ), (2.9)

where the sum goes over all protons in the nucleus, because they carry the charge.
The electric quadrupole moment Q of a nucleus in the state ψ jM is then defined
as the expectation value Q20 in the nuclear state

�

� jM
�

=
�

� j j
�

up to a conventional

factor
Æ

16
5
π:

Q =

r

16

5
π
¬

ψ j j

�

�Q20

�

�ψ j j

¶

=

r

16

5
π

∫

ψ∗j jQ20ψ j jd x (2.10)

The intrinsic quadrupole moment is a measure for the deviation of the nuclear den-
sity from spherical symmetry. One can estimate the number of particles contribut-
ing by considering the beforehand described model of a uniformly charged spheroid
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in spherical coordinates through the radius R = R0(1+ βY20) for no triaxial defor-
mation. One obtains [EG70; Cas00]

Q0 =

r

16

5
π

3Z

4πR3
0

∫

Y ∗20

 

∫ R

0

r4dr

!

dΩ (2.11)

=

r

16

5
π

3Z

4πR3
0

∫

1

5
R5

0(1+ βY20)
5Y ∗20dΩ (2.12)

≈
3
p

5π
R2

0Zβ(1+ 0.16β). (2.13)

The last line is derived using the common normalization conditions of the spherical
harmonics and the given accuracy is of second order in β .

The collective rotational model defines the following connection between the
matrix elements for an E2 transition and the intrinsic quadrupole moment Q0:

Mi f =
¬

I f ||E2||Ii

¶

=
p

2Ii + 1
�

Ii 2 I f
K 0 K

�

Ç

5

16π
Q0 = M f i (2.14)

Q =Q0
3K2 − I(I + 1)
(I + 1)(2I + 3)

(2.15)

Here Q is the spectroscopic quadrupole moment that can be observed in experiments
only (see sec. 4.2). If one calculates Q0 from a measured experimental or theo-
retical transition strength or lifetime it is often referred to Q0 as the "transitional"
quadrupole moment, which is model-dependent.
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2.2 The geometrical model

The observation of several general properties for all nuclei, such as a low-lying
2+1 state for even-even nuclei, led to the development of the geometrical or collec-
tive model [KH87] by Bohr and Mottelson [BM69]. The origin of those collective
properties lies in the nuclear collective motion, in which many nucleons contribute
coherently to the nuclear properties. Vibrations and rotations are the two major
types of collective nuclear motion considered in this model, often also called "liq-
uid drop" model because the description of such a system can be done with a similar
mathematical analysis.

Vibrations
The vibration of a nucleus can be expressed by the same parametrization of the

radius as in eq. 2.2 for a shape deformation. However, in the case of a vibration
it is not static anymore. In the vibrational model the λ = 2 excitation is seen as
one (quadrupole) phonon carrying 2 units of angular momentum ħh. This leads
to the first excited 2+ state when adding a quadrupole phonon to the 0+ ground
state of an even-even nucleus. A 2-phonon coupling creates a triplet consisting of
a 0+, 2+ and 4+ state while a 3-phonon excitation results in a quintuplet with the
angular momenta 0+, 2+, 3+, 4+ and 6+ [Cas00]. The pure harmonic vibrational
model predicts equal energy gaps between the multiplets, see fig. 2.2. Therefore
the ratio R4/2 = E(4+1 )/E(2

+
1 ) = 2.0 is a signature for vibrational nuclei while in

reality this ratio is typically 2.0 . . . 2.5. Those so-called "vibrators" are located near
closed shells in the nuclide chart. In the IBM framework [IA06] this class of nuclei
can be described within the U(5) dynamical symmetry.

Rotations
The second type of collective motion, the rotational motion, can be observed

only in nuclei with non-spherical equilibrium shapes, often called deformed nuclei.
They are typically found in the mass ranges 150< A< 190 and A> 220 (rare-earth
elements and actinides). Then the nucleus is seen as an axially symmetric rigid
rotating system along an axis perpendicular to the symmetry axis. The rotational
energy of such a system with angular momentum quantum number I is defined as

E(I) =
ħh
2J

I(I + 1). (2.16)

Here J denotes the moment of inertia and only even nuclear spins I are allowed
in the ground state band. By increasing the quantum number I stepwise more and

16 2. Nuclear deformations
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Figure 2.2.: The schematic vibrational level scheme with 1 up to 3 Q-phonon excita-
tions is shown. The energy is given in arbitrary units.

more rotational energy is added to the nucleus. It is rotating faster in the classical
picture. Considering the energy sequence a rotational band is built with

E(2+) =
6ħh
2J

E(4+) =
20ħh
2J

E(6+) =
42ħh
2J

E(8+) = . . .

(2.17)

The R4/2 ratio serves again as a fingerprint for this collective motion giving R4/2 =
E(4+1 )/E(2

+
1 ) = 3.33 for the so-called "(rigid) rotors" as can be seen in fig. 2.3. In

the IBM framework [IA06] they correspond to the SU(3) dynamical symmetry. At
high angular momentum I the effect of "centrifugal stretching" [KH87, sec. 11.13]
can be observed in experiments by an increase of the moment of inertia. It shows
that also the rigid rotor is a simplified picture and real nuclei cannot be considered
to be completely rigid. Generally there are fluctuations of the quadrupole deforma-
tion of nuclei. Here the hybrid confined β-soft (CBS) rotor model [PG04] comes
with a more realistic approach. It uses the infinite square-well potential over a con-
fined range of values for the quadrupole deformation parameter β . An analytical
solution of the Bohr-Hamiltonian eigenvalue problem exists for this case and inter-
polates between the phase-transitional point and the rigid-rotor limit, and thereby

2.2. The geometrical model 17
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Figure 2.3.: The schematic rotational level scheme up to I = 8 is shown. The energy
is given in arbitrary units.

accounts well for energies and E2 rates observed in such nuclei [PG04]. The intro-
duced infinite square-well potential u(β) with boundaries 0 ≤ βm < βM allows for
βm 6= 0, outside the usual ansatz. The ratio rβ = βm/βM parametrizes the stiff-
ness of the potential and hence the structural evolution from the transitional point
(rβ=0, large fluctuations in β) to the rigid rotor (rβ → 1, no fluctuations in β).

Beside the aforementioned interacting boson model (IBM) [IA06] the particle-
hole (ph) random-phase approximation (RPA) and its quasiparticle (qp) version
(QRPA) are perhaps the most widely adopted microscopic approaches to collective
motion in nuclei [Row10; RS05]. A microscopic extension of the QRPA treating a
separable Hamiltonian in a multiphonon basis is the quasiparticle-phonon model
(QPM) [Iud12]. The basics of this approach are covered in sec. 3.2 while experi-
mental results are compared to the QPM in sec. 7.2.

18 2. Nuclear deformations



3 Distinct nuclear structure models
Various theoretical models have been established to calculate properties of nuclei
all over the nuclear landscape (see fig. 1.1). Ab-initio models like the No-core Shell
Model, Quantum Monte Carlo or Coupled Cluster have limited capabilities to cal-
culate properties of very light nuclei up to A≈10-12. For larger numbers of A the
system becomes too complex, calculations are mainly limited by the available com-
putational power. With configuration interaction (interacting shell model) one can
cover a larger range of nuclei from roughly A=10 to A=100 or more, depending
on the number of valence protons or neutrons outside closed shells. The original
nuclear shell model will be explained in sec. 3.1 as well as its powerful expansion,
the Monte Carlo Shell Model.

With the quasiparticle-phonon model another microscopic model is presented
in sec. 3.2 but it is also limited to nuclei which are not too far away from closed
shells. Using energy density functionals (sec. 3.3) and self-consistent mean fields
it is possible to calculate properties over the entire chart without any limitation on
the size of nuclei.

The three specific models explained in this chapter are just a selection of avail-
able theories and not meant to be represantative. They have been chosen because
they are suited to compare some of their theoretical predictions to the extracted
experimental observables in this work.
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3.1 The shell model

The first observation that lead to the development of the shell model was the fact
that when adding protons or neutrons to a nucleus, there are certain points where
the binding energy of the next nucleon is significantly less than the last one. One
found certain magic numbers of nucleons (2, 8, 20, 28, 50, 82, 126) which are
more tightly bound than the next higher number. With more and more observ-
ables, e.g., excitation energies E(2+1 ), accessible for more and more nuclei, also
the evidence for the significance of these numbers was growing. In this work cer-
tain systematics of transitions strengths B(E2; 2+1 → 0+1 ) and quadrupole moments
Q(2+1 ) are investigated to draw conclusions about the shell and subshell structure
in the mass region A≈130.

In 1949 M. Göppert-Mayer and J.H.D. Jensen introduced a successful microscop-
ical description of the atomic nucleus [MJ55]. They modified the known atomic
shell model to be able to describe the atomic nucleus as well. The main differ-
ence between both types of shell models is the underlying fundamental interaction.
The atomic shell model is based on the Coulomb interaction between the positively
charged protons of the atomic nucleus and the negatively charged electrons, which
acts as a central-force. The Coulomb interaction plays only a minor role in nu-
clear physics. Here, the dominant interaction is the strong interaction between the
nucleons.

The framework of the independent particle model is the basis for the multipar-
ticle shell model, which then provides the standard for other models and builds
the microscopic basis for further macroscopic, collective models [Cas00, ch. 3]. In
that terminology the nucleus is described in terms of noninteracting particles in the
orbits of a spherically symmetric potential U(r), which is itself generated by all the
nucleons. The concept of a central potential arises from the interaction between
nucleons and can be derived for simplicity (as a very good approximation) from
the Hamiltonian of a 2-body interaction:

H = T + V =
A
∑

i=1

~p2
i

2mi
+

A
∑

i>k=1

Vik(~ri −~rk) (3.1)

The interaction V has the form of a nucleon-nucleon potential with a repulsive
core and a strongly attractive part extending over the range where the nuclear
force acts. To achieve the transformation from a nucleon-nucleon interaction to a
common nuclear potential a 1-body potential Ui(~r) is added and subtracted:

H =
A
∑

i=1

�

~p2
i

2mi
+ Ui(~r)

�

+





A
∑

i>k=1

Vik(~ri −~rk)−
A
∑

i=1

Ui(~r)



≡ H0 +Hresidual (3.2)
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The complex goal is then to determine an appropriate central mean field potential
V for this separation in such a way that H0 describes the independent motion of the
A nucleons in the central potential, which is created by the nucleons themselves,
and Hresidual is the so-called residual interaction between the nucleons, that can be
treated as a small perturbation on the Hamiltonian H0.

The harmonic oscillator potential is an appropriate choice due to the attrac-
tive and short-ranged nature of the strong interaction, although it has the wrong
asymptotic behavior. Furthermore it is particularly easy to handle mathematically
and given simply by

V (r) =
1

2
kr2 =

1

2
mω2r2 (3.3)

where k is the spring constant of the classical analogon. For a 3-dimensional har-
monic oscillator, the eigenvalues Enl can be written as Enl = (2n + l − 1/2)ħhω
where n = 1,2, 3, ... is the radial quantum number and the orbital angular mo-
mentum equals l = 0, 1,2, 3, ... (s,p,d,f,...) producing degenerate energies when
∆l = −2∆n as shown on the left of fig. 3.1. The typical number of oscillator
quanta is given by N = 2(n− 1) + l.

The big achievement of Mayer and Jensen was, in fact, to introduce a simple
modification to the harmonic oscillator potential to reproduce the empirically found
magic numbers for protons and neutrons at N , Z = 2,8, 20,28, 50,82, 126. This
modification can be subdivided in an orbital ~l2 term and a spin-orbit term ~l ·~s. The
orbital term splits the degeneracy of the harmonic oscillator levels and lowers them
with larger l:

V~l2 =−Vl
~l2 (3.4)

The spin-orbit term stems from the fact that the nucleon has an intrinsic spin s = 1
2
ħh

resulting in a total angular momentum ~j =~l +~s of a nucleon in an orbit l that has
an absolute value of l ± 1/2. The form of the spin-orbit potential is taken as

V~l·~s =−Vls
~l ·~s (3.5)

in such a way that orbitals with j = l+1/2 are lowered and orbitals with j = l−1/2
are raised in energy compared to the degenerate level after the ~l2 correction. The
basic potential for the original shell model then writes the following:

V (r) =
1

2
mω2r2 − Vl

~l2 − Vls
~l ·~s (3.6)

The evolution of this scheme with the two subsequent corrections to the harmonic
oscillator levels is illustrated in fig. 3.1. The correct gaps corresponding to the
magic numbers are clearly visible on the right side of the picture.
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Figure 3.1.: The nuclear shell model can be derived from a simple harmonic oscil-
lator (S.H.O.) by modifying it a with a ~l2 term and spin-orbit coupling
~l ·~s [Cas00].
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There is also an important connection to the parity quantum number π that
becomes visible in this picture. The parity of a certain orbit is defined as

πnlm = (−1)l (3.7)

and the 2n+ l degeneracy of the harmonic oscillator potential leads to shells just
with levels of the same parity in the beginning. However, at higher shells, the spin-
orbit term brings some j = l + 1/2 orbits down among the levels of the next lower
shell, e.g., in the case of the 1h11/2 orbit. Those orbits are called intruder or unique
parity orbits. The importance of this intruder orbits becomes even more significant
when considering further residual interactions. As long as there is just one valence
nucleon in a shell outside a core with N,Z at magic numbers, the shell model can
be applied straightforward. As soon as there is more than one valence nucleon
the residual interactions between these nucleons have to be considered. Therefore
shell model calculations become soon complex when moving away from closed
shells and new concepts are necessary. Here, Monte Carlo shell model calculations
play a major role in nuclear structure theory and are introduced in the following
subsection 3.1.1.
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3.1.1 Monte Carlo shell model

The Monte Carlo Shell Model (MCSM) stands for the application of the Quantum
Monte Carlo Diagonalization (QMCD) method to the nuclear shell model [HMO95;
Ots01a]. It can be considered as a breakthrough in shell-model calculations as it
allows to study the structure of low-lying states with realistic interactions for a
wide variety of nuclei, even with a large number of valence nucleons outside magic
numbers (see sec. 3.1).

The crucial point in the many-body problem of the nuclear shell model is that
the dimension of the full valence-nucleon Hilbert space grows rapidly as the par-
ticle number increases preventing from performing full model space calculations.
The shell-model dimension is the number of Slater determinants, which can be
generated in the valence shell. For the study of a many-body quantum system,
the simplest and most precise method is the diagonalization of the Hamiltonian.
A direct diagonalization of the Hamiltonian matrix can be carried out only for re-
stricted systems because the maximum treatable dimension of the matrix is limited.
At dimensions ≥ 108 shell model codes reach their limits [HMO95; Ots01a]. The
alternative approach of applying stochastic methods like the QMCD to many-body
problems enables to overcome this difficulty. After suitable states are selected as
basis states for the many-body system, the Hamiltonian can be diagonalized in a
reasonable approximation within a subspace just spanned by such basis states (see
fig. 3.2). The number of basis states can be much smaller, enabling practical cal-
culations. The QMCD method of choosing the many-body states was proposed by
Honma, Mizusaki and Otsuka first [HMO95] and then improved further as summa-
rized in ref. [Ots01a].

Another, completely different, quantum Monte Carlo approach is the Shell Model
Monte Carlo (SMMC) method, a term that can easily lead to confusion with the
MCSM. The SMMC is basically restricted to ground-state properties and suffers
from the so-called minus-sign problem for realistic interactions [Ots01a]. In con-
trast, the MCSM describes also excited states, including their energies, wave func-
tions, and transition matrix elements.

Coming back to the QMCD method there are two major steps:

1. All basis states for the given many-body system are generated. The many-
body system is comprised of valence protons and neutrons and only basis
states important to the eigenstate to be obtained, are selected.

2. Having those selected basis states the matrix elements of the Hamiltonian
are calculated and the Hamiltonian matrix is diagonalized. If all important
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Figure 3.2.: The Hamiltonian matrices in the conventional shell model and in the
Monte Carlo shell model. In the conventional shell model one calculates
matrix elements of the Hamiltonian for all possible Slater determinants
in the valence shell. After the calculation of all matrix elements the
matrix needs to be diagonalized. Picture is taken from ref. [Ots01a].

basis states have been included, the result is a good approximation to the
exact diagonalization in the entire Hilbert space.

Knowing that the question arises how to generate important basis states. Follow-
ing the detailed explanations of ref. [HMO95] the equation for the generation of
basis states is given by

|Φ(σ)〉 ∝ e−βh(σ)
�

�Ψ(0)
¶

, (3.8)

whereσ represents a set of random numbers to control the basis generation, |Φ(σ)〉
is a basis state, and

�

�Ψ(0)
¶

the initial state. The one-body Hamiltonian h(σ) is a
linear combination of various one-body operators with certain weights. Due to the
one-body character both |Φ(σ)〉 and

�

�Ψ(0)
¶

are Slater determinants, just the gen-
erally deformed single-particle wave functions constituting the Slater determinants
are varied in the operation of eq. 3.8.

Introducing a toy Hamiltonian

H =
1

2
VO2 (3.9)

one can clarify the concept even better. V shall be a coupling constant with V < 0
and O just an arbitrary one-body operator. The above-mentioned one-body Hamil-
tonian would then be given by

h(σ) = VσO. (3.10)
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There is just one random variable σ because the toy Hamiltonian of eq. 3.9 con-
sists of one term only. With different values of the random number σ one can
generate different state vectors |Φ(σ)〉 exploiting eq. 3.8. Then the Hamiltonian is
diagonalized in a subspace spanned by those basis states. One evaluates each basis’
contribution for lowering the energy eigenvalue being calculated. Only those with
larger contributions are kept, the important bases, while the others are neglected.
As an improvement one can generate more states by other values of σ and again
only consider the important ones. This means basis states can be added until a cer-
tain convergence of the energy eigenvalue is reached. When one has such selected
basis vectors, that are important for a specific eigenstate (can be also an excited
state), its energy eigenvalue and wave functions are obtained as a result of the
diagonalization of a small matrix with respect to these important basis vectors (see
lower part of fig. 3.2).

In a realistic case, a general shell-model Hamiltonian can be written as

H =
N f
∑

α=1

(EαOα +
1

2
VαO2

α) (3.11)

with an index α, single-particle energies Eα, and interaction strengths Vα for one-
body operators Oα. The one-body Hamiltonian is then given as a combination of
terms in analogy to eq. 3.10:

h(σ) =
∑

α

(Eα + sαVασα)Oα (3.12)

Here sα = ±1 (±i) if Vα < 0 (> 0). Again the basis states are generated by using
eq. 3.8 in the same way as for the toy Hamiltonian. The adopted basis states
are the so-called QMCD bases and the number of QMCD bases is referred to as
the QMCD basis dimension. Energies and wave functions are determined by the
diagonalization. The ground state as well as excited states can be obtained by
monitoring the energy eigenvalues of excited states in the basis generation process.

The described procedure is the first version of QMCD, that already works quite
well for simpler systems [HMO95], but in order to carry out realistic large-scale
shell-model calculations it has been improved over the years by three major con-
cepts [Ots01a], that shall be just mentioned here:

• Basis generation around the mean-field solution

• Restoration of angular momentum

• Compression of QMCD basis space
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The combination of all improvements builts the present version of the QMCD
method and, as mentioned above, its application to the nuclear shell model is
called the Monte Carlo shell model. Due to the importance truncation of basis
vectors the QMCD basis dimension is usually 30-50, even if the original Hilbert
space has > 109 dimensions.

It has been demonstrated by Shimizu, Otsuka and co-workers for the case of
the Ba isotopes with N≥82 that, when changing the number of valence particles,
the shape phase transition occurs quite prominently, while the Hamiltonian and
the single-particle orbits are kept unchanged [Shi01]. Thus, it provides a first ev-
idence, by means of microscopic calculations beyond mean-field approaches, that
the shape-phase transition can occur due to the change of valence particle number
with a realistic Hamiltonian and shell structure. The full major shells are taken into
account: 50≤Z≤82 for protons and 82≤N≤126 for neutrons.

In this work results of MCSM calculations for the quadrupole moments Q(2+1 )
are compared to measurements in the Barium isotopes on either side of the magic
number at N=82 (see sec. 7.1). This means different valence shells are taken into
account. The experimental data is interpreted in terms of a shape transition also in
the region with N≤82.
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3.2 Quasiparticle-phonon model

The quasiparticle-phonon model (QPM) is a microscopic approach going beyond
the quasiparticle random-phase approximation (QRPA) [Row10; RS05] to describe
collective motion in nuclei. Within the QPM a Hamiltonian of separable form is
treated in a microscopic multiphonon basis. Therefore it is able to describe the
anharmonic features of collective modes as well as the multiphonon states. An
introduction is given by Solov’ev [Sol92] and a detailed description can be found
in the review article by Lo Iudice et al. [Iud12] while the basic principles shall be
presented here.

The adopted two-body Hamiltionian is a sum of several separable multipole-
multipole potentials. This simplifying assumption allows the QPM to cover a large
configuration space and to include up to 3-phonon basis states. The Hamiltonian is
of the following form:

H = Hsp + Vpair + V ph
M + V ph

SM + V pp
M (3.13)

Hsp is a one-body Hamiltonian including a Woods-Saxon potential VWS , while Vpair

represents the monopole pairing. V ph
M and V ph

SM are the sums of separable multipole
and spin-multipole interactions acting in the particle-hole (ph) channel and V pp

M is
the sum of particle-particle (pp) multipole potentials. The exact definitions of the
different potentials can be found in ref. [Iud12].

The QPM procedure involves several steps. First the particle-hole operators a†
q

(aq) are transformed into quasiparticle operators α†
q (αq) with the help of the Bo-

goliubov canonical transformation. This way a quasiparticle separable Hamiltonian
is obtained and then adopted to generate QRPA energiesωλ and the corresponding
phonons

Q†
λ
=

1

2

∑

qq′

n

ψλqq′

h

α†
qα

†
q′

i

λ
−ϕλqq′

�

αq′αq

�

λ̄

o

. (3.14)

The amplitudes ψλ
qq′

and ϕλ
qq′

fulfill the equations

1

2

∑

qq′

h

ψλqq′ψ
λ′

qq′ −ϕ
λ
qq′ϕ

λ′

qq′

i

= δλλ′ , (3.15)

which are obtained from the normalization condition in the quasiboson approxi-
mation.
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After the generation of the QRPA phonons it is possible to express the quasipar-
ticle separable Hamiltonian into the phonon form:

HQPM =
∑

λ

ωλQ
†
λ
Qλ +Hνq (3.16)

The first term is the unperturbed phonon Hamiltonian and Hνq is the phonon cou-
pling part. The phonon Hamiltonian is diagonalized in a space spanned by states
composed of one, two, and three QRPA phonons. Those yield the eigenfunction of
a given spin J M :

ψv J M =
∑

i

R(v J)
i Q†

iJ M |0〉+
∑

λ1λ2

P(v J)
λ1λ2

h

Q†
λ1
⊗Q†

λ2

i

J M
|0〉

+
λ3 I
∑

λ1λ2

T (v J)
λ1λ2λ3 I

hh

Q†
λ1
⊗Q†

λ2

i

I
⊗Q†

λ3

i

J M
|0〉 (3.17)

In the following these wave functions are normalized and antisymmetrized exploit-
ing certain commutation relations. More details can be found in ref. [Iud12] and
refs. therein.

A crucial step in the QPM is the determination of the Hamiltonian parameters.
They are determined, for a Woods-Saxon potential, e.g., and yield single-particle
spectra in overall agreement with the data. The single-particle space includes all
shells below the Fermi energy as well as all bound states above in order to allow for
the investigation of the properties of the excited states over a wider energy range.
Furthermore a constant monopole pairing is used. The latter is obtained by a fit to
odd-even mass differences. On the other hand the coupling strength parameters of
the quadrupole-quadrupole and octupole-octupole particle-hole potential are fixed
by a fit to the energies of the first 2+ and 3− state, respectively. The strengths of
the multipole terms are adjusted in such a way that the energy of the computed
lowest two-quasiparticle excitations (states) is left unchanged.

The quadrupole pairing turned out to be the dominant particle-particle interac-
tion for low-energy excitations [Iud12]. In the QPM it is assumed to be equal for
protons and neutrons. It plays a crucial role when determining the properties of
the low-energy quadrupole modes. The parameters have to be adjusted for each
investigated mass region by a comparison to basic experimental data such as the
excitation energy of the 2+1 state. Then a unique set of parameters can be used
throughout the nuclei of a given mass region to calculate the low-lying as well as
high-lying spectra.

The selection of phonons to be included in the multiphonon basis (used for di-
agonalizing the Hamiltonian of eq. 3.13) is dictated by the properties of the states
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to be determined. For low-lying positive parity QPM states only phonons of pos-
itive parity with multipolarities λ = 1 − 6 are included. For each multipolarity
all phonons up to a given energy are included. Due to the fact that the QPM
Hamiltonian mixes the multiphonon components differing by one phonon num-
ber, the fragmentation of the two-phonon states is sensitive to the number of one-
and three-phonon configurations. To find the minimum dimensions of the mul-
tiphonon space to be used in the actual calculations, the number of two-phonon
states is increased until it doesn’t affect any longer the structure of the wavefunc-
tion (eq. 3.17). The onset of this saturation plateau determines the dimension to
be used.

In this work experimental data of the N=80 isotones, presented in sec. 6.6, is
compared to QPM predictions. The used set of QPM parameters was determined
for this specific chain of nuclei [LIST08] (see sec. 7.2 for the discussion).
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3.3 Energy density functionals

Self-consistent mean-field (SCMF) models for nuclear structure and excitations
have shown to be very successful in describing and predicting properties of heavy
nuclei [BHR03]. Because nuclear SCMF models are in many respects analogs of
density functional theory, one refers to it as well as effective energy density func-
tionals (EDF). In this work state-of-the-art EDF methods based on the Gogny D1S
functional [DG80] have been applied to compute the level scheme and reduced
transition probabilities of 140Ba. These techniques are very suitable to study the
intrinsic quadrupole deformations of a nuclear system (β ,γ) because these degrees
of freedom are taken into account explicitly in the calculations in a self-consistent
manner. For an introduction of the parameters (β ,γ) see sec. 2.1.

The method consists of producing first a set of many-body states with different
intrinsic quadrupole deformations (β ,γ). The final many-body wave functions that
describe the different states of an even-even nucleus with Z number of protons and
N number of neutrons are written as [RE10]

|I M ; N Zσ〉=
∑

Kβγ

f I ;N Z ,σ
Kβγ

�

�I MK; N Z;βγ
�

. (3.18)

The levels for a given value of the angular momentum I and M are labeled σ =
1, 2... and K are the projections of ~I on the laboratory and intrinsic z axes, respec-
tively. The coefficients f I ;N Z ,σ

Kβγ of the linear combination are obtained by minimiz-

ing the energy within the nonorthogonal set of wave functions {
�

�I MK; N Z;βγ
�

}.
These states are found by using the variation after particle-number projection
method (VAP-PN), which is well-suited to include properly pairing correlations in
the system. A simultaneous projection of the intrinsic mean-field states

�

�φ(β ,γ)
�

onto good particle number and angular momentum is performed:

�

�I MK; N Z;βγ
�

=
2I + 1

8π2

∫

DI∗
MK(Ω)R̂(Ω)P̂

N P̂Z
�

�φ(β ,γ)
�

dΩ (3.19)

The neutron and proton number projectors are given by P̂N ,Z , R̂(Ω) denotes the
rotation operator and DI∗

MK(Ω) the Wigner matrices in the Euler angles Ω, respec-
tively.

In dealing with effective forces such as Gogny, a natural separation of the interac-
tion into the two-body Hamiltonian Ĥ2b on the one hand and the density-dependent
part εN ,Z

DD [φ] on the other, emerges. Here the Gogny D1S interactions is used and
Ĥ2b corresponds to the kinetic energy plus the spin-orbit, Coulomb, and the finite-
range central potentials. The VAP-PN principle provides

δEN ,Z[Φ̄(β ,γ)]|Φ̄=Φ = 0, (3.20)
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where

EN ,Z[Φ] =
〈Φ| Ĥ2b P̂N P̂Z |Φ〉
〈Φ| P̂N P̂Z |Φ〉

+ εN ,Z
DD [Φ]

−λq20
〈Φ| Q̂20 |Φ〉 −λq22

〈Φ| Q̂22 |Φ〉 . (3.21)

The minimization is performed under constraints on the quadrupole deformation
operators Q̂2µ. Here the Lagrange multipliers λq2µ

ensure that the following condi-
tions are fulfilled in the intrinsic state [RE10]:

λq20
→ 〈Φ| Q̂20 |Φ〉= q20 (3.22)

λq22
→ 〈Φ| Q̂22 |Φ〉= q22 (3.23)

Finally the deformation parameters (β ,γ) are directly connected to those multipli-
ers by the following relations

q20 =
β cosγ

C
, q22 =

β sinγ
p

2C
, C =

r

5

4π

4π

3r2
0 A5/3

, (3.24)

with A being the mass number and a typical r0 = 1.2 fm. These constraints al-
low to explore the (β ,γ) plane to generate the wave functions to be used in the
configuration mixing calculations.

The final states for each I are obtained by taking linear combinations of all pro-
jected states with different shapes and third components of the angular momentum
in the intrinsic frame K . The coefficients of these linear combinations are given af-
ter solving the so-called Hill-Wheeler-Griffin equations within the Generator Coor-
dinate Method (GCM) framework. More details about these methods can be found
in refs. [BHR03; RE10] and references therein.

The two major limitations of the model are the conservation of parity and time-
reversal symmetries of the intrinsic wave functions. The first one restricts the study
to positive parity states and neglects the influence of the octupole degree of free-
dom that could play a role in the A≈ 130 region. The second restriction limits the
description of the moments of inertia and, therefore, the quantitative precision of
the energy levels [Zdu07; LRV04].
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4 Coulomb excitation theory
The experimental technique of Coulomb excitation (Coulex) is used in nuclear
physics to probe the electromagnetic aspects, especially the quadrupole collectiv-
ity, of nuclear structure. A nucleus is excited by an inelastic collision with another
nucleus through the electromagnetic interaction. The mathematical description of
the Coulex formalism was developed by Alder and Winther [Ald56; AW75] in the
1950s.
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4.1 Semi-classical description

The experimental perception of Coulex is the excitation of a nucleus by an inelastic
collision with another nucleus through the electromagnetic interaction. In order to
ensure experimentally that the interaction is purely electromagnetic in nature (and
not nuclear) "safe" conditions are chosen. In low-energy Coulomb excitation this is
achieved by keeping the beam energy E of the projectiles (mass number A1, charge
number Z1) below the Coulomb barrier (in the center-of-mass system)

VC =
e2

4πε0

Z1Z2

R1 + R2
≈

Z1Z2

A1/3
1 + A1/3

2

. (4.1)

A more safe requirement is the empirically found limit by Douglas Cline, the so
called Cline’s criterion [Cli12]:

Emax[MeV ] = 1.44
A1 + A2

A2
︸ ︷︷ ︸

C MS→LAB

Z1Z2

1.25(A1/3
1 + A1/3

2 ) + 5
(4.2)

In this formula +5 in the denominator indicates a safety margin of 5 fm. This can
still be insufficient for light projectiles of carbon or oxygen, e.g., but has proven
to be a good criterion for heavier projectiles as used in this work. The following
description of the Coulex formalism can be found in great detail in the benchmark
textbook of Alder and Winther [AW75] and a review article [Ald56].

During a collision between two heavy ions the electromagnetic interaction de-
pends on the electromagnetic multipole moments of both nuclei. The great simpli-
fication in the semi-classical description of Coulex arises from the fact that only the
Coulomb field can ensure that the projectile does not penetrate into the nucleus.
That leads to the demand that the Sommerfeld parameter

η=
Z1Z2e2

ħhv1
(4.3)

must be large compared to unity (η� 1). This is at the same time the condition
for the applicability of classical physics for the description of the relative motion
of nuclei. The hyperbola (see fig. 4.1) is completely defined by the charge num-
bers Z1,Z2 of projectile and target, the energy E and the center-of-mass scattering
angle ϑ. Thereby the differential scattering cross-section is given by the classical
Rutherford formula

�

dσ

dΩ

�C MS

Ruther f ord
=

�

e2

4πε0

Z1Z2

4E

�2
1

sin4
�

ϑ

2

� . (4.4)
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Figure 4.1.: The defining parameters of a Coulomb excitation process are the beam
energy E= 1

2
m1v 2

1 in the laboratory frame, and the scattering angle ϑ.

Translated into for nuclear physics more convenient TORBEN1 units (E in MeV, σ
in millibarn) this can be written as
�

dσ

dΩ

�C MS

Ruther f ord
[mb/sr] = 1.296

�

Z1Z2

E

�2 1

sin4
�

ϑ

2

� (4.5)

�

dσ

dΩ

�LAB

Ruther f ord
[mb/sr] = 1.296

�

Z1Z2

E

�2 sin2 ϑ

sin4
�

ϑ

2

�

1

sin2 θ1| cos(ϑ− θ1)|
, (4.6)

where θ1 is the scattering angle of the projectile in the laboratory frame (θ2 in
analogy for the target nucleus).

Sometimes it is not clear in literature if a certain formula is expressed in the
center-of-mass system (CMS) or the laboratory system (LAB) and in which units
some variables are meant to be used. To avoid confusion in this work either it is
explicitly stated what the formula contains or one can check in the table of symbols
at the end of the work, where all variables used throughout the work are explained.

In the collision none (elastic scattering), one or even both nuclei may be excited.
The differential cross-section for the Coulomb excitation of a nucleus to a state |n〉
is expressed by a certain probability Pn relative to the Rutherford cross-section:

�

dσ

dΩ

�

n
= Pn

�

dσ

dΩ

�

R
(4.7)

1 Theoretical Observables Rewritten for the Benefit of Experimental Nucleists as suggested by
Alder and Winther [AW75, p. 268]
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This excitation probability Pi f from the initial nuclear state i to the final state f can
be expressed in terms of the amplitudes ai f for a transition by

Pi f = |ai f |2. (4.8)

The excitation is caused by the time-dependent electromagnetic field which sweeps
over the nucleus as the projectile moves along the hyperbolic orbit. So to cal-
culate the excitation amplitudes ai f it is mandatory to solve the time-dependent
Schrödinger equation for the nucleus

iħh
∂

∂ t

�

�ψ(t)
�

=
�

H0 + V (t)
�

�

�ψ(t)
�

, (4.9)

where
�

�ψ(t)
�

is the time-dependent state, H0 is the Hamiltonian of the free
nucleus, and V (t) is the electromagnetic interaction. One may formulate the
Schrödinger equation as a system of coupled differential equations by expanding
the nuclear state vector

�

�ψ(t)
�

as a complete set of the orthogonal eigenstates of
the time independent free nuclear Hamiltonian H0. The free nucleus eigenstate
wave functions |n〉 of H0 satisfy the time-independent Schrödinger equation

H0 |n〉= En |n〉 (4.10)

with eigenvalues En and the time-dependent excitation amplitudes an(t) are intro-
duced as the corresponding coefficients:

�

�ψ(t)
�

=
∑

n

an(t) |n〉 e−iEn t/ħh (4.11)

The excitation amplitudes become time independent before and after collision
(t → ±∞), when the interaction V (t) vanishes. Substituting eq. (4.11) in the
Schrödinger equation (4.9) results in the following set of linear differential equa-
tions taking into account the orthonormality of the eigenstates:

iħhȧn =
∑

m

〈n|V (t) |m〉 ei(En−Em)t/ħham(t) (4.12)

This quantum-mechanical treatment of the nucleus in the time-dependent elec-
tric field together with the classical behavior of the projectile in a hyperbolic orbit,
resulting in a set of coupled differential equations, is called the semi-classical ap-
proximation in Coulomb excitation theory. The equations can be solved by first and
second order perturbation theory, treating the potential V (t) as a time-dependent
perturbation.
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4.2 Connection to observables

For a transition from an initial state |i〉 to a final state
�

� f
�

one obtains for the
transition amplitudes in first order perturbation theory

ai f =
1

iħh

∫ ∞

−∞




f |V (t)|i
�

ei(E f −Ei)t/ħhd t. (4.13)

For electric excitations the main interaction V (t) in the aforementioned eqs. (4.12)
and (4.13) is the Coulomb energy. In order to evaluate the matrix elements in
eq. (4.13) an expansion of V (t) in multipole components can be done:

V (t) =

∫

ρn(~r)ϕ(~r, t)dτ

=
∞
∑

λ=1

λ
∑

µ=−λ

4πZ1e

2λ+ 1
r−λ−1

1 (t)Yλµ(θ1,φ1)M(Eλ,µ)
(4.14)

This holds true if the projectile remains outside the nucleus. The electrical multi-
pole moments of the nucleus are defined by

M(Eλ,µ) =

∫

~rλYλµ(θ ,φ)d3~r (4.15)

with polar coordinates in a system with origin in the nuclear center of mass and
Yλµ(θ ,φ) being the normalized spherical harmonics.

It is convenient to replace the multipole operator matrix elements by reduced
matrix elements Mi f =

¬

Ii ||M(λ)||I f

¶

using the Wigner-Eckart theorem:

¬

Iimi |M(λ,µ)|I f m f

¶

= (−1)Ii−mi

�

Ii λ I f
−mi µ m f

�

︸ ︷︷ ︸

3 j−s ymbol

¬

Ii ||M(λ)||I f

¶

(4.16)

In this work the phase convention is used that the phases of the nuclear wave-
functions are chosen in such a manner that the reduced matrix elements are real.
In this convention the up- and down-going matrix elements are connected in the
following way:

¬

Ii ||M(λ)||I f

¶

= (−1)I f −Ii
¬

I f ||M(λ)||Ii

¶

(4.17)
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At this point the reduced transition probability for a radiative transition of multi-
pole order πλ can be introduced:

B(πλ; Ii → I f ) =
∑

M f µ

|
¬

Ii Mi |M(πλ,µ)|I f M f

¶

|2

=
1

(2Ii + 1)
|
¬

Ii ||M(πλ)||I f

¶

|2.
(4.18)

For a one-step excitation from the ground state the differential excitation cross-
section of order Eλ is given by

dσEλ =
�

Z1e

ħhv1

�2

a−2λ+2B(Eλ)d fEλ(ϑ,ξ), (4.19)

with

d fEλ(ϑ,ξ) =
4π2

(2λ+ 1)3
∑

µ

|Yλµ
�π

2
, 0
�

|2|Iλµ(ϑ,ξ)|2 sin−4
�

ϑ

2

�

dΩ. (4.20)

Again, Yλµ denotes the normalized spherical harmonics and Iλµ are orbital inte-
grals describing the orbit in hyperbolic coordinates in a convenient way. The exact
definitions and tabulated values can be found in [Ald56]. Here the differential
Coulomb excitation function d fEλ(ϑ,ξ) depends through the orbital integrals Iλµ
on the adiabaticity parameter ξ, rewritten with eq. 4.3 to

ξ=
Z1Z2e2

ħhv1

∆E

2E
= η
∆E

2E
. (4.21)

Selection rules and transition properties

The excitation processes considered so far are subject to the standard parity
selection rules for electromagnetic multipole radiation. An electric excita-
tion of order λ involves a parity change of (−1)λ, whereas for magnetic
excitation πγ = (−1)λ+1 is valid. In summary:

Eγ = Ei − E f
�

�Ii − I f

�

�≤ λ≤ Ii + I f

πi ·πγ = π f

The complete formalism of electromagnetic transitions strengths is out-
lined in appendix D.
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This section so far just considered electric excitations in first order (one-step).
For the description of magnetic excitations V (t) in eq. (4.14) has to be expressed
as the magnetic interaction. Then eqs. (4.15, 4.19) and (4.20) can be rewritten
analogously for magnetic transitions yielding a differential cross-section

dσMλ =
�

Z1e

ħhv1

�2

a−2λ+2B(Mλ)d fMλ(ϑ,ξ). (4.22)

For small EM interactions V (t) � H0, such as, e.g., at low energies or light
projectiles Z � 1/α = 137, first order perturbation is valid for Coulomb excita-
tion experiments. However, corrections arise for the conducted experiments with
heavy ions at the Coulomb barrier from higher order perturbations that have to be
accounted for as well. Those effects can be summarized as multi-step Coulomb ex-
citation. Introducing an intermediate state |z〉 the transition amplitude ai f consists
of two components

ai f = a(1)i f + a(2)i f , (4.23)

where a(1)i f is the first order amplitude (see eq. 4.13) and a(2)i f takes care of the
second order effects stemming from the intermediate state(s) |z〉:

a(2)i f =
1

iħh

∑

z

∫ ∞

−∞




f |V (t)|z
�

ei(E f −Ez)t/ħhd t

∫ ∞

−∞




z|V (t ′)|i
�

ei(Ez−Ei)t/ħhd t (4.24)

Thereby the cross-sections and excitation probabilities, eq. (4.8), must be modified
as well, e.g., by inserting eq. (4.23) the excitation amplitude is defined as

Pi f = P(1)i f + P(1,2)
iz f + P(2)iz f , (4.25)

with the following meaning of the 3 terms:

P(1)i f This is the first order excitation probability as derived in the beginning of this
section without any intermediate state as can be seen in fig. 4.2(a).

P(2)iz f For the case of one intermediate state the second order excitation probability
can either be a double excitation or a reorientation.

P(1,2)
iz f The interference of excitation amplitudes from first and second order excita-

tions means the final state
�

� f
�

is excited on both ways.
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Figure 4.2.: The different excitation mechanisms are illustrated with an examplary
3-state system where the intermediate state |z〉 lies above the final state
�

� f
�

: (a) first order excitation, (b) second order double excitation (left)
and reorientation effect (right), (c) interference effects of (a) and (b).

While the double excitations can be understood as two single excitations, one fol-
lowing the other before the excited state de-excites, the reorientation effect is some-
how more complex. In this case the intermediate and final state are identical and it
is the transition between two degenerated levels. In terms of quantum mechanics it
has to be understood as a redistribution of the population of the magnetic substates
of the final state. The excitation probability of the second step is directly propor-
tional to the intrinsic electric quadrupole moment Q0 of the final state. That is used
in this work to determine the quadrupole moments of exited 2+1 states, where the
connection to the quadrupole moment, derived from eq. (2.14), is the following:

M22 =
¬

2+1 ||M(E2)||2+1
¶

=−

r

1

14π

5

2
Q0 ≈−0.377Q0 (4.26)

However, in a Coulex experiment an ensemble of nuclei is measured, that’s the
reason why only the spectroscopic quadrupole moment Q can be determined. Q0
refers to the symmetry axis of one particular nucleus. From eq. 2.15 the following
transformation results for the case of a 2+1 state:

Q =−
2

7
Q0 and inserted in eq. (4.26): M22 = 1.319Q (4.27)

In an actual experiment it is only possible to measure the excitation cross-section
σ(2+1 ) depending on beam energy and scattering angle. From the theoretical

40 4. Coulomb excitation theory



0.0

0.05

0.1

0.15

0.2

0.25

d
σ
/d

Ω
[b

a
rn

/s
ra

d
]

0 20 40 60 80 100 120 140 160 180

Scattering angle ϑ

Q0 < 0 (oblate)

Q0 = 0

Q0 > 0 (prolate)

Figure 4.3.: The Coulex cross-section σ(2+1 ) depends on the center-of-mass scatter-
ing angle ϑ and the quadrupole moment.

Coulex point of view σ(2+1 ) depends directly on two matrix elements (beside feed-
ing states), in first order on the transitional matrix element M20 and in second
order also on the diagonal matrix element M22. Therefore, the Coulomb excitation
yield can be used for extracting information on the quadrupole moment Q(2+1 ). Fig-
ure 4.3 shows a typical form of the cross-section as a function of the center-of-mass
scattering angle ϑ for various quadrupole moments.
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4.3 Angular distribution of γ-radiation

An angular distribution function describes in general the relative probability for the
γ radiation in a transition (de-excitation) from a final state

�

� f
�

back to the initial
state |i〉 to be emitted into a direction (θγ, φγ):

dW i f
γ (θγ,φγ)

dΩγ
(4.28)

The distribution depends on the excitation process and thereby again on the transi-
tion amplitudes ai f of eq. (4.13). The dependence on the angle φγ vanishes either
if the orientation of the reaction plane is entirely ignored (no particle detector) or
for a particle detector, which is symmetric around φ, when integrating over the
azimuthal particle angle φ1 or φ2. This is valid for the circular detectors used in
all experiments of this work. The final distribution then simplifies to

W (ϑγ) =
∑

k

aλk (ξ)A
(λ)
k Pk(cosθγ), (4.29)

where the range of k is limited by the multipole order λ, Pk(cosθγ) are the Legendre

polynomials and the coefficients aλk (ξ) and A(λ)k are given below. The variable ξ is
defined in eq. (4.21) and θγ is the angle between incident beam and emitted γ ray.
The coefficients aλk (ξ) are given by

aλk (ξ) =
bλk (ξ)

bλ0 (ξ)
. (4.30)

For the relevant case of electric transitions bλk (ξ) is defined as follows:

bEλ
k (ξ) =− (2k+ 1)−

1
2

�

λ λ k
1 −1 0

�−1

×
∑

µµ′κ

(−1)µ
�

λ λ k
µ −µ′ κ

�

Yλµ
�π

2
,0
�

Yλµ′
�π

2
, 0
�

×
∫ π

0

Iλµ(ϑ,ξ)Iλµ′(ϑ,ξ)Ykκ

�

π

2
,
π+ ϑ

2

� cos
�

ϑ

2

�

sin3
�

ϑ

2

�dϑ

(4.31)

Here Iλµ are the orbital integrals and Yλµ the spherical harmonics as introduced in
sec. 4.2. The angle ϑ denotes the scattering angle in the center-of-mass system and
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by changing the integration interval (which in eq. (4.31) is the complete region
from 0 to π) one can adjust it to the settings of a certain experiment, e.g., ranging
over the scattering angles covered by the particle detector. The coefficients A(λ)k are
defined with the help of the geometrical factors Fk to

A(λ)k = Fk(λIi I f )
∑

LL′
Fk(LL′ Ii I f ). (4.32)

The geometrical factors Fk themselves are defined by

Fk(LL′ Ii I f ) =(−1)Ii+I f −1
p

(2k+ 1)(2I f + 1)(2L+ 1)(2L′ + 1)

×
�

L L′ k
1 −1 0

�

︸ ︷︷ ︸

3 j−s ymbol

�

L L′ k
I2 I2 I1

�

︸ ︷︷ ︸

6 j−s ymbol

. (4.33)

A more detailed derivation of the angular distributions can be found in [AW75;
Ald56]. For an explicit calculation beam energy E, excitation energy ∆E, charge
and mass numbers of projectile and target are included in the parameter ξ. For a
given multipole order λ the calculation can be performed with the software Math-
ematica, e.g., as presented in ref. [Bau07]. The experimental measurement of the
angular distribution allows to draw conclusions about the multipolarity of the ob-
served transition or under certain conditions even of the g-factor of the excited
state [Bau07].

Regarding angular distributions two effects have to be taken into account when
comparing to experimental data. Both effects result in an attenuation of the dis-
tribution, which can be mathematically described by multiplying the attenuation
coefficients Qk and Gk with 0≤Qk, Gk ≤ 1 to eq. 4.29:

W (ϑγ) =
∑

k

aλk (ξ)A
(λ)
k QkGk Pk(cosθγ) (4.34)

Finite detector size The used high-purity Germanium detectors as well as most of
the other available detectors have a non-negligible physical extension. A
finite solid angle is covered by the detector which results in an uncertainty
in the angle of the detected γ ray. The resulting attenuation of the angular
distribution is usually denoted by the Qk coefficients.

Deorientation effect After excitation the aligned nuclear spin ~I of a nucleus can,
during its lifetime, couple with the randomly oriented spin ~J of the surround-
ing electrons to a total angular momentum ~F = ~I + ~J due to the atomic
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hyperfine interaction. This happens when the nuclei recoil into vacuum.
The hyperfine interaction changes the relative population of the magnetic
substates and therefore attenuates the angular distribution. The standard
notation of the factors is Gk, which can be even time-dependent depending
on the model used for the hyperfine interaction.
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4.4 Coulomb excitation codes: CLX and GOSIA

For the evaluation of a Coulex experiment a proper computer code to handle mul-
tiple excitations and solving the coupled differential equations as in eq. (4.12)
is essential. The original Coulex code was developed by Alder and Winther in
1965 [AW66, p. 303ff] in Fortran, a fact that has endured to this date.

Phase convention

There is a possible source of confusion because at this time the reduced
matrix elements were defined in the following way [AW66, p. 305, eq.
(13)]:

Mi f =
¬

Ii ||iλM(λ)||I f

¶

(4.35)

This convention coming with the original code was used in publications
up to the eighties (e.g., see in [Par76; SV88]). In 1975 Alder and Winther
suggested a new way using the phase convention

RPT |Im〉= |Im〉 (4.36)

where P is the parity operator, R a rotation of 180◦ around the y-axis and T
the time-reversal operator [AW75, appendix E]. Then the reduced matrix
element is defined such that it always becomes real:

Mi f =
¬

Ii ||M(λ)||I f

¶

(4.37)

A mixing of both conventions becomes problematic especially when deal-
ing with the quadrupole moment of the 2+1 state. While in the old conven-
tion one would obtain M22 = −1.319Q it is actually M22 = 1.319Q in the
new one, without a change in sign between matrix element and quadrupole
moment. A mistake would lead to a completely opposite assignment of de-
formation! I follow here the convention from eq. (4.36).

The experiments analyzed in this work represent a special case of Coulex anal-
ysis where the matrix elements connected to the 2+1 state of the projectile are the
observables of interest and the beam intensities are not known. Therefore an in-
dependent normalization is necessary. Usually this is performed by simultaneously
measuring the target excitation. Providing the experimental conditions (scatter-
ing angles, beam energy, beam purity) are known/measured and the properties of
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the target (purity, matrix elements) are well-known the cross-section for projectile
excitation σP can be normalized to the target excitation cross-section σT via

σP(M20, M22) =
N P
γ

N T
γ

εT
γ

εP
γ

W (θ)T

W (θ)P
σT 1−QT

1−QP . (4.38)

Nγ denotes the measured events (counts) for the transition 2+1 → 0+1 of the pro-
jectile or target nucleus, which, of course, have to be corrected for their relative
efficiencies εγ and the angular distribution W (θ). The fraction of a possible con-
tamination of the beam (QP) or the target material (QT ) is considered as well. The
determination of the efficiency is described in great detail in sec. 6.2. The angular
correction is taken into account by the Coulex codes. In this case the projectile
cross-section σP depends solely on the transitional matrix element M20 and the
diagonal matrix element M22. The same is true for the target excitation but in this
case the target is chosen in such a way that its 2+1 state is known very well with
small errors of the lifetime (M20) and the quadrupole moment (M22).

To determine the transition strength and the quadrupole moment of the projec-
tile’s 2+1 state the experiment hast to be divided in i ≥ 2 sub-experiments regarding
different ranges of scattering angles. That makes it possible to use the dependence
of the cross-section on the scattering angle. Then eq. (4.38) has to be solved in-
cluding all experimental and systematic errors for each sub-experiment i. A higher
number of sub-experiments can improve the error of the final result as long as the
statistics of each sub-experiment is sufficient. Therefore, a trade-off between num-
ber of sub-experiments and remaining statistics (accuracy of measured yields) in
the sub-experiments has to be done.

CLX/DCY

The program package CLX and DCY [Owe80] works nicely together to describe
the combined excitation and de-excitation process based on the original code but
considering the new phase convention. A simple input file (see app. A) requires the
following information:

• mass numbers A1 and A2 of projectile and target

• charge numbers Z1 and Z2 of projectile and target

• flag for projectile or target excitation

• beam energy E
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• angular range in ϑ and stepsize in the CMS

• list of nuclear states (spin, energy, parity, K quantum number)

• list of transitions between those states (initial state, final state, matrix ele-
ment, transition type)

The output provides a complete calculation of the statistical tensors for every angle
as well as excitation probabilities and cross-sections. DCY requires the CLX output
and is able to calculate cross-sections in arbitrary units. It is more appropriate to
analyze experimental data and compare with experimental yields because more
parameters regarding the experimental conditions can be taken into account. The
complete input is summarized in the following list:

• output file clxdcy.dat of the CLX calculation

• position file of the γ-ray detectors with angles θγ and φγ

• angular range in ϑ and φ of the scattered particles

• parametrization for the deorientation effect

• conversion coefficients

For the projectile’s 2+1 state both the transitional and the diagonal matrix elements,
M20 and M22, affect the Coulomb excitation cross section σP . Using CLX and DCY
these matrix elements are varied in such a way that the experimental γ-ray yields
are reproduced. Due to the error propagation the mutual dependence of σP on
M20 and M22 results in a Gaussian-shaped band in the two-dimensional (M22, M20)
plane. The corresponding band for each sub-experiment i is restricted by the re-
quired reproduction of the observed Coulomb excitation cross-section. In the inter-
section area a maximum-likelihood analysis as used in this context by Ekström et
al. [Eks09], determines a 1σ contour, which gives the experimental results for M20
and M22, and thereby transition strength and quadrupole moment, when projected
on the corresponding axis.

GOSIA

In contrast to CLX the program GOSIA [CCW83; Cli12] includes beside the exci-
tation and de-excitation mechanism a fit routine that adjusts the matrix elements
automatically to reproduce the experimental yields. Furthermore it is more conve-
nient for the user to introduce the experimental conditions and known lifetimes,
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branching ratios or mixing ratios in addition to the matrix elements in the input
files. Beside the required input for a CLX calculation the following additional input
is necessary (see app. B):

• energy loss of projectiles in the target

• efficiency corrected γ yields

The energy loss is necessary because GOSIA also integrates over the energy loss in
the target for the calculations of the Coulomb excitation process. Efficiency cor-
rected yields for projectile and target excitation have to be given because GOSIA
adjusts the matrix elements during the fit process to meet the experimental yields
while with CLX and DCY this has to be done by hand as described above. The
aforementioned deorientation is taken into account by GOSIA through a modi-
fied version of the two-state model [BS77; Bre77; Cli12]. For the error estimation
GOSIA is capable to perform a calculation for diagonal and correlated errors and
thereby also to give a proper error estimation for each fitted matrix element.

For the special case of simultaneous excitation of projectile and target the use of
the adjusted code GOSIA2 is comfortable. GOSIA2 fits matrix elements for the nu-
cleus of interest (the "investigated nucleus"). It normalizes the Coulomb excitation
γ-ray yields of the investigated nucleus to those of the collision partner. However,
GOSIA2 only correlates errors among the measured matrix element(s) of each col-
lision partner individually, i.e., it does not perform a complete correlated error
calculation including both the beam nucleus’ and target nucleus’ free parameters.
Hence, using the present version of GOSIA2, in order to get a complete corre-
lated error analysis, some brute-force hand-calculations are necessary. In general,
GOSIA2 is used to measure only a few parameters for both collision partners, since
the original GOSIA can be used to self-normalize for large data sets. Therefore, it is
feasible to calculate the correlated errors by hand using GOSIA2 (comp. [Hay]) as
it was done in ref. [Alb12]. In the context of this work a C++ program was written
to provide an easy possibility for handling the process of many GOSIA2 calcula-
tions mapping the necessary area of the (M22, M20) plane. The source code of this
program is attached in appendix C.
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4.5 The DSA principle

For lifetime measurements of nuclear states of a few picoseconds (ps) down to
some femtoseconds (fs), the Doppler-shift attenuation method (DSAM) can be ap-
plied [AF79]. In general the investigated state of a nucleus is populated while the
nucleus is in motion (e.g., the projectile in a Coulomb excitation experiment) and
the de-excitation occurs during the deceleration of the ion in a thick target. A cer-
tain Doppler shift can be detected under forward or backward direction depending
on magnitude and direction of the ion velocity vector according to

Eγ(θγ,β(t)) =
1− β(t) cosθγ
p

1− β(t)2
Eγ0

. (4.39)

Because the de-excitation occurs at different ion velocities during the slowing down
procedure, a distribution of Doppler-shifted photon energies can be observed that
is characteristic for the lifetime of the state.

Employing the DSA method, usually an excitation target layer is placed directly
on top of the stopper material. Consequently, the de-excitation occurs during the
ion is decelerated in the stopper material. In some experiments even a single layer
target is used where the same material is responsible for excitation and slowing
down of the ions (cf. subsec. 6.5.1). In contrast to other approaches like Recoil-
distance Doppler-shift (RDDS), e.g., the DSA method includes de-excitations at all
velocities at all times t after the populating process (t=0 being the time of projectile
excitation), i.e. a continous spectrum of Doppler-shifted γ-ray energies is observed.

The measurement of Doppler-shifted energies is equivalent with the mea-
surement of the projectile velocity projected on the position of observation,
cf. eq. (4.39), if the rest energy of the transition radiation is known. Further-
more, knowing the temporal evolution β(t) of the deceleration process of the
projectile, the distribution of times of de-excitation and thus the lifetime can be
extracted from the distribution of projectile velocities at the time of de-excitation.
The principle of the method is sketched in fig. 4.4. Because there are a large num-
ber of interactions and a slight variation of the initial conditions for every ion, the
deceleration has to be described as a stochastic process. Only a statistical distri-
bution p(~β , t) of the ion velocity in both magnitude and direction for every time t
after excitation can be specified. The four dimensional distribution function p(~β , t)
is also called stopping matrix. Every combination of beam species and target ma-
terial requires a specific stopping matrix for every beam energy, calculated using
Monte-Carlo simulations (comp. [Sta11]).

For the Doppler-shifted energy of the emitted γ radiation observed in a detec-
tor not the magnitude of the recoil velocity, but its projection to the direction of
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observation (θγ, φγ) is relevant. Therefore, the velocity vector of every simulated
ion has to be projected on the unit vector of the direction of observation at every
time t after excitation. The result is a time-resolved probability distribution for
the projected ion velocity. The distribution of the Doppler-shifted γ rays emitted
in the direction of the detector is calculated from applying the Doppler formula,
eq. (4.39), to this distribution of projected velocities and weighting it with the
assumed decay function A(t,τ). A realistic γ-ray spectrum is then obtained by con-
voluting the distribution of the Doppler-shifted γ rays emitted in the direction of
the detector with the detector response function and integrating it over the detector
solid angle.

The lifetime dependence of the peak’s shape in the energy spectrum, the line-
shape, is introduced by the lifetime dependence of the decay function A(t). Con-
nected via the stopping matrix, the shape of A(t) determines the distribution of
recoil velocities at the time of de-excitation and, thus, the distribution of Doppler
shifts "seen" by the γ-ray detectors. A short lifetime causes a steep decay function,
the emission of γ quanta preferably takes place at high recoil velocities and thus
high Doppler shifts. In contrast, for larger lifetimes more de-excitations happen at
low velocities and therefore more events with smaller Doppler shifts are registered
in the detector. The expressions long/short for the lifetime refer to the duration
of the stopping process of the projectiles in the target. This duration defines the

Figure 4.4.: Illustration of the formation of the spectrum of Doppler-shifted ener-
gies of γ quanta: Excited nuclei de-excite at different times t and thus
after different propagation times in the stopper material. Consequently
they emit their transition radiation while moving with different veloci-
ties. Therefore, different Doppler-shifted energies are registered in de-
tectors placed under forward (as in this figure) or backward angles with
respect to the beam axis. (Picture: Courtesy of C. Stahl)
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range of lifetimes the DSA method is sensitive to. It can be influenced by the initial
velocity of the recoiling nuclei and the stopping material.

Besides the history of the stopping process, also the shape of complex decay
functions (feeding) affects the lineshape. In order to experimentally determine life-
times from measured energy spectra, theoretical lineshapes calculated with the aid
of computer codes are fitted to the experimentally determined lineshapes. Amongst
others, the lifetime is the main parameter to be varied during the fitting procedure
and extracted from it.

The newly developed Analysis Program for Continuous Angle DSAM (AP-
CAD) [Sta11; Sta13] is introduced in sec. 6.3 and used for analysis of experimental
data in this work (see subsecs. 6.4.1 and 6.5.1).

4.5. The DSA principle 51





5 Experimental setups
Coulomb excitation experiments with beams of 130,132Ba and 140,142Ba for the mea-
surement of lifetimes and quadrupole moments, as wells as beams of 140Nd and
142Sm for the measurement of transition strengths, conducted at two different fa-
cilities, lay the groundwork of this thesis. Both experimental setups are presented
in this chapter, on the one hand at the Argonne National Lab, on the other hand at
CERN1. The main reason for the choice of two locations lies in the usage of stable
and unstable beams, each of them requiring a certain kind of accelerator system.

1 Conseil Européen pour la Recherche Nucléaire

53



5.1 ATLAS & Gammasphere

The Argonne National Lab (ANL) near Chicago, IL, United States, is one of the
U.S. Department of Energy’s largest national laboratories for scientific and engi-
neering research. For nuclear structure studies ATLAS, the Argonne Tandem Linac
Accelerator System, is available.

5.1.1 Accelerator system and beam production

ATLAS was the world’s first superconducting linear accelerator for heavy ions at
energies in the vicinity of the Coulomb barrier. ATLAS can provide beams of essen-
tially all stable isotopes from proton to uranium, and a variety of light radioactive
beams through the in-flight production program as well as heavier neutron-rich
isotopes from CARIBU (CAlifornium Rare Isotope Breeder Upgrade).

The whole ATLAS consists of a sequence of machines (see fig. 5.1), each of them
accelerates charged atoms and then feeds the beam into the next section for an
additional energy gain. The beams are provided by one of two injector accelerators,
either a 9MV electrostatic tandem Van de Graff, or a 12MV low-velocity linac and
electron cyclotron resonance (ECR) ion source named Positive Ion Injector. The
beam from these injectors is sent to the 20MV booster linac, before finally going
into the 20MV ATLAS linac section (comp. [Sav]).

For the production of the 130,132Ba beams the ECR source was used in conjunction
with enriched source material in the form of Barium carbonate (BaCO3). The en-
richment to 3.9% (130Ba) and 13.1% (132Ba) was necessary due to the low natural
abundance (0.1%) of both isotopes of interest.

5.1.2 Spectrometer and target chamber

The Gammasphere array [Lee90], consisting of up to 110 high-purity Compton-
shielded Germanium detectors, is available for the detection of γ radiation. The
photograph in fig. 5.2 shows the array in preparation for the experiments on
130,132Ba. All detectors have an efficiency of 82% compared to the NaI standard
and a resolution of ≈2.5keV at the γ-ray energy of 1.3 MeV. The distance between
the front of the detectors and the target position is about 25cm which results in
an opening angle of 14.8◦ for a single detector. All detectors together cover up to
46% of the total solid angle, giving a photo peak efficiency of 9.4% at 1.3 MeV. The
detectors are ordered in rings of 17 different polar angles θ . This is summarized in
tab. 5.1.
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Figure 5.1.: Floorplan of the ATLAS accelerator complex. (taken from [Sav])

Ring no. Polar angle θ Ring no. Polar angle θ
1 17.27
2 31.72 10 99.29
3 37.38 11 100.81
4 50.07 12 110.18
5 58.28 13 121.78
6 69.82 14 129.93
7 79.19 15 142.62
8 80.71 16 148.28
9 90.00 17 162.73

Table 5.1.: The detectors of Gammasphere are ordered in rings of polar angle θ .
(taken from [Lau])

For the purpose of the conducted Coulomb excitation experiments it was essen-
tial to place also a particle detector inside the target chamber as shown in fig. 5.3.
The target is mounted on a movable ladder at the center of Gammasphere and
the circular particle detector placed behind it. A double-sided silicon strip detector
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(DSSD) in the shape of a CD with a total diameter of 96 mm and a hole of 48 mm
in the middle is used. It is subdivided in 16 rings on the front, giving the θ angle
of the scattered particles, and 16 wedges on the back for the azimuthal angle φ,
respectively. In the chosen geometry with a distance d=38.5mm between target
and DSSD it covers a scattering angle ranging from θ = 31.9◦ to 51.3◦.

Figure 5.2.: The Gammasphere array is shown with its two hemispheres moved
apart from each other and the opened target chamber in the middle.
The beam is coming from the left.
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Figure 5.3.: The opened target chamber (left) and a close-up (right) show the setup
with a fixed target position in front of the CD, a segmented, double-
sided silicon-strip detector (DSSD).
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5.2 REX-ISOLDE & MINIBALL

The European Organization for Nuclear Research, better known as CERN, is situ-
ated in the northwest suburbs of Geneva on the Franco-Swiss border. As the world’s
largest physics laboratory it consists of various facilities, one of it being ISOLDE, an
on-line isotope mass separator, for experiments with radioactive ions. An overview
of the main setup of beamlines and separators is given in the 3D sketch of fig. 5.4.

Figure 5.4.: Sketch of the main beam infrastructure of the ISOLDE facility at CERN.
(3D drawing taken from [Iso])

5.2.1 Radioactive isotope production

At ISOLDE, radioactive nuclides are produced via spallation, fission, or fragmenta-
tion reactions in a thick target, irradiated with a pulsed proton beam from the PSB
at an energy of 1.4 GeV and an intensity up to 2 µA on average. Pulses of up to
3× 1013 protons can be delivered every 1-2 second. The target and ion source are
fast physico-chemical devices. The volatile nuclear reaction products are released
from the high temperature target into an ion source via chemically selective pro-
cesses and are extracted as a radioactive ion beam. Laser ionization for selected
chemical elements allows for further selection. This unique production device is
coupled to two mass separators from which high intensity radioactive beams of
high isotopic and often isobaric purity are extracted (comp. [Iso]).
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Both isotope separators at ISOLDE are independent target-ion source systems
that deliver 60 keV mass separated, single charged (1+) radioactive ion beams.
The General Purpose Separator (GPS) has one bending magnet and an electro-
static switchyard allowing the simultaneous extraction of three mass separated
beams. The High Resolution Separator (HRS) consists of two bending magnets
with an elaborate ion-optical system for higher order corrections. Both separa-
tors are connected to a common beamline system and feed the major experimental
installations. Detailed information about the setup used for the presented experi-
ments is summarized in tab. 5.2.

Isotope 140Ba 142Ba 140Nd 142Sm
Half-life 12.75d 10.7m 3.37d 72.4m
Year 2007 2007 2011 2012
Production target #359 #359 #450 #479
Material UCx UCx Ta Ta
Ion source Surface Surface RILIS RILIS
Separator HRS HRS HRS GPS
Charge state N/A N/A 34+ 34+
A/q N/A N/A 4.118 4.176
Beam energy 2.80MeV/u 2.80MeV/u 2.85MeV/u 2.85MeV/u

Table 5.2.: The list of produced isotopes for the relevant experiments shows the
used devices and settings of the REX-ISOLDE facility.

The heart of ISOLDE is lying in its primary targets and ion sources. The pro-
duction target should assure a fast liberation of the radioactive nuclei produced in
large amounts of target material. In combination with the ion-source it produces
an ion beam which preferably should only contain isotopes from one chemical ele-
ment. The field of radiochemistry, which also involves metallurgy, high temperature
chemistry and surface physics, determines the material and ion-source that has to
be used for a certain beam. The ISOLDE group developed many different advanced
target-ion-source combinations. The used target material is indicated in tab. 5.2
and two types of ion sources have been used in the presented experiments:

Surface Ion Source The surface ion source is a rather simple set-up for ionizing
atoms (see fig. 5.5) produced in the target and was used to produce the Ba
beams in 2007, more precisely BaF molecules. In the case of Barium the
trick of starting with a molecular beam was used to suppress the strong con-
tamination from Cs. A UCx target was bombarded with the 1.4 GeV proton
beam as usual but instead of Ba isotopes BaF+ molecules were extracted
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and cracked up at a later stage (see subsec. 5.2.2). In general the ionizer
consists only of a metal tube, the so-called "line", for example tantalum or
tungsten, which has a higher work function than the atom that should be
ionized. Depending on the line’s material it can be heated up to 2400◦C.

Figure 5.5.: Schematic view of the ISOLDE surface ion source. (picture taken
from [Iso])

Resonance Ionization Laser Ion Source (RILIS) The RILIS [Fed08] creates ions in-
side a hot cavity surface ion source with the help of a laser system by an
atomic physics technique: step-wise resonance photo-ionization. By exploit-
ing the unique electronic structure of different atomic species the RILIS pro-
vides a rapid, efficient and highly Z-selective ionization process. This was
exploited to produce the Nd and Sm beams in 2011/2012, where the ioniza-
tion scheme was developed for the conducted experiments and the beams
have been produced at ISOLDE for the first time. The target material was
Tantalum. A sketch of the ion source is shown in fig. 5.6.

5.2.2 Post-acceleration

The post-accelerator complex REX-ISOLDE [Kes03] opens up new fields of research
with radioactive ion beams of energies up to 3.0 MeV per nucleon. The REX section
(see fig. 5.7) makes use of the variety of radionuclides that are extracted through
the separators as explained in subsection 5.2.1. The singly-charged ions are first
accumulated, bunched and cooled in a Penning trap, REXTRAP. The trap stores
the ions during the breeding in the subsequent charge breeder. Bunches of ions
are then transferred to an electron beam ion source, REXEBIS, where the ions are
charge bred to a mass-to-charge ratio ≤ 4.5. Finally, the ions are injected into a
linear accelerator, the REX-Linac, via another mass separator. The aforementioned
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Figure 5.6.: Schematic view of the RILIS ion source. (picture taken from [Iso])

BaF+ molecules were trapped in the REXTRAP and then cracked to proceed with
Ba ions, which could be conventionally charge-bred in the REXEBIS.

REXTRAP In principle the ions are injected into a large Penning trap and slowed
down by collisions with the atoms of a buffer gas (Neon or Argon). It ac-
cumulates, bunches and phase space cools the semi-continuous beam. For a
typical 60 keV ISOLDE beam the energy loss in the buffer gas can be about
50 eV requiring a buffer gas pressure of 10−3 mbar. The trap efficiency
varies between 40% and 60%. Bunching and accumulation of the semi-
continuous radioactive beam is required to achieve an efficient ion injection
into the EBIS. Furthermore, for the low-intensity radioactive beams it is ad-
vantageous to deal with bunches of particles instead of a continuos beam to
increase the signal-to-background ratio in the experiments.

REXEBIS The Electron Beam Ion Source (EBIS) uses mono-energetic electrons from
an electron gun to produce highly charged ions. The trapped low-charged
ions will be stepwise ionized via electron impact until they are extracted
when the outer barrier is lowered. This charge-breeding is necessary as the
REX-Linac is designed to accelerate ions with a mass-over-charge ratio A/q
of about 3.5 to 4.5. The REXEBIS delivers an electron current density of
≈150 A/cm2 and electron beam currents of up to 0.4 A. The 1.5 m solenoid
provides a trap length of 0.8 m with a magnetic field strength of 2 T. The
electron beam energy is adjustable between 3 and 6 kV. Due to the fact that
in the end only one specific charge state of the desired ions from the total
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Figure 5.7.: Overview of the complete REX-ISOLDE setup [Iso].

charge state distribution from the EBIS is selected in the following A/q sep-
arator, the maximum breeding efficiency is about 30% in the A≈140 mass
region. In contrast to the REXTRAP the EBIS requires a vacuum of better
than 10−10 mbar. Despite the excellent vacuum inside the EBIS, the residual
gas peaks, stemming from the buffer gas of the trap, can be of the same
order of magnitude or even exceed the radioactive ion peaks.

A/q separator A mass separator is required, because the intensity of the radioac-
tive ions extracted from the EBIS can be much smaller than the intensity of
residual gas ions (Ne, Ar from REXTRAP and C, N, O, Ne, Ar from REXEBIS).
A so-called Nier-spectrometer type is used, which consists of an electrostatic
90◦ cylinder deflector and a 90◦ magnetic bender arranged in a vertical S-
shape. Analogous to GPS and HRS a A/q resolution of ≈ 1/150 can be
defined which helps to suppress the stable residual buffer gas ions, which
are considered as a contamination of the radioactive beam of interest.

REX-Linac Different stages are used to accelerate the radioactive ions with the aim
to deliver a pure and high-energetic beam to the experiments. In the first
stage the ions are accelerated to 300 keV/u by a 4-rod radio-frequency
quadrupole (RFQ) operated at 101.28 MHz. In order to match the beam
from the RFQ into the acceptance of the IH (Interdigital-H-type)-structure a
section of two magnetic quadrupole triplet lenses and a rebuncher is used.
This feature of the REX-ISOLDE-IH resonator allows to vary the final energy
between 0.8 and 1.2 MeV/u by adjusting the gap voltage distribution via
two capacitive plungers and by adjusting the rf-power fed into the resonator.
The lower final energy of the IH-structure is important for deceleration of the
ions down to 0.8 MeV/u. Then the high-energy section (0.8 - 3.0 MeV/u)
of the linac consists mainly of three 7-gap resonators. Each resonator has a
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single resonance structure consisting of a copper half shell and three arms at-
tached to both sides of the shell. All those structures are operated at 101.28
MHz and allow for acceleration of the ion beams up to 2.2 MeV/u. In 2004
an additional 9-gap IH structure, operating at a frequency of 202.56 MHz
was installed in the high-energy section of the linac to finally provide ions
up to 3.0 MeV/u.

The overall efficiency for trapping, beam transport, charge breeding and mass
selection is normally between 5% and 15%. It is possible to handle sub-pA beams
while the upper throughput limit is a few 109 ions per second. Refs. [Kes03; Iso]
and references therein give a more detailed description of the REX-ISOLDE facility.

5.2.3 Gamma spectroscopy

For the detection of de-excitation γ rays the MINIBALL array [War13] is located at
the target position behind the REX-Linac, see fig. 5.8. In contrast to Gammasphere
(see sec. 5.1) it is a compact array, but mainly suited for the detection of events
with low γ-ray multiplicities. MINIBALL consists of eight cluster detectors, each
of them formed by three individually encapsulated six-fold segmented high purity
germanium detectors. It covers about 2π of the solid angle in its standard configu-
ration. The high granularity (8 x 3 x 6 = 144 segments) obtained by segmentation
of the detectors is necessary to reduce the Doppler-broadening of γ rays emitted by
nuclei with velocities of up to 10% of the speed of light.

For the detection and identification of particles an ancillary particle detector
is required to determine the velocity of the γ-ray emitting nuclei. Therefore a
double-sided silicon strip detector (DSSD) is mounted inside the MINIBALL target
chamber in the shape of a compact disc (CD). The CD detector [Ost02], mounted
in the target chamber in fig. 5.9, is a segmented DSSD device with an inner radius
of 9.0 mm and an outer radius of 40.9 mm, composed of four separate quadrants.
The front consists of 16 annular p+ strips per quadrant at 2 mm pitch, while the
back consists of 24 sector n+ strips (wedges) at 3.5◦ pitch. The readout is usually
done in such a way that 2 neighboring strips at the back are coupled together.
This results in a total of 4 x 16 x 12 = 768 pixels. Thereby information on the
angular distribution of particles with a resolution of ∆φ = 3.5◦ and ∆θ = 2.0◦

can be extracted. In combination with the good energy resolution this is sufficient
to account for the Doppler-shift broadening. The inter-strip distance ranges from
35 µm to 100 µm. The total area of the CD detector is 5000 mm2, of which
approximately 93% is active. The thickness of the silicon wafer can be different
(between 50 µm and 1000 µm) to measure either energy loss or total kinetic energy
of the impinging particles.
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Figure 5.8.: Close-up view of the MINIBALL array from the top. The beam impinges
from the left and all clusters are moved closely to the target chamber in
the center (running condition).
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Figure 5.9.: The open target chamber with the mounted double-sided silicon strip
detector (DSSD) is shown on the left, the sketch on the right showing
the dimensions of the DSSD.

5.2. REX-ISOLDE & MINIBALL 65



5.3 Conducted experiments

Experimental data was taken at the two described facilities at the Argonne Na-
tional Lab (Sec. 5.1) and at CERN (Sec. 5.2). Beams of the rare stable isotopes
130,132Ba with a natural abundance of approximately 0.1% were produced by the
ATLAS facility at ANL in the week from 9/26/11 to 10/3/11. The measurements
with the radioactive isotopes 140Ba (T1/2=12.75d), 142Ba (T1/2=10.7m) and 140Nd
(T1/2=3.37d) as well as 142Sm (T1/2=72.4m) took place at the REX-ISOLDE facility
at CERN. The experiments with the Barium isotopes were conducted from 7/26/07
to 7/31/07 while Nd was measured from 7/1/11 to 7/4/11 and Sm from 6/28/12
to 6/30/12.

Target
Projectile Isotope Thickness Energy Coulomb Aim

[mg/cm2] [MeV] barrier
130Ba 12C 0.495 444 82% MSS

94Mo 0.462 444 76% Q moment
94Mo 0.462 238 41% Q moment

12C + Ta 0.45 + 29.0 444 82% complem. DSAM
132Ba 12C 0.495 444 81% MSS

94Mo 0.462 554 94% Q moment
94Mo 0.462 234 40% Q moment

140Ba 96Mo 0.9 392 66% B(E2) + Q moment
natCu 1mm 392 70% complem. DSAM

142Ba 96Mo 0.9 398 67% Q moment
140Nd 48Ti 1.4 399 68% B(E2)

64Zn 1.55 399 64% B(E2)
142Sm 48Ti 1.4 405 66% B(E2)

94Mo 2.0 405 60% B(E2)

Table 5.3.: The list of conducted experiments covers all Coulomb excitation experi-
ments with participation of the author that are referred to in this work.

For 130,132Ba different measurements were performed. A thin 12C target of
0.495 mg/cm2 was chosen to identify high-lying 2+ states on the quest for
mixed-symmetric states [PBL08]. These data sets are analyzed in a different the-
sis [Möl13] but spectroscopic data from their analysis is used in the analysis of this
work. The data sets with a 0.462 mg/cm2 thick 94Mo target were taken at two dif-
ferent energies for each of the both isotopes to disentangle the interference effect
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on the quadrupole moment. An additional run with the 130Ba beam was performed
to measure lifetimes of excited states in the picosecond range, especially of the 2+2
state, with the DSAM technique.

The radioactive nuclei 140,142Ba were Coulomb excited on a 0.9 mg/cm2 thick
target of 96Mo, while for 140Ba also a complementary DSAM measurement was
performed with a 1 mm thick target of natCu. The aim was to measure the
B(E2;2+1 → 0+1 ) values and the quadrupole moments Q(2+1 ) of both isotopes.
The 140Nd beam was impinging on 2 different targets for Coulomb excitation (48Ti
with 1.4 mg/cm2 and 64Zn with 1.55 mg/cm2) to determine the transition strength
B(E2;2+1 → 0+1 ). For the same reason 142Sm was investigated via scattering on 48Ti
with 1.4 mg/cm2 and 94Mo with 2.0 mg/cm2.
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6 Data analysis and results
The analysis of all the conducted experiments is presented in this chapter. The first
three sections about the kinematics, Doppler correction, efficiency calibration and
the software APCAD are of general character and relevant for all experiments. In
the following sections 6.4 to 6.6 the particular analyses of the individual experi-
ments are presented including the final results.
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6.1 Kinematics and Doppler correction

A crucial point in Coulomb excitation experiments with heavy ions is the correct de-
scription of the kinematics and the related Doppler correction. Especially in inverse
kinematics, which was used in all presented experiments, the twofold solution for
the projectile angles has to be considered. The reaction (142Sm→94Mo) of the last
MINIBALL experiment (see sec. 5.2 and sec. 6.6) in 2012 serves as an example in
this section to illustrate the kinematics including particle identification as well as
the Doppler correction.

The mathematical description of the process is based on the concept of (in)elastic
collision of two bodies in classical mechanics [LLZ97]. The collision of two parti-
cles is elastic as long as the total kinetic energy is conserved. The presented Coulex
experiments cannot be considered as completely elastic collisions because in the
excitation process a small amount of the total kinetic energy is transferred to a nu-
cleus as excitation energy ∆E of the Coulomb excited state. This corresponds to a
small Q value in the terminology of inelastic collisions and the energy conservation
can be written as

1

2
m1v 2

1 +
1

2
m2v 2

2 =
1

2
m1v ′21 +

1

2
m2v ′22 +∆E. (6.1)

The indices 1 and 2 indicate the variables for projectile and target respectively, the
prime denotes the quantities after collision. Obviously the target nuclei are at rest
before the collision and therefoe the conditions are v1 > 0, v2 = 0 and afterwards
v ′1 > 0, v ′2 > 0. The restriction m1 > m2 defines inverse kinematics.

The initial kinetic energy E of the projectiles is equivalent to the beam energy
in the laboratory system but the kinetic energy E′ of the projectiles after collision
is smaller than the total kinetic energy E −∆E after collision because substantial
kinetic energy is transferred to the (recoiling) target nucleus as well [AW75]:
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sinθ1,max =
1

τ
≈

A2

A1
(6.5)

The kinetic energy E′ after collision is depending unambiguously on the scattering
angle ϑ in the center-of-mass system. The calculated energy dependence of projec-
tile and target nuclei on the scattering angles in the laboratory system are shown

70 6. Data analysis and results



projectile

target

Figure 6.1.: Energy dependence of projectile and target nuclei on the scattering
angle θ . The shaded area indicates the coverage of the circular particle
detector in experiment IS496 (part 2) as described in sec. 6.6.

in fig. 6.1. The maximum scattering angle θ1,max of the projectiles in inverse kine-
matics is given in the endmost formula with the approximation of elastic scattering
(∆E = 0).

For the analysis of experiments one is interested in the kinematical reconstruc-
tion of the scattering angles, e.g., if one particle is observed but the collision partner
has not been detected. The Coulomb excitation process as well as the energies (ve-
locities) of the particles are strongly depending on the scattering angles and so their
determination is important for the Doppler correction to ensure clean spectra. The
scattering angles θ1,θ2 in the laboratory system are connected with the scattering
angle ϑ in the center-of-mass system through the following relations [AW75]. The
formulas are given for the elastic case (∆E = 0) because the effect of the energy
loss on the angles is small:

sin(ϑ− θ1)
sinθ1

=
A1

A2
(6.6)

sin(π− ϑ− θ2)
sinθ2

= 1 (6.7)
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To identify the scattered particles on the used circular (CD) detector the kinematics
has to be considered. The following mutual dependence of the polar scattering
angles θ1,2 can be derived by eliminating ϑ:

tanθ1 =
sin(2θ2)

A1/A2 − cos(2θ2)
(6.8)

cosθ2 =
cosθ1

A2

r

1

2
(A2

2 + A2(A1 + A2) tan2 θ1 −
Æ

A4
2 + (A

4
2 − A2

1A2
2) tan2 θ1 (6.9)

The dependence of the target scattering angle θ2 on the angle of the projectile θ1
is ambiguous. There are two branches and in eq. 6.9 the "higher branch", corre-
sponding to higher energy and a larger cross-section, is considered. The mutual
dependence of the scattering angles θ1 and θ2 of projectile and target is shown in
fig. 6.2.

Figure 6.2.: The dependence of the target scattering angle θ2 on the projectile scat-
tering angle θ1 is plotted with the shaded areas showing the coverage
of the circular particle detector in experiment IS496 (part 2) described
in sec. 6.6.
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The velocities of projectile and target nuclei after collision in inverse kinematics
can be written in a convenient way depending on the target scattering angle θ2
because the ambiguity vanishes for this case [LLZ97; AW75]:

v ′1 = v1

È

1−
4(A2/A1)

(1+ (A2/A1))2
cos2 θ2 (6.10)

v ′2 = v1
2A1

A1 + A2
cosθ2 (6.11)

(6.12)

If γ-rays from Coulomb-excited states ought to be measured a Doppler correction
is necessary. This is due to the fact that for the used energies the excited parti-
cles move with velocities of 5-10% of the speed of light. That causes a shift in the
observed γ-ray energies depending on the polar angle θ of the Germanium detec-
tors because the γ radiation is emitted in flight. The velocities can be defined as
fractions of the speed of light β = v/c.

Eunshi f ted = fcor r · Eshi f ted (6.13)

fcor r =
1− β cosϑ
p

1− β2
(6.14)
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cos2 θ2

(1+ A2/A1)2
(6.15)

βtar get = β̄
2A1

A1 + A2
cosθ2 (6.16)

In this case ϑ is the angle between the direction of motion of the emitting nucleus
and the γ ray for which the energy correction is calculated. Given the angles of the
moving nucleus (θn,φn) and the detected γ ray (θγ, φγ) it is calculated via

cosϑ = cosθn cosθγ + cos(φn −φγ) sinθn sinθγ. (6.17)

The velocity β̄ indicates an average β for θ1 = 0 at the beam energy, taking into
account the energy loss in the target. The further dependence stemming from the
scattering angle and mass numbers of the collision partners is taken into account
by the main terms in the above formulas.
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6.2 Efficiency calibration

Germanium semiconductor detectors possess an intrinsic efficiency for the detec-
tion of γ rays. This energy-dependent property, influenced by the material and
geometry of the detector, has to be calibrated in order to be able to compare peaks
of γ-ray transitions in size at various energies. Due to the fact that Gammasphere
as well as MINIBALL consist of high-purity germanium detectors both spectrome-
ters can be treated together here. For the conducted Coulex experiments spectra of
the whole arrays are analyzed and subdivided by the scattering angle of the par-
ticles, detected on the CD. That’s why an overall efficiency curve of the complete
array of detectors is sufficient for the analysis. In the case of the DSAM analy-
sis a curve per ring (Gammasphere) and per crystal (MINIBALL), respectively, is
determined to make use of the angular connection between the spectra provided
by APCAD [Sta13]. In the analysis of the Coulex experiments the size of peaks is
always compared to each other or normalized to a peak of known cross-section.
Therefore the determination of a relative efficiency curve is sufficient. The same
is true for the DSAM analysis where just the ratio between the spectra of different
angle has to be known.

One standard source for calibration is 152Eu because this isotope decays with
several γ rays of known relative intensities between 121 and 1408 keV. As can be
seen in fig. 6.3 it can be also extrapolated above 2 MeV due to the flat behavior of
the efficiency curve at higher energies. This well reproduced energy range covers
all relevant γ-ray energies of the experiments with 130,132Ba, so it was the only
taken calibration measurement. To fit the data points a phenomenological function
with 3 parameters a, b and c of the the following form is used:

ε(E) = a · exp (−b · ln (E − c)) (6.18)

The statistical, correlated error of the fit is shown in the graph as a gray shaded
area behind the efficiency curve. It lies around 1% or less in the energy range of
interest.

At MINIBALL it can be important to describe also the low-energy range between
0 and 100 keV, where the curve bends down, with good precision. There can be
X-rays from the isotope of interest or from contaminants what makes it necessary
to determine the size of the X-rays to identify the amount of contamination. For
140,142Ba a calibration measurement with 152Eu was performed (similar to the Gam-
masphere experiments) while in the case of 140Nd and 142Sm a source of 152Eu and
133Ba was placed at target position for the calibration measurement. The advan-
tage of the additional 133Ba source is based on a data point at 81 keV (see fig. 6.4)
and more prominent data points between those of the 152Eu source in the interest-
ing region around 1000 keV that can be useful in the analysis as explained above.
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Figure 6.3.: Efficiency curve of the Gammasphere spectrometer, setup for the runs
132Ba→94Mo at 554 MeV, a thin absorber mounted in front of the CD.
The error of the data points is smaller than the size of the points.

For the fit of the data points a more flexible function is needed and defined phe-
nomenologically as a sum of logarithmic functions with 5 parameters:

ε(E) = a+ b · ln E + c · (ln E)2 + d · (ln E)3 + e · (ln E)4 (6.19)

Again, the statistical, correlated error of the fit is shown in the graph as a gray
shaded area behind the efficiency curve. It lies around 1% or less from approx-
imately 300 keV onwards but the fit is less accurate around the bending point.
Furthermore the choice of the function also influences the position of the bending
point to some extent and thereby the uncertainty for the low-energy range is even
larger than the statistical error of the fit indicates.
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Figure 6.4.: Efficiency curve of the full MINIBALL array, setup of 2011 for the runs
with 140Nd on 48Ti and 64Zn at 392 MeV. The error of the data points
is smaller than the size of the points. The error increases around the
"bending point" of the curve around 100 keV.
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6.3 Software APCAD

The data analysis of this work is handled with the software framework
ROOT [BR97], that is based on C++ and has been developed at CERN. For the
Coulomb-excitation calculations CLX and GOSIA are used as described in sec. 4.4.
However, a dedicated software is used for the determination of lifetimes with the
Doppler-shift attenuation method (DSAM). The software package APCAD [Sta13]
is based on ROOT and provides necessary features for this kind of analysis going
beyond the analysis of former DSAM experiments [Sta11].

This new approach for DSAM analyses enhances the sensitivity, effectivity and
applicability of the DSA method [Sta11]. It takes advantage of the capabilites
of newly developed detector systems for γ radiation like the 4π HPGe arrays
AGATA [Akk12] and GRETA [Del99]. The spatial resolution achievable with those
devices allows for the exact determination of the polar angle θγ of γ quanta in the
laboratory system. As a result, spectra of the transition radiation that are almost
continuous in energy and polar angle can be obtained. The analysis of these two-
dimensional spectra represents an advancement of the established DSA method
which is based on the analysis of one-dimensional spectra recorded under discrete
detector positions and averaged over the solid angle covered by the detectors. Anal-
ysis programs for the conventional method are available and widely in use, like the
FORTRAN code LINESHAPE [WJ91] that was developed in the early 90’s, for exam-
ple. Fits of the lineshapes in the energy-angle space, that simultaneously contain
information collected under all polar angles covered by the detector array, promise
a significant improvement of the accuracy of the lifetimes obtained. Furthermore
APCAD provides an extension of the applicability to cases that were not accessi-
ble by the conventional analysis due to non-trivial contaminant lineshapes or low
statistics. The capability to determine it also from spectra with low statistics is
of major interest especially for experiments with weakly intense, radioactive ion
beams and/or reactions with low excitations probabilities for the desired states
(comp. [Sta11]).

As a major improvement to other DSAM analysis tools in APCAD the influence
of uncertainties of the stopping powers on the extracted lifetime is quantified in
a consistent way. The stopping matrices describing the Coulomb excitation and
slowing-down process of the heavy ions in the target are calculated from a Monte-
Carlo simulation based on the GEANT4 framework [Ago03] using the stopping
powers from [G4m] and [Icrb; Icra]. For the presented results (see subsecs. 6.4.1
and 6.5.1) the stopping powers have been varied by ±5% for the electronic stop-
ping and ±20% for the nuclear stopping, thus reflecting their increasing uncer-
tainty at low ion velocities.
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The γ-ray spectrometers used in the experiments of this work (Gammasphere
and MINIBALL, secs. 5.1 and 5.2) belong to the so-called 2nd generation of Ger-
manium detector arrays compared to the 3rd generation device AGATA [Akk12].
Although they don’t provide continuos-angle γ-ray spectra they cover a wide range
of discrete angles either ordered in rings of polar angles (Gammasphere) or by spe-
cific positions of the detector cores (MINIBALL). This allows for the exploitation
of the angular information in the APCAD software by not fitting individual spec-
tra separately but connecting them via the angular distribution of the investigated
transition. It is used for the analysis of the experimental data in this work (see
subsecs. 6.4.1 and 6.5.1).
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6.4 Stable isotopes 130,132Ba

The major aim of the analysis presented in this section is the determination of
spectroscopic quadrupole moments Q(2+1 ) of 130,132Ba. Ions of both isotopes were
Coulomb excited in four subsequent runs on a 0.462 mg/cm2 94Mo target at two
different energies for each isotope in order to disentangle the interference effect on
the quadrupole moment.

The cross-section σ2+1
of the Coulomb excitation of a 2+1 state with quadrupole

moment Q = 0 (M22 = 0) depends (in a simple picture without higher-lying
states) solely on the transitional matrix element M20 and σ2+1

= σ2+1
(M20). If

the 2+1 state has an average deformation and therefore a nonzero quadrupole
moment, the cross-section also depends on the diagonal matrix element and
σ2+1

= σ2+1
(M20, M22). This dependence is used in all presented experiments to

determine the quadrupole moment as explained in section 4.2. In reality many
higher-lying states can feed the 2+1 state from above and thereby influence its pop-
ulation. The cross-section σ2+1

becomes σ2+1
(M20, M22, Mi j , Mii , ...). While the most

important matrix elements connecting the 4+1 and 2+2 to the 2+1 state are known
(or have been measured independently) for 130,132Ba, there is another free vari-
able. The sign of the matrix elements is not fixed and can be chosen. There is no
change in the cross-section if one changes the sign of the transitional matrix ele-
ments within a band but the sign of the inter-band matrix elements has an effect on
σ2+1

. This shall be explained in detail for the most important case of the 2+2 state.
It is helpful to introduce the interference term

P3(2
+
1 ) = 〈0

+
1 ||M(E2)||2+1 〉〈2

+
1 ||M(E2)||2+2 〉〈0

+
1 ||M(E2)||2+2 〉, (6.20)

which can be either positive (constructive interference) or negative (destructive in-
terference). This loop of the transitional matrix elements through the 0+1 , 2+1 , 2+2
states as illustrated in fig. 6.5 determines the character of the interference. By
convention in the ground band 〈0+1 ||M(E2)||2+1 〉 is chosen to be positive and if
one defines 〈0+1 ||M(E2)||2+2 〉 to be positive as well it is decided by the sign of
〈2+1 ||M(E2)||2+2 〉 if the loop becomes positive or negative. The cross-section σ2+1
can now be expressed as σ2+1

(M20, M22, sgn(P3(2
+
1 ))). The transitional matrix ele-

ments 〈2+1 ||M(E2)||2+2 〉 and 〈0+1 ||M(E2)||2+2 〉 of the 2+2 are important as well, but
as long as the magnitude is known a small change doesn’t have a big effect on σ2+1

.

As already Larsen et al. [Lar72] state, the extraction of Q(2+1 ) in a standard
Coulomb excitation experiment is hindered by the unknown sign of the interference
term due to Coulomb excitation of the 2+1 state via the 2+2 state. This is the reason
why the latest measurements of electric quadrupole moments for the stable Barium
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Figure 6.5.: The sign of the product of the transitional matrix elements building the
loop through the 0+1 , 2+1 , 2+2 states determines the interference.

isotopes 130,134,138Ba by Burnett et al. [Bur89] result in two possible values for the
quadrupole moments including even changes in sign and magnitude in the case of
134,138Ba (see fig. 7.1). The ambiguity in the Barium chain becomes most distinct
for the case of 130Ba, where Q(2+1 ) = −1.02(15) (constructive interference) or
Q(2+1 ) =−0.09(15) (destructive interference) [Bur89]. There was no measurement
for 132Ba.

As the calculations show (see fig. 6.6) the effect of changing the interference
term P3(2

+
1 ) on the cross-section σ of the 2+1 state is smaller than the effect of

changing the quadrupole moment at lower energy. The shown energy-dependent
functions of the cross-sections are expressed as relative changes R(E) of the Coulex
cross-sections σ of the 2+1 state:

Rinter f (E) = 1−
σ2+1
(E, P3(2

+
1 )< 0, M22 = 0eb)

σ2+1
(E, P3(2

+
1 )> 0, M22 = 0eb)

(6.21)

Rsgn(Q)(E) = 1−
σ2+1
(E, P3(2

+
1 )> 0, M22 =−1.0eb)

σ2+1
(E, P3(2

+
1 )> 0, M22 =+1.0eb)

(6.22)

At higher energy, corresponding to approximately 80% of the Coulomb barrier,
both effects (change of sign of quadrupole moment Rsgn(Q)(E) or interference term
Rinter f (E)) are comparable. With the help of the low-energy measurement a single
value for the quadrupole moment can be determined with a large uncertainty be-
cause here the influence of the interference term is small (not much excitation of
2+2 ) but the statistics will be low. The high-energy measurement will result in two
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Figure 6.6.: The relative influence of changing the sign of either the interference
term P3(2

+
1 ) or the quadrupole moment of the 2+1 state on σ(2+1 ) is

calculated with CLX depending on the beam energy. The parameters
are chosen for the 132Ba→94Mo reaction and the cross-sections are in-
tegrated over the scattering angles covered by the particle detector.

quadrupole moments depending on the interference term. One of the two results
should agree with the measurement at low energy and so the sign of the inter-
ference term is fixed by the comparison of both measurements. Furthermore the
high-energy data improves the accuracy of the measured value of Q. The analysis
showed (see subsec. 6.4.2) that even with the high-energy data exclusively, it is
possible to determine the sign of the interference term P3(2

+
1 ) due to the different

χ2 values of the fits for a different combination of signs of the matrix elements.
With the fixed sign of the interference term it is also possible to interpret the am-
biguous data on quadrupole moments for the Barium isotopes (compare [Bur89]
and references therein) in a conclusive way.

In a fifth experimental run the missing spectroscopic information of 130Ba, more
precisely the lifetime of the 2+2 state, was determined employing the DSAM tech-
nique (see sec. 4.5). The beam with an energy of 444 MeV was impinging on a
target consisting of two layers, a 0.45 mg/cm2 12C layer for Coulomb excitation
followed by a 29 mg/cm2 Ta layer to stop the Ba ions of the beam. During the
stopping process the measured energies of the de-excitation γ rays of transitions
in the Coulomb-excited 130Ba ions are Doppler shifted resulting in a characteris-
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tic lineshape of the photopeak. This allows for a lifetime analysis as described in
subsection 6.4.1.

The Gammasphere array was used in all runs with exactly 100 of its Compton-
shielded single-crystal HPGe detectors for γ-ray detection. They were mounted
in their regular setup of 16 rings with different polar angles θ as summarized
in tab. 6.1. No detectors were mounted in ring no. 1 due to the prolongation
of the beampipe towards the fragment mass analyzer (FMA) although this device
was not used in the experiment. The ring-wise order allows to sum up the γ-ray
spectra of all detectors belonging to the same ring. This is especially useful for
the determination of angular distributions and, therefore, for the DSAM analysis
presented in the next subsection.

Ring no. Polar angle θ Ring no. Polar angle θ
2 31.72 10 99.29
3 37.38 11 100.81
4 50.07 12 110.18
5 58.28 13 121.78
6 69.82 14 129.93
7 79.19 15 142.62
8 80.71 16 148.28
9 90.00 17 162.73

Table 6.1.: The available rings of Gammasphere with detectors during the 130,132Ba
runs are given with ring numbers and polar angle θ . (taken from [Lau])

In the case of the 94Mo target, the projectile- and target-like recoil ions were
detected in forward direction in coincidence with the emitted γ rays on the DSSD
with an opening angle of θ = 31.9◦− 51.3◦ (see fig. 5.3). Preliminary results from
these data sets can be found in ref. [Bau12a].

6.4.1 DSAM measurement of 130Ba

The analysis applying the Doppler-shift attenuation method (DSAM) technique al-
lowed to deduce the lifetime of the 2+2 state of 130Ba from a simultaneous DSAM fit
to the 16 energy spectra (stemming form the 16 rings) using the newly developed
program package APCAD [Sta13], introduced in sec. 6.3.

As a first step the stopping matrix is calculated from a Monte Carlo simulation.
The stopping powers have been varied by ±5% for the electronic stopping and
±20% for the nuclear stopping as explained in sec. 6.3. The resulting velocity
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Figure 6.7.: The velocity distribution of the 130Ba ions for θγ= 31.72◦, based on the
simulated stopping matrices, is visualized with the help of APCAD.

distribution for ring no. 2 under θγ= 31.72◦ is illustrated in fig. 6.7. The effect of
back-scattered beam particles is visible by the appearance of events with negative
velocity β . This happens when the 130Ba ions are scattered in the beginning of the
2nd layer, in which the mass number of Ta (A=181) is larger than the mass of the
beam particles.

Examples for DSAM fits for one ring in forward and one ring in backward direc-
tion are shown in fig. 6.8 for the 2+2 → 0+1 transition. This transition is well-suited
for a DSAM fit because it is nicely separated from other peaks in the spectrum.
From the global fit the lifetime was obtained:

τ2+2
(130Ba) = 6.63 (+0.04

−0.04)stat (
+0.18
−0.39)sys ps= 6.63+0.18

−0.39 ps (6.23)

The systematic uncertainties stemming from the stopping power uncertainties
clearly dominate the uncertainty of the final result. The lifetime corresponds to
a transition strength of 2.08(+0.13

−0.06) W.u. This is in fair agreement with the eval-
uation of the 130Ba→12C Coulex run of the same experimental campaign, whose
analysis [Möl13] gives 3.14(+0.48

−0.66) W.u. With respect to the known statistical
and systematical errors the discrepancy may hint to hidden systematical errors,
which have not been identified yet. The Coulex analysis translates into a lifetime
of 4.44 ps. The corresponding lineshape is drawn in fig. 6.8 for comparison.
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Figure 6.8.: The Doppler-broadened lineshapes of the 2+2 → 0+1 transition at
908 keV in 130Ba for detector rings of (a) 32◦ and (b) 130◦ are shown
after background-subtraction. The spectra are shifted by +200 counts
per channel for better visibility on the logarithmic scale. The full fits
are represented by solid (red) lines, while for comparison the resulting
lineshape with an assumed lifetime of 10.3 ps is indicated by a dashed
(blue) line.
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6.4.2 Reorientation technique

The analysis of Coulex yields of the runs with 130Ba and 132Ba at two different
beam energies, always bombarding the thin 94Mo target, allows to determine the
quadrupole moment Q(2+1 ) for both isotopes. The idea behind this Coulex reorien-
tation analysis is explained in sec. 4.2 and in more detail at the beginning of this
section.

Figures 6.9 and 6.10 show the γ-ray spectra of the complete Gammasphere ar-
ray with Doppler-correction for the Coulomb-excited 130,132Ba projectiles (top) and
94Mo target recoils (bottom) in coincidence with the particle signals from the DSSD.
Both figures display results form the high-energy runs. The distribution of hits on
the CD is very similar for both experiments due to the obviously similar kinematics.
Unfortunately the particle detector was degrading during the experimental runs, so
the condition during the 130Ba runs, which happened later, was worse than during
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Figure 6.9.: Background-subtracted particle-γ coincidence spectra applying
Doppler-correction with respect to the projectile 130Ba (top) or recoil-
ing target nuclei 94Mo (bottom). The strongest transitions are labeled.
The spectra show only the statistics from a single run.

6.4. Stable isotopes 130,132Ba 85



2
+ 1
→

0+ 1

2
+ 2
→

2
+ 1

4+ 1
→

2+ 1

2+ 2
→

0
+ 1

3− 1
→

2
+ 2

4+ 2
→

2+ 1

3− 1
→

2+ 1

0+ 4
→

2
+ 1

2+ 1
→

0+ 1

2+ 2
→

2+ 1

2+ 3
→

2+ 1

Figure 6.10.: Background-subtracted particle-γ coincidence spectra applying
Doppler-correction with respect to the projectile 132Ba (top) or
recoiling target nuclei 94Mo (bottom). The strongest transitions are
labeled.

Figure 6.11.: The 94Mo target shows signs of a broad or wobbling beamspot during
the high energy 132Ba runs.
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Figure 6.12.: Particle distribution on the DSSD for the 132Ba experiment. The
kinematical cuts corresponding to the particle gates of tab. 6.3 are
indicated.

the 132Ba runs. Fig. 6.12 of the 132Ba experiment is an example for the particle
identification with the help of the kinematics for the well operating DSSD. Beside
the solid performance of the DSSD during those runs another disturbing effect be-
comes visible here. The beam was most probably hitting the frame of the target
and thereby lighter nuclei, eventually Al, have been scattered to larger angles. This
is indicated by "other scattering" in fig. 6.12. This explanation is supported by a
view of the target condition after the experiment in the photograph of fig. 6.11.
One can clearly see a very ellipsoidal shape of the beamspot. From the discussion
with the operators it was not clear if the beam was really so ellipsoidal or if it was
wobbling over the target or maybe a combination of both effects.

From the observed γ-ray energies (figs. 6.9 and 6.10) and their coincidences
the level schemes of fig. 6.13 for (a) 130Ba and (b) 132Ba can be deduced. All
observed transitions and their ordering are confirmed by the agreement with the
literature [Ens]. The experimental γ-ray yields, as documented in tables 6.2 and
6.3, are determined from the spectra by integration, separately for the four kine-
matical cuts (fig. 6.12, later referred to as sub-experiments), for projectile and
target excitation, and for both isotopes.

In the further analysis the multiple Coulomb-excitation code GOSIA2 [CCW83],
introduced in subsec. 4.4, is used. It varies all matrix elements for the calculation of
the Coulex process in such a way that the experimental γ-ray yields, as documented
in tables 6.2 and 6.3, are reproduced. The projectile excitation of 130,132Ba is nor-
malized to the target excitation of 94Mo. In the case of 130Ba 6 matrix elements are
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Figure 6.13.: The level schemes of (a) 130Ba and (b) 132Ba with all levels and transi-
tions taken into account in the Coulex analysis.

fitted to 16 measured experimental yields (4 yields in 4 sub-experiments), 1 previ-
ously known branching ratio and 4 lifetimes, including the newly measured lifetime
of the 2+2 state (see subsec. 6.4.1), which is of special importance due to the inter-
ference effect. In the case of 132Ba 16 matrix elements are fitted to 32 measured
experimental yields (8 yields in 4 sub-experiments), 2 previously known multipole
mixing ratios and 1 experimental matrix element. One has to consider that beside
all feeding transitions of the complex level schemes (see fig. 6.13) the cross-section
σ for the 2+1 state is directly influenced by both, the transitional and the diagonal
matrix element, M20 and M22. Because of the aim to measure Q(2+1 ), which is di-
rectly related to M22, it is necessary to investigate the mutual dependence of the
projectile’s excitation cross-section σ2+1

on M20 and M22 by a certain GOSIA2 error
analysis [Hay]. A fixed set of start parameters for the matrix elements M20 and M22
is given as input to the GOSIA2 program, which then theoretically computes γ-ray
yields while fitting all other matrix elements. The results for an even bigger set of
matrix elements of both nuclei can be found in the work of Thomas Möller [Möl13]
where the data is combined with the analysis of runs with a light carbon target as
introduced in the summary of experiments in sec. 5.3. In the analysis of this work
a χ2 value is extracted for each set of initial start parameters M20 and M22 and the
variation of these start parameters results in a χ2 surface. The figures 6.14 (a,b)
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Figure 6.14.: χ2 surfaces with respect to the diagonal and transitional matrix el-
ements of the 2+1 state in (a) 130Ba and (b) 132Ba from the Coulex
experiments with a 94Mo target.

represent the χ2 values for 130,132Ba. The 1σ-contour of this surfaces is projected
to the respective axes to extract the matrix elements and their uncertainties. The
experimental results of the χ2 surface projections and the deduced observables are
summarized in table 6.4. As final results the following spectroscopic quadrupole
moments are determined:

Q(2+1 ;130 Ba) =−0.80+0.05
−0.11eb

Q(2+1 ;132 Ba) =−0.08(13)eb

The fits of all data clearly indicate constructive interference of the 2+2 state in 130Ba
and 132Ba, respectively. This result of a positive interference term (constructive in-
terference) is supported by the theoretical work of Jolos and Brentano of ref. [JB96]
as well. Nevertheless both options have been chosen in the fit and the results with
an interference term, artificially set to a negative value, are presented as well in
table 6.4. The smaller χ2 values of the fits with constructive interference for both
isotopes, 130Ba and 132Ba, serves as proof of the constructive interference in both
cases.
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6.5 Radioactive isotopes 140,142Ba

The Ba ions of both isotopes were Coulomb excited in two subsequent runs on a
0.9 mg/cm2 96Mo target and on a 1 mm thick natCu target. The latter was thick
enough for continuously slowing down the beam ions until they came to rest within
the target. During the stopping process the measured energies of the deexcitation
γ rays of the (2+1 → 0+1 ) transition of Coulomb-excited 140Ba ions are changed un-
der the influence of the Doppler shift resulting in a characteristic lineshape of the
photopeak. All excited ions come to rest within 3 ps after their Coulomb excita-
tion. This allows for a lifetime analysis as described in subsection 6.5.1 while the
runs with 142Ba impinging on the thick natCu target were just used in a recoil-
in-vacuum g-factor analysis by the author in ref. [Bau09a]. Here the lifetime was
already known and, furthermore, too long for a DSAM analysis similar to 140Ba.

The 20 working HPGe crystals covered angles θγ between 43◦ and 77◦ and be-
tween 109◦ and 136◦. In case of the 96Mo target, the projectile- and target-like
recoil ions were detected in forward direction in coincidence with the emitted γ
rays in the CD with an opening angle of θ = 16.4◦ − 54.2◦.

The uncertainty of the current literature value of τ = 14.0±5.9ps for the 2+1
state of 140Ba [MGM89] does not permit the use of the reorientation technique as
described in sec. 4.2. Therefore the complementary lifetime measurement was
performed and in order to efficiently use the precious beam time for intense ra-
dioactive beams and for minimizing systematical errors, both measurements were
done using one and the same setting of the radioactive beam. This approach differs
from preceding experiments at MINIBALL applying the reorientation method with
Coulomb-excitation reactions [Hur07; Eks09], where the lifetime data was taken
from a different experiment. The measurement of the sign and magnitude of the
spectroscopic quadrupole moment of the 2+1 state of 140Ba represents a unique com-
bination of the reorientation technique and the DSA method for the same setting of
the radioactive beam. It was published recently by the author in ref. [Bau12b]. In
the case of 142Ba the already precisely known lifetime of 95(5)ps [MGM89] could
be used for an analogous analysis [Ste11].

6.5.1 DSAM measurement of 140Ba

The lifetime was determined applying the Doppler-shift attenuation method
(DSAM). The lifetime of the 2+1 state of 140Ba was deduced from a simultane-
ous DSAM fit to 18 energy spectra using the newly developed program package
APCAD [Sta13]. Two energy spectra were excluded from the fit due to poor en-
ergy resolution. A low-energy tailing in the peak shapes due to neutron damage
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Figure 6.15.: The fully stopped 0−1 → 1−1 transition in 140La following β decay of
140Ba is displayed. Low-energy tails of the γ-ray lines appear due to
partial neutron damage of the detectors. Dashed (grey) lines show
a symmetric Gaussian peak shape compared to the fitted shape accu-
rately reproducing the described effect (solid, red).

of the MINIBALL detectors was observed. In order to reproduce this behavior the
detector response was modeled by a HYPERMET-like function from ref. [HL80]
and references therein. The parameters of the response functions have been de-
termined individually for each crystal from a fit to the peak shape of the Doppler-
free (0−1 → 1−1 ) transition in 140La at 537 keV following the β decay of 140Ba, see
fig. 6.15. Examples for DSAM fits for one crystal in forward and one crystal in
backward direction are shown in fig. 6.16. From the global fit a lifetime of

τ2+1
(140Ba) = 10.4+2.2

−0.8 ps

was obtained in good agreement with the literature value but with significantly
improved accuracy. With +2.1

−0.7 ps the systematic uncertainties of the stopping powers
clearly dominate the uncertainty of the final result. The statistical significance is
demonstrated in fig. 6.16 (e).
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Figure 6.16.: The Doppler-broadened lineshapes of the 2+1 → 0+1 transition in 140Ba
for (c) 49◦ and (d) 133◦ are shown after background-subtraction. The
spectra are shifted by +20 counts per channel for better visibility on
the logarithmic scale. The full fits are represented by solid (red) lines,
the corresponding peak shapes without the effect of neutron damage
are dashed (grey). At forward angles the Doppler-lineshapes are not
significantly disturbed by any low-energy tailing due to partial neu-
tron damage of the Ge detectors. Panel (e) shows the χ2 values for
the combined fit to the lineshapes detected in 18 crystals as a function
of the lifetime of the 2+1 state (χ2

red,min = 0.92, NDF = 2812).

6.5.2 Reorientation technique

An analysis of Coulex yields of the runs with 140Ba and 142Ba impinging on the
thin 96Mo target finally allows to determine the quadrupole moment Q(2+1 ) for
both isotopes. The theory behind this Coulex reorientation analysis is explained in
sec. 4.2 and was performed already in 1965 [Boe65].

Fig. 6.17 shows the sum of the γ-ray spectra of all detectors of the MINIBALL ar-
ray with Doppler-correction for the Coulomb-excited 140Ba projectiles (top) and
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Figure 6.17.: Background-subtracted particle-γ coincidence spectra applying
Doppler-correction with respect to the projectile (top) or recoiling
target nuclei (bottom) showing the only observed transitions, namely
the 2+1 → 0+1 transitions in 140Ba at 602 keV and in 96Mo at 778 keV.

96Mo target recoils (bottom) in coincidence with the particle signals from the
DSSD. No other γ-ray transitions than the de-excitation of the 2+1 states to the
ground states at 602 keV for 140Ba and at 778 keV for 96Mo were visible. Fig. 6.18
shows the analog picture for 142Ba. The distribution of hits on the DSSD is very
similar for both experiments due to the obviously similar kinematics. Fig. 6.19
of the 142Ba experiment serves as an example for the particle identification. The
yields stemming from the corresponding cuts on the detected particles are listed in
tab. 6.6 as well.

For the 2+1 state both the transitional and the diagonal matrix elements, M20
and M22, affect the projectiles’s Coulomb-excitation cross-section σP . Using the
multiple Coulomb-excitation codes CLX and DCY [Owe80] these matrix elements
are varied such that the experimental γ yields (comp. tab. 6.5 and tab. 6.6) are
reproduced. The mutual dependence of σP on M20 and M22 results in a band
in the (M22, M20) plane restricted by the required reproduction of the observed
Coulomb-excitation cross-section. The projectile excitation is normalized to the
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Figure 6.18.: Background-subtracted particle-γ coincidence spectra applying
Doppler-correction with respect to the projectile (top) or recoiling
target nuclei (bottom) showing the 2+1 → 0+1 transitions in 142Ba at
360 keV and in 96Mo at 778 keV.
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Figure 6.19.: Particle distribution on the DSSD for the 142Ba experiment. The
kinematical cuts corresponding to the particle gates of tab. 6.6 are
indicated.
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ring(CD) θ -range detected 140Ba 96Mo
1+2 16.4◦-22.9◦ proj. 2717(55) 1442(39)
3+4 23.0◦-28.9◦ proj. 3089(59) 1759(43)
5+6 29.1◦-34.3◦ proj. 2465(52) 1453(39)

Table 6.5.: Summary of the measured yields of 140Ba and 96Mo (2+1 → 0+1 transition)
for the different ranges of scattering angles (not efficiency corrected).

ring(CD) θ -range detected 142Ba 96Mo
1-4 16.4◦-28.9◦ proj. 5511(79) 965(32)
5-8 29.1◦-39.1◦ proj. 4824(73) 941(32)
2-12 23.0◦-47.1◦ targ. 4300(68) 908(31)

Table 6.6.: Summary of the measured yields of 142Ba and 96Mo (2+1 → 0+1 transition)
for the different ranges of scattering angles (not efficiency corrected).

excitation σT of the 2+1 state of 96Mo taking also the angular distribution W (θ) of
the γ rays into account by

σP(M20, M22) =
N P
γ

N T
γ

εT

εP

W (θ)T

W (θ)P
σT . (6.24)

The main contributions to the uncertainty are the statistical errors of the ex-
perimental γ-ray yields Nγ from projectile (140,142Ba) and target (96Mo) excitation,
as well as the uncertainty in the matrix elements of 96Mo. The efficiency of the
Germanium detectors is denoted by ε and has an uncertainty of approx. 1-2%.
Fig. 6.20 illustrates by means of 140Ba the increasing impact of the M22 matrix el-
ement on the differential Coulomb-excitation cross-section as the scattering angle
of the projectile-like recoils increases. This is best shown by the relative sensitivity

S(θ1) =
σP(θ1, M22 =+1.2M20)−σP(θ1, M22 =−1.2M20)

σP(θ1, M22 = 0)
(6.25)

defined as the relative variation of the cross-section with the quadrupole moment
ranging from prolate to oblate within the rigid rotational limit as a function of
scattering angle. In order to maximize the sensitivity to M22, and related to this, to
the quadrupole moment Q, different scattering-angle ranges are defined. For 140Ba
ions ranges with scattering angles θlab=16.4◦-22.9◦, 23.0◦-28.9◦, 29.1◦-34.3◦ have
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Figure 6.20.: Differential Coulomb-excitation cross-sections for the excitation of the
2+1 state in 140Ba as function of the scattering angle in the laboratory
frame for diagonal matrix elements M22 = 0eb (solid curve) and for
M22 = ±0.832eb= ±1.195M20 which represent the rigid rotational
limit [BM69] for the given matrix element M20 = 0.696eb derived from
the present lifetime. Each of the vertical bars (gray) illustrates the
angular coverage of the corresponding rings of the particle detector.
The relative sensitivity on Q is denoted by S as defined in eq. 6.25.

been selected that correspond to two rings of the DSSD in each case. In the case of
142Ba the different ranges are also illustrated in fig. 6.19.

A maximum likelihood analysis [Eks09] finally yields the matrix elements and
from M22 the spectroscopic quadrupole moments are deduced via eq. 4.27:

Q(2+1 ;140 Ba) =−0.52(34)eb

Q(2+1 ;142 Ba) =−0.39(29)eb

In fig. 6.21 and 6.22 the contour curves in the (M22, M20) plane from the analysis
of the experimental Coulomb-excitation yields and the lifetimes are shown. In
addition, the results are summarized in table 6.7.

The normalization to the target excitation in eq. 6.24 introduces also a depen-
dence on the matrix element M22 = 〈2+1 ||E2||2+1 〉 of 96Mo from which two different

6.5. Radioactive isotopes 140,142Ba 99



Figure 6.21.: The bands for the different scattering angle ranges of 140Ba show the
agreement of the calculations with the experimental yields. The life-
time measurement provides the horizontal band as the allowed re-
gion of the transitional matrix element 〈2+1 ||E2||0+1 〉 (dashed line for
the most likely value). Vertical dashed lines give the rotational model
values (M22 = ± 1.195M20) of a pure prolate or oblate rotor.

values, M22= +0.05(10) eb and M22= -0.26(11) eb, are reported in the litera-
ture [Par76]. The usage of the positive but small value of M22= +0.05(10)eb
in the analysis of the present work would drive the quadrupole moments of
140,142Ba beyond the limits of the rigid rotor. This finding is supported by a re-
cent measurement of Q(2+) in 96Mo yielding a negative diagonal matrix element
of -0.44(5) eb [Zie11]. Therefore, a weighted average of -0.41(5) eb of the two
negative values for M22 is used in the analysis.

Due to the low beam energy at ca. 65% of the Coulomb barrier, no other tran-
sitions than 2+1 → 0+1 were observed. In the case of 142Ba the 4+1 → 2+1 transition
is visible in the sum spectrum (fig. 6.18) but cannot be properly treated in the
evaluated spectra of the single kinematical cuts due to the lower statistics there.
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Figure 6.22.: The bands for the different scattering angle ranges of 142Ba show the
agreement of the calculations with the experimental yields. The in-
dependent lifetime measurement provides the horizontal band as the
allowed region of the transitional matrix element 〈2+1 ||E2||0+1 〉.

However, the influence of higher-lying levels, namely the two-phonon states 2+2
and 4+1 , has been considered as well in the Coulex calculations for an accurate es-
timate of experimental uncertainties of the results. To that end the unknown E2
matrix elements of the transitions 4+1 → 2+1 and 2+2 → 2+1 have been chosen such
that the corresponding photopeaks would just meet the sensitivity limit given by
the γ-ray background in the spectrum. Further corrections result from the popula-
tion of the 2+1 state via the 2+2 state which gives rise to the interference term P3(2

+
1 )

as introduced in sec. 6.4. The influence of this interference is small (≈ 5-10%) for
the used beam energy but was considered in the analysis as well and so for the 2+2
state also the sign of the connecting matrix element has been varied (constructive
and destructive interference). These effects have been included in the estimate of
the experimental uncertainty of the Q(2+1 ) values given above. They do not affect
the conclusion on predominant prolate deformations of the 2+1 states in 140,142Ba.
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6.6 Radioactive N=80 isotones 140Nd,142Sm

Beams of 140Nd and 142Sm with an energy of 2.85 MeV/u, corresponding to kinetic
energies of 399 MeV and 405 MeV, respectively, have been produced at ISOLDE
with an intensity of ≈ 5 × 105 ions/s in both cases. The laser ionization source
RILIS [Fed08] was used in 2011 (Nd) as well as in 2012 (Sm) to suppress possible
isobaric contaminations. The 140Nd beam was contaminated by surface ionized
Sm ions of the same mass. In two subsequent runs the beam was impinging on a
1.4 mg/cm2 48Ti target and on a 1.55 mg/cm2 64Zn target for Coulomb excitation
measurements. In contrast to the Nd, the 142Sm beam was contaminated by just
small amounts of 142Eu and 142Pm. Again two targets could be used for Coulomb
excitation, 1.4 mg/cm2 48Ti and 2.0 mg/cm2 94Mo, respectively. The description of
the analysis of the Sm experiment is shortened in comparison to the Nd because
it is quite similar and was analyzed in cooperation with a Master student [Ste12]
under my immediate supervision.

The MINIBALL array (see sec. 5.2) was used in its standard configuration, cover-
ing about 2π of the solid angle, for the detection of the de-excitation γ rays, analog
to the experiments presented in sec. 6.5. The double-sided silicon-strip detector
(DSSD) was covering an opening angle of θlab = 15.6◦−51.8◦ for the Nd runs and
due to a different distance to the target θlab = 19.7◦ − 58.4◦ during the Sm runs.
The analysis of the Coulomb excitation yields allows to determine the cross-section
for the 2+1 state of 140Nd (142Sm) relative to the known cross-sections of the target
excitations. Thereby, the transition strength B(E2;2+1 → 0+1 ) of the two isotopes is
determined.

6.6.1 140Nd

Figure 6.23 shows the sum of the γ-ray spectra of all detectors of the MINIBALL
array with Doppler-correction for mass A=140 projectiles (a) and 48Ti target recoils
(b) in coincidence with the particle signals from the DSSD. A random background
was subtracted. No other γ-ray transitions than the de-excitation of the 2+1 states to
the ground states at 531 keV for the 140Sm contamination, at 774 keV for 140Nd and
at 984 keV for 48Ti were visible. In the case of the 64Zn target the spectra in fig. 6.23
(c,d) show instead of the 48Ti excitation the de-excitation of the Coulomb-excited
2+1 state in 64Zn at almost the same energy (992 keV).

A crucial point in this kind of experiments with a radioactive beam is the deter-
mination of the beam contaminants. For the Nd data set it is possible to determine
the contribution of the isobaric 140Sm contaminant to the target excitation yield by
a comparison of the performed runs with and without laser ionization. Figure 6.23
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Figure 6.23.: Background-subtracted particle-γ coincidence spectra applying
Doppler-correction with respect to the (a,c) projectile or (b,d) recoil-
ing target nuclei showing the only observed transitions, namely the
2+1 → 0+1 transitions in 140Sm at 531 keV, in 140Nd at 774 keV, in 48Ti
at 984 keV, and in 64Zn at 992 keV. The data with laser ionization
switched on (black) and off (red) is shown in the same spectra.
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Figure 6.24.: Particle distribution on the CD for the 140Nd→48Ti experiment. The
"banana gates" corresponding to the cuts of tab. 6.8 are indicated.

Ring (DSSD) detected θlab-range 140Nd 48Ti
5-6 target 27.8◦-33.0◦ 565(24) 217(17)
9-12 target 37.8◦-45.6◦ 1346(53) 531(27)
13-16 target 45.7◦-51.8◦ 1221(36) 547(27)

Table 6.8.: Summary of the measured yields in the 48Ti(140Nd,140Nd*)48Ti* reaction
for the different ranges of scattering angles (efficiency corrected).

shows both, the γ-ray spectra recorded with the laser switched on (black) and off
(red). The laser settings were optimized for ionizing Nd isotopes, such that the Nd
excitation is suppressed for runs without laser. The amount of Sm in the beam is
not affected by the laser and can thereby serve for normalizing the spectra to the
Sm contaminant. By subtracting the normalized laser-off spectrum a pure Coulomb
excitation spectrum of Nd on either target (Ti or Zn) is achieved. Through this pro-
cedure one assures that the remaining target excitation yield is correlated to the
yield of the Nd excitation and not to any other beam components. As an exam-
ple for the particle identification the distribution of hits on the particle detector
is shown in fig. 6.24 for the runs with the 48Ti target. The cuts on the detected
particles are listed in the yield table 6.8 as well; the same table is given for the runs
with the 64Zn target (tab. 6.9).

As explained in the previous sections, the Coulomb-excitation cross-section σ for
the 2+1 state is influenced by both, the transitional and the diagonal matrix element,
M20 and M22. Using the multiple Coulomb-excitation code GOSIA2 [CCW83] these
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Ring (DSSD) detected θlab-range 140Nd 64Zn
7-11 target 33.1◦-43.8◦ 464(22) 239(18)
12-16 target 43.9◦-51.8◦ 515(23) 211(17)
1-3 projectile 15.6◦-24.8◦ 1281(36) 492(26)

Table 6.9.: Summary of the measured yields in the 64Zn(140Nd,140Nd*)64Zn* reac-
tion for the different ranges of scattering angles (efficiency corrected).

matrix elements are varied in such a way that the experimental γ-ray yields, as
documented in tables 6.8 and 6.9, are reproduced. The mutual dependence of the
projectile’s excitation cross-section σP on M20 and M22 results in an area in the
(M22, M20) plane representing the experimental Coulomb-excitation cross-section.
The projectile excitation is normalized to the target excitation σT of the 2+1 state of
48Ti and 64Zn, respectively, taking also the angular distribution W (θ) of the γ rays
into account:

σP(M20, M22) =
N P
γ

N T
γ

εT

εP

W (θ)T

W (θ)P
σT (6.26)

The main contributions to the uncertainty are the statistical errors of the experi-
mental γ-ray yields Nγ from projectile (140Nd) and target excitation (48Ti/64Zn), as
well as the uncertainty in the matrix elements of the targets. The efficiency of the
Germanium detectors is denoted by ε and has an error of approximately 1-2%. In
order to maximize the sensitivity and simultaneously keeping the statistical error
on a reasonable level, the different scattering angle ranges were defined, corre-
sponding to several rings of the DSSD each (see fig. 6.23 and tab. 6.8). Due to the
different kinematics the ranges have been adjusted for the 64Zn target in tab. 6.9.

For the final determination of the matrix elements a fixed set of start parameters
for the matrix elements M20 and M22 is given as input to the GOSIA2 program,
which then calculates theoretical γ-ray yields. By comparison to the experimental
yields a χ2 value is extracted for each set of initial start parameters M20 and M22.
The variation of these start parameters results in a χ2 surface plotted in fig. 6.25.
The 1σ-contour of this surface is projected to the respective axes to extract the
matrix elements and their uncertainties. The experimental results of the χ2 surface
projections and the deduced observables are summarized in tab. 6.10 to

140Nd : B(E2;2+1 → 0+1 ) = 33(2)W.u.
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Figure 6.25.: χ2 surface with respect to the diagonal and transitional matrix ele-
ments of the 2+1 state in 140Nd from the Coulex experiment with (a)
48Ti and (b) 64Zn target.

M20 B(E2)↑ M22 Q(2+1 )
[eb] [e2b2] [eb] [eb]

48Ti target 0.860(47) 0.74(8) -0.65(57) -0.49(43)
64Zn target 0.842(46) 0.71(8) -0.62(58) -0.47(44)

weighted average 0.85(3) 0.72(5) -0.64(41) -0.48(31)
= 33(2) W.u.

Table 6.10.: Summary of the experimental results for 140Nd for the single runs with
Ti/Zn target and a weighted average.
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6.6.2 142Sm

The analysis of 142Sm does not differ from the previous one for 140Nd presented in
subsec. 6.6.1 in terms of the Coulomb-excitation analysis with the computer code
GOSIA2 [CCW83]. The relevant yields are given in tables 6.11 and 6.12 and the
summed γ-ray spectra are shown in fig. 6.26. However, beforehand the contamina-
tion was determined in a different way. There was no large contamination resulting
in a Coulex yield as it was the case for 140Sm in the Nd runs. Therefore mainly runs
with lasers on were performed during the experiment and at the end a thick natCu
target was irradiated by the beam in order to enable a detailed decay spectroscopy
afterwards from a measurement at the end of the experiment.

After stopping the beam the γ-ray lines in the decay spectrum are observed in
bins of 3 minutes. The isobaric nuclei 142Pm and 142Eu are suspected contaminant
due to the observed lines. The intensity of the 142Pm lines does not change signifi-
cantly during 30 minutes although this isotope has a short half-life of 40.5s, which
leads to the conclusion, that all the 142Pm nuclei stem from the decay of the long-
lived beam particles of 142Sm with a half-life of 72.5min. For the determination
of the 142Eu fraction of the beam a more sophisticated ansatz has to be chosen.
From the observed β-decay lines and the decay law with the known lifetimes a
set of differential equations is set up and solved for large times. This results in a
contamination from 142Eu of 2.7(2.2)%.

The detailed analysis can be found in ref. [Ste12] and one further restriction had
to be done. The Coulex analysis also allowed for an unphysical large deformation
of the 2+1 state of 142Sm. Therefore the quadrupole moment was restricted to the
rigid rotor limits [BM69] and just the transitions strength could be deduced. Due to
the introduced restriction no fair statement on the quadrupole moment is possible.
The experimental result summarizes in tab. 6.13 to

142Sm : B(E2;2+1 → 0+1 ) = 30(2)W.u.

Ring (DSSD) detected θlab-range 142Sm 48Ti
4-6 target 30.8◦-39.7◦ 1125(34) 342(19)
7-9 target 39.8◦-46.9◦ 1179(35) 411(21)

10-12 target 47.0◦-52.6◦ 1102(34) 435(21)
13-15 target 52.6◦-57.1◦ 932(31) 350(19)

Table 6.11.: Summary of the measured yields in the 48Ti(142Sm,142Sm*)48Ti* re-
action for the different ranges of scattering angles (not efficiency
corrected).
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Figure 6.26.: Background-subtracted particle-γ coincidence spectra applying
Doppler-correction with respect to the (a,c) projectile or (b,d) recoil-
ing target nuclei showing the only observed transitions, namely the
2+1 → 0+1 transitions in 142Sm at 768 keV, in 48Ti at 984 keV, and in
94Mo at 871 keV. The data was taken with laser ionization switched
on all the time.
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Ring (DSSD) detected θlab-range 142Sm 94Mo
4-7 target 30.8◦-42.3◦ 595(25) 208(16)
9-15 target 44.8◦-57.1◦ 593(25) 205(16)
4-6 projectile 30.8◦-39.7◦ 983(32) 347(20)

Table 6.12.: Summary of the measured yields in the 94Mo(142Sm,142Sm*)94Mo*
reaction for the different ranges of scattering angles (not efficiency
corrected).

M20 B(E2)↑ M22 Q(2+1 )
[eb] [e2b2] [eb] [eb]

48Ti target 0.80(3) 0.64(5) - -
94Mo target 0.88(9) 0.78(16) - -

weighted average 0.81(3) 0.65(5) - -
= 30(2) W.u.

Table 6.13.: Summary of the experimental results for 142Sm for the single runs with
Ti/Mo target and a weighted average. No statement can be made
about the diagonal matrix element and thereby the quadrupole mo-
ment because of the general assumption of a limitation by the rigid
rotor limits.
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7 Discussion
The interpretation of the data is done in comparison with several theoretical pre-
dictions. The corresponding nuclear structure models and their mathematical treat-
ment is explained in chapter 3. The discussion is split in two parts, the first one
dealing with the phase transitional character of the Barium isotopic chain, the sec-
ond covering the impact of the subshell structure in the N=80 isotones.
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7.1 Shape transitions in the Barium isotopic chain

The properties of the ground states and low-lying excited states of many atomic
nuclei can be attributed to the competition between the single-particle motion of
their nucleons and their correlated or collective motion in terms of surface oscilla-
tions or rotation of a permanently deformed spatial distribution, see sec. 2.2. They
reflect the structural changes when progressively more particles or holes are added
to closed-shell nuclei, at first softening the (spherical) nuclear potential and then
resulting in a deformed equilibrium shape. The isotopic chain of the even-N Barium
isotopes exhibits rather peculiar patterns of structural evolution. When neutrons
are successively removed from the N = 82 neutron-shell closure, the collectivity
of Ba isotopes increases and drives their shape from spherical towards consider-
ably deformation passing a transitional region with soft triaxiality [Cas00]. In the
neutron-rich Ba isotopes with N ≥ 82 the semi-magic 138Ba is spherical, whereas
148Ba has a R4/2 = E(4+1 )/E(2

+
1 ) ratio of ∼ 2.98, closer to a deformed axially-

symmetric rotor. There is evidence for octupole correlations in the mass region
around A ∼ 144 (Z = 56, N ∼ 88) that may influence the properties of nuclei
already at low excitation energies since the resulting gain in binding energy has
previously been argued to be sufficient to stabilize permanent octupole deforma-
tions [Phi86; BN96]. Still, low-lying energy levels with positive parity and electrical
quadrupole transition probabilities of neutron rich Ba isotopes have been success-
fully described throughout the transitional region in the framework of the Monte
Carlo shell model based on a quadrupole-plus-pairing approach [Shi01].

Indeed, in many nuclei deformation is predominantly of quadrupole na-
ture [RS05]. Therefore a key observable to characterize the intrinsic nuclear shape
in an even-even nucleus is the static quadrupole moment of the 2+1 state used in
conjunction with a collective model [CT90]. Together with the E2-transition rates
it provides a sensitive tool for the study of spherical-to-deformed shape transitions.
Since for lifetimes below ∼10 ns no direct method is available to determine the
static quadrupole moment of excited nuclear states, the reduced electrical transi-
tion probabilities and lifetimes have to be used in order to obtain the spectroscopic
quadrupole moment and nuclear deformation of these states [Ney03]. In particu-
lar, the reorientation technique [Boe65] has been used for the measurement of the
spectroscopic quadrupole moment, in this thesis as well. The importance of precise
lifetime information as a sine qua non for the interpretation of data from reorien-
tation experiments has been demonstrated recently when determining the sign of
the spectroscopic quadrupole moment of the 2+1 state of 70Se [Hur07; Lju08].

Several efforts have been made to investigate experimentally the intrinsic defor-
mation in the 2+1 states of the even-N Ba isotopes with N < 82 from measurements
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of the static quadrupole moments [Sim67; KS72; Nei74; BDH84; Bur89]. However,
the ambiguity of the results in both, sign and magnitude of the measured Q(2+1 )
moments, made the interpretation most difficult. Whereas a prolate deformation
for 134,136,138Ba was indicated by the measurements from Kerns et al. [KS72] and for
130,134Ba from Neimann [Nei74], oblate deformation was suggested for 130,134,136Ba
by Towsley et al. [Tow73] and for 136Ba by Bechara et al. [BDH84] as well. In
a systematic study for 130,134,138Ba using the reorientation technique in Coulomb
excitation it was intended to elucidate the situation [Bur89] but the missing infor-
mation about the sign of the interference term (see sec. 6.4) lead to an ambiguity
in the quadrupole moments. This work finally gives an approach to resolve this
ambiguity and first results of unique quadrupole moments are presented.

The experimental results are compared to results from the Monte-Carlo shell
model [Shi01] and in the case of 140Ba to predictions from EDF calcula-
tions [Rod11] as well. The newly measured lifetime τ(2+1 ) = 10.4+2.2

−0.8 ps in 140Ba
with significantly improved accuracy over the current literature value [MGM89]
corresponds to a B(E2)↑ value of 0.484+0.038

−0.101e2b2. This is close to the B(E2;0+1 →
2+1 ) value of 0.412(8)e2b2 in 136Ba, which is the neutron particle-hole partner nu-
cleus to 140Ba with respect to the N=82 shell closure. The new result affirms the
observation of a distinct mirror symmetry in the electrical transition probabilities
of the first excited states in the even-N Ba isotopes with respect to the N=82 shell
closure when measured in Weisskopf units, see fig. 7.1 (a,e). In particular, the irreg-
ular pattern for the B(E2) ↑ values discovered in the N=82 particle-hole partners
130Sn-134Sn and 132Te-136Te [Rad02], attributed to a reduced neutron pairing gap
in the latter isotopes [Ter02], does not exist in their nearby isotones 136Ba-140Ba.
The electrical transition probabilities in the even-even Ba isotopes exhibit instead
an astonishing symmetry around N=82. This is in contrast to the evolution of the
excitation energies, E(2+1 ), as a function of neutron number. For the latter a consid-
erable asymmetry around N=82 is observed. The ratio E(N = 82−XN )/E(82+XN )
deviates from unity by up to 150% (fig. 7.1 (d)). The different structure of Ba iso-
topes above and below the N=82 shell closure is also emphasized by the evolution
of the quadrupole moments, Q(2+1 ), as shown in fig. 7.1 (c).

The measured spectroscopic quadrupole moments of the 130,132,140,142Ba isotopes
are all negative, representing prolate deformation. The finding of a positive inter-
ference term for 130,132Ba (see sec. 6.4) can be most probably extended to the
whole chain, which would also solve the ambiguity for 134,136,138Ba. For 134,138Ba
the small prolate deformation is in agreement with conventional nuclear struc-
ture models, that predict spherical shapes around shell closures, and the Monte
Carlo Shell Model. The slightly oblate prediction of the MCSM for the 2+1 state of
136Ba is very surprising, either the MCSM predicts the wrong deformation or the
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Figure 7.1.: Systematics of excitation energy E(2+1 ) and B(E2) value (a), R4/2 and B4/2
ratios (b), and Q(2+1 ) moment (c) in the Ba isotopes with 130≤A≤146.
The ratio E(2+1 ; 138−XN )/E(2

+
1 ; 138+XN )−1 is shown (d) and analo-

gously B(E2; 138+XN )/B(E2; 138−XN )−1 (e) to highlight the specific
mirror symmetry of the transition strengths around N = 82. All B(E2)
values are given in W.u. in order to account for a simple size-effect.
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interference term is negative (destructive interference) for this specific nucleus.
Unfortunately this isotope could not be measured in the presented campaign.

From the investigation of mixed-symmetry states (MSSs) by T. Möller [Möl13]
it is found that the shape transitional point in the Barium (Z = 56) isotopic chain
below N = 82 is situated near 130,132Ba. This finding is supported by the measured
quadruple moments. There is a strong increase from 130Ba (prolate, near rigid-
rotor limit) to 132Ba (just slightly prolate) in the deformation of the 2+1 state. This
could also be interpreted as another signature of a shape transition beside the R4/2
ratio, e.g., supported by the agreement with the MCSM calculations.

On the neutron-rich side with N≥82 the mid-size prolate deformation of the 2+1
state of 140Ba with a spectroscopic quadrupole moment of Q(2+1 ) = −0.52(34)eb
agrees remarkably well to the predictions of Monte-Carlo shell model calculations
and the energy density functional (EDF, see below). The neighboring 142Ba with
Q(2+1 ) = −0.39(29)eb supports the trend towards a more prolate deformation
although it is a little smaller in magnitude. One has to consider that both mea-
surements have an error larger than 50%. The MCSM, using a two-body effective
interaction including monopole and quadrupole pairing, quadrupole-quadrupole
interactions and axially-symmetric bases, describes microscopically the evolution
of properties of quadrupole collective states throughout the shape transition path
from 138Ba to 150Ba [Shi01] with the variation of valence particles only. Although
the calculated B(E2) ↑ value in 140Ba is smaller than the experimental result the
spectroscopic quadrupole moments of 140,142Ba are in good agreement, compare
tab. 7.1 and fig. 7.1 for this discussion.

A more detailed inspection of 140Ba was done, compare ref. [Bau12b] of the au-
thor. The MCSM level scheme in fig. 7.2(c) agrees quite well with the experimental
one (b), including the moment of inertia and the inverted order of the 0+2 and 2+2
states. The agreement of the yrast level schemes is slightly improved in comparison
to fig. 1(a) of ref. [Shi01] by including the triaxial degree of freedom. As discussed
in sec. 3.3 the two major limitations of the EDF are the conservation of parity and
time-reversal symmetries of the intrinsic wave functions. The first one restricts the
study to positive-parity states and neglects the influence of the octupole degree of
freedom that does play a role in this region. However, axial mean-field calculations
with the Gogny interaction show that static octupole deformations are not found in
the potential energy surface for 140Ba [ER90; Rob10; MR94]. The second restric-
tion limits the description of the moments of inertia and, therefore, the quantitative
precision of the energy levels [Zdu07; LRV04]. In fig. 7.2(a) the results of the cal-
culated spectrum are shown. These levels are sorted in bands according to their
B(E2) values. It is observed that the ground-state band corresponds to a sequence
of states with positive parity and ∆J = 2. They are almost equally spaced, indicat-
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Figure 7.2.: (a) Energy levels of 140Ba calculated with the Gogny D1S density func-
tional including beyond mean-field effects. (b) Experimental level en-
ergies taken from [Ens] and B(E2) ↓ from this work. (c) Exact MCSM
calculations using the P+QQ interaction [Shi01].

Figure 7.3.: Distribution of probability in the triaxial (β2,γ) plane for the states be-
longing to the first two bands of 140Ba, calculated with the Gogny D1S
density functional including beyond mean-field effects.
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ing a vibrational character. The second band is also compatible with a vibrational
band for the levels 2+2 , 4+2 , 6+2 . However, the band head does not correspond to the
0+2 state which is higher in excitation energy than the 2+2 . It is important to note
that the correct ordering of these levels is only reproduced if the triaxial degree
of freedom is included. The experimental levels also exhibit a vibrational ground-
state band and the 2+2 state is situated below the 0+2 state. Nevertheless, although
a good qualitative description of the data is obtained, the theoretical spectrum ap-
pears more stretched. This is a common feature of this kind of method and is due to
a poor description of the moments of inertia whenever the time-reversal symmetry
is conserved, like in the present case [ER04]. Concerning the reduced transition
probabilities, the calculation predicts that the 0+2 state decays mainly to the 2+2 and
the latter one to the 2+1 state both possibly indicating pronounced γ-softness. It is
also observed that the calculated B(E2;2+1 → 0+1 ) value is higher than the exper-
imental value obtained in this work. No effective charges are used in these EDF
methods.

To analyze the intrinsic shapes of the states given in the spectrum and to study
their corresponding collective wave functions fig. 7.3 shows the distribution of
probability of having a given deformation in the (β2,γ) plane for different states
J+σ . In the figure, the vertex corresponds to the spherical point, γ = 0◦(60◦) direc-
tions to prolate (oblate) axially symmetric shapes and the rest of the plane to purely
triaxial shapes. Here one sees clearly that the ground state presents a slightly de-
formed, near spherical configuration β2 ∼ 0.1 with substantial γ-softness and the
2+1 and 4+1 states belonging to this band have their probabilities peaked at a larger,
more prolate deformed shape around β2 ∼ 0.13,γ = 5◦ -similar distributions are
also obtained for 6+1 and 8+1 states (not shown). On the other hand, the first ex-
cited 0+2 state presents a maximum at (β2 = 0.17,γ = 0◦) while the 2+2 and 4+2
states show maxima located in the oblate-triaxial part at (β2 = 0.13,γ= 45◦). The
differences and similarities between the corresponding collective wave functions
help to understand the values of the transition probabilities given in fig. 7.2. In
addition, this result is in agreement with the most probable prolate character of
the 2+1 found experimentally (fig. 7.1).
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7.2 Shell stabilization in the N=80 isotones

The mechanism, which leads to the formation of nuclear collective states out of
the individual motion of many nucleons, is one of the major subjects in nuclear
structure physics. There are clear relations between the collective properties of
even-even nuclei, e.g., the excitation energy of the 2+1 state and the B(E2;2+1 → 0+1 )
transition strength [RJT01], and the number of nucleons in the valence shell. The
global behavior of these quantities between the major shells as a function of the
nucleon number is well understood in the frameworks of both collective and mi-
croscopic models. One could expect that these general trends in the collective
properties between the major shells are modulated by the subshell structure. How-
ever, it is usually believed that the pairing correlations with an energy scale of
about 2 MeV, smear out and dissolve the subshell structure as long as the separa-
tion energies between the subshells are only about few hundred keV.

The recently observed evolution [PBL08] of the isovector quadrupole-collective
valence-shell excitations in the N=80 isotones, the so called mixed-symmetry states
(MSS) [Iac84], a special class of collective states, suggests that the properties of
collective states may be more strongly influenced by the underlying subshell struc-
ture than previously thought [Rai06]. In this case there is one single isolated one-
phonon 2+1,ms state observed in 132Te [Dan11], 134Xe [Ahn09] and 136Ba [Pie98].
It can be explained by the fact that in these isotones the proton excitations mostly
happen in the partially filled g7/2 orbital, i.e. they are shell stabilized. However,
once the π(g7/2) orbital is completely filled the one-phonon MSS fragments in
138Ce [Rai06] and reveals a lack of shell stabilization at Z=58 (see fig. 7.4).

The question whether this effect is also detectable through the properties of the
fully-symmetric states is answered by the presented measurements of the absolute
transition strengths B(E2;2+1 → 0+1 ) of 140Nd and 142Sm, which complement the
row of the N=80 isotones. The obtained experimental results show a clear devi-
ation of the absolute B(E2;2+1 → 0+1 ) strength of 138Ce (Z=58) from the expected
collective behavior, that is more or less continued by the new results. However, mi-
croscopic models seem unable to reproduce this deviation, which prompts for a fur-
ther theoretical development. The experimental results are compared to state-of-
the-art microscopic calculations, the quasi-particle phonon model (QPM, sec. 3.2)
and large-scale shell-model calculations (LSSM, sec. 3.1.1), compare [Bau13] for
the following discussion.

The QPM [Iud12] is capable to describe the anharmonic features of collective
modes as well as multiphonon excitations. Since the constituent phonons include
two-quasiparticle excitation covering a very large energy spectrum, it is possible to
use effective charges very close to the bare values (eπ = 1.05 and eν = 0.05). The
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Figure 7.4.: Systematics of the B(M1; 2+i → 2+1 ) strength in the N=80 isotones. In
contrast to the 2+1,ms states in the neighboring isotones the 2+1,ms state
of 138Ce is strongly mixed and it is a priori not clear how the trend con-
tinues in 140Nd and 142Sm.

Hamiltonian parameters used here are the same ones adopted in a previous calcu-
lation [LIST08] to optimize the description of the fully symmetric states (FSS) and
MSSs of the N=80 chain up to Z=58. Therefore, the calculation has a predictive
power for 140Nd and 142Sm.

The LSSM adopts a model space in which the valence protons and neutrons,
treated respectively as particles and holes external to a Z=50 and N=82 core
(132Sn), are distributed among the shells {2d5/2, 1g7/2, 2d3/2, 3s1/2, 1h11/2}. The
calculations use a realistic two-body Hamiltonian (a renormalized G-matrix de-
rived from the CD-Bonn potential) with the same single-particle (hole) energies
adopted for the Xe isotopes [Bia11]. More specifically, the neutron-hole energies
were taken from the levels of 135Xe, while the proton energies were the same
adopted to study the spectra of 108Sn and 133Xe [AIP03]. Thus, the LSSM calcu-
lations are completely parameter free and fully predictive for the whole N=80
chain. On the other hand, the shell model space does not include high-energy and
core excitations, whose effects are incorporated into the large effective charges
eπ = 1.6 and eν = 0.7, the same adopted for the Xe isotopes [Bia11].

In summary, the parameters of both models have been adapted to the description
of lighter nuclei than 140Nd for which their results can be considered as predictions.
The QPM as well as the shell-model calculations provide a good agreement of the
excitation energies for the 2+x states of 140Nd (cf. fig. 7.5) including the suspected
2+ms states [Gla10]. The general trend of growing B(E2;2+1 → 0+1 ) strength in the
N=80 isotones moving away from the Z=50 shell closure as shown in fig. 7.6 is
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expected due to the increase in collectivity when adding more and more valence
protons Nπ. However, the QPM predicts smaller B(E2;2+1 → 0+1 ) values of 21 W.u.
(22 W.u.) compared to the experimentally found value of 33(2) W.u. (30(2) W.u.)
in the case of 140Nd (142Sm). The shell-model calculations predict a strength of
≈27 W.u. for both isotopes but still below the measured values. Both calcula-
tions describe a smoother increase in agreement with the smaller B(E2) value of
138Ce and do not reproduce the larger values of 140Nd and 142Sm. Ignoring the
B(E2) value of 138Ce all other values, including the one for 140Nd, seem to increase
linearly up to 140Nd and then saturate with 142Sm.

This linear behavior can be understood as a Nπ dependence. The NπNν valence
correlation scheme from ref. [CZ96] describes the linear increase of collectivity
with Nν = 2 (2 valence neutron holes) and Nπ = 0,2, 4, ... for the protons. In
that approach nuclear data is parameterized to explicitly emphasize the valence
shell proton-neutron (p-n) interaction. It is assumed that the onset of collectiv-
ity, configuration mixing and deformation stems solely from the p-n interaction in
the valence shell. This interaction is fairly long ranged, orbit independent, and
relevant only for the valence protons and neutrons. These extreme assumptions,
averaged over many valence nucleons, have proven to be reasonable. By applying
this scheme to the N=80 isotones a consistent description of the experimental data
except for Z=58 and Z=62 as indicated by the dashed line in fig. 7.7 is obtained.
The maximum would be at mid shell (Z=66) from where on proton holes have
to be counted and the linear trend turns downwards. One accounts for the single
particle degrees of freedom only through the number of valence bosons, which is
known to be a limited approximation. On the other hand data on the one-phonon
mixed-symmetry states strongly suggest that the single-particle degrees of freedom
can influence the collective properties dramatically at least for the mixed-symmetry
states through the shell stabilization effect [Rai06].

In an extreme shell model scenario, considering the valence protons to occupy
only the (1g7/2) and (2d5/2) orbitals, the B(E2) strength vanishes at Z=50, Z=58,
Z=64 and it has a maximum at mid-shell, indicated by the solid curves in fig. 7.7.
The experimental data can be interpreted as a convolution of the both presented
extreme scenarios. The suppression of the transition strength in 138Ce with respect
to the NπNν behavior is explained by the Z=58 subshell closure. The slightly de-
creasing, almost constant strength of 142Sm (in comparison to 140Nd) is explained
on the one hand by the same number of valence proton particles (Nd) and holes
(Sm), namely 2, with respect to the π(2d5/2) orbital. On the other hand Sm (Z=62)
is already quite close to mid-shell (Z=66) with respect to the major shell between
the magic numbers at Z=50 and Z=82. This saturation of transition strength near
mid-shell, building a distinct plateau, is observed in several isotopic chains.
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Figure 7.7.: Systematics of B(E2) values in W.u. for the first excited 2+1 states in the
even N=80 isotones covering the range of the πg7/2 and πd5/2 orbitals.
The existing experimental data is presented as in fig. 7.6 with a schemat-
ical illustration of a linear NπNν dependence (dashed) and an extreme
shell model case (solid lines).

However, the local suppression of B(E2) strength in 138Ce is not reproduced
in the shell model calculations. Such a quenching might be the outcome of a
subtle competition between the single-particle energy levels, responsible for the
gap between different subshells, and the two-body correlations, especially pairing,
which tend to smooth out the effects of the subshell structure. This hypothesis,
suggested by the extreme shell model picture, can be tested by fine tuning the
single-particle levels used in the LSSM calculations [Bia11] so as to counterbal-
ance the smoothing action of pairing. Alternatively, one may surmise that the core
polarization produces smaller effective charges in correspondence of a subshell clo-
sure. In order to test such a suggestion, one should compute explicitly the effective
E2 operators within the linked cluster expansion theory which is known to gen-
erate different effective charges for different subshells [IRW74]. However, it was
pointed out [Bia12; Bia11] that a calculation in an enlarged shell model space,
which includes core excitations, is not feasible.

In summary, the measured B(E2) values of 140Nd and 142Sm are compared to
recent large-scale shell model calculations [Bia12] as well as to the quasiparti-
cle phonon model in connection to the systematics of the N=80 isotones [Bia12;
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LIST08]. In both models, the computed B(E2) strength in the stable N=80 isotones
increases smoothly with Z. This trend is consistent with the experiments apart from
some deviations in the heavier isotones, where the measured data do not have a
smooth behavior. In fact, the E2 transition is suppressed to some extent in 138Ce
and enhanced in 140Nd. This anomalous behavior seems to be ascribed to the filling
of the π(g7/2) subshell for Z=58. That shell effect is missing in the QPM, which
tends to underestimate systematically the strength, and in the LSSM, which yields
a larger B(E2) value as compared to the measurement in 138Ce and a smaller one
as compared to the data in 140Nd. While both models predict gradually increas-
ing B(E2) values with proton number, they fail to describe the measured sudden
increase of the B(E2) value from Z=58 to 60. These discrepancies may be cured
within the shell model by a more refined treatment of the single-particle energies
capable of inducing a more pronounced subshell structure or by taking explicitly
into account the excitations of the core.
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A CLX input file
392 MeV 140Nd --> 48Ti @REX-Isolde
1110111
6 2 0
0 0 0
60 140
22 48
1
392
73 140 1
1 0 0.000 1 0
2 2 0.773 1 0
3 2 1.490 1
4 2 2.140 1
5 2 2.259 1
6 2 2.399 1

1 2 0.61 2
1 3 0.04 2
1 4 0.27 2
1 5 0.30 2
1 6 0.09 2

2 2 0. 2
2 3 0.72 2
2 4 0.37 2
2 5 0.14 2
2 6 0.28 2

2 3 0.173 -1
2 4 0.387 -1
2 5 1.072 -1
2 6 0.742 -1

3 3 0. 2
4 4 0. 2
5 5 0. 2
6 6 0. 2
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B Gosia input file
A GOSIA2 calculation requires two similar files, one for projectile and one target
excitation. Here the projectile file, indicated by the number 1 in the first line, is
shown for the analysis of 140Nd→48Ti. The input file is divided in the following
sections, which are partly commented in the file as well:

OP,FILE List of necessary files

OP,TITL Title

OP,GOSI Input section for levels (LEVE), matrix elements (ME), experimental con-
ditions (EXPT), and further control and print commands

OP,YIEL Input of conversion coefficients, detector geometry, and already known
spectroscopic data

OP,RAW Definition of detector clusters and efficiency

OP,INTI Integration commands including stopping powers and angular informa-
tion (has to be replaced with OP,MINI for minimization in a later step)

1
OP,FILE
25,3,1 ! input file
140Nd_Ti.inp
22,3,1 ! output file
140Nd_Ti.out
26,3,1 ! -> target (GOSIA2)
48Ti.inp
3,3,1 ! here the raw yields come into play (in this case already efficiency corrected)
140Nd_Ti.yld
4,3,1 ! the corrected yields will reside here
140Nd_Ti.cor
27,3,1 ! -> target (GOSIA2)
48Ti.map
7,3,1 ! q parameter map for m substates
140Nd_Ti.map
8,3,1
MB_Nd.raw
9,3,1 ! gamma detector corrected
MB_Nd.gdt
11,3,2
crf.dat
12,3,1 ! best fit matrix elements
140Nd_Ti.bst
32,3,1 ! -> target (GOSIA2)
48Ti.bst
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13,3,1
cnor.dat
23,3,1
140Nd_Ti.raw
0,0,0
OP,TITL
140Nd on 48Ti (1.4mg/cm2) at 399 MeV == Projectile Excitation
OP,GOSI
LEVE
1,1,0.,0.0000
2,1,2.,0.7737
3,1,4.,1.8019 ! buffer state
0,0,0,0
ME
2,0,0,0,0
1 2 0.81 0 5
2 2 -0.1 -5 5
2,3,0.5, 0.01,5.0 ! 4+1->2+1 g.b.
3,3,0.01,5.0, 5.0 ! fix Q of 4+1
0,0,0,0,0
EXPT
3,60,140
-22,48,360.,19.585,3,1,0,0,360,0,1
-22,48,360.,19.275,3,1,0,0,360,1,2
-22,48,360.,17.855,3,1,0,0,360,1,3
CONT
SPL,1.
LCK,
0,0
PRT,
3,0
4,0
8,1 ! comparison of calculated and experimental yield
10,0 ! kinematics for each integration mesh-point
11,0 ! gamma-yields for each integration mesh-point
12,0 ! q parameter map
13,1 ! normalization constants
14,1 ! deorientation effect
15,1 ! mean lifetimes
16,1 ! all possible calculated yields
18,0 ! interpolated internal conversion coefficients
20,1 ! raw yields -> tape 23
0,0
END,

OP,YIEL
1
7,1
0.050,0.070,0.100,0.200,0.500,1.000,1.500
2
30.4,8.13,2.19,0.196,0.01177,0.00224,0.001065
22,22,22
1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22
123.5,147.8, 50.7, 76.8, 71.4, 45.4, 71.4, 54.2,116.6,135.3,141.5,115.7,143.3,124.6, 50.0, 75.7, 56.7,...
160.4,141.2, 49.0, 56.4, 28.9,142.1,131.9,107.9, 47.3, 72.8, 31.8,262.4,260.8,232.0,244.4,233.0,210.9,...
1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22
123.5,147.8, 50.7, 76.8, 71.4, 45.4, 71.4, 54.2,116.6,135.3,141.5,115.7,143.3,124.6, 50.0, 75.7, 56.7,...
160.4,141.2, 49.0, 56.4, 28.9,142.1,131.9,107.9, 47.3, 72.8, 31.8,262.4,260.8,232.0,244.4,233.0,210.9,...
1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22
123.5,147.8, 50.7, 76.8, 71.4, 45.4, 71.4, 54.2,116.6,135.3,141.5,115.7,143.3,124.6, 50.0, 75.7, 56.7,...
160.4,141.2, 49.0, 56.4, 28.9,142.1,131.9,107.9, 47.3, 72.8, 31.8,262.4,260.8,232.0,244.4,233.0,210.9,...

2,1 ! normalisation transition
1 ! data sets
100 ! upper limit as a fraction of above transition
1 ! Normalisation of experiment
1 ! data sets
100 ! upper limit as a fraction of above transition
1 ! Normalisation of experiment
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1 ! data sets
100 ! upper limit as a fraction of above transition
1 ! Normalisation of experiment
3 ! NTAP
0,0 ! branching ratios
0,0 ! lifetimes
0,0 ! multipole mixing ratios
0,0 ! Exp. matrix elements (from known transition rates)
OP,RAW
1
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0
1
22
1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22

[repeated for each sub-experiment]

0
OP,INTI
4,7,316.4,399,27.82,32.97
315.,345.,370.,400. ! beam energy at meshpoints in target
27.,28.,29.,30.,31.,32.,33.
4,10,316.4,399,37.81,45.60
315.,345.,370.,400. ! beam energy at meshpoints in target
37.,38.,39.,40.,41.,42.,43.,44.,45.,46.
4,8,316.4,399,45.69,51.77
315.,345.,370.,400. ! beam energy at meshpoints in target
45.,46.,47.,48.,49.,50.,51.,52.
4 ! no. of stopping powers
315.,345.,370.,400.
57.502843,58.197655,58.633181,59.016706 ! dE/dx in MeV/(mg/cm2)
10,10 ! no. of steps
4 ! no. of stopping powers
315.,345.,370.,400.
57.502843,58.197655,58.633181,59.016706 ! dE/dx in MeV/(mg/cm2)
10,10 ! no. of steps
4 ! no. of stopping powers
315.,345.,370.,400.
57.502843,58.197655,58.633181,59.016706 ! dE/dx in MeV/(mg/cm2)
10,10 ! no. of steps
OP,CORR
OP,EXIT
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C C++ program for calculating
correlated errors with Gosia2

/*
This p iece of sof tware i s designed to c a l c u l a t e the e r ro r f o r a c e r t a i n matr ix element in a Gosia2
c a l c u l a t i o n by the " Brute fo r ce t o t a l c o r r e l a t e d e r ro r e s t imat ion " as descr ibed here :
h t tp ://www−user . pas . r o che s t e r . edu/~gos ia / mediawiki / index . php/ Er ro r_e s t ima t ion#

Cor re l a t ed_e r ro r s_us ing_gos i a2

The Gosia2 input f i l e of the p r o j e c t i l e , we are i n t e r e s t e d in , i s handed over to the program j u s t
a f t e r the l a s t r egu la r MINI f i t procedure , j u s t OP, REST removed but with OP, MINI . The r e s t i s then
a l l changed by the program . The t a r g e t input f i l e must have the OP, REST and OP, MINI command in place .
*/

#include <iostream> // IO
#include <sstream>
#include <fstream> // i f s t r eam and ofstream
#include <cs td io >
#include <iomanip>
#include <cmath>
#include <c s t r i n g >
#include <s t r i ng > // use s t r i n g s and some IO with them
#include <c s t d l i b >

using namespace s td ;
using s td : : i s t r i n g s t r e a m ;

in t main( in t argc , char ** argv )
{

i f ( argc != 2)
{

cout << " Usage : " << argv [0] << " input_ f i l ename " << endl ;
return 1;

}

i s t r i n g s t r e a m f i l enamein ( argv [1]) ;
s t r i n g fi lename , outf i lename , ta rge t f i l ename , ta rge tou t f i l ename ;
s t r i n g best , e r r o r f i l e ;
f i l enamein >> fi lename ;
cout << " Ca l cu l a t e the e r ro r from f i l e : " << fi lename << endl ;

i f s t r eam in , in2 , inb ;
ofs tream out ;

i f s t r eam inPO , inTO ; // look in output f i l e s f o r ch i sq
ofstream outch i ; // write−out the ch i sq va lues

in . open ( f i lename . c _ s t r () , i o s : : in ) ; // now look at tha t Gosia input f i l e

in t no ;
s t r i n g l i n e ;

in >> no ;
cout << endl ;
cout << " Number of f i l e : " << no << endl ;

while ( ! in . eof () )
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{
g e t l i n e ( in , l i n e ) ;
i f ( l i n e . f i nd ( " 22 ,3 ,1 " )!= s t r i n g : : npos ) in>>outf i lename ;
i f ( l i n e . f i nd ( " 26 ,3 ,1 " )!= s t r i n g : : npos ) in>>ta rge t f i l ename ;
i f ( l i n e . f i nd ( " 12 ,3 ,1 " )!= s t r i n g : : npos ) in>>bes t ;

}
in . c l o s e () ;
in2 . open ( t a rge t f i l ename . c _ s t r () , i o s : : in ) ;
while ( ! in2 . eof () )
{

g e t l i n e ( in2 , l i n e ) ;
i f ( l i n e . f i nd ( " 22 ,3 ,1 " )!= s t r i n g : : npos ) in2>>targe tou t f i l ename ;

}
in2 . c l o s e () ;

e r r o r f i l e=f i lename ;
s i z e _ t sz=e r r o r f i l e . s i z e () ;
e r r o r f i l e . r ep lace ( sz−4 ,4 , " _e r ro r . dat " ) ;
system (( s t r i n g ( " rm " )+e r r o r f i l e ) . c _ s t r () ) ;
cout << " Old chi−sq t a b l e " << e r r o r f i l e . c _ s t r () << " was cleaned . " << endl ;

cout << " Output f i l e : " << outf i lename << endl ;
cout << " Input f i l e t a r g e t exc . : " << ta rge t f i l ename << endl ;
cout << " Output f i l e t a r g e t exc . : " << targe tou t f i l ename << endl ;
cout << " Chi−sq t a b l e s to red in : " << e r r o r f i l e << endl ;
cout << endl ;

double m20start ;
double s tep =0.01;
double s tep2 =0.1;
in t i t e r =19;

inb . open ( bes t . c _ s t r () , i o s : : in ) ;
inb>>m20start ;
inb . c l o s e () ;

cout << " S t a r t i n g matr ix element : " << m20start << endl ;
cout << " Wi l l use stepwidth of : " << step << endl ;

in t s1 , s2 ;
double m20,m22, l l , u l ;
double m20i , m22j ;

for ( in t i =0; i<i t e r ; i++) // m20 loop
{

m20i=m20start+step *( i t e r −1)/2− i * s tep ;

for ( in t j =0; j<i t e r ; j++) // m22 loop
{

m22j=−( i t e r −1)* step2/2+ j * step2 −1.0;

in . open ( f i lename . c _ s t r () , i o s : : in ) ; // now manipulate Gosia input f i l e
out . open ( " temp . inp " , i o s : : out ) ;

while ( ! in . eof () )
{

g e t l i n e ( in , l i n e ) ;
i f ( l i n e . f i nd ( "ME" )!= s t r i n g : : npos )
{

out << l i n e << endl ;
g e t l i n e ( in , l i n e ) ;
out << l i n e << endl ;
in >> s1 >> s2 >> m20 >> l l >> ul ;
out << " " << s1 << " " << s2 << " " << m20i << " " << ul << " " << ul << endl ;
in >> s1 >> s2 >> m22 >> l l >> ul ;
out << " " << s1 << " " << s2 << " " << m22j << " " << ul << " " << ul << endl ;
g e t l i n e ( in , l i n e ) ;
g e t l i n e ( in , l i n e ) ;
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}
i f ( l i n e . f i nd ( "NTAP" )!= s t r i n g : : npos )
{

out << " 3 ! NTAP" << endl ;
g e t l i n e ( in , l i n e ) ;

}
i f ( l i n e . f i nd ( "OP, MINI " )!= s t r i n g : : npos )
{

g e t l i n e ( in , l i n e ) ;
break ;

}
else
{

out << l i n e << endl ;
}

}

out . c l o s e () ;
in . c l o s e () ;

system ( " ca t temp . inp INTI . t x t > temp2 . inp " ) ;
system (( s t r i n g ( "mv temp2 . inp " )+f i lename ) . c _ s t r () ) ;
system (( s t r i n g ( " gos ia2 < " )+fi lename+s t r i n g ( "2>&1 1>/dev/ n u l l " ) ) . c _ s t r () ) ; // here c a l c u l a t e

the cor rec ted y i e ld s , keeping the M. E . cons tant

in . open ( f i lename . c _ s t r () , i o s : : in ) ; // now manipulate Gosia input f i l e
out . open ( " temp . inp " , i o s : : out ) ;

while ( ! in . eof () )
{

g e t l i n e ( in , l i n e ) ;
i f ( l i n e . f i nd ( "NTAP" )!= s t r i n g : : npos )
{

out << " 4 ! NTAP" << endl ;
g e t l i n e ( in , l i n e ) ;

}
i f ( l i n e . f i nd ( "OP, INTI " )!= s t r i n g : : npos )
{

g e t l i n e ( in , l i n e ) ;
break ;

}
else
{

out << l i n e << endl ;
}

}

system ( " ca t temp . inp MINI . t x t > temp2 . inp " ) ;
system (( s t r i n g ( "mv temp2 . inp " )+f i lename ) . c _ s t r () ) ;
system (( s t r i n g ( " gos ia2 < " )+fi lename+s t r i n g ( "2>&1 1>/dev/ n u l l " ) ) . c _ s t r () ) ; // here doing the

minimization , keeping the M. E . cons tant

out . c l o s e () ;
in . c l o s e () ;

char chiP [20] , chiT [20] ;

inPO . open ( out f i lename . c _ s t r () , i o s : : in ) ;
inTO . open ( ta rge tou t f i l ename . c _ s t r () , i o s : : in ) ;

outch i . open ( e r r o r f i l e . c _ s t r () , i o s : : app ) ;

while ( ! inPO . eof () )
{

g e t l i n e ( inPO , l i n e ) ;
i f ( l i n e . f i nd ( "CHISQ=" )!= s t r i n g : : npos )
{

l i n e . copy ( chiP ,12 ,17) ;
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chiP [12]= ’ \0 ’ ;
break ;

}
}

while ( ! inTO . eof () )
{

g e t l i n e ( inTO , l i n e ) ;
i f ( l i n e . f i nd ( "CHISQ=" )!= s t r i n g : : npos )
{

l i n e . copy ( chiT ,12 ,17) ;
chiT [12]= ’ \0 ’ ;
break ;

}
}

inPO . c l o s e () ;
inTO . c l o s e () ;

outch i << m20i << " " << m22j << " " << chiP << " " << chiT << endl ;
outch i . c l o s e () ;

cout << " Sta tus : I t e r a t i o n " << i * i t e r+j+1 << " out of " << i t e r * i t e r << " was done . " << endl ;

} // end of m22 loop

outch i . open ( e r r o r f i l e . c _ s t r () , i o s : : app ) ;
outch i << endl ; // gnuplot l i k e s an empty l i n e a f t e r each block
outch i . c l o s e () ;

cout << " A f t e r s tep " << ( i +1)* i t e r << " the e r ro r data looks the fo l lowing : " << endl ;
system (( s t r i n g ( " ca t " )+e r r o r f i l e ) . c _ s t r () ) ;

} // end of m20 loop

cout << " The e r ro r f i l e " << e r r o r f i l e . c _ s t r () << " was s u c c e s s f u l l y c a l c u l a t e d . " << endl ;

}
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D Formalism of electromagnetic
transitions strengths

Width: Γ =
ħh
τ
=
∑

i

Γi Lifetime:
1

τ
=
∑

i

1

τi
=
∑

i

Γi

ħh
(D.1)

For unipolar transitions:

1

τ
=
Γ
ħh
=

8π

ħh
λ+ 1

λ[(2λ+ 1)!!]2
·
� Eγ
ħhc

�2λ+1

· B(πλ; Ii → I f ) (D.2)

Γ = cπλ

� Eγ
MeV

�2λ+1

· B
�

πλ; Ji → J f

�

(D.3)

with

cE1 = 1.0466609 meV
10−3e2fm2 cM1 = 11.574 meV

µ2
N

cE2 = 8.0638146 meV
e2b2 cM2 = 8.9167 · 10−4 meV

µ2
N b

cE3 = 3.7566888 · 10−4 meV
e2b3 cM3 = 1.0385 · 10−8 meV

µ2
N b2

cE4 = 1.1166183 · 10−8 meV
e2b4

Quite often transition strengths are expressed in Weisskopf units (W.u.). Those are
a measure how many nucleons take part in a transition. The transformation can be
done with the following table:

B
�

E1; Ii → I f

�

= 6.446 · 10−4A
2
3 e2b

B
�

E2; Ii → I f

�

= 5.940 · 10−6A
4
3 e2b2

B
�

E3; Ii → I f

�

= 5.940 · 10−8A2 e2b3

B
�

E4; Ii → I f

�

= 6.285 · 10−10A
8
3 e2b4

B
�

M1; Ii → I f

�

= 1.790µ2
N
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The experiments presented in this work deal with the 2+1 → 0+1 transition and the
quadrupole moment of the 2+1 state. The formalism for that results in the following
set of equations:

1

τ
= 8.1 · 1013

� Eγ
keV

�5

B(E2; 2+1 → 0+1 ) · (1+α) (D.4)

B(E2;2+1 → 0+1 ) =
1

5
|〈0+1 ||E2||2+1 〉|

2 (D.5)

B(E2;0+1 → 2+1 ) = |〈2
+
1 ||E2||0+1 〉|

2 = 5 · B(E2;2+1 → 0+1 ) (D.6)

M20 = 〈0+1 ||E2||2+1 〉= M02 = 〈2+1 ||E2||0+1 〉=
p

B(E2;0+1 → 2+1 ) (D.7)

Assuming a rigid, quadrupole-deformed, axially-symmetric rotor with transitional,
intrinsic quadrupole moment Q0 one can write

M20 =

Ç

5

16π
Q0, (D.8)

M22 =±

r

10

7
M20, (D.9)

where − indicates a prolate and + an oblate rotor.
The spectroscopic quadrupole moment Q is derived from the diagonal matrix ele-
ment:

M22 = 1.319Q (D.10)

Q =−
2

7
Q0 (D.11)
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List of symbols

A1 mass number of the projectile
A2 mass number of the target nucleus
ai f excitation amplitude i→ f

β velocity as fraction of c
βλ deformation with multipole order λ

c speed of light in vacuum

E beam energy (laboratory system)
η Sommerfeld parameter

Gk attenuation coefficient due to the deorientation effect

Mi f reduced matrix element connecting state i and f

φ1 azimuthal scattering angle of the projectile (laboratory system)
φ2 azimuthal scattering angle of the target nucleus (laboratory system)
φγ azimuthal angle of emitted γ (laboratory system)
Pi f excitation probability

Q spectroscopic quadrupole moment
Q0 intrinsic quadrupole moment
Qk attenuation coefficient due to finite detector size

σP cross-section for projectile excitation
σT cross-section for target excitation
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