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In this study, theoretical predictions of fixed-order (FO) calculations from MCFM [1] are validated
using Z and W bosons in leptonic decays. The differential cross section distributions generated by
MCFM, a program that calculates parton-level predictions at fixed-order in QCD including resum-
mation terms, are compared with pseudodata of the Compact Muon Solenoid (CMS) and DYTurbo
[2] against vector boson transverse momentum pVT and rapidity Y V . Our results demonstrate that
the calculations from MCFM align well with the pseudodata and the calculations from DYTurbo.
The choice of parton distribution functions (PDFs) of the proton results in a few percent effect on
the differential cross section distribution. The validated MCFM predictions will then be employed
in a reweighting procedure to achieve a precise measurement of the W boson mass.

I. INTRODUCTION

Electroweak observables are free parameters of the
Standard Model (SM) and are of great interest in par-
ticle physics. One example is the W boson mass, which
its measurement has been ongoing for 40 years since its
discovery in 1983 [3]. In the SM, the W mass is exactly
predicted by its relationship with other fundamental pa-
rameters, including the fine structure constant α, the Z
boson mass mZ and the Fermi constant GF determined
from the muon lifetime [4]. GF is related to the measured
muon lifetime τµ by
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with ∆q being higher order QED corrections. At tree
level expansion, the W mass is expressed as
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where ∆r represents the higher-order radiative correc-
tions depending on the top quark mass, Higgs boson mass
or even contributions from additional particles and inter-
actions beyond the SM. The SM fit strongly constrains
the W mass to be mW = 80358 ± 8MeV [5], which is
much more precisely determined than the experimentally
measured world average value mW = 80385±15MeV [6].
It is therefore critical to reduce the experimental uncer-
tainty in the measurement of the W boson mass to fully
utilize the predictive power of the theory.

In proton-proton (pp) collisions, one possible decay
mode of the W+ boson is W+ → µ+νµ (FIG. 1), while
the W− boson can decay as W− → µ−ν̄µ. This decay
mode presents a challenge in experimental measurements
due to the inability to directly measure the hadronic re-
coil. The unknown momenta of individual partons and
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the missing momentum of the neutrino contribute to this
measurement uncertainty. By conservation of momen-
tum, the hadronic recoil is equal to the transverse mo-
mentum pWT of the W boson.

W+

µ+

νµ

FIG. 1: Decay of a W+ boson into an antimuon and a muon
neutrino.

The dominant source of uncertainty in modeling pWT
arises from uncertainties in PDFs, the modeling of the
recoil that depends on higher-order QCD and non-
perturbative effects. PDFs describe the probability dis-
tribution of partons within the proton and are phe-
nomenological models constrained by experimental data
rather than being calculable from first principle [7]. Our
understanding of how PDFs affect various aspects of the
differential cross section distribution, including boson ra-
pidity, angular coefficients and the pWT distribution, is
not perfect. Consequently, significant uncertainties are
introduced into the analysis.
To address this issue, one approach is to employ Monte

Carlo (MC) simulations of events and investigate the nec-
essary corrections to align the simulations with data ob-
tained from detectors. The MC simulation used to guide
the measurement is created using POWHEG v2 with the
MiNNLO approach [8][9], which provides this simula-
tion with NNLO accuracy. The hadronization of partons
and the decays of unstable particles were simulated using
the PYTHIA 8 [10]. This sample was generated at lead-
ing order (LO) in quantum electrodynamics (QED), with
higher-order QED effects modeled by the PHOTOS++
generator [11] which simulates photon radiation from the
charged lepton produced in the vector boson decay. This
analysis begins by validating the calculations of Z andW
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decays from MCFM, which are compared against predic-
tions from DYTurbo, as well as pseudodata of CMS. The
MCFM results will then be integrated into the reweight-
ing procedure, with the hope of achieving a more accurate
W mass.

II. THEORY

A. Brief review on quantum chromodynamics

Quantum chromodynamics (QCD) is the gauge field
theory that describes strong interactions and is based on
the symmetry group SU(3) [12][13]. This symmetry pro-
duces eight gluons, which are massless gauge bosons act-
ing as intermediate particles in strong interactions. The
free parameters of QCD encompass the running coupling
constant αs(Q

2), which varies with the energy scale Q2

that characterizes the interaction, and six quark masses.

The QCD Lagrangian is [14]

LQCD = −1

4
F a
µνF

a,µν + ψ̄i
q(iγ

µ)(Dµ)ijψ
j
q −mqψ̄

i
qψq,i

(3)

where ψi
q denotes the quark field with colour index i,

F a
µν with a ∈ [1, 8] is the gluon field strength tensor with

colour index a, given by

F a
µν ≡ ∂µA

a
ν − ∂νA

a
µ − gsf

abcAb
µA

c
ν (4)

and (Dµ)ij is the covariant derivative

(Dµ)ij = δij∂µ − igst
a
ijA

a
µ (5)

Aa
µ is the gluon field with colour index a, gs is related to

the strong coupling constant αs by g2s = 4παs and fabc

are the structure constants of SU(3) such that [ta, tb] =
ifabctc. ta can be represented by the Gell-Mann matrices,
which are generators of the SU(3) group, according to the
equation

ta =
1

2
λa (6)

The coupling constant αs in QCD needs to be de-
fined at some renormalization scale µR, at which the sub-
tractions to remove the ultraviolet divergences are per-
formed. It runs logarithmically with energy according to
the renormalization group equation

Q2 ∂αs(Q
2)

∂Q2
=
∂αs(Q

2)

∂ lnQ2
= β(αs) (7)

where β(αs) is the beta function and has the one-loop
perturbative expansion [12][15]

β(αs) = −bα2
s [1 +O(αs)] (8)

where

b =
11CA − 2nf

12π
=

33− 2nf
12π

(9)

Here, CA = 3 is a Casimir operator, given by the trace
relation

∑
c,d f

acdf bcd = CAδ
ab. nf is the number of

active flavors.
Neglecting O(αs) in eq. (8), solving eq. (7) gives

αs(Q
2) =

αs(µ
2
R)

1 + bαs(µ2
R) ln(Q

2/µ2
R)

(10)

It is sometimes convenient to define a QCD mass scale
conventionally called Λ ≈ 200MeV such that

2αs(µ
2
R) ln

(µR

Λ

)
≡ 1 (11)

and rewrite eq. (10) into

αs(Q
2) =

1

2b ln(Q/Λ)
(12)

Determining the value of αs at a reference scale re-
quires experimental fitting, and enhancing its accuracy
is important in minimizing the theoretical uncertainty
that affects cross section calculations for LHC processes.
For instance, the value at µR = mZ is the leading un-
certainty in determining the total and partial hadronic
Z boson widths [16].
The positivity of b for nf ≤ 16 implies that αs(Q

2) de-
creases with Q2, which is the characteristic of asymptotic
freedom. On the contrary, the coupling between quarks
becomes strong at small Q2, leading to quark confine-
ment.

B. Review on PDFs

Parton distribution functions (PDFs) represent the
probability density to find partons carrying a momen-
tum fraction x at an energy scale Q. They are obtained
by fits to a large number of cross section data points from
numerous experiments. The evolutions of the PDFs are
governed by the Altarelli-Parisi (A-P) equations [17]

d
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π
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Pg←q(z), Pg←g(z), Pq←q(z) and Pq←g(z) are parton split-
ting functions, which represent the probability of a par-
ton splitting into two other partons. To provide an accu-
rate description of this process, it is imperative to con-
sider the contributions from the emission of a gluon dur-
ing the transition q → qg, as well as the generation of
a quark-antiquark pair from a gluon via g → qq̄. Sim-
ilarly, the gluon distribution incorporates contributions
from the splittings q → qg, q̄ → q̄g and g → gg.

A toy model

It is possible to construct a perturbative toy model
of PDFs at small x and large Q, by applying specific
approximations to the A-P equations. After solving eq.
(13) and (14),

xfg(x,Q) = K(Q2) exp

{[
12

bπ
ω(ξ + ξ0)

] 1
2

}
(16)

xff (x,Q) =

√
ξ − ξ0
108bπω

xfg(x,Q) (17)

where ω ≡ ln
(
1
x

)
and ξ ≡ ln ln

(
Q2

Λ2

)
, assuming ωξ ≫ 1.

The derivation of eq. (16) and (17) are given in Appendix
A. eq. (17) describes the distribution of sea quarks, which
are flavour-independent at small x. K(Q2) represents
an initial condition fitted to known properties of parton
distributions, and [18] suggests it has the following form:

K(Q2) = a1 [exp(ξ − ξ0)− a2] exp
[
−a3(ξ − ξ0)

1
2

]
(18)

with Q0 =
√
5GeV, Λ = 200MeV and ai being adjustable

parameters. By fitting it to one of the PDF sets used in
the MCFM, specifically NNPDF31 nnlo as 118, the values
[a1, a2, a3] = [0.2341, 1.4409, 1.4165] at Q = 100GeV are
obtained. The small x behaviors of the toy PDFs model
are shown in FIG. 2.

The toy model described by eq. (16) and (17) is sub-
sequently compared with NNPDF31 nnlo as 0118, as il-
lustrated in FIG. 3. They align well with each other as
x→ 0, while the ratio diverges when x→ 1. This diver-
gence is reasonable since the PDFs are transiting to the
non-perturbative regime.

Sum rules

The quantum number of the proton is determined by
its valence quarks, which are denoted as p = uud. Since

FIG. 2: Small x behaviours of the toy PDFs model. The
number of active flavours is taken to be nf = 4.

FIG. 3: Comparison between toy model and
NNPDF31 nnlo as 0118.

PDFs represent the number densities of constituent par-
tons, the following sum rules should be satisfied:∫ 1

0

[
fu|p(x)− fū|p(x)

]
dx = 2 (19)∫ 1

0

[
fd|p(x)− fd̄|p(x)

]
dx = 1 (20)∫ 1

0

[
fq|p(x)− fq̄|p(x)

]
dx = 0∀q /∈ {u, d} (21)

Besides, the momentum sum rule states that the sum of
all parton momenta should add up to the momentum of
the parent hadron, which is proton in our case:

∑
a

∫ 1

0

xafa|p(xa)dxa = 1 (22)
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Let’s examine if these sum rules hold for the PDF
sets used in the MCFM: NNPDF31 nnlo as 0118 and
MSHT20nnlo as118. The codes for computation were
modified from [19]. The quantum numbers of the con-
stituent partons in the PDF sets at Q = 100GeV are
demonstrated in TABLE I.

TABLE I: Quantum number of the constituent partons in
proton at Q = 100GeV for NNPDF31 nnlo as 0118 and

MSHT20nnlo as118.

Flavour NNPDF31 MSHT20
d 9.8937× 10−1 9.9138× 10−1

u 1.9866 1.9966
s 6.9024× 10−3 4.1522× 10−3

c −2.5917× 10−4 −3.1194× 10−4

b −9.2103× 10−5 −9.8884× 10−5

Both PDF sets align well with the quantum number
sum rules. A similar analysis has been done to verify the
momentum sum rule.

TABLE II: Momentum fraction of the constituent partons in
proton at Q = 100GeV for NNPDF31 nnlo as 0118 and

MSHT20nnlo as118 (percentages presented may not sum up
to exactly 100% due to rounding errors).

Flavour NNPDF31 MSHT20
bb 1.2% 1.2%
cb 1.9% 1.9%
sb 2.8% 2.9%
ub 3.5% 3.6%
db 4.2% 4.1%
g 46.9% 46.9%
d 11.5% 11.4%
u 21.8% 21.7%
s 3.0% 3.2%
c 1.9% 1.9%
b 1.2% 1.2%

SUM 100% 100%

TABLE II reveals that gluons account for nearly half
of the proton’s momentum. The up quark, contributing
∼ 20%, represents the second largest portion, while the
down quark contributes around 10%. This distribution
aligns with the composition of the proton (p = uud). The
total aggregate of the momentum fractions in both PDF
sets equals to unity.

Comparison of PDF sets

The NNPDF31 nnlo as 0118 and MSHT20nnlo as118
PDF sets exhibit a substantial level of agreement in the
central region, as depicted in FIG. 4. However, their ra-
tios start to deviate when x→ 1.

FIG. 4: Comparison between NNPDF31 nnlo as 0118 and
MSHT20nnlo as118.

C. FO calculations and resummation

The MCFM and DYTurbo are both numerical compu-
tational programs that perform fixed-order calculations
with resummation. When examining kinematic distribu-
tions at low transverse momentum qT , the fixed-order
corrections are influenced by significant Sudakov loga-

rithms with scale ratios Q2

q2T
. In order to obtain reliable re-

sults from MC simulations of MiNNLO, it is necessary to
enhance the fixed-order predictions by resumming these
logarithms at all orders. To address this concern, MCFM
combines the fixed-order colour-singlet NNLO processes
[1][20][21][22].

A typical formula of cross section in perturbative QCD
is

σ =

∞∑
i=0

αi
sσi = σ0

∞∑
i=0

αi
s

(
Li + C(i)

)
(23)

where Li ∼ lni
(

Q2

q2T

)
and C(i) denote the logarithm and

convergent terms at the ith order perturbative calculation
respectively. eq. (23) can be further separated into

σ = σ0

n∑
i=0

αi
s

(
Li + C(i)

)
+ σ0

∞∑
i=n+1

αi
sL

i + σ0

∞∑
i=n+1

C(i)

(24)

The first term is the perturbative QCD (pQCD) term
obtained by truncating the series at some order n, fol-
lowed by the sum of higher-order logarithms, and the fi-
nal term, which is convergent and hence negligible. Even

if the coupling constant is small, the term αs ln
i
(

Q2

q2T

)
can still be of the order O(1) when qT is small, rendering
the pQCD term inaccurate. Therefore, it becomes nec-
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essary to systematically resum the terms Li to all orders
while disregarding the constant higher-order corrections.
This approach allows for obtaining a feasible prediction
comparable to experimental data.

The resummed predictions consists of three contri-
butions: (1) purely resummed contributions at small
qT , (2) fixed-order contributions at large qT and (3)
fixed-order expansion of the resummed results, which re-
move an overlap with the fixed-order. The MCFM pro-
vides a N3LL+NNLO calculation, which corresponds to
part=resNNLO in the configuration file. A detailed de-
scription of possible values of part can be found in TA-
BLE III.

For N3LL+NNLO,

dσN3LL

dqT

∣∣∣∣
matched to NNLO

=
dσN3LL

dqT
+
dσNNLO

dqT

− dσN3LL

dqT

∣∣∣∣
exp. to NNLO

(25)

where the last two term is defined to be the matching

correction ∆σ ≡ dσNNLO

dqT
− dσN3LL

dqT

∣∣∣∣
exp. to NNLO

.

Such resummation leads to two problems in practice
[23]. Firstly, the resummed result is based on the qT → 0
limit, which may induce unphysical behavior at large qT .
Another issue is that numerically, the cancellation is im-
perfect, causing the matched result at very small qT to
suffer from large numerical noise. To resolve these two
issues, the matching correction is switched off at very low
qT , below a cutoff scale qT < q0 ≲ 1GeV. The resum-
mation is also switched off at large qT using a transition
function.

The transition function t(x) is chosen such that

t(x) =

{
1 +O(x), x→ 0

0, x ≥ 1
(26)

where x ≡ q2T
Q2 . This modifies eq. (25) into

dσN3LL

dqT

∣∣∣∣
matched to NNLO

= t(x)

(
dσN3LL

dqT
+∆σ|qT>q0

)

+ [1− t(x)]
dσNNLO

dqT
(27)

More details of the transition function are provided in
Appendix B.

D. CMS experiment

The CMS is a multipurpose detector located at the
Large Hadron Collider (LHC). By observing pp collisions,
its prime motivation is to study the SM, including the

Higgs mechanism, search for new physics beyond the SM
and particles that could make up dark matter. Along
with the A Toroidal LHC Apparatus (ATLAS) experi-
ment, CMS is well-known for the discovery of Higgs bo-
son in 2012 [24][25].
The CMS detector has overall dimensions of 21.6m in

length, 14.6m in diameter and a total weight of 12500t
[26]. As demonstrated by the layout [27] of CMS (FIG.
5), it is built around a 4T superconducting solenoid [28],
which provides a large bending power of 12Tm before the
muon bending angle is measured by the muon system.

FIG. 5: A perspective view of the CMS detector [26].

The inner tracking system of the CMS detector is care-
fully engineered to offer a precise and efficient measure-
ment of the trajectories of charged particles that emerge
from the collisions at LHC, as well as to achieve accurate
reconstructions of secondary vertices. It employs silicon
strip and pixel detectors positioned in close proximity
to the collision point, enabling reliable particle track-
ing. The tracker relies on the detection of small elec-
trical signals emitted by the silicon material upon ion-
ization caused by charged particles produced from colli-
sions. Afterwards, these ionized charges are detected and
converted into electronic signals.
The second layer is the electromagnetic calorimeter

(ECAL), which makes use of scintillating lead tungstate
(PbWO4) crystals to measure the energy of electrons
and photons generated in the collision. The choice of
PbWO4 crystals is justified for LHC operations due to
their specific characteristics [29]. With a high density
of 8.28gcm−3, a short radiation length of 0.89cm and
a small Molière radius of 2.2cm, these crystals enable
the construction of a compact calorimeter with fine res-
olution. When high-energy electrons and photons inter-
act with the PbWO4 crystals, they produce a shower of
secondary particles that release energy within the crys-
tals, generating scintillation detectable by photodetec-
tors. The ECAL determines the energy of incident par-
ticles precisely by measuring the light intensity.
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The Hadronic Calorimeter (HCAL) is situated after
the ECAL and is important for measuring hadron jets,
non-interacting particles like neutrinos that lead to miss-
ing transverse momentum [27]. Surrounding the ECAL,
the HCAL is constructed using alternating layers of brass
and steel as absorbers. Additionally, it consists of ap-
proximately 70000 plastic scintillator tiles as the active
material. When a high-energy hadron passes through the
HCAL, it initiates a cascade of secondary particles due
to nuclear interactions with the absorber material. These
secondary particles deposit their energy in the scintil-
lator tiles, producing light which is then converted by
wavelength-shifting (WLS) fibres embedded in the scin-
tillator tiles and directed to hybrid photodiodes (HPDs)
through fibres. The HPDs act as photodetectors that
provide gain and operate in high axial magnetic fields.

The fourth layer is a massive superconducting NbTi
solenoid [30] enclosed in a 12000t steel return yoke. The
magnet was designed to reach a 4T field within a free bore
diameter of 6m and length of 12.5m, capable of storing
up to 2.6 GJ of energy at full current [31][32]. A detailed
map of the magnetic field is required for accurate simu-
lation and reconstruction of physics events in the CMS
detector. Using a large dataset of cosmic muons detected,
the field strength within the steel barrel yoke was mea-
sured with a precision ranging from 3 to 8% depending
on location [33]. This magnetic field enables the pre-
cise measurement of momentum and charge of charged
particles passing through the tracker by analyzing their
curved trajectories.

The final layer of the muon system is dedicated to
muon detection, which is essential for identifying signifi-
cant processes amidst the high background rate expected
at the LHC. One such process is the decay of the Higgs
boson into two Z bosons which then decay into four lep-
tons. Achieving the best particle mass resolution requires
all leptons to be muons, as they are less affected by radia-
tive losses in the tracker material compared to electrons.
The muon system consists of three types of gaseous detec-
tors: in total, there are 250 drift tubes, 540 cathode strip
chambers and 610 resistive plate chambers [34]. Drift
tubes are applied for precise trajectory measurements in
the central barrel region, while cathode strip chambers
are used in the end caps. Resistive plate chambers pro-
vide a rapid signal upon muon passage through the muon
detector and are installed in both the barrel and the end
caps.

III. METHODS

Throughout this project, the theoretical calculations
of the differential cross section distributions of Z → µµ
from two versions of MCFM, namely 10.2.2 and 10.3,
are compared with pseudodata obtained from CMS and
predictions from DYTurbo. For DYTurbo, comparisons
using W+ → µ+νµ and W− → µ−ν̄µ are also in-
cluded. Two different PDF sets, NNPDF31 nnlo as 0118

and MSHT20nnlo as118 [35] have been used.
The input configurations of the MCFM calculations

are controlled by modifying the files input Z.ini and
input W.ini. Additionally, modifications are made
to the binning of the produced histograms using
nplotter Z new.f90 and nplotter W new.f90. Differ-
ent parameters of part, which determine the accuracy in
performing the MCFM calculations, have been selected.
The available options for the part parameter are shown
in TABLE III. MCFM 10.3 introduces jet-veto resumma-
tion for color singlet final states, achieving partial N3LL
accuracy, denoted as N3LLp.

TABLE III: Possible selections of the parameter part that
correspond to performing a calculation including large-log

resummation [1][20].

part description
LO NLL resummed and matched

resonlyNNLO N3LL resummed only
resNLO NNLL resummed, matched to NLO

resNLOp N3LL resummed, matched to NLO

resNNLO N3LL resummed, matched to NNLO

resNNLOp N3LLp resummed, matched to NNLO

resonlyNNLOp N3LLp resummed only

resonlyN3LO N4LL resummed only

The DYTurbo uses MSHT20 PDF sets, and its cal-
culations achieve an accuracy of N3LL + NNLO. The
comparison between DYTurbo and MCFM results is per-
formed in an inclusive manner. Since Z dilepton de-
cay involves a virtual photon, an invariant mass cut of
mll ∈ [60, 120]GeV is applied to the muons, with no mass
cut imposed on W decay. No electroweak correction is
applied in this analysis.
Conversely, the pseudodata of the CMS was produced

using an MC generator that incorporates NNLO matrix
elements [8], i.e. the MiNNLO without resummation,
which subsequently used SCETlib+DYTurbo to reweight
the samples [36] to correct for the pllT and Y ll distri-
butions and fit at the non-perturbative regime. PHO-
TOS++ is applied to simulate photon radiation from
the charged lepton produced in the vector boson de-
cay. To match the settings of the pseudodata, fiducial
cuts are applied to the muon producing events. These
cuts include a requirement on the lepton transverse mo-
mentum, plT ∈ [26, 60]GeV, and a restriction on the
pseudorapidity, |ηl| < 2.4. An invariant mass cut of
mll ∈ [60, 120]GeV is also imposed on the muons. Once
again, no electroweak correction is taken into account.
In both comparisons, χ2

ν analyses have been conducted
to assess the goodness of fit of the MCFM results in re-
lation to the DYTurbo calculations and pseudodata. To
compare with the pseudodata from CMS, the covariance
matrices are included, neglecting the off-diagonal terms
of MCFM’s covariance matrix. To evaluate the agree-
ment in the non-perturbative region, it is beneficial to
compute the χ2

ν separately for low pVT values (< 30GeV).
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IV. RESULTS

A. Inconsistency in N3LLp+NNLO

Before comparing the MCFM results with DYTurbo
and pseudodata from the CMS, an inconsistency is ob-
served when selecting part=resNNLOp in version 10.3,
which corresponds to N3LLp+NNLO. The PDF set em-
ployed is NNPDF31 nnlo as 0118. A lower limit of mll >
76.1876GeV is imposed on the invariant mass of the lep-
tons, and a restriction is applied to the lepton transverse
momentum, plT ∈ [20, 60]GeV. Other configurations re-
main the same as the default.

To thoroughly investigate this issue, the differential
cross section distributions against pZT and |Y Z | are com-
pared with those obtained using a different part, involv-
ing both versions 10.2.2 and 10.3.

The N3LLp+NNLO (10.3) (grey curve) shows a much
higher peak than the other part in the pZT distribution. A
similar feature is observed in the |Y Z | distribution, while
the normalized |Y Z | distribution does not show deviation
from other part.

FIG. 6: Comparison of pZT distributions between
N3LLp+NNLO (10.3) and other part.

After discussing with Dr. Tobias Neumann, one of the
authors of MCFM, a better understanding of the reason
behind the inconsistency is gained. As explained in Sec-
tion C, the resummed predictions consists of three contri-
butions: (1) purely resummed contributions at small qT ,
(2) fixed-order contributions at large qT and (3) fixed-
order expansion of the resummed results.

When running MCFM, the incorporation of
N3LLp+NNLO introduces changes to the resum-
mation part by including additional three-loop α3

s

contributions. The matching correction to the fixed-
order, which contains the fixed-order and the fixed-order
expansion of the resummed result, should only be at
the α2

s level. However, in MCFM 10.3, the fixed-order

expansion up to α3
s is erroneously included.

FIG. 7: Comparison of |Y Z | distributions between
N3LLp+NNLO (10.3) and other part.

FIG. 8: Comparison of normalized |Y Z | distributions
between N3LLp+NNLO (10.3) and other part.

The bug is resolved by changing if (order >=
7) then to if (order >= 8) then at Line 1314 in
src/CuTe-MCFM/mod Resummation.f90, which removes
the additional α3

s piece of the fixed-order expansion. The
pZT and |Y Z | distributions after fixing are demonstrated
in FIG. 9 and 10, which show agreement with other part.

B. Resummation in N3LL+NNLO

To further investigate how resummation works in
MCFM, the three components of N3LL+NNLO, namely
the purely resummed N3LL (resonlyNNLO), the fixed-
order expansion of the resummed result to NNLO



8

FIG. 9: Comparison of pZT distributions between
N3LLp+NNLO (10.3 fixed) and other part.

FIG. 10: Comparison of |Y Z | distributions between
N3LLp+NNLO (10.3 fixed) and other part.

(resexpNNLO), and the fixed-order part (resaboveNNLO),
are plotted for Z → µµ in FIG. 11 and FIG. 12. The
fixed-order expansion cancels out towards the fixed-order
part, as demonstrated in the pZT and |Y Z | distributions.
The summation of the three separate pieces gives back

the pZT distribution of N3LL+NNLO, as shown in FIG.
13 and FIG. 14. A sharp step is observed at 80GeV in
the colour bands representing statistical uncertainties, as
this is when the resummation is turned off.

C. Comparison with DYTurbo

The pZT and |Y Z | distributions calculated from MCFM
demonstrate a high level of consistency with predictions
from DYTurbo. To ensure robustness, two distinct PDF

FIG. 11: pZT distributions of three separate pieces in
N3LL+NNLO. The fixed-order expansion cancels out

towards the fixed-order part.

FIG. 12: |Y Z | distributions of three separate pieces in
N3LL+NNLO. The fixed-order expansion cancels out

towards the fixed-order part.
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FIG. 13: Comparison of pZT distributions between
N3LL+NNLO and the sum of three separate pieces, with the

NNPDF31 nnlo as 0118 PDF set.

FIG. 14: Comparison of pZT distributions between
N3LL+NNLO and the sum of three separate pieces, with the

MSHT20nnlo as 118 PDF set.

sets, NNPDF31 nnlo as 0118 and MSHT20nnlo as118, are
applied in MCFM, and they do not exhibit any significant
differences, mostly a few percent effect on the distribu-

tions. Analogous analyses are conducted for W+ and
W−, further confirming the agreement between MCFM
and DYTurbo.

FIG. 15: Comparison of pZT distributions in Z → µµ between
MCFM and DYTurbo using two different PDF sets.

FIG. 16: Comparison of pZT distributions in Z → µµ between
MCFM and DYTurbo using two different PDF sets in the

non-perturbative region at pZT < 20GeV.
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FIG. 17: Comparison of |Y Z | distributions in Z → µµ
between MCFM and DYTurbo using two different PDF sets.

FIG. 18: Comparison of 2D bin distributions in Z decay
between MCFM and DYTurbo using two different PDF sets.

Combining the pVT distributions in different |Y V | bin,
2D bin distributions for Z, W+ andW− are obtained, as
illustrated by FIG. 18, 21 and 24. χ2

ν analyses for Z,W+

and W− have been conducted using the 2D bin distribu-
tions, which it is assumed that the bins are uncorrelated,

FIG. 19: Comparison of pWT distributions in W+ → µ+νµ
between MCFM and DYTurbo using two different PDF sets.

FIG. 20: Comparison of |Y W | distributions in W+ → µ+νµ
between MCFM and DYTurbo using two different PDF sets.

and χ2
ν is calculated as the average of the summation of

χ2 values across all bins:

χ2
ν =

1

N

∑
i

(vDY,i − vMCFM,i)
2

σ2
MCFM,i

(28)
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FIG. 21: Comparison of 2D bin distributions in W+ → µ+νµ
between MCFM and DYTurbo using two different PDF sets.

FIG. 22: Comparison of pWT distributions in W− → µ−ν̄µ
between MCFM and DYTurbo using two different PDF sets.

In general, the χ2
ν value of bins with pVT < 30GeV is

greater than the χ2
ν value when considering all bins, im-

plying a stronger discrepancy between MCFM and DY-
Turbo predictions in the non-perturbative regime.

FIG. 23: Comparison of |Y W | distributions in W− → µ−ν̄µ
between MCFM and DYTurbo using two different PDF sets.

FIG. 24: Comparison of 2D bin distributions in W− → µ−ν̄µ
between MCFM and DYTurbo using two different PDF sets.

TABLE IV: χ2
ν comparison of Z, W+ and W− for all bins,

using the NNPDF31 nnlo as 0118 PDF set.

Z W+ W−

N3LL+NLO 4.05 5.12× 102 9.35

N3LL+NNLO 3.37 7.79 4.51
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TABLE V: χ2
ν comparison of Z, W+ and W− for

pVT < 30GeV, using the NNPDF31 nnlo as 0118 PDF set.

Z W+ W−

N3LL+NLO 9.00 1.70× 103 2.61× 101

N3LL+NNLO 6.99 2.01 9.84

D. Comparison with pseudodata of the CMS

Lastly, the MCFM predictions are compared with
pseudodata of the CMS for Z → µµ. In line with previ-
ous studies, our primary emphasis remains on analyzing
the differential cross section distributions concerning pZT
and |Y Z |.

FIG. 25: Comparison of pZT distributions in Z → µµ between
MCFM and pseudodata.

The MCFM calculations exhibit good agreement with
the CMS pseudodata. In FIG. 27, a mismatch is observed
in the high rapidity bin |Y Z | ∈ [2.25, 2.5]. The pseudo-
data gives a value of σ ≈ 14.0pb, while the MCFM pre-
diction falls within the range of σ ≈ 0.6− 1pb. Conduct-
ing a study on the acceptance could offer further insight
into this matter.

Using 2D bin distributions shown in FIG. 28, a χ2
ν

analysis taking the covariance matrices into account is
performed. The diagonal elements of the MCFM bins
are assigned as the variances σ2

i , with the off-diagonal
elements being disregarded. The value of χ2

ν is given by

χ2
ν =

1

N

[
(v⃗data − v⃗MCFM)T

(
K⃗data + K⃗MCFM

)−1
(v⃗data − v⃗MCFM)]

(29)

FIG. 26: Comparison of pZT distributions in Z → µµ between
MCFM and pseudodata in the non-perturbative region at

pZT < 20GeV.

FIG. 27: Comparison of |Y Z | distributions in Z → µµ
between MCFM and pseudodata.

where v⃗ and K⃗ denote the values and covariance matrices
respectively.
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FIG. 28: Comparison of 2D bin distributions in Z → µµ
between MCFM and pseudodata. A strong outlier is

revealed in the span
{
pZT ∈ [10, 12], |Y Z | ∈ [2.25, 2.5]

}
bin in

N3LL+NNLO from the MCFM calculations, using the
NNPDF31 nnlo as 0118 PDF set.

TABLE VI: χ2
ν comparison of N3LL+NLO and

N3LL+NNLO for all bins.

NNPDF31 MSHT20

N3LL+NLO 2.36 2.76

N3LL+NNLO 5.46 3.72

TABLE VII: χ2
ν comparison of N3LL+NLO and

N3LL+NNLO for pZT < 30GeV.

NNPDF31 MSHT20

N3LL+NLO 2.09 1.80

N3LL+NNLO 3.73 2.16

V. CONCLUSION

The utilization of fixed-order numerical programs,
specifically MCFM and DYTurbo, has proven instru-
mental in generating precise perturbative predictions
through the incorporation of resummation techniques.
N3LL+NNLO consists of three separate pieces, which the
fixed-order expansion cancels out towards the fixed-order
part. Notably, the alignment between MCFM and DY-
Turbo predictions in the inclusive phase space demon-
strates the reliability and consistency of fixed-order cal-
culations with resummation. On top of that, fiducial re-
sults obtained from MCFM have successfully elucidated
the CMS pseudodata, highlighting its accuracy in mod-

eling experimental observations. The validated MCFM
predictions can then be employed in reweighting the MC
samples generated from MiNNLO.
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Appendix A: PDFs at small x and large Q

This section derives eq. (16) and (17). By introducing

a new variable ξ ≡ ln ln
(

Q2

Λ2

)
, the derivative d

d lnQ can

be expressed as 2e−ξ d
dξ , and substituting it into eq. (12)

gives αs(Q
2) = e−ξ

b . This allows us to rewrite eq. (13)
and (14) into

d

dξ
fg(x, ξ) =

1

2bπ

∫ 1

x

dz

z

{
Pg←q(z)

∑
f

[
ff

(x
z
, ξ
)

+ ff̄

(x
z
, ξ
)]

+ Pg←gfg

(x
z
, ξ
)} (A1)

d

dξ
ff (x, ξ) =

1

2bπ

∫ 1

x

dz

z

[
Pq←q(z)ff

(x
z
, ξ
)

+Pq←g(z)fg

(x
z
, ξ
)] (A2)

Applying two approximations: (1) gluon distribution
dominates the integral in the A-P equations and (2) the
function g̃(x,Q) ≡ xfg(x,Q) is slowly varying at x → 0,
we set ω ≡ ln

(
1
x

)
and obtain

∂2

∂ω∂ξ
g̃(x, ξ) = −x d

dx

[
x
∂

∂ξ
fg(x, ξ)

]
≈ −x d

dx

[
x

2bπ

∫ 1

x

dz

z
Pg←g(z)fg

(x
z
, ξ
)]

≈ 1

2bπ
xPg←g(x)fg(x, ξ)

≈ 3

bπ
g̃(x, ξ) (A3)

which we have used xPg←g(x) = 6 when x → 0. It is
then straightforward to check that

g̃(x, ξ) = K(Q2) exp

{[
12

bπ
ω(ξ + ξ0)

] 1
2

}
(A4)
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is a solution to eq. (A3). Applying similar approxima-
tions as before again: (1) gluon distribution dominates
and (2) the function g̃(x,Q) ≡ xfg(x,Q) is slowly vary-
ing,

∂

∂ξ
f̃(x,Q) = x

∂

∂ξ
ff (x, ξ)

≈ x

2bπ

∫ 1

x

dz

z
Pq←g(z)fg

(x
z
, ξ
)

=
1

4bπ

∫ 1

x

dz(2z2 − 2z + 1)g̃
(x
z
, ξ
)

≈ 1

4bπ

[(
2

3
z3 − z2 + z

)
g̃
(x
z
, ξ
)]1

x

≈ 1

6bπ
g̃(x, ξ) (A5)

Pq←g(z) = 1
2 (2z

2 − 2z + 1) is substituted in the above
derivation. By direct computation,

f̃(x, ξ) =

√
ξ − ξ0
108bπω

K(Q2) exp

{[
12

bπ
ω(ξ − ξ0)

] 1
2

}
(A6)

is a solution to eq. (A5). This completes the
proof of eq. (16) and (17) ■. The fitting param-
eters [a1, a2, a3] are then obtained by fitting to the
NNPDF31 nnlo as 0118 PDF set using curve fit im-
ported from scipy.optimize.

Appendix B: Transition function t(x)

In the MCFM, it is first defined that [23]

s(x; l, r, u) ≡
{
1 + exp

[
ln

(
1− u

u

)
x−m

ω

]}−1
(B1)

which m = r+l
2 and ω = r−l

2 . The transition function is
then given by

t(x;xmin, xmax, u) =

{
1, x < xmin

s(x;xmin,xmax,u)
s(xmin;xmin,xmax,u)

, otherwise

(B2)

This ensures that only the naively matched result is

used for x < xmin =
q20
Q2 , and resummation is smoothly

switched off when x→ 1.

FIG. 29: The transition function t(x) defined by eq. (B2),
with xmin = 0.001, xmax = 0.4 and u = 0.001. Resummation
is switched off for x ≥ 0.4.
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